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Ch ng  ny cng  c,  m rng  h iu  bit ca hc sinh  v 
L thuyt tp hp   c hc  cc lp d i  ;  cung  cp cc 

kin  thc ban  u  v lgic v cc khi  n im 
s gn  ng,  sai  s to c s  hc tp tt cc ch ng  

sau  ;  h nh  thnh  cho hc sinh  kh nng  suy lun  c l ,  kh 
nng  tip nhn,  biu  t cc vn   mt cch  chnh  xc.  
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I   Mnh  .  Mnh    cha b in 

1 .   Mnh   

 

 

 

 

 

 

 

1  

Nhn  vo hai  bc tranh   trn,  hy c v so snh  cc cu   bn  tri  v bn  phi .   

Cc cu  bn tri l nhng khng nh c tnh ng hoc sai,  cn cc 
cu  bn phi khng th ni l ng hay sai.  Cc cu  bn tri l nhng 
mnh ,  cn cc cu  bn phi khng l nhng mnh .  

Mi mnh  phi hoc ng hoc sai.  

Mt mnh  khng th va ng,  va sai.  

2 

Nu  v d  v nhng  cu  l  mnh   v nhng  cu  khng  l  mnh  .  

2.   Mnh   cha bin  

Xt cu "n  chia ht cho 3" .  

Ta ch a khng nh  c tnh ng sai ca cu ny.  Tuy nhin,  vi mi gi 
tr ca n  thuc tp s nguyn,  cu ny cho ta mt mnh .  Chng hn 
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Vi n  =  4  ta  c mnh  "4 chia ht cho 3"  (sai).  

Vi n  =  1 5  ta  c mnh  "1 5  chia ht cho 3"  (ng).  

Xt cu "2 +  n  =  5" .  

Cng nh  trn,  ta thy vi mi gi tr ca n  thuc tp s nguyn ta  c 
mt mnh .  Chng hn 

Vi n  =  1  ta  c mnh  "2 +  1  =  5"  (sai).  

Vi n  =  3  ta  c mnh  "2 +  3  =  5"  (ng).  

Hai cu trn l nhng v d v mnh  cha bin.  

3 

Xt cu   "x  > 3".  Hy tm  hai  g i tr  thc ca x   t cu   cho,  nhn   c mt 
mnh   ng  v mt mnh   sai .  

I I    Ph  nh  ca mt  mnh    

V d 1 .  Nam v Minh tranh lun v loi di.  

Nam ni "Di l mt loi chim".   

Minh ph nh "Di khng phi  l mt  
loi chim".  

 ph nh mt mnh ,  ta thm (hoc 
bt)  t "khng"  (hoc "khng phi")  vo 
tr c v ng ca mnh  .  

K hiu mnh  ph nh ca 

mnh  P l ,P  ta c 

P ng khi P sai.  

P sai khi P ng.  

V d 2  

P  :  "3  l mt s nguyn t"  ;  

P :  "3  khng phi l mt s nguyn t" .  

Q  :  "7  khng chia ht cho 5"  ;  

Q :  "7  chia ht cho 5" .  
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4 

Hy ph  nh  cc mnh   sau.  

   P  :  "  l  mt s hu  t"  ;  

   Q  :  "Tng hai  cnh ca mt tam gic ln hn cnh th ba".  

Xt tnh  ng  sai  ca cc mnh    trn  v mnh   ph  nh  ca chng.  

I I I    Mnh    ko  theo  

V d 3.  Ai cng bit "Nu Tri t 
khng c n c th khng c s sng".  

Cu ni trn l mt mnh  dng "Nu 
P  th Q" ,   y P  l mnh  "Tri t 
khng c n c" ,  Q  l mnh  " (Tri 
t)  khng c s sng" .  

Mnh  "Nu  P  th  Q"  c gi l  mnh  ko theo ,  v 
k hiu l P    Q.  

Mnh  P    Q  cn  c pht biu l "P  ko theo Q"  hoc "T P  suy ra Q".  

5 

T cc mnh    
     P  :  "Gi ma ng  Bc v"  
     Q  :  "Tri  tr lnh" 

hy pht biu  mnh   P    Q.  

Mnh  P   Q  ch sai khi P ng v Q sai.  

Nh  vy,  ta ch cn xt tnh ng sai ca mnh  P    Q  khi P  ng.  
Khi ,  nu Q  ng th P    Q  ng,  nu Q  sai th P    Q  sai.  

V d 4 

Mnh  "3  < 2   (3)
2
 <  (2)

2
"  sai.  

Mnh  " 3 2<    3  < 4"  ng.  

Cc nh l ton hc l nhng mnh  ng v th ng c dng P    Q.  
Khi  ta ni 

P l gi thit,  Q l kt lun ca nh l,  hoc  

P l iu kin    c Q,  hoc 

Q l iu kin cn   c P.  
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6 

Cho tam gic ABC.  T cc mnh   

     P  :  "Tam gic ABC  c hai  gc bng  60o"  

     Q  :  "ABC  l  mt tam gic u".  

Hy pht biu  nh  l  P    Q .  Nu  gi thit,  kt lun  v pht biu  li  nh  l  ny d i  
dng  iu  kin  cn,  iu  kin  .  

IV    Mnh    o    hai  mnh    t ng  ng 

7 

Cho tam gic ABC.  Xt cc mnh   dng  P    Q  sau  
a)  Nu  ABC  l  mt tam gic u  th  ABC  l  mt tam gic cn.  

b)  Nu ABC  l mt tam gic u th ABC  l mt tam gic cn v c mt gc bng 60
o
.  

Hy pht biu  cc mnh   Q    P  t ng  ng  v xt tnh  ng  sai  ca chng.  

Mnh  Q    P  c gi l mnh  o  ca mnh  P    Q.  

Mnh  o ca mt mnh  ng khng nht thit l ng.  

Nu c hai mnh  P   Q  v Q   P u ng ta ni P v Q l 
hai mnh  t ng  ng.   

Khi  ta k hiu P   Q v c l 

P t ng  ng Q,  hoc  

P l iu kin cn v   c Q,  hoc 

P khi v ch khi Q.  

V d 5.  a)  Tam gic ABC  cn v c mt gc 60
o
 l iu kin cn v   

tam gic ABC u.  

b)  Mt tam gic l tam gic vung khi v ch khi n c mt gc bng tng hai 
gc cn li.  

V   K  hiu   v    

V d 6.  Cu "Bnh ph ng ca mi s thc u ln hn hoc bng 0"  l 
mt mnh .  C th vit mnh  ny nh  sau 

x     :  x
2
   0  hay x

2
   0,  x    .  

K hiu  c l "vi mi" .  
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8 

Pht biu  thnh  li  mnh   sau  

n      :  n  +  1  >  n.  

Mnh   ny ng  hay sai  ?  

V d 7.  Cu "C mt s nguyn nh hn 0"  l mt mnh .  C th vit 
mnh  ny nh  sau 

n      :  n  <  0.  

K hiu   c l "c mt" (tn ti mt)  hay "c t nht mt" 

(tn ti t nht mt).   

9 

Pht biu  thnh  li  mnh   sau  

x      :  x
2
 =  x.  

Mnh  ny ng  hay sai  ?  

V d 8 

Nam ni "Mi s thc u c bnh ph ng khc 1 " .  

Minh ph nh "Khng ng.  C mt s thc m bnh ph ng ca n bng 1 ,  
chng hn s 1 " .  

Nh  vy,  ph nh ca mnh  

          P  :  "x     :  x
2
   1 " ,  

l mnh  

P :  "x     :  x
2
 =  1 " .  

1 0 

Hy pht biu  mnh   ph  nh  ca mnh   sau  

P  :  "Mi  ng vt u  d i  chuyn   c".  

V d 9  

Nam ni "C mt s t nhin n  m 2n  =  1 " .  

Minh phn bc "Khng ng.  Vi mi s t nhin n,  u c 2n    1 " .  

Nh  vy,  ph nh ca mnh  

P  :  "n      :  2n  =  1 "  
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l mnh  

P  :  "n     :  2n    1 " .  

1 1  

Hy pht biu  mnh   ph  nh  ca mnh   sau  

P  :  "C mt hc sinh  ca lp khng  thch  hc mn  Ton".  

Bi  tp 

1.   Trong cc cu sau,  cu no l mnh ,  cu no l mnh  cha bin ?  

a)  3  +  2  =  7  ;           b)  4 +  x  =  3  ;  

c)  x  +  y  >  1  ;            d)  2 5 < 0.  

2.   Xt tnh ng sai ca mi mnh  sau v pht biu mnh  ph nh  
ca n.  

a)  1 794 chia ht cho 3  ;         b)  2 l mt s hu t ;  

c)    <  3 ,1 5  ;            d)  125 0.   

3.  Cho cc mnh  ko theo 

Nu  a  v  b  cng chia ht cho c  th  a  +  b  chia ht cho c (a,  b,  c  l nhng 
s nguyn).  

Cc s nguyn c tn cng bng 0 u chia ht cho 5 .  

Tam gic cn c hai  ng trung tuyn bng nhau.  

Hai tam gic bng nhau c din tch bng nhau.  

a)  Hy pht biu mnh  o ca mi mnh  trn.  

b)  Pht biu mi mnh  trn, bng cch s dng khi nim "iu kin " .  

c)  Pht biu mi mnh  trn,  bng cch s dng khi nim "iu kin cn".  

4.  Pht biu mi mnh  sau,  bng cch s dng khi nim "iu kin cn 
v "   

a)  Mt s c tng cc ch s chia ht cho 9  th chia ht cho 9  v ng c li.  

b)  Mt hnh bnh hnh c cc  ng cho vung gc l mt hnh thoi v 
ng c li.  

c)  Ph ng trnh bc hai c hai nghim phn bit khi v ch khi bit thc 
ca n d ng.  
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5.  Dng k hiu  ,     vit cc mnh  sau 

a)  Mi s nhn vi 1  u bng chnh n ;  

b)  C mt s cng vi chnh n bng 0 ;  

c)  Mi s cng vi s i ca n u bng 0.  

6.  Pht biu thnh li mi mnh  sau v xt tnh ng sai ca n 

a)  x     :  x
2
 >  0 ;         b)  n      :  n

2
 =  n  ;  

c)  n      :  n    2n  ;         d)  x     :  
1 .x
x

<  

7.  Lp mnh  ph nh ca mi mnh  sau v xt tnh ng sai ca n  

a)  n      :  n  chia ht cho n  ;     b)  x      :  x
2
 =  2  ;  

c)  x     :  x  <  x  +  1  ;        d)  x     :  3x  =  x
2
 +  1 .  

