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?1  

Chng  I   cn bc hai.  cn  bc ba 

1 .  Cn bc hai  

Php ton  ngc ca php bnh  phng  

l  php ton  no ?  

1 .  Cn bc hai  s hc 

  lp 7,  ta  bit :  

 Cn bc hai ca mt s a khng m l s x sao cho x
2
= a.  

  S dng a c ng hai cn bc hai l hai s i nhau :  S dng 

k  hiu l a  v s m k hiu l a .  

  S 0 c ng mt cn bc hai l chnh s 0,  ta vit 0  =  0.   

Tm cc cn bc hai ca mi s sau :  

 a)  9  ;      b)  
4

9
 ;      c)  0,25  ;       d)  2.  

nh ngha 

Vi s dng a,  s a  c gi l cn bc hai s hc  ca a.  

S 0  cng c gi l cn bc hai s hc ca 0.  

V d 1 .  Cn bc hai s hc  ca 1 6 l 16  (=  4).  

Cn bc hai s hc ca 5  l 5 .  

Ch .  Vi a   0,  ta c :  

Nu x  =  a  th x   0  v x
2
 =  a  ;  

Nu x   0  v x
2
 =  a  th x  =  a .  
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?2

?3

Ta vit  

2

x 0,
x a

x a.


=  

=
 

Tm cn bc hai s hc ca mi s sau :  

a)  49  ;    b)  64 ;     c)  81   ;      d)  1 ,21 .  

Gii mu  

49  =  7,  v  7    0  v 7
2
 =  49.  

Php ton tm cn bc hai s hc ca s khng m gi l php khai 

phng (gi tt l khai phng).   khai phng mt s,  ngi ta c th 

dng my tnh b ti hoc dng bng s (xem 5).  

Khi bit cn bc hai s hc ca mt s,  ta d dng xc nh c cc cn 
bc hai ca n.  Chng hn,  cn bc hai s hc ca 49 l 7  nn 49  c hai 

cn bc hai l 7  v 7.  

Tm cc cn bc hai ca mi s sau :  

a)  64  ;        b)  81  ;        c)  1 ,21 .  

2.  So snh cc cn  bc hai  s hc 

Ta  bit :  

Vi hai s a v b  khng m,  nu a < b th a b .<  

Ta c th chng minh c :  

Vi hai s a v b  khng m,  nu a b<  th a < b.  

Nh vy ta c nh l sau y.  

nh l    

        Vi hai s a v  b  khng m,  ta  c  

     a  <  b    a <  b .  

V d 2 .  So snh 

a)  1  v 2  ;          b)  2 v 5 .  
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?5 

?4 

Gii  

a)  1  < 2 nn 1 2.<  Vy 1 2 .<    

b)  4  < 5  nn 4 5 .<  Vy 2 5 .<  

So snh 

a)  4  v  1 5  ;         b)  1 1  v  3 .  

V d 3 .  Tm s x khng m,  bit :  

a)  x 2>  ;         b)  x 1 .<  

Gii 

a)  2 4,=  nn x 2>  c ngha l x 4.>   

    V x   0 nn x 4>    x  > 4.  Vy x > 4.  

b) 1 1 ,=  nn x 1<  c ngha l x 1 .<   

     V x   0 nn x 1<    x < 1 .  Vy 0   x < 1 .  

Tm s x  khng m,  bit :  

a)  x 1>  ;         b)  x 3.<  

Bi  tp 

1.  Tm cn bc hai s hc  ca mi s sau ri suy ra cn bc hai ca chng :  

1 21  ;   1 44 ;   1 69  ;   225  ;   256 ;   324 ;   361  ;   400.  

2.  So snh  

a)  2  v 3   ;   b)  6  v 41   ;    c)  7  v 47 .  

3.  Dng my tnh b ti,  tnh gi tr  gn ng ca nghim mi phng trnh 

sau (lm trn n ch s thp phn th ba)  :  

a)  x
2
 =  2  ;            b) x

2 
= 3  ;  

c)  x
2 
= 3 ,5  ;          d)  x

2 
= 4,1 2.  

Hng dn.  Nghim ca phng trnh x
2
 = a (vi a   0)  l cc cn bc hai 

ca a. 
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4.  Tm s x khng m,  bit :  

a)  x 15=  ;          b)  2 x 14=  ;  

c)  x 2<  ;         d)  2x 4.<  

5.  .  Tnh cnh mt hnh vung,  bit din tch ca n bng din tch ca 

hnh ch nht c chiu rng 3,5m v chiu di 14m (h.1).  

Hnh 1  

 

 

C th em cha bit   

T thi  xa  xa,  ngi  ta  thy g ia Hnh  hc v i  s c mi  l i n  quan  mt 

th it.  Khi  n im  cn  bc hai  cng  c phn  xut pht t H nh  hc.  Khi  bit  di  

cnh  h nh  vung,  ta  tnh  c d in  tch  h nh    bng  cch  bnh  phng  (hay 

nng  ln  l u tha bc hai )   di  cnh.  Ngc li ,  nu  bit d in  tch  h nh  vung,  

ta  tm  c  di  cnh  ca n nh khai  phng  s o d in  tch.  Ngi  ta  coi  

php ly cn  bc hai  s hc l  php ton  ngc ca php bnh  phng  v coi  

vic tm  cn  mt s l  tm  "ci  gc,  ci  ngun".  iu  ny h in  cn  thy trong  

ngn  ng mt s nc.  Chng  hn,   ting  Anh,  t square c ngha l

hnh vung v cng  c ngha  l  bnh phng,  t root c ngha l  r,  l   ngun  

gc,  cn  t square root l   cn bc hai.   
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?1  

?2  

?3  

2.  Cn thc bc hai  v hng ng thc 2
A =  A          

1 .   Cn thc bc hai  

Hnh ch nht ABCD  c  ng cho 

AC =  5 cm v cnh BC = x  (cm) th cnh 

AB =  225 x (cm).  V sao ?  (h.2).   

Ngi ta gi 225 x  l cn thc 

bc  hai ca 25   x
2
,  cn 25   x2 l biu thc ly cn.  

Mt cch tng qut : 

Vi A  l mt biu thc i s,  ngi ta gi A  l  cn thc bc hai ca  A,  

cn A  c gi l biu thc ly cn hay biu thc di du cn.  

A  xc nh (hay c  ngha) khi A  ly gi tr khng m.   

V d 1 .  3x  l cn thc bc hai ca 3x ;  3x  xc nh khi 3x   0,  tc 

l khi x   0.  Chng hn,  vi x  =  2 th 3x  ly gi tr 6  ;  vi x =  1 2 th 

3x  ly gi tr  36 6.=  

Vi gi tr no ca x  th 5 2x  xc nh ?  

2.   Hng ng thc =
2

A A  

 in s thch hp vo  trng trong bng sau :  

a 2 1  0 2 3  

a
2
      

2a  
     

 

 

 

 

Hnh 2  
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nh l      

         Vi mi s a,  ta c 2a  =  | a |
 
.  

Chng minh 

Theo nh ngha gi tr  tuyt i th | a |   0.  

Ta thy :  

Nu a   0  th | a | =  a,  nn ( | a |)
2
 =  a

2
 ;  

Nu a <  0 th | a | =  a,  nn ( | a |)
2
 =  (a)

2
 =  a

2
.  

Do ,  (| a |)
2
 =  a

2 
vi mi s a.  

Vy | a | chnh l cn bc hai s hc ca a
2
,  tc l 2a  = | a |.  

V d 2 .  Tnh  

a)  212  ;           b)  2( 7) .  

Gii 

a)  212 = |12 |  =  1 2.  

 b)  2( 7) = |7  |  =  7 .  

V d 3 .  Rt gn 

 a)  2( 2 1)  ;        b)  2(2 5 ) .  

Gii  

a)  2( 2 1)  =  2 1  =  2 1  (v  2 1).>  

Vy 2( 2 1)  = 2 1 .  

b)  2(2 5 )  =  2 5   =  5 2  (v 5 2).>  

Vy 2(2 5 )  =  5    2.   



 1 0 

Ch .  Mt cch  tng qut,  vi A  l  mt biu thc ta c 2A  = | A |,   

c ngha l :  

2A  =  A nu A   0 (tc l A ly gi tr khng m)  ;  

2A  =    A nu  A <  0 (tc l A ly gi tr m).  

V d 4.  Rt gn  

 a)  2(x 2)  vi  x   2  ;      b)  6a   vi a <  0.  

Gii 

a)  2(x 2)  =  |  x   2 |  =  x   2  (v x   2).  

b)  6a  =  3 2(a )  =  |  a
3
 | .  

V a < 0 nn a
3
< 0,  do  |  a

3
 |  =    a

3
.  

Vy  6a  =   a
3
 (vi a < 0).  

Bi  tp 

6.  Vi gi tr no ca a th mi cn thc sau c ngha :   

a)  
a

3
 ;     b)  5a  ;    c)  4 a  ;      d)  3a 7+  ?  

7.  Tnh  

 a) 2(0, 1)  ;   b)  2( 0, 3) ;   c)   2( 1, 3)  ;   d)  
 
0,4 2( 0, 4) .   

8.  Rt gn cc  biu thc sau :  

a)  2(2 3 )  ;        b)  2(3 11 )  ;  

c)  2 2a  vi a   0 ;       d)  3 2(a 2)  vi a <  2.  
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9.  Tm x,  bit :   

a) 2x = 7  ;         b)  2x  =  |  8  |  ;  

c)  24x 6=  ;          d)  29x = |  12 | .  

10.  Chng minh 

a)  
2

( 3 1) 4 2 3 =   ;      b)  4 2 3 3 1 .  =   

Luyn tp 

11.  Tnh  

a)  16 . 25 + 196  : 49  ;      b)  36 :  22.3 .18   169  ;  

c)  81  ;            d)  2 23 4+ .  

12.  Tm x  mi cn thc sau c ngha :   

a)  2x 7+  ;    b)  3x 4 +  ;    c)  
1

1 x +
 ;    d)  21 x+ .  

13.  Rt gn cc biu thc sau :  

 a)  2 2a  
 
5a  vi a <  0 ;      b)  225a  + 3a   vi a   0 ;  

 c)  49a  + 3a
2
 ;          d)  5 64a    3a

3
   vi a <  0.  

14.  Phn tch thnh nhn t 

a)  x
2
 3  ;            b)  x

2
  6 ;  

c)  x
2
 +  2 3 x  +  3  ;         d)  x

2
  2 5 x  + 5 .   

Hng dn.  Dng  kt qu :  

Vi a   0  th a =  2( a ) .  

15.  Gii cc phng trnh sau :   

a)  x
2
 5  = 0 ;           b)  x

2
   2 1 1  x + 1 1  =  0.  
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?1  

16.  .  Hy tm ch sai trong php chng minh "Con mui nng bng 
con voi"  di y.   
 

 

 

 

 

 

 

Gi s con mui nng m (gam),  cn con voi nng V (gam).  Ta c   

m
2 
+ V

2 
=
 
V

2 
+ m

2
.  

Cng c hai v vi   2mV,  ta c  

m
2
   2mV + V

2
 =  V

2
  2mV + m

2
,  

hay         (m  V)
 2
 =  (V  m)

 2
.  

Ly cn bc hai mi v ca ng thc trn,  ta c 

2 2(m V) (V m) . =   

Do      m  V = V  m.  

T  ta c 2m = 2V,  suy ra m =  V.  Vy con mui nng bng con voi (! ).  

3.  Lin h gia php nhn v php khai  phng 

1 .   nh  l  

Tnh v so snh :   16 . 25  v 16. 25 .  

nh l    

         Vi hai s a v  b khng m,  ta c 

 a.b =  a. b .  
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?2 

Chng minh.  V a   0  v b   0  nn a . b  xc  nh v khng m.  

Ta c 2 2 2( a . b ) ( a ) .( b )=  =  a.b.  

Vy a . b  l cn bc hai s hc ca a.b,  tc l a.b a . b .=  

 Ch .  nh l trn c  th m rng cho tch  ca nhiu s khng m.   

2.   p  dng  

a)  Quy tc khai phng mt tch 

Mun khai phng mt tch ca cc s khng m,  ta c th khai 

phng tng tha s ri nhn cc kt qu vi nhau.  

V d 1 .  p dng quy tc khai phng mt tch,  hy tnh :  

a)  49 . 1,44 . 25  ;        b)  810 . 40.  

Gii 

a) 49 . 1,44 . 25 49 . 1, 44 . 25=  =  7  .  1 ,2 .  5  = 42.  

b) 810 . 40 81 . 4 . 100 81 . 4 . 100= =  =  9  .  2 .  1 0 =  180.  

Tnh  

a)  0,16 . 0, 64 . 225   ;     b)  250 . 360.  

b)  Quy tc nhn cc cn bc hai  

Mun nhn cc cn bc hai ca cc s khng m,  ta c th nhn cc 

s di du cn vi nhau ri khai phng kt qu .  

V d 2 .  Tnh 

a)  5 . 20  ;         b)  1,3 . 52 . 10.  

Gii 

a)  5 . 20 5 . 20 100= =  =  1 0.  

b)  21,3 . 52 . 10 1,3 . 52 . 10 13 . 52 13 . 13 . 4 (13 . 2)= = = =  =  26.  
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?3  

?4 

Tnh  

a)  3 . 75  ;          b)  20 . 72 . 4, 9 .  

 Ch .  Mt cch tng qut,  vi hai biu thc  A v  B khng m  ta c  

A.B A . B.=

c bit,  vi biu thc A  khng m ta c 

2 2( A ) A A.= =  

V d 3 .  Rt gn cc biu thc sau :  

a) 3a . 27a   vi a   0  ;      b)  2 49a b .  

Gii  

a)  2 23a . 27a 3a.27a 81a (9a)= = =  =  | 9a | =  9a (v a   0) .  

b)  2 4 2 49a b 9 . a . b= = 3. | a | . 2 2(b ) = 3 | a | b
2
.  

Ta cn c th rt gn nh sau :  2 4 2 29a b (3ab )=  =   | 3a b
2
|  =  3 | a | b

2
.  

Rt gn cc biu thc sau (vi  a v  b  khng m)  :  

a)  33a . 12a  ;         b)  22a . 32ab .  

Bi  tp 

17.  p dng quy tc khai phng mt tch,  hy tnh  

 a)  0,09 . 64  ;         b)  4 22 . ( 7)  ;  

 c)  12,1 . 360  ;         d)  2 42 . 3 .   

18.  p dng quy tc nhn cc  cn bc hai,  hy tnh  

a)  7 . 63  ;          b)  2, 5 . 30 . 48  ;  

c)  0,4 . 6, 4  ;         d)  2,7 . 5 . 1,5 .  



 1 5  

19.  Rt gn cc  biu thc sau :  

a)  20,36a  vi a <  0 ;       b)  4 2a (3 a)  vi a   3  ;  

c)  227.48(1 a)  vi a >  1  ;    d)  4 21
. a (a b)

a b



 vi a > b.  

20.   Rt gn cc  biu thc sau :  

a)
2a

3
 .  

3a

8
 vi a   0   ;     b)  13a  .

52

a
 vi a >  0 ;  

c) 5a . 45a    3a  vi a   0   ;    d)  (3    a)
2
  20, 2 . 180a .   

21.  Khai phng tch 1 2 .  30 .  40 c :  

(A)     1 200 ;     (B)     1 20 ;     (C)     1 2  ;     (D)     240.  

Hy chn kt qu ng.   

Luyn tp 

22.  Bin i cc  biu thc  di du cn thnh dng tch ri tnh   

a) 2 213 12  ;         b)  2 217 8  ;   

c)  2 2117 108  ;        d)  2 2313 312 .  

23.  Chng minh 

a)  (2  3 )(2 + 3 )  = 1  ;  

b) ( 2006 2005 )  v ( 2006 2005+ )  l hai s nghch o ca nhau.  

24.  Rt gn v tm gi tr (lm trn n ch s thp phn th ba)  ca cc 

cn  thc sau :  

 a)  2 24(1 6x 9x )+ +     ti  x = 2 ;  

 b)  2 29a (b 4 4b)+    ti  a =  2,  b  =  3 .  
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?1  

25.  Tm x,  bit :  

a)  16x 8=  ;         b)  4x 5=  ;  

c)  9(x 1) = 21  ;       d)  24(1 x)    6  = 0.  

26.  a)  So snh 25 9+  v 25  + 9  ;  

b)  Vi a >  0  v b >  0,  chng minh a b+  <  a  +  b .   

27.  So snh 

a)  4  v 2 3  ;         b)   5  v 2.  

4.  Lin  h gia php chia v php khai  phng 

1 .   nh  l  

Tnh v so snh 
16

25
 v 

16
.

25
 

nh l    

      Vi s a khng m v  s b dng,  ta c 

 
a a .
b b
=  

Chng minh.  V a   0  v b >  0  nn 
a

b
 xc  nh v khng m.  

Ta c  

2 2

2

a ( a ) a
.

bb ( b )


  = = 
 

 

Vy 
a

b
 l cn bc  hai s hc ca 

a
,

b
 tc l 

a a
.

b b
=  
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?2 

2.   p  dng  

a)  Quy tc khai phng mt thng 

Mun khai phng mt thng 
a

b
,  trong  s a  khng m v s b  

dng,  ta c th ln lt khai phng s a  v s b,  ri ly kt qu th 

nht chia cho kt qu th hai.  

V d 1 .  p dng quy tc  khai phng mt thng,  hy tnh 

a)  
25

121
 ;           b)  

9 25
.:

16 36
 

Gii 

a)  
25 25 5

.
121 11

=

121
=  

b)  
9 25 9 25 3 5 9

.: : :
16 36 16 36 4 6 10

= = =  

Tnh  

a)  
225

256
 ;             b)  0, 0196 .  

b)  Quy tc chia hai cn bc hai  

Mun chia cn bc hai ca s a khng m cho cn bc hai ca s b  dng,  

ta c th chia s a  cho s b  ri khai phng kt qu .  

V d 2 .  Tnh 

a)  
80

5
 ;           b)  

49 1
.: 3

8 8
 

Gii 

a)  
80 80

16 4.
55

= = =  

b)  
49 1 49 25 49

: 3 :
8 8 8 8 25

= =  =  
7
.

5
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?3 

?4 

Tnh    

a)  
999

111
 ;            b)  

52
.

117
 

Ch .  Mt cch tng qut,  vi biu thc  A khng m v biu thc

B  dng,  ta c   

A A
.

B B
=  

V d 3 .  Rt gn cc biu thc sau :  

 a)  
24a

25
 ;          b)  

27a

3a
 vi a > 0.  

Gii 

 a)  
2 2 24a 4a 4. a

25 525
= = = 

2

5
| a |.   

 b)  
27a 27a

9 3
3a3a

= = =  (vi a >  0).  

Rt gn  

a)  
2 42a b

50
  ;         b)  

22ab

162
  vi  a   0.  

Bi  tp 

28.  Tnh  

a)  
289

225
 ;           b)  

14
2
25

;  

c)  
0,25

9
 ;          d)  

8, 1
.

1 ,6
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29.  Tnh 

a)  
2

18
 ;           b)  

1 5

735
 ;  

c)  
12500

500
 ;          d)  

5

3 5

6
.

2 .3
 

30.  Rt gn cc  biu thc sau :  

a)  
2

4

y x
.

x y
 vi x >  0,  y   0  ;     b)  

4
2

2

x
2y .

4y
 vi y < 0 ;  

c)
2

6

25x
5xy .

y
 vi x < 0,  y  > 0 ;   d)  

3 3

4 8

16
0,2x y .

x y
 vi x   0,  y   0.  

31.  a)  So snh 25 16  v 25 16  ;  

b)  Chng minh rng,  vi a >  b > 0  th a b  <  a b .  

Luyn tp 

32.  Tnh 

a)  
9 4

1 . 5 . 0,01
16 9

 ;        b)  1 ,44 . 1 ,21 1 ,44 . 0,4  ;  

c)  
2 2165 124

164



 ;        d)  
2 2

2 2

149 76

457 384





.  

33.  Gii phng trnh 

a)  2.x 50 0 =   ;        b)  3 . x 3 12 27+ = +  ;  

c)  
2

3 .x 12 0 =  ;           d)  
2x

20 0.
5
 =  

34.  Rt gn cc biu thc sau :  

a)  
2

2 4

3
ab .

a b
 vi a <  0,  b   0  ;     b)  

227(a 3)

48



 vi a > 3  ;  



 20 

Hnh 3  

c) 
2

2

9 12a 4a

b

+ +
vi a     1 ,5 v b < 0 ;    d)

2

ab
(a b).

(a b)




vi a < b < 0.  

35.  Tm x,  bit :  

a)  2(x 3) 9 =  ;            b)  24x 4x 1 6.+ + =  
 

36.  Mi khng nh sau ng hay sai ?  
V sao ?  

a)  0,01  =  0,0001  ;  

b)  0,5 0,25 =   ;  

c)  39  <  7  v 39  >  6  ;  

d) (4 13 ).2x 3 (4 13 ) <   

2x 3 . <  

37.  .  Trn li  vung, mi  vung 
cnh 1cm, cho bn im M, N, P,  Q 
(h.3).  
Hy xc nh s o cnh,  ng 

cho v din tch ca t gic  MNPQ.  

5.  Bng cn bc hai  

Mt cng c  tin  li   khai  phng  khi  khng c my tnh.  

 tm cn bc hai ca mt s dng, ngi ta c th s dng bng tnh sn 

cc cn bc hai. Trong cun "Bng s vi 4 ch s thp phn" ca V.M.  Bra-i-x, 

bng cn bc hai l bng IV dng  khai cn bc hai ca bt c s dng 

no c nhiu nht bn ch s.  

1 .   Gii  thiu  bng  

Bng cn bc hai c chia thnh cc  hng v cc  ct.  Ta quy c gi tn 

ca cc  hng (ct)  theo s c ghi  ct u tin (hng u tin)  ca 
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mi trang.  Cn bc hai ca cc s c vit bi khng qu ba ch s t 

1 ,00 n 99,9  c ghi sn trong bng  cc ct t ct 0  n ct 9.  Tip 

 l chn ct hiu chnh c dng  hiu chnh ch s cui ca cn 

bc hai ca cc  s c vit bi bn ch s t 1 ,000 n 99,99.  

2.   Cch  dng bng 

a)  Tm cn bc hai  ca s ln hn 1  

v nh hn 100 

V d 1 .  Tm 1 ,68 .   

Ti giao ca hng 1,6  v ct 8,  ta thy 

s 1 ,296.  Vy 1 ,68   1 ,296 (mu 1 ).  

V d 2 .  Tm 39,18 .   

Ti giao ca hng 39,  v ct 1 ,  ta thy 

s 6,253.  Ta c  39,1   6,253.  

Ti giao ca hng 39,  v ct 8

hiu chnh,  ta thy s 6.  

Ta  dng s 6  ny  hiu 

chnh ch s cui  s 

6,253  nh sau :  

6,253  +  0,006 =  6,259.  

Vy 39, 18   6,259 (mu 2).  

Tm    

a)  9,1 1  ;       b)  39,82 .  

