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NHUNG DIEU CAN CHU Y KHI SU DUNG SACH GIAO KHOA

1. Nhiing ki hiéu th dng dung
&) . , _
: Phan hoat dong clia hoc sinh

2. Vé trinh bay, sach gido khoa c6 hai mang : mang chinh va mang phu.
Mang chinh gém cac khai niém, dinh nghia, dinh i, tinh chét,... va
th ong d dc déng khung hozc c6 d dng vién 8 mép. Mang nay d dc in
thut vao trong.

Chju trach nhi¢m xudt ban : Chi tich Hoi dong Thanh vien kiem Tdng Gidm doc NGO TRAN AI
Téng bién tap kiem Phé Téng Gidm doc NGUYEN QUY THAO

Bién tdp ldn ddu : NGUYEN KIM TH - LE THI THANH HANG
Bién tap tdi ban : NGUYEN XUAN BINH - HOANG THI LE VAN
Bién tdp ki thugt : NGUYEN THI THANH HAI - TRAN THANH HANG
Trinh bay bia : BUI QUANG TUAN
Sita ban in : LE THI THANH HANG
Ché'bdn : CONG TY CP DICH VU XUAT BAN GIAO DUC HA NOI

Ban quyén thuéc Nha xuét ban Gido duc Viét Nam — BO Gido duc va Dao tao.
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S6 dang ki KHXB : 01 — 2013/CXB/416 — 1135/GD.
In......, khd 17 x 24 cm.

In tai Cong ty ¢8 phanin ................

In xong va nép | u chiéu thang ... nam 2012.



MENH BE. TAP HOP

~

Chuongl mEth BE\ . TQP HUP

Ch ong nay cung c6, md rong hiéu biét cta hoc sinh vé

Li thuyét tap hop da d oc hoc & cac 16p d 6i ; cung cép cac
kién thuc ban dau vé logic va cac khai niém

s6 gén dung, sai s6 tao co sé dé hoc tap t6t cac ch ong
sau ; hinh thanh cho hoc sinh kha nang suy luan co li, kha
nang tiép nhan, biéu dat cac van dé mot cach chinh xac.




I MENH PE. MENH PE CHUA BIEN

1

ﬁNhin vao hai blc tranh & trén, hay doc va so sanh cac cau & bén trai va bén phai.
Céc cau & bén trdi 12 nhitng khang dinh c6 tinh ding hodc sai, con cic
cau & bén phai khong thé néi 12 ding hay sai. Cdc cau & bén trdi 12 nhitng
ménh dé, con céc cau 6 bén phai khong 1a nhitng ménh dé.

Méi ménh dé phdi hodc ding hodc sai.
Mot ménh dé khong thé vira diing, vira sai.

2
%Néu vi du vé nhiing cau la ménh dé va nhiing cau khéng la ménh dé.

2. Ménh dé chtra bién

Xét cau "n chia hét cho 3".
Ta ch a khang dinh d oc tinh ding sai ctia cau nay. Tuy nhién, véi mdi gia
tri clia n thuoc tap sé nguyén, cau nay cho ta mot ménh dé. Chang han



Véin=4tad oc ménh dé "4 chia hét cho 3" (sai).

Véin=15tad gc ménh dé "15 chia hét cho 3" (ding).

Xétcau "2 +n=>5".

Ciing nh trén, ta thdy véi mdi gié tri cta n thudc tap s6 nguyén ta d oc
mot ménh dé. Chang han

Véin=1tad gc ménh dé "2 + 1 = 5" (sai).

Véin=3tad gc ménhdé "2 + 3 =5" (dng).

Hai cdu trén la nhiing vi du vé ménh dé chita bién.

3
%Xét cau "x > 3". Hay tim hai gia tri thuc cla x dé tir cau da cho, nhan d dc moét
ménh dé ding va mét ménh dé sai.

II - PHU PINH CUA MOT MENH PE

\\
Vi du 1. Nam va Minh tranh luan vé loai doi. < VﬂA\
Nam né6i "Doi 1a mot loai chim".
Minh phu dinh "Doi khong phai 1a mot
loai chim".
Pé pht dinh mot ménh dé, ta thém (hodc
bét) tir "khong" (hoac "khong phai") vao
tr &c vi ngit cia ménh dé do.

Ki hiéu ménh dé phu dinh ciia
ménh dé P 1a P, ta c6

P diing khi P sai.

P sai khi P diing.

Vidu2

P : "3 1a mot s6 nguyén to6" ;

P:"3 khong phai 1a mot s6 nguyén to".
Q : "7 khong chia hét cho 5" ;

Q: "7 chia hét cho 5".



() 4
/ \*\ Hay pht dinh cac ménh dé sau.
P :"nla mét s6 hitu ti";
Q : "Téng hai canh ctia mdt tam giac 16n hon canh thi ba".
Xét tinh ding sai cla cac ménh dé trén va ménh dé phi dinh cla ching.

11T - MENH PE KEO THEO

Vi du 3. Ai ciling biét "Néu Trai Dat
khong c6 n 6c thi khong c6 su song".
Cau no6i trén 12 mot ménh dé dang "Néu
P thi Q", 6 day P la ménh dé "Trdi Dat
khong ¢6 n 6¢", O la ménh dé "(Trai
bat) khong c6 su song".

" Ménh dé "Néu P thi Q" d oc goi la ménh dé kéo theo, va
ki hiéu la P = Q.
Ménh dé P = Q con d oc phat biéu la "P kéo theo Q" hoiac "Tix P suy ra Q".

Prcnsnas
N Tl cac ménh dé

P : "Gi6 mua Béng Béac vé"

Q : "Troi trd lanh"
hay phat biéu ménh dé P = Q.

| Ménh dé P = Q chi sai khi P diing va Q sai.

Nh vay, ta chi cin xét tinh ding sai cia ménh dé P = Q khi P ding.
Khi d6, néu Q ding thi P = Q ding, néu Q sai thi P = Q sai.
Vidu4
Meénh dé "-3 < -2 = (=3)* < (=2)*" sai.
Meénh dé "3 < 2 = 3 < 4" ding.
Cé4c dinh Ii todn hoc 1a nhitng ménh dé ding va th ong c6 dang P = Q.
Khi d6 ta noi

P la gid thiét, Q la két ludn cuia dinh li, hodc

P la diéu kién du dé c6 Q, hodc

Q la diéu kién cdn dé co P.



6
ﬁcm tam giac ABC. Tir cac ménh dé
P : "Tam giac ABC c6 hai géc bang 60
Q : "ABC la mét tam giac déu".
Hay phat biéu dinh li P = Q. Néu gia thiét, két luan va phat biéu lai dinh Ii nay d 6i
dang diéu kién can, diéu kién du.

On

IV - MENH PE DAO - HAI MENH PE T ONG P ONG

s 1
/ N Cho tam giac ABC. Xét cac ménh dé dang P = Q sau
a) Néu ABC 1a mét tam giac déu thi ABC 1a mét tam giac can.
b) Néu ABC Ia mét tam giac déu thi ABC 1a mét tam giac can va cb mot géc biing 60°.
Hay phat biéu cac ménh dé Q = Pt ong (ng va xét tinh ding sai ctia ching.
| Ménh dé 0 = P a oc goi la ménh dé ddo ciia ménh dé P = Q.
Meénh dé dao cia mot ménh dé ding khong nhat thiét 1a ding.
Néu cd hai ménh dé P = Q va Q = P déu diing ta néi P va Q la
hai ménh dét ong d ong.
Khi do ta ki hiéu P < Q va doc la
Pt ongd ong Q, hodc
P la diéu kién cdn va dui dé c6 Q, hodc
P khi va chi khi Q.

Vi du 5. a) Tam gidc ABC can va c6 mot géc 60° 1a diéu kién can va du dé
tam gidc ABC déu.

b) Mot tam gidc 1a tam gidc vuong khi va chi khi né c6 mot géc bang téng hai
g6c con lai.

V - KIi HIEU VA 3

Vi du 6. Cau "Binh ph ong clia moi s6 thuc déu 16n hon hodc bang 0" 1a
mot ménh dé. Co thé viét ménh dé nay nh sau

2 2
X € :x"20hayx 20, xe

Ki hiéu doc la "voi moi".



¥
N\ Phat biéu thanh I8i ménh dé sau
Vne Z :n+1>n.
Ménh dé nay dang hay sai ?

Vi du 7. Cau "Cé mot s6 nguyén nho hon 0" 12 mot ménh dé. C6 thé viét
ménh dé nay nh sau
dne Z :n<O.

Ki hiéu 3 doc la "c6 mot" (ton tai mot) hay "cé it nhdt mot”
(ton tai it nhdt mot).

9
]%Phét biéu thanh I5i ménh dé sau
e Z: P =x
Ménh dé nay dung hay sai ?

Vidu8
Nam néi "Moi s6 thuc déu c6 binh ph ong khac 1".
Minh phu dinh "Khong ding. Cé mot s6 thuc ma binh ph ong clia n6 bang 1,
chang han s6 1"
Nh vay, phu dinh cia ménh dé
P:"Vx e :x2¢1”,
12 ménh dé

P:"dx e :x2:1”.

s 10
Hay phat biéu ménh dé phi dinh ctia ménh dé sau
P : "Moi doéng vat déu di chuyén d oc".

Vidu9
Nam néi "C6 mot so tu nhién n ma 2n =1".
Minh phan bac "Khong ding. Vi moi s6 tu nhién n, déu c6 2n = 1".
Nh vay, phu dinh ciia ménh dé
P:"dne N :2n=1"



la ménh deé

P :"Vne 2n# 1",

% 11
Hay phat biéu ménh dé phl dinh cia ménh dé sau
P : "C6 mot hoc sinh cla I6p khong thich hoc mén Toan".

Bai tap
1. Trong cic cau sau, cau nao 1la ménh dé, cau nao la ménh dé chia bién ?
a)3+2=7; b)4+x=3;
x+y>1; d)2—\/§<0.
2. Xét tinh ding sai clia mdi ménh dé sau va phat biéu ménh dé pht dinh
ctia no.
a) 1794 chia hét cho 3 ; b) V2 12 mot s6 hitu ti ;
) n<3,15; d) |-125 < 0.

3. Cho cdc ménh dé kéo theo

Néu a va b cung chia hét cho c¢ thi a + b chia hét cho ¢ (a, b, ¢ 1a nhiing
sO nguyén).

Céc s6 nguyén ¢6 tan cing bang 0 déu chia hét cho 5.

Tam gidc can ¢6 hai d Ong trung tuyén bang nhau.

Hai tam gidc bang nhau c6 dién tich bang nhau.

a) Hay phdt biéu ménh dé dao ctia méi ménh dé trén.

b) Phét biéu m6i ménh dé trén, bang cich st dung khai niém "diéu kién da".

¢) Phat biéu mdi ménh dé trén, bang cach sir dung khai niém "diéu kién can".
4. Phat biéu méi ménh dé sau, biang cach st dung khai niém "diéu kién can

va du"

a) Mot s6 ¢6 tong cdc chit s6 chia hét cho 9 thi chia hét cho 9 va ng oc lai.

b) Mot hinh binh hanh c6 cdc d ong chéo vuodng goc 1a mot hinh thoi va

ng oc lai.

c¢) Ph ong trinh bac hai c¢6 hai nghiém phan biét khi va chi khi biét thic
cutan6 d ong.



5. Dung ki hiéu V, 3 dé viét cac ménh dé sau
a) Moi s6 nhan véi 1 déu bang chinh né ;
b) C6 mot s6 cong v6i chinh né bang 0 ;
¢) Moi s6 cong véi s6 doi cua né déu bang 0.

6. Phdt biéu thanh 16i m6i ménh dé sau va xét tinh ding sai ctia né

a) Vx € :x2>0; b)EIneN:n2=n;
c)vVne N :n<2n; d)Ix e :x<l-
X

7. Lap ménh dé phu dinh cia mo6i ménh dé sau va xét tinh ding sai cua n6
a) Vn € N :nchiahétchon ; b)EIer:x2:2;

c)Vx e x<x+1; d)dx e :3x=x2+1.

§f TAP HGP

I - KHAI NIEM TAP HQP

1. Tap hop va phan ti

1
%Néu vi du vé tap hop.

Dung cac ki hiéu e va ¢ dé viét cac ménh dé sau.

a) 3 1a mot s6 nguyén ; b) v2 khéng phai la s6 hitu ti.

Tap hop (con goi la tap) 1a mot khai niém co ban cua todn hoc, khong
dinh nghia.

Gia str da cho tap hop A. Dé chi a 1a mot phén ti ctia tap hop A, ta viéta € A
(doc 1a a thuoc A). D€ chi a khong phai 1a mot phan tir clia tap hop A, ta viét
a ¢ A (doc la a khong thudc A).

N

Cach xac dinh tap hgp

% 2
Liét ké cac phan tir cla tAp hop cac 6c nguyén d ong clia 30.
10



Khi liét ké cac phan tir cia mot tap hogp, ta viét cac phan tlr cua né trong
hai ddu moéc {......... },viduA={1,2,3,5,6, 10, 15, 30}.

%3
Tap hop B cac nghiém clia ph ong trinh 22— 5x+3=0d oc viét 1a

B={xe I2%°=5x+3=0}.
Hay liét ké cac phan t cla tap hop B.

Mot tap hop c6 thé d oc xdc dinh bang cdch chi ra tinh chat dic tr ng cho
cac phan tir ctia no.

Vdy ta cé thé xdc dinh mot tap hop
bdng mot trong hai cdch sau
a) Liét ké cdc phan ti ctia né ;
b) Chi ra tinh chdt ddc tr ng cho
cdc phdn tit cua né.
Ng 0i ta th ong minh hoa tap hgp bang mot hinh
phang d oc bao quanh bsi mot d ong kin, goi 1a
biéu d6 Ven nh hinh 1.

w

Tap hdp rong Hinh 1

%4
Hay liét ké cac phan ti cla tap hop
A={xe I +x+1=0).

Ph ong trinh Frx+1=0 khong c6 nghiém. Ta néi tap hgp cac nghiém
cta ph ong trinh nay 1a tdp hop rong.
| Tép hop rong, ki hié¢u la &, la tap hop khong chiia phan ti nao.

Néu A khong phai 1a tap hop rong thi A chia it nhat mot phan tur.
A+ << dx:x e A

II - TAP HGP CON

5
Biéu d6 minh hoa trong hinh 2 néi gi vé quan hé giiia tap
hop cac s6 nguyén Z va tap hgp cac s6 hiu ti Q ? Cé Q

thé n6i mdi s6 nguyén 1a moét s6 hitu ti hay khong ?
Hinh 2



Néu moi phdn tir ciia tdp hop A déu la phdn tit ciia tdp hop B
thi ta néi A la mot tdp hop con cua B va viét A < B (doc la A
chita trong B).

Thay cho A c B, ta ciing viét B 5 A (doc l1a B chita A hoac B bao ham A)
(h.3a). Nh vay

AcBs (Vx:xe A=xeB).
| ‘
b)

Hinh 3

a)

Néu A khong phai 1a mot tp con cua B, ta vi€t A ¢ B. (h.3b).

Ta c6 cdc tinh chdt sau

a) A c A véi moi tdp hop A ;

b) NeuAcBvaBc CthiAcC (h4);
c) & < A voi moi tdp hop A.

111 - TAP HOP BANG NHAU

6
ﬁXét hai tap hop

Hay kiém tra cac két luan sau
a)AcB; b) B c A.

A={ne |nlabdicladvas6)}

B={ne |nlabdicla12}.

|| Khi A  Bva B c A ta néi tdp hop A bang tdp hop B va viét la
A=B.
Nh vay

A=B& (Vx:xe A< x e B).

12



Bai tap
1. a)ChoA={x¢e | x <20 va x chia hét cho 3}.
Hay liét ké cac phan tlr cua tap hop A.
b) Cho tap hop B = {2, 6, 12, 20, 30}.
Hay xéc dinh B bang céch chi ra mot tinh chat dac tr ng cho cdc phan tir ciia né.
c) Hay liét ké cdc phan tu ctia tap hop cac hoc sinh 16p em cao d Gi 1m60.

2. Trong hai tap hop A va B d 6i day, tap hop nao 1a tap con cua tap hop con lai ?
Hai tap hop A va B ¢6 bang nhau khong ?

a) A la tap hop cdc hinh vuong
B 1a tap hop céc hinh thoi.
b)A={ne |nlamodt G&cchung cua 24 va 30}
B={ne |nlamoOt &ccuab}.
3. Tim tat ca cac tap con cua tap hop sau
a) A={a, b};
b) B={0,1,2}.

\{‘g CAC PHEP TOAN TAP HOP
A\

I - GIAO CUA HAI TAP HOP

7

N\ Cho
A={ne |nla 6cclal2}
B={ne |nla &ccla18}.

a) Liét ké cac phan tlrclia A va cla B ;
b) Liét ké cac phan t clia tap hdp C cac Gc chung cla 12 va 18.

Tdp hop C gom cdc phan tir vita thuoc A, viia thuéc B d oc
goi la giao ciia A va B.

13



Ki hiéu C = A n B (phan gach
chéo trong hinh 5). Vay

ANnB={x|xeAvaxeB //
= {x] o ) /%

xeAmB@{
x € B.

11 - HOP CUA HAI TAP HQP

2
% Gid str A, Blan | ¢t la tap hop cac hoc sinh gidi Toan, gidi Van cla 16p 10E. Biét
A = {Minh, Nam, Lan, Hong, Nguyét} ;
B ={C 0ng, Lan, Dling, Hong, Tuyét, Lé}.
(Céac hoc sinh trong 16p khong tring tén nhau.)
Goi C la tap hop doi tuyén thi hoc sinh gidi cla I6p gébm cac ban gidi Toan hoac
gidi Van. Hay xac dinh tap hop C.

Tdp hop C gom cdc phan tir thuéc A
hodc thudéc B d oc goi la hop cuia A
va B.

Ki hiéu C = A U B (phan gach

chéo trong hinh 6). Vay
AUB={x]|x e Ahoac x € B}

xe A

X € B.

xeAuB@{

11 - HIEU VA PHAN BU CUA HAI TAP HOP

3
ﬁGié st tap hop A cac hoc sinh gidi ctia 16p 10E 1a
A = {An, Minh, Bao, C dng, Vinh, Hoa, Lan, Tué&, Quy}.
Tap hop B cac hoc sinh clia t6 1 16p 10E la
B = {An, Hung, Tuan, Vinh, L&, Tam, Tué, Quy}.
Xac dinh tap hop C cac hoc sinh gidi clia 16p 10E khong thudc t6 1.

Tdp hop C gom cdc phdn tit thuéc A nh ng khong thuoc B goi
| la hiéu ciia A va B.

14



=

Ki hiéu C = A\ B (phan gach
chéo trong hinh 7). Vay

A\B={x|x e Avax ¢ B}

xeA

xeA\B@{
x¢B.

Khi B < A thi A\ B goi la phan
bu ciua B trong A, ki hiéu C,B
(phan gach chéo trong hinh 8).

Bdi tap

Ki hiéu <212 tap hop cic chit cdi trong cau "CO CHI THI NEN", 2 1a tap hop
céc chit céi trong cau "CO CONG MAI SAT CO NGAY NEN KIM". Hay
xdc dinh o N B, A U B, A\ B, B\ A&

V& lai va gach chéo cac tap hop A N B, A U B, A\B (h. 9) trong cédc tr ong

hgp sau.
O ’ ’ ’
a) b) c) d)

Hinh 9
Trong s6 45 hoc sinh cua 16p 10A c6 15 ban @ oc x€p loai hoc luc gioi, 20 ban
d oc xép loai hanh kiém tot, trong d6 c6 10 ban vira hoc luc gioi, vira ¢6 hanh
kiém tot. Hoi
a) Ldp 10A c6 bao nhiéu ban d ¢c khen th dng, biét rang mu6n d oc khen
th &ng ban do6 phai hoc luc giodi hodc c6 hanh kiém tot ?
b) Lép 10A c6 bao nhiéu ban ch a d oc x&p loai hoc luc gioi va ch a c6
hanh kiém t6t ?

. Cho tap hop A, hdy xdc dinh AN A, AUA, AN D, AUD, CuA, Cy Q.

15



/, CAC TAP HGP sO

S

I - CAC TAP HOP SO PA HOC

%Vé biéu d6 minh hoa quan hé bao ham clia cac tap hop s6 da hoc.

1.

16

Tap hgp cac sé tu nhién N

N = {0, 1,2,3,...} 5
N ={1,2,3,..}.

Tap hgp cac sé nguyén

={.,-3,-2,-1,0,1,2,3, ...}.
Cac s6 —1, -2, -3, ... la cdc sO nguyén am.

Vay  gbm cdc s6 tu nhién va cdc s6 nguyén am.
Tap hop cac sd hitru ti Q

S6 hitu ti biéu dién d oc d 6i dang mot phan so %, trongd6a,b e ,b+0.

Hai phan s6 — va — biéu dién cing mot s6 hitu ti khi va chi khi ad = bc.

IS

a
b
S6 hitu ti con biéu dién d oc d 6i dang s6 thap phan hitu han hodc v6 han
tuan hoan.
Vidul. > =125

=0,41(6).

5|U] NN



4. Tap hop cac sod thuc

Tap hop cac s6 thuc gom céc s6 thap phan hitu han, vo han tuan hoan va vo han
khong tuin hoan. Céc s6 thap phan vo han khong tuan hoan goi 1a s6 vo ti.

Vidu 2. a=0,101101110 ... (s6 chit s6 1 sau mdi chit s6 0 ting dan) la

mot s6 vo ti.

Tap hop cac so thuc gom cédc s6 hitu ti va cac s6 vo ti.

M6i s6 thuc d gc biéu dién boi mot diém trén truc s6 va ng gc lai (h.10).
2

-2 -1 0 13 2
2

Hinh 10

II - CAC TAP HOP CON TH ONG DUNG CUA

Trong toan hoc ta th ong gap cac tap hop con sau day cta tap hgp cac so
thuc  (h.11).

Khoang
(@:b) ={xe la<x<b) e
a b
(Cl ; +CD) = {X (S | a < X} IIIIIIIIIIIIIIIIIIIIIIIIIII(
a
(_w ) b) = {X S | x < b}. )’Illlllllllllllllllll
Poan b
[a;b] ={xe la<x<b}. Attt
9 2 a b
Nura khoang
l[a;b) ={xe |a<x<b) e e
a b
(a;b] ={xe |a<x<b) D e LI
a b
[a;+0)={xe |a<x] ittt
a
(_w ; b] = {x € | X S b}' ]Illlllllllllllllllllll
b
Hinh 11

Ki hiéu +oo doc 1a d ong vo cuc (hoac d ong vo cung), ki hiéu —oo doc 1a
dm vo cuc (hodac am vo cung).

17



Ta c6 thé viét = (—o0 ; +00) va goi 12 khodng (—oo ;+o0).

Vi moi s6 thuc x ta cling viét —oo < x < 400,

Bdi tap
Xic dinh cdc tap hop sau va biéu dién ching trén truc s6
1. a)[-3:1)u(0;4]; b) (0;2]U[-1;:1);
) (<2115 U (3 +0); d>(—1;§]u[_1;2>;
e) (—o; 1)U (=2 ; +0).
2. a)(-12;3]n[-1:4]; b)4;7) N (=7;-4);
©)(2;3)n[3;5); d) (-0 ;2] N [-2; +o0).
3. a)(=2;3)\1:5); b) (=2;3)\[1:5);
¢c) \(Q2;+4x); d \(-o; 3]

BAN CO BIET

CAN-TO

Can-to 1a nha toan hoc Dlc géc Do Thai.

Xuét phat tir viéc nghién cu cac tap hgp vé han va cac s6
siéu han, Can-to d&a dat nén moéng cho viéc xay dung Li thuyét
tap hop.

Li thuyét tap hop ngay nay khdng nhiing la co sé cla toan
hoc ma con la nguyén nhan cla viéc ra soat lai toan bd co sé
I6gic cla toan hoc. N6 c6 mét &nh h éng sau sac dén toan
bd cau trac hién dai clia toan hoc.

TU nhitng nam 60 cla thé ki XX, tap hop d dc d a vao giang

G. CAN'TO day trong tr dng phé théng & tat ca cac n 6c. Vi cong lao to
(Georg Ferdinand 14 g Can-to d6i véi toan hoc, tén clia 6ng da d dc dat cho
Ludwig Philipp Cantor a4 miang ni Iira trén Mat Trang.
1845 —1918)
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6‘5 SO GAN PUNG. SAI SO
J

1 - 30 GAN DUNG
Vi du 1. Khi tinh dién tich cta hinh tron ban kinh
r =2 cm theo cong thic S = o (h.12),

Nam ldy mot gia tri gan ding cua 7 la 3,1 va
d oc két qua
S=3,1.4=124(cm").
Minh 1ay mot gia tri gan ding cua « 1a 3,14 va
d oc két qua Hinh 12

S=3,14.4=12,56 (cm®).
Vit = 3,141592653 ... 1a mot s6 thap phan vo han khong tuan hoan, nén ta
chi viét d oc gan ding két qua phép tinh . bing mot s6 thap phan hitu han.

I\ TN
/ N\ Khi doc cac théng tin sau em hiéu doé Temd)
la cac s6 dung hay gan dung ? T /
Ban kinh d dng Xich Dao cla Trai D4t 1a T NS
6378 km.
Khoang céach tir Mat Trang dén Trai Dat 7
la 384 400 km.

Khoang cach tir Mat Troi dén Trai Dat 0 T
la 148 600 000 km. S -

Dé do cdc dai | ong nh bdn kinh d ong Xich Dao cta Trai Dat, khoang cach
tu Trai Dat dén céac vi sao,... ng 0i ta phai dung cdc ph ong phdp va cic
dung cu do dac biét. Két qua ctia phép do phu thudc vao ph ong phap do
va dung cu d gc st dung, vi th€ th ong chi la nhitng s6 gan ding.

Trong do dac, tinh todn ta th ong chi nhdn d oc cdc so gan diing.
II — SAI SO TUYET POI

1. Sai s6 tuyét déi ciia mét sé gan diang

Vi du 2. Ta hay xem trong hai két qua tinh dién tich hinh tron (r = 2 cm)
cua Nam (§ = 3,1.4 = 12,4) va Minh (S = 3,14 . 4 = 12,56), két qua nao
chinh xac hon.
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Tathdy 3,1 <3,14<m,
dodo 3,1.4<3,14.4<n.4
hay 124<12,56<S=m.4.
Nh vay, két qua cia Minh gan véi két qua ding hon, hay chinh xac hon.
T bat dang thiic trén suy ra
IS —12,56| < |S — 12,4].

Ta néi két qua ctia Minh ¢6 sai s6 tuyét doi nho hon ciia Nam.

2. Do chinh xac cua mét sé gan dang

Néu a la s6 gan diing cia s6 diing @ thi A,=|a — a|ld oc goi la

sai s0 tuyét doi cua s6 gdan diing a.

Vi du 3. C6 thé xac dinh d ¢c sai so tuyét doi cua cdc két qua tinh dién
tich hinh tron cia Nam va Minh d 6i dang s6 thap phan khong ?
Vi ta khong viét @ ¢c gia tri ding cua S = n.4 d 6i dang mdt s thap phan
hitu han nén khong thé tinh d oc cdc sai so tuyét doi d6. Tuy nhién, ta c6
thé &c 1 ong chiing, that vay

3,1<3,14 <n<3,15.
Do d6 12,4< 12,56 < S < 12,6.
Tedéosuyra |S—12,56]<]12,6 — 12,56] = 0,04

IS —12,4| < (12,6 — 12,4| =0,2.
Ta n6i két qua clia Minh c6 sai so6 tuyét doi khong v ot qua 0,04, két qua
cua Nam c6 sai so tuyét doi khong v ¢t qua 0,2. Ta cling n6i két qua cta
Minh c6 d6 chinh xéac 1a 0,04, két qua cuia Nam c6 do chinh xac 1a 0,2.

NéuA,=|a —a|<dthi-d<a —a<dhaya-d< a <a+d.

Ta néi a la s6 gan diing cia a vdi do chinh xdc d, va quy
deviét gonla a =a=*d.

2
%Tl’nh d ang chéo clia mét hinh vudng cé canh bang 3 cm va xac dinh do chinh xac
clia két qua tim d dc. Cho biét +/2 = 1,4142135 ... .
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CHUY

Sai s6 tuyét déi clia s6 gan dung nhan d dc trong mét phép do dac déi
khi khédng phan anh day du tinh chinh xéac clia phép do do.

Ta xét vi du sau. Cac nha thién van tinh d dc thdi gian dé Trai Dat
quay mot vong xung quanh Mat Troi la 365 ngay J_r% ngay. Nam tinh

thgi gian ban d6 di tr nha dén tr dng la 30 phat + 1 phat.
Trong hai phép do trén, phép do nao chinh xac hon ?

(RN
W) =

Phép do clia cac nha thién van co sai so tuyét doi khéng v ot qua i ngay,

nghia 1a 6 gi¢ hay 360 phut. Phép do clia Nam c6 sai s6 tuyét déi khong v ot
qua 1 phut.

Thoat nhin, ta thay phép do clia Nam chinh xac hon clia cac nha thién van
(so sanh 1 phut véi 360 phat). Tuy nhién, i ngay hay 360 phut la d6 chinh
xac clia phép do mét chuyén déng trong 365 ngay, con 1 phut 1a d6 chinh

xac clia phép do mét chuyén déng trong 30 phut. So sanh hai ti s6

= L =0,0006849...
1460

[~1-

365
L =0,033...
30
ta phai néi phép do clia cac nha thién van chinh xac hon nhiéu.

Vi thé ngoai sai s6 tuyét déi A, cla s gan ding a, ng Ji ta con xét ti s6

5A“

azm.

5, d dc goila sai s6t ong déi clia s6 gan dung a.
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IIT - QUY TRON SO GAN PUNG

1.

2,

22

On tap quy tac lam tron sé
Trong sdch gido khoa Todn 7 tap mot ta di bi€t quy tac lam tron s6 dén
mot hang nao do (goi la hang quy tron) nh sau
Néu chit s6 sau hang quy tron nho hon 5 thi ta thay né va cdc
chit s6 bén phdi né boi chit s6 0.
Néu chit s6 sau hang quy tron lon hon hodc bang 5 thi ta ciing

lam nh trén, nh ng cong thém mot don vi vao chit sé cuia
hang quy tron.

Chang han

S6 quy tron dén hang nghin ctia x =2 841 675 la x ~ 2 842 000, ctia y =432 415
lay = 432 000.

S6 quy tron dén hang phan tram ctua x = 12,4253 la x ~ 12,43 ; cha y = 4,1521
lay~4,15.

Cach viét sé quy tron cla sé gan dung can cif vao dd chinh xac
cho tr éc

Vidu 4. Cho s6 gan ding a = 2 841 275 v6i d0 chinh xac d = 300. Hay viét
sO quy tron cua so a.

Gidi. Vi do chinh x4c dén hang tram (d = 300) nén ta quy tron a dén hang
nghin theo quy tac lam tron ¢ trén.

Vay s6 quy tron ctia a 1a 2 841 000.
Vi du 5. Hay viét s6 quy tron clia s6 gan ding a = 3,1463 biét

a =3,1463 £ 0,001.
Gidi. Vi do chinh xdc dén hang phdn nghin (d6 chinh xac 1a 0,001) nén ta
quy tron s6 3,1463 dén hang phdn trdm theo quy tac 1am tron & trén.
Vay s6 quy tron cta a 1a 3,15.
3
Hay viét s6 quy tron cla sé gan dung trong nhing tr dng hop sau
a) 374529 + 200 ;
b) 4,1356 + 0,001.



Bai tép
Biét 3/5 = 1,709975947 ...

Viét gan ding J5 theo nguyén tac lam tron véi hai, ba, bon chit s6 thap
phan va &cl ong sai so tuyét doi.

Chiéu dai mot cdi caula/=1745,25m = 0,01 m.

Hay viét s6 quy tron cua s6 gan ding 1745,25.

a) Cho gia tri gan ding cta © 1a a = 3,141592653589 véi do chinh xéc 1a
10710, Hay viét s6 quy tron cua a ;

b) Cho b = 3,14 va ¢ = 3,1416 la nhiing gia tri gan ding cua n. Hay &c¢
1 ong sai s6 tuyét doi cua b va c.

Thuc hién cac phép tinh sau trén may tinh bo tdi (trong két qua 1ay 4 chir
s0 & phan thap phan).

a) 3714 ;
b) J15.12%.

H dng dan cdch gidi cdu a). Néu dung may tinh CASIO fx-500 MS ta 1am
nh sau

An 3 Al T X \/7 14 =
An lien ti€p phim [MODE| cho dén khi man hinh hién ra

Fix Sci Norm
1 2 3

An lien tiép dé 14y 4 chit s6 & phan thap phan. Két qua hién ra trén
man hinh 1a 8183.0047.