 

 

I    Khi  nim  tp  hp  

1 .  Tp hp v phn  t 

1  

Nu  v d  v tp hp.  

Dng  cc k h iu    v    vit cc mnh   sau.  

a)  3  l  mt s nguyn  ;         b)  2  khng  phi  l  s hu  t.  

Tp hp  (cn gi l tp)  l mt khi nim c bn ca ton hc,  khng 
nh ngha.  

Gi s  cho tp hp A.   ch a  l mt phn t ca tp hp A,  ta vit a    A  
(c l a  thuc A).   ch a  khng phi l mt phn t ca tp hp A,  ta vit 
a    A  (c l a  khng thuc A).   

2.   Cch  xc nh  tp hp 

2 

Lit k cc phn  t ca tp hp cc c nguyn  d ng  ca 30.  
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Khi lit k cc phn t ca mt tp hp,  ta vit cc phn t ca n trong 
hai du mc { . . . . . . . . . } ,  v d  A  =  { 1 ,  2,  3 ,  5 ,  6,  1 0,  1 5,  30} .  

3 

Tp hp B  cc nghim ca ph ng  trnh  2x
2
   5x +  3  =  0   c vit l  

B  =  { x    |  2x
2
   5x  +  3  =  0} .  

Hy l it k cc phn  t ca tp hp B.  

Mt tp hp c th  c xc nh bng cch ch ra tnh cht c tr ng cho 
cc phn t ca n.  

Vy ta c th xc nh mt tp hp 
bng mt trong hai cch sau 

a)  Lit k cc phn t ca n ;  

b)  Ch ra tnh cht c tr ng cho 
cc phn t ca n.  

Ng i ta th ng minh ho tp hp bng mt hnh 
phng  c bao quanh bi mt  ng kn,  gi l 
biu  Ven nh  hnh 1 .  

3.   Tp hp rng  

4 
Hy l it k cc phn  t ca tp hp   

A  =  { x    |  x
2
 +  x  +  1  =  0} .  

Ph ng trnh x
2
 +  x  +  1  =  0  khng c nghim.  Ta ni tp hp cc nghim 

ca ph ng trnh ny l tp hp rng.  

Tp hp rng,  k hiu l  ,  l tp hp khng cha phn t no.  

Nu  A  khng phi l tp hp rng th  A  cha t nht mt phn t.   

A        x  :  x    A .  

I I    Tp  hp  con  

5  

Biu   minh  ho trong  h nh  2  ni  g   v quan  h g ia tp 
hp cc s nguyn    v tp hp cc s hu  t   ?  C 

th ni  mi  s nguyn  l mt s hu  t hay khng  ?   
Hnh 2  

Q

Z

Hnh 1  

B
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Nu mi phn t ca tp hp A  u l phn t ca tp hp B 
th ta ni A  l mt tp hp con  ca B v vit A    B (c l A  
cha trong B) .   

Thay cho  A    B,  ta cng vit  B   A  (c l  B cha  A  hoc  B bao hm A)  
(h.3a).  Nh  vy 

A    B    (x  :  x    A    x    B) .  

 

 

 

 
 

a)               b)  
Hnh 3  

Nu  A  khng phi l mt tp con ca B,  ta vit  A    B.  (h.3b).  

Ta c cc tnh cht sau 

a)  A    A  vi mi tp hp A  ;  

b)  Nu A    B v B   C  th A    C  (h.4)  ;  

c)      A  vi mi tp hp  A .   

I I I    Tp  hp  bng nhau 

6  

Xt hai  tp hp 

A  =  { n     |  n  l  bi  ca 4  v 6}  

B  =  { n     |  n  l  bi  ca 12} .  

Hy kim tra cc kt lun  sau  

a)  A    B  ;      b)  B    A .  

Khi A    B v B   A  ta ni tp hp A  bng tp hp B v vit l 
A  =  B.   

Nh  vy 

A =  B   (x  :  x   A    x   B).  

A

B

A

B

A

B

C

Hnh 4  
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Bi  tp 

1.   a)  Cho  A  =  { x     |  x  <  20 v x  chia ht cho 3} .  

Hy lit k cc phn t ca tp hp A .  

b)  Cho tp hp  B =  { 2,  6,  1 2,  20,  30} .  

Hy xc nh B bng cch ch ra mt tnh cht c tr ng cho cc phn t ca n.  

c)  Hy lit k cc phn t ca tp hp cc hc sinh lp em cao d i 1m60.  

2.   Trong hai tp hp A  v  B d i y, tp hp no l tp con ca tp hp cn li ?  
Hai tp hp  A  v  B c bng nhau khng ?  

a)  A  l tp hp cc hnh vung 

  B l tp hp cc hnh thoi.  

b)  A  =  { n    |  n  l mt c chung ca 24 v 30}  

   B =  { n    |  n  l mt c ca 6} .  

3.   Tm tt c cc tp con ca tp hp sau 

a)   A  =  { a,  b}  ;            

b)   B  =  { 0,  1 ,  2} .  

 

 

I    Giao  ca hai  tp  hp  

1   

Cho  

A  =  { n     |  n  l  c ca  12}  

B  =  { n     |  n  l  c ca 18} .  

a)  Lit k cc phn  t ca A  v  ca B  ;  

b)  Lit k cc phn  t ca tp hp C  cc c chung  ca 12  v 18 .  

Tp hp C gm cc phn t va thuc A,  va thuc B  c 

gi l giao  ca A  v B.   
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           K hiu  C =  A   B (phn gch  

                cho trong hnh 5).  Vy 

     A    B =  { x  |  x   A  v  x   B}  

          x   A    B   
.

x A

x B





 

I I    Hp  ca hai  tp  hp  

2  

Gi s A,  B  ln  l t l tp hp cc hc sinh  gii  Ton,  gii  Vn ca lp 1 0E.  Bit 

A  =  {Minh,  Nam,  Lan,  Hng,  Nguyt}  ;  

B  =  {C ng,  Lan,  Dng,  Hng,  Tuyt,  L} .  

(Cc hc sinh  trong  lp khng  trng  tn  nhau.)  

Gi  C  l  tp hp i  tuyn  thi  hc sinh  g ii  ca lp gm cc bn  gii  Ton  hoc 
g ii  Vn.  Hy xc nh  tp hp C.  

Tp hp C gm cc phn t thuc A  
hoc thuc B  c gi l hp  ca A  
v B.  

K hiu  C =  A    B (phn gch 
cho trong hnh 6).  Vy 

     A    B =  { x  |  x    A  hoc  x   B}  

x    A    B   
.

x A

x B


 

 

I I I    H iu  v  phn b  ca hai  tp  hp  

3  

Gi s tp hp A  cc hc sinh  gii  ca lp 1 0E l  

A  =  {An,  Minh,  Bo,  C ng,  Vinh,  Hoa,  Lan,  Tu,  Qu} .  
Tp hp B  cc hc sinh  ca t 1  lp 1 0E l  

B  =  {An,  Hng,  Tun,  Vinh,  L,  Tm,  Tu,  Qu} .  
Xc nh  tp hp C  cc hc sinh  gii  ca lp 1 0E khng  thuc t 1 .  

Tp hp C gm cc phn t thuc A  nh ng khng thuc B gi 
l hiu  ca A  v  B.  

A    B  

Hnh 6 

A    B  
Hnh 5  

A

B

A
B
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Hnh 7 

        K hiu  C =  A  \ B (phn gch         
        cho trong hnh 7).  Vy 

     A  \ B =  { x  |  x    A  v  x   B}  

x    A  \ B   
.

x A

x B





 

 

Khi B   A th A \ B gi l phn 

b  ca B trong A,  k hiu CAB 
(phn gch cho trong hnh 8).  

 

Bi  tp 

1.   K hiu A  l tp hp cc ch ci trong cu "c ch th nn" ,  B  l tp hp 

cc ch ci trong cu "C cng mi st c ngy nn kim" .  Hy 

xc nh A     B,  A     B,  A   \ B,  B  \ A.  

2.  V li v gch cho cc tp hp  A    B,  A    B,  A  \ B (h.  9)  trong cc tr ng 
hp sau.  

 

 

 

   a)          b)        c)        d)  

Hnh 9  

3.   Trong s 45 hc sinh ca lp 10A c 15 bn  c xp loi hc lc gii,  20 bn 
 c xp loi hnh kim tt,  trong  c 10 bn va hc lc gii,  va c hnh 
kim tt.  Hi  

a)  Lp 1 0A c bao nhiu bn  c khen th ng,  bit rng mun  c khen 
th ng bn  phi hc lc gii hoc c hnh kim tt ?  

b)  Lp 1 0A c bao nhiu bn ch a  c xp loi hc lc gii v ch a c 
hnh kim tt ?  

4.   Cho tp hp A ,  hy xc nh  A    A ,  A    A,  A    ,  A    ,  AC A ,  AC .  

 

Hnh 8 

B

A

A \ B

B

A
C BA

A B A B A

B

B

A
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I    Cc  tp  hp  s    hc  

V biu   minh  ho quan  h bao hm ca cc tp hp s  hc.   

1 .   Tp hp cc s t nhin    

  =  { 0,  1 ,  2,  3 ,  . . . }  ;  
*
  =  { 1 ,  2,  3 ,  . . . } .  

2.   Tp hp cc s nguyn   

 =  { . . . ,  3,  2,  1 ,  0,  1 ,  2,  3 ,  . . . } .  

Cc s 1 ,  2,  3,  . . .  l cc s nguyn m.   

Vy  gm cc s t nhin v cc s nguyn m.  

3.   Tp hp cc s hu  t   

S hu t biu din  c d i dng mt phn s ,a

b
 trong  a,  b   ,  b   0.  

Hai phn s 
a

b
 v 

c

d
 biu din cng mt s hu t khi v ch khi ad =  bc.  

S hu t cn biu din  c d i dng s thp phn hu hn hoc v hn 

tun hon.  

V d 1 .   
5

4
 =  1 ,25  

5

12
 =  0,41 (6).  
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4.   Tp hp cc s thc  

Tp hp cc s thc gm cc s thp phn hu hn, v hn tun hon v v hn 
khng tun hon.  Cc s thp phn v hn khng tun hon gi l s v t.  