Bng tnh sn cn bc hai ca tc  gi V.M.  Bra-i-x ch cho php ta tm 

trc tip cn bc  hai ca s ln hn 1  v nh hn 1 00.  Tuy nhin,  da vo 

tnh cht ca cn bc  hai,  ta vn dng bng ny  tm c cn bc hai 

ca s khng m ln hn 1 00 hoc nh hn 1 .  

N . . .  8 . . .  

.  

.  

.  
1,6 
.  
.  
.  

 
 
 
 
 

 

1 ,296 

 

 

Mu 1  

N . . .  1  . . .  8 . . .  

.  

.  

.  
39,  
.  
.  
.  

 
 
 
 
 

 

6,253  

 

 6  

Mu 2  
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b)  Tm cn bc hai  ca s ln hn 100 

V d 3 .  Tm 1680.  

Ta bit  1 680 =  1 6,8  .  1 00.  

Do  1680 16,8 . 100 10 . 16,8 .= =  

Tra bng ta c 16,8    4,099.  Vy 1680 10 . 4,099 40,99. =  

Tm  

a)  911  ;       b)  988 .  

c)  Tm cn bc hai ca s khng m v nh hn 1   

V d 4.  Tm 0,00168 .   

Ta bit   0,00168  =  1 6,8  :  1 0000.   

Do  0,00168 =  1 6,8 : 10000  4,099 : 100 0,04099. =  

Ch .   thc hnh nhanh,  khi tm cn bc hai ca s khng m ln 

hn 100  hoc nh hn 1 ,  ta dng hng dn ca bng :  "Khi di du 

phy trong s N  i  2,  4,  6, . . .  ch s th phi di du phy theo cng chiu 

trong s N  i 1 ,  2,  3 , . . .  ch s" (v d 3  minh ho trng hp di du 

phy  s 16,8  sang phi 2  ch s nn phi di du phy  s 4,099  sang 

phi 1  ch s ;  v d 4  minh ho trng hp di du phy  s 16,8  sang 

tri  4  ch s nn phi di du phy  s 4,099  sang tri 2  ch s).  

Dng bng cn bc hai,  tm gi tr gn ng ca nghim phng trnh  

x
2
 =  0,3982.  
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Dng bng s  tm cn bc hai s hc ca mi s sau y ri dng my 

tnh b ti kim tra v so snh  kt qu (t bi 38  n bi 40).  

38.  5,4 ;   7 ,2 ;    9,5  ;    3 1  ;    68.  

39.  1 15  ;   232 ;   571  ;   9691 .  

40.  0,71  ;   0,03  ;   0,216 ;   0,81 1  ;   0,0012 ;   0,000315.  

41.  Bit 9,119   3 ,019.  Hy tnh  

911 ,9 ;    91 190 ;    0,09119 ;   0,0009119 .  

42.  Dng bng cn bc  hai  tm gi tr  gn ng ca nghim mi phng 

trnh sau :  

a)  x
2
 =  3 ,5  ;        b)  x

2
 =  1 32.  

C th em cha bit 

Thi  xa  xa,  con  ngi  lm  tnh  bng  cch  m ngn  tay,  ngn  chn  ri  n  t 

ngn  tay,  t ngn  chn  ;  kh i  gp  cc s ln  hn,  ngi  ta  dng  hn  si ,  

ht cy.  Sau  ,  h l m  ra  cc bn  tnh  gy (c th bt u  do ghp xu  cc 

ht cy li ) .  Dng  bn  tnh  gy,  ngi  ta  c th tnh  ton  c vi  c  cc s 

thp phn.  H in  nay,  bn  tnh  gy vn  cn  c s dng  ngay c  cc nc 

rt sn  my tnh  b t i .  

S pht trin  ca khoa hc,  k thut v nhu  cu  thng  mi   i  hi  phi  t 

ra  cc bng  tnh  sn.  Cc nh th in  vn  hc,  ton  hc C-pc-nch  (Ba  Lan) ,  

K-ple (c) ,  N-pe (Anh)  l  nhng  ngi  u  tin  xy dng  k thut tnh  ton  

v  lp ra nh iu  bng  tnh  sn.  Bng  s vi  4  ch s thp phn  l mt dng  

bng  tnh  sn  nh th.  

Ngy nay,  nhng  ch ic my tnh  b  t i  gn  nh  khng  ch  thay th cc bng  

tnh  sn   tnh  mt cch  nhanh  chng  m cn  c    chnh  xc cao hn .  Tuy 

nh in ,  cng  nh cc bn  tnh  gy,  cc bng  tnh  sn  vn  c  nhng  u  th 

ri ng  nn  ngi  ta  vn  tip  tc dng  chng.  Mnh  hn  nhng  ch ic my 
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tnh  b t i  v  cng  d  dng  mang  theo bn  ngi  l   nhng  ch ic my tnh  

xch  tay.   

 

Chui ht cy  m,  bn tnh gy,  chic my tnh b ti  

 v chic my tnh xch tay.  

6. Bin i n gin biu thc cha cn thc bc hai 

1 .  a tha s ra ngoi  du  cn  

Vi a   0,  b   0,  hby chng t 2a b a b .=  

  ng thc 2a b a b=  trong ?1  cho php ta thc hin php bin i 

=
2a b a b  (vi a   0,  b    0)  Php bin i ny c gi l php a 

tha s ra ngoi du cn.  

  i khi,  ta phi bin i biu thc di du cn v dng thch hp ri 

mi thc hin c php a tha s ra ngoi du cn.  

V d 1  

a)  23 . 2 3 2.=  

b)  220 4 . 5 2 . 5 2 5 .= = =  

  C th s dng php a tha s ra ngoi du cn  rt gn biu thc 

cha cn thc bc  hai.  

V d 2 .  Rt gn biu thc 
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3 5 20 5 .+ +  

Gii 

23 5 20 5 3 5 2 . 5 5+ + = + +  

=  3 5 2 5 5+ +  

= (3 2 1) 5+ +

= 6 5 .  

Cc biu thc 3 5 , 2 5  v 5  c gi l ng dng  vi nhau.  

Rt gn biu thc  

a)  2 8 50+ +  ;          b)  4 3 27 45 5+  + .  

Mt cch  tng qut :  

Vi hai biu thc A, B  m B   0,  ta c 2A . B A B,=  tc l  :  

Nu  A   0 v  B   0  th 2A B A B=  ;   

Nu  A < 0 v  B   0  th 2A B A B.=   

V d 3 .  a tha s ra ngoi du cn 

a)  24x y   vi x   0,  y   0  ;  

b)  218xy  vi x   0,  y < 0.  

Gii 

a)  2 24x y (2x) y 2x y 2x y= = =  (vi x   0,  y   0).  

b)  2 218xy (3y) 2x 3y 2x 3y 2x= = =   (vi x   0,  y < 0).  

a tha s ra ngoi du cn 

a)  4 228a b   vi  b   0  ;  

b)  2 472a b   vi a < 0.  
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2.   a tha s vo trong  du cn  

  Php a tha s ra ngoi du cn c  php bin i ngc vi n l 

php a tha s vo trong du cn .  

Vi  A   0 v  B   0  ta c  2A B A B.=  

Vi  A < 0  v  B   0  ta c 2A B A B.=   

V d 4.  a tha s vo trong du cn  

a)  3 7  ;          b)  2 3  ;  

c)  
2

5a 2a  vi a   0  ;      d)  
2

3a 2ab  vi ab   0.  

Gii   

a)  23 7 3 .7 63 .= =  

b)  22 3 2 .3 12. =  =   

c)  2 2 2 4 55a 2a (5a ) .2a 25a .2a 50a .= = =  

d)  2 2 2 4 53a 2ab (3a ) .2ab 9a .2ab 18a b . =  =  =   

a tha s vo trong du cn 

a)  3 5  ;          b)  1, 2 5  ;  

c)  
4

ab a   vi  a   0  ;     d)  
2

2ab 5a  vi  a   0.  

  C th s dng php a tha s vo trong (hoc ra ngoi)  du cn  

so snh cc cn bc hai.  

V d 5.  So snh 3 7  vi 28.  

Gii 

Cch 1 .  23 7 3 .7 63= = .  

V 63 28>  nn 3 7 28 .>  

Cch 2 .  228 2 .7 2 7 .= =  V 3 7 2 7>  nn 3 7 28 .>  
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43.  Vit cc s hoc biu thc di du cn thnh dng tch ri a  tha s 
ra ngoi du cn 

a)  54  ;       b)  108  ;    c)  0,1 20000  ;  

d)  
 

0,05 28800  ;    e)  27 . 63 . a .  

44.  a tha s vo trong du cn 

3 5  ;  
2

5 2 ; xy
3

   vi xy   0  ;  
2

x
x
  vi x >  0.  

45.  So snh 

 a) 3 3  v 12  ;        b)  7  v 3 5  ;  

 c)  
1

51
3

v 
1

150
5

 ;        d)
1

6
2

 v 
1
.6

2
 

46.  Rt gn cc biu thc sau vi x   0  :  

a)  2 3x 4 3x 27 3 3x +   ;      b)  3 2x 5 8x 7 18x 28. + +  

47.  Rt gn  

a)  
2

2 2

2 3(x y)

2x y

+



    vi x   0,  y   0  v x   y  ;  

b)  2 22
5a (1 4a 4a )

2a 1
 +


   vi a > 0,5.  

7.  Bin i  n gin biu thc 

cha cn thc bc hai  
(tip theo)  

1 .   Kh mu  ca biu  thc ly cn  

Khi bin i biu thc cha cn thc bc  hai,  ngi ta c th s dng 

php kh mu ca biu thc ly cn.  Di y l mt s trng hp 

n gin.  
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V d 1 .  Kh mu ca biu thc ly cn 

a)  
2

3
 ;       b)  

5a

7b
 vi a.b >  0.  

Gii 

a)  
2

2 2.3 2.3 6
.

3 3.3 33
= = =  

b)  
2

5a 5a.7b 5a.7b 35ab
.

7b 7b.7b 7 b(7b)
= = =  

Mt cch  tng qut :   

Vi  cc biu thc A,  B m  A.B   0 v B   0,  ta c  

A AB
.

B B
=  

Kh mu ca biu thc ly cn 

a)  
4
;

5
      b)  

3

125
 ;      c)  

3

3

2a
 vi  a > 0.  

2.   Trc cn  thc  mu 

Trc cn thc  mu cng l mt php bin i n gin thng gp.  

Di y l mt s trng hp n gin.  

V d 2 .  Trc cn thc  mu 

a)  
5

2 3
 ;      b)  

1 0

3 1+
 ;     c)  

6
.

5 3

 

Gii 

a)  
5 5 3 5 3 5

3
2.3 62 3 2 3 . 3

= = = .  

b)  
10 10( 3 1) 10( 3 1)

5( 3 1)
3 13 1 ( 3 1)( 3 1)

 
= = = 

+ + 

.  

c)  
6 6( 5 3 ) 6( 5 3 )

3( 5 3 )
5 35 3 ( 5 3 )( 5 3 )

+ +
= = = +

  +

.  
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Trong v d trn  cu b),   trc cn thc  mu,  ta nhn c t v mu 

vi biu thc 3 1 .  Ta gi biu thc 3 1+  v biu thc 3 1  l hai 
biu thc lin hp vi nhau.  Tng t,   cu c),  ta nhn c t v mu vi 

biu thc lin hp ca 5 3  l 5 3+ .   

Mt cch  tng qut :  

a)  Vi cc biu thc A, B  m B > 0,  ta c   

A A B
.

BB
=  

b)  Vi cc biu thc A, B,  C m A   0  v  A   B
2
,  ta c  

2

C C( A B)
.

A B A B
=

 
 

c)  Vi  cc biu thc A, B,  C  m A   0,  B   0  v  A   B,  ta c 

 
C C( A B)

.
A BA B

=


 

Trc cn thc  mu :  

a)  
5

,
3 8

  
2

b
 vi  b >  0 ;  

b)  
5

5 2 3

 ,   
2a

1 a

 vi  a   0  v  a   1  ;  

c)  
4

,
7 5+

 
6a

2 a b

 vi  a > b > 0.  

Bi  tp 

Kh mu ca biu thc ly cn  (cc bi 48  v 49)  

48.  
1

600
 ;    

1 1

540
 ;    

3

50
 ;    

5

98
 ;    

2(1 3 )
.

27



 

49.  ab 
a

b
 ;    

a

b

b

a
 ;   

2

1 1

b b
+  ;   

39a

36b
 ;    3xy

2
.

xy
  

(Gi thit cc  biu thc  c ngha).  
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Trc cn thc  mu vi gi thit cc biu thc ch u c ngha (t 

bi  50  n bi 52)  

50.  
5

10
 ;      

5

2 5
 ;        

1

3 20
 ;        

2 2 2

5 2

+

 ;     
y b. y

.
b. y

+

  

51.  
3

3 1+
 ;   

2

3 1
 ;    

2 3

2 3

+



 ;    
b

3 b+

 ;    
p

.
2 p 1

 

52.  
2

;
6 5

     
3

;
10 7+

   
1

x y

 ;      
2ab

.
a b

 

Luyn tp 

53.  Rt gn cc biu thc sau (gi thit cc  biu thc ch u c ngha)  :  

a)  218( 2 3 ) ;       b)  ab 
2 2

1
1

a b
+  ;  

c)  
3 4

a a

b b
+  ;        d)  

a ab
.

a b

+

+

 

54.  Rt gn cc biu thc sau (gi thit cc  biu thc ch u c ngha)  :  

2 2

1 2

+

+

 ;    
1 5 5

1 3





 ;   
2 3 6

8 2





 ;   
a a

1 a





 ;  




pp 2 .
p 2

 

55.  Phn tch thnh nhn t (vi a,  b,  x,  y l cc  s khng m)  

a)  ab b a a 1+ + +  ;  

b)  3 3 2 2x y x y xy +  .  

56.  Sp xp theo th t tng dn 

a) 3 5 , 2 6 , 29 , 4 2 ;    b)  6 2 , 38 , 3 7 , 2 14 .  

57.  25x 16x 9 =  khi x bng 

(A)    1  ;     (B)    3   ;     (C)    9  ;     (D)    81 .  

Hy chn cu tr li  ng.  
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8.  Rt gn biu thc cha cn thc bc hai   

 rt gn biu thc c cha cn thc bc hai,  ta cn bit vn dng thch 
hp cc  php tnh v cc php bin i  bit.  

V d 1 .  Rt gn 
a 4

5 a 6 a 5
4 a

+  + vi a > 0.  

Gii.  Ta c    

a 4
5 a 6 a 5

4 a
+  +  =  

2

6 4a
5 a a a 5

2 a
+  +   

   =  5 a 3 a 2 a 5+  +  =  6 a 5+ .  

Rt gn 3 5a 20a 4 45a a + +  vi a    0.  

Rt gn biu thc c p dng trong nhiu bi ton v biu thc c cha 
cn thc bc hai.  

V d 2 .  Chng minh ng thc 

(1 2 3 )+ + (1 2 3 )+   =  2 2 .  

Gii.  Bin i v tri,  ta c  

    (1 2 3 )+ + (1 2 3 )+   =  2 2(1 2 ) ( 3 )+   

   =  1 2 2 2 3+ +   =  2 2 .  

Sau khi bin i, ta thy v tri bng v phi.  Vy ng thc c chng minh. 

Chng minh ng thc 

2a a b b
ab ( a b )

a b

+
 = 

+

 vi a >  0,  b  >  0.  

V d 3 .  Cho biu thc  

P = 

2
a 1 a 1 a 1

.
2 2 a a 1 a 1

  +
    
   +    

 vi a > 0 v a   1 .  

a)  Rt gn biu thc P ;  

b)  Tm gi tr ca a  P < 0.  
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Gii  

a)  P =  

2 2 2a. a 1 ( a 1) ( a 1)
.

2 a ( a 1)( a 1)

   +
 
  +  

 

      =  

2
a 1 a 2 a 1 a 2 a 1

.
a 12 a

  +   
 

 
 =  

2

(a 1)( 4 a )

(2 a )

 

  

  =  
(1 a).4 a 1 a

.
4a a

 
=  

Vy P =  
1 a

a


 vi a > 0 v a   1 .    

b)  Do a >  0 v a   1  nn P <  0 khi v ch khi 

1 a

a


 <  0   1    a < 0   a >  1 .  

Rt gn cc biu thc sau :  

a)  
2x 3

x 3



+

 ;         b)  
1 a a

1 a





 vi  a   0  v a   1 .  

Bi  tp 

58.  Rt gn cc biu thc sau :  

a)  
1 1

5 20 5
5 2
+ +  ;      b)  

1
4,5 12,5

2
+ +  ;  

c)  20 45 3 18 72 + +  ;    d)  0,1. 200 2 . 0,08 0,4 . 50+ + .  

59.  Rt gn cc  biu thc sau  (vi a > 0,  b >  0)  :  

a)  3 25 a 4b 25a 5a 16ab 2 9a +   ;  

b)  3 3 3 35a 64ab 3 . 12a b 2ab 9ab 5b 81a b . +    
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60.  Cho biu thc B = 16x 16 9x 9 4x 4 x 1+  + + + + +  vi x   1 .  

a)  Rt gn biu thc B ;  

b)  Tm x sao cho B c gi tr  l 1 6.  

61.  Chng minh cc ng thc sau :  

a)  
3 2 3

6 2 4
2 3 2

+   =  
6

6
 ;  

b)  
6 2x 1

x 6x : 6x 2
x 3 3


 + + =
 
 

  vi x > 0.  

Luyn tp 

Rt gn cc biu thc sau (cc bi 62  v 63 )  :  

62. a) 
1 33 1

48 2 75 5 1
2 311

  +  ;   b) 
2

150 1 ,6 . 60 4,5 . 2 6
3

+ +   ;  

c) ( 28 2 3 7 ) 7 84 + +   ;   d)  
2

( 6 5 ) 120+  .  

63.  a)  
a a b

ab
b b a
+ +   vi a > 0 v b >  0 ;  

b)  
2

2

m 4m 8mx 4mx
.

811 2x x

 +

 +
 vi m >  0 v x   1 .  

64.  Chng minh cc ng thc sau :   

a)  

2
1 a a 1 a

a 1
1 a1 a

  
   + =
      

 vi a   0  v a   1  ;  

b)  
2 4

2 2 2

a b a b

b a 2ab b

+

+ +
 =  | a |   vi a +  b >  0 v b   0.  



 34 

65.  Rt gn ri so snh gi tr  ca M vi 1 ,  bit  

M =  
1 1 a 1

:
a a a 1 a 2 a 1

+
+ 

   + 
 vi a >  0 v a   1 .  

66.  Gi tr  ca biu thc 
1 1

2 3 2 3
+

+ 

 bng 

(A)   
1

2
 ;     (B)   1  ;    (C)   4 ;     (D)    4.  

Hy chn cu tr li ng.  

9.  Cn bc ba  

C g  khc cn  bc hai  khng  ?  

1 .   Khi  nim cn bc ba 

Bi ton :  Mt ngi th cn lm 

mt thng hnh lp phng cha 

c ng 64 lt nc.  

Hi ngi th  phi chn  di 

cnh ca thng l bao nhiu ximt ? 

Gii 

Gi x (dm) l  di cnh ca 
thng hnh lp phng.  Theo bi 

ra ta c x
3
 = 64.  Ta thy x = 4 v 4

3
 = 64.  Vy  di cnh ca thng l 4dm.  

T 4
3
 =  64,  ngi ta gi 4  l cn bc ba ca 64.  

nh ngha 

Cn bc ba ca mt s a  l  s x  sao cho x
3  
= a.  

 

 



 35  

?1  

V d 1 .     2 l cn bc ba ca 8 ,  v 2
3
= 8.  

5  l cn bc ba ca 125,  v (5)
3
= 125.  

Ta cng nhn kt qu sau :  

Mi s a  u c duy nht mt cn bc ba.  

Cn bc ba ca s a c k hiu l 3 a.  S 3  gi l ch s ca cn.  Php 

tm cn bc ba ca mt s gi l php khai cn bc ba.  

 Ch .  T nh ngha cn bc ba,  ta c 
33 33( a ) a=  =  a.  

Tm cn bc ba ca mi s sau :  

a)   27  ;    b)     64 ;     c)   0 ;     d)   
1

.
125

  

Gii mu.   
3 33 27 3 3.= =  

Nhn xt 

Cn bc ba ca s dng l s dng ;  

Cn bc ba ca s m l s m ;  

Cn bc ba ca s 0 l chnh s 0.  

2.   Tnh  cht  

Tng t tnh cht ca cn bc hai, ta c cc tnh cht sau ca cn bc ba :  

a)  a <  b   3 a  < 3 b .  

b)  3 3 3ab a . b= .  

c)  Vi  b    0,  ta c  
3

3
3

a a
.

b b
=  

Da vo cc  tnh cht trn,  ta c th so snh,  tnh ton,  bin i cc  biu 

thc cha cn bc  ba.   

V d 2 .  So snh 2 v 3 7 .  

Gii.  Ta c 2 = 3 8  ;  8  >  7  nn 3 8  > 3 7 .  Vy  2 > 3 7 .  
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V d 3 .  Rt gn 
3 38a 5a .  

Gii.  Ta c 
3 38a 5a = 

3 33 8. a  5a = 2a 5a =  3a.  

Tnh 3 31728 : 64  theo hai cch.  

Bi  tp 

67.  Hy tm 

3 512  ;   3 729  ;   3 0,064  ;      3 0,216  ;   3 0,008 .  

68.  Tnh  

a)  3 3 327 8 125  ;       b)
3

3 3
3

135
54. 4 .

5
 

69.  So snh  

a)  5  v 3 123  ;         b)  5 3 6  v 6 3 5 .  

Bi c thm 

Tm cn bc ba nh bng s v my tnh b ti 

1 .   Tm cn  bc ba nh bng s 

Trong "Bng s vi 4  ch s thp phn"  ca V.M.  Bra-i-x khng c 

bng tnh sn cn bc ba,  nhng ta c th dng bng lp phng (bng V)  

 tm cn bc ba ca mt s cho trc.   

a)  Gii thiu bng lp phng  

Bng lp phng c chia thnh cc hng v cc  ct.  Ta cng quy c 

gi tn ca cc  hng (ct)  theo s c ghi  ct u tin (hng u tin)  

ca mi trang.  
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Dng bng lp phng ta c  th tm c lp phng ca s t 1 ,000 n 

1 0,00.  Vi nhng s c vit bi khng qu ba ch s,  lp phng ca 

n c tm trc tip t bng.  Vi nhng s c vit bi bn ch s,  ta 

phi dng thm cc s  ct hiu chnh.  

b)  Cch dng bng lp  phng tm cn bc ba 

V d 1 .  Tm 3 344,5 .  

Ta tm s 344,5   trong bng.  S 

344,5  nm  giao ca hng 7,0  v 

ct 1 ,  c ngha (7,01 )
3
   344,5 .   

Vy 3 344,5    7 ,01  (mu 3).  

V d 2 .  Tm 3 103 .  