Thuc hién cac phép tinh sau trén may tinh bo tdi
a) 3217 : 13> véi két qua c6 6 chit s6 thap phan ;
b) (42 +337) 14° véi két qua c6 7 chit s6 thap phan ;
c) [(1,23)5 + %/—Tf2]9 v6i két qua c6 5 chit s6 thap phan.
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H ong dan cdch gidi cdu a). Néu dung may tinh CASIO fx-500 MS ta 1am
nh sau

o [ 3| [sHipT] [y 217 [ <] 13 [A][5]]=

An lien ti€p phim [MODE| cho dén khi man hinh hién ra

Fix Sci Norm
1 2 3

An lien tiép [1] [6] dé 1y 6 chit s6 thap phan.
K&t qua hién ra trén man hinh 1a 0.000016.

ON TAP CHUONG 1

X4ac dinh tinh ddng sai cuia ménh dé phu dinh A theo tinh ding sai clia
ménh dé A.
Thé nao 1a ménh dé dao ctia ménh dé A = B ? Néu A = B 1a ménh dé
ding, thi ménh dé dao ctua nd c6 ding khong ? Cho vi du minh hoa.
Thé nao 1a hai ménh dé t ong d ong ?
Néu dinh nghia tap hgp con cia mot tap hop va dinh nghia hai tap hop
bang nhau.
Néu cac dinh nghia hgp, giao, hiéu va phan bu cua hai tap hop. Minh hoa
céc khéi niém d6 bang hinh vé.
Néu dinh nghia doan [a ; b], khoang (a ; b), nira khoang [a ; b), (a ; b],
(-0 ; b], [a; +0). Viét tap hgp ~ cdc so thuc d 6i dang mot khoang.
Thé nao la sai sO tuyét d6i cia mot s6 gan ding ? Thé nao la do chinh xac
ctia mot s6 gan ding ?
Cho t gidc ABCD. Xét tinh diing sai cia ménh dé P = Q véi
a) P : "ABCD la mot hinh vuong",

Q : "ABCD 1a mot hinh binh hanh" ;
b) P : "ABCD la mot hinh thoi",

Q : "ABCD la mot hinh chit nhat".



10.

11.

12.

13.

14.

15.

Xét moi quan hé bao ham gitra cac tap hop sau

A 12 tap hop céc hinh tit gic ; D 1a tap hop céc hinh chit nhat ;
B 1a tap hgp céc hinh binh hanh ; E 1a tap hop cac hinh vuong ;
C 1a tap hop céc hinh thang ; G 1a tap hop céc hinh thoi.

Liét ké cdc phan ti cia mdi tap hgp sau
a)A=1{3k-21k=0,1,2,3,4,5};
b)B={xe N |x<12};
)C={-1)"|ne N}.

Gia st A, B 1a hai tap hop s6 va x 1a mot s6 da cho. Tim cdc cap ménh dé
t ong d ong trong cic ménh dé sau

P:"xeAUB"; S:"xeA vaxeB";
0O:"x e A\B" ; T:"x € Ahoac x € B";
R:"xeAnB"; X:"xeA vaxgB".

X4c dinh cac tap hop sau

a) (=3:;7)n(0;10);

b) (=03 5) N (2 +0) ;

¢) \(—o0;3).

Dung mdy tinh bo tdi hodc bang s6 dé tim gia tri gdn ding a cla 2 (két

qua d ¢c lam tron dén chit s6 thap phan thi ba). U6c 1 ong sai s6 tuyét doi
cua a.

Chiéu cao cia mot ngon doi 1a 2 = 347,13 m = 0,2 m.
Hay vi€t s6 quy tron clia s6 gan ding 347,13.

Nhitng quan hé nao trong cdc quan hé sau la ding ?
aA)AcCcAUB;

b)AcANB;

cO)ANBcCcAUB;

d)AuUBCB;

e)ANBCA.
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Bai tap trdc nghiém

Chon ph ong dn dung trong cdc bai tdp sau

16.

17.

26

Cho cac s6 thuc a, b, c,dvaa<b<c<d.Tacd

A @s;oonb;d)=0b;c); B)@;o)nb;d)=1[b;c);

O @;o)nlb;d)y=[b;cl; D)a;0)v(b;d)=(;d.

Biét P = Q 1a ménh dé ding. Ta c6

(A) P la diéu kién can dé c6 Q ; (B) P 1a diéu kién da dé c¢6 Q ;

(C) Q 1a diéu kién can va da dé c6 P; (D) Q la diéu kién du dé€ c6 P.

B I POC THEM

HE NHI PHAN

Cach ghi s6 th dng ding hién nay (hé ghi s6 thap phan) do ng i Hin-du An Do
phat minh vao dau thé ki IX. D& ghi tat ca cac sé tu nhién, ng oi Hin-du dung
10 ki hiéu (sau nay ta goi la 10 chit s6) nh sau

o1 L 3 ¥Y & 61T

cac s6 d gc ghi thanh hang, ké tir phai sang trai, hang sau c6 gia tri bang 10 1an
hang tr &c né.
Céch ghi s6 cla ng di Hin-du d oc truyén qua A Rap réi sang chau Au va nhanh
chéng d dc thira nhan trén toan thé gidi vi tinh  u viét cdia n6 so véi cac cach ghi
s6 tr 6c d6. Cach ghi s6 ¢6 duy nhat con d dc dung ngay nay |14 hé ghi s6 La M3,
nh ng cling chi mang y nghia trang tri, t ong tr ng.
Trai qua nhiéu thé ki, 10 chii s6 clia ng i Hin-du d dc bién d6i nhiéu lan & cac quéc
gia khac nhau, roi di t6i thGng nhat trén toan thé giGi l1a cac chir s6

0 1 23 456 7 809
Ng 6i Hin-du ghi sé theo nguyén tc nao ?
Ta hay xét mot s& cu thé, chang han sé 2745. Ta néi s6 nay gébm hai nghin, bay
tram, bén m oi va nam don vi, hay cé thé viét

2745=2.10>+7.10° + 4.10 + 5.



Téng quat, cd s& cho cach ghi sé clia ng &i Hin-du 1a dinh Ii sau

"Méi s6 tu nhién a # 0 déu viét d gc mét cach duy nhatd 6i dang
a= an.lOn + an_110n_1 +..+a.10 +a

trong d6 0<a;<9,i=0, ..,nvaa,=0"

Khi a c6 biéu dién nh vay, ta viét
a=a,a, |..a,q, .
va néi d6 |a cach ghi sé a trong hé thap phan.
Tuy nhién, dinh Ii trén van dang khi ta thay 10 bdi s& nguyén g > 1 tuy y. Mdi s6 tu
nhién a # 0 déu viét d gc mét cach duy nhatd &i dang
n n—1
a=a,g +a, 1§ +..+a;g+ay
trongd60<a;<g-1,a,+0.
Khi a c6 biéu dién nh vay, ta viét

a=a,a, .. ad,

va ndi d6 la cach ghi s6 a trong hé g - phan ; a, ay,..., a, goi la cac chir s6 cla s6
a.Vi0<a;<g-1,nén dé bidu dién sb tu nhién trong hé g - phan ta can dung g
chir s6.

DPé& biéu dién s6 tu nhién a trong hé ¢ - phan, ta thuc hién phép chia lién tiép a va
cac th ong nhan d dc cho g.

Vi du. Biéu dién 10 trong hé nhi phan (g =2).

Taco 10| 2

Viét day cac s6 d theo thr tu tr d 6i 1én ta d dc su biéu dién cGa 10 trong hé
nhi phan

10= 10102.
Trong hé nhi phan chi c6 hai chir s6 14 0 va 1 va méi s6 tu nhién d oc biéu dién bai
mot day ki hiéu 0 va 1. Mot day ki hiéu 0 va 1 c6 thé biéu thi bdi mét day béng dén
véi quy dc béng dén sang biéu thi chii s6 1, bong dén tat biéu thi chir s6 0.

27



Diéu dé giai thich vi sao hé nhi phan d dc st dung trong Cong nghé théng tin.
Bang d 6i day cho su biéu dién cac s6 ti 0 dén 15.

S6 trong hé thap phan Biéu dién nhi phan Biéu dién vat li
0 0
1 1 »
2 10
3 11 * *
4 100 *
5 101 *  ®
6 110 »* *
7 111 * X ®
8 1000 »
9 1001 » *
10 1010 »
11 1011 * o %
12 1100 * *
13 1101 * % *
14 1110 * X ®
15 1111 * ok N

Viéc thuc hién cac phép tinh trong hé nhi phan cling t ong tu nh trong hé thap
phan nh ng dé& dang hon nhiéu vi bang coéng va bang nhan (cdng va nhan cac
chit s6) trong hé nhi phan rat don gian

+ 0 1 x 0 1
0 0 1 0 0 0
1 1 10 1 0 1

D& cong hai sé bat ki trong hé nhi phan, ta dat phép tinh nh  trong hé thap phan
vachtyrang 1+ 1=10 (viét 0 nhG 1).



Vi du.
10110

1011
1700001
Con d6i v8i phép nhan ta chi can thuc hién cac phép dich chuyén va phép cong.
Vi du.

1 0 1 1 0
X
1 0 1
1 0
0 0 0 O
1 0 1 1

11 0 1 1 1 0

Nh vay, cac phép tinh trong hé nhi phan d@ dc tién hanh theo nhiing quy tac don
gian, do d6 dé "day" cho may thuc hién. D6 ciing 1a Ii do dé& s dung hé nhi phan
trong Cong nghé théng tin.

BAN CO BIET

HE GHI SO Al CAP

N6i dén Ai Cap ta nghi ngay dén cac Kim tu thap day huyén bi.
Chuang ching to rang tir thdi xa x a 8 noi day da c6 mot nén van
minh ruc rd.

TU khoang 3400 nam tr 8¢ Céng nguyén, ng Ji Ai Cap da c6 mot
hé théng ghi s6 gdom 7 ki hiéu, c6 gia trit ong Ging nh sau

N ? X - <o X

1 10 100 1000 10000 100000 1 000000
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Kim ty thdap Ké-op

TU 7 ki hiéu trén cac s6 d oc ghi theo nguyén téc cong tinh, nghia
I gia tri cla mot s6 bang téng gia tri cac ki hiéu cé mat trong sé
d6. Vidu

Y= ernll-

=1 000 000 + 100 000 + 10 000 + 10 000 + 10 + 1 + 1
=1120012.



H HAM sO BAC NHAT
Chuong Vﬂ BQC IRIR1

A

~

A~

A

Trong ch ong trinh mén Toan Trung hoc co s, hoc sinh

da nam d oc cac khai niém ham s, ham s bac nhat, ham
s0 bac hai, ham s6 dong bién, ham s nghich bién.

Ch ong nay 6n tap va bd sung cac khai niém co ban vé
ham so, tap xac dinh, do thi cia ham s, khai niém ham sé
chan, ham s6 18, xét chiéu bién thién va vé do thj cac ham
s da hoc.

AT

b

HAM S0 BAC NHAT VA BAC HAI




HAM sO

I - ON TAP VE HAM SO

1.

#

Ham s6. Tap xac dinh cta ham sé

ia sir c¢6 hai dai 1 gng bién thién x va y, trong d6 x nhan gia tri thuoc tap

Q

s6 D.

Vidu1

Néu véi moi gid tri ciia x thudc tdp D c¢é mot va chi mot gid
trit ong ting ciia y thudc tdp so thuc

thi ta c6 mot ham so.

Ta goi x la bién sé va y la ham s6 cua x.

Tdp hop D d oc goi la tdp xdc dinh ciia ham so.

Bang d 6i day trich tir trang web ctia Hiép hoi lién doanh Viét Nam — Thai Lan
ngay 26 — 10 — 2005 vé thu nhap binh quan dau ng oi (TNBQDN) cua
n &c ta tt nam 1995 d€n nam 2004.

Nam 1995 | 1996 | 1997 | 1998 | 1999 [2000| 2001 | 2002 | 2004
TNBQDN
(tinh theo USD) | 200 | 282 | 295 | 311 | 339 | 363 | 375 | 304 | 564

Bang nay thé hién sy phu thuoc gitta thu nhap binh quan dau ng oi (ki hiéu
12 y) va thoi gian x (tinh biang nam).
Vi moi gid tri x € D = {1995, 1996, 1997, 1998, 1999, 2000, 2001, 2002,

2004} ¢6 mot gid tri duy nhdt y.

Vay ta ¢c6 mot ham s6. Tap hop D la tap xac dinh clia ham so6 nay.

Cac gia tri y = 200 ; 282 ; 295 ; ... d oc goi la cac gid tri ctia ham so,
t ong ung, tai x = 1995 ; 1996 ; 1997 ; ...

1

Hay néu mét vi du thuc t€ vé ham sé.

2. Cach cho ham sé

32

Mot ham s6 c6 thé d oc cho bing cac cdch sau.

Ham s6 cho bang bang

Ham s6 trong vi du trén 1a mot ham s6 d oc cho bang bang.




#

%

%

2
Hay chi ra cac gia tri cGia ham sé trén tai x = 2001 ; 2004 ; 1999.

Ham sé cho bang biéu dé

Vi du 2. Biéu d6 d 6i (h.13) (trich tir bdo Khoa hoc va Doi s6ng s6 47
ngay 8 —11-2002) mo ta s6 cong trinh khoa hoc ki thuat dang ki du giai
th ong Sang tao Khoa hoc Cong nghé Viét Nam va s6 cong trinh doat giai

hang nam tir 1995 dén 2001.
Biéu do6 nay xac dinh hai ham s6 trén cung tap x4c dinh
D = {1995, 1996, 1997, 1998, 1999, 2000, 2001 }.

3
Hay chi ra cac gia tri cia méi ham s6 trén tai cac gia trix € D.

141

B Tong sé cong trinh tham du giai th éng

(] Téng sé cong trinh doat giai th éng 116

108
78
56
39 43
29 2
; 23 28
10

NAM NAM NAM NAM NAM NAM NAM
1995 1996 1997 1998 1999 2000 2001

Hinh 13

Ham s6 cho bang cong thirc

4
Hay ké cac ham s6 da hoc & Trung hoc co sé.

CachamsOy=ax+b,y= a , Y= ax’ 1a nhitng ham s6 d ¢c cho bdi cong thic.
X
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Khi cho ham s6 biang cong thiic ma khong chi rd tap xac dinh cla n6 thi ta
c6 quy &c sau

Tdp xdc dinh cua ham s’y = f(x) la tdp hop tdt cd cdc s&
thite x sao cho biéu thitc f(x) cé nghia.
Vidu 3. Tim tap xac dinh cua ham s6 f(x) = Vx — 3.

Gidi. Biéu thiic vx —3 ¢6 nghia khi x — 3 > 0, tc 1a khi x > 3. Vay tap
xac dinh ctia ham s6 da cho 1a D = [3 ; +o).

5
ﬁﬁm tap xac dinh clia cac ham sé sau
3
a =
) 8(x) 0
b) (x)=vx+1++1-x.

CHUY

Mot ham s6 ¢6 thé d oc cho béi hai, ba,... cong thitc. Ching
han, cho ham s&

2x+1v6i x>0
y= 2 B
—X voix <0

nghia 12 v6i x > 0 ham s6 d ¢c xdc dinh béi biéu thiic fix) = 2x + 1,

v6i x <0 hdm s6 d oc xdc dinh bdi bi€u thic g(x) = —x2.

6
%Tl’nh gia tri cla ham s6 & chu y trén tai x = 2 va x = 5.

3. D6 thicua ham sé

| Do thi ciia ham s6'y = f(x) xdc dinh trén tdp D la tdp hop tdt cd
cdc diém M(x ; f(x)) trén mdt phdng toa dé véi moi x thuoc D.
Vi du 4. Trong Sach gido khoa Todn 9, ta di biét d6 thi cia ham s6 bac nhat
y =ax + b 1a mot d ong thang, dé thi clia ham s6 bac hai y = ax’ 1 mot
d ong parabol.
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y . y /
2 \| |3 /
2
2| -1 1
o] 1] 2 X 10
-1 =2/ -1 0| 1 2 x
D6 thi ham s6 () = x + 1 D6 thi ham 6 g(x) = %xz

Hinh 14

% 7
Dua vao do thi clia hai ham sé da cho trong hinh 14
y=fix)=x+1vay=gk) = %xz hay

a) Tinh f(=2), f(-1), f0), f(2), g(-1), g(-2), g(0) ;
b) Tim x, sao cho fix) =2 ;
Tim x, sao cho g(x) = 2.

Ta th ong gap tr ong hop do thi ctia ham s6 y = f{x) lamot d ong (d ong thang,
d ong cong, ...). Khi do, ta ndi y = f(x) 1a ph ong trinh cua d@ ong do.
Chéng han

y =ax + b laph ong trinh cia mot d ong thang.

y= ax’ (a #0) 1a ph ong trinh ciia mot @ ong parabol.

11 - SUBIEN THIEN CUA HAM SO
1. On tap
Xét d6 thi ham s6 y = f(x) = K (h.15a). Ta thdy trén khoang (—oo ; 0) d6 thi
"di xuong" tur trdi sang phai (h.15b) va véi
X1, Xy € (=003 0), x; < xp thi flx;) > f(xy).
Nh vay, khi gia tri cua bién so tdng thi gia tri cia ham so giam.
Ta n6i ham s6 y = i nghich bién trén khoang (—o0 ; 0).
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y y ' y
______ f(xl) ,’ “ f(xz)_______
| ! \ :
l J ! \ 4 I
l ! \ I
1 / \ I
| ! \ I
I T ! \ T I
| / \ |
I ) \ l
! . f(ng, WOk - !
1 | / \ | 1
! ! // 1 1 > 1 1 \\ ! ! >
0 X Xy X, O X 0} X, X, Xx
a) b) c)
Hinh 15

Trén khoang (0 ; +o0) d6 thi "di 1én" tur trdi sang phai (h.15¢) va véi
X1, Xy € (05 400) 5 X1 < Xy thi flxy) < flxy).

Nh vay, khi gia tri cia bi€n so tdng thi gia tri cua ham s6 cling tdng.

Ta n6i ham s6 y = e dong bién trén khoang (0 ; +o0).
CHUY
Khi x > 0 va nhan cédc gia tri 16n tuy y thi ta néi x dan tGi +oo.
Khi x < 0 va |x| nhan céc gid tri 16n tuy ¥ thi ta n6i x dan t6i —oo.
Ta thdy khi x din t6i +oo hay —oo thi x* dén t6i +oo.

Téng quat

Ham s’y = f(x) goi la dong bién (tdng) trén khodng (a ; b) néu
X1, Xy € (a; D) : x1 <xy = flxy) < f(x7).

Ham s6'y = f(x) goi la nghich bién (gidm) trén khodng (a ; b) néu

X1, Xy € (a; b) 1 x1 <xy = f(xq) > f(xy).

2. Bang bién thién

Xét chiéu bién thién cua mot ham sé 1a tim cac khoang dong bién va cic
khodng nghich bién ctia n6. Két qua xét chiéu bién thién d ¢c téng két
trong mot bang goi 1a bdng bién thién.
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Vidu 5. D Gi day la bang bién thién cua ham s6 y = 2

X —o0 0 +o0

+00

y \0/

+00

Ham s6 y = % xéc dinh trén khoang (hoac trong khoang) (- ; +0) va khi
x dan tGi +oo hodc dén t6i —oo thi y déu dan tdi +oo.
Taix=0thiy=0.
Dé dién td ham s6 nghich bién trén khodng (- ; 0) ta vé miii
tén di xuong (ti +o dén 0).
Dé dién td ham soé dong bién trén khodng (0 ; +0) ta vé miii
tén di lén (tir O dén +o).
Nhin vao bdng bién thién, ta so bé hinh dung d oc do thi ham
sO (di lén trong khodng nao, di xudng trong khodng nao).

111 — TINH CHAN LE CUA HAM SO

1. Ham sé6 chan, ham sé 1é

Xét d6 thi cua hai ham s6 y = f(x) = x2 vay = g(x) =x (h.16).

y 4

N 7 .
i | 2p--- .
! i 1!
i ! -2 -1 b
! 1 1 | T 9]
| N "1 "/ 1 ' i 1 2 X
EEANA . !

2 -10 1 2 «x A )

S e 2 s

DO thi ham sy =x Do thi ham s6'y =x
Hinh 16

N 2 . N . C e 4 )
D ong parabol y = x™ ¢6 truc doi xung 1la Oy. Tai hai gié tri doi nhau cua
bién s6 x, ham s6 nhan cling mot gia tri

fD =1 =1,/(-2)=f2) =4,...
Go6c toa do O la tdm doi xitng cha d ong thang y = x. Tai hai gid tri doi
nhau ctia bién s6 x, ham s6 nhan hai gia tri d6i nhau

g=1) =—g(1), g(=2) = —g(2), ...
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Ham s6 y = “la mot vi du vé ham so chdn.
Ham s6 y = x 1a mot vi du vé ham so'le.
Téng quét
Ham s6'y = f(x) vdi tdp xdc dinh D goi la ham s6 chan néu
Vx € D thi —x € D va f(—x) = f(x).
Ham s6'y = f(x) vdi tdp xdc dinh D goi la ham s6'1é néu
Vx € D thi —x € D va f(—x) = —f(x).

8
%Xét tinh chan Ié clla cac ham s&

a)y:3x2—2; b)y=%; c) y=vx.

CHUY

Mot ham s6 khong nhat thiét phai 1a ham s6 chan hoac ham s6
1é. Chang han, ham s6 y = 2x + 1 khong 12 ham s6 chén, ciing
khong 1a ham s6 1é vi gid triciané taix =1 vax=—1t ong
ting 1a 3 va —1. Hai gid tri ndy khong bang nhau va ciing
khong doi nhau.

2. Do thi cia ham sé chdn, ham sé 1é

A z A N : ? N A 2 N ~ 7,
Nhan xét vé do thi cua ham s6 y = x~ va y = x trong muc 1 cling ding cho
tr ong hop tong quat. Ta c6 két luan sau
Do thi ciia mot ham sé chdan nhdn truc tung lam truc doi xiing.

Do thi cia mot ham s6'lé nhdn goc toa do lam tdm doi xiing.

Bdi tap
1. Tim tap xéac dinh clia cic ham s6
a)y=3x_2; by:x—_l; c)y:\/2x+l—\/3—x.
2x +1 ¥ +2x-3

2. Cho ham s6
x+1 v6i x=2
Y=13 5 .
xXT =2 v6i  x<2.
Tinh gia tri chaham s6 dé taix =3 ; x=—1; x=2.
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N P 2 7 A z A A . ? N\ ~ Z A
3. Choham sd y=3x"—2x+ 1. Cic diém sau c6 thudc do thi cua ham s6 d6 khong ?

a)M(-1,6);
b) N(1;1);
c)P(O;1).
4. Xét tinh chin 1é ctia cdc ham s&
a)y=x[;
b)y=(x+2);
3
C)y=x +x;

d)y:x2+x+1.

§2‘HAM56y=ax+b

I - ON TAP VE HAM SO BAC NHAT
y=ax+ b (a#0).
Tdp xdc dinh D =
Chiéu bién thién
Vi a >0 ham so dong bién trén
Vi a <0 ham so nghich bién trén

Bdng bién thién

a>0 a<0
X —0Q0 +00 X —00 +00
—+00 +00
—Q0 —Q0




Do thi

D6 thi clia ham s6 1a mot d ong thang khong song song va ciing khong
trung v6i céc truc toa do. D ong thang nay luén song song véi d ong
théng y = ax (n€u b # 0) va di qua hai diém A(0 ; b) ; B(—é ; Oj (h.17).
a

Yy

b >
X
ar-7
_g O 1I X
a>0 a<0
Hinh 17
1
V& d6 thi cGa cac ham sé : y=3x+2;y=—%x+5.
I - HAM SO HANG y = b
/ Q) Cho ham s hang y = 2.
Xac dinh gia tricla hamsé taix=-2;-1;0;1; 2.
Bidu dién cac diém
(-2;2),(-1;2),(0;2),(1;2),(2;2)trén mat phéng toa do.
Néu nhan xét vé dé thi ctia ham sé y = 2. Y
b y=b>b
Do thi cua ham s6y = b la mot
d ong thang song song hodc tring
Vvéi truc hoanh va cdt truc tung tai 0 g
diém (0 ; b). B ong thdng nay goi
la d ong thang y = b (h.18).

Hinh 18
11 - HAM SO y = ||

Ham s6 y = |x| ¢6 lién quan chat ché& v6i ham bac nhit.
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Tap xac dinh
Ham s6 y = |x| xdc dinh v6i moi gid tri cla x, tic 1a tap xdc dinh D =
Chiéu bién thién
Theo dinh nghia cua gia tri tuyét doi, ta c6
x nfu x > 0
y == .

-x néu x < 0.

Tu d6 suy ra

Ham s6'y = |x| nghich bién trén khodng (—w ; 0) va dong bién
trén khodng (0 ; 400).

Bdng bién thién.
Khi x > 0 va dan t6i +oo thi y = x dan tdi +oo, khi x < 0 va dan t6i —oo thi
y = —x cling dan tGi +oo. Ta c6 bang bién thién sau

X —00 0 +00

+ +
y OO\O/OO

y

D6 thi (h.19)

e o s B
Trong ntra khoang [0 ; +o0) d6 thi cia ham ! !
sOy= || tring véi do thi ciia ham s6 y = x. ! > i

-1 1 X
Trong khoang (—o ; 0) dé thi clia ham s6 y = | x|
tring véi do thi ctia ham s6 y = —x.
CHU Y Hinh 19

Ham s6 y = |x| 12 mot ham s& chdn, d6 thi ctia né nhan Oy 1am
truc doi xdng.
Badi tap
V& d6 thi cua cac ham s6
a)y=2x-3; b) y = 2.
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C)y=—%x+7; d) y=lx-1.
2. Xic dinh a, b d€ d6 thi ctia ham s6 y = ax + b di qua cic diém
. 3
a)A0; 3) VaB(g;Oj;

b)A(1;2)vaB(2;1);
¢c)A(15; -3) va B(21 ; -3).
3. Viét ph ong trinh y = ax + b clia cdc d ong thang
a) Di qua hai diém A4 ; 3) vAB(2 ; -1) ;
b) Pi qua diém A(1 ; —1) va song song v6i Ox.

4. V& d6 thi cta cidc ham so

2x v6ix =0 x+1 voix 21
a)y= b) y=

—%xvéix<0; 2x+4 véix <1.

6‘3 HAM SO BAC HAI
I\

Ham s6 bac hai d gc cho bdi cong thiic
y:ax2+bx+c(a¢0).
Tap xac dinh cia ham s6 nay la D =

Hamso y = ax’ (a#0)dahoc 616p 9 1a mot tr ong hop riéng ciia ham so nay.

I - PO THI CUA HAM SO BAC HAI

% 1
Nhic lai cac két qua da bist vé db thi clia ham s6 y = ax’.
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Nhéan xét

1) Diém O(0 ; 0) 1a dinh ctia parabol y =ax? . D6 1a diém thap nhat cla do
thi trong tr ong hop a > 0 (y = 0 v6i moi x), va l1a diém cao nhit cta dé thi
trong tr ong hop a < 0 (y <0 v6i moi x) (h.20).

y yl
N
<
Q
I 0
EN X
\
) X ES
a>0 a<0
Hinh 20

2) Thuc hién phép bién d6i da bi€t ¢ 16p 9, ta c6 thé viet

bV -A
y=ax2+bx+c:a(x+—j +—,V6iA:b2—4ac.
2a 4a
Tu d6 ta c6 nhan xét sau
Neux= -2 thi y = A Vay diém 1(—3 : ﬂj thuoc dé thi ctia ham s6
2a 4a 2a 4a

y=ax2+bx+c(a¢0).

. N _A PR . P < - 2 9 - 9 N .
Néua>0thiy2> 12 v6i moi x, do do I 1a diém thap nhat cua do thi.
a

s N _A s . P N .2 , 9 N .
Néua<0Othiy< 1 v61 moi x, do d6 I 1a diém cao nhat cua do thi.
a

2 b _A e . N . 9 N .
Nh vay, di€ém I(—z— ; 4—) doi v6i do thi cbaham soy = ax® + bx +c (@a#0)
a 4a

dong vai tro nh  dinh O(0 ; 0) cua parabol y = ax’.

P4 thi

D 6i day (xem bai doc thém) ta s&€ thay d6 thi ctia ham s6 y = ax® + bx + ¢

chinh la d Ong parabol y = ax? sau mot s6 phép "dich chuyén" trén mat phang
toa do.
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3.

44

D6 thi ciia ham s6 y = ax> +bx +c¢ (a # 0) la mot d ong

2 N . Q2 _A , A’ - N

parabol cé dinh la diém I(—i : —j, co truc doi xung la
2a  4a

. 2 b . O L

d ong thangx = —— . Parabol nay quay bé lom lén trén néu

2a
a>0, xuéng d di néu a <0 (h.21).

y
yA .
I |
| G I
| : o] A
|
: m: m da
: Il@ i b o0
1 o _ b X
i B _ + i 2a
ON _b.i X Ry !
[ +
AN 3 |
4Cl |I 1 :
1 ~
I
a>0 a<0
Hinh 21
Cach vé

Dé vé d ong parabol y = ax® + bx + ¢ (a #0), ta thuc hién cic b 6¢

1) Xdc dinh toa do ciia dinh I(—i ; ﬁ]
2a 4a
~ Al ’ b
2) Vé truc doi ximng x = ——-
2a

3) Xdc dinh toa dé cdc giao diém ciia parabol véi truc tung (diém (0 ; c))
va truc hoanh (néu co).

X4c dinh thém mot s6 diém thuoc do thi, ching han diém doi xing véi
diém (0 ; ¢) qua truc d6i xdng cua parabol, dé€ v& d6 thi chinh xdc hon.

4) Vé parabol.

Khi v& parabol can chi y dén dau ctia hé s6 a (a > 0 bé 16m quay 1én trén,
a < 0 bé 16m quay xuong d 6i).



Vi du. V& parabol y = 3x> —2x — 1.

Ta co
Dinhl(l;_—4);
3 3
e 1s s 2 1
Truc do1 xtng 1a @ ong thang x = 3 ;
Giao diém v6i Oy 1a A0 ; —1) ;

Diém doi xiing v6i diém A(0 ; —1) qua d ong thang x = % la A(% ;= 1).

T
Giao diém vé6i Ox 12 B(1 ; 0) va C(—%;Oj . &
D6 thi nh  hinh 22.

]%2

2
Vé parabol y = 2x + x + 3.

Hinh 22

II - CHIEU BIEN THIEN CUA HAM SO BAC HAI

Dua vao do thi cua ham s6 y = ax® + bx + ¢ (a # 0), ta c6 bang bién thién
cua no trong hai tr ong hopa >0vaa <0nh sau

a>0 a<0
b + b +
X —00 - Q0 X —00 - 0
2a 2a
+00 +00 j
y y 4a
—A
4a —00 —0

Tur d6 tacéd dinh lid 61 day
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DINH LIi

ﬂé’ua>0tkihdmso”'y=ax2+bx+c \

Nghich bién trén khodng (—oo : ;—b) :
a

X o ) -b
Dong bién trén khoang (2— ; + ooj.
a

Né’ua<0thihdms0“y=ax2+bx+c

N e ? _b
Dong bién trén khoang (—oo ,2—] ;
a

K Nghich bién trén khodng (;—b s+ ooj ) /
a

B I POC THEM

D ONG PARABOL

Trong 3, ta da khang dinh r&ng dé thi ctia ham sé bac hai y = ax® +bx +c (a#0)
la mét d dng parabol. D 6i day ta sé& ching t6 diéu d6 va cho thdy d ang
parabol nay d dc suy ra tu parabol y = ax’ nh thé nao.

1. D6 thi clia ham s6 y = ax” +Y9
Xét hai ham sé f(x) = ax® va glx) = ax® + Yo-
Tai cing mot diémXe  tacéd
Y:f(X):aXz, gX) = ax? +yo=Y + o
Do d6, néu diém M(X ; Y) thudc db thi clia ham s6 y = ax” thi diém N(X: Y + ¥o) thude
dé thi ctia ham s8 y = ax” + ¥o-

Ta thay néu dich chuyén (tinh tién) diém M(X ; Y) song song v6i truc tung mot
doan bang |y,| don vi (I&n trén néu y, > 0, xudng d 6i néu y, < 0) thi d gc diém

N(X; Y +yp).



D6 thi ciia ham s6'y = ax* + y, nhén d gc tir d6 thi cia ham s6y = ax”
nhd phép tinh tién song song vdi truc tung lyl don vi, 1én trén néu
yo >0, xuéng d 6i néu y, <0 (h.23).