V d 2.    =  0,1 01 101 110 . . .  (s ch s 1  sau mi ch s 0 tng dn)  l 
mt s v t.  

Tp hp cc s thc gm cc s hu t v cc s v t.  

Mi s thc  c biu din bi mt im trn trc s v ng c li (h.1 0).  

             

  2  1     0      1     

Hnh 1 0 

I I    Cc  tp  hp  con  th ng dng ca  

Trong ton hc ta th ng gp cc tp hp con sau y ca tp hp cc s 
thc  (h.1 1 ).  

Khong   

(a  ;  b)   =  { x     |  a  <  x < b}  

(a  ;  +)  =  { x     |  a  < x}  

(  ;  b)  =  { x     |  x < b} .  

on   

[a  ;  b]   =  { x     |  a    x   b} .  

Na khong  

[a  ;  b)   =  { x     |  a    x < b}  

(a  ;  b]   =  { x     |  a  <  x   b}  

[a  ;  +)  =  { x     |  a    x}  

(  ;  b]  =  { x     |  x   b} .  

Hnh 1 1                   

K hiu +  c l d ng v cc (hoc d ng v cng) ,  k hiu   c l 
m v cc (hoc m v cng) .   

 2  1 0 1 23
2

2

a b

b

a

a b

a b

a b

a

b
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Ta c th vit  =  (  ;  +)  v gi l khong ( ; ). +  

Vi mi s thc x ta cng vit x < < + .  

Bi  tp 

Xc nh cc tp hp sau v biu din chng trn trc s 

1.   a)  [3  ;  1 )    (0 ;  4]  ;          b)  (0 ;  2]    [1  ;  1 )  ;  

c)  (2 ;  1 5)    (3  ;  +)  ;         d)  
4

1 ;
3

 
 

 
   [1  ;  2)  ;     

e)  (  ;  1 )    (2 ;  +) .  

2.   a)  (12 ;  3 ]    [1  ;  4]  ;         b)  (4 ;  7)    (7  ;  4)  ;  

c)  (2 ;  3 )    [3  ;  5)  ;          d)  (  ;  2]    [2 ;  +) .  

3.   a)  (2 ;  3 )  \ (1  ;  5)  ;          b)  (2 ;  3 )  \ [1  ;  5 )  ;  

c)   \ (2 ;  +)  ;           d)   \ (  ;  3 ] .  

B  n  c   b i  t   

CAN - TO  

 
Can-to l  nh ton  hc c gc Do Thi .  

Xut pht t vic nghin  cu  cc tp hp v hn  v cc s 
siu  hn,  Can-to  t nn mng cho vic xy dng L thuyt 
tp hp.  

L thuyt tp hp ngy nay khng  nhng  l  c s ca ton  
hc m cn  l  nguyn  nhn  ca vic r  sot li  ton  b c s 
lg ic ca ton  hc.  N c mt nh  h ng  su  sc n  ton  
b cu  trc h in  i  ca ton  hc.  

T nhng  nm 60 ca th k  XX,  tp hp  c  a vo g ing  
dy trong  tr ng  ph thng   tt c  cc n c.  V  cng  lao to  
ln  ca Can-to i  vi  ton  hc,  tn  ca ng    c t cho 
mt ming  n i  la trn  Mt Trng.  

G.  Can-to  

(Georg Ferdinand 

Ludwig Philipp Cantor

1845   1 91 8)  
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I    S  gn ng 

V d 1 .  Khi tnh din tch ca hnh trn bn knh 

r  =  2  cm theo cng thc S =  r
2
 (h.1 2),  

Nam ly mt gi tr gn ng ca   l 3 ,1  v 
 c kt qu 

S  =  3 ,1  .  4  =  1 2,4 (cm
2
) .  

Minh ly mt gi tr gn ng ca   l 3 ,14 v 
 c kt qu 

S  =  3 ,1 4 .  4 =  1 2,56 (cm
2
).  

V   =  3 ,141592653  . . .  l mt s thp phn v hn khng tun hon, nn ta 

ch vit  c gn ng kt qu php tnh .r
2
 bng mt s thp phn hu hn.  

1   
Khi  c cc thng  tin  sau  em h iu   
l  cc s ng  hay gn  ng  ?  
Bn knh  ng Xch o ca Tri t l 
6378 km. 
Khong cch t Mt Trng n Tri  t 
l 384 400 km.  
Khong  cch t Mt Tri  n  Tri  t 
l  1 48 600 000 km.  

 o cc i l ng nh  bn knh  ng Xch o ca Tri t,  khong cch 
t Tri t n cc v sao,. . .  ng i ta phi dng cc ph ng php v cc 
dng c o c bit.  Kt qu ca php o ph thuc vo ph ng php o 
v dng c  c s dng,  v th th ng ch l nhng s gn ng.  

Trong o c,  tnh ton ta th ng ch nhn  c cc s gn ng.  

I I    Sai  s  tuyt  i  

1 .   Sai  s tuyt i  ca mt s gn  ng  

V d 2 .  Ta hy xem trong hai kt qu tnh din tch hnh trn (r  =  2  cm)  
ca Nam (S  =  3 ,1  .  4  =  1 2,4)  v Minh (S  =  3 ,1 4 .  4  =  1 2,56),  kt qu no 
chnh xc hn.  

 

Hnh 1 2  

S

N

 

2 cm

O
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Ta thy  3 ,1  < 3 ,14 < ,   

do  3 ,1  .  4  < 3 ,1 4 .  4  <   .  4  

hay   1 2,4 < 1 2,56 < S  =    .  4.  

Nh  vy,  kt qu ca Minh gn vi kt qu ng hn,  hay chnh xc hn.  

T bt ng thc trn suy ra 

|S    1 2,56 |  <  |S    1 2,4 | .  

Ta ni  kt qu ca Minh c sai s tuyt i  nh hn ca Nam.  

Nu a l s gn ng ca s ng a  th a  =  | a     a|   c gi l 

sai s tuyt i  ca s gn ng a.  

2.     chnh  xc ca mt s gn  ng 

V d 3.  C th xc nh  c sai s tuyt i ca cc kt qu tnh din 

tch hnh trn ca Nam v Minh d i dng s thp phn khng ?  

V ta khng vit  c gi tr ng ca S  =  .4 d i dng mt s thp phn 

hu hn nn khng th tnh  c cc sai s tuyt i .  Tuy nhin,  ta c 

th c l ng chng,  tht vy 

3 ,1  < 3 ,14 <   <  3 ,1 5.  

Do     1 2,4 < 1 2,56 < S <  1 2,6.  

T  suy ra  |S    1 2,56 |  <  |12,6   1 2,56 |  =  0,04 

|S    1 2,4 |  <  |12,6   1 2,4 |  =  0,2.  

Ta ni kt qu ca Minh c sai s tuyt i khng v t qu 0,04,  kt qu 

ca Nam c sai s tuyt i khng v t qu 0,2.  Ta cng ni kt qu ca 

Minh c  chnh xc l 0,04,  kt qu ca Nam c  chnh xc l 0,2.  

Nu a  =  | a    a|    d th d   a    a   d hay a   d    a    a +  d.   

Ta ni  a l s gn ng ca  a  vi   chnh xc  d,  v quy 
c vit gn l a  =  a    d.  

2  

Tnh   ng  cho ca mt h nh  vung  c cnh  bng  3  cm v xc nh   chnh  xc 

ca kt qu tm   c.  Cho bit 2 1, 4142135= . . .  .  
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Ch  

Sai  s tuyt i  ca s gn ng nhn  c trong mt php o c i  
khi  khng phn  nh y   tnh  chnh  xc ca php o .  

Ta xt v d  sau.  Cc nh th in  vn  tnh   c thi  g ian   Tri  t 

quay mt vng  xung quanh Mt Tri  l 365 ngy 
1

4
 ngy.  Nam tnh  

thi  g ian  bn   i  t nh n  tr ng  l  30  pht   1  pht.  

Trong  hai  php o trn,  php o no chnh  xc hn  ?  

 

 

 

 

 

 
 

 

Php o ca cc nh thin vn c sai  s tuyt i khng v t qu 
1

4
 ngy,  

ngha l 6 gi hay 360 pht.  Php o ca Nam c sai s tuyt i  khng v t 
qu 1  pht.  

Thot nhn,  ta thy php o ca Nam chnh xc hn ca cc nh thin vn 

(so snh 1  pht vi  360 pht).  Tuy nhin,  
1

4
 ngy hay 360 pht l  chnh 

xc ca php o mt chuyn ng trong 365 ngy,  cn 1  pht l  chnh 
xc ca php o mt chuyn ng trong 30 pht.  So snh hai  t s 

1

14 0, 0006849.. .
365 1460

= =  

1
0, 033

30
= . . .  

ta  phi  ni  php o ca cc nh th in  vn  chnh  xc hn  nh iu .  

V th ngoi  sai  s tuyt i  a  ca s gn ng a,  ng i  ta cn xt t s 

.


=
a

a
a

 

a
   c gi  l  sai s t ng i ca s gn  ng  a .  

S

N

N

S

N

S

S

N

Ma th
u

89 ng
y 19

 gi

M
a h

93  ngy 15 gi

Ma x
un

92 
ng

y 12
 gi

Ma ng89 ngy 
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I I I    Quy  trn s  gn ng 

1 .   n  tp quy tc lm trn  s 

Trong sch gio khoa Ton 7  tp mt ta  bit quy tc lm trn s n  
mt hng no  (gi l hng quy trn)  nh  sau 

Nu ch s sau hng quy trn nh hn 5  th ta thay n v cc 
ch s bn phi n bi ch s 0.  

Nu ch s sau hng quy trn ln hn hoc bng 5  th ta cng 
lm nh  trn,  nh ng cng thm mt n v vo ch s ca 
hng quy trn.  

Chng hn 

S quy trn n hng nghn ca x =  2 841  675 l x   2 842 000, ca y  =  432 41 5  

l y    432 000.  

S quy trn n hng phn trm ca x =  1 2,4253  l x   1 2,43  ;  ca y  =  4,1 521  

l y    4,1 5.  

2.   Cch  vit s quy trn  ca s gn  ng cn  c vo  chnh  xc 
cho tr c 

V d 4.  Cho s gn ng a  =  2  841  275  vi  chnh xc d =  300.  Hy vit 

s quy trn ca s a.  