Do khng tm thy s 1 03   trong 

bng,  ta chn s gn nht vi n.  

 l s 1 03,1 6 nm  giao 

ca hng 4,6  v ct 9  nn 

(4,69)
3
   1 03 ,16.  Do  

3 103, 16    4,69.  Trn hng 

4,6  ta tm trong cc ct hiu 

chnh s no gn vi s 1 6 

nht,  ta thy s 1 3  (hoc 

s 19),  nm  ct 2  (hoc 

ct 3)  hiu chnh.  Ta hiu 

chnh 3 103,16   xc nh 3 103  nh sau :  

4,69   0,002 = 4,688  (hoc 4,69   0,003  =  4,687).  

Vy 3 103    4,688  (hoc 3 103    4,687)  (mu 4).  

V d 3 .  Tm 3 0,103 .  

Ta bit   0,103  = 1 03  :  1 000.  

Do    3 3 33 0,103 103 : 1000 103 : 10.= =  

N 0 1  . . .  

.  

.  

.  
7,0 
.  
.  
.  

 
 
 
 
 

 

344,5  

 

 

Mu 3  

N . . .  9 1  2 3  . . .  

.  

.  

.  
4,6 
.  
.  
.  

  
 

103,16 
 

 

 

 

1 3  1 9   

Mu 4  
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Tra bng tm 3 103    4,688.  Vy 3 0,103    4,688    0,1  =  0,4688.  

Ch .  Bng lp phng c nu hng dn "Khi di du phy trong s 

N  i 1  ch s th phi di du phy trong s N
3
 i 3  ch s" nn khi tm 

cn bc ba,  ta thc hnh nh sau :  

Khi di du phy trong s N  i 3,  6,  9,. . .  ch s,  ta di du phy theo 

cng chiu  s 3 N  i 1 ,  2,  3 ,. . .  ch s (v d 3  minh  ho trng hp di 

du phy  s 103  sang tri 3  ch s nn phi di du phy  s 4,688

sang tri 1  ch s).  

2.   Tm cn  bc ba bng my tnh  b t i  

C th dng my tnh b ti c nt bm 3  tm cn bc  ba nh sau.  

V d 4.  (Trn my CASIO  fx-220).   

Tnh Nt bm Kt qu 

 
3 1728  

 
3 11390,625  

3 12,167  

 
 

 

1 2 

 
22,5  

 

2,3  

V d 5.  (Trn my SHARP EL 500M)  

Tnh Nt bm Kt qu 

 
3 1728  

 

            x  

 

1 2 

3 11390,625      x 22,5  

3 12, 167           x  2,3  

1  7  2 8  SHIFT 

1  1  3  9  

1  2    1  

0   6 2 5  SHIFT 

6 7  SHIFT 

 
3   

 
3   

 
3   

3  2ndF 

1  1  3  9  0   6 2 5  

1  7  2  8  

3  2ndF 

3  2ndF 

= 

1  2   1  6  7  =  ( )  

=  

 +
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n tp chng I  

Cu hi  

1.  Nu iu kin  x  l cn bc hai s hc ca s a khng m.  Cho v d.  

2.  Chng minh 2a  =  | a | vi mi s a.  

3.  Biu thc A phi tho mn iu kin g  A  xc nh ?  

4.  Pht biu v chng minh nh l v mi lin h gia php nhn v php 
khai phng.  Cho v d.  

5.  Pht biu v chng minh nh l v mi lin h gia php chia v php 

khai phng.  Cho v d.  

Cc cng thc bin  i  cn thc 

1 )   2A  =  | A |.   

2)    AB  = A B  (vi A   0  v B   0).  

3)   
A

B
  =  

A

B
 (vi A   0  v B >  0).  

4)   2A B  =  | | B  (vi B   0).   

5 )   A B  = 2A B  (vi A   0  v B   0) .  

A B  =   2A B  (vi A <  0 v B   0).   

 6)   
A

B
 =  

1
AB

B
 (vi AB   0  v B   0).  

 7)   
A

B
 =  

A B

B
 (vi B > 0).  

8 )    
2

C C( A B)

A B A B
=

 
 (vi A   0  v A   B

2
).  

9)   
C

A B
 =  

C( A B)

A B
 (vi A   0,  B    0  v  A   B) .  
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Bi  tp 

70.  Tm gi tr  cc biu thc sau bng cch bin i,  rt gn thch hp :  

a)  
25 16 196

. .
81 49 9

 ;         b)  
1 14 34

..3 2 2
16 25 81

  ;  

c)  
640 . 34,3

567
  ;        d)  2 221 ,6 . 810 . 11 5 .  

71.  Rt gn cc biu thc sau :  

a)  ( 8 3. 2 10 ) 2 5 +   ;     b)  2 20,2 ( 10) .3 2 ( 3 5 ) +  ;  

c)
1 1 3 4 1
. . 2 . 200 :

2 2 2 5 8


  +

 
 ;     d)  2 2 42 ( 2 3) 2.( 3) 5 ( 1) . +     

72.  Phn tch thnh nhn t (vi cc s x,  y,  a,  b khng m v a   b)  

a)  xy y x x 1 +   ;      b)  ax by bx ay +   ;  

 c) 2 2a b a b+ +  ;       d)  12 x x.   

73.  Rt gn ri tnh gi tr ca cc biu thc sau :  

a) 29a 9 12a 4a  + +  ti a = 9 ;   b) 23m
1 m 4m 4

m 2
+  +


 ti m = 1,5 ; 

c)  21 10a 25a 4a +   ti a = 2 ;   d)  24x 9x 6x 1 + +  ti x =  3 .  

74.  Tm x,  bit :  

a)  2(2x 1) 3 =  ;   

b)  
5 1

15x 15x 2 15x.
3 3

  =    

75.  Chng minh cc ng thc sau :  

a)  
2 3 6 216 1

.
38 2 6


  

 
 =  1 ,5  ;  
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b)  
14 7 15 5 1

:
1 2 1 3 7 5

 
 + 

   
 =  2 ;  

c)  
a b b a 1

:
ab a b

+



 =  a   b  vi a,  b dng v a   b  ;  

d)  
a a a a

1 1
a 1 a 1

 + 
   + 
   +    

 =  1    a  vi a   0  v a   1 .  

76.  Cho biu thc 

Q = 
2 2 2 2 2 2

a a b
1 :

a b a b a a b


  +
 

    

  vi a > b >  0.  

a)  Rt gn Q ;  

b)  Xc nh gi tr ca Q khi a = 3b.  
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Ch ng  I I   hm s bc nht 

1 .  Nhc li  v b sung cc khi  nim v hm s 

1 .   Khi  nim hm s 

  Nu i l ng y ph thuc vo i l ng thay i x sao cho vi mi gi 

tr ca x,  ta lun xc nh  c ch mt gi tr t ng ng ca y th y  c 

gi l hm s ca x,  v x  c gi l bin s.  

  Hm s c th  c cho bng bng hoc bng cng thc,. . .  

V d 1   

a)  y l hm s ca x  c cho bng bng sau :   

x  
1

3
 

1

2
 1  2 3  4 

y 6  4 2 1  
2

3
 

1

2
 

b)  y l hm s ca x  c cho bng cng thc :   

y  = 2x  ;      y 2x 3= +  ;       
4
.y

x
=  

  Khi hm s  c cho bng cng thc y = f(x),  ta hiu rng bin s x ch 

ly nhng gi tr m ti  f(x)  xc nh.  Chng hn,   cc v d trn,  gi 

tr ca cc biu thc 2x,  2x + 3  lun lun xc nh vi mi gi tr ca x 

nn trong cc hm s y = 2x v y  = 2x + 3 ,  bin s x c th ly nhng gi 

tr tu  ;  cn trong hm s y = 
4
x
,  bin s x ch ly nhng gi tr khc 0,  

v gi tr ca biu thc 
4

x
 khng xc nh khi x  = 0.  
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?1  

?2 

?3  

  Khi y l hm s ca x,  ta c th vit y = f(x),  y = g(x),. . .  V d,  i vi 

hm s y 2x 3= + ,  ta cn c th vit y f(x) 2x 3= = +  ;  khi ,  thay cho 

cu "Khi x bng 3  th gi tr t ng ng ca y l 9" ,  ta vit f(3)  = 9.  

  Khi x thay i m y lun nhn mt gi tr khng i th hm s y  c 

gi l hm hng.  

Cho hm s 
1

y f(x) x 5.
2

= = +  

Tnh  f(0)  ;   f(1 )  ;   f(2)  ;   f(3)  ;   f(2)  ;   f(10).  

2.    th  ca hm s 

a)  Biu din cc im sau trn mt phng to   Oxy  :  

1
A ; 6

3

 
 
 

 ,     
1

B ; 4
2

 
 
 

 ,    C(1 ; 2)  ,   D(2 ; 1)  ,   
2

E 3 ;
3

 
 
 

 ,   
1

F 4 ;
2

 
 
 

.  

b)  V  th ca hm s y = 2x.  

Tp hp tt c cc im biu din cc cp gi tr t ng ng (x ;  f(x))  trn 

mt phng to   c gi l  th ca hm s y  =  f(x).  Chng hn,  tp 

hp cc im A,  B,  C,  D,  E,  F v  c trong ?2 a)  l  th ca hm s 

 c cho bng bng  v d 1 a)  ;  tp hp cc im ca  ng thng v 

 c trong ?2 b)  l  th ca hm s y = 2x.  

3.   Hm s ng  bin,  nghch  bin  

Tnh gi tr y t ng ng ca cc hm s y  =  2x  +  1  v y  =  2x  +  1  theo 

gi tr  cho ca bin x  ri in vo bng sau :   
 

x 2,5 2 1,5 1   0,5 0 0,5 1  1 ,5  

y 2x 1= +          

y  = 2x + 1          
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a)  Xt hm s y = 2x + 1 .  

D thy  2x + 1  xc nh vi mi x   R.  

Qua bng trn ta thy :  Khi cho x cc gi tr tu  tng ln th cc gi tr 
t ng ng ca y = 2x + 1  cng tng ln.  Ta ni rng hm s y = 2x + 1  

ng bin trn R.  

b)  Xt hm s y = 2x + 1 ,  ta thy :  

2x + 1  xc nh vi mi x   R.  

Khi cho x cc gi tr tu  tng ln th cc gi tr t ng ng ca y = 2x + 1  li 

gim i.  Ta ni rng hm s y 2x 1=  +  nghch bin trn R.  

Mt cch tng qut :  

Cho hm s y  = f(x)  xc nh vi mi gi tr ca x thuc R 

a)  Nu gi tr ca bin  x  tng ln m gi tr t ng ng  f(x)  cng tng ln 
th hm s y  =  f(x)   c gi l  hm s ng bin  trn  R (gi tt l hm 
s ng bin).  

b)  Nu gi tr ca bin  x  tng ln m gi tr t ng ng  f(x)  li gim i th 
hm s y  = f(x)   c gi l hm s nghch bin  trn  R (gi tt l hm s 
nghch bin).   

Ni cch khc,  vi  x1 ,  x2  bt k thuc  R  :  

Nu  x1  <  x2  m  f(x1 )  < f(x2)  th hm s y  =  f(x)  ng bin  trn  R  ;  

Nu  x1  <  x2  m  f(x1 )  > f(x2)  th hm s y  =  f(x)  nghch bin  trn  R.  

Bi  tp 

1.  a)  Cho hm s 
2

y f(x) x.
3

= =  

Tnh :  f(2)  ;   f(1 )  ;   f(0)  ;      f
1

2

 
 
 

 ;    f(1 )  ;      f(2)  ;         f(3).  

b)  Cho hm s y = g(x)  = 
2
x 3.

3
+  

Tnh :  g(2)  ;   g(1 )  ;   g(0)  ;   g
1

2

 
 
 

 ;    g(1 )  ;      g(2)  ;    g(3).   

c)  C nhn xt g v gi tr ca hai hm s  cho  trn khi bin x ly 

cng mt gi tr ?  
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2.  Cho hm s 
1

y x 3.
2

=  +  

a)  Tnh cc gi tr t ng ng ca y theo cc gi tr ca x ri in vo 
bng sau :  

x 2,5 2 1,5 1 
 0,5 0 0,5 1  1 ,5 2 2,5 

1
y x 3

2
=  +

 
          

b)  Hm s  cho l hm s ng bin hay nghch bin ?  V sao ?  

3.  Cho hai hm s y = 2x v y = 2x.  

a)  V trn cng mt mt phng to   th ca hai hm s  cho.  

b)  Trong hai hm s  cho,  hm s no ng bin ?  Hm s no nghch 
bin ?  V sao ?  

Luyn tp 

4.   th hm s y = 3 x  c v 
bng compa v th c thng  
hnh 4.  

Hy tm hiu v trnh by li cc 
b c thc hin v  th .  

5.  a) V  th ca cc hm s y = x 
v y  =  2x trn cng mt mt 
phng to  Oxy (h.5).  

b)   ng thng song song vi 
trc Ox v ct trc Oy ti im 
c tung  y = 4 ln l t ct cc 
 ng thng y  = 2x,  y = x ti  
hai im A v B.  

Tm to  ca cc im A,  B v 
tnh chu vi,  din tch ca tam 
gic OAB theo n v o trn 
cc trc to  l xentimt.  

6.  Cho cc hm s y = 0,5x v 
y = 0,5x + 2.  

 

 

 

 

 

 

 

 

 
Hnh 4  

 

 

 

 

 

 

Hnh 5  
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?1  

a)  Tnh gi tr y t ng ng ca mi hm s theo gi tr  cho ca bin x 

ri in vo bng sau :   

x  2,5 2,25 1,5 1  0 1  1 ,5 2,25  2,5  

y = 0,5x          

y = 0,5x + 2          

b)  C nhn xt g v cc gi tr t ng ng ca hai hm s  khi bin x 
ly cng mt gi tr ?  

7.  Cho hm s y = f(x)  = 3x.  

Cho x hai gi tr bt k x1 ,  x2  sao cho x1  <  x2.  

Hy chng minh f(x1 )  < f(x2)  ri rt ra kt lun hm s  cho ng bin 

trn R.  

2.  Hm s bc nht 

Hm s bc nht c dng  nh  th no ?  

1 .   Khi  nim v hm s bc nht 

Bi ton :  Mt xe t ch khch i t bn xe Pha nam H Ni vo Hu 

vi vn tc trung bnh 50km/h.  Hi sau t gi xe t  cch trung tm 

H  Ni bao nhiu kilmt ?  Bit rng bn xe Pha nam cch trung tm 

H  Ni 8km.  

 

Hy in vo ch trng (. . . )  cho ng 

Sau 1  gi,  t i  c :    

Sau t  gi,  t i  c :     

Sau t  gi,  t cch trung tm H Ni l :  s  =    
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?3 

?2 

?4 

Tnh cc gi tr t ng ng ca s  khi cho t ln l t ly cc gi tr 1  gi ; 2  gi ; 

3  gi ;  4  gi  ri gii thch ti sao s  l hm s ca t  ?   

nh ngha       

Hm s bc nht l hm s  c cho bi cng thc  

y = ax + b 

trong  a,  b  l cc s cho tr c v a   0.  

 Ch .  Khi  b  =  0,  hm s c dng  y  = ax ( hc  lp 7).  

2.   Tnh  cht 

 tm hiu tnh cht ca hm s bc nht,  tr c tin ta xt v d sau y :  

V d.  Xt hm s y = f(x)  =  3x + 1 .  

Hm s y = 3x + 1  lun xc nh vi mi gi tr ca x thuc R  v biu 

thc 3x + 1  lun xc nh vi mi gi tr ca x thuc R.  

Khi cho bin x ly hai gi tr bt k x1 ,  x2  sao cho x1  <  x2  hay x2   x1  >  0,  

ta c 

f(x2)   f(x1)  = ( 3x2  + 1 )   ( 3x1  + 1 )  = 3(x2   x1)  < 0 hay f(x1)  > f(x2).  

Vy hm s y = 3x + 1  l hm s nghch bin trn R.  

Cho hm s bc nht y =  f(x)  =  3x + 1 .  

Cho x  hai gi tr bt k x1 ,  x2,  sao cho x1  < x2.  Hy chng minh  f(x1)  <  f(x2)  

ri rt ra kt lun hm s ng bin trn R.  

 Tng qut  

Hm s bc nht y  = ax  + b  xc nh vi mi gi tr ca x  thuc R  v c 
tnh cht  sau :  

a)  ng bin trn R,  khi a  >  0.  

b)  Nghch bin trn R,  khi a  <  0.  

Cho v d v hm s bc nht trong cc tr ng hp sau :  

a)  Hm s ng bin ;        b)  Hm s nghch bin.  
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Bi  tp 

8.  Trong cc hm s sau,  hm s no l hm s bc nht ?  Hy xc nh cc h 

s a,  b ca chng v xt xem hm s bc nht no ng bin, nghch bin.  

a)  y = 1    5x ;         b)  y =    0,5x ;  

c)  y = 2(x 1) 3 + ;       d)  y = 2x2 + 3.  

9.  Cho hm s bc nht y = (m  2)x + 3 .  Tm cc gi tr ca m  hm s :  

a)  ng bin ;   

b)  Nghch bin.  

10.  Mt hnh ch nht c cc kch th c l 20cm v 30cm.  Ng i ta bt mi 

kch th c ca hnh  i x (cm)   c hnh ch nht mi c chu vi l 

y  (cm).  Hy lp cng thc tnh y theo x.   

Luyn tp 

11.  Hy biu din cc im sau trn mt phng to  :  A(3  ;  0),  B(1  ;  1 ),  

C(0 ;  3 )  ,  D(1  ;  1 ),   E(3  ;  0),   F(1  ;  1 ),  G(0  ;  3),  H(1  ;  1 ).  

12.  Cho hm s bc nht y = ax + 3 .  Tm h s a,  bit rng khi x = 1  th 

y  =  2,5.  

13.  Vi nhng gi tr no ca m th mi hm s sau l hm s bc nht ?  

a)  y = 5 m (x  1 )  ;  

b)  y = 
m 1

m 1

+



x + 3 ,5.  

14.  Cho hm s bc nht y = (1   5 )  x  1 .  

a)  Hm s trn l ng bin hay nghch bin trn R  ?  V sao ? 

b)  Tnh gi tr ca y khi x 1 5= + ;  

c)  Tnh gi tr ca x khi y 5= .  
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?1  

?2 

3.   th  ca hm s y =  ax +  b (a  0)  

V  th  hm s y =  ax +  b  (a    0)  nh  th no ?  

1 .    th  ca hm s y =  ax +  b (a  0)  

Biu din cc im sau trn cng mt mt phng to  :   

A(1  ;  2),           B(2 ;  4),           C(3  ;  6),  

A'(1  ;  2 + 3),    B'(2 ;  4  + 3 ),    C'(3  ;  6  + 3).  

Trn mt phng to  Oxy (h.6),  vi 

cng honh  th tung  ca mi 

im A',  B',  C'  u ln hn tung  ca 

mi im t ng ng A,  B,  C l 3  n v.  

Ta c A'B'//AB v B'C'//BC (v cc t 

gic AA'B'B v BB'C'C u l hnh bnh 

hnh).  

T  suy ra :  Nu A,  B,  C cng nm 

trn mt  ng thng (d)  th A',  B',  C'  

cng nm trn mt  ng thng (d')  song 

song vi (d).  

Tnh gi tr y t ng ng ca cc hm s y = 2x  v y  = 2x + 3  theo gi tr 

 cho ca bin x ri in vo bng sau :   

x 4 3 2 1 
 0,5 0 0,5 1  2 3  4 

y = 2x            

y = 2x + 3            

 

 

 

 

 

 

 

 

 

 

 

Hnh 6 
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-1 ,5

Ta thy rng :   

Vi bt k honh  x no th tung 

  y ca im thuc  th hm s 

y =  2x + 3  cng ln hn tung  y 

t ng ng ca im thuc  th 

hm s y  =  2x l 3  n  v.  

Ta  bit,  th ca hm s y = 2x 

l  ng thng i qua gc to  

O(0 ;  0) v im A(1  ;  2).  Qua 

nhn xt  trn,  ta thy rng  

th ca hm s y  = 2x + 3  l mt 

 ng thng song song vi  ng 

thng y  =  2x v ct trc tung ti im c tung  bng 3  (h.7).  

 Tng qut 

 th ca hm s y = ax + b (a   0)  l mt  ng thng :   

 Ct trc tung ti im c tung  bng b ;   

  Song song vi  ng thng y = ax,  nu b   0  ;  trng vi  ng thng 
y  =  ax,  nu b = 0.  

 Ch .   th ca hm s y = ax + b  (a    0)  cn  c gi l  ng 

thng y = ax + b  ;  b   c gi l tung  gc ca  ng thng.  

2.   Cch  v  th  ca hm s y =  ax +  b (a  0)   

  Khi b = 0 th y = ax.   th ca hm s y = ax l  ng thng i qua 
gc to  O(0 ;  0)  v im A(1  ;  a).  

 Xt tr ng hp y = ax + b vi a   0  v b   0.  

Ta  bit  th ca hm s y = ax + b l mt  ng thng.  Do ,   v 
 th hm s y = ax + b,  ta ch cn xc nh  c hai im phn bit no 
 thuc  th ri v  ng thng i qua hai im .  

Trong thc hnh,  ta th ng xc nh hai im c bit l giao im ca 
 th vi hai trc to .  

 

 

 

 

 

 

Hnh 7 
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?3 

B c 1 .  Cho x = 0 th y = b,  ta  c im P(0 ;  b)  thuc trc tung Oy.  

Cho y = 0 th x =
b
,

a
 ta  c im Q

b
; 0

a

 
 
 

 thuc trc 

    honh Ox.  

B c 2 .  V  ng thng i qua hai im P v Q ta  c  th ca hm  

s y  =  ax  +  b.  

V  th ca cc hm s sau :   

a)  y  = 2x   3  ;  

b)  y = 2x + 3 .  

Bi  tp 

15.  a) V  th ca cc hm s y = 2x ;  y = 2x + 5  ;  y = 
2
x

3
 v y = 

2
x

3
 + 5  

trn cng mt mt phng to .  

b)  Bn  ng thng trn ct nhau to thnh t gic OABC (O l gc 

to  ).  T gic OABC c phi l hnh bnh hnh khng ?  V sao ?  

16.  a)  V  th ca cc hm s y = x v y = 2x + 2 trn cng mt mt phng 

to  .  

b)  Gi A l giao im ca hai  th ni trn,  tm to  im A.  

c)  V qua im B(0 ;  2)  mt  ng thng song song vi trc Ox,  ct 

 ng thng y = x ti im C.  Tm to  ca im C ri tnh din tch 

tam gic ABC (n v o trn cc trc to  l xentimt).  

Luyn tp 

17.  a)  V  th ca cc hm s y = x + 1  v y = x + 3  trn cng mt mt 

phng to  .  
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b)  Hai  ng thng y = x + 1  v y = x + 3  ct nhau ti C v ct trc Ox 

theo th t ti A v B.  Tm to  ca cc im A,  B,  C.  

c)  Tnh chu vi v din tch ca tam gic ABC (n v o trn cc trc to 

 l xentimt).  