)\ y r\,vz\? \ Y ~ I/
R § 7 \\ § 1
R rA \ i
A -\//i i Vo " ’I—‘\“
R S Y \ o
1 AN . [ N \: ! S?
DoAY \* . i/ I
AR v A
Y -r - AM NN YEe--At S
| /o N -
: LEE L N
0 X X ool XS X
Xl 4y
\\* of ' /N
\\\ /‘/
%
>0 ¥,<0
Hinh 23

2. b6 thictaham sd y=a(x + xo)2
Xét hai ham s6
fx) = ax’ va gx) =alx+ x0)2.
Vé6i Xtuy y, ta cb
2
fX) =aX?, g(X— xq) = al(X— xq) + xgl~ = aX*.
Nghia la, gia tri cla ham s6 f(x) tai X bang gia tri cla ham s6 g(x) tai X — xq. Vay néu
didm M(X: Y) thudc db thi clia ham s6 y = ax” thi didm N(X - Xo 3 ¥) thudc dé thi clia
ham s6 y = a(x + x0)2.
Ta thay, néu tinh tién diém M(X; Y) song song v&i truc hoanh |x0| don vi vé bén
trai néu x; > 0, vé& bén phai néu x, <0 thi d gc diém N(X-x;; V).
Vay
D6 thi cia ham s6y = a(x + xo)° nhan d dc tir d6 thi cia ham 6 y = ax®
nhd phép tinh tién song song véi truc hoanh |x,| don vi, vé bén tréi

néu x>0, vé bén phadi néu x, < 0 (h.24).
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Hinh 24

3. D6 thj clia ham s8 y=ax” + bx + ¢
Thuc hién phép bién d8i da biét & 16p 9, ta c6 thé viét

2 2 2
y:ax2+bx+c: a(x+ij —b—+c:a(x+ij +—A V8i A=b” - dac.
2a 4a 2a 4a

’ 2 A L. b -A -
dung cac két qua trén véix, =—, =— tatha
p aung q 0= 5, Yo 4a y
D6 thi clia ham sy = ax> +bx+cd dc suy ra tur d6 thi cda ham sé

2a

y = ax’ tr 6c hét nhd phép tinh tién song song vdi truc hoanh
don vi, vé bén trai néu 2£ >0, vé bén phéi néu 21 <0, sau do nhd phép
a a

tinh tién song song vdi truc tung ‘;—A‘ don vi, 1én trén néu ;—A > 0,
a a

y o
\ VTN
\ SRR AN
\ v g [ 2
\ (WA B s
(A N
N\ \/ :III S
S\ N R
R B VAR N I A
N/ \'z
(0] _by X
7A___%a|
4a !
a>0,i<0,—A>O a>0,i<0,—A<0
2a 4a Hinh 25 2a da



Nh vay, do thi clia ham s bac hai y = a’ +bx+ec cling la mét d ong parabol.

Trong ddi séng hang ngay ching ta th dng gap nhing hinh anh cla d dong
parabol, nh  khi ta ngdm cac dai phun n éc, hoac chiém ng &ng canh ban phéao
hoa muén mau, muén sic. Nhiéu cong trinh kién tric ciing d dc tao dang theo
hinh parabol, nh cay cau, vom nha, c6ng ra vao,... Diéu d6 khéng chi bdo dam
tinh bén viing ma con tao nén vé dep cla céng trinh.

Bdi tap

Xiéc dinh toa do cua dinh va cdc giao diém véi truc tung, truc hoanh (néu
c6) cia moi parabol

a)y=x2—3x+2; b)y:—2x2+4x—3;
c)y=x2—2x; d)y=—x2+4.

Lap bang bién thién va v€ d6 thi cua cac ham s6
a)y=3x2—4x+1; b)y=—3x2+2x—l;
Q) y=4x —4x+1; dy=—x"+4x—4;
e)y:2x2+x+1; f)y:—x2+x—1.

X4c dinh parabol y = ax’ + bx + 2, biét rang parabol do6
a) Di qua hai diém M(1 ;5) va N(-2; 8) ;

b) Di qua diém A3 ; — 4) va c6 truc d6i xing 1a x = —% ;
c)Codinhlal(2;-2);

d) Di qua diém B(-1 ; 6) va tung do cha dinh 1a —i.
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Xac dinh a, b, ¢ biét parabol y = ax’ + bx + ¢ di qua diém A(8 ; 0) va c6
dinh 12 1(6 ; —12).

ON TAP CHUONG II

Phét biéu quy dc vé tap xdc dinh chia ham s6 cho boi cong thic.
: g 1 1
Tu d6 hai ham so6 y = al +2 va y = c6 gi khac nhau ?
(x+Dx"+2) xX“+2

Thé nao 1a ham s6 dong bién (nghich bién) trén khoang (a ; b) ?

Thé nao 1a mot ham s chan ? Thé nao 1a mot ham so 1é ?

Chi ra khoang dong bién, khoang nghich bién ctia ham s6 y = ax + b, trong
moi tr dong hopa>0;a<0.

Chi ra khoang dong bién, khoang nghich bién ctia ham s6 y = ax® + bx + c,
trong moéi tr ong hopa >0;a<0.

Xéc dinh toa do cua dinh, ph ong trinh cla truc d6i xting clia parabol
y= ax® +bx +c.

Xac dinh toa do giao diém cua parabol y = ax’ + bx + ¢ véi truc tung. Tim
diéu kién dé parabol nay cat truc hoanh tai hai diém phan biét va viét toa
do clia cac giao diém trong tr ong hop do.

Tim tap xac dinh cta cac ham s6

a) y = 2 +vVx+3;

C)y= x+3

N2 —x voi x < 1.

Xét chiéu bién thién va vé do6 thi ciia cdc ham s6

a)yz%x—l; b)y=4-2x;
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11.
12.

13.

14.

15.

o) y=x*
. Lap bang bién thién va v& d6 thi cua cac ham
a)y= x2 -2x-1;

b)y = —x> +3x+2.

b) C6 dinh I(1 ; 4) va di qua diém D(3 ; 0).

sO

Xac dinh a, b, ¢ biét parabol y = ax® + bx + ¢
a) Di qua ba diém A(0 ; —1), B(1 ; -1), C(-1 ;

D,

Bai tap trdc nghiém

Chon ph ong dn dung trong cdc bai tdp sau

Tap xdc dinh ciaham s6 y = vJx =3 —+/1-2x 12
(A)D{l;ﬂ; (B)D:[—oo;l}u[moo);
2 2
COD=0; (D) D =
Parabol y = 3x> — 2x + 1 c6 dinh 12
12 1 2
A== ByI|-——;—-=];
) [ 3 3) ®) ( 3 3)
1 2 12
Oll—-—;—-——1; D I|—;—].
© (3 :J ®) (3 3)

Héms6y=x2—5x+3

(A) Péng bién trén khoang (—oo : gj :
N A , 5
(B) bong bién trén khoang (5 D+ ooj ;

(C) Nghich bién trén khoang (% D+ ooj :

(D) Dong bién trén khoang (0 ; 3).

dy=lx+1l.

X4c dinh a, b biét d ong thang y = ax + b di qua hai diém A(1 ; 3) , B(—1; 5).
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PHUONG TRINH.
HE PHUONG TRINH

~

PHUONG TRINH. HE PHUONG TRINH

N

Ch ong nay b6 sung cac kién thic vé ph ong trinh ;

on tap va hé thong hoa cach giai ph ong trinh bac nhat,
bac hai mot an ; ph ong trinh va hé ph ong trinh bac nhét
hai &n ; dong thoi cung cap cach giai hé ph ong trinh bac
nhat ba &n théng qua vi du.




PAI CUONG VE PHUONG TRINH

I - KHAI NIEM PH ONG TRINH

1
%Néu vi du vé ph ong trinh mét &n, ph ong trinh hai an.

1. Ph ong trinh mét an

Ph ong trinh dn x la ménh dé chita bién cé dang

Jx) = g(x) (D
trong dé f(x) va g(x) la nhitng biéu thitc cia x. Ta goi f(x) la
vé'trdi, g(x) la vé phdi cua ph ong trinh (1).

Néu c6 so thuc xy sao cho f(xy) = g(xy) la ménh dé diing thi
Xo d oc goi la mot nghiém ciua ph ong trinh (1).

Gidi ph ong trinh (1) la tim tat ca cdc nghiém cua né (nghia la
tim tdp nghiém).

Néu ph ong trinh khong cé nghiém nao cd thi ta néi ph ong
trinh vé nghiém (hodc ndi tdp nghiém ciia né la réng).

CHU Y
Co tr ong hogp, khi giai ph ong trinh ta khong viét @ oc chinh
xac nghiém ctia ching d 6i dang s6 thap phan ma chi viét gan

ding. Chang han, x =73 la nghiém cta ph ong trinh

2x = /3. Gid tri O,866(z gj 12 mot nghiém gan diing cla

ph ong trinh.
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2. Diéu kién cua mét ph ong trinh

2

Cho ph ong trinh x—+;: Vx-1.

o
Khi x =2 vé trai ctia ph dng trinh d& cho ¢ nghia khdng ? V& phai cd nghia khi nao ?
Khi gidi ph ong trinh (1), ta can 1 u y t6i diéu kién d6i v6i 4n s6 x dé f(x) va g(x)
¢6 nghia (tic 1a moi phép toan déu thuc hién d oc). Ta cling néi d6 1a diéu kién
xdc dinh cuia ph ong trinh (hay goi tat 12 diéu kién cua ph ong trinh).
Khi cdc phép todn & hai v€ cia mot ph ong trinh déu thuc hién d ¢c véi
moi gia tri clia x thi ta c6 thé khong ghi diéu kién clia ph ong trinh.

3
%Héy tim diéu kién cla cac ph ong trinh

a) 3—x2=—2 ;

) NV2—x

b) 5 =+/x+3.
x~ -1

3. Ph ong trinh nhiéu an
Ngoai cdc ph ong trinh mot 4n, ta con gap nhitng ph ong trinh ¢6 nhiéu 4n
s6, chang han
3x+2y:x2—2xy+8, (2)
4% — xXy+2z= 322 4+ 2xz + y2. 3)

Ph ong trinh (2) 12 ph ong trinh hai 4n (x va y), con (3) 1a ph ong trinh ba
an (x, y va z).

Khi x = 2, y = 1 thi hai v€ clia ph ong trinh (2) ¢6 gia tri bang nhau, ta noi
cap s6 (x; y)=(2; 1) 1a mot nghiém cua ph ong trinh (2).

T ong tu,bo baso (x;y;z)=(—1;1;2)1amot nghiém ctia ph ong trinh (3).

4. Ph ong trinh chira tham sé

Trong mot ph ong trinh (mot hodc nhiéu 4n), ngoai cdc chit dong vai tro
4n s6 con c6 thé co cdc chit khac d gc xem nh nhitng hing s6 va d oc goi
la tham so.
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Giai va bién luan ph ong trinh chita tham s6 nghia la xét xem véi gid tri nao
cua tham s6 ph ong trinh vo nghiém, c6 nghiém va tim cac nghiém do6.

Chang han (m+1)x-3=0,
x2—2x+m=0

c6 thé d oc coi la cdc ph ong trinh 4n x chita tham s6 m.

11 - PH ONG TRINHT ONG D ONG VA PH ONG TRINH HE QUA

4

Cac ph ong trinh sau c6 tap nghiém bang nhau hay khéng

a) X2 +x=0 va 5 *x=07 b) x> —4=0va2+x=0?
Y

1. Ph ong trinht ong d ong
Hai ph ong trinh d oc goi lat ong d ong khi chiing cé cung
tdp nghiém.

Vi du 1. Hai ph ong trinh 2x — 5 =0 va 3x —1?5 =0 t ong d ong vGi nhau

vi cuing c6 nghiém duy nhat la x = g

2. Phép bién ddit ong d ong

Dé giai mot ph ong trinh, thong th Ong ta bién ddi ph ong trinh d6 thanh
mot ph ong trinh t ong d ong don gidn hon. Cic phép bién déi nh vay
d oc goi l1a cic phép bién doit ong d ong.

Dinh 1i sau day néu lén mot s6 phép bién doi t ong d ong th Ong sir dung.

PINH LI

KNé’u thuc hién cdc phép bién doi sau day trén mot ph Ung\
trinh ma khong lam thay doi diéu kién ciia né thi ta d oc
mot ph ong trinh moit ong d ong

a) Cong hay trix hai vé véi ciing mot s6 hodc ciing mot biéu thiic ;

b) Nhdn hodc chia hai vé vdi cung mot s6 khdc 0 hodc voi
Kczlng mot biéu thirc luén cé gid tri khdc 0. Yy,

55



%

CHUY
Chuyén vé va déi ddu mot biéu thiic thuc chat 1a thuc hién phép
cong hay trir hai vé€ véi biéu thiic do.

Ki hiéu. Ta dung ki hiéu "<" dé chisut ong d ong cua cdc ph ong trinh.

5
Tim sai 1am trong phép bién d&i sau
1 1 1 1 1 1

X+—=——+1 < x+ — = +1- <x=1.
x—-1 x-1 x-1 x-1 x-1 x—1

3. Ph ong trinh hé qua

56

Néu moi nghiém ciia ph ong trinh f(x) = g(x) déu la nghiém cua
ph ong trinh f(x) = g(x) thi ph ong trinh f;(x) = g(x) d oc
goi la ph ong trinh hé qud ciia ph ong trinh f{x) = g(x).

Ta viét

J0) =g(x) = fi(x) = g1(x).

Ph ong trinh h¢ qua c6 thé c6 thém nghiém khong phai 1a nghiém cua
ph ong trinh ban dau. Ta goi d6 1a nghiém ngoai lai.

Khi giai ph ong trinh, khong phai lic nao ciing ap dung d gc phép bién
déi t ong d ong. Trong nhiéu tr dng hop ta phai thuc hién cdc phép bién
déi d a t6i ph ong trinh hé qua, chang han binh ph ong hai v€, nhan hai
v€ clia ph ong trinh véi mot da thic. Lic d6 dé loai nghiém ngoai lai, ta
phai thir lai cac nghiém tim d oc.

D6i v6i ph ong trinh nhiéu 4n, ta cling ¢6 cac khdi niém t ong tu.

Vi du 2. Giai ph ong trinh
x+3 +§:2—x )

x(x-1) «x x—l'

Gidi. Diéu kién cua ph ong trinh (4) lax =0 vax = 1.
Nhan hai vé€ ctia ph ong trinh (4) v6i x(x — 1) tad a tGi ph ong trinh hé qua
4) =>x+3+3(x—-1)=x12—-x).
= x2 +2x =0

= x(x+2)=0.



Ph ong trinh cudi c¢6 hai nghiém la x =0 va x = -2.

Ta thay x = 0 khong thoa man diéu kién cta ph ong trinh (4), d6 1a nghiém
ngoai lai nén bi loai, con x = —2 thoa man diéu kién va 1a mot nghiém cta
ph ong trinh (4).

Vay ph ong trinh (4) c6 nghiém duy nhat la x = -2.

Bai tap
Cho hai ph ong trinh
3x=2va2x=3.
Cong cac vé€ t ong tng cta hai ph ong trinh da cho. Hoéi

a) Ph ong trinh nhan d oc c6 t ong d ong v4i mot trong hai ph ong trinh
da cho hay khong ?

b) Ph ong trinh d6 c6 phai la ph ong trinh hé qua cua mot trong hai ph ong
trinh da cho hay khong ?

Cho hai ph ong trinh
4x =5 va3x=4.
Nhan cac v€'t ong ung cua hai ph ong trinh da cho. Hoi

a) Ph ong trinh nhan d ¢gc c6 t ong d ong v4i mot trong hai ph ong trinh
da cho hay khong ?

b) Ph ong trinh d6 c6 phai la ph ong trinh hé qua ciia mdt trong hai
ph ong trinh da cho hay khong ?

Giai cac ph ong trinh

A N3-x+x=3-x+1; bx+vx-2=v2-x+2;
X2 9
\/x—l_x/x—l’
Giai cac ph ong trinh
2 x+5 3 3x

; b) 2x + ;
x+3 x+3 x—-1 x-1

2 2
x“ —4x -2 2x“ —x-3
) ———=Jx-2; d) —— =+2x - 3.
Nx =2 V2x -3

0) d) 2 —J1-x=+x-2+3.

a) x+1+

57



PHUGNG TRINH QUY VE

§‘2 PHUONG TRINH BAC NHAT, BAC HAI

I - ON TAP VE PH ONG TRINH BAC NHAT, BAC HAI
1. Ph ong trinh bac nhat

Céch giai va bién luan ph ong trinh dang ax + b = 0 d ¢gc tém tat trong

bang sau
ax+b=0(1)

Hé so Két luan

a#0 (1) ¢6 nghiém duy nhdt x = _b
a

b=0 | (1) vonghiém
=0
¢ b=0 | (1) nghiém dung voi moi x

Khi a # 0 ph ong trinh ax + b = 0 d oc goi 1a ph ong trinh bdc nhdt

mot dn.

1

Gidi va bién luan ph ong trinh sau theo tham s6 m
m(x —4)=5x—2.

2. Ph ong trinh bac hai

Cach giai va cong thiic nghiém cuia ph ong trinh bac hai d ¢c tom tit trong

bang sau
ax*+bx+c=0(a#0) (2
A=~ dac Két luan
b+
A>0 (2) ¢6 hai nghiem phan biét x, , = bz—_*/X
’ a
. s . b
A=0 (2) ¢6 nghiém kép x = —
2a
A<O (2) vo nghiém

58



A
/ N L ap bang trén vai biét thic thu gon A'.

3. Dinh li Vi-ét

5 N . .2 . .
ﬂ\feu ph ong trinh bdc hai ax™ + bx + ¢ =0 (a # 0) ¢6 hch
nghiém xy, x, thi
c
X+ Xy =——> X1 Xy = —-
a a

Ng oc lai, néu hai sé'uva v cé tong u +v =S va tich uv = P
thi uva v la cdc nghiém ciia ph ong trinh

K x> —Sx+ P =0. j

3

% Khéng dinh "Né&u a va ¢ trai dau thi ph ong trinh (2) c6 hai nghiém va hai nghiém
dé trai dau" cé dung khéng ? Tai sao ?

Il - PH ONG TRINH QUY VE PH ONG TRINH BAC NHAT, BAC HAI
C6 nhiéu ph ong trinh khi giai c6 thé bién déi vé ph ong trinh bac nhat
hoac bac hai. Sau day ta xét hai trong cdc dang ph ong trinh dé.

1. Ph ong trinh chira an trong dau gia tri tuyét doi
Dé giai ph ong trinh chifa 4n trong dau gid tri tuyét doi ta c6 thé ding dinh
nghia clia gid tri tuyét d6i hodc binh ph ong hai v& dé khir ddu gia tri tuyét doi.
Vidu 1. Giai ph ong trinh

lx -3 =2x + 1. 3)
Gidi
Cdch 1
a) Néu x > 3 thi ph ong trinh (3) tré thanh x =3 =2x+ 1. Tu d6 x = —4.

Gid tri x = —4 khong thoa man diéu kién x > 3 nén bi loai.

b) Néu x < 3 thi ph ong trinh (3) tré thanh —x +3 =2x+ 1. Tu d6 x = %
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Gia tri nay thoa man diéu kién x < 3 nén la nghiém.
. . , s 2
Két ludn. Vay nghiém cua ph ong trinh la x = .

Cdch 2. Binh ph ong hai v€ ciia ph ong trinh (3) ta d a t6i ph ong trinh
hé qua

(3) = (x—3)% = 2x +1)?
= x2 —6x+9=4x? +4x+1

— 3x2 +10x -8 = 0.

Ph ong trinh cudi c¢6 hai nghiém la x = -4 va x = %
2 . A N 2 Z ‘A N 2
Thtr lai ta thay ph ong trinh (3) chi c6 nghiém 1a x = 3

Két ludn. Vay nghiém clia ph ong trinh 1a x = %

2. Ph ong trinh chira an d i dau cin
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Dé giai cdc ph ong trinh chtta 4n d 6i ddu can bac hai, ta th dng binh ph ong
hai vé @¢é @ a vé mot ph ong trinh hé quéa khong chita 4n d 6i ddu can.
Vi du 2. Giai ph ong trinh

N2x =3 =x-2. 4)

Gidi. Diéu kién ctia ph ong trinh (4) lax > 3.

[\

Binh ph ong hai vé&€ ctia ph ong trinh (4) ta d a t6i ph ong trinh hé qua
(4)=>2x—3=x>—4x+4
= x> —6x+7=0.

Ph ong trinh cudi c¢6 hai nghiém la x =3+ V2 va x=3-+2. C4 hai
gid tri nay déu thoa mian di€u kién cta ph ong trinh (4) , nh ng khi thay
vao ph ong trinh (4) thi gia tri x =3 - 2 bi loai (v€ trdi d ong con v€
phéi am), con gié tri x = 3 + /2 1a nghiém (hai vé& ciing bing ~2 + 1).

Két ludn. Vay nghiém ctia ph ong trinh (4)1a x =3 + V2.



B I POC THEM

PH ONG TRINH BAC n

Sach gido khoa bac THCS va THPT da trinh bay
coéng thiic gidi ph ong trinh bac nhat va ph ang
trinh bac hai. Cong thiic gidi ph ang trinh bac ba
mang tén nha Toan hoc Ita-li-a Cac-da-nd, tuy
nhién Céac-da-nd chi 1a ng &i 1an dau tién cong bd
cdng thiic d6 trong cudn sach "Nghé thuét vi dai hay
cac quy tc cla Pai s8 hoc" xuét ban nam 1545,
Tac gia cla cong thic dé 1a nha Toan hoc I-ta-li-a
tén la Tac-ta-gli-a (Nicolo Tartaglia, 1500 1557).
Cong thiic Cac-da-nd cho cac nghiém clia ph ong
trinh bacba x* + px+¢ =0 la

2 3 2 3
x=3 1_|_ q_+p_+3 q q__|_p_
2 4 27 2 Va4 27

Sau khi Tac-ta-gli-a tim ra cong thic nay thi mét
hoc trd clia Cac-da-n6 la Phe-ra-ri (Ferrari, 1522

1565) da tim ra céng thiic gidi ph ong trinh
bac bén, cong thic nay ciing da d dc céng bo
trong cudn sach clia Cac-da-nd néu trén.

Sau d6 nhiéu nha toan hoc da c6 gang dé tim
cong thirc gidi ph ong trinh bac nam, nh ng phai
dén Thé ki XIX hai nha toan hoc tré tudi 14 A-ben
ng 0i Na-uy va Ga-loa ng 6i Phap mdi ching
minh d dc rang khong thé gidi d dc bang cin
thiic ph ong trinh dai s6 t6ng quat bac cao hon 4.

Trong qua trinh tim cach giai ph ong trinh dai s6
téng quat bac 5 bang can thic, A-ben da giai
thich tai sao cac ph ong trinh bac 2, 3, 4 c6 thé
gidi d dc bang cén thic, con Ga-loa tim ra diéu
kién can va di dé mét ph ong trinh c6 bac da
cho (c6 thé 16n hon 4) gidi d dc bang can thic.
Cong lao to 16n clia Ga-loa qua c6ng trinh nay la
da dat nén moéng cho Dai s6 hién dai nghién clu
cac cAu truc dai s6 nh  nhém, vanh, tr éng,...

G. CAC-PA-NO
(Girolamo Cardano,
1501 1576)

N. A-BEN
(Niels Henrik Abel,
1802 1829)

E. GA-LOA
(Evariste Galois,
1811 1832)
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Bai tap
Giai cac ph ong trinh
> X +3x+2 2x-5 p2Xt3_ 4
2x+3 4 x-3 x+3 2_9
c)NV3x—-5=3; d) v2x+5 =2.
Giai va bién luan cac ph ong trinh sau theo tham s6 m
aymx—-2)=3x+1;

+2;

b) mZx +6 = 4x + 3m :

c)2m+ x—2m=73x-2.

C6 hai r6 quyt chia s6 quyt bang nhau. Néu 1ay 30 qua ¢ r6 thit nhat d a
4 . ’ 2 92 4 P . Y 1 9 ~ < 9 ~

sang ro thit hai thi s6 qua 0 ro thtt hai bang 3 cua binh ph ong s6 qua con

lai & 16 thit nhat. Hoi s6 qua quyt & mdi ré lic ban d4u 1a bao nhiéu ?

Giai cac ph ong trinh

a) 22t —7x2 +5=0; b) 3x* +2x% —1=0.

Giai cdc ph ong trinh sau biang mdy tinh bo tdi (1am tron két qua dén chir
sO thap phan tha ba)

a) 2x° —5x—4=0 ; b) 3x% +4x+2=0.

)3x>+Tx+4=0; d) 9x* —6x — 4 = 0.

H ong dan cdch gidi cdu a) : Néu st dung mdy tinh CASIO fx—500 MS, ta
an lién ti€p cac phim

MoDE| [MoDE] [1][ ] =1 E]OI[4][=]

man hinh hién ra x; = 3.137458609.

n ti€p

= | man hinh hién ra x, = —0.637458608.

Lam tron két qua dén chit s6 thap phan thi ba ta d ¢gc nghiém gan ding
cua ph ong trinh la x; = 3,137 va x, ~ —0,637.

Giai cac ph ong trinh
a) Bx—2/=2x+3: b) 2x -1 =|-5x-2| ;



ool e+l d)l2x + 5 = 2% + 5x+1.
2x =13 |x+1|
7. Giai cac ph ong trinh
a) V5x+6=x-6; DV3-—x=x+2+1;

V22 +5=x+2; d)Va4x? +2x +10 = 3x + 1.

8. Choph ong trinh 3x%> —=2(m + Dx +3m -5=0.

Xdc dinh m dé ph ong trinh ¢6 mot nghiém gap ba nghiém kia. Tinh céc
nghiém trong tr ong hop do.

PHUONG TRINH VA HE PHUONG TRINH
§ 3 BAC NHAT NHIEU AN

J

I - ON TAP VE PH ONG TRINH VA HE HAI PH ONG TRINH
BAC NHAT HAI AN

1. Ph ong trinh bac nhat hai an

Ph ong trinh bdc nhdt hai dn x, y c6 dang tong qudt la
ax+by=c (D

trong dé a, b, ¢ la cdc hé so, vdi diéu kién a va b khong dong
thoi bang 0.

it
Cap (1 ; -2) c6 phai la mot nghiém cla ph ong trinh 3x — 2y = 7 khong ? Ph adng
trinh d6 con c6 nhitng nghiém khac nira khéng ?

CHUY
a) Khi a = b =0 ta c6 ph ong trinh Ox + Oy = ¢c. Néu c # 0
thi ph ong trinh nay vé nghiém, con néu ¢ = 0 thi moi cap so

(xp 5 o) déu 1a nghiém.
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b) Khi b # 0, ph ong trinh ax + by = ¢ trd thanh
a c

=——Xx+— 2
y PR (2)

Cap so (xg ; yp) 1a mot nghiém cua ph ong trinh (1) khi va
chi khi diém M(x ; yo) thuoc d ong thing (2).

Tong qudt, ng oi ta chitng minh d oc rdang ph ong trinh bdc
nhdt hai dn luén luén cé vé sé nghiém. Biéu dién hinh hoc
tap nghiém ciia ph ong trinh (1) la mot d ong thdng trong
mdt phdng toa do Oxy.

Hay biéu dién hinh hoc tap nghiém ctia ph ong trinh 3x —2y = 6.

2. Hé hai ph ong trinh bac nhat hai an

Fo

Hé hai ph ong trinh bdc nhdt hai dn cé dang tong qudt la

{alx + by = ¢

(3)
arx +byy = ¢,

trong dé x, y la hai dn ; cdc chit con lai la hé so.

Néu cdp so (xy ; yo) dong thoi la nghiém cua cd hai ph ong
trinh ciia hé thi (xy;yy) d oc goi la mot nghiém cua hé
ph ong trinh (3).

Gidi hé ph ong trinh (3) la tim tdp nghiém cuia no.

a) C6 may cach gidi hé ph ong trinh

4x -3y =9
2x+ y=5?

b) Ding ph ong phap cong dai s6 dé giai hé ph ong trinh

3x—-6y=9
—2x +4y =-3.

Cé6 nhan xét gi vé nghiém cla hé ph ong trinh nay ?
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II - HE BA PH ONG TRINH BAC NHAT BA AN

%

Ph ong trinh bac nhat ba 4n c6 dang tong quat 1a
ax + by +cz =d,
trong d6 x, y, z la ba 4n ; a, b, ¢, d 1a cdc hé s6 va a, b, ¢ khong dong thoi

béang 0.

Hé ba ph ong trinh bdc nhdt ba dn cé dang tong qudt la

ax + by + ¢z = d
mx + by + 3z = dy

trong dé x, y, z la ba dn ; cdc chit con lai la cdc hé so.

Moéi bo ba s6 (xq 5 yo 5 zog) nghiém diing cd ba ph ong trinh
cia hé d oc goi la mét nghiém cua hé ph ong trinh (4).

Chang han, (% ;= % ; %j la nghiém cta hé ph ong trinh

x+3y—-2z=-1

3
4y +3z = — 5
y > @)
2z = 3,
con (—z : é : —lj 12 nghiém cua hé ph ong trinh
5°5° 73 ghie ° P g
X+2y+2z= l
Y 2
2x+3y+5z=-2 (6)

—4x -Ty+ z=-4.
Hé ph ong trinh (5) c6 dang dac biét, goi 1a hé ph ong trinh dang tam giac.

Viéc giai hé ph ong trinh dang nay rat don gian. Tu ph ong trinh cudi tinh
d ¢c z roi thay vao ph ong trinh thi hai ta tinh d gc y va cudi cung thay z
va y tinh d ¢c vao ph ong trinh diu s€ tinh d gc x.

4
Hay giai hé ph ong trinh (5).
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Moi hé ba ph ong trinh bac nhat ba a4n déu bién ddi d oc vé dang tam
gidc, bang ph ong phap khir dan 4n 56, Chang han, sau day 1a céch gidi
hé ph ong trinh (6).

Gidi. Nhan hai v€ ctia ph ong trinh thd nhat cta hé (6) v6i —2 r6i cong vao
ph ong trinh thit hai theo tung v€ t ong ting, nhan hai v€ cua ph ong trinh
thit nhat v6i 4 r6i cong vao ph ong trinh thi ba theo titng vé€ t ong ung, ta
d gc hé ph ong trinh (da khtr x & hai ph ong trinh cudi)

1

xX+2y+2z = —
y+ 2z >
-y+ z =-3
y+9z =-2.

Tié€p tuc cong cac v€ t ong tng ctia ph ong trinh thd hai va ph ong trinh
thit ba ctia hé méi nhan d gc, ta d gc hé ph ong trinh t ong d ong dang

tam giac

+2y +2 !
X z = =
Y 2
- y+z =-3
10z = -5.

Ta dé dang gidirad oc
s T
27T T

Vay nghiém cua hé ph ong trinh la

7 5 1
(x’y’Z)_(_E’E’_E).

(*) Ph ong phdp nay do nha todn hoc Buc Gau-xo (Gauss, 1777 — 1855) tim ra, nén ciing
con goi la ph ong phap Gau-xo.
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B I POC THEM

Trong kho tang van hoa dan gian Viét Nam
¢6 bai toan "Tram trau tram cd" sau day

Tram tréu tram cé,

Trau diang an nam,

Trau ndm &n ba,

Lu khu trau gia,

Ba con mét bo.
H&i c6 bao nhiéu trau ding, bao nhiéu
trdu ndm, bao nhiéu trau gia ?
Giai. Goi s6 trau ding |a x, s6 trau nam
la y, 6 trAu gia la z (x, y, z 1a nhiing sé
nguyén d dng nho hon 100). Ta cb6 hé
ph dng trinh

x+ y+ z=100

5x+3y+%z = 100.

Pay la hé hai ph ong trinh bac nhat ba &n, néu khéng tinh dén diéu kién
clia 4n thi hé ph ong trinh nay c6 v6 s6 nghiém (néu kh(r z ta @ gc mét ph ong
trinh bac nhat cta hai 4n 7x + 4y = 100).

Tuy nhién, vi x, y, z phai la nhiing s6 nguyén d ong nho hon 100, nén chi c6 moét sé
hitu han nghiém, cu thé & day c6 ba nghiém

x1:4 X, =38 x3:l2
y1:18 y2:11 y3:4
21=78; z2=81; z3=84.

Bai toan dan gian & trén thudc loai ph dng trinh Di-6-phang (mang tén nha toan
hoc ¢ Hi Lap 1a Diophante).
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Bai tap
1. Cho hé ph ong trinh
Tx— 5y=9
{14)( -10y = 10.
Tai sao khong can giai ta cling két luan d ¢c hé ph ong trinh nay vo nghiém ?
2. Giai cac hé ph ong trinh

2x =3y =1 3x +4y=5
a) b)
X+2y =33 4x -2y =2.
2.1 2
: 35V T3 o 0,3x — 0,2y = 0,5
C
r 3 _1. 0,5x + 0,4y = 1,2.
30 T

3. Hai ban Van va Lan dén ctra hang mua trai cay. Ban Van mua 10 qua quyt, 7
qua cam vdi gid tién 1a 17 800 dong. Ban Lan mua 12 qua quyt, 6 qua cam
hét 18 000 dong. Hoi gid tién moi qua quyt va moi qua cam 1a bao nhiéu ?

4. C6 hai day chuyén may 4o so mi. Ngay thd nhét ca hai day chuyén may d oc
930 4o0. Ngay thit hai do day chuyén thit nhat tang nang suat 18%, day chuyén
thit hai tang nang suat 15% nén ca hai day chuyén may d oc 1083 do. Hoi
trong ngay thit nhat méi day chuyén may d ¢c bao nhiéu 40 so mi ?