Gii.  V  chnh xc n hng trm  (d =  300)  nn ta quy trn a n hng 

nghn  theo quy tc lm trn  trn.  

Vy s quy trn ca a  l 2 841  000.  

V d 5.  Hy vit s quy trn ca s gn ng a  =  3 ,1 463  bit 

a  =  3 ,1 463    0,001 .  

Gii.  V  chnh xc n hng phn nghn  ( chnh xc l 0,001 )  nn ta 
quy trn s 3 ,1 463  n hng phn trm theo quy tc lm trn  trn.  

Vy s quy trn ca a  l 3 ,1 5.  

3 

Hy vit s quy trn  ca s gn  ng  trong  nhng  tr ng  hp sau    

a)  374529   200 ;        

b)  4,1356   0,001 .  
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Bi  tp 

1.   Bit 3 5 1, 709975947=  . . .   

Vit gn ng 3 5  theo nguyn tc lm trn vi hai,  ba,  bn ch s thp 

phn v c l ng sai s tuyt i.  

2.   Chiu di mt ci cu l l  =  1 745,25  m   0,01  m.  

Hy vit s quy trn ca s gn ng 1 745,25.  

3.   a)  Cho gi tr gn ng ca   l a  =  3 ,1 41592653589 vi  chnh xc l 
1010 .  Hy vit s quy trn ca a  ;  

b)  Cho b  =  3 ,1 4 v c  =  3 ,1 416 l nhng gi tr gn ng ca .  Hy c 
l ng sai s tuyt i ca b  v c.  

4.   Thc hin cc php tnh sau trn my tnh b ti (trong kt qu ly 4 ch 

s  phn thp phn).  

a)  73 . 14  ;  

b)  43 15 . 12 .  

H ng dn cch gii cu a) .  Nu dng my tnh Casio  fx-500 MS ta lm 

nh  sau  

n        3             7                 1 4      =d    

n lin tip phm MODE  cho n khi mn hnh hin ra 

       Fix  Sci  Norm 

           1     2     3  

n lin tip 1  4   ly 4 ch s  phn thp phn.  Kt qu hin ra trn 

mn hnh l 81 83.0047.  

5. Thc hin cc php tnh sau trn my tnh b ti 

 a)  53 217 : 13  vi kt qu c 6 ch s thp phn ;  

 b)  ( 3 342 37+ )  :  1 4
5
 vi kt qu c 7  ch s thp phn ;  

 c)  
95 3(1, 23) 42 +    vi kt qu c 5  ch s thp phn.  
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H ng dn cch gii cu a).  Nu dng my tnh Casio  fx-500 MS  ta lm 
nh  sau  

n                                                   

n lin tip phm MODE  cho n khi mn hnh hin ra 

    Fix  Sci  Norm 

       1     2     3  

n lin tip 1  6   ly 6 ch s thp phn.  

Kt qu hin ra trn mn hnh l 0.000016.  

1.   Xc nh tnh ng sai ca mnh  ph nh A  theo tnh ng sai ca 

mnh   A .  

2.   Th no l mnh  o ca mnh   A    B ?  Nu  A    B l mnh  

ng,  th mnh  o ca n c ng khng ?  Cho v d minh ho.  

3.   Th no l hai mnh  t ng  ng ?  

4.   Nu nh ngha tp hp con ca mt tp hp v nh ngha hai tp hp 

bng nhau.  

5.   Nu cc nh ngha hp,  giao,  hiu v phn b ca hai tp hp.  Minh ho 

cc khi nim  bng hnh v.  

6.   Nu nh ngha on [a  ;  b] ,  khong (a  ;  b),  na khong [a  ;  b),  (a  ;  b] ,  

(  ;  b] ,  [a  ;  +).  Vit tp hp  cc s thc d i dng mt khong.  

7.   Th no l sai s tuyt i ca mt s gn ng ?  Th no l  chnh xc 

ca mt s gn ng ?  

8.   Cho t gic ABCD .  Xt tnh ng sai ca mnh  P    Q  vi 

a)  P  :  "ABCD  l mt hnh vung",  

  Q  :  "ABCD l mt hnh bnh hnh"  ;  

b)  P  :  "ABCD  l mt hnh thoi" ,  

Q  :  "ABCD  l mt hnh ch nht" .  

3  shift x 217  13    5  =  
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9.   Xt mi quan h bao hm gia cc tp hp sau 

A  l tp hp cc hnh t gic ;      D  l tp hp cc hnh ch nht ;  

B l tp hp cc hnh bnh hnh ;    E  l tp hp cc hnh vung ;  

C  l tp hp cc hnh thang ;      G  l tp hp cc hnh thoi.  

10.   Lit k cc phn t ca mi tp hp sau  

a)  A  =  { 3k    2  |  k =  0,  1 ,  2,  3 ,  4,  5}  ;  

b)  B =  { x      |  x   1 2}  ;  

c)  C =  { (1 )
n
 |  n     } .  

11.   Gi s A ,  B l hai tp hp s v x  l mt s  cho.  Tm cc cp mnh  

t ng  ng trong cc mnh  sau  

P   :  "x    A    B"  ;               S  :  "x    A     v  x   B"  ;  

Q  :  "x    A  \ B"   ;           T  :  "x    A  hoc  x   B"  ;  

R  :  "x    A    B"  ;              X :  "x    A    v  x   B" .  

12.   Xc nh cc tp hp sau  

a)  (3  ;  7)    (0 ;  1 0)  ;  

b)  (  ;  5)    (2 ;  +)  ;  

c)   \ (  ;  3 ).  

13.   Dng my tnh b ti hoc bng s  tm gi tr gn ng a  ca 3 12  (kt 

qu  c lm trn n ch s thp phn th ba).  c l ng sai s tuyt i 

ca a.  

14.   Chiu cao ca mt ngn i l h  =  347,1 3  m   0,2 m.  

Hy vit s quy trn ca s gn ng 347,1 3.  

15.   Nhng quan h no trong cc quan h sau l ng ?  

a)  A    A   B  ;             

b)  A  A   B ;         

c)  A   B   A   B  ;        

d)  A    B   B  ;        

e)  A   B   A .  
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Bi  tp trc nghim 

Chn ph ng n ng trong cc bi tp sau 

16.   Cho cc s thc a,  b,  c,  d v  a  <  b  <  c  < d.  Ta c 

(A)  (a  ;  c)    (b ;  d)  =  (b ;  c)  ;       (B)  (a  ;  c)    (b ;  d)  =  [b ;  c)  ;  

(C)  (a  ;  c)    [b ;  d)  =  [b ;  c]  ;       (D)  (a  ;  c)    (b ;  d)  =  (b  ;  d) .  

17.   Bit  P   Q  l mnh  ng.  Ta c 

(A)  P  l iu kin cn  c  Q  ;      (B)  P  l iu kin   c  Q  ;  

(C)  Q l iu kin cn v   c  P  ;    (D)  Q l iu kin   c P.   

 

B i    c  t h  m  

H   n h   p h n  

Cch ghi  s th ng  dng  h in  nay (h ghi  s thp phn)  do ng i  H in-u  n   
pht minh  vo u  th k IX.   gh i  tt c  cc s t nh in ,  ng i  H in-u  dng  
1 0  k h iu  (sau  ny ta  gi  l  1 0  ch s)  nh  sau   

 
 
cc s  c ghi  thnh  hng,  k t phi  sang  tri ,  hng  sau  c gi  tr  bng  1 0  ln  
hng  tr c n.  

Cch  gh i  s ca ng i  H in-u   c truyn  qua  Rp ri  sang  chu  u  v nhanh  
chng   c tha nhn  trn  ton  th g ii  v  tnh  u  vit ca n so vi  cc cch  ghi  
s tr c .  Cch  ghi  s c duy nht cn   c dng  ngy nay l h ghi  s La M,  
nh ng  cng  ch mang   ngha trang  tr,  t ng  tr ng.  

Tri  qua nhiu th k,  1 0 ch s ca ng i  Hin-u  c bin i  nhiu ln  cc quc 
g ia  khc nhau,  ri  i  ti  thng  nht trn  ton  th g ii  l  cc ch s 

0  1   2   3   4   5   6   7   8   9 .  

Ng i  H in-u  ghi  s theo nguyn  tc no ?  

Ta hy xt mt s c  th,  chng  hn  s 2745 .  Ta  ni  s ny gm hai  nghn ,  by 
trm,  bn  m i  v  nm n  v ,  hay c th vit 

2745  =  2.1 0
3
 +  7 .1 0

2
 +  4.1 0 +  5 .  
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Tng  qut,  c s cho cch  ghi  s ca ng i  H in-u  l  nh  l  sau  

"Mi s t nhin a    0  u vit  c mt cch duy nht d i dng  

a  =  an. 1 0
n
 +  an110

n1
 +  . . .  +  a1 . 1 0 +  a0  

trong   0   ai    9,  i  =  0,  . . . ,  n v  an    0" .  

Khi  a  c biu  d in  nh  vy,  ta  vit 

1 1 0
. . .

n n
a a a a a


= .  

v ni   l  cch  ghi  s a  trong  h thp phn.  

Tuy nhin,  nh  l  trn  vn  ng  khi  ta  thay 10  bi  s nguyn  g  >  1  tu .  Mi  s t 

nh in  a    0  u  vit  c mt cch  duy nht d i  dng  

a  =  ang
n
 +  an1g

n1
 +  . . .  +  a1g  +  a0  

trong   0   ai    g    1 ,  an    0 .  

Kh i  a  c biu  d in  nh  vy,  ta vit 

1 1 0
. . .

n n g
a a a a a


=  

v  ni   l  cch  gh i  s a  trong  h g  -  phn  ;  a0,  a1 , . . . ,  an  gi  l  cc ch s ca s 

a.  V  0   ai    g    1 ,  nn   biu  d in  s t nh in  trong  h g  -  phn  ta  cn  dng  g  
ch s.  

 biu  d in  s t nh in  a  trong  h g  -  phn,  ta  thc h in  php chia  l in  tip  a  v 
cc th ng  nhn   c cho g.  

V d.  B iu  d in  1 0  trong  h nh  phn  (g  =  2) .  

Ta  c    10  2  

      0    5    2  

       1    2    2  

         0    1    2  

           1    0  

Vit dy cc s d  theo th t t d i  ln  ta   c s biu  d in  ca 1 0  trong  h 
nh  phn   

2
10 1010= .  