18.  a)  Bit rng vi x = 4 th hm s y = 3x + b c gi tr l 1 1 .  Tm b.  V  

th ca hm s vi gi tr b va tm  c.  

b)  Bit rng  th ca hm s y  = ax + 5  i qua im A( 1  ;  3 ) .  Tm a.  

V  th ca hm s vi gi tr a va tm  c.  

19.   th ca hm s y = 3 x + 3  

 c v bng compa v th c 
thng (h.8).  

Hy tm hiu cch v  ri nu 

li cc b c thc hin.  

p dng.  V  th ca hm s 

y = 5 x + 5  bng compa v 
th c thng.  

H ng dn.  Tm im trn trc 

tung c tung  bng 5 .  

4.   ng thng song song v  ng thng ct nhau 

Khi no th hai  ng thng y = ax + b (a  0) v y = a'x + b' (a'  0) 
song  song  vi  nhau  ?  Trng  nhau  ?  Ct nhau  ?  

Trn cng mt mt phng to ,  hai  ng thng y = ax + b (a   0)  v 

y  =  a'x + b'  (a'    0)  c th song song,  c th ct nhau v cng c th 

trng  nhau.   

 

 

 

 

 

 

 

Hnh 8 
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?1  

?2 

Hnh 9  

O

3

1 x

1 .    ng  thng song  song 

a)  V  th ca cc hm s sau trn 
cng mt mt phng to  :   

y = 2x + 3  ;  y  =  2x   2.  

b) Gii thch v sao hai  ng thng y = 2x + 3  

v y = 2x  2  song song vi nhau ?  (h.9).  

  Xt hai  ng thng y = ax + b (a   0)  

v y = a'x + b'  (a'    0).   

Khi a = a'  v b   b'  th hai  ng thng 

 song song vi nhau,  v chng khng 

trng nhau v mi  ng thng song 

song hoc trng vi  ng thng y = ax.  

Khi a = a'  v b = b'  th hai  ng thng 

 trng nhau,  v thc cht chng ch l mt.  

Vy ta c kt lun sau :  

Hai  ng thng y = ax + b (a   0)  v y = a'x + b'  (a'    0)  song song 

vi nhau khi v ch khi a = a',  b   b'  v trng nhau khi v ch khi 
a  =  a',  b = b' .  

                   

2.    ng thng  ct nhau  

Tm cc cp  ng thng ct nhau trong cc  ng thng sau :   

y = 0,5x + 2 ;       y  = 0,5x  1  ;      y  = 1 ,5x + 2.  

Khi a = a'  th hai  ng thng y = ax + b (a   0)  v y = a'x + b'(a'    0)  

song song vi nhau hoc trng nhau v ng c li.  Do ,  khi a   a'  th hai 
 ng thng  y = ax + b v y = a'x + b'  ct nhau v ng c li.  

Vy ta c kt lun sau :   

Hai  ng thng y = ax + b (a   0)  v y = a'x + b'  (a'    0)  ct nhau 

khi v ch khi a   a' .  

 Ch .  Khi a   a'  v  b  = b'  th hai  ng thng c cng tung  gc,  

do  chng ct nhau ti mt im trn trc tung c tung  l b.  



 54 

3.   Bi  ton  p dng  

Cho hai hm s bc nht y = 2mx + 3  v y = (m + 1 )x + 2.  

Tm gi tr ca m   th ca hai hm s  cho l :  

a)  Hai  ng thng ct nhau ;  

b)  Hai  ng thng song song vi nhau.  

Gii  

Hm s y = 2mx + 3  c cc h s a = 2m v b = 3 .  

Hm s y = (m + 1 )x + 2 c cc h s a'  = m + 1  v b'  = 2.  

Cc hm s  cho l hm s bc nht,  do  cc h s a v a'  phi khc 0,  
tc l  

2m   0  v m + 1    0 hay m   0  v m   1 .  

a)   th ca hai hm s  cho l hai  ng thng ct nhau khi v 
ch  khi a   a' ,  tc l  

2m   m + 1    m   1 .  

Kt hp vi iu kin trn,  ta c m   0,  m   1  v m   1 .  

b)   th ca hai hm s  cho l hai  ng thng song song vi nhau 
khi v ch khi a = a'  v b   b' .  

Theo  bi,  ta c b   b'  (v 3    2) .  
Vy  th ca hai hm s  cho l hai  ng thng song song vi nhau khi  
v ch khi a = a',  tc l  

2m = m + 1    m = 1 .  

Kt hp vi iu kin trn,  ta thy m = 1  l gi tr cn tm.  

Ghi ch.  Khi trnh by li gii,   cho ngn gn,  c th khng ghi phn 
nhn xt cc h s.  

Bi  tp 

20.  Hy ch ra ba cp  ng thng ct nhau v cc cp  ng thng song 
song vi nhau trong s cc  ng thng sau :   

a)  y = 1 ,5x + 2 ;     b)  y = x + 2 ;     c)  y = 0,5x   3  ;  

d)  y = x   3  ;     e)  y = 1 ,5x   1  ;    g)  y = 0,5x + 3 .  

21.  Cho hai hm s bc nht y = mx + 3  v y = (2m + 1 )x  5.  

Tm gi tr ca m   th ca hai hm s  cho l :  

a)  Hai  ng thng song song vi nhau ;  

b)  Hai  ng thng ct nhau.  



 55  

22.  Cho hm s y = ax + 3 .  Hy xc nh h s a trong mi tr ng hp sau :  

a)   th ca hm s song song vi  ng thng y = 2x.  

b)  Khi x = 2 th hm s c gi tr y = 7.  

Luyn tp 

23.  Cho hm s y = 2x + b.  Hy xc nh h s b trong mi tr ng hp sau :  

a)   th ca hm s  cho ct trc tung ti im c tung  bng 3  ;  

b)   th ca hm s  cho i qua im A(1  ;  5).  

24.  Cho hai hm s bc nht y = 2x + 3k v y = (2m + 1 )x + 2k  3.  

Tm iu kin i vi m v k   th ca hai hm s l :  

a)  Hai  ng thng ct nhau ;  

b)  Hai  ng thng song song vi nhau ;  

c)  Hai  ng thng trng nhau.  

25.  a)  V  th ca cc hm s sau trn cng mt mt phng to  :  

y = 
2
x 2

3
+  ;        y  = 

3
x 2

2
 + .  

b)  Mt  ng thng song song vi trc honh Ox,  ct trc tung Oy ti 

im c tung  bng 1 ,  ct cc  ng thng y = 
2
x 2

3
+  v y = 

3
x 2

2
 +  

theo th t ti hai im M v N.  Tm to  ca hai im M v N.  

26.  Cho hm s bc nht y = ax   4  (1 ).  Hy xc nh h s a trong mi 
tr ng hp sau :  

a)   th ca hm s (1 )  ct  ng thng y = 2x   1  ti im c honh  
bng 2.  

b)   th ca hm s (1 )  ct  ng thng y =  3x + 2 ti im c tung  
bng 5.  

5.  H s gc ca  ng thng y =  ax +  b (a  0)  

1 .  Khi  n im h s gc ca  ng thng y =  ax + b (a  0)  

a)  Gc to bi  ng thng y =  ax +  b  v trc Ox 

Trong mt phng to  Oxy, khi ni gc   to bi  ng thng y = ax + b 
v trc Ox (hoc ni  ng thng y = ax + b to vi trc Ox mt gc ),  
ta hiu  l gc to bi tia Ax v tia AT,  trong  A l giao im ca 
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? 

 ng thng y  = ax + b vi trc Ox, T l im thuc  ng thng y = ax + b 
v c tung  d ng (h.10).  

Hnh 1 0  

b)  H s gc 

Vi cch hiu gc to bi  ng thng y = ax + b v trc Ox nh  trn,  ta 
thy rng :  Cc  ng thng song song vi nhau s to vi trc Ox cc 
gc bng nhau.   

T  suy ra :  Cc  ng thng c cng h s a (a l h s ca  x)  th to 
vi trc Ox  cc gc bng nhau.   

 

 

Hnh 1 1 a)  biu din  th ca cc hm s (vi h s a > 0)  :   

y = 0,5x + 2 ;     y = x + 2 ;     y = 2x + 2.  

Hnh 1 1

y =
 0,

5x
 +  

2

y 
=  
x 
+  
2

y 
=
 2
x 
+
 2
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Hnh 1 1 b)  biu din  th ca cc hm s (vi h s a < 0)  :   

  y = 2x + 2 ;      y  = x + 2 ;     y =   0,5x + 2.  

a)  Hy so snh cc gc 1 ,  2,  3  v so snh cc gi tr t ng ng ca h 

s a  trong cc hm s (tr ng hp a > 0)  ri rt ra nhn xt.  

b)  Cng lm t ng t nh  cu a)  vi tr ng hp a < 0.  

Qua vic xt  th ca cc hm s  nu  trn,  ta c th ni :   

  Khi h s a d ng (a > 0) th gc to bi  ng thng y = ax + b v trc 

Ox l gc nhn.  H s a cng ln th gc cng ln nh ng vn nh hn 90o.  

  Khi h s a m (a < 0)  th gc to bi  ng thng y = ax + b v trc 

Ox l gc t.  H s a cng ln th gc cng ln nh ng vn nh hn 1 80o.  

V c s lin quan gia h s a vi gc to bi  ng thng y = ax + b v 
trc Ox nn ng i ta gi a l h s gc  ca  ng thng y = ax + b.  

 Ch .  Khi b = 0,  ta c hm s y = ax.  Trong  tr ng hp ny,  ta cng 

ni rng  a  l h s gc ca  ng thng y = ax.  

2.  V d  

V d 1 .  Cho hm s y = 3x + 2.  

a)  V  th ca hm s.  

b)  Tnh gc to bi  ng thng 
y  =  3x + 2 v trc Ox (lm trn 
n  pht).   

Gii 
a)  Khi x = 0 th y = 2,  ta  c im 
A(0 ;  2).   

Khi y = 0 th x = 
2

3
 ,  ta  c im 

2
.B ; 0

3

 
 

 
  

V  ng thng i qua hai im A v 
B,  ta  c  th ca hm s  cho (h.12).  

b)  Gi gc to bi  ng thng y = 3x + 2 v trc Ox l ,  ta c 

ABO .=   Xt tam gic vung OAB,  ta c tg  = 
OA 2

3
2OB

3

= =  (3  chnh l 

 
 
 

 

 

 

 

 
 

Hnh 1 2  
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h s gc ca  ng thng y = 3x + 2).  Bng cch tra bng hoc tnh trn 

my tnh,  ta  c     71 o34'.  

V d 2 .  Cho hm s y = 3x + 3 .  

a)  V  th ca hm s.  

b)  Tnh gc to bi  ng thng y = 3x + 3  v trc Ox (lm trn n 
pht).  

Gii 

a)  Khi x = 0 th y = 3 ,  ta  c im 
A(0 ;  3 ).  

Khi y = 0 th x = 1 ,  ta  c im 
B(1  ;  0).   

V  ng thng i qua hai im A 
v B,  ta  c  th ca hm s  
cho (h.1 3).  

b)  Gi   l gc to bi  ng thng 

y = 3x + 3 v trc Ox, ta c   = ABx .   

Xt tam gic vung OAB,  ta c 

OA 3
tg OBA 3

OB 1
= = =  (3  chnh l 

gi tr tuyt i ca h s gc 3  ca  ng thng y = 3x + 3).  

Bng cch tra bng hoc tnh trn my tnh,  ta  c oOBA 71 34 ' .  

Vy   =  o o180 OBA 108 26 ' .   

Bi  tp 

27.  Cho hm s bc nht y = ax + 3 .  

a)  Xc nh h s gc a,  bit rng  th ca hm s i qua im A(2 ;  6).  

b)  V  th ca hm s.  

28.  Cho hm s y = 2x + 3 .  

a)  V  th ca hm s.  

b)  Tnh gc to bi  ng thng y = 2x + 3  v trc Ox (lm trn n pht).  

 

 

 

 

 

 

 

 

Hnh 1 3  
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Luyn tp 

29.  Xc nh hm s bc nht y = ax + b trong mi tr ng hp sau :  

a)  a = 2 v  th ca hm s ct trc honh ti im c honh  bng 1 ,5.  

b)  a = 3  v  th ca hm s i qua im A(2 ;  2).  

c)   th ca hm s song song vi  ng thng y = 3x  v i qua im 

B (1 ; 3 5).+  

30.  a)  V trn cng mt mt phng to   th ca cc hm s sau :  

y = 
1
x 2

2
+  ;         y = x + 2.  

b)  Gi giao im ca hai  ng thng y = 
1
x 2

2
+  v y = x + 2 vi trc 

honh theo th t l A,  B v gi giao im ca hai  ng thng  l C.  

Tnh cc gc ca tam gic ABC (lm trn n ).  

c)  Tnh chu vi v din tch ca tam gic ABC (n v o trn cc trc to 

 l xentimt).  

31.  a)  V  th ca cc hm s y = x + 1  ;  y  = 
1

x 3
3

+  ;  y 3x 3 .=   

b)  Gi ,  ,    ln l t l cc gc to bi cc  ng thng trn v trc Ox.  

Chng minh rng tg  =  1 ,  tg  =  
1

,
3

 tg 3 . =   

Tnh s o cc gc ,  ,  .  

n tp ch ng I I  

Cu hi  

1.   Cho hm s y = ax + b (a   0).  

a)  Khi no th hm s ng bin ?  

b)  Khi no th hm s nghch bin ?  
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2.   Khi no th hai  ng thng y = ax + b (a   0)  v y = a'x + b'  (a'    0)  ct 

nhau ?  Song song vi nhau ?  Trng nhau ?  

Tm tt cc kin  thc cn nh  

1.  Nu i l ng y ph thuc vo i l ng thay i x sao cho vi mi 

gi tr ca x ta lun xc nh  c ch mt gi tr t ng ng ca y th y 

 c gi l hm s ca x v x  c gi l bin s.  

2.  Hm s th ng  c cho bng bng hoc bng cng thc.  

3.   th ca hm s y = f(x)  l tp hp tt c cc im biu din cc cp 

gi tr t ng ng (x ;  f(x))  trn mt phng to  Oxy.  

4.  Hm s c dng y = ax + b vi a   0   c gi l hm s bc nht i 

vi bin s x.  

5.  Hm s bc nht y = ax + b xc nh vi mi gi tr ca x v c tnh cht :  

Hm s ng bin trn R  khi a > 0,  nghch bin trn R  khi a < 0.  

6.  Gc  to bi   ng thng y  =  ax +  b  (a   0)  v trc  Ox l gc  

to  bi tia Ax v tia AT,  trong   A l giao im ca  ng thng 

y  = ax  +  b  vi  trc  Ox,  T l im thuc   ng thng y  =  ax +  b  v 

c tung    d ng (h.1 4) .  

             

 

 

 

 

 

 
 

  Tr ng hp a > 0            Tr ng hp a < 0   

Hnh 1 4   

7.  a  c gi l h s gc ca  ng thng y = ax + b (a   0).  
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8.  Vi hai  ng thng y = ax + b (d)  v y = a'x + b'  (d'),  trong  a v 

a'  khc 0,  ta c :  

a   a'    (d)  v (d')  ct nhau ;  

a = a'  v b   b'    (d)  v (d')  song song vi nhau ;  

a = a'  v b = b'    (d)  v (d')  trng nhau.  

Bi  tp 

32.  a) Vi nhng gi tr no ca m th hm s bc nht y = (m  1)x + 3 ng bin ? 

b)  Vi nhng gi tr no ca k th hm s bc nht y =  (5   k)x + 1  

nghch bin ?  

33.  Vi nhng gi tr no ca m th  th cc hm s y = 2x + (3  + m)  v 

y  =  3x + (5   m)  ct nhau ti mt im trn trc tung ?  

34.  Tm gi  tr  ca  a    hai   ng  thng  y  =  (a    1 )x  +  2  (a    1 )  v  

y  =  (3   a)x + 1  (a   3 )  song song vi nhau.  

35.  Xc nh k v m  hai  ng thng sau y trng nhau :  

 y  =  kx + (m  2)  (k   0)  ;    y  = (5   k)x + (4  m)  (k   5 ) .  

36.  Cho hai hm s bc nht y = (k + 1 )x + 3  v y = (3   2k)x +1 .  

a)  Vi gi tr no ca k th  th ca hai hm s l hai  ng thng song 
song vi nhau ?  

b) Vi gi tr no ca k th  th ca hai hm s l hai  ng thng ct nhau ?  

c)  Hai  ng thng ni trn c th trng nhau  c khng ?  V sao ?  

37.  a)  V  th hai hm s sau trn cng mt mt phng to  :  

 y  = 0,5x + 2   (1 )  ;         y  = 5   2x   (2).  

b)  Gi giao im ca cc  ng thng y = 0,5x + 2 v y = 5   2x vi trc 

honh theo th t l A,  B v gi giao im ca hai  ng thng  l C.  

Tm to  ca cc im A,  B,  C.  
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c)  Tnh  di cc on thng AB,  AC v BC (n v o trn cc trc to 

 l xentimt)  (lm trn n ch s thp phn th hai).  

d)  Tnh cc gc to bi cc  ng thng c ph ng trnh (1 )  v (2)  vi 

trc Ox (lm trn n pht).  

38.  a)  V  th cc hm s sau trn cng mt mt phng to  :   

y  = 2x    (1 )  ;      y  = 0,5x    (2)  ;      y  =    x  + 6     (3).  

b)  Gi cc giao im ca  ng thng c ph ng trnh (3)  vi hai  ng 

thng c ph ng trnh (1 )  v (2)  theo th t l A v B.  Tm to  ca hai 

im A v B.  

c)  Tnh cc gc ca tam gic OAB.  

H ng dn cu c)  

Tnh OA,  OB ri chng t tam gic OAB l tam gic cn.  

Tnh AOB AOx BOx.=   
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Phn hnh hc 
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C

A

D

Ch ng  I    H thc l ng trong tam gic vung 

Trong tam gic vung,  nu bit hai cnh,  hoc mt cnh v mt gc nhn 

th c th tnh  c cc gc v cc cnh cn li ca tam gic  

hay  khng ?  

1 .  Mt s h thc v cnh 

v  ng cao trong tam gic vung 

 

 

 

 

Nh mt h thc trong  tam g ic 
vung,  ta  c th "o"   c ch iu  
cao ca cy bng  mt chic 
th c th.  

 

 

 

 

 

Xt tam gic ABC vung ti A,  

cnh  huyn BC = a,  cc cnh gc 

vung AC = b v AB = c.  Gi AH  = h 

l  ng cao ng vi cnh huyn v 

CH  = b',  BH = c'  ln l t l hnh 

chiu ca  AC, AB trn cnh huyn 

BC (h.1 ) .  

 

 

 

 

             

Hnh 1  
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1 .   H thc gia cnh  gc vung v hnh  chiu  ca n trn  

cnh  huyn     

nh l 1  

Trong mt tam gic vung,  bnh ph ng mi cnh gc vung bng 

tch ca cnh huyn v hnh chiu ca cnh gc vung  trn 

cnh  huyn.  

  

C th,  trong tam gic ABC vung ti A (h.1 ),  ta c 

2 2b ab ', c ac '= = .                       (1 )  

Chng minh  (h.1 )  

Xt hai tam gic vung AHC v BAC.  Hai tam gic vung ny c chung 

gc nhn C nn chng ng dng vi nhau.  Do  
HC AC

AC BC
=  suy ra 

AC2  = BC.HC,  tc l b2  =  a.b'.  T ng t,  ta c c2  =  a.c' .  

V d 1 .  (nh l Py-ta-go   Mt h qu ca nh l 1 )  

R rng,  trong tam gic vung ABC (h.1 ),  cnh huyn a = b'  + c' ,  do  

b2  +  c2  =  ab'  + ac'  =  a(b'  + c')  = a .  a = a2.  

Nh  vy,  t nh l 1 ,  ta cng suy ra  c nh l Py-ta-go.  

2.   Mt s h thc l in  quan  ti   ng cao 

nh l 2 

Trong mt tam gic vung,  bnh ph ng  ng cao ng vi cnh huyn 

bng tch hai hnh chiu ca hai cnh gc vung trn cnh huyn.  

C th,  vi cc quy c  hnh 1 ,  ta c 

2h b'c' .=                 (2)  
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?1  Xt hnh 1 .  Chng minh AHB  CHA.  T  suy ra h thc (2).  

V d 2 .  Tnh chiu cao ca cy 

trong hnh 2,  bit rng ng i o 

ng cch cy 2,25m v khong 

cch t mt ng i o n mt t 

l  1 ,5m.  

Gii.  Ta c tam gic ADC vung ti 

D,  DB l  ng cao ng vi cnh 

huyn AC v AB = 1 ,5m.  Theo nh 

l 2,  ta c  

BD
2
 =  AB .  BC 

tc l 

(2,25)
2
 =  1 ,5  .  BC,  

suy ra 

BC = 
2(2, 25)

1, 5
 = 3 ,375  (m).  

Vy chiu cao ca cy l 

AC = AB + BC = 1 ,5  + 3 ,375  = 4,875  (m).  

  nh l 2 thit lp mi quan h gia  ng cao ng vi cnh huyn v 

cc hnh chiu ca hai cnh gc vung trn cnh huyn ca mt tam gic 

vung.  nh l 3  d i y thit lp mi quan h gia  ng cao ny vi 

cnh huyn v hai cnh gc vung.  

nh l 3  

Trong mt tam gic vung,  tch hai cnh gc vung bng tch ca 

cnh huyn v  ng cao t ng ng.  

Vi cc k hiu trong hnh 1 ,  kt lun ca nh l 3  c ngha l 

bc = ah.                      (3)  

Hnh 2  

1 ,5m

2,25m

A

B

C

E

D
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?2 

T cng thc tnh din tch tam gic,  ta nhanh chng suy ra h thc (3).  

Tuy nhin,  c th chng minh h thc (3)  bng cch khc.  

Xt hnh 1 .  Hy chng minh h thc (3)  bng tam gic ng dng.   

Nh nh l Py-ta-go,  t h thc (3),  ta c th suy ra mt h thc gia 

 ng cao ng vi cnh huyn v hai cnh gc vung.  Tht vy,  ta c 

ah = bc   a2h2  =  b2c2    (b2  +  c2)h2 = b2c2    
2 2

2 2 2

1 b c .
h b c

+
=  

T  ta c 

2 2 2

1 1 1 .
h b c

= +               (4)  

H thc (4)   c pht biu thnh nh l sau y.  

nh l 4 

Trong mt tam gic vung,  nghch o ca bnh ph ng  ng cao 

ng vi cnh huyn bng tng cc nghch o ca bnh ph ng hai 

cnh gc vung.  

V d 3.  Cho tam gic vung trong  cc cnh gc vung di 6cm v 
8cm.  Tnh  di  ng cao xut pht t nh gc vung.  

Gii.  (h.3)  

Gi  ng cao xut pht t nh gc 
vung ca tam gic ny l h.  Theo h 
thc gia  ng cao ng vi cnh 
huyn v hai cnh gc vung,  ta c 

2 2 2

1 1 1
.

h 6 8
= +  

T  suy ra 
2 2 2 2

2
2 2 2

6 .8 6 .8
,h

6 8 10
= =

+

 do  h = 
6 . 8

10
 = 4,8  (cm).  