5. Giai cac hé ph ong trinh

X+3y+2z=8 xX—=3y+2z=-7
a) 12x+2y+ z=6 b) i 2x+4y+3z=28
3x+ y+ z=6; 3x+ y— z=>5.

6. Mot cira hang ban 40 so mi, quian au nam va vay ni. Ngay tht nhat ban
d oc 12 do, 21 quan va 18 vdy, doanh thu la 5 349 000 dong. Ngay thit hai
ban d oc 16 4o, 24 quan va 12 vdy, doanh thu 1a 5 600 000 dong. Ngay thit
ba ban d ¢c 24 4o, 15 quan va 12 vdy, doanh thu la 5 259 000 dong. Hoi
gid bdn moi 40, mo6i quan va mdi vdy 1a bao nhiéu ?

7. Giai cdc hé ph ong trinh sau biang may tinh bo tii (1am tron két qua dén
chit s6 thap phan tha hai)

3x-5y=6 —2x+3y=5
2y 13X py [
4x +T7y =-8; Sx +2y=4.
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2x -3y +4z=-5 - x+2y-3z=2
c)3—4x+5y—- z=6 d) < 2x+ y+2z=-3
3x+4y-3z=7; —2x-3y+ z=235.

H 6ng ddn cdch gidi cdu a)

Néu sir dung mdy tinh CASIO fx-500 MS ta én lién ti€p day cdc phim
(mopE] [mobE] [1] [2] [3] [=] [0)] [5] [=] [e] [=] [4] [=] [7]
=1 [1[8] []

thay hién ra trén man hinh x = 0.048780487.

n tiép phim | =] ta thay man hinh hién ra y = —1.170731707.

Lam tron két qua dén chit s6 thap phan thit hai ta d gc nghiém gan ding cia
hé ph ong trinh la
{x ~ 0,05
y~-117.
H ¢ng dan cdch gidi cdu c)
Néu str dung mdy tinh CASIO fx—500 MS ta an lién ti€p day cac phim
moE] [mobe] [1] [3] [2] [=][)] [3] [=] [4] [=] [ [5][=]
ol [4] FI] [=Hel [ [=] Led [=1 (31 [=] [4] [=] @)
BIEIETE
thay hién ra trén man hinh x = 0.217821782.
n ti€p phim B ta thady man hinh hién ra y = 1.297029703.

n ti€p phim E trén man hinh hién ra z = -0.386138613.
Vay nghiém gan ding cua hé ph ong trinh 1a (lam tron két qua dén chit s6
thap phan thit hai)
x =~ 0,22
y = 1,30
z ~ —0,39.
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70

ON TAP CHUONG III

Khi nao hai ph ong trinh d oc goilat ongd ong ? Cho vi du.

Thé nao la ph ong trinh hé qua ? Cho vi du.

Giai cac ph ong trinh

A Vx—-5+x=Jx-5+6;

0 X2 _ 8 :
Jx-2 Jx-2

Giai cac ph ong trinh
3x+4 1 4

a =
)x—2 x+2 2 _4

3x2 -2x+3 3x-5
b) = ;
2x -1 2

c) \/x2 -4 =x-1.

Giai cac hé ph ong trinh :
—2x+5y=9

a)
4x +2y =11;

2x=3y=35
c
3x +2y=8;

by viI—-x+x=~x-1+2;
D3+V2—x =4x? —x+Jx-3.

3x+4y =12
b)
Sx-2y=1T7;

Sx+3y=15
d)
4x — S5y =6.

Hai cong nhan d gc giao viéc son mot bic t ong. Sau khi ng oi thit nhat

lam d@ oc 7 gio va ng o1 tht hai lam d oc 4 gio thi ho son d oc g btic

t ong. Sau d6 ho cung lam viéc v6i nhau trong 4 gio nita thi chi con lai 3

buc t ong ch a son. Hoi n€u mdi ng 0i lam riéng thi sau bao nhiéu gid moi

ng Oi mdi son xong blic t ong ?

Giai cac hé ph ong trinh
2x =3y+ z=-7
a) y—4x+5y+3z= 6
xX+2y-2z= 5;

x+4y-2z= 1
b) {2x+3y+ z=-6
3x+8y— z= 12.



10.

11.

12.

13.

14.

Ba phan s6 déu c6 tir s6 1a 1 va tong cua ba phan s6 d6 bang 1. Hiéu cua
phan s6 thit nhat va phan s6 thit hai bing phan s6 thit ba, con tong cua
phan s6 thd nhat va phan s6 thi hai bang 5 1an phan s6 thi ba. Tim cdc
phan s6 do.

Mot phan x dng d oc giao san xudt 360 sian phdm trong mot s6 ngay nhat
dinh. Vi phan x Ong tang nang suat, mdi ngdy lam thém d oc 9 san pham
so vGi dinh mic, nén tr ¢ khi hét han mot ngay thi phan x 6ng da lam
v ot s6 san phdm d oc giao 12 5%. Ho6i néu vén tié€p tuc lam viéc vdi ning
sudt d6 thi khi dén han phan x ong lam d ¢c tit ca bao nhiéu san pham ?

Giai cdc ph ong trinh sau biang mdy tinh bd tidi

a) 5x> —3x-7=0; b) 3x% +4x+1=0;
¢) 0,2x% +1,2x-1=0; d) V2x% +5x +/8 = 0.

Giai cac ph ong trinh

a) [4x -9l =3-2x; b) [2x + 1] = [3x + 5.

Tim hai canh cia mot manh v on hinh chit nhat trong hai tr ong hop
a) Chu vi 1a 94,4 m va dién tich 1a 494,55 m?.

b) Hiéu ctia hai canh la 12,1 m va dién tich 1a 1089 m-.

Hai ng 0i quét san. Ca hai ng 0i cuing quét san hét 1 gio 20 phiit, trong khi
néu chi quét mot minh thi ng oi thd nhat quét hét nhiéu hon 2 gio so véi
ng Oi thd hai. H6i méi ng di quét san mot minh thi hét may gio ?

Bai tap trdc nghiém

Chon ph ong an dung trong cdc bai tdp sau

1 V4 —3x

Diéu kién cta ph ong trinh x + 2 — = la
Nx+2 x+1
(A)x>-2vax#-1; (B)x>—2véx<%.
N 4 N
(C)x>—2,x¢—lvax£§; D)yx#-2vax#-1.
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2
15. Tap nghiém cta ph ong trinh (m” +2)x +2m

=2 trong tr onghopm =0 la

X
(A) {—3} ; B 2.
m
(&) (D) {0}
16. Nghiém ctua hé ph ong trinh
3x =5y =2
{4x +2y =7
la
39 3 17 -5
w (%) ® (55
39 1 1 17
©[(2:1); o (-1:7)
17. Nghiém ctia hé ph ong trinh
3x-2y—z=17

—4x+3y—-2z =15
- x—-2y+3z=-5

la
3 3
A _1 . . . B ___2._'
(A) (-10;7:9); ()(2, ,2j,
1.9 5). 5.7
(C) (_Z’ 2 ’ 4j ) (D)( 59 7’ 8)
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BAT BANG THUC

Chuongl BAT PHUONG TRINH

N

-

Hai noi dung co ban cia chuong 1a bat dang thuc va

bat phuang trinh. Cac van dé nay da duagc hoc tir nhitng
16p dudi.

Chuong nay sé cling ¢6 va hoan thién cac kT nang ching
minh bat dang thirc va giai bat phuong trinh. Ngoai cac
phép bién d6i tuong duang, hoc sinh con dudc hoc cach
xét d4u nhi thirc bac nhét va tam thirc bac hai lam co s
cho viéc gidi cac bat phuong trinh va hé bat phuang trinh.

z

PNe

BAT BANG THUC. BAT PHUONG TRINH




BAT PANG THUC

I — ON TAP BAT PANG THUC

1. Khai niém bat dang thirc
i 1
/R Trong cac ménh dé sau, ménh dé nao ding
a)3,25<4;
b)-5>-
) 4
c) v2<37?
Y

/" "\ Chon déu thich hgp (=, <, >) d& khi dién vao 6 vudng ta dudc mdt ménh dé dung.

74

a)2v2 | |3;
4 — 2
b ;
)5 L] 3
©)3+242 [ [a+v2)?;
d) a* +1] |0 véialamotss dacho.

| Cdc ménh dé dang "a < b" hodc "a > b" duoc goi la bdt
ddng thirc.
Bat dang thirc hé qua va bat ding thirc tuong duong

Néu ménh dé "a < b ¢ < d" diing thi ta néi bdt ddng thirc
¢ < d la bdt ddng thitc hé qud ciia bat ddng thitc a < b va

cingviétlaa<b c<d.

Chang han, ta da biét
a<bvab<c¢ a<c (tinh chit bic ciu).

a<b,ctuyy a+c<b+c (tinh chit cong hai vé bat dang thitc véi
mot s0).



Néu bdt ddng thitc a < b la hé qud ciia bdt ddng thitc ¢ < d va
nguoc lai thi ta néi hai bdt ddng thicc tuong dwong véi nhau
vaviétlaa<b < c<d.

/m\
F 3 |
/- N Ching minhranga<b < a—b<0.

3. Tinh chat cla bat dang thirc

Nhu vay dé chiing minh bt dang thitc a < b ta chi cin chiing minh @ — b < 0.
Téng quat hon, khi so sdnh hai s6, hai biéu thitc hoic chitng minh mot bat
dang thic, ta c6 thé sir dung cdc tinh chat ctia bat dang thitc duoc tém tat
trong bang sau

Tinh chat

Tén goi
Diéu kién Noi dung

Cong hai v€& cua bat ding

a<beoa+c<b+c ks o a g
thic véi mot so

c>0 a<b & ac<bc Nhan hai v& cta bat ding

thiic v6i mot s6

c<0 a<be ac>be

Cong hai bat dang thic

a<bvac<d a+c<b+d| . N
cung chiéu

Nhan hai bit ding thiic

a>0,c>0 a<bvac<d ac<bd N N
cung chiéu
* 2n+1 2n+1
ne R a<b&e a <b . e s L an
Nang hai vé€ cua bat dang
*
€ : thac 1én mot luy thura
ne R va a<be " < p pLy
a>0
a>0 a<b&s Na<Ab

Khai can hai vé cia mot bat
dang thiic
a<be Ja<3b g

A
e 4
/R Néu vi du ap dung mét trong cac tinh chat trén.

75



CHUY

Ta con gap cdc ménh dé dang a < b hoidc a > b. Cic ménh dé
dang nay ciing duoc goi 13 bat dang thitc. Dé phan biét, ta goi
chiing 13 cic bdt ddng thirc khong ngdt va goi cac bat dang thiic
dang a < b hodc a > b 1a céc bdt ddng thitc ngdt. Cic tinh chat
néu trong bang trén ciing diing cho bat dang thiic khong ngat.

II - BAT PANG THUC GIUA TRUNG BINH CONG VA
TRUNG BINH NHAN (BAT DPANG THUC CO-SI)

1. Bat ding thic Co-si'’

DINH Li

/Trung binh nhdn ciua hai sé khong dm nho hon hodc bcing\
trung binh cong cua chiing.

\/Esa;’b, Va. b > 0. (1)

a+b

Ddng thiic \ab = xdy ra khi va chi khi a = b.

/

Chirng minh

Tacs  Nab -0 = J(a+b-24ab) = - (Ja )’ <0.

Vay Vab < a ; b
Déng thic x4y ra khi va chi khi (va — /b))% = 0, tic 1a khi va chi khi a =b.

2. Cac hé qua

HE QUA 1

Tong ciia mot s6 duong véi nghich ddo ciia né 1én hon hodc
bdng 2.

a+l > 2, Ya > 0.

(*) Augustin Louis — Cauchy, 1789 — 1857.
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HE QUA 2

Néu x, y cung duong va cé tong khong doi thi tich xy 1én
nhdt khi va chi khi x =y.

Chiitng minh. Pat S = x +y. p dung bat dang thitc Co-si ta c6
S .
\/x—ysiz 2,dodoxyS

Pang thitc x4y ra khi vachikhix=y = % .

Vay tich xy dat gia tri I6n nhat bang i khi va chi khix=y= i

Y NGHIA HINH HOC

Trong tdt cd cdc hinh chit nhdt c¢é cang chu vi, hinh vuéng cé
dién tich lon nhdt (h.26).

A B
1 'mz
C E F
D C H G
Hinh 26
HE QUA 3

Néu x, y cung duong va cé tich khéng doi thi tong x + y nho
nhdt khi va chi khi x =y.

Y NGHIA HINH HOC
Trong tdt cd cdc hinh chit nhdt cé cung dién tich, hinh vudng cé
chu vi nho nhdt (h.27).
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lem

D C H

Hinh 27

AR

5

2 Hay chiing minh hé qua 3.

II1 - BAT PANG THUC CHUA DAU GIA TRI TUYET DOI

¢ 6
/' Y\ Nhéc lai dinh nghia gia tri tuyét ddi va tinh gia tri tuyét ddi clia cac sé sau

a)o0; b) 1,25; c) —4; d) -m.

Tur dinh nghia gia tri tuyét doi, ta c6 cac tinh chat cho trong bang sau

Diéu kién Noi dung

x| > 0, x> x, x> —=x

\x\Sa@—anSa

a>0
x|>a @ x<-ahoicx>a

al = |bl <la+ bl <ld + b

Vi du. Cho x € [-2 ; 0]. Chitng minh rdng |x + 1/ < 1.
Gidi
xe[-2;0] -2<x<0
-24+1<x+1<0+1
-1<x+1<1

x+1 <1,
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Bdi tap

1. Trong c4c khang dinh sau, khang dinh nao ding véi moi gid tri ctia x ?

a) 8x > 4x ; b) 4x > 8x ;
c) 8x% > 4x?; d)8+x>4+ux.
2. Chos6 x> 5, s0 nao trong cac sO sau day la s6 nho nhat ?
5 5 X
A= B=—+.; C=—-.; D=
X X X 5
3. Choa, b, c 1a do dai ba canh cua mot tam giac.

a) Ching minh (b — c)2 <a® ;

b) T d6 suy ra @ +b*+c2<2 (ab + bc + ca).
4. Ching minh rang
X +y3 2x2y+xy2,‘v’x20,‘v’y20.
5. Ching minh rang
x4 —\/xs +x—\/;+l >0, Vx=0.

Hudng dén. Dat x = t,xét hai trudng hop 0 < x < 1;x> 1.

6. Trong mat phing toa do Oxy, trén céc tia Ox va Oy lan lugt 14y cdc diém A
va B thay ddi sao cho dudng thang AB luon tiép xidc v6i dudng tron tam O
béan kinh 1. X4c dinh toa do clia A va B dé doan AB c6 do dai nho nhat.

CHi DAN LICH SU

Co-si 1a nha toan hoc Phap. Ong nghién céu nhiéu linh vuc
Toan hoc khac nhau, cdng bd hon 800 cong trinh vé S6 hoc,
Li thuyét s6, Dai s6, Gidi tich toan hoc, Phuong trinh vi phan,
Ca hoc Ii thuyét, Co hoc thién thé, Vat Ii toan.

Cac cong trinh cla Co6-si cho thay ré nhudc diém cla viéc
dua vao truc giac hinh hoc dé suy ra cac két qua té& nhi cla
Giai tich. Ong dinh nghia mét cach chinh xac cac khai niém

A. CO-SI gi6i han va lién tuc ctia ham s6. Ong xay dung mét cach chat
(Augustin Louis Cauchy, chg Li thuyét hoi tu clia chudi, dua ra khai niém ban kinh hdi tu.
1789 —1857)
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Ong dinh nghia tich phan la giéi han clia cac téng tich phan
va chiing minh su ton tai tich phan cla cac ham sé lién tuc.
Ong phat trién cod s8 cla Li thuyét ham sé bién sé phic. Vé
Hinh hoc, vé Pai s6, vé Li thuyét s6, vé Cd hoc, vé Quang
hoc, vé Thién van hoc, Cé-si déu c6 nhiing céng hién I6n lao.

X

BAT PHUGNG TRINH VA

HE BAT PHUONG TRINH MOT AN

9,
YA

[ - KHAI NIEM BAT PHUGNG TRINH MOT AN

1. Bat phuong trinh mot an
S5e 1
/N cho mot vi du vé bat phuong trinh mét an, chi rd vé trai va vé phai clia bat phuong

trinh nay.
Bdt phuwong trinh dn x la ménh dé chita bién cé dang

f) <gx)  (flx) < g(x)) (D

trong dé f(x) va g(x) la nhiing biéu thiic clia x.
Ta goi f(x) va g(x) ldn luot la vé trdi va vé phdi ciia bdt phuong
trinh (1). 86 thuc xo sao cho f(xy) < 8(xg) (f(xy) < g(xy)) la
ménh dé diing duoc goi la mot nghiém cua bdt phuong trinh (1).
Gidi bdt phuong trinh la tim tdp nghiém cua nd, khi tdp
nghiém réng thi ta néi bdt phuong trinh vé nghiém.

CHUY
Bat phuong trinh (1) ciing c¢6 thé viét lai du6i dang sau
g() > flx)  (g(x) 2 f(x)).
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a

-2
oo
/" {\Cho bat phuong trinh 2x < 3.
a) Trong cac s6 -2 ; 5 ; T; V10 s6 nao la nghiém, s6 nao khong la nghiém cla bat
phuong trinh trén ?
b) Giai bat phuong trinh dé va biéu dién tap nghiém cla né trén truc sé.
2. Diéu kién cua mot bat phuong trinh

Tuwong tu doi véi phuong trinh, ta goi cdc diéu kién cua dn so
x dé f(x) va g(x) c6 nghia la diéu kién xdc dinh (hay goi tdt la
diéu kién) cua bdt phuong trinh (1).

Chang han diéu kién clia bat phuong trinh

\/3—x+\/x+13x2

la3—x>0vax+120.

3. Bat phuong trinh chira tham sd

Trong mot bat phuong trinh, ngoai cic chit dong vai tro an sd con c6 thé co
cdc chit khac dugc xem nhu nhitng hing s6 va dugc goi 1a tham sé. Giai va
bién luan bat phuong trinh chita tham s6 1a xét xem véGi cac gid tri nao cua
tham s6 bat phuong trinh vo nghiém, bat phuong trinh ¢6 nghiém va tim
c4c nghiém d6. Ching han

Cm-Dx+3<0

2
xXT—-mx+120
c6 thé dugc coi 1a nhitng bat phuong trinh 4n x tham s6 m.

II - HE BAT PHUONG TRINH MOT AN

Hé bdt phuong trinh dn x gom mot sé bdt phuong trinh dn x
ma ta phai tim cdc nghiém chung cua chiing.

Moi gid tri cua x dong thoi la nghiém ciia tdt cd cdc bdt
phuong trinh cua hé duoc goi la mot nghiém cua hé bdt
phuong trinh db cho.

Gidi hé bdt phuong trinh la tim tdp nghiém cia no.
Dé gidi mot hé bdt phuong trinh ta gidi ting bdt phuong trinh
roi ldy giao cua cdc tdp nghiém.
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Vi du 1. Giai hé bat phuong trinh
3—-x2
x+120.
Gidi. Giai tirng bat phuong trinh ta c6
3—-x2032x
x+120=x2-1.
Biéu dién trén truc so cdc tap nghiém cuia cic bat phuong trinh nay ta dugc

3

Tap nghiém ctia3 — x>0 -

=Y

Tap nghiém ctax+ 1> 0 E
-1

=Y

Giao cua hai tap hop trén la doan [—1 ; 3].

Vay tap nghiém cta hé 1a [-1 ; 3] hay con c6 thé viét 1a —1 < x < 3.

111 - MOT SO PHEP BIEN DOI BAT PHUONG TRINH

1. Bat phuong trinh tuong duong

E

/" W\ Hai bat phuang trinh trong vi du 1 cé tuong duong hay khéng ? Vi sao ?

Ta da biét hai bdt phuong trinh cé cung tdp nghiém (c6 thé
rong) la hai bdt phuong trinh tuong duong va diung ki hiéu
"&" dé chi su tuong duong cua hai bdt phuong trinh dé.
Tuong tu, khi hai hé bdt phuong trinh cé cung mot tdp nghiém ta
ciing néi chiing tuong duong véi nhau va ding ki hiéu "<" dé
chi sy tuong duong do.

2. Phép bié&n déi tuong duong

D¢ gidi mot bdt phuong trinh (hé bdt phuong trinh) ta lién tiép
bién doi né thanh nhitng bdt phiong trinh (hé bdt phuong trinh)
tuong duong cho dén khi dugc bdt phuong trinh (hé bdt phuong
trinh) don gidn nhdt ma ta cé thé' viét ngay tdp nghiém. Cdc phép
bién doi nhu vdy duoc goi la cdc phép bién doi tuong duong.
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Chang han khi giai hé bat phuong trinh trong vi du 1 ta c6 thé viét
3—x2 3>2x
= & -1<x<3.
ix +120 ix > -1

Duéi day ta s& 1an lugt xét mot s6 phép bién déi thudong sit dung khi giai
bat phuong trinh.
Cong (tru)

Cong (trr) hai vé cua bdt phuong trinh véi ciing mot biéu thiic
ma khong lam thay doi diéu kién ciia bdt phuong trinh ta duoc
mot bdt phuong trinh tuong duong.

P(x) < Q(x) & P(x) + flx) < OQ(x) + f(x)

Vi du 2. Giai bat phuong trinh
(C+2)2x=1)=2<x + (X = D(x+3).
Phan tich bai toan
Khai trién va riit gon ting v€ ta duoc bat phuong trinh
2 +3x—4<20 + 20— 3.
Chuyén vé va déi ddu cdc hang tlr clia vé phdi bat phuong trinh nay (thuc

chét 1a cong hai v€ cua bat phuong trinh véi biéu thic —(2x + 2x — 3) ta
dugc mot bat phuong trinh da biét cach giai.
Gidi
x+2)2x-1)-2< x? +(x-Dx+3)
<:>2x2+4x—x—2—2£x2+x2—x+3x—3
o2+ 33— 4<% + 20— 3
o2+ 34— (28 +2x-3)<0
x—-1<0
& x<1.

Vay tap nghiém cua bat phuong trinh la (—eo ; 1].

Nhdn xét. Néu cong hai vé€ clia bat phuong trinh P(x) < Q(x) + f(x) v6i biéu
thitc —f(x) ta dugc bat phuong trinh P(x) — f(x) < Q(x). Do d6

P(x) < Q(x) + flx) & P(x) = flx) < Q(x).
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Nhu vay chuyén vé€ va déi ddu mot hang tlr trong mot bat phuong trinh ta
dugc mot bat phuong trinh tuong duong.

4. Nhan (chia)

Nhdn (chia) hai vé cia bdt phuong trinh véi cung mot biéu
thitc luon nhdn gid tri duong (ma khong lam thay doi diéu
kién ciia bdt phuong trinh) ta dugc mot bdt phuong trinh
tuong duong. Nhdn (chia) hai vé cua bdt phuong trinh vdi
cung mot biéu thiic luon nhdn gid tri dm (ma khong lam thay
doi diéu kién ciia bdt phuong trinh) va doi chiéu bdt phuong
trinh ta duoc mot bdt phuong trinh tuong duong.

P(x) < Q(x) & P(x).f(x) < Q(x).f(x) néu f(x) > 0, Vx
P(x) < Q(x) & P(x).f(x) > Q(x).fx) néu flx) < 0, Vx

Vi du 3. Giai bat phuong trinh

x2+x+1 >x2+x

x> 42 241
Phdn tich bai toan. Mau thic cha hai v€ bat phuong trinh 12 nhitng biéu thic
luon duong. Nhan hai v€ ctia bat phuong trinh vé6i hai biéu thic luon duong
do, ta dugc mot bat phuong trinh tuong duong.
Gidi

x2+x+1>x2+x

x> 42 2+l
2 2 2 2
Sk +x+DHx + D> +x0)x +2)
4 3 2 4 3 2
SXx +x +2x +x+1>x +x +2x +2x
4 3 2 4 3 2
Sx +x +2x +x+1—-x —x —=2x —2x>0
S —x+1>0=x< 1.
Vay nghiém cuta bat phuong trinh la x < 1.

5. Binh phuong

Binh phuong hai vé cua mot bdt phuong trinh cé hai vé khong
am ma khong lam thay doi diéu kién ciia né ta duoc mot bdt
phuong trinh tuong duong.

P(x) < O(x) & P~(x) < 0°(x) néu P(x) > 0, O(x) > 0, Vx
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Vi du 4. Giai bat phuong trinh

\/x2 +2x+2 >\/x2 -2x+ 3.
Gidi. Hai v€ bat phuong trinh déu c6 nghia va duong véi moi x. Binh
phuong hai v€ bat phuong trinh nay ta dugc

(\/x2 +2x + 2)2 > (\/xz - 2x+ 3)2

<:>x2+2x+2>x2—2x+3
S 4x > 1

& X >
Vay nghiém cua bat phuong trinh la x >

Chuy

Trong qud trinh bi€n déi mot bit phuong trinh thanh bit phuong trinh

tuong duong can chi ¥ nhitng diéu sau
1) Khi bién déi cdc biéu thitc ¢ hai vé ciia mot bdt phuong
trinh thi diéu kién ciia bdt phuong trinh cé thé bi thay doi. Vi
vdy, dé tim nghiém ciia mot bdt phuong trinh ta phdi tim cdc
gid tri cua x thod mbn diéu kién cua bdt phuong trinh dé va la
nghiém ciia bdt phuong trinh mai.

Vi du 5. Giai bat phuong trinh

5x+2\/3—x_ x_4—3x/3—x'

1>
4 4 6
Gidi. Diéu kién 3 — x > 0.
Ta co
5x+2\/3—x_1>x_4—3\/3—x
4 4 6
Sx 3—x x 2 3—x
- + -1> -+
4 2 4 3 2
Sx 3—x x 2 N3—-x
-1-—+—- >0
4 2 4 3 2
1
x——>0
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K&t hop v6i diéu kién clia bat phuong trinh, ta ¢6 nghiém cua bat phuong
trinh 12 nghiém cua hé
1
x—=—>0
3
3—-x20.
Heé bat phuong trinh nay c6 nghiém la ; <x <3

Két ludn. Nghiém cta bat phuong trinh da cho la ; < x <3,

2) Khi nhdn (chia) hai vé cua bdt phuong trinh P(x) < Q(x)
voi biéu thitc f(x) ta cdn luu y dén diéu kién vé ddu cia f(x).
Néu f(x) nhdn cd gid tri duong ldn gid tri dm thi ta phdi lan
luot xét ting truong hop. Moi truong hop dan dén mot hé bat
phuong trinh.

Ta minh hoa diéu nay qua vi du sau.

1

Vi du 6. Giai bat phuong trinh " > 1.
X —

Gidi. Diéu kién x # 1.

a) Khix-1<O0(titclax<1)tacod < 0. Do d6 trong trudong hop nay
x —_—

moi x < 1 déu khong 1a nghiém ctia bat phuong trinh hay bat phuong trinh
vo nghiém.
b) Khi x — 1 > 0 (ttc 1a x > 1), nhan hai v€ clia bat phuong trinh da cho véi
x — 1 ta dugc bat phuong trinh tuong duong 1 > x — 1. Nhu vay trong
truong hgp nay nghiém cua bat phuong trinh da cho 1a nghiém cua hé
1>2x-1
x> 1.
Giai hé nay ta dugc nghiémla 1 <x < 2.
Két ludn. Nghiém cua bat phuong trinh da chola 1 <x < 2.
3) Khi gidi bdt phuong trinh P(x) < Q(x) ma phdi binh phuong
hai vé'thi ta lan luot xét hai truong hop :
a) P(x), Q(x) cing cé gid tri khong dm, ta binh phuong hai vé
bdt phuong trinh.
b) P(x), Q(x) ciing cé gid tri am ta viét
P(x) < Q) & - 0(x) < P)

roi binh phuong hai vé bdt phuong trinh mdoi.



Vi du 7. Giai bat phuong trinh

4 2

Gidi. Hai v€ cua bat phuong trinh c¢6 nghia v6i moi x.

1
a) Khi x + 5 <0 (ticla x < — ) ), v€ phai cua bat phuong trinh am, v€ trai

duong nén trong truong hop nay moi x < 5 déu 1a nghiém cua bat
phuong trinh.

b) Khi x + ; >0 (ticla x > - 5 ), hai v€ cua bat phuong trinh da cho déu
khong 4m nén binh phuong hai v€ ciia n6 ta dugc bat phuong trinh tuong
duong 2+ 147 >x2 +x+ 1 Nhu vay, nghiém cua bat phuong trinh da

cho trong truong hgp nay 1a nghiém cta hé

1
Giai hé nay ta duoc nghiém la 5 <x <4
Tong hop lai, nghiém ctia bat phuong trinh da cho bao gom
1
x < - Vé—ESx<4.

2
Két ludn. Nghiém ctia bat phuong trinh da cho 1a x < 4.

Badi tap
Tim cdc gi4 tri x thoa man diéu kién clia moi bat phuong trinh sau
a)1<1—1; b) 21 Sz2x ;
X x+1 x“—4 x"—4x+3
21+ ¥ —1< 2, d) 2V1—x >3x + :
x+1 x+4
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Ching minh cdc bat phuong trinh sau v6 nghiém

a) x2+x/x+8 <-3;

b) V1420 —3)> 45— dx + <3;

OVI+2 AT+ > 1.

Giai thich vi sao cac cap bat phuong trinh sau tuong duong ?
a)—4x+1>0vadx—-1<0;

D)2 +5<2x— 1vA2x —2x+6<0;

1

)x+1>0vax+1+ 21 > 3 ;
x“+1 x=+1

d)Vx—-12xva@x+1Dvx—-12x2x+1).

Giai cac bat phuong trinh sau

3x+1_x—2<1—2x _
2 3 4

a)

b) Qx —1)(x+3)=3x +1< (x = D(x +3) + 1% = 5.

Giai cac hé bat phuong trinh

6x+§<4x+7

a)
8x+3<2x+5;
15x—2>2x+1
b)
2(x—4)<3x;14-



DAU CUA NHI THUC BAC NHAT

I - PINH Li VE DAU CUA NHI THUC BAC NHAT

1. Nhi thirc bac nhat

Nhi thitc bac nhdt doi véi x la biéu thitc dang f(x) = ax + b
trong dé a, b la hai s6'db cho, a # 0.

S
J R a) Gidi bat phuong trinh —2x + 3 > 0 va biéu dién trén truc sé tap nghiém cla né.
b) Tir d6 hay chi ra cac khodng ma néu x I&y gia tri trong dé thi nhi thiic fix) = —2x + 3
cé gia tri
Trai d4u véi hé s6 cla x ;
Cung d&u vdi hé s6 cla x.

2. Dau cua nhi thirc bac nhat

DINH Li

Nhi thitc f(x) =ax +b ¢é gid tri cung ddu vdoi hé so a khi x

ldy cac gia tri trong khoang(——; +<>oj , trdai ddu voi hé so a
a

khi x ldy cdc gid tri trong khodng L—oo; - j
a

Chitng minh. Ta c6 f(x) =ax+ b = aLx + b]
a

- .., b b\ . L y
V6ix> - thix+— >0 nénflx)= aLx + ] cung dau v6i hé so a.
a a a
” . b . b e e e A
Véix< — thix+ <O0nénflx)= akx + trai dau véi hé so a.
a a
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Ciac két qua trén duoc thé hién qua bang sau

fx)=ax+b trai diu véi a 0 cung dau véi a

Ta goi bang nay 1a bdng xét ddu nhi thic f(x) = ax + b.

Khi x = =" nhi thic f(x) = ax + b c6 gia tri bang 0, ta n6i so6 Xy =~ la
nghiém cta nhi thic f(x).
Nghiém X, =— cua nhi thic chia truc s6 thanh hai khoang (h.28).
_b ) ciine ddu véi
a f{(x) cung dau véi a
f{(x) trai dau véi a X
Hinh 28
Minh hoa bdng do thi
a>0 a<0
Y y =ax +b y=ax+ b Y
_b ; + b
a_—+ . i +~a >
~ - 0 X o - X

3. pdung
{( ,
WXét dau cac nhithic  f(x)=3x+2, gk =-2x+5.

‘«“/‘: .

Vidu 1. Xét dau nhi thic f(x) = mx — 1 v6i m 1a mot tham s6 da cho.
Gidi. Néu m = 0 thi f{x) = -1 < 0, v6i moi x.
0

’ . . . 1
Neéu m # 0 thi f(x) la mot nhi thic bac nhat c6 nghiémx, = —.
m

90



Ta c6 bang xét dau nhi thitc f(x) trong hai truong hgp m > 0, m < 0 nhu sau

m>0 . - ; teo
Jx) - 0 +

m<0 . - ; teo
S + 0 -

II - XET DAU TICH, THUONG CAC NHI THUC BAC NHAT

Gid sit f(x) la mot tich ciia nhitng nhi thitc bdc nhdt. p dung dinh li
vé ddu ciia nhi thitc bdc nhdt cé thé xét ddau timg nhan ti. Ldp bdng
xét ddu chung cho tdt cd cdc nhi thiic bdc nhdt ¢é mdt trong f(x) ta
suy ra dvoc ddu ctia f(x). Truong hop f(x) la mét thuong ciing duoc
Xét tuong tu.