Trong  h nh  phn  ch c hai  ch s l  0  v 1  v mi  s t nh in   c biu  d in  bi  
mt dy k h iu  0  v 1 .  Mt dy k h iu  0  v 1  c th biu  th   bi  mt dy bng  n  
vi  quy c bng  n  sng  biu  th  ch s 1 ,  bng  n  tt biu  th  ch s 0.  



 28  

iu   gii  thch  v  sao h nh  phn   c s dng trong Cng ngh thng tin.  

Bng  d i  y cho s biu  d in  cc s t 0  n  1 5.  

S trong  h  thp phn  Biu  d in  nh   phn  Biu  d in  vt l  

0  

1  

2  

3  

4  

5  

6  

7  

8  

9  

1 0  

1 1  

1 2  

1 3  

1 4  

1 5  

0  

1  

1 0  

1 1  

1 00 

1 01  

1 1 0  

1 1 1  

1 000 

1 001  

1 01 0 

1 01 1  

1 1 00 

1 1 01  

1 1 1 0  

1 1 1 1  

    

     

     

      

     

      

      

       

     

      

      

       

      

       

       

        

Vic thc h in  cc php tnh  trong  h nh   phn  cng  t ng  t nh  trong  h thp 
phn  nh ng  d dng  hn  nhiu  v  bng  cng  v bng  nhn  (cng  v nhn  cc 
ch s)  trong  h nh   phn  rt n  g in  

+  0  1     0  1  

0  0  1   0  0  0  

1  1  1 0   1  0  1  

 cng  hai  s bt k  trong  h nh  phn,  ta  t php tnh  nh  trong  h thp phn  
v ch   rng  1  +  1  =  1 0  (vit 0  nh 1 ) .  
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V d.   

1 0 1 1 0  
+

  1 0 1 1  

 1 0 0 0 0 1  

Cn  i  vi  php nhn  ta  ch cn  thc h in  cc php d ch  chuyn  v php cng.  

V d.  

 1 0 1 1 0

 


  1 0 1

  1 0 1 1 0

 0 0 0 0 0  

1 0 1 1 0   

1 1 0 1 1 1 0

Nh  vy,  cc php tnh  trong  h nh  phn   c tin  hnh  theo nhng  quy tc n  
g in,  do  d "dy"  cho my thc h in.   cng  l  l  do  s dng  h nh  phn  
trong  Cng  ngh thng  tin .  

 

 
 

B  n  c   b i  t  

H   g h i  s   A i  c p  

Ni  n  Ai  Cp ta  ngh ngay n  cc Kim  t thp y huyn  b.  
Chng  chng  t rng  t thi  xa x a  ni  y  c mt nn  vn  
minh  rc r.  

T khong  3400 nm tr c Cng  nguyn,  ng i  Ai  Cp  c mt 

h thng  ghi  s gm 7  k h iu,  c g i  tr  t ng  ng  nh  sau   

 

 

    1   1 0  1 00 1 000  1 0 000    1 00 000 1  000 000 
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Kim t thp K-p 

T 7  k h iu  trn  cc s  c ghi  theo nguyn  tc cng  tnh ,  ngha 
l  g i  tr  ca mt s bng  tng  g i  tr  cc k h iu  c mt trong  s 
.  V d   

        =   

=  1  000 000 +  1 00 000 +  1 0 000 +  1 0 000 +  1 0 +  1  +  1  

=  1  1 20 012.  

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
 

Trong ch ng trnh mn Ton Trung hc c s,  hc sinh  
 nm  c cc khi  n im hm s,  hm s bc nht,  hm                                     

  s bc hai ,  hm s ng  bin,  hm s nghch  bin.  
Ch ng  ny n  tp v b sung  cc khi  n im c bn  v 

hm s,  tp xc nh,   th   ca hm s,  khi  n im hm s 
chn,  hm s l,  xt chiu  bin  th in  v v  th   cc hm 

s  hc.  
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I    n  tp  v  hm s  

1 .   Hm s.  Tp xc nh  ca hm s 

Gi s c hai i l ng bin thin  x v y,  trong   x nhn gi tr thuc tp 
s D.  

Nu vi mi gi tr ca x thuc tp  D  c mt v ch mt gi 
tr t ng ng ca y thuc tp s thc  th ta c mt hm s.  

Ta gi x l bin s v y l hm s ca x.   

Tp hp D  c gi l tp xc nh  ca hm s.  

V d 1  

Bng d i y trch t trang web ca Hip hi lin doanh Vit Nam   Thi Lan 
ngy 26  1 0  2005  v thu nhp bnh qun u ng i (TNBQN) ca 
n c ta t nm 1 995  n nm 2004.   

Nm 1995 1996 1997 1998 1999 2000 2001 2002 2004 

TNBQN 
(tnh theo USD)  

200 282 295 311 339 363 375 394 564 

Bng ny th hin s ph thuc gia thu nhp bnh qun u ng i (k hiu 
l y)  v thi gian  x (tnh bng nm).  

Vi mi gi tr x   D  =  { 1 995,  1 996,  1 997,  1 998,  1 999,  2000,  2001 ,  2002,  
2004}  c mt gi tr duy nht  y.  

Vy ta c mt hm s.  Tp hp D  l tp xc nh ca hm s ny.  

Cc gi tr  y  =  200 ;  282 ;  295  ;  . . .   c gi l cc gi tr ca hm s,  
t ng ng,  ti  x =  1 995  ;  1 996 ;  1 997  ;  . . .  

1   

Hy nu  mt v d  thc t v hm s.   

2.   Cch  cho hm s 

Mt hm s c th  c cho bng cc cch sau.  

Hm s cho bng bng 

Hm s trong v d trn l mt hm s  c cho bng bng.  
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2  

Hy ch ra cc gi tr  ca hm s trn  ti  x  =  2001  ;  2004 ;  1999.  

Hm s cho bng biu  

V d 2 .  Biu  d i (h.1 3)  (trch t bo Khoa hc v i sng s 47  

ngy 8  1 1 2002)  m t s cng trnh khoa hc k thut ng k d gii 

th ng Sng to Khoa hc Cng ngh Vit Nam v s cng trnh ot gii 

hng nm t 1 995  n 2001 .   

Biu  ny xc nh hai hm s trn cng tp xc nh 

 = { 1995,  1996, 1997,  1998,  1999,  2000, 2001} .D  

3  

Hy ch ra cc gi tr  ca mi  hm s trn  ti  cc g i tr  x    D .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 1 3  

Hm s cho bng cng thc 

4  

Hy k cc hm s  hc  Trung  hc c s.  

Cc hm s y =  ax +  b,  y = 
a

x
,  y =  ax

2
 l nhng hm s  c cho bi cng thc.   

Tng  s cng  tr nh  tham  d g ii  th ng

Tng  s cng  tr nh  ot  g ii  th ng

nm

1995

nm

1996

nm

1997

nm

1998

nm

1999

nm

2000

nm

2001

39

10

43

56

78

108
116

141

43
35

17
23

28 29
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Khi cho hm s bng cng thc m khng ch r tp xc nh ca n th ta 
c quy c sau   

Tp xc nh  ca  hm s y  f(x)  l  tp hp tt c cc s 
thc x sao cho biu thc f(x)  c  ngha.   

V d 3 .  Tm tp xc nh ca hm s f(x)  =  3x  .  

Gii.  Biu thc 3x   c ngha khi  x   3    0,  tc l khi  x   3 .  Vy tp 
xc nh ca hm s  cho l D  =  [3  ;  +).  

5  

Tm tp xc nh  ca cc hm s sau   

a)  
3

( )
2

g x
x

=
+

 ;       

b)  ( ) 1 1h x x x= + +  .  

Ch  

Mt hm s c th  c cho bi hai,  ba,. . .  cng thc.  Chng 
hn,  cho hm s  

2

2 1 vi 0

vi 0

x x
y

x x

+ 
= 

 <
 

ngha l vi  x   0  hm s  c xc nh bi biu thc  f(x)  = 2x  +  1 ,  

vi  x < 0  hm s  c xc nh bi biu thc 2( )g x x=  .  

6  

Tnh  gi tr  ca hm s  ch   trn  ti  x  =  2 v x  =  5 .  

3.    th  ca hm s  

 th  ca hm s y =  f(x)  xc nh trn tp  D  l tp hp tt c 
cc im  M(x  ;  f(x))  trn mt phng to  vi mi x thuc D.  

V d 4.  Trong Sch gio khoa Ton 9,  ta  bit  th ca hm s bc nht  

y  =  ax  +  b  l mt  ng thng,   th ca hm s bc hai  y  =  ax
2
 l mt 

 ng parabol.  
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    th hm s f(x)  =  x  +  1          th hm s 21
( )

2
g x x=  

Hnh 1 4   

7  

Da vo  th   ca hai  hm s  cho trong  hnh  1 4 

y  =  f(x)  =  x  +  1  v y =  g(x)  =  21

2
x  hy 

a)  Tnh  f(2),  f(1 ),  f(0),  f(2),  g(1 ),  g(2),  g(0)  ;  

b)  Tm x,  sao cho f(x)  =  2  ;  

 Tm x,  sao cho g(x)  =  2.  

Ta th ng gp tr ng hp  th ca hm s y =  f(x) l mt  ng ( ng thng,  
 ng cong,  . . . ) .  Khi ,  ta ni  y  =  f(x)  l ph ng trnh  ca  ng .  
Chng hn 

y  =  ax  +  b  l ph ng trnh ca mt  ng thng.  

y  =  ax
2
 (a    0)  l ph ng trnh ca mt  ng parabol.  

I I    S b in  thin  ca hm s  

1 .   n  tp 

Xt  th hm s y  =  f(x)  =  x
2 
(h.1 5a).  Ta thy trn khong (  ;  0)   th 

"i xung"  t tri sang phi (h.15b)  v vi  

x1 ,  x2    (  ;  0),  x1  <  x2  th f(x1 )  > f(x2).  

Nh  vy,  khi gi tr ca bin s tng  th gi tr  ca hm s gim.   

Ta ni hm s y  =  x
2
 nghch bin  trn khong (  ;  0).  