 Ch .  Trong cc v d v cc bi tp tnh ton bng s ca ch ng 

ny,  cc s o  di  mi bi nu khng ghi n v ta quy c l cng 
n v o.  

 

 

 

 

Hnh 3  



 68  

 

C th em ch a bit 

Cc h thc b2  =  ab',  c2  =  ac'  (1 )  v h2  =  b'c'  (2)  (xem hnh  1 )  cn   c pht 

biu  da vo khi  n im  trung  bnh  nhn.  

H thc (1 )   c pht biu  nh  sau  :  

Trong mt tam gic vung,  mi cnh gc vung l trung bnh nhn ca cnh 
huyn v hnh chiu ca cnh gc vung  trn cnh huyn .  

T ng  t,  h  thc (2)   c pht biu  nh  sau  :  

Trong mt tam gic vung,   ng cao ng vi cnh huyn l trung bnh nhn 
ca hai on thng m n nh ra trn cnh huyn.  

Bi  tp 

Hy tnh x v y trong mi hnh sau :  

1.  (h.4a,  b)  

Hnh 4  

2.  (h.5)  

Hnh 5  
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O  

x 

a  

ba  

x  

O  

b

3.  (h.6)  

Hnh 6 

4.  (h.7)  

 

 

 

Hnh 7 

Luyn tp 

5.  Trong tam gic vung vi cc cnh gc vung c  di l 3  v 4,  k 

 ng cao ng vi cnh huyn.  Hy tnh  ng cao ny v  di cc 

on thng m n nh ra trn cnh huyn.  

6.   ng cao ca mt tam gic vung chia cnh huyn thnh hai on thng 

c  di l 1  v 2.  Hy tnh cc cnh gc vung ca tam gic ny.  

7.  Ng i ta  a ra hai cch v on trung bnh nhn x ca hai on thng a,  b 

(tc l x2  =  ab)  nh  trong hai hnh sau :  

      Cch 1  (h.8)            Cch 2 (h.9)  

          Hnh 8                                               Hnh 9 
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Da vo cc h thc (1 )  v (2),  hy chng minh cc cch v trn l  ng.  

Gi .  Nu mt tam gic c  ng trung tuyn ng vi mt cnh bng na 

cnh  th tam gic y l tam gic vung.  

8.  Tm x v y trong mi hnh sau :  

a)  (h.1 0)                                                         b)  (h.1 1 )  

 

 

                                                 

Hnh 1 0            Hnh 1 1  

c)  (h.1 2)  

 

 

 

 

Hnh 1 2  

9.  Cho hnh vung ABCD.  Gi I l mt im nm gia A v B.  Tia DI v tia 

CB ct nhau  K.  K  ng thng qua D,  vung gc vi DI.   ng thng 

ny ct  ng thng BC ti L.  Chng minh rng 

a)  Tam gic DIL l mt tam gic cn ;  

b)  Tng 
2 2

1 1

DI DK
+  khng i khi I thay i trn cnh AB.  
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?1  

B C

A

2.  T s l ng gic ca gc nhn 

Trong  mt tam g ic vung,  nu  
bit t s  di  ca hai  cnh  th  
c bit  c  ln  ca cc gc 
nhn hay khng ? 

1 .   Khi  nim t s l ng  gic ca mt gc nhn  

a)  M u 

Cho tam gic ABC vung ti A.  Xt gc nhn B ca n.  Nhc li rng :  

Cnh AB  c gi l cnh k ca gc B,  cnh AC  c gi l cnh i  

ca gc B.  

Ta cng  bit :  Hai tam gic vung ng dng vi nhau khi v ch khi 

chng c cng s o ca mt gc nhn,  hoc cc t s gia cnh i v 

cnh k ca mt gc nhn trong mi tam gic  l nh  nhau (h.1 3).  Nh  

vy,  t  s gia cnh i v cnh k ca mt gc nhn trong tam gic 

vung c tr ng cho  ln ca gc nhn .  

Hnh 1 3  

Xt tam gic ABC  vung ti A c $B .=   Chng minh rng 

a)    =  45
o
   

AC
1 ;

AB
=  

b)   = 60
o
  

AC
3.

AB
=  

3

?

2
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Ngoi t s gia cnh i v cnh k,  ta cn xt cc t s gia cnh k v 

cnh i,  cnh i v cnh huyn,  cnh k v cnh huyn ca mt gc 

nhn trong tam gic vung.  Cc t s ny ch thay i khi  ln ca gc 

nhn ang xt thay i v ta gi chng l cc t s l ng gic  ca gc 

nhn .  

b)  nh ngha 

Cho gc nhn .  V mt tam gic vung 

c mt gc nhn   (ta c th v nh  sau :  

V gc ,  t mt im bt k trn mt 

cnh ca gc   k  ng vung gc vi 

cnh kia (h.1 4)),  xc nh cnh i v 

cnh k ca gc .  Khi  :  

T s gia cnh i v cnh huyn  c gi l sin  ca gc ,  k hiu 

sin .   

T s gia cnh k v cnh huyn  c gi l csin  ca gc ,  k hiu 

cos  .  

T s gia cnh i v cnh k  c gi l  tang  ca gc ,  k hiu 

tg   (hay tan  ).  

T s gia cnh k v cnh i  c gi l ctang  ca gc ,  k hiu 

cotg   (hay cot ) .  

Nh  vy 

sin  =  
cnh i

cnh huyn
 ;       cos      =  

cnh k
;

cnh huyn
                   

tg   = 
cnh i 

cnh k 
;            cotg    = 

cnh k 
.

cnh i 
 

Nhn xt.  T nh ngha trn,  d thy cc t  s l ng gic ca mt gc 
nhn lun lun d ng.  Hn na,  ta c 

sin  <  1 ,  cos   <  1 .  

 

 

 

 

Hnh 1 4  
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?2 Cho tam gic ABC  vung ti A  c C =  .  Hy vit cc t s l ng gic 

ca  gc  .  

V d 1 .  (h.1 5).  Ta c 

sin  45o  =  
AC a

sin B
BC a 2

= = =  
2
2

 ;  

cos 45o  =  
AB 2

cos B
BC 2

= =  ;  

tg 45o  =  
AC

tgB 1
AB

= =  ;  

cotg 45o  =  
AB

cotg B 1
AC

= = .  

V d 2 .  (h.1 6).  Ta c 

o AC a 3 3
sin 60 sin B

BC 2a 2
= = = =  ;  

$o AB 1
cos 60 cos B

BC 2
= = =  ;  

o AC
tg 60 tgB 3

AB
= = =  ;  

o AB 3 .cotg 60 cotg B
AC 3

= = =  

  Nh  vy,  cho gc nhn ,  ta tnh  c cc t s l ng gic ca n.  

Ng c li,  cho mt trong cc t s l ng gic ca gc nhn ,  ta c th 

dng  c gc .   

V d 3.  Dng gc nhn ,  bit tg   =  
2
.

3
 

Gii.  (h.1 7)  Dng gc vung xOy.  Ly mt 

on thng lm n v.  Trn tia Ox, ly im A 

sao cho OA = 2 ;  trn tia Oy, ly im B sao cho 

OB = 3.  Gc OBA bng gc   cn dng.  Tht vy,  

ta c  OA 2 .tg tg OBA
OB 3

 = = =                               

 

 

 

 

 

 

 

Hnh 1 6 

 

 

 

 

 

Hnh 1 5  

Hnh 1 7  
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?3 

?4 

Hnh 1 9 

V d 4.  Hnh 18  minh ho cch dng gc 

nhn  ,  khi bit sin   = 0,5.  

Hy nu cch dng gc nhn   theo hnh 1 8 

v chng minh cch dng  l ng.  

 Ch .  Nu hai gc nhn   v    c  

sin  =  sin   (hoc  cos  = cos ,  hoc  tg  = tg , 

hoc  cotg  = cotg )  th  =    v chng l 

hai gc t ng ng ca hai tam gic vung 

ng dng.                                 

2.   T s l ng  gic ca hai  gc ph  nhau  

Cho hnh 1 9.  Hy cho bit tng s o 

ca gc  v gc  .  Lp cc t s 

l ng gic ca gc  v gc  .  Trong 

cc t s ny,  hy cho bit cc cp t 

s bng nhau.  

T cc cp t s bng nhau ,  ta rt ra 

sin  = cos  ,  cos  = sin  ,  

tg  = cotg  ,  cotg  = tg  .                                   

V hai gc ph nhau bao gi cng bng hai gc nhn ca mt tam gic 
vung no ,  nn ta c nh l sau y v quan h gia cc t s l ng 
gic ca hai gc ph nhau.  

nh l 

Nu hai gc ph nhau th sin gc ny bng csin gc kia,  tang gc 

ny bng ctang gc kia.  

V d 5.  Theo v d 1 ,  ta c  

sin 45
o
 =  cos 45

o
 =  

2

2
 ;  tg 45

o
 =  cotg 45

o
 =  1 .  

Hnh 1 8 



 75  

V d 6.  Ta c cc gc 30o  v 60o  l hai gc ph nhau.  Do ,  theo v d 2 

v theo quan h gia cc t s l ng gic ca hai gc ph nhau,  ta c  

sin 30
o
 =  cos 60

o
 =  

1

2
 ;         cos 30

o
 =  sin 60

o
 =  

3

2
 ;  

tg 30
o
 =  cotg 60

o
 =  

3

3
;       cotg 30

o
 =  tg 60

o
 =  3 .   

Qua v d 5  v v d 6,  ta rt ra bng t s l ng gic ca cc gc c bit 

nh  sau :  

                 

T s l ng gic  

30
o
 45

o
 60

o
 

sin   
1

2
 

2

2
 

3

2
 

cos   
3

2
 

2

2
 

1

2
 

tg   
3

3
 1  3  

cotg  3  1  
3

3
 

V d  7.  Trong hnh 20,  cnh y   c  

tnh nh  sau :  

Ta c cos 30
o
 =  

y
,

17
  

do    y = 1 7cos 30
o
 =  

1 7 3

2
   1 4,7.                                   

 Ch .  T nay khi vit cc t s l ng gic ca mt gc nhn trong 

tam gic,  ta b k hiu  "  "  i.  Chng hn,  vit sin A  thay cho sin A , . . .  

Hnh 20 
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C th em ch a bit  

Bt ng v c giy A4 

(21 cm  29,7cm)  

  T s g ia ch iu  di  v ch iu  rng  ca t g iy A4 xp x bng  .2  

  G i  s t g iy A4  c minh  ho trn  cc h nh  21  v  22.   

Nu  gp t g iy theo cc  ng  thng AC v BI (I  l trung im ca CD) th ta s 
c mt gc hu nh  vung !  (h.21 ).  

Nu  gp t g iy theo  ng  phn  g ic BM  ca gc ABC,  sau   gp tip theo 

 ng phn gic BN ca gc ABM th im M s trng vi  im A !  (h.22)   

Hnh 21              Hnh 22  

Bng  h iu  bit ca mnh,  em  c th g ii  th ch   c cc iu  l  th  ny y.  

Bi  tp 

10.  V mt tam gic vung c mt gc nhn 34
o
 ri vit cc t s l ng gic 

ca gc 34
o
.  

11.  Cho tam gic ABC vung ti C,  trong  AC =  0,9m, BC = 1 ,2m.  Tnh cc t 

s l ng gic ca gc B,  t  suy ra cc t s l ng gic ca gc A.  

12.  Hy vit cc t s l ng gic sau thnh t s l ng gic ca cc gc nh 

hn 45
o
 :  

sin 60
o
,  cos 75

o
,  sin 52

o
30',  cotg 82

o
,  tg 80

o
.  
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Hnh 23  

x

Luyn tp 

13.  Dng gc nhn ,  bit :  

a)  sin  = 
2

3
 ;      b)  cos  = 0,6 ;      c)  tg  = 

3

4
 ;       d)  cotg  =  

3
.

2
 

14.  S dng nh ngha cc t s l ng gic ca mt gc nhn  chng minh 

rng :  Vi gc nhn  tu ,  ta c 

a)  tg  = 
sin

,
cos

   cotg  = 
cos

,
sin

   tg .cotg  = 1  ;  

b)  sin 2  +  cos2  =  1 .  

Gi .  S dng nh l Py-ta-go.  

15.  Cho tam gic ABC vung ti A.  Bit cos B = 0,8,  hy tnh cc t s l ng 
gic ca gc C.  

Gi .  S dng bi tp 1 4.  

16.  Cho tam gic vung c mt gc  60o  v cnh 

huyn c  di l 8 .  Hy tm  di ca 

cnh i din vi gc 60o.   

17.  Tm x trong hnh 23.  

     

3.  Bng l ng gic 

Dng bng l ng gic ta c th nhanh chng tm  c gi tr  cc t 
s l ng gic ca mt gc nhn cho tr c v ng c li,  tm  c 
s o ca mt gc nhn khi bit gi tr t s l ng gic ca gc .  

Trong bi ny,  ta gii thiu cu to v cch dng bng l ng gic ca 

V.M.  Bra-i-x.  

1 .   Cu  to ca bng  l ng  gic 

Bng l ng gic bao gm bng VIII,  bng IX v bng X ca cun "Bng s 

vi 4 ch s thp phn",  Nh xut bn Gio dc,  tc gi V.M.  Bra-i-x.  
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Ng i ta lp bng da trn tnh cht sau y ca cc t s l ng gic :  

Nu hai gc nhn   v    ph nhau  (  +    =  90
o)  th  sin  = cos  ,  

cos  = sin  ,  tg  = cotg  ,  cotg  = tg  .  

  Bng VIII dng  tm gi tr sin v csin ca cc gc nhn ng thi 

cng dng  tm gc nhn khi bit sin hoc csin ca n.  Bng VIII c 

cu to nh  sau :  Bng  c chia thnh 1 6 ct v cc hng,  trong  :  

Ct 1  v ct 1 3  ghi cc s nguyn .  K t trn xung d i,  ct 1  ghi s 

 tng dn t 0o  n 90o,  ct 1 3  ghi s  gim dn t 90o  n 0o.  

T ct 2 n ct 1 2,  hng 1  v hng cui ghi cc s pht l bi ca 6 t 0'  
n 60'  (k t tri sang phi,  hng 1  ghi theo chiu tng,  hng cui ghi 
theo chiu gim)  ;  cc hng gia ghi gi tr sin,  csin ca cc gc 
t ng  ng.  

Ba ct cui ghi cc gi tr dng  hiu chnh i vi cc gc sai khc 1 ',  
2',  3 ' .  

  Bng IX dng  tm gi tr tang ca cc gc t 0o  n 76o  v ctang 

ca cc gc t 1 4o  n 90o  v ng c li,  dng  tm gc nhn khi bit 

tang hoc ctang ca n.  Bng IX c cu to t ng t nh  bng VIII.  

  Bng X dng  tm gi tr tang ca cc gc t 76o  n 89o59'  v ctang 

ca cc gc t 1 '  n 1 4o  v ng c li,  dng  tm gc nhn khi bit 

tang hoc ctang ca n.  Bng X khng c phn hiu chnh.  

Nhn xt.  Quan st cc bng ni trn ta thy :  Khi gc  tng t 0o  n 

90o  (0o  <   < 90o)  th sin  v tg  tng cn cos  v cotg  gim.  

Nhn xt ny l c s cho vic s dng phn hiu chnh ca Bng VIII v 
Bng IX.  

2.   Cch  dng bng   

a)  Tm t  s l ng gic ca mt gc nhn cho tr c 

Khi tm t s l ng gic ca mt gc nhn bng bng VIII v bng IX,  
ta  thc hin theo cc b c sau :  

B c 1 .  Tra s   ct 1  i vi sin v tang (ct 1 3  i vi csin v 
ctang).  

B c 2 .  Tra s pht  hng 1  i vi sin v tang (hng cui i vi csin 
v ctang).  
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B c 3.  Ly gi tr ti giao ca hng ghi s  v ct ghi s pht.  

Trong tr ng hp s pht khng l bi ca 6 th ly ct pht gn nht vi 
s pht phi xt,  s pht chnh lch cn li xem  phn hiu chnh.  

V d 1 .  Tm sin 46o12'.  

Tra Bng VIII :  S  tra  ct 1 ,  s 
pht tra  hng 1 .  Ly gi tr ti giao 

ca hng ghi 46o  v  ct ghi 1 2'  
lm  phn thp phn (mu 1 ).  Vy 

sin  46o12'   0,7218.                                                                    

V d 2 .  Tm cos 33o14'.  

Tra Bng VIII :  S  tra  ct 13,  s 
pht tra  hng cui.  Ti giao ca 

hng ghi 33o  v ct ghi s pht gn 

nht vi 1 4'  -   l ct ghi 1 2',  ta thy 8368.  Vy cos 33 o12'    0,8368.   
(mu 2).  

Ta c  

cos 33o14' = cos(33o12' + 2').  

Theo nhn xt  phn 1 ,  

cos 33o14' < cos 33o12', nn 

gi tr ca cos 33o14'   c 

suy ra t gi tr cos 33o12'  
bng cch tr i phn hiu 
chnh t ng ng (i vi 

sin th cng thm).  Ti giao ca hng ghi 33o  v ct ghi 2'  ( phn hiu 
chnh),  ta thy s 3 .  Ta dng s 3  ny  hiu chnh ch s cui  s 
0,8368  nh  sau :  

cos 33o14'   0,8368  0,0003 

  =  0,8365.  

V d 3.  Tm tg 52o1 8'.  

Tra bng IX :  S  tra  ct 1 , 
s pht tra  hng 1 .  Ly 
gi tr ti giao ca hng 

  

8368

 

 

  

33
o  

.  

.  

.  

  

3  

 

 

. . .  12'  . . .  A 1'  2'  3'  

CSIN 

Mu 2  

TANG 

A 0'  . . .  18'  . . .  

50
o
 

51
o
 

52
o
 

53
o
 

54
o
 

1 ,1918  
 
 

2938  

 

Mu 3

SIN 

A . . .  12'  . . .  

.  

.  

.  
 46o

.  

.  

.  

 
 
 

7218  

 

Mu 1  
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?1  

?2 

ghi 52o  v ct ghi 1 8 '  lm phn thp phn.  Phn nguyn  c ly theo 
phn nguyn ca gi tr  gn nht  cho trong bng (mu 3).  Vy 

   tg 52o18'    1 ,2938.  

S dng bng,  tm cotg 47o24'.  

V d 4.  Tm cotg 8o32'.  

S dng bng X, ct cui, hng cui.  

Ly gi tr ti giao ca hng ghi 8o30'  
vi ct ghi 2'  (mu 4).  Vy  

cotg 8o32'    6,665.  

S dng bng,  tm tg 82o13 '.  

 Ch   

1 )  Khi s dng Bng VIII hay Bng IX,  i vi nhng gc c s pht khc 

bi ca 6,  ta dng phn hiu chnh theo nguyn  tc  :  

 i vi sin v tang,  gc ln hn (hoc nh hn)  th cng thm (hoc 

tr i)  phn hiu chnh t ng ng.  

 i vi csin v ctang th ng c li,  gc ln hn (hoc nh hn)  th 
tr i (hoc cng thm)  phn hiu chnh t ng ng (xem v d 2).  

2 )  C th chuyn t vic tm cos   sang tm sin (90o  )  v tm cotg   

sang tm tg (90o   ).  

b)  Tm s o ca gc nhn khi bit mt t  s l ng gic ca gc  

V d 5.  Tm gc nhn   (lm trn 

n pht),  bit sin  =  0,7837.  

Tra Bng VIII :  Tm s 7837   trong 

bng,  dng sang ct 1  v hng 1 ,  ta 

thy 7837  nm  giao ca hng 

ghi  51 o  v ct ghi 36'  (mu 5).  Vy 

    51 o36'.  

 
 
 

6,665

 .  
.  
.  

8
o
30'  
.  
.  
.  

. . . . .  2'  . . . .  A 

CTANG  

Mu 4  

sin 

A . . .  36'  . . .  

.  

.  

.  
51

o  
.  
.  
.  

 

 
7837  

 

Mu 5  
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?3 

?4 

S dng bng tm gc nhn ,  bit cotg    =  3 ,006.  

 Ch .  Khi bit t s l ng gic ca mt gc nhn,  ni chung,  ta tm 

 c gc nhn sai khc khng n  6'.  Tuy nhin,  thng th ng trong tnh 

ton ta lm trn n .  

V d 6.  Tm gc nhn   (lm 

trn n ),  bit sin  = 0,4470.  

Tra bng VIII,  ta khng tm 
thy s 4470  trong bng.  Tuy 
nhin,  ta tm thy hai s gn vi 
4470 nht,   l 4462 v 4478  
(mu 6).  Ta c 

0,4462 < 0,4470 < 0,4478  hay  

sin 26o30' < sin  < sin 26o36'.  
Theo nhn xt  mc 1  th 

26o30'  <   <  26o36'.  T  suy ra     27o.  

Tm gc nhn   (lm trn n ),  bit cos   =  0,5547.  

B i c thm 

tm t s l ng gic v gc 
bng My tnh b ti CASIO fx-220  

Ngoi chc nng thc hin bn php ton 
cng,  tr,  nhn,  chia vi s thp phn,  my 
tnh CASIO fx-220  (h.  24)  cn c nhiu chc 
nng khc,  trong  c chc nng tnh cc t 
s l ng gic ca gc nhn v tnh s o ca 
gc nhn khi bit mt t s l ng gic ca n.  

Trong ch ng trnh THCS,  ta ch hc s o 
gc l ,  pht,  giy nn sau khi bt my 

(nhn phm AC  hay ON )  ta chn kiu 

 (Mode degree)  bng cch nhn lin tip 

hai phm MODE 4 .  Khi ,   pha trn 

ca mn hnh xut hin ch DEG.  

sin 

A . . .  30'  36'  . . .  

.  

.  

.  

26
o  
.  
.  
.  

 

 

 

 

 

4462

 

 

4478  

 

Mu 6 

 
 

 

 
 

 

 
 

 

 

 

 
Hnh 24  
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Khi tnh ton,  ta th ng ly kt qu vi 4 ch s thp phn nn ta nhn 

lin tip ba phm MODE 7 4 .  Khi ,   pha trn ca mn hnh 

xut hin ch FIX.  

Trong cc v d sau y,  ch khi trn mn hnh xut hin ch DEG v ch 
FIX,  ta mi bt u tnh ton.  

 nhp ,  pht,  giy,  ta dng phm ' ' ' .  

 hin th ,  pht,  giy,  ta dng hai phm SHIFT , .  

V d 1 .   hin th 1 4o21 ',  ta nhn ln l t cc phm 

1 4 2 1 SHIFT .  ' ' ' ' ' '  

Khi  trn mn hnh s hin ra 1 4 21 0.   l k hiu ca 1 4o21 '.  Khi 
ch cn np vo my m khng cn hin th,  ta b i hai phm cui cng.  

a)  Tm t  s l ng gic ca mt gc nhn cho tr c 

Ta s dng cc phm sin ,  cos ,  tan .  