Vi du 2. Xét ddu biéu thic

4x —D(x+2)
-3x+5

Jx) =
Gidi
f(x) khong xéac dinh khix = 3 Céc nhi thic 4x — 1, x + 2, =3x + 5 c6 cac

nghiém viét theo thu tu tang 1a -2 ; 4 ; 3 Cac nghiém nay chia khoang

(—o0; 4 o) thanh bon khoang, trong mébi khoang cac nhi thiic dang xét ¢6

dau hoan toan xac dinh.

X —oo -2 4 3 +o0
4x -1 — - 0 + +
x+2 — 0 + + +
-3x+5 - + + 0 -
fx) + 0 _ 0 + _
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Tur bang xét dau ta thay

1
> (0 khix € (—; —=2) hoa € . :
f(X) 1X ( ) Oacx k4 3)
Jf(x) <O khixe —2‘1)hoécxe §‘+oo :
k ’4 . L37 J,
f(x)=0khix=—2hoacx:4

f(x) khong x4c dinh khi x = 3 (trong bang ki hiéu bai Il).

(eo)
e 3

/R xét du bidu thic fx) = (2x — 1)(=x + 3).

II1 - AP DUNG VAO GIAI BAT PHUONG TRINH

n
-

92

Giai bat phuong trinh f(x) > 0 thuc chat 1a xét xem biéu thic f(x) nhan gid
tri duong véi nhitng gia tri nao cua x (do d6 ciing biét f(x) nhan gia tri am
v6i nhitng gid tri ndo cla x), lam nhu vay ta néi da xét ddu biéu thic f(x).

Bat phuong trinh tich, bat phuong trinh chira an é mau thirc

Vi du 3. Giai bat phuong trinh

! > 1.

1-—x

Gidi. Ta bién déi tuong duong bat phuong trinh di cho

1
>l o -120 &
1—x 1—x 1—x

= 0.

Xét dau biéu thic f(x) = Y suy ra nghiém ctia bat phuong trinh da

chola0<x<1.

N
(-
SEY 4
/

Gidi bat phuong trinh x> — 4x < 0.



2. Bat phuong trinh chira an trong dau gia tri tuyét déi

Mot trong nhitng cdch giai bat phuong trinh chita 4n trong d4u gid tri tuyét
doi 1a sur dung dinh nghia dé khir dau gia tri tuyét d6i. Ta thudng phai xét
bt phuong trinh trong nhiéu khoang (ntta khoang, doan) khac nhau, trén
d6 cac biéu thitc ndm trong diu gid tri tuyét doi déu co6 dau xéac dinh.
Vi du 4. Giai bat phuong trinh
[2x+1+x-3<5.

Gidi.
Theo dinh nghia gid tri tuyét doi ta co
2x+1 néu2x+12>0
2x+1 =

[~(=2x + 1) néu —2x +1 < 0.

Do d6 ta xét bat phuong trinh trong hai khoang

a) V6i x < 5 ta c6 h¢ bat phuong trinh

N | =

<
hay {x -2

X <
(2x+D)+x-3<5 —x <17.

Hé nay co nghiémla -7 < x <

b) Vé6i x > ) ta c6 hé bat phuong trinh

X 1 x>

> 2 hay

2x-1H)+x-3<5 x < 3.
) 1

Hé¢ nay c6 nghiém la 5 < x <3.

Téng hop lai tap nghiém ctia bit phuong trinh di cho 13 hop clia hai khoang
1

— va ( ; 3).
SPIALE

Két ludgn. Bat phuong trinh da cho c¢6 nghiém 1a -7 < x < 3.
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Bdng cdach dp dung tinh chdt cia gia tri tuyét doi ( 1) ta cé
thé dé dang gidi cdc bdt phuong trinh dang \f(x)‘ <a va

()| = a véia>0db cho.

Ta co

\f(x)\éa S -a<f(x)<a

‘f(x)‘ > a < f(x) £ —a hoac f(x) 2 a.

(a>0)

Xét dau cac biéu thiic

a)fx)y=2x—-DHx+3);
-4 3

c) fix) = -

)fx) 3x+1 2-—x

Giai cac bat phuong trinh

a) 2 < > ;

x—1 2x-1

2

1 2 3
c) + < ;
x x+4 x+3

Giai cac bat phuong trinh

a) 5x -4/ >6;

b) f(x) = (=3x — 3)(x + 2)(x + 3) ;
d) fx) = 4x° — 1.
| I

b) < ;
x+1 (x—1)?

2
d)x 23x+1 L
x° =1

10

x—1

b)

<
X 2

/, BAT PHUONG TRINH BAC NHAT HAT AN

v

[ - BAT PHUONG TRINH BAC NHAT HAI AN
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Ta ciing gap nhitng bat phuong trinh nhiéu 4n s6, chang han

2x+y3—z<3;3x+2y<1.

Khix =-2,y=1, z=0 thi vé€ trai bat phuong trinh thi nhat c6 gia tri nho
hon v€ phai ctia n6, ta néi bo ba s6 (x; y; z)=(-2; 1; 0) la mot nghiém

cua bat phuong trinh nay.



Tuong tu, cap s (x; y) = (1 ; —2) la mot nghiém ctia bat phuong trinh thit hai.

Bdt phuong trinh bdc nhdt hai dn x, y c6 dang tong qudt la
ax+by<c (1)
(ax+by<ci;ax+by=2c;ax+by>c)
trong dé a, b, ¢ la nhitng s6 thuc db cho, a va b khong dong
thoi bdng 0, x va y la cdc dn so.

I — BIEU DIEN TAP NGHIEM CUA BAT PHUONG TRINH BAC NHAT
HAI AN

Ciing nhu bat phuong trinh bac nhat mot 4n, cdc bit phuwong trinh bac nhat
hai 4n thudng c6 vo s6 nghiém va dé mo ta tap nghiém cua chiing, ta sir
dung phuong phdp biéu dién hinh hoc.

Ngudi ta da chiing minh dugc ring trong mit phang toa do Oxy, dudng

Trong mdt phdng toa do Oxy, tdp hop cdc diém cé toa do la
nghiém bdt phuong trinh (1) duoc goi la mién nghiém cuia né.

thang ax + by = ¢ chia mat phing thanh hai nira mat phang, mot trong hai
nira mat phang d6 12 mién nghiém cta bat phuong trinh ax + by < ¢, nira
mat phang kia 13 mién nghiém ctia bat phuong trinh ax + by > c.

Tir d6 ta c6 quy tdc thuc hanh biéu dién hinh hoc tdp nghiém (hay biéu
dién mién nghiém) cla bat phuong trinh ax + by < ¢ nhu sau (tuong tu cho
bat phuong trinh ax + by > ¢)

Butée 1. Trén mdt phdng toa dé Oxy, vé duong thang A :
ax+by=c.
Bucc 2. Lay mot diém My(xy;y,) khong thuoc A (ta thuong
ldy goc toa do O)
Budc 3. Tinh axy + by, va so sanh axy + by, voi c.
Budc 4. Két ludn
Néu axy + by, < c thi niia mdt phdang bo A chita
M,y la mién nghié¢m ciia ax + by < c.
Néu ax, + by, > c thi nita mdt phdng bo A khong

chica My la mién nghiém ciia ax + by < c.
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CHUY
Mién nghiém ctia bat phuong trinh ax + by < ¢ bd di dudng
thang ax + by = ¢ 12 mién nghiém ctia bit phuong trinh

ax+ by <c.

Vi du 1. Biéu dién hinh hoc tap nghiém ctlia bat phuong trinh bac nhat hai 4n
2x +y < 3.
e A ‘k

Giai y
V& duong thang A : 2x +y = 3.

Lay goc toa do O(0 ; 0), ta thady O ¢ A va
c6 2.0 + 0 < 3 nén nra mat phang bd A
chita goc toa do O 1a mién nghiém cua bat
phuong trinh da cho (mién khong bi to
dam trong hinh 29).

&y )
/" {\Biéu dién hinh hoc tap nghiém cla bat phuong
trinh bac nhat hai 4n

-3x+2y>0.

Hinh 29

11T — HE BAT PHUGNG TRINH BAC NHAT HAI AN

Tuong tu hé bat phuong trinh mot 4n
Hé bdt phuong trinh bdc nhdt hai dn gom mot sé bdt phuong
trinh bdc nhdt hai dn x, y ma ta phdi tim cdc nghiém chung
ciia chiing. Moi nghiém chung dé dvoc goi la mot nghiém cia
hé bdt phuong trinh db cho.

Ciing nhu bdt phuong trinh bdc nhdt hai dn, ta cé thé biéu dién
hinh hoc tdp nghiém ciia hé bdt phuong trinh bdc nhdt hai dn.

Vi du 2. Biéu dién hinh hoc tap nghiém clia hé bat phuong trinh bac nhat hai 4n
3x+y<6
x+y<
X2

[ y 2 0.
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Gidi. V& cic dudng thang y
(d):3x+y=6
(dy)):x+y=4
(d3) : x =0 (truc tung)
(dy) : y = 0 (truc hoanh).
Vi diém M(1 ; 1) c6 toa do thoad man

tdt ca cdc bat phuong trinh trong hé
trén nén ta t6 dam céc nlta mat phang
bo (dy), (d,), (d3), (dy) khong chiia
diém M. Mién khong bi t6 dam (hinh
tit gidc OCIA ké ca bon canh Al, IC,
CO, OA) trong hinh v& (h.30) 1a mién
nghiém cua hé da cho.

/D\

7 {&Biéu dién hinh hoc tap nghiém clia hé bat phuang trinh bac nhat hai an

2x—y <3
2x + 5y < 12x +8.

7

IV — AP DUNG VAO BAI TOAN KINH TE

Giai mot s0 bai toan kinh t€ thuong dan dén viéc xét nhitng hé bat phuong
trinh bac nhat hai 4n va giai ching. Loai bai todn nay dugc nghién ctu
trong mot nganh todan hoc ¢é tén goi 1a Quy hoach tuyén tinh. Sau day ta sé
xét mot bai toan don gian thuoc loai do.
Bai todn. Mot phan xudng c6 hai mdy dac ching M;, M, san xuét hai
loai san pham ki hiéu 1a I va II. Mot tan san pham loai I 13i 2 triéu dong,
mot tdn san pham loai II 1di 1,6 triéu dong. Mudn san xudt mot tdn san
phdm loai I phai ding mdy M, trong 3 gi¢ va mdy M, trong 1 gid. Mudn
san xudt mot tan san phdm loai II phai ding mdy M, trong 1 gid va méy
M, trong 1 gid. Mot may khong thé dung dé san xuat dong thoi hai loai
san pham. May M, lam viéc khong qud 6 gio trong mot ngay, miy M,
mot ngay chi lam viéc khong qua 4 gio. Hay dat k&€ hoach san xuat sao cho
téng s6 tién 13i cao nhat.
Gidi. Goi x, y theo thit tu 12 s6 tdn san pham loai I, loai II sdn xuit trong
mot ngay (x >0, y > 0). Nhu vay tién 13i méi ngay 1a L = 2x + 1,6y (trieu dong)
va 80 gio lam viéc (moi ngay) clia mdy M, 1a 3x +y vamdy M, lax +y.
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Vi mbi ngay mdy M, chi lam viéc khong qua 6 gio, mdy M, khong quad 4 gio
nén x, y phai thoa man h¢ bat phuong trinh
3x+y<6

x+y<

v > (2)

y =20.
Bai todn tré thanh
Trong cdc nghiém cua h¢ bat phuong trinh (2), tim nghiém (x = x; ; y = y()
sao cho L = 2x + 1,6y 16n nhat.
Mién nghiém ctia hé bat phuong trinh (2) 1a t& gidc OAIC ké ca mién trong
(goi 1a mién ti gidc OAIC) xem vi du & muc III hinh 30.
Ngudi ta chiing minh duge rang biéu thic L = 2x + 1,6y dat dugc gid tri 16n
nhit tai mot trong cac dinh cla ti gidc OAIC (xem bai doc thém). Tinh gia tri
cuia biéu thic L = 2x + 1,6y tai tit ca cac dinh cia t& gidc OAIC, ta thay L I6n
nhatkhix=1,y=3.

Vay dé c6 so tién 14i cao nhat, mdi ngay can san xuat 1 tdn san pham loai I
va 3 tdn san pham loai II.

N

BAI POC THEM

PHUGNG PHAP TiM cuc TRI CUA BIEU THUC
F = ax + by TREN MOT MIEN DA GIAC

Bai toan. Tim gia tri I16n nhat, gia tri nhdé nhat cla biéu thiic F = ax + by (a, b la
hai s& da cho khéng déng thai bang 0), trong d6 x, y la cac toa d6 cla cac diém



thuéc mién da giac AAy..  AAL ... A,. Xac dinh x, y dé F dat gia tri I16n nhat,
nhod nhat.

Giai (h.31). Ta minh hoa cach giai trong
trudng hop n = 5 va chi xét trudng hop
b > 0 (cac trudng hgp con lai xét tuong
tw). Gid sl M(x, ; y,) 1& mét diém da cho
thudc mién da giac. Qua diém M va méi
dinh clia da giac, k& cac dudng thang
song song Vi dudng thang ax + by = 0.

Trong cac duong thdng d6, dudng
th&dng qua diém M c6 phuong trinh

ax+ by = axy+ by,

2 2 +b
va ct truc tung tai diém N [0 . axObyOJ _

Vi b >0 nén ax, + by, I6n nhat khi va chi Hinh 31
CZXO +
b

khi 0 16n nhat.

Trén hinh 31, F = ax + by 16n nhéat khi (x ; y) |a toa d6 clia di€ém A,, bé nhat khi (x; y)

la toa d6 diém A,.

Tém lai, gia tri 16n nhat (nhd nhat) clia biéu thiic F = ax + by dat dudc tai mét trong
cac dinh clia mién da giac.

Badi tap
Biéu dién hinh hoc tap nghiém clia cdc bit phuong trinh bac nhat hai 4n sau.

a)x+2+2(y-2)<2(1 —x); b)3(x—1)+4(y—2)<5x-3.

Biéu dién hinh hoc tap nghiém ctia cdc hé bat phuong trinh bac nhat hai 4n sau.

XY
x-=2y< 0 |§+5_1<0
a)4x+3y>— b)<1|x+1_3y<2
[y—x< 3; 2 2
[sz.

C6 ba nhém méy A, B, C dung dé san xuat ra hai loai san phdam 1 va II. Dé
san xudt mot don vi san pham mdi loai phai lan luot dung cdc mdy thudc
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cac nhom khac nhau. S6 may trong mot nhém va s6 mdy cua ting nhém
can thi€t dé san xudt ra mot don vi san phdm thudc méi loai dugc cho trong

bang sau
o S6 mdy trong tirng nhém dé san xuit ra
Nhém S0 mdy trong mot don vi san phdm
moi nhém
Loail Loai II
A 10 2 2
B 4 0 2
C 12 2 4

Mot don vi san pham 1 13i 3 nghin déng, mot don vi san pham II 13i 5 nghin dong.
Hay lap phuong 4n dé viéc san xuat hai loai sén phdm trén c6 1di cao nhat.

Hudng dédn : Ap dung phuong phép giai trong muc IV.

§“ 5" DAU CUA TAM THUC BAC HAI

I - PINH Lf VE DAU CUA TAM THUC BAC HAI

1. Tam thuc bac hai

1) Xét tam thirc bac hai f(x) = x> —5x+4. Tinh f(4), A2), f(=1), f(0) va nhan xét vé
dau clia chung.

Tam thitc bdc hai d6i véi x 1a biéu thic ¢6 dang fix) =ax> + bx + c,

trong do a, b, ¢ la nhiing hé so, a # 0.

/ D\
sie 1

SR

2) Quan sat d6 thi ham s6 y = x> —5x + 4 (h. 32a)) va chi ra cac khodng trén d6
dé thi 6 phia trén, phia dudi truc hoanh.
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3) Quan sat cac db th trong hinh 32 va it ra méi lién hé vé ddu clia gid tri f(x) = ax> + bx + ¢

(ing véi x tuy theo dau clia biét thiic A = b* — dac-.

M YA yA
4 4

5

2 _ _ I N
o[ | 4 X o 2 X o 2 X
A RN

a) b) c)
2 2 2
y=flx)y=x —-5x+4 y=x —4x+4 y=x —4x+5
Hinh 32

2. Dau cua tam thic bac hai

Nguoi ta da chiing minh duoc dinh 1i vé€ ddu tam thiic bdc hai sau day

DINH Li

ﬁhof(x): ax® + bx + ¢ (a#0), A= b* — dac. \

Néu A < 0 thi f(x) luon cing ddu voi hé sé a, voi moi x €

Néu A =0 thi f(x) luén cung ddu voi hé sé a, triv khi x = ;b
a

Néu A > 0 thi fix) cung ddu voi hé s6a khi x < x; hodc X > x,, trdi

ddu voi hé 56 a khi x| < x < X, trong do x;, X, (x| < X,) la hai
Qghi_ém ctia f(x). /

CHUY

Trong dinh I trén, c6 thé thay biét thic A = b> — 4ac bing
biét thic thu gon A' = (b))% — ac.
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Minh hoa hinh hoc

Dinh 1i vé d4u ctia tam thic bac hai ¢c6 minh hoa hinh hoc sau (h.33).

102

A<O A=0 A>0
y
y
+ + + +
a>0 + + + +
-~ + + . TR
X 0|7b X 0|_ ~ X
2a -
A<O A=0 A>0
y y yT
b +
_ 0 " 2a _ 0+ N -
a<0| " o~ —7 % - X —/‘Xl B\~ x
Hinh 33
p dung
Vidul
a) Xét ddu tam thic f(x) = —x> +3x — 5.
b) Lap bang xét dau tam thitc f(x) = 2x> — 5x + 2.
Gidi
a)f(x) c0 A= -11<0,hés6 a =-1<0 nén f(x) <0, véi moi x.
b) flx) = 2)(2 —5x+2 ¢06 hai nghiém phan biét x; = 5’ Xy =2, he

s6a=2>0.

Ta c6 bang xét ddu f(x) nhu sau

fx)




¢ . \
ver 2
/" W xét dau cac tam thitc
a) f(x)=3x" +2x—5 ; b) g(x) = 9x” — 24x + 6.
Tuong tu nhu tich, thuong clia nhitng nhi thitc bac nhat, ta c6 thé xét dau
tich, thuong cua cac tam thdc bac hai.
Vi du 2. Xét ddu biéu thic

2
2x° —x —
fy =2
x° =4
Gidi. Xét ddu cdc tam thic 2x> — x —1 va x> — 4 18i 1ap bang xét ddu f(x)
ta duoc
X —00 —2 — 1 2 ~+oc0
2
272 —x—1 + |+ 0 - 0 4 ‘ -
x> -4 + 0 - - - 0 +
fx) + | - o + o - | +

I1 - BAT PHUONG TRINH BAC HAI MOT AN
1. Bat phuong trinh bac hai
Bdt phuong trinh bdc hai dn x la bdt phuong trinh dang

2 2
ax +bx+c <0 (hodgc ax +bx+c<0,ax +bx+c>0,
2 .
ax +bx+c=0),trong dé a, b, c la nhitng sé thuc db cho, a # 0.

2. Gidi bat phuong trinh bac hai
. 2 .
Giai bat phuong trinh bac hai ax + bx + ¢ < 0 thuc chat 1a tim céc
khoang ma trong dé f(x) = ax® + bx + ¢ cung diu vé6i hé so a (truong hop
a < 0) hay trai dau véi hé s6 a (truong hgp a > 0).

P 3

/a
! é%Trong cac khoang nao
s iAo a2
a) f(x)= —2x% +3x +5 trai dau voi hé sécuax ?
N i ta w a2
b) g(x) = 3’ +Tx—4 cung dau v@i hé s6 cua x ?
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Vi du 3. Giai cac bat phuong trinh sau

) 3x> +2x+5>0 ; b) 2x2 +3x+5>0:
©) Bl +Tx—-4<0: d) 9x2 —24x +16 > 0.
Gidi

a) Tam thic f(x) = 3x> +2x+5 c6A’=1-3.5<0,hé s6a=3 >0 nén
f(x) luon duong (cung dau véi a).

2
Do d6 tap nghiém cua bat phuong trinh 3x +2x+ 5> 01a (—oo ; +0).

b) Tam thuc f(x) = —2x% +3x + 5 ¢6 hai nghi¢m lax, = —-1; x, = , he

s0 a = -2 < 0, nén f(x) luon duong véi moi x thuoc khoang L—l ; Zj
. 2 . )
Vay bat phuong trinh —2x + 3x + 5 > 0 c6 tap nghiém la khoang L—l; ;)

2
¢) Tam thic fix) = -3x + 7x — 4 ¢6 hai nghiém lax, =1; x, = ;1 hé s6
a= -3 < 0, nén f{x) luon am véi moi x thudc khoang (—oo ; 1) hoac LE ;+ ooJ.
2
Vay tap nghiém cua bat phuong trinh —=3x +7x-4<01a
4

—oo; 1) U| — ;+ o0

=)
d) Tam thiic f(x) =9x> —24x+16 c6 hé s6 a =9, A’ = 122 —=9.16 = 0,
f(x) c6 nghiém kép x = 3 nén f(x) >0 véimoi x # 3 va fix) =0 véi x = 3

2

Vay bat phuong trinh 9x — 24x + 16 = 0 nghiém ding véi moi x.

Vi du 4. Tim cac gia tri ciia tham s6 m dé€ phuong trinh sau c6 hai nghiém
trai dau

2% —(m* —m+Dx+2m*> —3m—-5=0.



Gidi. Phuong trinh bac hai s€ c6 hai nghiém trai dau khi va chi khi cac hé
sO a va ¢ trai ddu, tic 12 m phai thoa man di€u kién

22m? = 3m—5) <0 < 2m —3m—5<0.
Vi tam thuc f(m) = 2m2 — 3m — 5 ¢6 hai nghiém la m; = -1, m, = 5 va hé
s6 cta m> duong nén
2m2—3m—5<0<:> -l<m<

Két lugn. Phuong trinh da cho c6 hai nghiém trdi ddu khi va chi khi

-1l<m<

Badi tap
Xét dau cac tam thic bac hai
a) 5y -3+ 1, b) —2x" +3x+5;
C) x2+ 12x + 36 ; d) 2x—3)(x+5).

Lap bang xét ddu cdc biéu thic sau

a) fix) = (3x2 —10x +3)4x-5);

b) f(x) = Bx% —4x)2x% —x = 1) ;

) fX) = (4x? = 1)(=8x% + x = 3)(2x +9) ;

(3)(2 -x)(3- xz).

d) fx) = _
4x° +x -3
Giai cac bat phuong trinh sau
2 2
a)dx —x+1<0; b)-3x +x+42>20;
2
c) ! < 3 ; d)x —x-6<0.

x2—4 3x2+x—4

Tim céc gid tri cia tham s6 m dé cac phuong trinh sau vo nghiém
a) (m —2)x> +2(2m = 3)x +5m — 6 = 0;
b) G—mx? —2(m+3)x+m+2=0.
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ON TAP CHUONG 1V

St dung ddu bat dang thiic dé viét cac ménh dé sau
a) x 1a so duong ;

b) y 1a s6 khong am ;

¢) Vé6i moi so thuc a, al 1a s6 khong am ;

d) Trung binh cong cta hai s6 duong a va b khong nho hon trung binh
nhan cta ching.

C6 thé rit ra két luan gi vé dau cia hai s6 a va b néu biét

a)ab>0; b)g>0;
b
a
c)ab<0; d)Z<O‘?
Trong cac suy luan sau, suy luan nao ding ?
x < x <
(A) xy<1; (B) <1:
y<l1 y<l1 y
(0<x< (x <
© xy<1l; (D) x—y<O0.
y<l1 iy<1

Khi can mot vat v6i do chinh xac dén 0,05kg, nguoi ta cho biét két qua la
26,4kg. Hay chi ra khoi lugng thuc cta vat d6 nam trong khoang nao.

Trén cling mot mat phang toa do, hiy vé& dé thi hai hAim s6 y = f(x) = x + 1
va y = g(x) =3 — x va chi ra cdc gi4 tri nao ctua x thoa man :

a) flx) = g(x) ;

b) f(x) > g(x) ;

¢) flx) < g(x).

Kiém tra lai két qua bang céch gidi phuong trinh, bat phuong trinh.

Cho a, b, ¢ 1a céc s6 duong. Chitng minh rang

> 6.

a+b b+c c+a
+ +
c a b



10.

11.

12.

13.

14.

Diéu kién cia mot bat phuong trinh 1a gi ? Thé nao 1a hai bat phuong trinh
tuong duong.

Néu quy tac bi€u dién hinh hoc tap nghiém cta bat phuong trinh ax + by < c.
Phat biéu dinh 1i vé ddu ctia tam thitc bac hai.

Cho a > 0, b > 0. Chitng minh ring

GrpEYeh

a) Bing cdch sir dung hing déng thic @ — b> = (a — b)(a + b) hdy xét dau
f(x):x4—x2+6x—9
4

X2 - 2x
b) Hay tim nghiém nguyén ctia bat phuong trinh sau

va g(x) = X% —2x -

x(x3—x+6)>9.

Cho a, b, ¢ 1a d0 dai ba canh cua mot tam gidc. St dung dinh 1i vé dau cta
tam thidc bac hai, chiing minh rang

b2 x? —(b2 + 2 —az)x+c2 >0, Vx.

Biéu dién hinh hoc tap nghiém ctia hé bat phuong trinh bac nhit hai 4n

3x+y 2
x =2 y-3
2y =2 8-x
L y < 6.

Bdi tap trdc nghiém
Chon phuong dn dung trong cdc bai tdp sau
S6 -2 thuodc tap nghiém cua bat phuong trinh

A) 2x+1>1-x; B 2x+D(1-x< x2;

©) +2<0: D) 2-x)(x+2) <0

1-—x
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15.

16.

17.

108

Bat phuong trinh (x + 1) Jx <0 tuong duong véi bat phuong trinh

(A) \/x(x+1)2S0; (B) (x+1)\/; <0;

©)  (x+1)>Jx<0: D) (x+1)*Jx<o0.
Bét phuong trinh mx> + (2m — 1)x + m + 1 < 0 c6 nghiém khi
(A) m=1; B m=3;

© m=0; (D) m=0,25.

Hé bat phuong trinh sau vo nghiém

2
o) x*=4>0
x*=2x<0
(A) (B) 1 1
2x+1<3x+2; < ;
x+2 x+1
X2 —5x+2<0 x-1<2
© (D)
X2 +8x+1<0; 2x+1<3.



~

HE

THONG

THONG HE

Théng keé la khoa hoc nghién cuu cac ph ong phap

thu thap, phan tich va xu li cac so liéu nham phat hién cac
quy luat thong ké trong tu nhién va xa héi. Ch ong nay
gip hoc sinh nam viing mot s6 ph ong phap trinh bay s6 liéu
(bang bang, biéu do) va thu gon s6 liéu nhd cac s6 dac tr ng.



BANG PHAN BO TAN sO

§f 7 VA TAN SUAT

I - ON TAP

1. Sé liéu thong ké
Khi thuc hién diéu tra théng ké (theo muc dich da dinh tr 6c), can xéc
dinh tap hop cdc don vi diéu tra, ddu hiéu di€u tra va thu thap céc s6 liéu.
Vidu l.

Khi diéu tra "Nang suat lda h¢ thu nam 1998" cta 31 tinh, ng 0i ta thu thap
d oc cac so liéu ghi trong bang d 6i day

Ndng sudt lia hé thu (talha) nam 1998 cuia 31 tinh

30 30 25 25 35 45 40 40 35 45
25 45 30 30 30 40 30 25 45 45
35 35 30 40 40 40 35 35 35 35 35

Bdng 1
Tap hop cac don vi diéu tra 1a tap hop 31 tinh, méi mot tinh 12 mot don vi
diéu tra. Dau hiéu diéu tra 1a ndng sudt lua hé thu nam 1998 ¢ moi tinh.
Céc s6 liéu trong bang 1 goi la cdc s6 liéu thong ké, con goi la céc gia tri
cua diu hiéu.
2. Tansd
Trong 31 s6 liéu thong ké & trén, ta thiy c6 5 gia tri khac nhau la
X1=25 ;)C2:30;X3:35;X4:40;)C5:45.
Gia tri x; = 25 xuat hién 4 1an, ta goi ny = 4 1a tdn s6 cta gid tri xy.
Tongtu,n,=7;n3=9;n4=6;ns=>51an1 ot la tan so cua cdc gia tri
X9 5 X3, Xy 5 X5.
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I1

I11

TAN SUAT

Trong 31 s6 liéu thong ké & trén, gid tri x| c6 tan s6 1a 4, do d6 chi€m ti 1¢

la 4 =~ 12,9%.
31

T1 sO 31 hay 12,9% @ oc goi la tdn sudt cua gia tri x;.

T ong tu, cdc gid tri x5 ; X3 ; x4 ; X5 1an 1 ot c6 tan sudt la

’ ~ 22,6%; 2 ~ 29,0% ;i ~19,4%; ] ~ 16,1%.
31 31 31 31

Dua vao céac két qua da thu d oc, ta lap bang sau

Ndng sudt liia hé thu nam 1998 ciia 31 tinh

Nan(%as/hug lua Tan s6 Tan suét (%)
25 4 12,9
30 7 22,6
35 9 29,0
40 6 19,4
45 5 16,1
Cong 31 100 (%)

Bdng 2
Bang 2 phan anh tinh hinh nang suit lda cua 31 tinh, d gc goi la bdng
phdn bo tan s va tan sudt.

Néu trong bang 2, bd cot tin s6 ta d gc bang phdn bo tan sudt ; bo coOt tan
sudt ta d gc bang phdn bd tan sé.

BANG PHAN BO TAN SO VA TAN SUAT GHEP LOP

Vi du 2. Dé chuin bi may dong phuc cho hoc sinh, ng i ta do chiéu cao
cua 36 hoc sinh trong mot 16p hoc va thu d gc cac so liéu thong ké ghi
trong bang sau

Chiéu cao cuia 36 hoc sinh (don vi : cm)

158 152 156 158 168 160 170 166 161 160 172 173
150 167 165 163 158 162 169 159 163 164 161 160
164 159 163 155 163 165 154 161 164 151 164 152

Bang 3
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Dé x4c dinh hop 1i s6 1 ong quin 40 cdn may cho mdi "kich ¢&" ta phan
16p cac s liéu trén nh  sau

L6p 1 gébm nhitng s6 do chiéu cao tir 150 cm dén d 6i 156 cm, ki hiéu la
[150; 156) ;

L6ép 2 gom nhitng s6 do chiéu cao tir 156 cm dén d 6i 162 cm, ki hiéu 1a
[156; 162) ;

Lép 3 gom nhitng s6 do chiéu cao tir 162 cm dén d 6i 168 cm, ki hiéu 1a
[162; 168) ;

L6p 4 gém nhitng s6 do chiéu cao tir 168 cm dén 174 cm, ki hiéu 1a
[168 ; 174].

Ta thdy c6 6 s6 liéu thudc vao 16p 1, ta goi ny =6 la tdn s6 cua Iop 1.
Ciing vay, ta goi ny, = 12 1a tan s6 cua I6p 2, ny =13 1a tan s6 cua 16p 3,
ny =5 1a tan s6 cua 16p 4.

Céc ti sO

6 12
=2 216.7% : £ =-= ~33.3%
=35 i =3¢ ’

13 5
=— =36,1% ; =— =~ 13,9%
k) 36 0 Ja 36 0

d oc goi la tdn sudt cua cdc lop t ong ung.

Cac két qua trén d oc trinh bay gon trong bang d &i day

Chiéu cao cuia 36 hoc sinh

Lép 6 do chiéu cao Tén s6 Tan suét (%)
(cm)
[150 ; 156) 6 16,7
[156; 162) 12 33,3
[162; 168) 13 36,1
[168 ; 174] 5 13,9
Cong 36 100 (%)
Bdng 4



Bdng 4 d oc goi la bdng phdn bo tan s6 va tdn sudt ghép lop.
Néu trong bdang 4 bo cot tan sé thi sé ¢ bang phdn bé tin
sudt ghép lop, bo cot tdn sudt thi sé cé bdng phdn bo tan so
ghép lop.

Bang 4 & trén cho ta co s dé xdc dinh s6 1 gng quin 40 cAn may cta mdi
cd (t ong tng véi mbi 16p). Chang han, vi s6 hoc sinh cé chiéu cao thuoc
16p thit nhat chiém 16,7% téng s hoc sinh, nén s6 quin 4o cAn may thudc
cd t ong ung véi 16p d6 chiém 16,7% s6 1 ong quan 4o can may. Ta ciing
c6 két luan t ong tu doi véi cac 16p khac.