O
12

1 2

1

1

2

O12

x

y y

x1 2

1

2

3

0,5
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a)              b)           c)  

Hnh 1 5 

Trn khong (0 ;  +)   th "i ln"  t tri sang phi (h.1 5c)  v vi 

x1 ,  x2    (0 ;  +)  ;  1 2x x<  th f(x1 )  < f(x2).  

Nh  vy,  khi gi tr ca bin s tng  th gi tr ca hm s cng tng.   

Ta ni hm s y  =  x
2
 ng bin  trn khong (0 ;  +) .  

Ch   

Khi  x >  0  v nhn cc gi tr ln tu  th ta ni  x dn ti +.  

Khi  x <  0 v x  nhn cc gi tr ln tu  th ta ni x dn ti .  

Ta thy khi x  dn ti +  hay   th x
2
 dn ti +.  

Tng qut 

Hm s y =  f(x)  gi l ng bin  (tng)  trn khong (a  ;  b)  nu  

x1 ,  x2    (a  ;  b)  :  x1  <  x2    f(x1 )  < f(x2).  

Hm s y = f(x) gi l nghch bin  (gim) trn khong (a  ;  b) nu  

x1 ,  x2    (a  ;  b)  :  x1  <  x2    f(x1 )  > f(x2).  

2.   Bng  bin  thin  

Xt chiu bin thin ca mt hm s l tm cc khong ng bin v cc 

khong nghch bin ca n.  Kt qu xt chiu bin thin  c tng kt 

trong mt bng gi l bng bin thin .  
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V d 5.  D i y l bng bin thin ca hm s y  =  x
2
.  

x   0  +  

y 
+   

0  

+

Hm s y  =  x
2
 xc nh trn khong (hoc trong khong)  (  ;  +)  v khi  

x dn ti +  hoc dn ti   th  y  u dn ti +.  

Ti  x =  0  th  y  =  0.  

 din t hm s nghch bin trn khong  (  ;  0)  ta v mi 
tn i xung  (t +  n  0).  

 din t hm s ng bin trn khong  (0 ;  +)  ta v mi 
tn i ln  (t 0  n  +).  
Nhn vo bng bin thin,  ta s b hnh dung  c  th hm 
s (i ln trong khong no,  i xung trong khong no) .  

I I I    T nh  chn l  ca hm s  

1 .   Hm s chn,  hm s l 

Xt  th ca hai hm s y  =  f(x)  =  x
2
 v  y  =  g(x)  =  x (h.1 6).  

 

 

 

 

 

 

     th hm s y =  x
2
           th hm s y =  x 

Hnh 1 6 

 ng parabol  y  =  x
2
 c trc i xng  l Oy.  Ti hai gi tr i nhau ca 

bin s x,  hm s nhn cng mt gi tr 

f(1 )  =  f(1 )  =  1 ,  f(2)  =  f(2)  =  4, . . .  

Gc to  O  l tm i xng  ca  ng thng  y  =  x.  Ti hai gi tr i 
nhau ca bin s x,  hm s nhn hai gi tr i nhau 

g(1 )  =  g(1 ),  g(2) =  g(2),  . . .  

1 2

1

2

2 1
O
1

21 2

1

4

O12 x

y

x

y
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Hm s y  =  x
2
 l mt v d v hm s chn.  

Hm s y  =  x l mt v d v hm s l.  
Tng qut 

Hm s y =  f(x)  vi tp xc nh  D  gi l  hm s chn  nu  

x   D  th x    D  v  f(x)  =  f(x).  

Hm s y =  f(x)  vi tp xc nh  D  gi l  hm s l nu  

x   D  th x    D  v  f(x)  =  f(x).  

8  

Xt tnh  chn  l ca cc hm s 

a)  y  =  3x
2
   2  ;      b)  

1
;y

x
=      c)  y x= .  

Ch  

Mt hm s khng nht thit phi l hm s chn hoc hm s 
l.  Chng hn,  hm s y  =  2x  +  1  khng l hm s chn,  cng 
khng l hm s l v gi tr ca n ti x  =  1  v x  =  1  t ng 
ng l 3  v 1 .  Hai gi tr ny khng bng nhau v cng 
khng i nhau.   

2.    th  ca hm s chn,  hm s l 

Nhn xt v  th ca hm s y  =  x
2
 v  y  =  x trong mc 1  cng ng cho 

tr ng hp tng qut.  Ta c kt lun sau  

 th ca mt hm s chn nhn trc tung lm trc i xng.   

 th ca mt hm s l nhn gc to  lm tm i xng.  

Bi  tp 

1.   Tm tp xc nh ca cc hm s 

a)  y  =  
3 2

2 1

x

x



+
 ;   b)  y  =  

2

1

2 3

x

x x



+ 
 ;  c)  y  = 2 1 3x x+   .  

2.   Cho hm s    

y  =  
2

1  vi 2

2  vi 2.

x x

x x

+ 


 <
 

Tnh gi tr ca hm s  ti  x =  3  ;  x =  1  ;  x =  2.  
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3.   Cho hm s y = 3x
2
  2x + 1 .  Cc im sau c thuc  th ca hm s  khng ?  

a)  M(1  ;  6)  ;         

b)  N(1  ;  1 )  ;         

c)  P(0 ;  1 ).   

4.   Xt tnh chn l ca cc hm s  

a)  y  =  |x|  ;              

b)  y  =  (x  +  2)
2 
;  

c)  y  =  x
3
 +  x ;             

d)  y  =  2 1x x+ + .  

 

 
 

 

y   ax   b   

 
I    n  tp  v  Hm s  bc  nht   

y  =  ax  +  b  (a    0) .              

Tp xc nh  D  = .  

Chiu bin thin 

     Vi a  >  0 hm s ng bin trn .  

     Vi a  <  0 hm s nghch bin trn .  

Bng bin thin 

a  >  0                a  < 0 

x    +   x    +  

  +   +    
y 

     
y 
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 th 

 th ca hm s l mt  ng thng khng song song v cng khng 
trng vi cc trc to .   ng thng ny lun song song vi  ng 

thng y  =  ax  (nu b    0)  v i qua hai im A(0 ;  b)  ;  ; 0
b

B
a

 
 

 
 (h.1 7).  

 

 

 

 

              

 

 
 
 

Hnh 1 7 

1   

V  th   ca cc hm s :  y =  3x +  2 ;  y  =
1

5
2
x + .  

I I    hm s  hng  y  =  b   

2  

Cho hm s hng  y  =  2.  

Xc nh  g i tr  ca hm s ti  x =  2 ;  1  ;  0 ;  1  ;  2.  

Biu  d in  cc im 

(2 ;  2),  (1  ;  2),  (0 ;  2),  (1  ;  2) ,  (2 ;  2)  trn  mt phng  to .  

Nu  nhn  xt v  th   ca hm s y  =  2.   

 th ca hm s y =  b l mt 
 ng thng song song hoc trng 
vi trc honh v ct trc tung ti 
im (0 ;  b) .   ng thng ny gi 

l  ng thng y =  b  (h.1 8).   

I I I    Hm  s  y  =  x  

Hm s y  =  x  c lin quan cht ch vi hm bc nht.  

x

y

b y =  b

O

Hnh 1 8  

a > 0

y =
 ax
 + 
b

y =
 ax

a

b

x

y

Oa
b 1

a <  0

y

b y = axy = ax + b

a
b O

a

1
x
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1 .   Tp xc nh   

Hm s y  =  x  xc nh vi mi gi tr ca x,  tc l tp xc nh D  =  .  

2.   Chiu  bin  thin   

Theo nh ngha ca gi tr tuyt i,  ta c 


= = 



nu 0

nu < 0.

x x
y x

x x
 

T  suy ra 

Hm s y =  x  nghch bin trn khong  ( ;  0)  v  ng bin 
trn khong (0 ;  +).   

Bng bin thin.   

Khi  x > 0  v dn ti  +  th  y  =  x dn ti +,  khi  x < 0  v dn ti   th  

y  =  x  cng dn ti +.  Ta c bng bin thin sau 

x    0  +  

y 
+   

0 

+

3.    th  (h.1 9)  

Trong na khong [0 ;  +)   th ca hm 

s y =  x  trng vi  th ca hm s y  =  x.  

Trong khong (  ;  0)  th ca hm s y = x  

trng vi  th ca hm s y  =  x.   

Ch  

Hm s y  =  x  l mt hm s chn,   th ca n nhn  Oy lm 

trc i xng.  

Bi  tp 

1.   V  th ca cc hm s  

a)  y  =  2x    3  ;            b)  2.y =  

1

O 11 x

y

Hnh 1 9  
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c)  y =  
3

7
2
x +  ;           d)  .1y x=   

2.   Xc nh a,  b    th ca hm s y  =  ax  +  b  i qua cc im 

a)  A(0 ;  3 )  v B
3
; 0

5

 
 
 

 ;   

b)  A(1  ;  2)  v B(2 ;  1 )  ;  

c)  A(1 5  ;  3)  v B(21  ;  3).  

3.   Vit ph ng trnh  y  =  ax  +  b  ca cc  ng thng  

a)  i qua hai im A(4 ;  3)  v B(2 ;  1 )  ;  

b)  i qua im A(1  ;  1 )  v song song vi Ox.  

4.   V  th ca cc hm s  

a)  

2 vi 0

1
vi  < 0 ;

2

x x

y
x x




= 


      b)  
1 vi 1

2 4 vi 1 .

x x
y

x x

+ 
= 

 + <
 

 

 
 

 

 

Hm s bc hai  c cho bi cng thc 

y  =  ax
2
 +  bx  +  c  (a    0).  

Tp xc nh ca hm s ny l D  =  .  

Hm s y =  ax
2
 (a    0)   hc  lp 9 l mt tr ng hp ring ca hm s ny.  

I      th  ca hm s  bc  hai  

1   

Nhc li  cc kt qu  bit v  th   ca hm s y  =  ax
2
.  
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1 .   Nhn  xt 

1 )  im O(0 ;  0)  l nh ca parabol  y  = 2
ax .   l im thp nht ca  

th trong tr ng hp a  >  0 (y    0  vi mi x),  v l im cao nht ca  th 
trong tr ng hp a  <  0 (y    0  vi mi x)  (h.20).  

 

 

 

 
 

 

 

Hnh 20 

2)  Thc hin php bin i  bit  lp 9,  ta c th vit 

y  = 
2

2

2 4

b
ax bx c a x

a a

 
+ + = + + 

 
,  vi   = 2 4 .b ac  

T  ta c nhn xt sau  

Nu  x =  
2

b

a
  th  y  = 

4a


.  Vy im I ;

2 4

b

a a

 
 

 
 thuc  th ca hm s 

y  =  ax
2
 +  bx  +  c  (a    0).  