V d 2 .  Tm cos 25o13 '.  

Nhn ln l t cc phm    

o o2 5 1 3 cos' ' ' ' ' '  

Khi  trn mn hnh hin s 0.9047,  ngha l cos 25o1 3'    0,9047.  

V d 3.  Tnh cotg 56o25'.  

Ta  bit cotg 56o25'  = 
o

1

tg 56 25 '
 ,  nn  tm cotg 56o25'  ta ln l t 

nhn cc phm 

o o5 6 2 5 tan SHIFT 1 / x' ' ' ' ' '  

Khi  trn mn hnh hin s 0.6640,  ngha l cotg 56o25'    0,6640.  

b)  Tm s o ca gc nhn khi bit t  s l ng gic ca gc  

Nhn lin tip cc phm 

SHIFT 1sin   tm   khi bit sin  ;  

SHIFT  1cos   tm   khi bit cos ;  

SHIFT  1tan   tm   khi bit tg .  
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V d 4.  Tm gc nhn x,  bit sin x = 0,2836.  

Nhn ln l t cc phm 

10 . 2 8 3 6 SHIFT sin SHIFT .  

Khi  trn mn hnh xut hin 16 28 30.66 ngha l 16o28'30,66''.  

Lm trn n pht,  ta ly x   1 6o29'.  

Lm trn n ,  ta ly x   1 6o.  

 Ch  

1 )  Nu phi tm gc nhn  x  khi bit cotg x,  ta c th chuyn thnh bi 

ton tm gc nhn x  khi bit tg x  v tg x  =  
1 .

cotg x
 

V d 5.  Tm gc nhn x (lm trn n pht),  bit rng cotg x = 2,675.  

Nhn ln l t cc phm 

1.2 6 7 5 SHIFT 1 / x SHIFT tan SHIFT  .  

Khi  trn mn hnh xut hin 20 29 50.43  ngha l 20o29'50,43" .  

Lm trn n pht,  ta ly x    20o30'.  

2)  Sau khi tm xong mt t s l ng gic hoc mt gc,  ta nhn phm 

AC   chuyn sang php tnh khc.   

3)  Nu khng phi tnh ton na,  ta nhn phm OFF   tt my.  

4)  Ta c th dng cc my tnh khc c cc chc nng t ng t nh  my 

CASIO  fx-220,  chng hn my tnh SHARP EL-500M,. . .  

Bi  tp 

18.  Dng bng l ng gic hoc my tnh b ti  tm cc t s l ng gic 

sau  (lm trn n ch s thp phn th t )  :  

a)  sin 40o12'  ;        b)  cos 52o54'  ;  

c)  tg 63o36'  ;        d)  cotg 25o18'.  



 84 

19.  Dng bng l ng gic hoc my tnh b ti  tm s o ca gc nhn x 

(lm trn n pht),  bit rng :  

a)  sin x  = 0,2368  ;      b)  cos x = 0,6224 ;  

c)  tg x  = 2,1 54 ;       d)  cotg x = 3 ,251 .  

Luyn tp 

20.  Dng bng l ng gic (c s dng phn hiu chnh)  hoc my tnh 

b  ti,  hy tm cc t  s l ng gic sau (lm trn n ch s thp phn 

th t )  :  

a)  sin 70o1 3'  ;        b)  cos 25o32'  ;        c)  tg 43o10'  ;        d)  cotg 32o15'.  

21.  Dng bng l ng gic hoc my tnh b ti  tm gc nhn x (lm trn 

kt qu n ),  bit rng :  

a)  sin x = 0,3495 ;   b)  cos x = 0,5427 ;     c)  tg x = 1 ,5142 ;    d) cotg x = 3,163.  

22.  So snh  

a)  sin 20o  v sin 70o  ;       b)  cos 25o  v cos 63o15'  ;  

c)  tg 73o20'  v tg 45o  ;       d)  cotg 2o  v cotg 37o40'.  

23.  Tnh 

a)  
o

o

sin 25

cos 65
 ;           b)  tg 58o   cotg 32o.  

24.  Sp xp cc t s l ng gic sau theo th t tng dn :  

a)  sin 78o,    cos 14o,    sin 47o,    cos 87o  ;  

b)  tg73o,    cotg 25o,    tg 62o,    cotg 38o.  

25.  So snh  

a)  tg 25o  v sin 25o  ;     b)  cotg 32o  v cos 32o  ;  

c)  tg 45o  v cos 45o  ;    d)  cotg 60o  v sin 30o.  
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?1  

3m

4.  Mt s h thc v cnh v gc 

trong tam gic vung 

 

 

 

Mt chic thang di  3m.  Cn t 
chn thang cch chn t ng mt 
khong bng bao nhiu   n to 
 c vi  mt t mt gc "an ton" 

65o  (tc l m bo thang khng 
b   khi  s dng)  ?  

 

 

 

 

1 .   Cc h thc 

Cho tam gic ABC vung ti A,  

cnh huyn a v cc cnh gc 

vung b,  c  (h.25).  

 Vit cc t s l ng gic ca gc 

B  v gc C.  T   hy tnh mi 

cnh gc vung theo :  

a)  Cnh huyn v cc t s l ng gic ca gc B  v gc C  ;  

b)  Cnh gc vung cn li v cc t s l ng gic ca gc B  v gc C.  

T cc kt qu trn,  ta c nh l sau y.  

 

 

 

 

Hnh 25  
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nh l 

Trong tam gic vung,  mi cnh gc vung bng :  

a)  Cnh huyn nhn vi sin gc i hoc nhn vi csin gc k ;  

b)  Cnh gc vung kia nhn vi tang gc i hoc nhn vi ctang 

gc k.  

Nh  vy,  trong tam gic ABC vung ti A (h.25),  ta c cc h thc 

b = a.sin B = a.cos C ;      b  = c. tgB = c.cotg C ;  

c  = a.sin C = a.cos B ;      c  = b.tgC = b.cotg B.  

V d 1 .  Mt chic my bay bay ln vi vn tc 500 km/h.   ng bay ln 

to vi ph ng nm ngang mt gc 30o  (h.  26).  Hi sau 1 ,2 pht my bay 

ln cao  c bao nhiu kilmt theo ph ng thng ng ?  

Gii.  Gi s trong hnh 26,  AB l on  ng my bay bay ln trong 

1 ,2  pht th BH chnh l  cao my bay t  c sau 1 ,2 pht .  

V  1,2 pht = 
1
50

 gi nn AB = 
500
50

 = 10 (km). 

Do  

   BH = AB.sin A 

= 1 0.sin 30o  

=  
1.10
2
 =  5  (km).  

Vy sau 1 ,2 pht my bay ln cao  c  5km.  

V d 2 .  Vi bi ton t ra trong khung  u 4,  chn chic thang cn 

phi t cch chn t ng mt khong l  

3 .cos 65o   1 ,27  (m).  

2.   p  dng  gii  tam gic vung 

Trong mt tam gic vung,  nu cho bit tr c hai cnh hoc mt cnh v 

mt gc nhn th ta s tm  c tt c cc cnh v gc cn li ca n.  

Bi  ton t ra nh  th gi l bi ton "Gii tam gic vung" .  

Hnh 26 



 87  

?3 

?2 

L u  rng,  trong kt qu ca cc v d v cc bi tp d i y,  nu 

khng ni g thm th ta lm trn n  (vi s o gc)  v n ch s 

thp phn th ba (vi s o  di).  

V d 3.  Cho tam gic vung ABC vi cc cnh gc 

vung AB = 5,  AC = 8  (h.27).  Hy gii tam gic 

vung ABC.  

Gii.  Theo nh l Py-ta-go,  ta c  

BC = 2 2AB AC+  =  2 25 8+    9,434.  

Mt khc  

AB 5
tg C

AC 8
= =  =  0,625.  

Tra bng hay dng my tnh b ti,  ta tm  c 

C    32
o
,  do  B    90

o
   32

o
 =  58

o
.      

Trong v d 3,  hy tnh cnh BC  m khng p dng 

nh l Py-ta-go.  

V d 4.  Cho tam gic OPQ vung ti O c  
oP 36 ,=  PQ = 7  (h.28).  Hy gii tam gic vung 

OPQ.  

Gii.  Ta c  oQ 90 P=   =  90
o
   36

o
 =  54

o
.                   

Theo cc h thc gia cnh v gc trong tam gic 

vung,  ta c  

OP = PQ.sin Q  = 7.sin 54
o
   5 ,663  ;  

OQ = PQ. sin P  =  7.sin 36
o
   4,1 14.  

Trong v d 4,  hy tnh cc cnh OP, OQ  qua csin 

ca cc gc P v Q .  

V d 5.  Cho tam gic LMN vung ti L c 

 oM 51 ,=  LM = 2,8 (h.29).  Hy gii tam gic vung 

LNM. 

Hnh 28 

Hnh 27 

Hnh 29 
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Gii.  Ta c  

oN 90 M=   =  90o    51 o  =  39o.  

Theo cc h thc gia cnh v gc trong tam gic vung,  ta c  

LN = LM. tg M  =  2,8. tg 51 o    3 ,458  ;  

MN = 
o

LM

cos 51
   

2, 8

0,6293
   4,449.  

Nhn xt.  Cng nh  trong v d 3 ,   y ta c th tnh MN bng cch p 

dng nh l Py-ta-go.  Tuy nhin khi ,  trong vic s dng bng s v 

my tnh,  ta s gp cc thao tc phc tp hn.  Do ,  khi gii tam gic 

vung,  trong nhiu tr ng hp,  nu  bit hai cnh ta nn tm mt gc 

nhn tr c ;  sau   dng cc h thc gia cnh v gc  tnh cnh th ba.  

Cch ny c th gip cho vic thc hin cc php ton bng bng s v my 

tnh n gin  hn.  

Bi  tp 

26.  Cc tia nng mt tri to 

vi  mt t mt gc xp x 

bng 34o  v bng ca mt 

thp trn mt t di 86m 

(h.30).  Tnh chiu cao ca 

thp (lm trn n mt).  

27.  Gii tam gic ABC vung 

ti A,  bit rng  

a)  b = 1 0cm,   oC 30=  ;    

b)  c  = 1 0cm,   C  =  45o  ;  

c)  a = 20cm,   B  =  35o  ;   

d)  c  = 21 cm,   b = 1 8cm.  

 

Hnh 30

34
o

86m
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Luyn tp 

28.  Mt ct  n cao 7m c bng trn mt t di 4m.  Hy tnh gc (lm trn 

n pht)  m tia sng mt tri to vi mt t (gc   trong hnh 31 ).  

Hnh 31               Hnh 32  

29.  Mt khc sng rng khong 250m.  Mt chic  cho qua sng b dng 
n c y xin nn phi cho khong 320m mi sang  c b bn kia.  
Hi  dng n c  y chic  lch i mt gc bng bao nhiu  ?  (gc 

 trong hnh 32).  

30.  Cho tam gic ABC, trong  BC =  11cm, ABC  = 38o,  ACB  = 30o.  Gi 

im N l chn ca  ng vung gc k t A n cnh BC.  Hy tnh :  

a)  on thng AN ;  
b)  Cnh AC.  

Gi .  K BK vung gc vi AC.  

31.  Trong hnh 33,  AC = 8cm, AD = 9,6cm, 

ABC  = 90o,  ACB  = 54o  v ACD  = 74o.  

Hy tnh :  

a)  AB ;  

b)  ADC .  
32.  Mt con thuyn vi vn tc 2km/h v t 

qua mt khc sng n c chy mnh mt 5  pht.  Bit rng  ng i ca 

con thuyn to vi b mt gc 70o.  T   c th  tnh  c chiu rng 

ca khc sng ch a ?  Nu c th hy tnh kt qu (lm trn n mt).  

Hnh 33  

3
2
0
m
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?1  

Hnh 34

b

C
a

O B

D

A

5.  ng dng thc t cc t s l ng gic 

ca gc nhn.  Thc hnh ngoi  tri  

Nh t s l ng gic ca gc nhn,  c th tnh   c chiu  cao 
ca thp v khong cch gia hai  im m ta khng th o 
trc tip  c.   

1 .   Xc nh  chiu  cao  

a)  Nhim v   
Xc nh chiu cao ca mt thp 
m khng cn ln nh ca thp.  

b)  Chun b 
Gic k,  th c cun,  my tnh b 
ti (hoc bng l ng gic).  

c) H ng dn thc hin (h.34) 
t gic k thng ng cch 
chn thp mt khong a (CD = a), 
gi s chiu cao ca gic k l b 
(OC = b).  

Quay thanh gic k sao cho khi 
ngm theo thanh ny ta nhn thy nh A ca thp.  c trn gic k s o 
 ca gc AOB.  

Dng bng l ng gic hoc my tnh b ti  tnh tg .  Tnh tng b + a.tg  v 
bo kt qu.  

 Chng t rng,  kt qu tnh  c  trn chnh l chiu cao AD  ca thp.  

2.   Xc nh  khong  cch  

a)  Nhim v 

Xc nh chiu rng ca mt khc sng m vic o c ch tin hnh ti mt 
b sng. 

b)  Chun b 

-ke c,  gic k,  th c cun,  my tnh b ti hoc bng l ng gic.  
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?2 

c) H ng dn thc hin (h.35) 

Ta coi hai b sng song song 
vi nhau.  

Chn mt im B pha bn kia 
sng.  Ly mt im A bn 
ny sng sao cho AB vung 
gc vi cc b sng.  

Dng -ke c k  ng thng 
Ax pha bn ny sng sao cho 
Ax   AB.  

Ly im C trn Ax, gi s AC = a. 

Dng gic k o gc ACB,  gi s ACB  =  .  

Dng my tnh b ti hoc bng l ng gic  tnh tg.  

Tnh tch a. tg  v bo kt qu.  

V sao kt qu trn li l chiu rng AB  ca khc sng ?  

n tp ch ng I  

Cu hi  

1.  Cho hnh 36.  Hy vit h thc gia :  
a)  Cnh huyn,  cnh gc vung v hnh 
chiu ca n trn cnh huyn ;  

b)  Cc cnh gc vung p,  r v  ng cao  h ;  
c)   ng cao h v hnh chiu ca cc cnh 
gc vung trn cnh huyn p' ,  r' .  

2.  Cho hnh 37.  

a)  Hy vit cng thc tnh cc t s l ng 
gic ca gc  .  

b)  Hy vit h thc gia cc t s l ng gic 
ca gc   v cc t s l ng gic ca gc  .  

3. Xem hnh 37.   
a)  Hy vit cng thc tnh cc cnh gc vung 
b v c theo cnh huyn a v t s l ng gic 
ca cc gc ,    ;  

 

 

 

 

 

 

 

Hnh 36 

 

Hnh 37

Hnh 35

B

A a C

x
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b)  Hy vit cng thc tnh mi cnh gc vung theo cnh gc vung kia v 

t s l ng gic ca cc gc ,   .  

4.   gii mt tam gic vung,  cn bit t nht my gc v cnh ?  C l u  
g v s cnh ?  

Tm tt cc kin thc cn nh 

1 .  Cc h thc v cnh v  ng cao trong tam gic vung 

Cho tam gic ABC vung ti A (h.38).  
Khi ,  ta c  

1 )  b2   =  ab'  ;  c2   =  ac'  ;   

2)  h2   =  b'c'  ;  

3 )  ha  =  bc ;  

  4)  
2 2 2

1 1 1 .
h b c

= +  

2.  nh ngha cc t s l ng gic ca 

gc nhn  (h.39)  

cnh i
sin

cnh huyn 
 =  ;   

cnh k
cos

cnh huyn
 =  ;  

cnh i
tg

cnh k
 =  ;    

cnh k .cotg
cnh i

 =   

3.  Mt s tnh cht ca cc t s l ng gic 

  Cho hai gc   v   ph nhau.  Khi  

sin  =  cos   ;    tg   =  cotg   ;  

cos   =  sin   ;    cotg  =  tg  .  

  Cho gc nhn .  Ta c 

0 < sin  <  1  ;  0 < cos   <  1  ;  sin2  +  cos2  =  1  ;  

sin
tg

cos


 =


;  

cos
cotg

sin


 =


;  tg .cotg   =  1 .  

4.  Cc h thc v cnh v gc trong tam gic vung 

Cho tam gic ABC vung ti A (h.40).  Khi  

b = asin B ;       c  = asin C ;  

Hnh 39 

Hnh 40 

Hnh 38 
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b = acos C ;      c  = acos B ;  

b = ctg B ;       c  = btg C ;  

b = ccotg C ;      c  =  bcotg B.  

Bi  tp 

33.  Chn kt qu ng trong cc kt qu 

d i y :  

a)  Trong hnh 41 ,  sin  bng 

(A)   
5

3
 ;    (B)   

5

4
  ;   

(C)   
3

5
 ;    (D)   

3 .
4

       

b)  Trong hnh 42,  sin Q bng  

(A)   
PR

RS
 ;    (B)    

PR

QR
 ;   

(C)   
PS

SR
 ;    (D)    

SR .
QR

 

c)  Trong hnh 43,  cos 30
o
 bng 

(A)   
2a

3
 ;    (B)   

a

3
  ;  

(C)   
3

2
 ;    (D)   2 3 a

2
.  

34.  a)   Trong hnh 44,  h thc no trong cc 

h thc sau l ng ?  

(A)    sin  = 
b

c
 ;   (B)    cotg  = 

b

c
 ;  

 

 

 

 

 

Hnh 41  

 

 

 

 

 

Hnh 42  

 

 

Hnh 43  

 

Hnh 44  
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(C)    tg   =  
a

c
 ;   (D)    cotg  = 

a .
c

 

b)  Trong hnh 45,  h thc no trong cc h thc sau 

khng ng  ?  

(A)   sin 2
  +  cos2  =  1  ;  

(B)    sin  =  cos   ;  

(C)    cos   =  sin (90o   )  ;  

(D)    tg  =  
sin .
cos




      

35.  T s gia hai cnh gc vung ca mt tam gic vung bng 1 9 :  28.  

Tm  cc gc ca n.  

36.  Cho tam gic c mt gc bng 45o.   ng cao chia mt cnh k vi gc 

 thnh cc phn 20cm v 21 cm.  Tnh cnh ln trong hai cnh cn li 

(l u  c hai tr ng hp hnh 46 v hnh 47).  

Hnh 46             Hnh 47 

37.  Cho tam gic ABC c AB = 6cm,  AC = 4,5cm,  BC = 7,5cm.  

a)  Chng minh tam gic ABC vung ti A.  Tnh cc gc B,  C v  ng 

cao AH ca tam gic .  

b)  Hi rng im M m din tch tam gic MBC bng din tch tam gic 

ABC nm trn  ng no ?  

Hnh 45 
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38.  Hai chic thuyn A v B  v tr  c minh ho nh  trong hnh 48.  Tnh 

khong cch gia chng (lm trn n mt).  

Hnh 48             Hnh 49 

39.  Tm khong cch gia hai cc  cng dy v t qua vc trong 

hnh 49 (lm trn n mt).  

40.  Tnh chiu cao ca cy trong hnh 50 (lm trn n -xi-mt).  

Hnh 50 

A

B

380m K

30m

1 ,7m

35
o
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41.  Tam gic ABC vung ti C c AC = 2cm, BC = 5cm,  BAC  = x,  ABC  =  y.  

Dng cc thng tin sau (nu cn)   tm x  y :  

sin 23o36'      0,4 ;  

cos 66o24'      0,4 ;  

tg 21 o48'      0,4.  

42.    mt ci thang di 3m ng i ta ghi :  " m bo an ton khi dng 

thang,  phi t thang ny to vi mt t mt gc c  ln t 60o  n 

70o" .  o gc th kh hn o  di.  Vy hy cho bit :  Khi dng thang  

chn thang phi t cch t ng khong bao nhiu mt  m bo an ton ?  

43.    

Vo khong nm 200 tr c 

Cng nguyn, -ra-t-xten,  mt 

nh ton hc v thin vn hc 
Hi Lp,   c l ng  c 
"chu vi"  ca Tri t (chu vi 
 ng Xch o) nh hai quan 
st sau :  

1 )  Mt ngy trong nm,  ng ta 
  thy Mt Tri chiu thng 
cc y ging  thnh ph Xy-en 

(nay gi l t-xu-an),  tc l tia 

sng chiu thng ng.  

2)  Cng  lc     thnh ph 
A-lch-xng-ri-a cch Xy-en 
800km,  mt thp cao 25m c 
bng trn mt t di 3 ,1m.  

T hai quan st trn,  em hy tnh xp x "chu vi"  ca Tri t.  

(Trn hnh 51 ,  im S t ng tr ng cho thnh ph Xy-en,  im A t ng 

tr ng cho thnh ph A-lch-xng-ri-a,  bng ca thp trn mt t  c 

coi l on thng AB.)  

 

Hnh 51

S

A

C

B

O
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Ch ng  I I    ng trn 

 

Mt trng ng (Vn ho ng Sn).  

1 .  S xc nh  ng trn.  Tnh cht i  xng 

ca  ng trn 
 

t mi  nhn  ca compa  v  tr 
no th  v  c  ng  trn  i  qua 
ba im A,  B,  C khng thng hng ? 

Trong ch ng ny,  ta ch xt cc im nm trn mt 
mt phng.  

1 .   Nhc li  v  ng trn  

 lp 6,  ta  bit :   

 ng trn tm O bn knh R (vi R > 0)  l hnh gm 
cc im cch im O mt khong bng R (h.52).  

 

 

 

 

 

Hnh 52  

O  R
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?1  

Hnh 54  

?2 

?3  

 ng trn tm O bn knh R  c k hiu l (O  ;  R),  ta cng c th k 
hiu l (O)  khi khng cn ch  n bn knh.  

Khi im M thuc  ng trn (O),  ta cn ni :  im M nm trn  ng 
trn (O)  hay  ng trn (O)  i qua im M.  im M nm trn  ng trn 
(O ;  R)  khi v ch khi OM = R.   

im M nm bn trong (hay nm trong,   trong)   ng trn (O ;  R)  khi 
v ch khi OM < R.   

im M nm bn ngoi (hay nm ngoi,   ngoi)   ng trn (O ;  R)  khi 
v ch khi OM > R.  

Trn hnh 53,  im H  nm bn ngoi  ng trn 

(O) ,  im K  nm bn trong  ng trn (O) .  Hy so 

snh OKH  v OHK.  

2.   Cch xc nh  ng trn 

 Ta  bit :  Mt  ng trn  c xc nh khi 

bit tm v bn knh ca  ng trn ,  hoc khi 

bit mt on thng l  ng knh ca  ng trn .  

Cho hai im A  v B.   

a)  Hy v mt  ng trn i qua hai im .  

b)  C bao nhiu  ng trn nh  vy ?  Tm ca chng nm trn  ng no ?  

Cho ba im A, B,  C  khng thng hng.  Hy v  ng trn i qua ba 
im .  

Qua ba im khng thng hng,  ta v  c mt v ch mt  ng trn.  

 Ch .  Khng v  c  ng trn no 

i qua ba im thng hng.   