Néu 16p hoc ké trén dai dién d oc cho toan tr ong thi c6 thé 4p dung két
qua d6 dé may quén 4o cho hoc sinh cd tr ong.

%Cho cac s6 liéu théng ké ghi trong bang sau

Tién 14 (nghin déng) ctia mdi ngay trong 30 ngay
d oc khdo sat & mét quay ban bao

81
51

37 74 65 31 63 58 82 67 77 63 46 30 53 73
44 52 92 93 53 85 77 47 42 57 57 85 55 64

Badng 5

Hay 1ap bang phan bé tan suét ghép I6p véi cac I6p nh - sau

[29,5;40,5),[40,5; 51,5), [51,5; 62,5), [62,5 ; 73,5), [73,5 ; 84.,5), [84,5 ; 95,5].

Bdi tap

1. Cho cac s6 liéu thong ké ghi trong bang sau

Tudi tho ciia 30 béng dén dién d oc thdp thit (don vi : gio)

1180 1150 1190 1170 1180 1170
1160 1170 1160 1150 1190 1180
1170 1170 1170 1190 1170 1170
1170 1180 1170 1160 1160 1160
1170 1160 1180 1180 1150 1170

a) Lap bang phan bo tan s6 va bang phan bo tan suat.

b) Dua vado két qua clia cau a), hdy d a ra nhan xét vé€ tudi tho cua cdc
bong den ndi trén.
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2.

Cho bang phan b6 tan s6 ghép 16p sau

Do dai cua 60 ld d ong xi tr dng thanh

L6p cta do dai (cm) Tan s6
[10; 20) 8
[20 ; 30) 18
[30; 40) 24
[40 ; 50] 10
Cong 60

Bui d ong xi

a) Lap bang phan bd tan sudt ghép 16p.

b) Dua vao két qua ctia cau a), hay néu r6 trong 60 14 d ong xi d oc khao sat :
S6 14 ¢6 do dai d 6i 30 cm chi€ém bao nhiéu phan tram ?

S6 14 ¢6 do dai tir 30 cm dén 50 cm chi€m bao nhiéu phan tram ?

Cho céc s0 liéu thong ké ghi trong bang sau

Khoi | ong cua 30 cu khoai tay thu hoach d oc o nong tr ong T (don vi : g).

90 73 88 99 100 102 111 96 79 93
81 94 96 93 95 82 90 106 103 116
109 108 112 87 74 91 84 97 85 92
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Lap bang phan bo tin s6 va tan suat ghép 16p, véi cac 16p sau
[70;80); [80;90); [90;100); [100;110); [110; 120].

Cho céc s06 liéu thong ké ghi trong bang sau
Chiéu cao cua 35 cdy bach dan (don vi : m)

6,6 7,5 8,2 8,2 7,8 7.9 9,0 8,9 8,2
7,2 7,5 8,3 7,4 8,7 7,7 7,0 9,4 8,7
8,0 1,1 7,8 8,3 8,6 8,1 8,1 9,5 6,9
8,0 7,6 7,9 7,3 8,5 8,4 8,0 8,8




a) Lap bang phan bo tan suat ghép 16p, véi cac 16p sau
[6,5;7,0);[7,0575);[7,5;8,0);1[8,0;8,5);1[8,5;9,0);1[9,0;9,5].

b) Dua vao két qua cua cau a), hdy néu nhan xét vé chiéu cao cua 35 cay
bach dan néi trén.

2 BIEU PO
‘

I BIEU DO TAN SUAT HINH COT VA B ONG GAP KHUC TAN SUAT

Ta c6 thé mo td mot cach truc quan céc bang phan bd tan sudt (hodc tin
s0), bang phan bo tan suat (hodc tan s6) ghép 16p bing biéu d6 hoac d dng
gép khuc.

1. Biéu dé tan suat hinh cot

Vi du 1. Dé mo6 ta bang phan bo tan suat ghép 16p (bang 4) trong 1, c6 thé
v& biéu do tdn sudt hinh cét sau (h.34).

Tdn sudt A

36,1 f—========m=mmmmmmmm—
T I R

201
16,7 |-------
13,9 [~======

—E—H eee

o1 150 156 162 168 174 Chiéu cao

Hinh 34. Biéu do tdn sudt hinh cot vé chiéu cao (cm) ciia 36 hoc sinh.
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2. D &ng gap khuc tan suat

Bang phan bo tan sudt ghép 16p ké trén (bang 4) ciing c6 thé d gc mo ta
bang mdt d ong gap khiic, v€ nh sau.

Trén mat phang toa do, x4c dinh c4c diém (¢;5 f;),1=1,2,3,4, trong d6 ¢; la
trung binh cong hai muit ctia 16p 7 (ta goi ¢; 1a gid tri dai dién cua lop i).

Vé cic doan thang ndi diém (c;5 f) véi diém(ciJr1 s fi).i=1,2,3,ta
thu d oc mot d ong gdp khic, goilad ong gdp khiic tan sudt (h.35).

Tan sudt A

36,1 f-=-=m=m=mmmmmmmmmmmmoooo
333 fommmmmmmmmm o

20 +
16,7 bommmmmm e
139 ———-------- Fo-mmm -

' |

I

I

I

——— e —

I

|

I

|

I

1

|

|
S

|

|

I

1

I

|

I

I

| 1 | A >

L by eee b >
o1 150 15 156 15 162 16 168 17 174  Chiéu cao
((71) (Cz) (C3) (C4)

Hinh 35. D ong gdp khiic tdn sudt vé chiéu cao (cm) ciia 36 hoc sinh.

s 1
Cho bang phan bé tan suat ghép I16p sau
Nhiét d6 trung binh cta thang 12 tai thanh phé Vinh tir 1961 dén 1990 (30 nam).

Lép nhiét do (°C) Tan suét (%)

[15517) 16,7

[17;19) 43,3

[19;21) 36,7

[21 ;23] 33

Cong 100 (%)

Badng 6
Hay mo ta bang 6 bang cach vé biéu d6 tan suat hinh cot va & dng gap khuc

tan suét.
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3. Chay

Ta ciing c6 thé mo td bang phan bé tin s6 ghép 16p bang biéu do6 tan so
hinh cot hodc d dng gap khic tan s6. Cach vé& cling nh cdch v& biéu do
tan sudt hinh cot hodc d ong gap khic tan suét, trong d6 thay truc tin suat
bdi truc tan so.

II BIEU PO HINH QUAT
Ng 0i ta con ding biéu d6 hinh quat dé mo ta bang co céu trong vi du d 6i day

Vidu 2. Cho bang 7

Co cdu gid tri sdan xudt cong nghiép trong n dc ndm 1997,
phdn theo thanh phdn kinh té.

Céc thanh phan kinh t& S6 phan tram
(1) Khu vuc doanh nghiép nha n 6c 23,7
(2) Khu vuc ngoai quoc doanh 47,3
(3) Khu vuc ddut n Gc ngoai 29,0
Cong 100 (%)
Bdng 7

Hinh 36a d 6i day 1a biéu d6 hinh quat mo ta bang 7.
[21 ;23]

[19;21)

[15;17)

[17;19)

a) b)
Hinh 36

CHUY
Céc bang phan bé tan suit ghép 16p ciing ¢6 thé mo ta biang biéu
d6 hinh quat, chang han hinh 36b mo ta bang 6.
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2
ﬁDua vao biéu d6 hinh quat cho & hinh 37 d 6i day, hay lap bang cd cau nh trong
vi du 2.

(1) Khu vyc doanh nghiép nha n 6c
(2) Khu vuc ngoai quoc doanh
(3) Khu vuc ddut n Gc ngoai

Hinh 37. Biéu dé hinh quat vé co cdu gid tri sdn xudt cong nghiép trong n éc nam 1999,
phan theo thanh phdn kinh té (%).

Bai tap
1. Hay mo ta bang phan b tan sudt ghép 16p da d@ oc lap & bai tap s6 2 cua
1 bang cdch v& bi€u do6 tan sudt hinh cot va d ong gdp khic tan suat.

2. Xét bang phan b6 tan s6 va tan suat ghép 16p da d oc lap & bai tap s6 3 ciia 1.
a) Hay vé& biéu do tan suat hinh cot, d ong gip khiic tin suat.
b) Hay vé biéu d6 tan s6 hinh cot, d ong gip khic tan s6.
¢) Dua vao biéu do tan suét hinh cot da v& & cau a), hdy néu nhan xét vé
khoi 1 gng cua 30 ct khoai tdy d ¢c khao sat.

3. Dua vao biéu d6 hinh quat d 6i day (h.38), hdy lap bang co cdu nh trong
vi du 2.

(1) Khu vuc doanh nghiép nhan ¢
(2) Khu vuc ngoai quéc doanh
(3) Khu vuc ddu t n Gc ngoai

Hinh 38. Biéu dé hinh quat vé co cdu gid tri sdan xudt cong nghiép trong n éc ndm 2000,
phadn theo thanh phdn kinh té (%).
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s® TRUNG BINH CONG.
\{‘3 SO TRUNG VI. MOT
I\

Pé thu d oc cdc thong tin quan trong tir c4c so liu thong ké, ng i ta sit dung
nhitng s6 dac tr ng nh s06 trung binh cdng, so trung vi, mot, ph ong sai,
do léch chudn. C4c so dic tr ng nay phan anh nhitng khia canh khic nhau
cua ddu hiéu diéu tra.

I - SO TRUNG BINH CONG (HAY SO TRUNG BINH)
Vidul

a) Ap dung cong thitc tinh s6 trung binh cong da hoc & 16p 7, ta tinh d oc
chiéu cao trung binh X cta 36 hoc sinh trong két qua diéu tra d gc trinh
bay 6 bang 3 cua §11a X = 161cm.
b) Str dung bang phan bd tin s6 va tin suat ghép 16p, ta tinh gan ding
chiéu cao trung binh X ctia 36 hoc sinh trong két qua diéu tra d ¢c trinh
bay & bang 4 cua §1 theo hai cach sau
Cdch 1. Stt dung bdng phdn bo tan sé ghép lop
Nhdn gid tri dai dién cua moéi l6p véi tan s6 cua 1op dé, cong cdc két quad
lai roi chia cho 36, ta d oc

6x153+12%x159 +13x165+5x%x171

36

Két qua ndy c6é nghia la chiéu cao trung binh clia 36 hoc sinh ké trén la

~ 162 (cm).

X =162 cm.

Ta cling n6i 162 cm 1a s trung binh céng cia bdng 4.

Cdch 2. Su dung bdng phdn bo tan sudt ghép lop

Nhan gid tri dai dién ciia méi 16p voi tan sudt cua 16p dé roi cong cdc két
qud lai ta ciing d oc

16,7 x 153 + 33,3 x 159 + 36,1
100 100 100

13,9

X = x 165 + 0 x 171 = 162 (cm).
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Vay ta cé thé tinh so trung binh cong ciia cdc so liéu thong ké
theo cdc cong thitc sau day.
Tr ong hop bang phdn bé tan so, tan sudt

_ 1
X = ;(nlx1 F 5%+t mX ) = f1X+ Xy o+ [

trong doé n;, f; lan 1 ot la tdn so, tdn sudt cia gid tri x;, n la s6

cdc so'liéu thong ké (ny + ny + ... + ng = n).

Tr ong hop bang phdn bo tan so, tan sudt ghép lop

_ 1
X = ;(nlc1 + 150y + ot mcy) = fiop + oy ot o

trong dé c;, ny, f; lan 1 ot la gid tri dai dién, tan so, tan sudt ciia

6p thiti, n la sO cdc sO liéu thong ké (ny + ny + ...+ ng. = n).

1
%Cho bang phan bd tan sé va tan suat ghép 16p sau
Nhiét do trung binh cta thang 2 tai thanh phé Vinh
tr 1961 dén hét 1990 (30 nam).

L&p nhiét do (°C) Tanso | Tan suat (%)
[12;14) 1 3,33
[14; 16) 3 10,00
[16; 18) 12 40,00
[18;20) 9 30,00
[20 ; 22] 16,67

Cong 30 100%

a) Hay tinh s6 trung binh cdng cla bang 6 va bang 8.

Bdng 8

b) Tur két qua da tinh d gc 8 cau a), c6 nhan xét gi vé nhiét dé & thanh phd Vinh

trong thang 2 va thang 12 (cia 30 nam d dc khao sat).

IT - SO TRUNG VI

Vi du 2. Diém thi Todn cudi nim ctia mot nhém 9 hoc sinh 16p 6 1a
1;1;3;6;7;8;8:;9;10.

Diém trung binh clia cd nhém 12 X = 5,9.
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Ta thay hau hét hoc sinh (6 em) trong nhém c6 s6 diém v ot diém trung
binh va c6 nhitng diém v ot rat xa. Nh vay, diém trung binh X khong dai
dién d gc cho trinh d6 hoc luc ctia cac em trong nhom.

Khi céc s6 liéu thong ké c6 su chénh 1éch 16n thi s6 trung binh cong khong
dai dién d@ oc cho céc s6 liéu d6. Khi do6 ta chon s6 dac tr ng khac dai dién
thich hop hon, d6 1a s6 trung vi.

Sdp thit tw cdc so" liéu thong ké thanh ddy khong gidm (hodc
khong tang). SO trung vi (ciia cdc s6 liéu thong ké da cho) ki
hiéu M, la 56 ding giita ddy néu so phan tit la Ié va la trung binh
cong cua hai so diing giita ddy néu so phdn tir la chdn.

Trong vidu2taco M,=17.

Vi du 3. Diém thi Todn cta bon hoc sinh 16p 6 d ¢gc xép thanh day khong
giamlal; |2,5;8|;9,5.

Trong day nay c6 hai s6 dung gitta 1a 2,5 va 8.
Khi do, ta chon s6 trung vi 1a trung binh cong cta hai s6 nay

I, :2,5+8

e

= 5,25.

2
Trong bang phan bd tan s6, cac s6 liéu théng ké da d oc sép th tu thanh day
khéng gidm theo cac gia tri clia ching.
Hay tim s6 trung vi clia cac s6 liéu théng ké cho & bang 9.
S6 4o ban d oc trong mét quy & mét cira hang ban ao s mi nam

Cd 40 36 | 37 | 38 | 39 | 40 | 41 | 42 Cang
(sdézir;:% oo | 13| 45 | 126 | 110 | 126 | 40 | 5 465
Bdng 9
111 -MOT
O 16p 7 ta da biét

| M6t ciia mot bdng phdn bo tan s’ la gid tri ¢6 tan s6 lon nhdt
va d oc ki hiéu la M.

Néu trong bang phan b6 tian s6 ¢6 hai gia tri ¢6 tdn s6 bang nhau va 16n hon

tan s6 cla cac gia tri khac thi chon mot 1a gia tri nao ? Ta xét bang 9 & trén.
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122

Trong bang 9, c6 hai gia tri 1a 38 va 40 cing c6 tan s6 16n nhat 1a 126,
trong tr Ong hop nay ta coi rang ¢6 hai mot 1a

M) =38, MY = 40.

Két qua vira thu d oc cho thay rang trong kinh doanh, clta hang nén u tién
nhap hai ¢& 40 s6 38 va s6 40 nhiéu hon.

Bai tap
Tinh s6 trung binh cong ctia cdc bang phan b6 da d oc lap & bai tap s6 1 va
bai tap s0 2 cua §1.

Trong mot tr ong THPT, dé tim hiéu tinh hinh hoc moén To4n cua hai 16p
10A va 10B, ng 0i ta cho hai 16p thi Todn theo ciing mot dé thi va lap d oc
hai bang phan bd tan s6 ghép 16p sau day

Diém thi Todn cua l6p 10A

L6p diém thi Tén s6
[0;2)
2;4) 4
[4;6) 12
(6 8) 28
[8; 10] 4
Cong 50
Diém thi Todn cua l6p 10B

L6p di€m thi Tan s6

[0:2)

[2;4) 10

[4:6) 18

[6;8) 14

[8; 10] 5

Cong 51

Tinh cac s6 trung binh cdng cua hai bang phan bd & trén va néu nhan xét
ve két qua 1am bai thi cua hai 16p.



3. Dicutratiénl ong hang thing cua 30 cong nhan ciia mot x dng may, ta c
bang phan bo tan s6 sau

Tiénl ong cua 30 cong nhdn x dng may
Tién 1 ong (nghin déng) [300 [500 |700 800 |900 [1000 | Cong
Tan s6 3 5 6 5 6 5 30

Tim mo6t cia bang phan b trén. Néu y nghia cta két qua da tim d gc.

4. Tién 1 ong hang thang cta 7 nhan vién trong mot cong ti du lich 1a : 650,
840, 690, 720, 2500, 670, 3000 (don vi : nghin dong).
Tim s6 trung vi cta cac so liéu thong ké da cho. Néu y nghia ctia két qua
datimd oc.

5. Cho biét tinh hinh thu hoach lda vu muia nam 1980 cua ba hop tac xa & dia
ph ong Vnh sau

Hop tac xa Nang sudt lda (ta/ha)| Dién tich trong lda (ha)
A 40 150
B 38 130
C 36 120

Hay tinh nang suit lda trung binh clia vu mua nam 1980 trong toan bo ba
hop tdc xa ké trén.

§* /, PHUONG SAI VA PO LECH CHUAN
O

I PH ONG SAI

Vi du 1. Cho biét gi4 tri thanh phdm quy ra tién (nghin dong) trong mot
tuan lao dong cha 7 cong nhan 6 t6 1 1a

180, 190, 190, 200, 210, 210, 220, (D)
con ctia 7 cong nhan §t6 2 1a
150, 170, 170, 200, 230, 230, 250. 2)
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Ta thay s6 trung binh cong X cua day (1) va s6 trung binh cong y cua day
(2) bang nhau

X =y=200.
Tuy nhién, khi so sanh day (1) va day (2) ta thdy cédc s6 liéu & day (1) gan

vGi s6 trung binh cong hon, nén ching dong déu hon. Khi d6 ta néi cic s6
lieu théng ke & dy (1) it phan tén hon day (2).

Dé tim 56 do do phdn tdn (so véi s6 trung binh cong) ciia ddy (1) ta tinh
Cdc do léch cua moi s6'liéu thong ké doi voi so trung binh cong

(180 — 200) ; (190 — 200) ; (190 — 200) ; (200 — 200) ; (210 — 200) ;
(210 - 200) ; (220 — 200).

Binh ph ong cdc do léch va tinh trung binh cong cua chiing, ta d oc

2 _ (180~ 200)% + 2(190 — 200)> + (200 — 200) + 2(210 — 200) + (220 — 200)°
2

N

124

7
~ 171,4.

S6 sl2 d oc goi la ph ong sai cua day (1).
T ong tu ph ong sai s% ctua day (2) la

(150 — 200)° + 2(170 — 200)° + (200 — 200)> + 2(230 — 200)> + (250 — 200)°
7

2 _
5 =

~ 1228,6.

Ta thdy ph ong sai ctia diay (1) nho hon ph ong sai cua diy (2). Diéu d6
biéu thi do phan tdn cuia cdc s6 licu thong ke & day (1) it hon & day (2).

Vi du 2. Tinh ph ong sai s2 clia cdc s6 liéu thong ké cho & bang 4, §1
(cling goi 1a ph ong sai cua bang 4).
S6 trung binh cdng clia bang 4 1a X = 162 cm.
MGoi s6 liéu thong ké thudc mot 16p d oc thay thé boi gid tri dai dién cua 16p do.
a) Ph ong sai s2 cla bang 4 (bang phan bo tan s6 va tan suat ghép 16p)
d gc tinh nh sau
2 _ 60153 - 162)% + 12(159 — 162)% + 13(165 — 162)? + 5171 — 162)?
36
~ 31. 3)




H¢ thiic (3) biéu thi cdch tinh gdn diing ph ong sai ciia bdng 4 theo tdn so.
b) Tir (3) ta c6

2 =% as3-1602 + 259 - 162 + Bes - 162)2 + 2 (171 - 1622
36 36 36 36

hay

2 16,7

s 333(159 162)> + 361(165—162) 0’3 (171 - 162)>

~31. (4)
Hé thitc (4) biéu thi cdch tinh gan diing ph ong sai ciia bdang 4 theo tdn sudt.
CHUY
a) Khi hai day s6 liéu thong ké c6 cung don vi do va cd so
trung binh cong bang nhau hodc x4p xi nhau, néu ph ong sai

cang nho thi mic do phan tan (so véi sO trung binh cdng) clia
cac so liéu thong ké cang bé.

b) C6 thé tinh ph ong sai theo cdc cong thic sau day
Tr ong hop bdang phdn bo tan so, tan sudt

1 _ _ —
s2 = ;[”1()‘1 — x)2 +ny(xy — x)2 +o g (x, - x)2]

= i~ T+ fo00 — D) ot [y, — D)2

trong d6 n;, f; lan1 ot 1a tan so, tn sudt cua gid tri x; ; nla
sO cdc so liéu thong k& (n =n +ny, +...+ n) ; X 12 s0 trung
binh cong cta céc s6 liéu da cho.

Tr ong hop bdng phdn bo tan sé, tan sudt ghép lép

2 1 -2 -2 -2
s =;[nl(cl—x) +ny(cy — X) +...+nk(ck—x)}

= file, =D + folcy =T+t fLe, — )%

trong d6 ¢;, n;, f; lan1 ot 1a gid tri dai dién, tan so, tan suit

cia 16p thd i ; n la s6 cac s6 lieu thong ké
(n=mn +ny+..+mn) ; X laso trung binh cong cla cic s6
liéu thong ké da cho.
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]@%1

Hay tinh ph ong sai clia bang 6 (& §2).

Ngoai ra, ng 0i ta con chiitng minh d ¢c cong thic sau

2 =22 - @

trong d6 x“ la trung binh cong cua cac binh ph ong so liéu
thong ké, tic la

2 _1 2 2 2 2 2 2

xX° = ;(nl)c1 +nyX5 + ot mxy) = fixp + x5+t Xy
(doi v6i bang phan bo tan so, tan sudt),

2_1,. 2 2 2 2 2 2
x° = ;(nlc1 +ny05 + .t mey) = fiof + Loy ot frof

(d6i v6i bang phan bo tan so, tan suat ghép 16p).

I - PO LECH CHUAN

#

126

Trong vi du 2 & trén, ta da tinh d ¢c ph ong sai ctia bang 4 (6 §1) bang

s? ~ 31. Néu dé y dén don vi do thi ta thiy don vi do clia s2 1a cm® (binh
ph ong don vi do ctia ddu hiéu d oc nghién ctu). Muén tranh diéu nay, c6
thé dung cdn bdc hai ciia ph ong sai goi la do léch chudn (clia bang 4) va
ki hiéu la s. Vay

2

s:\/s?z\/?zSﬁ(cm).

Ph ong sai s> va do léch chudn s déu d oc ding dé ddanh gid
mitc do phdn tdn cua cdc so liéu thong ké (so vdi so trung
binh cong). Nh ng khi cdn chii y dén don vi do thi ta ding s,
vi s ¢6 cung don vi do vdi ddu hiéu d oc nghién ciiu.

Hay tinh d6 1éch chudn clia bang 6 (& §2).



B I POC THEM

SU DUNG MAY TINH BO TUI CASIO fx - 500MS
PE TIM SO TRUNG BINH CONG VA
DO LECH CHUAN

Vi du. Cho bang phan bé tan s6

Khéi | ong ctia 30 con thén Idn

Khéil ong (gam) | 140 150 160 170 180 190 | Cobng

Tan s6 2 3 5 9 8 3 30

S0 dung may tinh bd thi CASIOf—500MS,
ta tim s trung binh cong x va dé léch
chu&n s clia bang phan b da cho nh sau
1. Chon MODE cho phép tinh théng ké :

&n

2. Xoa nhiing bai théng ké cii

anlan| ot[SHIFT] [CLR] [1 ][ =].

3. Nhap di liéu

an lién tiép 140 ;]2

150 []3

T ong tu déi véi cac cot 160, 170, 180, 190.
4. Goi két qua

a) D& timx, &n [SHIFT][S-VAR ][ 1][= ]
Kétquala x =169 (gam).

b) D& tim s, &n [SHIFT|[S-VAR |[ 2][= |
K&t qué cho gia tri x o n =~ 13,5 ; day chinh |a gia tri s can tim.
5. Chu y

a) Khéng can nhap dung thi tu ca sé liéu.

Dé goi dii liéu (da nhap), &n [ |hodc [~ ]

Cé thé hiéu chinh s6 liéu hoac tan s6 nh sau

Goi s6 liéu (hay tan sé) dé, réi nhap gia tri méi va é’nE, gia tri méi sé thay thé

gia tri cd.

C6 thé xo4 mot dif liéu bang cach goi né l1én, réi an [ SHIFT | | CL | (cac
dir liéu con lai sé tu dong don sé thir tu lai).

b) D&i v6i bang phan bd tan s6 ghép 16p, ta st dung cac gia tri dai dién cla cac
I6p va lam t ong tu.

127



128

Badi tap
Tinh ph ong sai va do léch chudn clia bang phan b6 tin s6 da d ¢c lap &
bai tap 1 va cua bang phan bd tan s6 ghép 16p cho & bai tap 2 cia 1.

Hai 16p 10C, 10D clia mot tr dng Trung hoc phd thong dong thoi 1am bai
thi mon Ngit van theo cing mot dé thi. Két qua thi d ¢c trinh bay & hai
bang phan bo tan s6 sau day

Diém thi Ngit vin cua l6p 10C
Pbiémthi | 5 |6 | 7 8 | 9| 10 | Cong
Tan so 317 12 14 | 3 1 40

Diém thi Ngit vén ciia l6p 10D
Diém thi 6 7 8 9 Cong
Tan s6 8 18 10 4 40

a) Tinh céc s6 trung binh cong, ph ong sai, do léch chuin cuia cdc bang
phan bo tan s6 da cho.

b) Xét xem két qua lam bai thi clia mon Ngit van & 16p nao 1a dong déu hon ?
Cho hai bang phan bé tan s6 ghép 16p

Khoil ong cia nhém cd mé thir 1

Lép khoi | ong (kg) [[06;08) |[08;1,0) |[[1,0;1,2) |[1,2;14] | Cong
Tan s6 4 6 6 4 20

Khoi l ong cua nhém ca mé thir 2
Lop khoi 1 ong (kg)|[0,5;0,7)[[0,7509)|[0.9; 1,1)|[1,1;1,3)|[1,3; 1,5]| Cong
Téan s6 3 4 6 4 3 20

a) Tinh cac s6 trung binh coOng ctia cac bang phan bd tan s6 ghép 16p da cho.
b) Tinh ph ong sai cia cdc bang phan bo tan s6 ghép 16p da cho.

¢) Xét xem nhém cd nao c6 khoi 1 ong dong déu hon ?

ON TAP CHUGNG V

Chird cac b 6c dé
a) Lap bang phan bo tan suit ghép 16p ;
b) Lap bang phan bo tan s6 ghép 16p.



Néu 16 céach tinh s6 trung binh cong, s6 trung vi, mdt, ph ong sai va do
léch chuén.

Két qua diéu tra 59 ho gia dinh & mot ving dan ¢ vé sd con cia moi ho
gia dinh d g¢c ghi trong bang sau

3 2 1 1 1 1 0 2 4 0 3 0
1 3 0 2 2 2 1 3 2 2 3 3
2 2 4 3 2 2 4 3 2 4 1 3
0 1 3 2 3 1 4 3 0 2 2 1
2 1 2 0 4 2 3 1 1 2 0

a) Lap bang phan bé tan s6 va tan sudt ;

b) Néu nhan xét vé s6 con ctia 59 gia dinh da d oc diéu tra ;
¢) Tinh s6 trung binh cdng, s6 trung vi, mot clia cac so liéu thong ké da cho.
Cho céc s06 liéu thong ké d gc ghi trong hai bang sau day

Khoi l ong (tinh theo gam) cua nhém cd thir 1

645 650 645 644 650 635 650 654
650 650 650 643 650 630 647 650
645 650 645 642 652 635 647 652

Khoi | ong (tinh theo gam) ciia nhém cd thir 2
640 650 645 650 643 645 650 650 642

640 650 645 650 641 650 650 649 645
640 645 650 650 644 650 650 645 640

a) Lap bang phan bd tan s6 va tan suat ghép 16p theo nhom ca thi 1 véi céac
16p 1a
[630; 635); [635;640);[640;645); [645;650); [650; 655];
b) Lap bang phan bo tan s6 va tan suit ghép 16p theo nhém ca thi 2 véi cac
16p 1a
[638;642); [642;646); [646;650); [650; 654];

¢) Mo ta bang phan b6 tan suat ghép 16p da d oc lap & cau a) bang cach vé
biéu do6 tan suat hinh cot va d ong gép khiic tan suat ;

d) Mo ta bang phan bo tan s6 ghép 16p da d oc 1ap & cau b), bang céch vé biéu

d6 tan s6 hinh cot va d ong gdp khic tin s0 ;
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e) Tinh s6 trung binh cong, ph ong sai va do léch chudn cua cdc bang phan
bd tan so va tan suat ghép 16p da lap d oc.

Tir d6, xét xem nhom cd nao c6 khéi 1 ong déng déu hon.
5. Cho céc so6 liéu thong ké d oc ghi trong bang sau
Miic | ong hang ndm cua cdc cdn bo va nhdn vién trong mot cong ti (don
vi : nghin dong)
20910 76000 20350 20060

21410 20110 21410 21360
20350 21130 20960 125000

Tim muc 1 ong binh quin cua cdc can bd va nhan vién trong cong ti, sO
trung vi cua cac s6 liéu thong ké da cho.

Néu y nghia cua s6 trung vi.

6. Ng 0i ta da tién hanh tham do y kién cua khiach hang vé cic mau 1, 2, 3,4, 5

ctia mot loai san phdm méi d oc san xudt & mot nha mdy. D 6i day 1a bang
phan bd tan s6 theo s6 phiéu tin nhiém danh cho cdc mau ké trén.

Mau 1 2 3 4 5 Cong

Téan sO 2100 | 1860 | 1950 | 2000 | 2090 | 10000

a) Tim mot cua bang phan bd tan s6 da cho.

b) Trong san xuat, nha may nén u tién cho mau nao ?
Bdi tap tréc nghiém
Chon ph ong an dung trong cdc bai tdp sau

7. Cho bang phan b6 tin s6

Tién th ong (triéu dong) cho cdn bo va nhdn vién trong mot cong ti.

Tiénth ong | 2 | 3 4 | 5|6 | Cong
Tan s6 S| 151106 |7 43

Mot cuia bang phan bd tan s da cho la

(A) 2 triéu dong ; (B) 6 triéu dong ;

(C) 3 triéu dong ; (D) 5 triéu dong.
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8. Cho bang phan bd tan s6

Tudi cia 169 doan vién thanh nién

Tudi 18 19 20 21 22 Cong
Téan sO 10 50 70 29 10 169
S6 trung vi cua bang phan bo tan s6 da cho la
(A) 18 tudi ; (B) 20 tudi ;
(C) 19 tuébi ; (D) 21 tubi.

9. Cho day so liéu thong ké : 21, 23, 24, 25, 22, 20.
S6 trung binh cdng cuia cac sd liéu thong ké da cho la
(A) 23,5 (B) 22;
(0)22,5; (D) 14.

10. Cho day so6 liéu thong ké : 1,2, 3,4, 5,6, 7.
Ph ong sai clia cac s0 liéu thong ké da cho 1a
(A)1; (B)2;
©3; (D) 4.

11. Ba nhém hoc sinh gobm 10 ng oi, 15 ng 0i, 25 ng 0i. Khdi 1 ong trung
binh clia m6i nhém 1an 1 ot 1a : 50 kg, 38 kg, 40 kg. Khai 1 ¢gng trung binh
cua ca ba nhom hoc sinh la
(A)41,4 kg ; (B) 42,4 kg ;

(C) 26 kg ; (D) 37 kg.

Badi t&p thuc hanh danh cho cdc nhém hoc sinh
(méi nhém tir 3 dén 5 hoc sinh)

Chon mot 16p hoc trong tr ong roéi thuc hién cac hoat dong sau

1. Diéu tra va thu thap céc s6 liéu thong ké trén 16p hoc da chon theo mot dau
hiéu nao d6 do nhém tu lya chon (vi du nh 6 anh chi em rudt cua tung
gia dinh ; thoi gian danh cho hoc Todn & nha cia moi hoc sinh ; chiéu cao
ctia méi ng i trong 16p ; diém kiém tra Todn cua ting hoc sinh trong ki
kiém tra gan nhat ; ...).

2. Trinh bay, phan tich, xt 1i cac s6 liéu thong ké da thu thap d oc.

3. Ruit ra két luan va dé xuét cac kié€n nghi.
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VI CUNG VA GOC LUONG GIAC.
Chuong CONG THUC LUONG GIAC

A,

Trong ch ong nay, hoc sinh d oc cung cap cac khai niém
vé d ong tron dinh h ong, cung va goc | ong giac (mé
rong khai niém cung va goc hinh hoc) chuén bi cho viéc
xay dung khai niém cac ham s6 | ong giac & I6p 11. Ciing
trong ch ong nay, hoc sinh d gc hoc cac cong thuc | ong
giac co ban nhat va biét van dung cac cong thic nay dé
thuc hién cac bién doéi | ong giac.