Nu a  > 0 th  y    
4a


 vi mi x,  do  I l im thp nht ca  th.  

Nu a  < 0 th  y    
4a


 vi mi x,  do  I l im cao nht ca  th.  

Nh  vy, im I ;
2 4

b

a a

 
 

 
 i vi  th ca hm s y =  ax

2
 +  bx +  c  (a    0)  

ng vai tr nh  nh O(0 ;  0)  ca parabol  y  =  ax
2
.  

2.    th  

D i y (xem bi c thm) ta s thy  th ca hm s 2
y ax bx c= + +  

chnh l  ng parabol 2
y ax=  sau mt s php "dch chuyn" trn mt phng 

to .  

x

y

x

y

O
y 
=
 a
x

2

a >  0 a <  0

O

y =
 a
x
2
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 th ca hm s 2y ax bx c= + +  (a    0)  l mt  ng 

parabol c nh l  im I ;
2 4

b

a a

 
 

 
,  c trc i xng l 

 ng thng
2

b
x

a
=  .  Parabol ny quay b lm ln trn nu  

a  >  0,  xung d i nu  a  <  0 (h.21 ).   
 

 

 

 
 
 
 

 
 

 

 

 

Hnh 21   

3.   Cch  v 

 v  ng parabol 2y ax bx c= + +  (a    0) ,  ta thc hin cc b c 

1 )  Xc nh to  ca nh  ; .
2 4

b
I

a a

 
 

 
 

2)  V trc i xng .
2

b
x

a
=   

3 )  Xc nh to  cc giao im ca parabol vi trc tung (im (0 ;  c))  
v trc honh (nu c).  

Xc nh thm mt s im thuc  th,  chng hn im i xng vi 

im (0 ;  c)  qua trc i xng ca parabol,   v  th chnh xc hn.  

4)  V parabol.   

Khi v parabol cn ch  n du ca h s a  (a  >  0  b lm quay ln trn,  

a < 0 b lm quay xung d i).  

x

y

O

4a

b
a2

I

y 
=
 a
x
+
 b
x 
+
 c

2

x

y

O

I

a >  0 a <  0

4a

y 
=
 a
x
+
 b
x 
+
 c

2







b
a2
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V d.  V parabol 23 2 1y x x=   .  

Ta c  

nh
1 4
;

3 3
I

 
 
 

;  

Trc i xng l  ng thng  x = 
1

3
 ;  

Giao im vi Oy  l A(0 ;  1 )  ;  

im i xng vi im A(0 ;  1 ) qua  ng thng 
1

3
x =  l 

2
; 1 .

3
A'

 
 

 
 

Giao im vi Ox  l B(1  ;  0)  v 
1
; 0

3
C
 
 

 
.      

 th nh  hnh 22.  

2  

V parabol  y  =  2x
2
 +  x +  3 .  

 

 

 
 
 

I I    Chiu  b in  thin  ca hm s  bc  hai  

Da vo  th ca hm s 2
y ax bx c= + +  (a    0),  ta c bng bin thin 

ca n trong hai tr ng hp a  >  0 v a  <  0 nh  sau  

a  >  0              a  <  0 

x  
2

b

a
 +   x  

2

b

a
 +  

+ 
 

+  
  

4a


  

y 

 
4a


   

y 

 
 

  

T  ta c nh l d i y  

Hnh 22  

y

O

4
3

1
C

1
3

x

B

1
3

A

I

x

1

1
3

2
3

A'

y 
=
 
x

x
3

2
1

2 
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nh l 

Nu a >  0 th hm s 2y ax bx c= + +  

Nghch bin trn khong ;
2

b

a

 
 

 
 ;  

ng bin trn khong ;
2

b

a

 
+  

 
.  

Nu a <  0 th hm s 2y ax bx c= + +   

ng bin trn khong ;
2

b

a

 
 

 
 ;   

Nghch bin trn khong ;
2

b

a

 
+  

 
.  

 

 

B i    c  t h  m   

 n g  p arab o l   

Trong  3,  ta   khng  nh  rng   th   ca hm s bc hai  y  =  ax2  +  bx  +  c  (a    0)  
l  mt  ng  parabol .  D i  y ta s  chng  t iu   v cho thy  ng 

parabol  ny  c suy ra  t parabol  y  =  ax2  nh  th no.  

1 .   th  ca hm s y   ax
2
  y0  

Xt hai  hm s f(x)  =  ax
2  v  g(x)  =  ax2  +  y0.  

Ti  cng  mt im  X    ta  c 

Y =  f(X)  = 2aX ,  g(X)  =  2aX  +  y0  =  Y +  y0.  

Do ,  nu im M(X ;  Y)  thuc  th  ca hm s y =  ax
2
 th im N(X ;  Y +  y0)  thuc 

 th   ca hm s y  =  ax
2
 +  y0.  

Ta thy nu  d ch  chuyn  (tnh  tin)  im M(X ;  Y)  song  song  vi  trc tung  mt 

on  bng  
0
y  n  v  ( ln  trn  nu  y0  >  0,  xung  d i  nu  y0  <  0)  th    c im 

N(X ;  Y +  y0) .  
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Vy    

 th ca hm s y =  ax
2
 +  y0  nhn  c t  th ca hm s y =  ax

2  

nh php tnh tin song song vi trc tung  |y0|  n v,  ln trn nu  

y0  >  0,  xung d i nu  y0  <  0  (h .23) .   

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 23     

2.   th  ca hm s y   a(x   x0)
2
 

Xt hai  hm s 

f(x)  =  ax
2  v  g(x)  =  a(x  +  x0)

2
.  

Vi  X tu ,  ta  c  

f(X)  =
2

aX ,  g(X   x0)  =  a[(X   x0)  +  x0]
2
 =  

2
aX .  

Ngha l,  gi tr  ca hm s f(x)  ti  X bng gi tr  ca hm s g(x)  ti  X   x0 .  Vy nu  

im M(X ;  Y)  thuc  th   ca hm s y =  ax2  th   im N(X   x0  ;  Y)  thuc  th   ca 

hm s y  =  a(x  +  x0)
2
.  

Ta  thy,  nu  tnh  tin  im M(X ;  Y)  song  song  vi  trc honh  
0
x  n  v  v bn  

tri  nu  x0  >  0,  v  bn  phi  nu  x0  <  0  th    c im N(X   x0  ;  Y) .  

Vy 

 th ca hm s y =  a(x +  x0)
2  nhn  c t  th ca hm s y  =  ax

2  

nh php tnh tin song song vi trc honh  
0
x  n v,  v bn tri 

nu x0  >  0,  v bn phi nu  x0  <  0  (h .24).  

x

y

O

M

N

x

y

y+y
0

x

y

O

M

N

x

y 
=
 a
x
+2
y 0

y

y <  
0

0

y+y
0

y 
=
 a
x

2

y 
=
 a
x
+2

y 0
y 
=
 a
x

2
y
0

y >  
0

0

y
0
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Hnh 24  

3.   th  ca hm s y  ax
2
  bx   c  

Thc h in  php bin  i   bit  lp 9,  ta  c th vit 

y  = ax
2
 + bx + c =  

2 22

2 4 2 4

b b b
a x c a x

a a a a

   
+  + = + +   

   
 vi   =  b2   4ac.  

p dng  cc kt qu trn  vi
0

2

b
x

a
= ,  

0
4

y
a


=  ta  thy  

 th ca hm s y  =  ax
2
 +  bx  +  c   c suy ra t  th ca hm s 

y  =  ax
2  tr c ht nh php tnh tin song song vi trc honh  

2

b

a
 

n v,  v bn tri nu 
2

b

a
 > 0,  v bn phi nu 

2

b

a
 < 0,  sau  nh php 

tnh tin song song vi trc tung  
4a


 n v,  ln trn nu  

4a


 > 0,  

xung d i nu  0
4a


<  (h.25) .   

 
 
 

 

 

 

 

 

 

                    a  >  0,  
2

b

a
<  0, 0

4a


>      

Hnh 25

   a  >  0,  
2

b

a
<  0,  0

4a


<  
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Nh  vy,   th ca hm s bc hai y =  ax
2
 +  bx +  c  cng l mt  ng parabol.  

Trong  i  sng  hng  ngy chng  ta  th ng  gp nhng  h nh  nh  ca  ng  
parabol ,  nh  kh i  ta  ngm cc i  phun  n c,  hoc chim ng ng  cnh  bn  pho 
hoa mun  mu,  mun  sc.  Nhiu  cng  trnh  kin  trc cng   c to dng  theo 
h nh  parabol ,  nh  cy cu,  vm nh,  cng  ra vo, . . .  iu   khng  ch bo m 
tnh  bn  vng  m cn  to nn  v p ca cng  trnh.  

 

 

 

 

 

 

 
 

Bi  tp 

1.   Xc nh to  ca nh v cc giao im vi trc tung,  trc honh (nu 
c)  ca mi parabol 

a)  y  =  x
2
   3x  +  2   ;          b)  y  =    2x

2
 +  4x    3  ;  

c)  y  =  x
2
   2x  ;            d)  y  =    x

2
 +  4.  

2.   Lp bng bin thin v v  th ca cc hm s 

a)  y  =  3x
2
   4x  +  1  ;          b)  y  =  3x

2
 +  2x    1  ;  

c)  y  =  4x
2
   4x  +  1  ;          d)  y  =  x

2
 +  4x    4  ;  

e)  y  =  2x
2
 +  x +  1  ;          f)  y  =  x

2
 +  x   1 .  

3.   Xc nh parabol  y  =  ax
2
 +  bx  +  2,  bit rng parabol  

a)  i qua hai im M(1  ;  5)  v N(  2  ;  8)  ;  

b)  i qua im A(3  ;   4)  v c trc i xng l  x =  
3

2
 ;  

c)  C nh l I(2 ;  2)  ;  

d)  i qua im B(1  ;  6)  v tung  ca nh l 
1

4
 .  
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4.   Xc nh a,  b,  c  bit parabol  y  =  ax
2
 +  bx  +  c  i  qua im A(8  ;  0)  v c 

nh l I(6 ;  12).  