Tht vy,  gi s c  ng trn (O)  i qua 

ba im thng hng A,  B,  C (h.54)  th tm 

O l giao im ca  ng trung trc d1  

ca AB (v OA = OB)  v  ng trung trc 

 

 

 

 

 

Hnh 53  
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?4

?5 

d2  ca BC (v OB = OC).  Do d1  // d2  nn khng tn ti giao im ca d1  

v d2,  mu thun.  

  lp 7,  ta  bit :   ng trn i qua ba 

nh A,  B,  C ca tam gic ABC gi l  ng 

trn ngoi tip  tam gic ABC (h.55).  Khi 

  tam gic ABC gi l tam gic ni tip  

 ng trn.  

3.   Tm i  xng 

Cho  ng trn (O),  A  l mt im bt k 

thuc  ng trn.  V A'  i xng vi A  qua 

im O  (h.56).  Chng minh rng im A'  

cng thuc  ng trn (O) .  

 ng trn l hnh c tm i xng.  Tm ca 

 ng trn l tm i xng ca  ng trn .  

4.   Trc i  xng 

Cho  ng trn (O),  AB l mt  ng knh 

bt k v C  l mt im thuc  ng trn.  V 

C  '  i xng vi C  qua AB  (h.57).  Chng minh 

rng im C '  cng thuc  ng trn (O).  

 ng trn l hnh c trc i xng.  Bt k 

 ng knh no cng l trc i xng ca 

 ng trn.  

 Bi  tp  

1.  Cho hnh ch nht ABCD c AB = 1 2cm,  BC = 5cm.  Chng minh rng 

bn im A,  B,  C,  D thuc cng mt  ng trn.  Tnh bn knh ca 

 ng trn .  

 

 

 

 

Hnh 56 

 

 

 

 

Hnh 55  

 

 

 

 

 

 

Hnh 57 

A A'

O
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(hy t mu)

2.  Hy ni mi   ct tri vi mt    ct phi   c khng nh ng :  

(1 )  Nu tam gic c ba gc 
nhn 

(4)  th tm ca  ng trn ngoi 
tip tam gic  nm bn ngoi 
tam gic.  

(2)  Nu tam gic c gc vung (5)  th tm ca  ng trn ngoi 
tip tam gic  nm bn trong 
tam gic.  

(3)  Nu tam gic c gc t (6)  th tm ca  ng trn ngoi 
tip tam gic  l trung im 
ca cnh ln nht.  

 (7) th tm ca  ng trn ngoi tip 
tam gic  l trung im ca 
cnh nh nht.  

 
3.  Chng minh cc nh l sau :  

a) Tm ca  ng trn ngoi tip tam gic vung l trung im ca cnh huyn. 

b)  Nu mt tam gic c mt cnh l  ng knh ca  ng trn ngoi 

tip th tam gic  l tam gic vung.  

4.  Trn mt phng to  Oxy,  hy xc nh v tr ca mi im A( 1  ;  1 ),  

B( 1  ;  2),  C( 2 ; 2 )  i vi  ng trn tm O bn knh 2.  

5.  .  Mt tm ba hnh trn khng cn du vt ca tm.  Hy tm li tm 
ca hnh trn .  

Luyn tp 

6.  Trong cc bin bo giao thng sau,  bin no c tm i xng,  bin no c 
trc i xng ?  

a)  Bin cm i ng c chiu (h.58)  ;  

b)  Bin cm t (h.59).   

          


(hy t mu)

      

       Hnh 58                                    Hnh 59 
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A 

B  
E

C  

D

7.  Hy ni mi   ct tri vi mt   ct phi   c khng nh ng :  

(1 )  Tp hp cc im c khong 

cch n im A c nh bng 2cm

(4) l  ng trn tm A bn knh 2cm. 

(2)   ng trn tm A bn knh 

2cm gm tt c nhng im 

(5)  c khong cch n im A 

nh hn hoc bng 2cm.  

(3)  Hnh trn tm A bn knh 2cm 

gm tt c nhng im 

(6)  c khong cch n im A 

bng 2cm.  

 (7)  c khong cch n im A 

ln hn 2cm.  

8.  Cho gc nhn xAy v hai im B,  C thuc tia Ax.  Dng  ng trn (O)  

i qua B v C sao cho tm O nm trn tia Ay.  

9.   

a)  V hnh hoa bn cnh.  Hnh hoa bn cnh trn hnh 60  c to bi 

cc cung c tm A,  B,  C,  D (trong  A,  B,  C,  D l cc nh ca mt hnh 

vung v tm ca cung l tm ca  ng trn cha cung ).  Hy v li 

hnh 60 vo v.  

A B

CD         

Hnh 60           Hnh 61  

b)  V l hoa.  Chic l hoa trn hnh 61   c v trn giy k  vung bi 

nm cung c tm A,  B,  C,  D,  E.  Hy v li hnh 61  vo giy k  vung.  
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C th em ch a bit 

Hnh  62  v mt dng  c  tm  tm  ng  trn,   l  mt tm ba  cng  h nh  ch T 
c hai  inh  A,  B  v  mp ba  CD l   ng  trung  trc ca AB.  

   

A B
C

D         

Hnh 62            Hnh 63  

 tm  tm ca mt np hp trn,  ta  t mp ca np hp chm vo A v B  ri  

vch  theo CD ta   c mt  ng  thng  i  qua tm ca np hp (h .63).  Xoay 

np hp v lm  t ng  t,  ta  c mt  ng  thng  na i  qua tm ca np hp.  

Giao im ca hai   ng  thng  va k l  tm ca np hp.  

2.   ng knh v dy ca  ng trn 

Trong cc dy ca  ng trn tm O bn knh R,  
dy ln  nht c  di  bng  bao nhiu  ?  

1 .   So snh  di  ca  ng knh v dy 

Bi ton.  Gi AB l mt dy bt k ca  ng trn 

(O ;  R).  Chng minh rng AB  2R.  

Gii 

Tr ng hp dy AB l  ng knh (h.64)  :  Ta c 

     AB = 2R.  

A B
O  

R  

Hnh 64  
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Tr ng hp dy AB khng l  ng knh (h.65) :  

Xt tam gic AOB,  ta c 

AB < AO + OB = R + R = 2R.  

Vy ta lun c AB  2R.         

Kt qu ca bi ton trn  c pht biu thnh 

nh l sau y.  

nh l 1  

Trong cc dy ca mt  ng trn,  dy ln nht l  ng knh.  

2.    Quan h vung gc gia  ng knh v dy 

nh l 2 

Trong mt  ng trn,   ng knh vung gc vi mt dy th i qua 

trung im ca dy y.  

Chng minh.  Xt  ng trn (O)  c  ng 

knh AB vung gc vi dy CD.  

Tr ng hp CD l  ng knh :  Hin nhin 

AB i qua trung im O ca CD.  

Tr ng hp CD khng l  ng knh (h.66) :  
Gi I l giao im ca AB v CD.  Tam gic 
OCD c OC = OD (bn knh)  nn n l tam 
gic cn ti O,  OI l  ng cao nn cng l 
 ng trung tuyn,  do  IC = ID.  

Hy  a ra mt v d  chng t rng  ng knh i qua trung im ca 
mt dy c th khng vung gc vi dy y.  

Ta chng minh  c nh l sau y.  

nh l 3  

Trong mt  ng trn,   ng knh i qua trung im ca mt dy 

khng i qua tm th vung gc vi dy y.  

 

 

 

 

 

Hnh 66 

A 

B  

C  D
I

O

Hnh 65 
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?2 Cho hnh 67.  Hy tnh  di dy AB,  bit 

OA  =  13cm,  AM = MB,  OM = 5cm.  

 

Bi  tp 

10.  Cho tam gic ABC,  cc  ng cao BD v CE.  
Chng minh rng :  

a)  Bn im B,  E,  D,  C cng thuc mt  ng trn.  

b)  DE < BC.  

11.  Cho  ng trn (O)   ng knh AB,  dy CD khng ct  ng knh AB.  

Gi H v K theo th t l chn cc  ng vung gc k t A v B n 

CD.  Chng minh rng CH = DK.  

Gi .  K OM vung gc vi CD.  

3.  Lin h gia dy v khong cch t tm n dy 

Bit khong  cch  t tm ca  ng  trn  n  hai  
dy,  c th so snh   c  di  ca hai  dy .  

1 .   Bi  ton 

Cho AB v  CD  l hai dy (khc  ng knh) ca  ng trn (O ;  R).  Gi 
OH, OK  theo th t l cc khong cch t O n AB, CD.  Chng minh rng  

2 2 2 2OH HB OK KD .+ = +  

Gii  (h.68)  

p dng nh l Py-ta-go vo cc tam gic 

vung OHB v OKD,  ta c :  

OH2  +  HB2  =  OB2   = R2,      (1 )  

OK2  +  KD2  =  OD2  =  R2.      (2)  

T (1 )  v (2)  suy ra OH2  +  HB2  =  OK2  +  KD2.  

 

 

 

 

 

Hnh 68 

O  

A 
B  H  

R  

K  

C  

D

Hnh 67 
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?2  

?1  

 Ch .  Kt lun ca bi ton trn vn ng nu mt dy l  ng knh 

hoc hai dy l  ng knh.   

2.  Lin h gia dy v khong cch t tm n dy 

Hy s dng kt qu ca bi ton  mc 1   chng minh rng :  

a)  Nu AB = CD  th OH = OK.  

b)  Nu OH = OK  th AB = CD.  

Ta c nh l sau y.  

nh l 1  

Trong mt  ng trn :  

a)  Hai dy bng nhau th cch u tm.  

b)  Hai dy cch u tm th bng nhau.  

Hy s dng kt qu ca bi ton  mc 1   so snh cc  di:  

a)  OH  v OK,  nu bit AB > CD.  

b)  AB  v CD,  nu bit OH < OK.  

Ta c nh l sau y.  

nh l 2 

Trong hai dy ca mt  ng trn :  

a)  Dy no ln hn th dy  gn tm hn.  

b)  Dy no gn tm hn th dy  ln hn.  

Cho tam gic ABC,  O  l giao im ca cc  ng 
trung trc ca tam gic ;  D, E,  F  theo th t l 
trung im ca cc cnh AB,  BC,  AC.  Cho bit 

OD  > OE,  OE = OF  (h.69).   

Hy so snh cc  di :  

a)  BC v  AC ;  

b)  AB v  AC.  
Hnh 69 
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Bi  tp 

12.  Cho  ng trn tm O bn knh 5cm,  dy AB bng 8cm.  

a)  Tnh khong cch t tm O n dy AB.  

b) Gi I l im thuc dy AB sao cho AI = 1 cm.  K dy CD i qua I v 

vung gc vi AB.  Chng minh rng CD = AB.  

13.  Cho  ng trn (O)  c cc dy AB v CD bng nhau,  cc tia AB v CD 

ct nhau ti im E nm bn ngoi  ng trn.  Gi H v K theo th t l 

trung im ca AB v CD.  Chng minh rng :  

a)  EH = EK ;       

b)  EA = EC.  

Luyn tp 

14.  Cho  ng trn tm O bn knh 25cm, dy AB bng 40cm.  V dy CD song 

song vi AB v c khong cch n AB bng 22cm.  Tnh  di dy CD.  

15.  Cho hnh 70 trong  hai  ng trn cng c tm l O.  Cho bit AB > CD.  

Hy so snh cc  di :  

a)  OH v OK ;  

b)  ME v MF ;  

c)  MH v MK.   

16.  Cho  ng trn (O),  im A nm bn 

trong  ng trn.  V dy BC vung gc 

vi OA ti A.  V dy EF bt k i qua A 

v khng vung gc vi OA.  Hy so snh 

 di hai dy BC v EF.  
Hnh 70 



 1 07  

?1  

4.  V tr t ng i ca  ng thng v  ng trn 

 

 

 

 

Cc v  tr ca Mt Tri  so vi   ng chn tri  cho ta 
hnh  nh  ba v  tr t ng i  ca  ng thng  v  ng trn.  

Xt  ng trn (O ;  R)  v  ng thng a.  Gi H l chn  ng vung gc 

k t O n  ng thng a,  khi  OH l khong cch t tm O n 

 ng thng a.  

1 .    Ba v  tr t ng i  ca  ng thng v  ng trn 

V sao mt  ng thng v mt  ng trn khng th c nhiu hn hai 

im chung ?  

Cn c vo s im chung ca  ng thng v  ng trn m ta c cc v 
tr t ng i ca chng.  

a)   ng thng v  ng trn ct nhau 

Khi  ng thng a v  ng trn (O)  c hai im chung A v B (h.71 ),  ta 

ni  ng thng a v  ng trn (O)  ct nhau.   ng thng a cn gi l 

ct tuyn  ca  ng trn (O).   

Khi  OH < R v HA = HB = 2 2R OH .  

a)               b)  
Hnh 71  
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?2 Hy chng minh khng nh trn.  

b)   ng thng v  ng trn tip xc nhau 

Khi  ng thng a v  ng trn (O)  ch c mt im chung C,  ta ni 
 ng thng a v  ng trn (O)  tip xc nhau.  Ta cn ni  ng thng a 
l tip tuyn  ca  ng trn (O).  im C gi l tip im.  

Khi  H trng vi C,  OC  a v OH = R (h.72a).   

Hnh 72  

Tht vy,  gi s H khng trng vi C,  ly im D thuc  ng thng a 
sao cho H l trung im ca CD (h.72b).  Khi  C khng trng vi D.  V 
OH l  ng trung trc ca CD nn OC = OD.  Ta li c OC = R nn 
OD  = R.  

Nh  vy,  ngoi im C ta cn c im D cng l im chung ca  ng 
thng a v  ng trn (O),  iu ny mu thun vi gi thit l  ng 
thng a v  ng trn (O)  ch c mt im chung.  

Vy H phi trng vi C.  iu  chng t rng OC  a v OH = R.  

Kt qu trn cn  c pht biu thnh nh l sau y.  

nh l 

Nu mt  ng thng l tip tuyn ca mt  ng trn th n vung 
gc vi bn knh i qua tip im.  

c)  ng thng v  ng trn khng giao nhau 

Khi  ng thng a v  ng trn (O) khng c 

im chung (h.73),  ta ni  ng thng a v 

 ng trn (O)  khng giao nhau.  

Ta chng minh  c rng OH > R.  

 

 

 

 

 

Hnh 73  



 1 09 

?3

2.   H thc gia khong cch  t tm  ng  trn  n   ng  thng 
v bn  knh  ca  ng trn  

t OH = d,  ta c cc kt lun sau :  

Nu  ng thng a v  ng trn (O)  ct nhau th d < R.  

Nu  ng thng a v  ng trn (O)  tip xc nhau th d = R.  

Nu  ng thng a v  ng trn (O)  khng giao nhau th d > R.  

o li,  ta cng chng minh  c :  

Nu d < R th  ng thng a v  ng trn (O)  ct nhau.  

Nu d = R th  ng thng a v  ng trn (O)  tip xc nhau.  

Nu d > R th  ng thng a v  ng trn (O)  khng giao nhau.  

Ta c bng tm tt sau :  

V tr t ng i 
ca  ng thng v  ng trn 

S 
im chung

H thc 
gia d v R 

 ng thng v  ng trn ct nhau 

 ng thng v  ng trn tip xc nhau 

 ng thng v  ng trn khng giao nhau 

2 

1  

0 

d < R 

d = R 

d > R 

Cho  ng thng a  v mt im O  cch  a  l 3cm.  V  ng trn tm O    
bn knh 5cm.  

a)   ng thng a  c v tr nh  th no i vi  ng trn (O)  ?  V sao ?   

b)  Gi B  v C  l cc giao im ca  ng thng a  v  ng trn (O).  
Tnh  di BC.  

Bi  tp 

17.  in vo cc ch trng (. . . )  trong bng sau (R l bn knh ca  ng 
trn,  d l khong cch t tm n  ng thng)  :  

R d 
V tr t ng i 

ca  ng thng v  ng trn 

5cm 

6cm 

4cm 

3cm 

. . .  

7cm 

. . .  

Tip xc nhau 

. . .  
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18.  Trn mt phng to  Oxy,  cho im A(3  ;  4).  Hy xc nh v tr t ng 

i ca  ng trn (A ;  3 )  v cc trc to .  

19.  Cho  ng thng xy.  Tm ca cc  ng trn c bn knh 1 cm v tip 

xc vi  ng thng xy nm trn  ng no ?  

20.  Cho  ng trn tm O bn knh 6cm v mt im A cch O l 1 0cm.  

K tip tuyn AB vi  ng trn (B l tip im).  Tnh  di AB.  

5.  Du hiu nhn bit tip tuyn ca  ng trn 

Lm th no  nhn  bit mt  ng  
thng  l  tip tuyn  ca  ng  trn  ?  

1 .  Du  hiu  nhn  bit tip tuyn  ca  ng  trn  

  4,  ta  bit nhng du hiu nhn bit tip tuyn ca  ng trn :  

a)  Nu mt  ng thng v mt  ng trn ch c mt im chung th 
 ng thng  l tip tuyn ca  ng trn.  

b)  Nu khong cch t tm ca mt  ng trn n  ng thng bng 
bn knh ca  ng trn th  ng thng  l tip tuyn ca  ng trn.  

Du hiu nhn bit b)  cn  c pht biu thnh nh l sau y.  

nh l 

Nu mt  ng thng i qua mt im ca  ng trn v vung gc 
vi bn knh i qua im  th  ng thng y l mt tip tuyn ca 
 ng trn.  

Trn hnh 74,   ng thng a i qua im C ca 

 ng trn (O)  v vung gc vi bn knh OC nn 

 ng thng a l tip tuyn ca  ng trn (O).  

Cho tam gic ABC,   ng cao AH.  Chng minh 
rng  ng thng BC  l tip tuyn ca  ng trn 
(A ;  AH).  

 

 

 

 

Hnh 74  
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Hnh 76 

?2 

2.  p dng 

Bi ton.  Qua im A nm bn 
ngoi  ng trn (O),  hy dng 
tip tuyn ca  ng trn.  

Cch dng.  (h.75)  

Dng M l trung im ca AO.  

Dng  ng trn c tm M bn 
knh MO,  ct  ng trn (O)  ti B 
v C.  

K cc  ng thng AB v AC.  Ta  c cc tip tuyn cn dng.  

Hy chng minh cch dng trn l ng.  

Bi  tp 

21.  Cho tam gic ABC c AB = 3 ,  AC = 4,  BC = 5 .  V   ng trn (B ;  BA).  
Chng minh rng AC l tip tuyn ca  ng trn.  

22.  Cho  ng thng d,  im A nm trn  ng thng d,  im B nm ngoi 
 ng thng d.  Hy dng  ng trn (O)  i qua im B v tip xc vi 
 ng thng d ti A.  

23.  .  Dy cua-roa trn hnh 76 c 
nhng phn l tip tuyn ca cc 
 ng trn tm A,  B,  C.  Chiu 
quay ca  ng trn tm B 
ng c chiu quay ca kim ng 
h.  Tm chiu quay ca  ng 

trn tm A v  ng trn  tm C 
(cng chiu quay hay ng c chiu 

quay ca kim ng  h).  

Luyn tp 

24.   Cho  ng trn (O),  dy AB khc  ng knh.  Qua O k  ng vung gc 
vi AB,  ct tip tuyn ti A ca  ng trn  im C.  

 

 

 

 

 

Hnh 75  
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a)  Chng minh rng CB l tip tuyn ca  ng trn.  

b)  Cho bn knh ca  ng trn bng 15cm, AB = 24cm.  Tnh   di  OC.  

25.  Cho  ng trn tm O c bn knh OA = R,  dy BC vung gc vi OA 
ti trung im M ca OA.  

a)  T gic OCAB l hnh g ?  V sao ?  

b)  K tip tuyn vi  ng trn ti B,  n ct  ng thng OA ti E.  Tnh 
 di BE theo R.  

 
 

C th em ch a bit 
 

Th c o  ng knh  hnh  trn  

Hnh 77 l mt th c cp (pan-me) 
dng   o  ng  knh  ca mt 
vt h nh  trn.  

Cc  ng  thng  AC,  BD,  CD 
tip xc vi   ng  trn .  Gi  O l  
tm ca  ng  trn.  Cc gc 
ACD,  CDB,  OAC,  OBD u  l  
gc vung  nn  ba im A,  O,  B  
thng  hng.   di  CD cho ta  
 ng  knh  ca h nh  trn .  

Tnh  tm nhn  xa ti  a 

Mt ng i  quan  st t mt  v  tr A c  cao cch  
mt n c bin  l  AB =  5m.  Tm nhn  xa ti  a l  
on  thng  AC (vi  C l  tip im ca tip tuyn  v 
qua A,  xem h nh  78).  Cho bit bn  knh  Tri  t l  
OB =  OC   6400km,  ta  tnh   c  di  AC.  

Cch 1 .  Theo nh  l  Py-ta-go :  

   AC2   = OA2   OC2  

  2 2(6400, 005)  6400  

    =  40960064,000025  40960000  

    =  64,000025  

   AC    8  (km).  

 

 

 

 

Hnh 77 

 

 

 

 

 

 

Hnh 78 

O  

R  

C  

A 

B  

h  
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Cch 2.    t AB =  h ,  OB =  OC =  R,  ta  c   
2AC  = 

2 2OA OC  =  + 
2 2(R h) R  

    = R2  +  2Rh  +  h2   R2  =  2Rh  +  h2 .  

Nh  vy 2AC  =  +
22Rh h .  

V  ch iu  cao h  rt nh so vi  bn  knh  R ca Tri  t nn  2AC    2Rh,  do  

AC   6400.2h  =  80 2h .  

Vi  AB  =  5m  =  0,005km,  ta  c 

AC   80 2 . 0, 005  =  80 0, 01  =  80.0,1  =  8  (km).  

 Ch .  Nu v tr quan st c  cao  h  (km)  so vi mt n c bin th tm 

nhn xa ti a d  (km)  c th tnh bi cng thc gn ng : 

d   80 2h.  

Vi h  =  20m,  ta c    d    80 2 . 0, 02  =  80.0,2  =  1 6  (km).  

Vi h  =  80m,  ta c    d    80 2 . 0, 08  =  80.0, 4  =  32  (km).  

Vi h  =  1 25m,  ta c d    80 2 . 0,1 25  =  80.0,5  =  40 (km).  

6.  Tnh  cht ca hai  tip tuyn ct nhau 
 
 

Vi  "th c phn  g ic",  ta  c 
th tm   c tm ca mt vt 
h nh  trn.  

 

1 .    nh l v hai  tip tuyn ct nhau 

Cho hnh 79 trong  AB,  AC  theo th t 
l cc tip tuyn ti B,  ti C  ca  ng 
trn (O).  Hy k tn mt vi on thng 
bng nhau,  mt vi gc bng nhau 
trong  hnh.  
Ta gi gc to bi hai tip tuyn AB v 
AC l gc BAC,  gc to bi hai bn knh 
OB v OC l gc BOC.   

 

 

 

 

Hnh 79 

A O  

B  

C  
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?3  

nh l 

Nu hai tip tuyn ca mt  ng trn ct nhau ti mt im th :  

 im  cch u hai tip im.  