N

CuNG VA GOC LUONG GIAC. CONG THUC LUONG GHAC




CUNG VA GOC LUONG GIAC

[ - KHAI NIEM CUNG VA GOC L ONG GIAC

1. D dng tron dinh h éng va cung | dng giac

Cat mot hinh tron bang bia ctng, ddnh diu 14
tam O va d ong kinh AA'. Dinh mot soi day
vao hinh tron tai A. Xem day nh mot truc so
1't, gbc tai A, don vi trén truc bang ban kinh
OA. Nh vay hinh tron nay c6 ban kinh R = 1.

Cuon day 4p sat d ong tron, diém 1 trén truc
't chuyén thanh diém M, trén d ong tron,
diém 2 chuyén thanh diém M,, ... ; diém -1
thanh diém N, ... (h.39).

Nh vay méi diém trén truc s6 d oc dat t ong

. o 2 », . A N N N -
ung v46i mot diém xac dinh trén d ong tron. Ll
Nhadn xét
a) V6i cach dat t ong ting nay hai diém khac -2

nhau trén truc s6 c6 thé Gng véi ciing mot
diém trén d ong tron. Chang han diém 1 trén

truc sO ung v6i diém M;, nh ng khi cuén

quanh d Oong tron mot vong nita thi cé mot Hinh 39
diém khdc trén truc s6 ciing tng véi diém M.

b) Néu ta cuon tia Ar theo d ong tron nh trén hinh 39 thi méi s6 thuc
d ong t tng v6i mot diém M trén d ong tron. Khi ¢ ting dan thi diém M
chuyén dong trén d ong tron theo chiéu ng oc chiéu quay cuia kim déng
hd. T ong tu, néu cudn tia Af' theo d ong tron thi méi s6 thuc am 7 Gng véi
mot diém M trén d Ong tron va khi 7 gidm déan thi diém M chuyén dong
trén d ong tron theo chiéu quay ctia kim dong ho.
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Ta di t6i khdi niém d ong tron dinh h 6ng sau day :

D ong tron dinh h ong la mot \+
d ong tron trén doé ta da chon mot A
chiéu chuyén dong goi la chiéu l

d ong, chiéu ng oc lai la chiéu am.
Ta quy Jc chon chiéu ng oc vdi
chiéu quay cua kim dong ho lam
chiéu d ong (h.40). Hinh 40

Trén d Ong tron dinh h 6ng cho hai diém A va B. Mot diém M di dong trén
d ong tron luén theo mot chiéu (am hodc d ong) tixr A dén B tao nén mot
cung l ong gidc c6 diém dau A diém cudi B.

Hinh 41 cho ta hinh 4nh ctia b6n cung 1 ong gidc khdc nhau c6 cung diém
dau A, diém cuoi B.

a) b) c) d)
Hinh 41

Ta c6 thé hinh dung mot diém M di dong trén d Ong tron tir A dén B theo chiéu
ng ¢c vGi chiéu quay cta kim déng hd, né 1an 1 ot tao nén cic cung to
dam trén hinh 41. Néu dung lai ngay khi gap B 1an dau, n6 tao nén cung to
dam trén hinh 41a), néu n6 dung lai sau khi quay mot vong roi di ti€p gap
B lan tht hai n6 tao nén cung td6 dam trén hinh 41b),...
Khi M di dong theo chiéu ng oc lai, né tao nén cung t6 dam trén hinh 41d)
néu né ding lai khi gap B lan dau,...
Mbéi l4n diém M di dong trén d Ong tron dinh h 6ng luon theo mot chiéu
(am hoac d ong) tir diém A va dung lai & diém B, ta d oc mot cung 1 ong
gidc diém dau A diém cuoi B. Nh vay

Vi hai diém A, B dd cho trén d ong tron dinh h éng ta cé vo
s6 cung | ong gidc diém ddu A, diém cudi B. Méi cung nh

vdy déu d oc ki hiéu la AB .



CHUY

Trén mot d Ong tron dinh h 6ng, 14y hai diém A va B thi

Ki hiéu AB chi mot cung hinh hoc (cung 16n hoac cung bé)
hoan toan xac dinh.

Ki hiéu AB chi mot cung 1 ong gidc diém dau A, diém cuéi B.

2. Gécl ong giac
Trén d ong tron dinh h éng cho mot

cung 1 ong gidc CD (h.42). Mot diém M
chuyén dong trén d ong tron tir C t6i D

tao nén cung | ong gidc CD noi trén.
Khi d6 tia OM quay xung quanh goc O
tur vi tri OC t6i vi tri OD. Ta néi tia OM
tao ra mot goc | ong gidc, c6 tia dau la

yA
OC, tia cudi la OD. Ki hiéu goc 1 ong
giac do la (OC, OD). B(O; 1)

3. b ongtronl ong giac \r
Trong mat phang toa do Oxy vé d dng A(-1;0) A(l; 0)
tron dinh h 6ng thm O ban kinh R = 1 0 x
(h.43).

D ong tron nay cét hai truc toa do tai
bon diém A(1 ; 0), A'(-1; 0), BO ; 1), B'(0;-1)
B'(0 ; —1). Ta lay A(1 ; 0) lam diem goc Hinh 43

cua d ong tron do.
D ong tron xdc dinh nh trén d gc goi lad ong tronl ong gidc (goc A).

I1 - SO PO CUA CUNG VA GOC L ONG GIAC
1. Do varadian

a) Pon vi radian

DPon vi do di d oc stt dung dé do goc tir rat lau doi. Trong Todn hoc va Vat
li ng i ta con dung mot don vi nita dé do goc va cung, d6 1a radian (doc 1a
ra-di-an).
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Trén hinh 39 ta thdy do dai cung nho Zj‘?l bang 1 don vi, tic 1a bang do dai
ban kinh. Ta néi s6 do clia cung Zl\z (hay s6 do cua gbc 6 tam AOM, ) bang
1 radian (viét tat 1a 1 rad). Téng quat
Trén d ong tron tuy y, cung cé do dai bang bdan kinh d oc goi
la cung co6 sd'do 1 rad.
b) Quan hé giira do va radian
Ta bi€t do dai cung nlra d ong tron 1a ©R, nén trong hinh 43 s6 do cla
cung A/X‘ (hay géc bet AOA") 1a mrad (vi R =1). Vi gbc bet c6 s6 do do la
180 nén ta viét 180° =  rad.

(6]
Suy ra 1°= " radvalrad= (@) .
180 T

V6im~3,14thi 1° ~ 0,01745rad va 1 rad ~ 57°17'45".
CHUY

Khi vi€t s6 do ciia mot goc (hay cung) theo don vi radian,
ng oita th ong khong viét chit rad sau s6 do. Chang han cung

g d ¢c hiéu la cung T rad.

Bdng chuyén doi thong dung

bo 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
27 31 S1t

Radian

|
(98]
N
o)

I
3

NP

r
6

%180’ dung may tinh b tai dé déi tir d6 sang radian va ng oc lai.
Né&u dung may tinh CASIO fx-500MS ta lam nh sau
a) D3i 35°47'25" sang radian
n ba Ian phim réi &n [2] d€ man hinh hién chit[R |. Sau d6 &n lién tiép
F
[[=]

cho két qua 0,6247 (da lam tron dén bén chir s6 thap phan).

136



b) P38 3 rad ra do
n ba I4n phim [MODE | réi &n [1] d&€ man hinh hién chit[D]. Sau d6 4&n lién tiép

[3][sHIFT][DRG _|[2][=][SHIFT] ["]

cho két qua 171°53°14” (d4 lam tron dén giay).

¢) Po dai cia mét cung tron

Trén d ong tron ban kinh R, cung nra d ong tron ¢6 s6 do 1a «t rad va c6
do dai l1a nR. Vay
Cung c6 s6 do o rad cua d ong tron bdn kinh R cé6 dé dai

| = Ra.

2. S6 do cila mét cung | gng giac

Vi du. Xét cung 1 ong gidc AB trong hinh 44a). Mot diém M di dong trén

d ong tron theo chiéu d ong. Khi M di dong tir A dén B tao nén cung %

N N . N ox T PRI PRI N ~
d ong tron, ta n6i cung nay c6 so do > sau d6 di ti€p mdt vong tron nita

A L L LT Sm
(thém 2m), tad ¢c cung 1 ong gidc AB c6 s0 do la ) +2n = >

T ong tu, cung | ong gidc AB trong hinh 44b) c6 s6 do la

E+27‘C+27‘E=9—TC-
2 2

Cung 1 ong gidc AC trong hinh 44c) lai c6 s6 do 1a

—E—2n—2n—2n=—25—n-

vy Vi YA

AW Y
PAN;

a) b) c)
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Tur c4c vi du néu trong hinh 44 ta thay
S6 do cua mot cung | ong gidic AM (A #M) la mot so thuc,
am hay d ong.
Ki hiéu s6 do ciia cung AM la sd AM .

2
Cung | ong giac AD (h.45) c6 s6 do |1a bao nhiéu ?

GHI NHO

S6 do cua cic cung 1 gng gidc ¢ cung
diém dau va diém cudi sai khac nhau mot

boi cua 2nt. Ta viét

Hinh 45
siAM=a+ k2xn, k €

trong d6 « 1a s6 do ctia mot cung 1 ong gidc tuy y c6 diém ddu la A va
diém cuoi 1a M.
Khi diém cu6i M tring vé6i diém dau A ta c6

sd AA = Rrn, ke

khi k=0 thi sd AA = 0.
Ng 0i ta cling viét s6 do bing do. Cong thitc tdng quét cta sd do bing do

cua cac cung 1 gng giac AM la

sd AM = a° + k360°, k

trong d6 a° 12 s6 do ctia mot cung 1 ong gidc tuy y c¢6 diém dau 12 A va diém
cudi la M.
3. S6 do cila mét géc | ong giac

Ta dinh nghia
S6 do cua goc l ong gidc (OA, OC) la sé do cua cung | ong

gidc AC t ong ung.
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3

Tim s6 do cla cac goc | ong giac (OA, OF)
va (OA, OP) trén hinh 46 (diém E 1a diém
chinh gilta clla cung A'B', AP =% AB).

Viét s6 do nay theo don vi radian va theo
dan vi do.

CHUY

YA

Hinh 46

Vi mbi cung 1 ong gidc ung v6i mot géc 1 gng gidc va ng oc
lai, dong thoi s6 do clia cac cung va goc 1 ong gidc t ong tng
la tring nhau, nén tr nay vé sau khi ta néi vé cung thi diéu d6

cling ding cho géc va ng gc lai.

Biéu dién cung | dng giac trén d &ng tron | gng giac

Chon diém g6c A(1 ; 0) lam diém dau cla tat ca cdc cung 1 ong gidc trén
d ong tron 1 ong gidc. D€ biéu dién cung 1 ¢gng gidc ¢6 s6 do a trén d ong
tron 1 gng gidc ta can chon diém cudi M clia cung nay. Piém cudi M d oc

xac dinh boi hé thic sd AM = .

Vi du. Biéu dién trén d ong tron 1 ong gidc cdc cung | ong gidc ¢6 sd do

lan1 ot la
a) 25m : b) =765°.
4
Gidi
25t 0w

a)— =—+3.2m
4 4

2 ., 25t . ...
Vay diém cudi cua cung Ve la diem

chinh gitta M ctia cung nho AB (h.47).

b) —=765° = —45° + (-2).360°.

Vay diém cudi cta cung —765° 12 diém
chinh gitta N clia cung nho AB' (h.47).

VA
B
M
A A
0 x
N
2
Hinh 47
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Bdi tap

Khi biéu dién céc cung 1 ong gidc c6 s6 do khac nhau trén d ong tron
1 ong gidc, c6 thé xay ra tr Ong hop cdc diém cubi cha ching tring nhau
khong ? Khi nao tr ong hop nay xay ra ?

Daéi s6 do ciia cdc goc sau day ra radian

a)18°; b)57°30"';
c)-25%; d)—125°45".
D6i s6 do cuia céc cung sau day ra do, pht, giay
T 3n
a)— ; b)—;
) 18 ) 16
3
c)-2; d) =.
) ) 2

Mot d@ ong tron c6 ban kinh 20cm. Tim d6 dai cta cac cung trén d Ong
tron d6 c6 so do

T
a)—: b) 1,5 c)37°.
) T ) )
Tréen d Ong tron 1 gng gidc hay biéu dién cdc cung c6 s do
Sm
a)———: b)135°;
) 1 )
c)lOT”; d)-225°.

Trén d ong tron 1 ong gidc goc A, xdc dinh cac diém M khac nhau, biét
rang cung AM ¢6 s6 do t ong tng 1a (trong d6 k 12 mot s6 nguyén tuy y)

T T
a) km ; b) k—; c) k—-
) ) 5 ) 3

Trén d ong tron 1 gng gidc cho di€ém M xéc dinh boi sd AM =a (0 < a <§).

Goi M|,M,,M; lan 1 ot la diém d6i xing cia M qua truc Ox, truc Oy va

goc toa do. Tim s6 do cua cac cung AM,AM,,AM5.



§ 2 GIA TRI LUONG GIAC CUA MOT CUNG

[ - GIA TRIL ONG GIAC CUA CUNG «

% 1
Nh&c lai khai niém gia tri | dng giac clia goc «, 0° < a < 180°.
Ta c6 thé md rong khai niém gia tri | ong giac cho cac cung va goc | dng giac.

1. Pinh nghia A
Trén d ong tron 1 ong gidc cho cung M——«[f
AM c6 sd AM =a (con viet AM =a) i
(h.48). Al N 4
Tung do y = OK clia diém M goi 1a sin o x
cua « va ki hiéu la sina.
sina= OK . B
Hoanh do x = OH cla diém M goi 1a
cosin cua « va ki hiéu 1a cosa .
cosa = OH . Hinh 48

. , . sina
Néu cosa # 0, t1 80
cosa

con dung ki hiéu tga )

goi la tang cua o va ki hiéu la tana (ng 0i ta

sin o
tana = .

cos o

.. , . cosa
Néu sina # 0, t1 sO

sina
con dung ki hiéu cotgx )

goi 1a cotang cua « va ki hiéu 1a cota (ng oi ta

cosa
cota = .

sin

Cdc gia tri sina, cosa, tana, cota d oc goi la cdc gid tri

l ong gidc cua cung a.

Ta ciing goi truc tung la truc sin, con truc hoanh la truc cosin.
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CHU Y
1. Cac dinh nghia trén cling 4p dung cho cac géc 1 ong giac.
2. Néu 0° < o < 180° thi cdc gid tri 1 ong gidc ctia géc « chinh la
cac gia tri1 gng gidc cua goc d6 da néu trong SGK Hinh hoc 10.
2
. . 25m 0 o
Tinh sin R cos(—240"), tan(—405").

2. Hé qua

142

1) sina va cosa xac dinh v6i moi « € . Hon nira, ta c6

sin(a + k2n) = sina, Vk € Z;
cos(a+ k2m) = cosa, Vk € Z.

2)Vi-1<0OK <£1;-1<0H <1 (h.48) nén ta c6

-1 <sina<1
—1<cosa<l.

3) Véimoime ma -1 <m<1déutdn tai va Bsao cho sina =m va
cos ff =m.

4) tana xdc dinh véi moi « # g v kn (ke Z).

That vay, tana khong xac dinh khi va chi khi cosa = 0, tic 1a diém cudi
M cua cung AM trung v6i B hoac B' (h.48), hay o = g +kn (ke Z).

5) cota xac dinh v6i moi « # kn (ke Z). Lap luan t ong tu 4).

6) Dau ctia cac gia tri 1 ong gidc cua A
gbc a phu thudc vao vi tri diém cudi 3
, . R R 1 I
cua cung AM =« trén d ong tron
I ong gidc (h.49).
A H\A
o a1 x
I
I
K" _____ M
11 v
B
Hinh 49




Bdng xdc dinh ddu ciua cdc gid tri |l ong gidc

Goc phan t
o : I I 111 v
Gid tril ong giac
cosx + — — +
sin + + - -
tan o + - + -
cota + — + —
3. Giatril ong giac cla cac cung dic biét
0 — — — —
“ 6 4 3 2
1
sinx 0 — ﬁ ﬁ 1
2 2 2
1
cosa 1 ﬁ Q — 0
2 2 2
t 0 : 1 J3 | Khong xdc dinh
an o = ong xac din
\/g g 1
t Khong xdc dinh | /3 1 : 0
cotox ong xac din =
g 1 3 \/g

II — Y NGHIA HINH HOC CUA TANG VA COTANG

3
%TU dinh nghia cla sina va cosa, hady phat biéu y nghia hinh hoc clia ching.

1.  nghia hinh hoc cla tana

Tur A vé ti€p tuyén 1'Ar v6i d ong tron 1 ong gidc. Ta coi ti€p tuyén nay la

mot truc s6 bang cach chon goc tai A va vecto don vi i = OB.
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Cho cung 1 gng gidac AM c6 s6 do l1a
(o # g + kn). Goi T 1a giao diém cla

OM véi truc At (h.50).

I
Gia st T khong trung v6i A. Vi MH [/ AT, . N* .
AT OA A’ H 0] X
tacO — = ——. Tudo suyra
HM OH T
AT OA
AL _0A (1) B
HM OH ¢
Vi HM = sina, OH = cosa va OA = 1 Hinh 50

nén tu (1) suy ra
sina HM AT —
tana = = —— = — = AT.
cose OH OA

Khi T tring A thi « = kn va tana = 0. Vay

tana = ﬁ

|| tana d oc biéu dién bdi do dai dai so ciia vecto AT trén truc rAt.
Truc t’'At d oc goi la truc tang.

2.  nghia hinh hoc clia cota
YA
Tu B vé ti€p tuyén s'Bs v6i d ong tron
1 ong gidc va xdc dinh trén ti€p tuyén B S
nay mot truc c6 goc tai B va vecto ¢ §
I Kt==-—> M
don vi bang OA. :
o 14
Cho cung 1 ¢ng gidc AM c6 s6 do la A’ 0 H x
a(a#kn).
Goi S 1a giao diém cta OM va truc
s'Bs (h.51). B’
Liluan t ong tu muc trén, ta c6
cota = BS Hinh 51

cota d oc biéu dién bdi do dai dai so cua vecto BS trén truc
s'Bs. Truc s'Bs d oc goi la truc cotang.
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4
%Tuy nghia hinh hoc clia tana va cota hay suy ra véi moi s6 nguyén &,

tan(« + kn) = tana, cot(a + kn) = cota.

II1 - QUAN HE GIUA CAC GIA TRIL ONG GIAC

1. Codng thirc | gng giac co ban

Da6i v6i céc gid tri 1 ong gidc, ta c6 cac hing déng thic sau

.2 2
sin"a+cos a=1
2 1 o
1 +tan a= 7 a+ —+km, ke
cos” a 2
2
1+cota= 5> azkn, ke
sin” &
km
tana . cota=1, a# T,ke

5
%TU’ dinh nghia clia sina, cosa hay chiing minh hang dang thiic dau tién, tir dé suy
ra cac hang déng thiic con lai.

2. Vidu ap dung

Vidu 1. Cho sina = %, v6i — < a < m. Tinh cos a.

I
2

Gidi. Ta c6 cosza: 1- sinza: %, do d6 cosa= J_r%-

LT Y P A R . L
Vi 5 < a <7 nén diém cudi cua cung « thudc cung phan t tha II, do d6
cosa<O.

4
Vay cosa = s

Vidu 2. Cho tana:—%, véi % < a < 2. Tinh sina va cos a.
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Gidi. Ta co
cosza— ! b 2—5
1+tan2a 1+E 41
25

5
suy ra cosa = ——-

NZSY

.37 .2 P s, . )
Vi > < a < 27n nén diém cudi cua cung @ nam 6 cung phan t thi IV, do

d6é cosa>0. Vay cosa = S

N/

o a4 4 5 4
Tudésing=tana.cosa = —— - —F— = ———
5 V41 V41
Vidu3.Choa¢g+kn,ke
. s + si
Ching minh rang COSE T INE _ ondar+ tan’a + tana + 1.
cos’ &

¢ e ~ s A 2 9 . N 9 2 /. A
Gidi. Vi o # 5 + km nén cos @ # 0, do d6 ca hai v€ cua dang thic can

chiing minh déu c6 nghia. Ta c6

cos3 o 0052 o cosx

cosa + sina 1 cosa + sina

=(1+ tanza) (1 + tane)

= tan3a + tanza + tana + 1.

Gia tri| gng giac cua cac cung cé lién quan dic biét

.. N A
1) Cung déi nhau : o va —a. Y
. .2 b o . B
Céc diém cuoi cua hai cung a= AM Y
va —a= AM' d6i xiing nhau qua truc i
hoanh (h.52), nén ta c6 A’ S50 TH|A _
0 —o ! X
cos(—a) =cosa :
. . I
sin(—a) = —sin« Ve
tan(—a) = —tana 5
cot(—a) = —cot .
Hinh 52




2) Cung bu nhau : avan — a.

Céc diém cu6i clia hai cung o= AM va
n—a= AM' d6i xtiing nhau qua truc tung
(h.53), nén ta c6

sin(mt— a) =sina

cos(m— a)=—cosa
tan(m — o) = —tana

cot(m — @) =—cota.

Hinh 53
3) Cung hon kém 7 : ava (a+ m).

Cac diém cudi cla hai cung a va (a + ) doi
xtng nhau qua goc toa do O (h.54), nén ta c6

sin(ad+ m) =—sina
cos(a+ m)=—-cosa
tan(a+ 1) =tana

cot(a+ m) =cota.

4) Cung phu nhau : o va (g — aj. Hinh 54

Céc diém cuoi cua hai cung « va (5 — (xj doi xing nhau qua phan giic d

cta goc xOy (h.55), nén ta co

YA
. (T ,
s1n(—— aj =cosa B,b__M d
1
TT K’___l P> |M
cos E—a =sina A VN
% H H X
T
tan(——aj =cota
2
B
T
cot(——aj =tana
2 Hinh 55
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6
3l .

Tinh cos (—ﬁ), tan——, sm(—13800).
4 6
Bdi téip
1. C6 cung @ nao ma sina nhan céc gia tri t ong tng sau day khong ?
a) 0,7 ; b) g; 0) —2; d) g

N

ng thoi xay ra khong ?

O,

2. Céc dang thiic sau c6 thé d

w | &

) 2
a) sina = T vacosa=

’

| W

b) sina = —% vacosa= —
¢)sina=0,7 vacosa=0,3.

3. Cho0<a« <g. Xac dinh dau cua cac gia tril ong giac

a) sin(a — m) ; b) cos(%c - aj;
o
¢) tan(a + m) ; d) cot(a + 5)
4. Tinh céac gia tril ong gidc cua goc o, néu
a) cosazivéo<a<ﬁ; b) sina= -0,7 Vén<a<3—n;
13 2 2
c) tana:—g Vﬁg<0(<7t; d) cota= -3 Vé%<a<2n.

5. Tinh ¢, biét

a)cosa=1; b) cosa=-1;
c)cosa=0; d)sina=1;
e)sina=-1; f) sina = 0.
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6‘3 CONG THUC LUONG GIAC
A\

I - CONG THUC CONG

Cong thitc cong 1a nhitng cong thic bi€u thi cos(a + b), sin(a £ b), tan(a * b),
cot(a = b) qua céac gia tri 1 ong gidc cua cac goc a va b. Ta co

cos(a — b) = cosacosb + sinasinb

cos(a + b) = cosacosb — sinasinb
sin(a — b) = sinacosb — cosasinb
sin(a + b) = sinacosb + cosasinb

tan(a — b) = tana — tanb

1+ tanatanb
tana + tanb

tan(a + b) = .
1 —tanatanb

V6i diéu kién 12 cdc biéu thic déu c6 nghia.
Ta thira nhan cong thitc dau. Tir cong thitc d6 c6 thé chitng minh dé dang
céc cong thic con lai. Chang han

cos(a + b) = cos[a — (=b)] = cosacos(—b) + sinasin(—b)

= cosacosb — sinasinb.

sin(a — b) = cos [g —(a - b)} = CcoSs Kg - aj + b}
= cos(E - a)cosb - sin(E - a)sinb
2 2

= sinacosbh — cosasinb.

1
%Héy chiing minh céng thlc sin(a + b) = sinacosb + cosasinb .
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Vidu 1. Tinh tanior.
12
Gidi. Ta co
13w ( s ) T (n nj
tan— =tan| —+ | =tan— =tan| — — — |=
12 12 12 3 4

tanE—tanE
3 4 _3-1
1+tan£tanE 1+\/§

Vi du 2. Ching minh rang

sin(a + b)  tana + tanb
sin(a —b) tana —tanb

Giai. Ta c6

sin(a + b) _ sinacosb + cosasinb

sinfa —b) sinacosb — cosasinb

Chia ca tr va mau cua v€ phai cho cosacosb, ta d oc diéu phai chiing minh.

II - CONG THUC NHAN bO1

Cho a = b trong cac cong thic cong ta d oc cac cong thitc nhdn doi sau.

sin2a = 2sinacosa

cos2a = cosza - sinza = 2cos2 a-1=1- 251n2 a
2tana
tan2a = —
1—tan“ a

Tt cac cong thic nhan doi suy ra cac cong thic

2 1+ cos2a

cos“a =——"
2

.2 1 —cos2a

sin” a :T
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2 1—cos2a
tan“a = ———
1+ cos2a

Cac cong thuc nay goi 1a cac cong thitc ha bdc.

, e |
Vidu 1. Biét sina + cosa = > tinh sin2a.

. 0. , .2 2 . 2 .
Giai. Tac6 1 =sin"a + cos a = (sina + cosa)” — 2sinacosa

2
= (l) — sin2a.
2

Suy ra sin2a = ——.
Y 4

Vi du 2. Tinh cosg.

Gidi. Ta c6 N2 = CosE = 2cosZE —1.
2 4 8

NG

Suy ra 2cos? L =14+ Y2
8 2

2442
4

~ 2T
Vay cos™ — =
1y 3

2+42

N T N T
Vi cos— >0 nén suy ra cos— =
8 8 2

111 — CONG THUC BIEN POI TICH THANH TONG.,

1.

TONG THANH TICH

Céng thirc bién déi tich thanh téng

cosacosh = %[cos(a — b) + cos(a + b)]

sinasinb = %[cos(a —b) —cos(a + b)]

sinacosh = %[sin(a — b) + sin(a + b)].

Céac cong thiic trén d ¢c goi 1a cdc cong thitc bién doi tich thanh tong.
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2
%TU cac cong thiic cong, hay suy ra cac cong thic trén.

Vi du 1. Tinh gia tri clia cdc biéu thic

Gidi. Ta c6
. T 3n 1{. (n 371) . (n 37tﬂ
A =sin—cos— = —|sin| — — — |+ sin| — + —
8 8 2 8 8 8 8
1{. [ nj ) n} 1( ﬁj
=—|sin| —— |+sin— |=—| 1 ——|;
2 4 2 2 2
. 13n . 5S¢ 1[ (1371 57:) (1371 SnH
B = sin—sin— = —| cos| — — — | — cos + —
24 24 2 24 24 24 24

2

+
2 2 4

2. Cong thic bién ddi téng thanh tich
o
Bang cach d&t u=a — b, v=a+ b, hay bién d6i cosu + cosv, sinu + sinv thanh tich

Ta goi cdc cong thic sau day 1a cdc cong thitc bién doi tong thanh tich

u+v u-—v
cosu + cosv = 2cos cos

2

. u+v . u—-v
cosu — cosv = —2sin Sin 5

. . . u+v u-yv
sinu + sinv = 2sin cos

2

u-—v

. . u-+v
siny — sinv = 2cos

sin

Vi du 2. Tinh

T S5nt T
A= cosg + cOS— + cOS—-
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1.

Gidi. Ta co

4n o ( 571)
=2Cc0S—COS— — COS| T — —
9 3 9

47 4
= cos— — cos— = 0.
9 9

Vi du 3. Ching minh rang trong tam gidc ABC ta c6
sinA +sinB + sinC = 4cos§cos§cos%-

Gidi. Trong tam gidc ABCtac6 A+ B+ C =m.
A+B =n C

2 2

A+ B c . C A+ B
=COSE, SIHE=COS .

Tu d6 suy ra

Vi vay, sin

Bay giod ta co

sinA +sinB + sinC = 2sinA ;L BcosA —B + 2sin%cos%

2
C( A-B .C)
= 2cos—| cos + sin—
2 2 2

C( A-B A+B)
= 2cos—| cos + cos
2 2 2

A B
= 4c0S—C0OS—COS—-
2 2 2

Bdi tap
Tinh

a) c0s225°, sin240°, cot(-15°), tan75° :

. n T 13n
b) sin—, cos| —— |, tan—.
12 12 12
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2. Tinh

T e 1 T
a)cos(a +§j,blét sing =— val<a< —.

3 2
b) tan(a —Ej, biét cosa = 1 va I < a<T.
4 3 2
c) cos(a + b), sin(a — b), biét
sina :%, 0° <a< 90° vasinb = é, 90° < b < 180°.
3. Riit gon cdc biéu thirc

a) sin(a + b) + sin (g - ajsin(—b).
b) cos(E + a)cos(E — aj + lsin2 a
4 4 2

i (™ .
c) COS(E - ajsm(z - bj —sin(a — b).

4. Chitng minh cédc dang thic
cos(a —b)  cotacoth +1
cos(a+b) cotacoth—1

b) sin(a + b)sin(a — b) = sin® @ — sin” b = cos> b — cos> a.

2 2

¢) cos(a + b)cos(a—b) = cos” a — sin® b = cos” b — sin’ a.

5. Tinh sin2a, cos2a, tan2a, biét

a) sina=-0,6vda 1< a< 37“

b) cosa:—i VEIE<(1<TI:.
13 2
) 1 . 3n
c)sina+cosa=—va — <a<m
2 4
. 5 . &
6. Chosin2a=—— va —<a<m.
9 2

Tinh sina va cosa.
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7. Bién déi thanh tich cdc biéu thic sau
a)l —sinx; b) 1+ sinx ;
¢) 1+ 2cosx; d) 1 — 2sinux.

sinx + sin3x + sin5x

8. Riit gon biéu thiic A =
cosx + cos3x + cosSx

ON TAP CHUONG VI

1. Hay néu dinh nghia cla sine, cosa va giai thich vi sao ta c6
sin(a+ k2n)=sina; k € Z
cos(a+ k2n)=cosa ; k € Z.

2. Néu dinh nghia cua tane, cota va giai thich vi sao ta ¢
tan(a+ kn) =tana, k € Z ;
cot (d+km)=cota, k€ Z.

3. Tinh

. y 2 .=
a) sina, néu cos o = —? va 5 <a<m;

. . 3n
b) cosa, néu tana = 2\/5 vam < a < 7 ;

. 2 3m
¢) tana, néu sina = —5 Va7 <a<2m;

. 1 .
d) cota,nfucosa= —— va— < a < .

N
[\S =1

4. Rt gon cac biéu thitc

2

2sin2a —sinda 1+ cos

a .
—sina | ;

b) tan a(

. . K .
2sin2a + sin4da sin &

sin| ——«a |+cos| ——« . .
4 4 sin Sa — sin 3«
c) ; d) .
) (TE ] (ﬂ j 2cosda
sinfl ——a |—cos| ——«a
4 4
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Khong s dung mdy tinh, hay tinh

a) 00822—7T ; b) sin 23—n ;
3
c) sin 25m _ tanlo—n ; d) cos? X _sin2 L
3 3
Khong s dung mdy tinh, hdy chiing minh
a) sin75° + cos75° = g ; b) tan267° + tan93° =0 ;
¢) sin65° + sin55° = /3cos5° ; d) cos12° — cos48° =sin18°.

Chiing minh cdc dong nhat thic

. .X
sin x + sin —
1—cosx + cos2x 2 X
. - =cotx ; b) = tanE ;
SInZ2x —sinx X

1+ cosx + COSE

) 20032x—s%n4x _ tan? (E_xj : d) tanx — tany = sm(x—y).
2cos2x + sin4dx 4 COS X COS Y

Ching minh cdc biéu thitc sau khong phu thuoc x

a)A= sin(E+ xj —cos(z— xj ;
4 4

b) B = cos(ﬁ—xj —sin(E+ x) ;
6 3

c)C= sinzx + cos(g — xjcos(g + xj ;

1—-—cos2x +sin2x

d)D= cot Xx.

1+ cos2x +sin2x



10.

11.

12.

13.

14.