  Tia k t im  i qua tm l tia phn gic ca gc to bi hai 
tip tuyn.  

 Tia k t tm i qua im  l tia phn gic ca gc to bi hai 
bn knh i qua cc tip im.  

Chng minh.  Gi BA,  CA theo th t l cc tip tuyn ti B,  ti C ca 

 ng trn (O)  (h.79).  Theo tnh cht ca tip tuyn,  ta c AB   OB,  

AC    OC.   

Hai tam gic vung AOB v AOC c  

OB = OC,  

OA l cnh chung 

nn AOB  = AOC (cnh huyn   cnh gc vung).  Suy ra :  

AB = AC.  

OAB OAC=  nn AO l tia phn gic ca gc BAC.  

AOB AOC=  nn OA l tia phn gic ca gc BOC.  

Hy nu cch tm tm ca mt ming g hnh trn bng "th c phn 
gic" (xem hnh v trong khung  u 6).  

2.     ng trn ni  tip tam gic 

Cho tam gic ABC.  Gi I  l giao im 

ca cc  ng phn gic cc gc trong 

ca tam gic ;  D, E,  F  theo th t l chn 

cc  ng vung gc k t I  n cc 

cnh BC,  AC,  AB  (h.80).  Chng minh 

rng ba im D, E,  F  nm trn cng mt 

 ng trn tm I.   

 ng trn tip xc vi ba cnh ca mt 

tam gic gi l  ng trn ni tip  tam 

gic,  cn tam gic gi l ngoi tip  

 ng trn.  

 

 

 

 

 

Hnh 80 
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?4 

Trn hnh 80,   ng trn (I)  ni tip tam gic ABC,  tam gic ABC ngoi 

tip  ng trn (I).  Tm ca  ng trn ni tip tam gic l giao im 

ca cc  ng phn gic cc gc trong ca tam  gic.   

3.     ng trn bng tip tam gic 

Cho tam gic ABC,  K  l giao im cc  ng 

phn gic ca hai gc ngoi ti B  v C ;  D, E,  F 

theo th t l chn cc  ng vung gc k t K  

n cc  ng thng BC,  AC,  AB (h.81 ).  Chng 

minh rng ba im D, E,  F  nm trn cng mt 

 ng trn c tm K.  

 ng trn tip xc vi mt cnh ca mt tam 

gic v tip xc vi cc phn ko di ca hai cnh 

kia gi l  ng trn bng tip  tam gic.  Trn 

hnh 81  ta c  ng trn (K)  bng tip trong gc A 
ca tam gic ABC.  

Tm ca  ng trn bng tip tam gic trong gc A l giao im ca hai 

 ng phn gic cc gc ngoi ti B v C,  hoc l giao im ca  ng 

phn gic gc A v  ng phn gic gc ngoi ti B (hoc  C).  Vi mt 

tam gic,  c ba  ng trn bng  tip.  

Bi  tp 

26.  Cho  ng trn (O),  im A nm bn ngoi  ng trn.  K cc tip tuyn 

AB,  AC vi  ng trn (B,  C l cc tip im).  

a)  Chng minh rng OA vung gc vi BC.  

b)  V  ng knh CD.  Chng minh rng BD song song vi AO.  

c)  Tnh  di cc cnh ca tam gic ABC ;  bit OB = 2cm,  OA = 4cm.  

27.  T mt im A nm bn ngoi  ng trn (O),  k cc tip tuyn AB,  AC 

vi  ng trn (B,  C l cc tip im).  Qua im M thuc cung nh BC,  

k tip tuyn vi  ng trn (O),  n ct cc tip tuyn AB v AC theo th 

t  D v E.  Chng minh rng chu vi tam gic ADE bng 2AB.  

 

 

 

 

 

 

Hnh 81  
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Hnh 82  

28.  Cho gc xAy khc gc bt.  Tm ca cc  ng trn tip xc vi hai cnh 

ca gc xAy nm trn  ng no ?  

29.  Cho gc xAy khc gc bt,  im B thuc tia Ax.  Hy dng  ng trn 

(O)  tip xc vi Ax ti B v tip xc vi Ay.  

Luyn tp 

30.  Cho na  ng trn tm O c  ng knh AB ( ng knh ca mt  ng 

trn chia  ng trn  thnh hai na  ng trn).  Gi Ax,  By l cc tia 

vung gc vi AB (Ax,  By v na  ng trn thuc cng mt na mt 

phng b AB).  Qua im M thuc na  ng trn (M khc A v B),  k 

tip tuyn vi  na  ng trn, n ct Ax v By theo th t  C v D.  Chng 

minh rng :   

a)  oCOD 90 .=  

b)  CD = AC + BD.  

c)  Tch AC.BD khng i khi im M di chuyn trn na  ng trn.  

31.  Trn hnh 82,  tam gic ABC ngoi tip 

 ng trn (O).   

a)  Chng minh rng :  

2AD = AB + AC   BC.  

b)  Tm cc h thc t ng t nh  h thc  

cu  a).  

32.  Cho tam gic u ABC ngoi tip  ng trn bn knh 1cm.  Din tch ca 

tam gic ABC bng :  

(A) 6cm
2
 ;          (B)  23 cm  ;        

(C)  23 3
cm

4
 ;         (D)  23 3 cm .  

Hy chn cu tr li ng.   
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?1  

 

C th em ch a bit 

Hnh  83  minh  ho "th c phn  g ic".  Th c gm hai  thanh  g ghp li  thnh  

gc vung  BAC,  hai  thanh  g ny  c ng  ln  mt tm g h nh  tam gic 

vung,  trong   AD l  tia  phn  g ic ca gc BAC.  

A

B

C

D

       
A

B

C

D

 

         Hnh 83            Hnh 84  

 tm  tm ca mt h nh  trn,  ta  t h nh  trn   tip xc vi  hai  cnh  AB v 

AC (h .84).  Vch  theo AD ta  c mt  ng  thng  i  qua tm ca h nh  trn.  

Xoay h nh  trn  v lm t ng  t,  ta   c mt  ng  thng  na i  qua tm ca 

h nh  trn.  Giao im ca hai   ng  va k l  tm ca hnh  trn.  

7.  V  tr t ng i  ca hai   ng trn 

Hai   ng  trn  c th c bao nhiu  im chung  ?  

1 .   Ba v  tr t ng  i  ca hai   ng trn  

Ta gi hai  ng trn khng trng nhau l hai  ng trn phn bit.  

V sao hai  ng trn phn bit khng th c qu hai im chung ?  
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O  O '

A 

a )

O  O '
A 

b )

O  O '

a)

O  O '

b)

O  

c)

?2 

 Hai  ng trn c hai im chung (h.85)   c gi l hai  ng trn 

ct  nhau.  Hai im chung  gi l hai giao im.  on thng ni hai 

im  gi l  dy  chung.  

Hnh 85            Hnh 86 

 Hai  ng trn ch c mt im chung (h.86)   c gi l hai  ng 
trn tip xc nhau.  im chung  gi l tip im.   

 Hai  ng trn khng c im chung (h.87)   c gi l hai  ng trn 
khng giao nhau.  

Hnh 87 

2.    Tnh cht  ng ni  tm 

Cho hai  ng trn (O)  v (O')  c tm khng trng nhau.   ng thng 

OO'  gi l  ng ni tm,  on thng OO'  gi l on ni tm.   

Do  ng knh l trc i xng ca mi  ng trn nn  ng ni tm l 

trc i xng ca hnh gm c hai  ng trn .  

a)  Quan st hnh 85,  chng minh rng OO'  l  ng trung trc ca AB.  

b)  Quan st hnh 86,  hy d on v v tr ca im A  i vi  ng ni 

tm OO'.  
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?3 

Ta chng minh  c nh l sau y.  

nh l  

a)  Nu hai  ng trn ct nhau th hai giao im i xng vi nhau qua 
 ng ni tm, tc l  ng ni tm l  ng trung trc ca dy chung.  

b) Nu hai  ng trn tip xc nhau th tip im nm trn  ng 
ni tm.  

 
Cho hnh 88.   

a)  Hy xc nh v tr t ng i ca hai 
 ng trn (O)  v  (O').   

b)  Chng minh rng BC // OO'  v ba im 
C,  B,  D  thng hng.  

Bi  tp 

33.  Trn hnh 89,  hai  ng trn tip xc nhau 

ti A.  Chng minh rng OC  // O'D.     

34.  Cho hai  ng trn (O ;  20cm) v (O'  ;  1 5cm) 

ct nhau ti A v B.  Tnh on ni tm OO',  

bit rng AB = 24cm.  (Xt hai tr ng hp :  

O v O'  nm khc pha i vi AB ;  O v O'  

nm cng pha i vi AB).  

8 .  V  tr t ng i  ca hai   ng trn (tip theo)  

 

Cc on  dy cua-roa 
AB,  CD cho ta h nh  nh  
tip tuyn  chung  ca hai  
 ng  trn.  

1 .    H thc gia on ni  tm v cc bn knh 

Trong mc ny ta xt hai  ng trn (O ;  R)  v (O'  ;  r)  trong  R  r.   

A 

C  D  B  

O  O '

Hnh 88  

 

 

 

 

 

Hnh 89 
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?1  

?2 

O  

b)

O  O '

a )

O '

a)  Hai  ng trn ct nhau 

Trn hnh 90,  hai  ng trn (O)  v 
(O')  ct nhau ti A v B.  

Ta c khng nh sau :  

Nu hai  ng trn (O)  v (O')  ct 
nhau th R  r < OO'  < R + r.  

Hy chng minh khng nh trn.  

b)  Hai  ng trn tip xc nhau 

Trn hnh 91 ,  hai  ng trn (O)  v (O')  tip xc ngoi  ti A,  khi  tip 
im A nm gia O v O'.  

Trn hnh 92,  hai  ng trn (O)  v (O')  tip xc trong  ti A,  khi  im 
O'  nm gia O v A.  

O  O 'R  r 

A 

      

O  O '

R  

r 
A 

 
Hnh 91             Hnh 92  

Ta c cc khng nh sau :  

Nu hai  ng trn (O)  v (O')  tip xc ngoi th OO'  = R + r.  

Nu hai  ng trn (O)  v (O')  tip xc trong th OO'  = R  r.  

Hy chng minh cc khng nh trn.  

c)  Hai  ng trn khng giao nhau 

Trn cc hnh 93  v 94,  hai  ng trn (O)  v (O')  khng giao nhau.  Trn 
hnh 93,  hai  ng trn  ngoi nhau.  Trn hnh 94,   ng trn (O)  ng  
 ng trn (O'),  trong tr ng hp c bit khi hai tm trng nhau (h.94b)  
ta c hai  ng trn ng tm.  

  

O  O 'R  r 

     

Hnh 93                  Hnh 94  

 

 

 

Hnh 90 

O  O '

A 

B  

R  r 
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Ta chng minh  c cc khng nh sau :  

Nu hai  ng trn (O)  v (O')   ngoi nhau th OO'  > R + r.  

Nu  ng trn (O)  ng  ng trn (O')  th OO'  < R  r.  

 Ta cng chng minh  c iu o li ca cc khng nh  cc mc a,  
b,  c  ni trn.  

Ta c bng sau :  

V tr t ng i ca hai  ng 

trn (O ;  R)  v (O'  ;  r)  (R   r)  
S im 
chung 

H thc gia OO'  
vi R v r 

Hai  ng trn ct nhau 2 R  r < OO' < R + r 

Hai  ng trn tip xc nhau :  

 Tip xc ngoi 

 Tip xc trong 

1   
OO'  = R + r 

OO'  = R  r > 0 

Hai  ng trn khng giao nhau :  

 (O)  v (O')   ngoi nhau 

 (O)  ng (O')  
 

0  
OO'  > R + r 
OO'  < R  r 

 

2.   Tip tuyn chung  ca hai   ng trn  

Tip tuyn chung  ca hai  ng trn l  ng thng tip xc vi c hai 

 ng trn .  

Trn hnh 95,  cc  ng thng d1  v d2  l cc tip tuyn chung ngoi ca hai 

 ng trn (O) v (O')  (tip tuyn chung ngoi khng ct on ni tm).  

Trn hnh 96,  cc  ng thng m1  v m2  l cc tip tuyn chung trong ca 

hai  ng trn (O) v (O')  (tip tuyn chung trong ct on ni tm).  

     

 

 

 

 
Hnh 95            Hnh 96 
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?3  Quan st cc hnh 97a,  b,  c,  d,  trn hnh no c v tip tuyn chung ca 

hai  ng trn ?  c tn cc tip tuyn chung .  

 

O  O '

d  1  

d  2

m  

a)       

O  O '

d  1  

d  2

b)     

O  O '

d

c)    

O  O '

d )  

Hnh 97 

Trong thc t,  ta th ng gp nhng  vt c hnh dng v kt cu 
lin  quan n nhng v tr t ng i ca hai  ng trn :  bnh xe v dy 
cua-roa (h.98a),  hai bnh rng khp nhau (h.98b),  lp nhiu tng ca xe 
p (h.98c).  

a)            b)            c)  

Hnh 98 

Bi  tp 

35.  in vo cc  trng trong bng,  bit rng hai  ng trn (O ;  R) v (O'  ;  r)  

c OO'  = d,  R > r.  

V tr t ng i 

ca hai  ng trn 
S im chung H thc gia d,  R,  r 

(O ;  R)  ng (O'  ;  r)    

  d > R + r 

Tip xc ngoi   

  d = R  r 

 2   



 1 23  

36.  Cho  ng trn tm O bn knh OA v  ng trn  ng knh  OA.   

a)  Hy xc nh v tr t ng i ca hai  ng trn.  

b)  Dy AD ca  ng trn ln ct  ng trn nh  C.  Chng minh rng 

AC = CD.  

37.  Cho hai  ng trn ng tm O.  Dy AB ca  ng trn ln ct  ng 

trn nh  C v D.  Chng minh rng AC = BD.   

Luyn tp  

38.  in cc t thch hp vo ch trng (. . . )  :  

a)  Tm ca cc  ng trn c bn knh 1 cm tip xc ngoi vi  ng trn 

(O ;  3cm)  nm trn . . .  

b)  Tm ca cc  ng trn c bn knh 1 cm tip xc trong vi  ng trn 

(O ;  3cm)  nm trn . . .  

39.  Cho hai  ng trn (O)  v (O')  tip xc ngoi ti A.  K tip tuyn chung 

ngoi BC,  B   (O),  C   (O').  Tip tuyn chung trong ti A ct tip tuyn 

chung ngoi BC  I.  

a)  Chng minh rng oBAC 90 .=  

b)  Tnh s o gc OIO'.  

c)  Tnh  di BC,  bit OA = 9cm,  O'A = 4cm.  

40.  .  Trn cc hnh 99a,  99b,  99c,  cc bnh xe trn c rng c a  c khp 

vi nhau.  Trn hnh no h thng bnh rng chuyn ng  c ?  Trn hnh 

no h thng bnh rng khng chuyn ng  c ?  

 

Hnh 99 
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C th em ch a bit 

V chp ni  trn  

Trn  h nh  1 00,  ta c on  thng  AB v cung  BC ca  ng  trn  tm O,  on  

thng  AB tip xc vi  cung  BC (v  AB  BO).  Ti  B,   ng  i  ABC "trn"  ch 

khng  "gy"  (cn  trn  hnh  1 01  :  on  thng  MN  khng  tip xc vi  cung  NP,  

 ng  i  MNP b  "gy"  ti  N) .  Ta ni  on  thng  AB  c v chp ni trn  vi  

cung  BC.  

                   

Hnh 1 00                 Hnh 1 01  

Trn  h nh  1 02,  cung  AB ca  ng  trn  tm O tip xc vi  cung  BC ca  ng  

trn  tm O'  (v  cc tip tuyn  ti  B  ca cc  ng  trn   trng  nhau,  khi   ba 

im O,  O',  B  thng  hng).  Ti  B,   ng  i  ABC cng  "trn"  ch khng  "gy"  

(cn  trn  hnh  1 03 :  cung  MN  khng  tip xc vi  cung  NP,   ng  i  MNP b  

"gy"  ti  N ).  Ta ni  cung  AB  c v chp ni trn  vi  cung  BC.  

          

    Hnh 102           Hnh 103     

Trong  k thut,  nh iu  kh i  ta  phi  v chp ni  trn  mt cung  vi  mt on  thng  

hoc v chp ni  trn  hai  cung  vi  nhau.  Cc thanh   ng  ray xe la  c 
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chp ni  trn  vi  nhau  kh i  xe la i  h ng  t  ng  thng  sang   ng  cong  

(h. 1 00)  hoc t  ng  cong  ny sang   ng  cong  khc (h . 1 02).  

  ng ray xe la,  hnh nh   ng thng  c chp ni trn vi  ng cong.  

Em hy tp v chp ni  trn    c cc h nh  sau  :  

a)  Hnh "qu trng".   

Hnh  "qu trng" (h.1 04)   c to bi  bn cung v chp ni  trn :  na  ng  trn  

ACB c  ng  knh  AB,  cung  BE c tm A,  cung  EF c tm D,  cung  FA c tm 

B  (tm ca cung  l  tm ca  ng  trn  cha cung  ).  

     

 

 

Hnh 1 04             Hnh 1 05 

b)  Hnh "tri xoan".   

H nh  "tri  xoan"  (h .1 05)   c to bi  bn  cung  v chp ni  trn  :  cung  BC c 

tm A,  cung  CE c tm K,  cung  EF c tm D,  cung  FB c tm I  (cc tam g ic 

ABC v DEF l  cc tam g ic u  ;  D,  I ,  K l  trung  im cc cnh  ca tam 

g ic ABC).  
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n tp ch ng I I  

Cu hi   

1.  Th no l  ng trn ngoi tip mt tam gic ?  Nu cch xc nh tm 

ca  ng trn ngoi tip tam gic.  

2.  Th no l  ng trn ni tip mt tam gic ?  Nu cch xc nh tm ca 

 ng trn ni tip tam gic.  

3.  Ch r tm i xng ca  ng trn,  trc i xng ca  ng trn.  

4.  Chng minh nh l :  Trong cc dy ca mt  ng trn,  dy ln nht l 
 ng knh.  

5.  Pht biu cc nh l v quan h vung gc gia  ng knh v dy.  

6.  Pht biu cc nh l v lin h gia dy v khong cch t tm n dy.  

7.  Nu cc v tr t ng i ca  ng thng v  ng trn.  ng vi mi v 

tr ,  vit h thc gia d (khong cch t tm n  ng thng)  v R 
(bn knh ca  ng trn).   

8.  Pht biu nh ngha tip tuyn ca  ng trn.  Pht biu tnh cht ca 
tip tuyn v du hiu nhn bit tip tuyn.  Pht biu cc tnh cht ca 
hai tip tuyn ct nhau.  

9.  Nu cc v tr t ng i ca hai  ng trn.  ng vi mi v tr ,  vit h 

thc gia on ni tm d vi cc bn knh R,  r.  

10.  Tip im ca hai  ng trn tip xc nhau c v tr nh  th no i vi 
 ng ni tm ?  Cc giao im ca hai  ng trn ct nhau c v tr nh  
th no i vi  ng ni tm ?  

Tm tt cc kin thc cn nh 

Cc nh ngha 

1.   ng trn tm O bn knh R (vi R > 0)  l hnh gm cc im cch 
im O mt khong bng R.  

2.  Tip tuyn ca  ng trn l  ng thng ch c mt im chung vi 
 ng trn .  
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Cc nh l 

1.  a)  Tm ca  ng trn ngoi tip tam gic vung l trung im ca 
cnh huyn.  

b)  Nu mt tam gic c mt cnh l  ng knh ca  ng trn ngoi 

tip th tam gic  l tam gic vung.  

2.  a)   ng trn l hnh c tm i xng.  Tm ca  ng trn l tm i 
xng ca  ng trn .  

b)   ng trn l hnh c trc i xng.  Bt k  ng knh no cng l 

trc i xng ca  ng trn.  

3.  Trong cc dy ca mt  ng trn,  dy ln nht l  ng knh.  

4.  Trong mt  ng trn :   

a)   ng knh vung gc vi mt dy th i qua trung im ca 
dy  y.  

b)   ng knh i qua trung im ca mt dy khng i qua tm th 

vung gc vi dy y.  

5.  Trong mt  ng trn :  

a)  Hai dy bng nhau th cch u tm, hai dy cch u tm th bng nhau.  

b)  D y ln hn th gn tm hn,  dy gn tm hn th ln hn.  

6.  a)  Nu mt  ng thng l tip tuyn ca mt  ng trn th n vung 

gc vi bn knh i qua tip im.  

b)  Nu mt  ng thng i qua mt im ca  ng trn v vung gc 
vi bn knh i qua im  th  ng thng y l mt tip tuyn ca 
 ng trn.  

7.  Nu hai tip tuyn ca mt  ng trn ct nhau ti mt im th :  

a)  im  cch u hai tip im.  

b)  Tia k t im  i qua tm l tia phn gic ca gc to bi hai 
tip  tuyn.  

c)  Tia k t tm i qua im  l tia phn gic ca gc to bi hai 
bn knh i qua cc tip im.  

8.  Nu hai  ng trn ct nhau th  ng ni tm l  ng trung trc ca 
dy chung.  
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Bi  tp 

41.  Cho  ng trn (O)  c  ng knh BC,  dy AD vung gc vi BC ti H.  

Gi E,  F theo th t l chn cc  ng vung gc k t H n AB,  AC.  

Gi (I),  (K)  theo th t l cc  ng trn ngoi tip tam gic HBE,  HCF.  

a)  Hy xc nh v tr t ng i ca cc  ng trn :  (I)  v (O),  (K)  v 

(O),  (I)  v (K).  

b)  T gic AEHF l hnh g ?  V sao ?  

c)  Chng minh ng thc AE.AB = AF.AC.  

d)  Chng minh rng EF l tip tuyn chung ca hai  ng trn (I)  v (K).  

e)  Xc nh v tr ca im H  EF c  di ln nht.  

42.  Cho hai  ng trn (O)  v (O')  tip xc ngoi ti A,  BC l tip tuyn 

chung ngoi,  B  (O),  C  (O').  Tip tuyn chung trong ti A ct BC  

im M.  Gi E l giao im ca OM v AB,  F l giao im ca O'M v 

AC.  Chng minh rng :   

a)  T gic AEMF l hnh ch nht.  

b)  ME.MO = MF.MO'.  

c)  OO'  l tip tuyn ca  ng trn c  ng knh l BC.  

d)  BC l tip tuyn ca  ng trn c  ng knh l OO'.   

43.  Cho hai  ng trn  (O ;  R)  v (O'  ;  r)  ct nhau ti A v B (R > r).  Gi I 

l trung im ca OO'.  K  ng thng vung gc vi IA ti A,   ng 

thng ny ct cc  ng trn (O ;  R)  v (O'  ;  r)  theo th t ti C v D 

(khc A).  

a)  Chng minh rng AC = AD.  

b)  Gi K l im i xng vi im A qua im I.  Chng minh rng KB 
vung gc vi AB.  
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