Bai tap trdc nghiém
Chon ph ong 4n dung trong cdc bai tap sau

Gid tri sin % la

3 1 NG
A) —; B) —; C) —;
(A) 5 ( )2 © 5
Cho cosa = —75 véin<a< 37" Gid tri tana 12

4 2 2
(A) —=; (B) —=; O ——F;

J5 J5 J5

(D) ==

3

=

(D)~

Cho a = 5?“ Gi4 tri ctia biéu thic cos3a + 2cos(n — 3a) sin (— —1,5a j

J3

1
(A) E (B) - (C) 0;

TU
2 cos2 — =1
Gid tri clia biéu thic A = 8 Ia

.IOT T
1+ 8sm2§cosz—

V3, 3 V2.
(A) ~ ®) =~ (©-7

| , 4sina + 5cosa .
Cho cota =—. Giad tri cua biéu thiic B = — la
2 2sina — 3cosa

1 5
A) —; B) —; O 13;
(A) T ( )9 ©
Cho tana = 2. Gié trj cita biéu thic € = — sind — I
sin” a + 2cos” a
5 8
A) —; B) 1; C) —;
( )12 (B) © .

\/_.

(D) 1

D

(D)

2
D)—.
()9

10
(D) ETE
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CHI DAN LICH SU

Nh moi khoa hoc khac, L ong giac phat sinh tir nhu cau cta ddi séng. Su phat
trién clia nganh Hang hai doi hdi phai biét xac dinh vi tri cGa tau bé ngoai bién
khoi theo Mat Trdi lic ban ngay va theo cac vi sao ltc ban dém. Cac cudc chién
tranh doi hdi phai biét xac dinh nhiing khoang cach I16n va lap nhiing ban dé.
Ng 0i néng dan can biét su thay d&i ctia thdi tiét trong nam dé san xuat cho kip
thdi vu, nén phai cé lich, v.v...

Cac nhu cau ké trén da lam cho mén L ong giac phat sinh va phat trién. Tr 6c
hét cac nha toan hoc Hy Lap da gép phan dang ké vao viéc phat trién mon
L ong giac va sau dé O-le 1a ng &i da xay dung Li thuyét hién dai vé Ham s6
| ong giac trong cuén "M& dau vé Gidi tich cac dai | gng vo cung bé" xuéat ban
nam 1748.

O-LE

O-le 1a m6t trong nhiing nha toan hoc I6n nhat tr x a dén
nay. Ong sinh tai Ba-lo (Thuy Si). Ong d phat trién tat ca
cac nganh Toan hoc, tif nhilng van dé rat cu thé nh
d ong tron O-le, cho t6i nhitng khai niém hién dai nhat
nam & mii nhon cua tién bo trong thdi dai éng.

O-le da ti€n hanh nghién clu nhitng dé tai khoa hoc rat
da dang nh  Co hoc, Li ludn am nhac, Li thuyét vé ban dé

L. O-LE dia li, Khoa hoc hang héi, cac vén dé vé n dc triéu lén xudng,
(Leonhard Euler, v.v... Ong th dng bé sung, hoan bi nhiing Ii thuyét Toan
1707 1783) hoc cii, va nghién cu thém nhing li thuyét Toan hoc méi.

Trong cudc dgi minh, O-le da viét trén 800 cong trinh vé Toan hoc, Thién van va
Dia li. Ong da dat co s& cho nhiéu nganh Toan hoc hién nay dang d dc day &
bac dai hoc.

O-le 1a ng di rat say mé va can cu trong

cong viéc. Ong khong tir chéi bat ki viec gi, —— —ne—

du khé dén dau. Chang han, dé giai mot bai %‘ ’5\%

toan thién van, ma nhiéu nha toan hoc khac 2 e
doi hdi mét thdi gian vai ba thang, thi 6ng = \ TR
da giai xong chi trong ba ngay. Do nhing cd
gang phi th dng d6 6ng da mac bénh va
hdng mat mat phai. V& sau, 6ng bi mu ca
hai mat. Tuy thé&, 6ng van ti€p tuc lao doNg  Znggem. |li -

sang tao va khong ngiing cong hién xuét —E
sac cho khoa hoc trong suét 15 nam cudi

ddi minh.

Tén clia O-le d dc dat cho mot miéng nui IGa & phan tréng thdy d oc clia Mat Trang.




ON TAP CUOI NAM

| — Cau hoi

1.

Hay phat biéu céc khing dinh sau day d 6i dang diéu kién can va di

Tam gidc ABC vuong tai A thi BC? = AB*> + AC?.

Tam gidc ABC ¢6 cdc canh thod man hé thic BC> = AB® + AC? thi
vuong tai A.

Lap bang bién thién va vé do thi cua cac ham s6

a)y=—3x+2; b)y=2x2; c)y=2x2—3x+1.

Ph4t biéu quy tic xét ddu mot nhi thic bac nhit. p dung quy tic d6 dé
giai bat ph ong trinh
Gr-26-v_,
(2 -"Tx)

Phét biéu dinh 1i vé ddu ctia mot tam thic bac hai f(x) = ax® + bx + c.
p dung quy tic d6, hiy xdc dinh gid tri ctia m dé tam thic sau luon luoén am.
f(x)==2x2 +3x +1-m.

Néu cdc tinh chit ciia bat diang thitic. p dung mot trong cac tinh chat dé,
hiy so sdnh cac so 23000 5 32000

a) Em hay thu thap diém trung binh hoc ki I vé mon Toédn ctlia ting hoc
sinh 16p minh.

b) Lap bang phan bo tdn s6 va tin suit ghép 16p dé trinh bay céc so liéu
thong ké thu thap d gc theo cac 16p [0 2),[2;4),[4;6),[6; 8), [8; 10].

Néu cdc cong thitc bién déi 1 ong gidc da hoc.

Néu cdch giai hé hai bat ph ong trinh bac nhat hai 4n va giai hé
2x +y2>1
{x -3y <1

Il - Bai tap

1.

Cho ham s6 f(x) = Vx2 + 3x + 4 — V22 + 8x — 15.
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a) Tim tap xac dinh A ctia ham s0 f(x).
b)GiasuB={x e |4 <x <5},
Hay xac dinh cactap A\NBva \(A\B).
Cho ph ong trinh
mx’® = 2x — 4m — 1 = 0.

a) Chiing minh rdng v6i moi gid tri m # 0, ph ong trinh da cho c6 hai
nghiém phan biét.

b) Tim gid tri cia m dé —1 1a mot nghiém cla ph ong trinh. Sau d6 tim
nghiém con lai.

Cho ph ong trinh
x2 —4mx +9(m — 1)2 =0.
a) Xét xem vGi gia tri nao cua m, ph ong trinh trén c6 nghiém.
b) Gia sir x{, x, 12 hai nghiém cua ph ong trinh da cho, hdy tinh t6ng va
tich ctua ching. Tim mot hé thac gitta x; va x, khong phu thudc vao m.
¢) Xac dinh m dé hiéu céc nghiém cta ph ong trinh bang 4.

Chitng minh cdc bat dang thic sau

S 1<t (x—1).nfux—1>0:

a)S(x—1)<x
b)xs+)’5—X4y—xy420,bié'tr§mgx+y20;

o) Vda+1+Jab+1++J4c +1 <5,

e s < L
biét rang a, b, ¢ cung 16n hon 2 vaia+b+c=1.

Giai hé ph ong trinh sau bang cdch d a vé hé ph ong trinh dang tam giéc
x+3y+2z=1
3x+5y—- z=9
Sx -2y -3z =-3.
a) Xét ddu biéu thic

JO)=2x(x+2) - (x+2)(x + 1).



10.

11.

12.

b) Lap bang bién thién va vé trong cing mot hé toa do vuong gbc ciac do
thi ctia cdc ham s6 sau

y=2x(x+2) (&)
y=x+2)(x+1) (Sy).
Tinh toa do cdc giao diém A va B cua (C)) va (C,).

¢) Tinh cdc hé s6 a, b, c dé ham s6 y = ax2 + bx + ¢ ¢6 gia tri 16n nhét bang
8 va d6 thi cia n6 di qua A va B.
Chitng minh cdc hé thiic sau

2

1-2sin“a 1-tana sina + sin3a + sinSa
- = ; b) = tan3a ;
1+ sin2a 1+ tana cosa + cos3a + cosSa
sin*a — cos* a + cos? a s a tan 2.x tan x )
C) =cos"— ;d) ———— =sin2x.
2(1 — cosa) 2 tan2x — tan x
Riit gon cac biéu thic sau
1 + sinda — cos4a 1+ cosa a
a) - ; b)—‘[an2 < _cos’a ;
1+ cosda + sinda 1-cosa

cos2x —sin4dx — cos6x

cos2x + sin4x — cosb6x
Tinh

a) 4(cos240 + c0s48° — c0s84° — 003120).

b) 96\/5 sinl cosl coslcoslcos£~
48 48 24 12 6

c) tan9° — tan63° + tan81° — tan27°.
Rut gon

X 2x 4x 8x . oX . 3x . S5x
a) COS—COS—COS—COS— b) sm7 + 2sm7 + sin—-

Chiing minh rang trong mot tam giac ABC ta c6
a) tanA + tanB + tanC = tanAtanBtanC (A, B, C cung khéc g) ;
b) sin2A + sin2B + sin2C = 4sinAsinBsinC.
Khong st dung may tinh, hay tinh
sin 40° —sin 45° +sin50°  6(x/3 + 3tan 15°) .

cos 40° — cos 45° + cos 50° 3- 3 tan15°
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PAP sO

CHUONG 1
§1.

1.

a) Ménh dé ;
b) La ménh dé chita bién.

¢) La ménh dé chia bién;

§2.

d) Ménh dé.

.a)Vxe cxl=x;

b) dx e x+x=0;

c)Vxe x+ (—x)=0.

. a) 3n € N : n khong chia hét cho n
(ding) ;

b)Vie Q : x> #2(ding):

¢c)dxe tx2x+1 (sai) ;

d)Vre :3x# x> +1(sai).
.a)A=1{0,3,6,9, 12,15, 18} ;

b)B={xe N |x=nn+1),1<n<5}.

.a)AcBvaA+B;

b) A = B.

- a) D, {a}, {b}, A}

b) &, {0}, {1}, {2}, {0, 1}, {0, 2},
{1,2},B.

§3.

3.

. AN B={C,0,1,T,N,E} ;

A4U #={C,0,H,I,T, N, E, O, G,
M?A’S’A’, Y,K};

A\ B={H};
B\ t={0,G,M,A,S, A, Y, K.
a) 25 ; b) 20.
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4.

ANA=A;AUVUA=A;ANnB=0;
AV =A; C,A=0;C,D=A.

§4.

1.

a)[-3:4];b) [-1;2];
©) (=23 +400); d) [-152);

&) (~o0 ; +o0).

a)[-1:;3];b)D;

c)@;d)[-2;2]

) (=25 1]150) (=25 1)

) (oo ;2] ;d) (3; +o).

§S.

2.
3.

[=17453.
a) a=3,141592654 ;
b) V6i b =3,14, A, < 0,002 ;

voi ¢ = 3,1416, A, <0,0001.

. b) 51139,3736.
. b) 0,0000127 ; c) —0,02400.

On tap chuong |

8. a) bung ; b) Sai.

9.

10.

11.
12.

EcGcBcCcA;
EFEcDcBcCcA.
a)A=1{-2,1,4,7,10, 13} ;

b)B=1{0,1,2,3,4,5,6,7,8,9, 10,
11, 12} ;

c)C={-1,1}.
PoST;ReS;0oX
a)(0;7):b)(2;5);0)[3;+).



13.a=2,289; A,<0,001.
14. 347.

15. a) bing ; c) bing ; e) Diing.

16. (A).

17. (B).
CHUONG 11

1.

l.a)D=\j— |
2) {2}
b)D= \{1;-3};
c)th—;;3]

2. x=3,y=4;x=-1,y=-1;

x=2,y=3.

3. a) M thuoc d6 thi ;
b) N khong thudc do6 thi ;
¢) P thuoc do thi.

4. a) Ham s6 chan ;

b) Khong 1a ham s6 chan, khong 1a

ham so 1€ ;

c) Him s6 1€ ;

d) Khong 12 ham s6 chan, khong 1a ham

s0 18.
2.
2.a)a=-5,b=3;
b)a=-1,b=3;
3.a)yy=2x-5; b) y=-1.
3.

3. a)y=2x" +x+2 ;

b) yz—éxz—x+2 ;

c) y=x2—4x+2 ;

c)a=0,b=-3.

d) y=x>—3x+2 hoic
y=16x" +12x+2.
4. a=3,b=-36, c =96.

On tap chuong Il
8. a) D=[-3;+0)\ {-1};
b)D = (—oo 2) ;) D=

11. a=-1,b=4.
12.a) a=1,b=-1,c=-1.
b)a=-1,b=2,c=3.

13. (C).

14. (D).

15. (B).

CHUONG 111

1.

3.ax=1; byx=2;
c)x=3; d) Vo nghiém.

4. a)x=0; b)x=_;
) ) )
c)x=5; d) Vo nghiém.

2.

1. a) x=— ; b) Vo nghiém ;
) 16 ) ghié
c) x:? ; d) x=—

2. a)m# 3 thi nghiém la x=

2m+

>

m-3

m = 3 phuong trinh vo nghiém.

b) m # 2 va m # — 2 thi nghiém la

3
x= ;
m+2
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m =2 thi moix e la nghiém ;
m = =2 phuong trinh v6 nghiém.
c) m# 1 thi nghiém la x=1.
m =1 thi moi x € 14 nghiém.
3. 45 qua.

4. a) xl=1, x2:—1 ;
I
x3—7, )C4— T ’
b) xlzﬁ,xzz—ﬁ.

5. b) X, =—(0,387, X, =1,721 ;
c)x =-1, X, = -1,333 ;
d) X =1,079, X, =—0,412.

6. a) x:—l_,x:S;

b) X =—1,x2:—7 ;

NE
14
d) xlzl, X, =—6.

7. a)x=15; byx=-1;
¢) x ,=2%3; dyx=1.

C) x1,2 =

8. m=7T= x1:4, Xy =

m=3= x1=2,x =

2
3.
. 9. 7).
2 a)k7’7j’ b)kn’nj’
9 1
1, d) (2:0.5).
C)ks’ 6)’ )(250.)

3. Gid méi qua quyt 1a 800 dong, gia
moi qua cam 1a 1400 dong.
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4. Day chuyén thi nhat : 450 4o ;
Day chuyén thd hai : 480 éo.
Sa)(xsys)=(131:2);
.5 1
b)(x;y;z .
Y 3yi2)= Ll4 27 7)

6. Gid mot 4o 1a 98 000 dong, gid mot
quan 1a 125 000 déng, gid mot vdy la
86 000 dong.

7. b)(x;y)=(0,11;1,74) ;
d)(x;y;2)=(-4,00;1,57; 1,71).

On tap chuong llI
3.a)x=6; b) Vo nghiém ;
c)x= 2\/5; d) Vo nghiém.

4. a) Vo nghiém ; b) x:—l ; C) x:2

37 29j

) ()= 24712

y
b) (x;y)= L2, j
¥

R 13]

93 30

d) (x;y)= ; .

) (639) L37 37)
6. Nguoi thit nhat son xong sau 18 gio,
nguoi thi hai son xong sau 24 gio.
3 3 13
Toa)(xsyso)=(—_5 5= |3
Ysrsa=(-g3, 10)
181 7 83)

D) xsy:2)= L43 43743

8. Baphansodola , va
23

9. 432 san pham.



10. Néu lam tron dén chit s6 thap phan
tha ba thi két qua la

a) x, =1,520; x, =-0,920;
b) x, =-0,333; x, =—1,000 ;
c) X, =0,741; Xy =~—6,741 ;
d) x, ==0,707; x, ~-2,828.
11. a) Vo nghiém ;
b)x1 :—4;x2 :—5

12. a) Chiéu dai 1a 31,5cm, chiéu rong la
15,7m.

b) Chiéu dai 1a 39,6cm, chiéu rong 1a
27,5m.

13. Nguoi tht nhdt quét san mot minh
hét 4 gio, nguoi tht hai quét san mot
minh hét 2 gio.

14.(O); 15.(A); 16. (C); 17. (D).

CHUONG IV

§1.

1.d)

2.S¢6 C.

3. a) HD. Vi a, b, ¢ la do dai ba canh

tam gidc nén

at+b—c>0;b+c—a>0;c+a—-b>0.

b) HD. Ap dung a) c6 (b—c)* <a?,
(c—a)2 < b2, (a—b)2 <c2.
Cong timg vé& ba bat dang thic nay.

4. HD. Xét hieu

(0 +y7) = (Py+ 7).

6. HD. Goi H 1a ti€p diém cua dudng

thang AB vé6i dudng tron. Ta c6

AB=HA+ HB =2 HA.HB.

§2.

1. a)xe \N{0;-1};
b)xe \N{1;3;2;-2};
c)x#—-1;

d)xe (oo ; 11\ {-4}.

4. a) x<— __;b) Vo nghiém.
) 0 ) ghié

5. a) x<
) 4

7
;b)) —<x<
39
§3.
1
2. a) 5<x<1;3£x<+oo;
byx<-1;0<x<1;1<x<3;
c)—12<x<-4;-3<x<0;

d) —1<x<§; 1 < x < oo,

3. a) xs—%;x22;

bx<-5;-1<x<1;x>1.
§4.

3. D€ c6 lhi cao nhat, xi nghiép cin lap
phuong 4n san xuat cdc san pham I va
IT theotilé 4 : 1.

§5.
1. a) 5x>=3x+1>0, Vx:

b) —2x> +3x+5>0 khi—1 <x < .

2x% +3x+5 <0khix <—1

hoic x> ;
2

) x> +12x+3620, Vx:

d) 2x-3)(x+5) <0khi-5 <x<2
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2x=3)x+5) >0khix<-5; )c>2
3. a) Vo nghiém ;

b) —1Sx£4;
3

c) x<—8;—2<x<% l<x<2;
d)—2<x<L3.

4. aym<1;m>3;b) —2<m<—1.

On tap chuong IV
I.a)x>0;b)y=20;
o) la20,Vae ;

a+b

d) >ab . Ya>0,b>0.

2. a) a, b cung dau ; b) a, b cung diu ;
¢) a, b trai dau ; d) a, b trdi dau.
3. (C).

4. Goi P 1a khoi luwong thuc ctia vat. Ta ¢
26,35 < P < 26,45.

5.a)x=1;b)x>1;¢c)x<1.

6. HD. L4+ 32,

C a
1. 2) fx) < 0 &< 1-V13 113
2 2
—1- 3
f >0 X<T hoac
1+
X>——;

2
9(x) >0 & x<1-+/3 hoac
O<x<2hodcx>1+ V3 ;
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9(x) <0 & 1-4/3<x<0 hoac

2<x<1++3.

b) Nghiém nguyén cua bat phuong
trinh la x = 2 ; 3 ; 4 ... hoac
x=-3;-4..

12.  HD. Xét dau biét thic
A= +c? —a?)? —4b>2.

14. (B) ; 15. (C); 16. (C) ; 17. (C).

CHUONG V

1.
2. b) 43,3% ; 56,7%
3.
1. 1170 gio ; 31 cm.
2. 6,1 diém ; 5,2 diém

Piém trung binh cong ctia 16p 10A cao
hon, nén c6 thé néi hoc sinh cta 16p
10A ¢6 két qua lam bai thi cao hon.

3. C6 hai mot 1a
Mél) =700 nghin dong ;
M(()z) =900 nghin dong.

4. S6 trung vi M, =720 nghin dong.

5. 38,15 ta/ha.
4.
1. 2 =120: 5. ~11 gic
S s = ; s, =11 gio
2
S, =84; S, = 9,2 cm.

2. a) Dhy s6 liéu vé diém thi cha I6p
10C c6

¥~ 72diém; s> ~13; s, ~ 1,13 diém.



Dhy s6 liéu vé diém thi cta 16p 10D c6
3 ~7,2 diém ; s§ =08 5, = 0.9 diém.
b) Piém s6 clia c4c bai thi & 16p
10D déng déu hon.
3. a) Nhém cd tht 1 c6 ¥ = 1kg;
nhém cid tht 2 c6 y=1kg;
b) Nhém c thit 1 c65> =0,042;
nhom cd thit 2 ¢6 s, =0,064 ;
¢) Nhom cé thi 1 c6 khai lugng dong

déu hon.

On tap chuong V

3.¢) x =2 (con); M, = 2 (con) ;
M, =2 (con).

4. e) Nhém ca thd 1 c6 x = 648 (gam) ;
s =332; s, ~ 5,76 (gam),
Nhém cd tht2 c6 y = 647 (gam) ;
Sy = 23.14 ; Sy = 4,81 (gam),

Nhém cé thi 2 ¢6 khéi lugng dong
déu hon.

5. x =34 087 500 dong ;

M, =21 045 000 dong.
6. a) M6t 1a méu 1.
7.(C);8.(B);9.(C); 10. (D) ; 11. (A).

CHUONG VI

1.
2. a)0,3142 rad ;
¢) —0,4363 rad ;

b) 1,0036 rad ;
d) —2,1948 rad.

b) 33°45';
¢)—114°3530"; d) 42°58'19".
4. a)4,19cm ; b)30cm; c) 12,92 cm.

3. 2) 10°;
7. sdAM1 =—a+ k2w, k € ;
sdAM2 =nt—a+k2n, ke ;

sdAM3 =a+n+ k2w, k e

2.
4. a) sina= ; tana = \/7 ;
4
cotar= i
W17
b) cosa=—-0,71 ; tana= 0,99 ;
cotar= 1,01.
c) cosa=— ! ;sind=——
274 274
cota:—l—.
d) sina:—i;
V10
cosa:i' tana=—1~
V10 3

5.a) a=k2n, ke ;

b) a=Qk+Dm, ke

c)a=£+kn,ke ;
2
d)a=§+k T ke ;

e)a:—E+k T,ke ;
2
f) a=km, ke
167



) . 2 . 2
‘\/_

1. a) c0s225° = —\g : sin240° = _7;

b) 1 + sinx = ZSinz(n+x .
4 2

)
)

cot(—15") = =2-+/3;

(6]
tan75 = 2+\/§' ¢) 1+ 2cosx = 4cos n+xjcos(n—xj-
Tn 20+ 6 2/ \6 2
b) sin—=———; . .
12 4 d) 1—25inx:4cos(+xjsin(—x)-
Cos(—n Ja 27 2) 12 2
12J_ 4 ’ 8. A =tan3x.
131
tan- = 2-43. On tap chuong VI
NG 9+ NE
) 2[3_1J’ R 3. ) = b~ :
c) cos(a+b)=—3\/g+8 ; ‘/7 . .
15 c) — ; d) -
5 Jis
. 6+44/5 )
sin(a—b) = s 4. a) tan“ ;  b)2cos« ;
3. a) sina sinb ; c) —cota; d) sina.
| v
b)) —...a; 5.a) — b) ——;
) 5 ) 5 ) 5
¢) cosa sinb. \/’ \/’
5. a) sin2a = 0,96 ; cos2a = 0,28 ; c) 5 ; d) BN
tan2a = 3’41320 o 9.(D); 10. (B); 1. (C) ; 12. (D) ;
b) sin2a=—-———; cos2a=——; 13. (C) ; 14. (B).
) 169 169 © (B)
tan2a= o ON TAP CUOI NAM
c) sinZa:—3 ; cos2a:—7; I - Cau hoi
4 2 2
3 3. x| —;— |U[5;+ ).
tan2a =——. 7 3J
J7
24414 2-J14 4. m>
6. sina= 5 cosa= p hoac 8
2000 3000
sina= 14-2 cosoz——z-’_\/ﬁ >3 S
6 6 Vi 27 <32 = (231000 (321000



Il - Bai tap

1.

.b) m=

a) [3;5].
b) A\B=[3: 4],
\N(A\B) = (=00 ;3) U (4 ; +o).

1
~> x2 =17.

3
.a) —<m<
5

b) S:xl+x2:4m,
P=xx,=9(m—-1)>:
172 ’

9(x, +x, —4)* —16x,x, =0.

c¢) m=1 hoac m=

sy =(=1525-2).

6. a)f(x)>0khi xe (o0 ;—=2) U(l;+o)
f(x)<0khixe (=2;1).
b)A(-2;0),B(1;6).
c)a=-2;b=0;c=8;

hoac az_—;b: ;c=
9 9 9

8. a) tan2a ;
2
b) sin a.
c) tan(x —15%)cot(x +15°).
9.a)2;b)9;c)4.
. 16
sin— Ix o«
10. a) ; b)4sin—-cos
. X 7 7
16s1n5

12.-5.
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BANG TRA CUU THUAT NGU

170

Thuat ngir Trang Thuat ngir Trang

Bang bién thién 36 Cong thitc nhan doi 150
Bang phan bo tan s6 111 Cung lugng gidc 134
Bang phan bo tan sudt 111 Diém dau cta cung 134
Béng phan b tan s6 va tin 111 lugng gidc
suat Diém cu6i clia cung 134
Béang phan b6 tan s6 113 lugng giac
ghép 16p Diéu kién cin 6
Bang phan b6 tin suat 113 Diéu kién can va du 7
ghép 16p Diéu kién di 6
Bang phan b6 tan s6 va tan 113 Piéu kién clia 81
suat ghép 16p bat phuong trinh
Bang xét dau 90 Dicu kién ctia phuong trinh 54
Bat dang thiic 74 DPoan [a ; b] 17
Bt dang thic hé qua 74 D6 thi ctia ham s6 34
Bat dang thiic tuong duong 75 Do lech chudn 126
Bat phuong trinh 4n x 80 Do chinh xdc ctia mot s6 20
Bat phuong trinh bac hai 103 gan ding
mot 4n DPudng gép khiic tan sudt 116
Bt phuong trinh bac nhat 95 Puong gap khiic tin s6 117
hai an Pudng tron dinh hudng 134
Bat phuong trinh tuong 82 Dudng tron luong gidc 135
duong Gid trj ctia ham 6 f tai x 32
Bién s6 32 Gia tri dai dién cta 16p 116
Bieudo 151 ["Giai bat phuong trinh 81
Bi€u d6 tan s6 hinh cot 171" [Giai he bat phuong trinh 81
Blfiu d(? tan suat hinh cot 115 Giai v bien luan 55
Bi€u do hinh quat 117 phuong trinh
Cong thitc cong 149 Giao (ctia hai tap hop) 13
Cong thic bién déi tich 151 Gia tri lugng gidc cua cung 141
thanhtong Gée lugng gidc 135
C(\)ﬂg tl/llIC bién doi tong 152 Hai ménh dé tuong duong 7
thanh tich N

X ~ - Ham s6 32
Cong thitc ha bac 151 Ham s6 bac hai )




Thuat ngix Trang Thuat ngir Trang
Ham s6 bac nhat 39 Phan bu (cta B trong A) 15
Ham s6 chin 37 Phép bién déi tuong duong 55
Ham s6 cho bang bang 32 phuong trinh
Ham s6 cho bing biéu do 33 Phép bién déi tuong duong 82
Ham s6 cho bang cong thitc 33 bat phuong trinh
Ham s6 dong bién (tang) 36 Phuong sai 124
Ham s6 héing 40 Phuong trinh bac hai 58
Ham so 1é 37 Phuong trinh bac nhat 63
Ham s6 nghich bién (gidm) 36 hai an
Ham s6 y = | 40 Phuong trinh bac nhat 58
He bt phuong tinh 4n x 81 g E‘I"ng “}nﬁ he qua gg
Heé bt phuong trinh bac 96 uong trinh anx__
nhat hai 4n Phuong trinh nhiéu an 54
Heé hai phuong trinh bac 64 Phuong trinh twong duong 35
nhit hai 4n ‘ Radian 136
Heé ba phuong trinh bac 65 Sai s0 tuyét doi 19
nhat ba 4n Sai s6 tuong doi 21
Hiéu (ctha hai tap hop) 14 S6 trung vi 121
Hop (ctia hai tap hop) 14 S6 trung binh cdng 119
Khoang (a ; b) 17 Tam thic bac hai 100
K{ hiéu V va 3 7 Tan s6 110
Meénh dé 4 Tan s6 cua 16p 112
Meénh dé dio 7 Tan sudt 11
Meénh dé chita bién 4 Tén sudt cua 16p 112
Ménh dé kéo theoP  Q 6 T";lp hop (t?p) 10
Ménh dé phi dinh 5 Tap hop bang nhau 12
Mién nghiém cua bat 95 Tap hop con (tap COI}) 1
phuong trinh bac nhat hai 4n Tap hop rong (tap rong) 11
Mot 121 Tap xac dinh ciia ham s6 32
Nghiém cua bat phuong 80 Tham s6 54
trinh Truc cosin 141
Nghiém clia hé phuong trinh 65 Truc cotang 144
Nghiém cuia phuong trinh 65 Truc sin 141
nhiéu 4n Truc tang 144
Nghiém ngoai lai 56
Nhi thic bac nhat 89
Nira khoang 17
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MUC LUC

Trang
Ch ong I. MENH PE. TAP HOP
1. MENR A€ oo e e e e e see e enenees 4
N I 1 o 3 110 o SO UPPTP P 10
NI O Tl o s <] o B (o220 a0 £ o1 Lo o OSSO UUROPPR 13
§4. CAC AP NOP SO uevriiieiiiiie ettt e ettt e e et e e e et e e e e streeeeetteeeeeerseeeesnnraeaeanes 16
§5. SO ZAN AUNGZ. SAL SO ..eecuvereeirieeiiiieeeieeeiteeeee e et e ereeerereesaeeesreeessaeeennneas 19
ON AP €h ONZ T oo 24
Ch ong II. HAM SO BAC NHAT VA BAC HAI
1. HAM SO vve e e e e e e e e e e s e e e e e s 32
§2. HAM SO Y = X 4 D eeeeeieeeieeeeee ettt e e e e e e e st ra e e e e e e e enees 39
§3. HAM SO DAC NAT.uveviiiiiiiiiiiiieeiiee et e e e e e 42
Ontap ch oNE IL .o 50
Ch ong III. PH ONG TRINH. HE PH ONG TRINH
§1. Daic ong v€ ph ong trinh ........cccceviiiiiiiiiiii e 53
§2. Ph ong trinh quy vé ph ong trinh bac nhét, bac hai........ccccccveeereniennnns 58
§3. Ph ong trinh va hé ph ong trinh bac nhat nhiéu 4n............ccoccveveeneennen. 63
Ontapch ong IIL.......o.oooiviiiiiiiieeeeeeeeeeeeeeeeeeeeeeeeeeee e, 70
Ch ong IV. BAT PANG THUC. BAT PH ONG TRINH
§1. Bt QANG tAUC ...veoveeeieeieeeeeeeeeeeee ettt ettt ens 74
§2. Batph ong trinh va hé bat ph ong trinh MOt &n.......covvevreviieieriieeene 80
§3. DAau cta nhi thliic BAC NNAT ......oeeiiiiiiiiiiiiie e 89
§4. Bt ph ong trinh bac NhAt hai AN ......c.ecveieeiieieieieeeeceee e 94
§5. Dau ctia tam thiIc DAC DAL ...vvvvviiiiiiiiiiiieie e e 100
On AP €h ONZ IV oo 106
Ch ong V. THONG KE
§1. Bang phan bo tAn SO VA AN SUAL ...eeeeeeviieeeeiiiee e e eeieeeeeeree e 110
§2. BIEU A0..euiivieuieiieiieiieieeeee ettt ettt st eaeas 115
§3. S0 trung binh cong. SO trung vi. MOt......ccccvvieieeriiireeeciieee e 119
§4. Ph ong sai va d0 16ch ChUan .......c..cooviiviiiieieieeeeeeeeeeeee e 123
ONtAP €h ONZ V oo 128
Ch ong VI. CUNG VA GOC L ONG GIAC. CONG THUC L ONG GIAC
§1. Cung va gOC 1 ONEZ ZIAC ..uuuuuuuiuiniiii e 133
§2. Gidtril ong gidc ca MOL CUNG ...eeeevvriieeieiiiee et et e e e 141
§3. CONG thTC 1 ONE ZIAC ..vuvuueiiiiiiiiiii s 149
On AP €h 0NZ V..o 155
ON AP CUGT NAM ..ot en e 159

172



N
N
o
N
N
n
a

HUAN CHUGNG HO CHi MINH

SACH GIAO KHOA LGP 10

1. TOAN HOC 8. TIN HOC 10
e DAI SO 10 e HINH HOC 10 9, CONG NGHE 10
2, VAT LI 10 10. GIAO DUC CONG DAN 10
3. HOA HOC 10 11, GIAO DUC QUOC PHONG - AN NINH 10
4, SINH HOC 10 12, NGOAI NGU
5. NG VAN 10 (tap moét, tap hai) e TIENGANH 10 o TIENG PHAP 10
6. LICH SU' 10 e TIENGNGA10 e TIENG TRUNG QUOC 10
7.DIALI 10

SACH GIAO KHOA LOP 10 - NANG CAO
Ban Khoa hoc Tu nhién : « TOAN HOC (PAI SO 10, HINH HOC 10)
o VAT Li 10 « HOA HOC 10 « SINH HOC 10
Ban Khoa hoc Xa hoi va Nhan van : e NGU VAN 10 (tap mét, tap hai)
o LICHSU 10 « DIALI 10
« NGOAI NGU (TIENG ANH 10, TIENG PHAP 10,
TIENG NGA 10, TIENG TRUNG QUGC 10)

md vach Q

Tem chéng gid Gid: ..........