 
 

1.   Pht biu quy c v tp xc nh ca hm s cho bi cng thc.  

T  hai hm s 
2

1

( 1)( 2)

x
y

x x

+
=

+ +
 v 

2

1

2
y

x
=

+
 c g khc nhau ?  

2.   Th no l hm s ng bin (nghch bin)  trn khong (a  ;  b)  ?  

3.   Th no l mt hm s chn ?  Th no l mt hm s l ?  

4.   Ch ra khong ng bin,  khong nghch bin ca hm s y  =  ax  +  b,  trong 
mi tr ng hp a  >  0 ;  a  <  0.  

5.   Ch ra khong ng bin,  khong nghch bin ca hm s y  =  ax
2
 +  bx  +  c,  

trong mi tr ng hp a  >  0 ;  a  <  0.  

6.   Xc nh to  ca nh,  ph ng trnh ca trc i xng ca parabol  

y =  2
ax  +  bx +  c.  

7.   Xc nh to  giao im ca parabol  y  =  2
ax bx c+ +  vi trc tung.  Tm 

iu kin  parabol ny ct trc honh ti hai im phn bit v vit to 
 ca cc giao im trong tr ng hp .   

8.   Tm tp xc nh ca cc hm s 

a)  
2

3
1

y x
x

= + +
+

 ;  

b)
1

2 3
1 2

y x
x

=  


 ;   

c)  y  =

1
vi 1

3

2 vi 1 .

x
x

x x


 +


 <

 

9.   Xt chiu bin thin v v  th ca cc hm s 

a)  y  =  
1

1
2
x   ;            b)  y  =  4    2x ;  
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c)  y = 2
x  ;            d)  y  = 1 .x +  

10.  Lp bng bin thin v v  th ca cc hm s 

a)  y  =  2 2 1x x   ;          

b) 2 3 2y x x=  + + .  

11.   Xc nh a,  b  bit  ng thng  y =  ax +  b  i qua hai im A(1  ;  3) ,  B( 1  ;  5).  

12.   Xc nh a,  b,  c  bit parabol  y  2
ax bx c= + +   

a)  i qua ba im A(0 ;  1 ),  B(1  ;  1 ),  C(1  ;  1 )  ;  

b)  C nh I(1  ;  4)  v i qua im D(3  ;  0).  

Bi  tp trc nghim 

Chn ph ng n ng trong cc bi tp sau  

13.   Tp xc nh ca hm s y  =  3 1 2x x    l 

(A)  D  =  
1
; 3

2

 
  

 ;         (B)  D  =  
1

; [3 ; )
2

 
  +   

 ;  

(C)  D  =    ;           (D)  D  = .  

14.   Parabol  y  =  23 2 1x x +  c nh l 

(A)  I
1 2
;

3 3

 
 

 
 ;          (B)  I

1 2
;

3 3

 
  

 
 ;   

(C)  
1 2
;

3 3
I
 

 
 

 ;           (D)  
1 2
;

3 3
I
 
 
 

.  

15.   Hm s y  =  2 5 3x x +  

(A)  ng bin trn khong 
5

;
2

 
 

 
 ;  

(B)  ng bin trn khong 
5
;

2

 
+  

 
 ;  

(C)  Nghch bin trn khong 
5
;

2

 
+  

 
 ;  

(D)  ng bin trn khong (0 ;  3) .  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Ch ng  ny b sung  cc kin  thc v ph ng  trnh  ;  
    n  tp v h thng  ho cch  gii  ph ng  trnh  bc nht,  
bc hai  mt n  ;  ph ng  trnh  v h ph ng  trnh  bc nht 
hai  n  ;  ng  thi  cung  cp cch  gii  h ph ng  trnh  bc 

nht ba n  thng  qua v d.  
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I    Khi  nim  ph ng trnh   

1   
Nu  v d  v ph ng  trnh  mt n,  ph ng  trnh  hai  n.   

1 .  Ph ng  trnh  mt n  

Ph ng trnh n x  l mnh  cha bin c dng 

 f(x)  =  g(x)           (1 )   

trong  f(x)  v  g(x)  l nhng biu thc ca  x.  Ta gi  f(x)  l 
v tri,  g(x)  l v phi  ca ph ng trnh (1 ).  

Nu c s thc  0x  sao cho 0 0( ) ( )f x g x=  l mnh  ng th 

0x   c gi l  mt nghim  ca ph ng trnh  (1 ).  

Gii ph ng trnh  (1 )  l tm tt c  cc nghim ca n (ngha l 

tm tp nghim).  

Nu ph ng trnh khng c nghim no c th ta ni ph ng 

trnh v nghim  (hoc ni tp nghim ca n l rng) .  

 

Ch  

C tr ng hp,  khi gii ph ng trnh ta khng vit  c chnh 
xc nghim ca chng d i dng s thp phn m ch vit gn 

ng.  Chng hn,  
3

2
x =  l nghim ca ph ng trnh 

2 3x = .  Gi tr ,

 
 

 

3
0 866

2
 l mt nghim gn ng  ca 

ph ng trnh.  
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2.  iu  kin  ca mt ph ng trnh  

2  

Cho ph ng  trnh  
1

1.
2

x
x

x

+

= 



 

Khi  x =  2  v tri  ca ph ng trnh   cho c ngha khng ? V phi  c ngha khi  no ?  

Khi gii ph ng trnh (1), ta cn l u  ti iu kin i vi n s x  f(x) v g(x) 
c ngha (tc l mi php ton u thc hin  c).  Ta cng ni  l iu kin 
xc nh ca ph ng trnh  (hay gi tt l iu kin ca ph ng trnh).  

Khi cc php ton  hai v ca mt ph ng trnh u thc hin  c vi 
mi gi tr ca  x th ta c th khng ghi iu kin ca ph ng trnh.  

3  
Hy tm iu  kin  ca cc ph ng  trnh  

a)  23
2

x
x

x
 =



;      

b)  
2

1
3.

1
x

x
= +



 

3.  Ph ng  trnh  nhiu  n  

Ngoi cc ph ng trnh mt n,  ta cn gp nhng ph ng trnh c nhiu n 
s,  chng hn  

3x  +  2y  =  x
2
   2xy  +  8 ,              (2)  

4x
2
   xy  +  2z  =  3z

2
 +  2xz  +  y

2
.           (3)  

Ph ng trnh (2)  l ph ng trnh hai n (x  v y),  cn (3)  l ph ng trnh ba 
n (x,  y  v z).  

Khi  x =  2,  y  =  1  th hai v ca ph ng trnh (2)  c gi tr bng nhau,  ta ni 
cp s (x  ;  y)  =  (2 ;  1 )  l mt nghim ca ph ng trnh (2).  

T ng t, b ba s (x ;  y ;  z) =  (1  ;  1  ;  2) l mt nghim ca ph ng trnh (3).  

4.  Ph ng trnh  cha tham s 

Trong mt ph ng trnh (mt hoc nhiu n),  ngoi cc ch ng vai tr 
n s cn c th c cc ch khc  c xem nh  nhng hng s v  c gi 
l tham s.   
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Gii v bin lun ph ng trnh cha tham s ngha l xt xem vi gi tr no 
ca tham s ph ng trnh v nghim, c nghim v tm cc nghim .  

Chng hn        (m  +  1 )x    3  =  0,  

 x
2
   2x  +  m  =  0  

c th  c coi l cc ph ng trnh n x cha tham s m.  

II    Ph ng trnh t ng  ng v ph ng trnh h qu 

4  
Cc ph ng  trnh  sau  c tp nghim bng  nhau  hay khng  

a)  2 0x x+ =  v  
4

3

x

x 
 +  x  =  0 ?    b)  2 4 0x  = v 2 +  x  =  0 ?  

1 .  Ph ng  trnh  t ng   ng  

Hai ph ng trnh  c gi l t ng  ng  khi chng c cng 
tp nghim.  

V d 1 .  Hai ph ng trnh 2x    5  =  0  v 
15

3 0
2

x  =  t ng  ng vi nhau 

v cng c nghim duy nht l
5 .
2

x =  

2.  Php bin  i  t ng   ng  

 gii mt ph ng trnh,  thng th ng ta bin i ph ng trnh  thnh 
mt ph ng trnh t ng  ng n gin hn.  Cc php bin i nh  vy 
 c gi l cc php  bin i t ng  ng.  

nh l sau y nu ln mt s php bin i t ng  ng th ng s dng.  

nh l 

Nu thc hin cc php bin i sau y trn mt ph ng 
trnh m khng lm thay i iu kin ca n th ta  c 
mt ph ng trnh mi t ng  ng 

a) Cng hay tr hai v vi cng mt s hoc cng mt biu thc ; 

b)  Nhn hoc chia hai v vi cng mt s khc 0  hoc vi 
cng mt biu thc lun c gi tr khc 0.  
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Ch  

Chuyn v v i du mt biu thc thc cht l thc hin php 
cng hay tr hai v vi biu thc .  

K hiu.  Ta dng k hiu ""   ch s t ng  ng ca cc ph ng trnh.  

5  

Tm sai  lm trong  php bin  i  sau  

 
1 1

1
1 1

x
x x

+ = +

 

   
1 1 1 1

1
1 1 1 1

x
x x x x

+  = + 

   

   x =  1 .  

3.  Ph ng trnh  h qu 

Nu mi nghim ca ph ng trnh f(x) =  g(x) u l nghim ca 

ph ng trnh 1 1( ) ( )f x g x=  th ph ng trnh 1 1( ) ( )f x g x=   c 

gi l ph ng trnh h qu ca ph ng trnh f(x) =  g(x).  

     Ta vit 

f(x)  =  g(x)   1 1( ) ( )f x g x= .  

Ph ng trnh h qu c th c thm nghim khng phi l nghim ca 
ph ng trnh ban u.  Ta gi  l nghim  ngoi lai.  

Khi gii ph ng trnh,  khng phi lc no cng p dng  c php bin 
i t ng  ng.  Trong nhiu tr ng hp ta phi thc hin cc php bin 
i  a ti ph ng trnh h qu,  chng hn bnh ph ng hai v,  nhn hai 
v ca ph ng trnh vi mt a thc.  Lc   loi nghim ngoi lai,  ta 
phi th li cc nghim tm  c.  

i vi ph ng trnh nhiu n,  ta cng c cc khi nim t ng t.  

V d 2 .  Gii ph ng trnh 

 
3 3 2 .

( 1) 1

x x

x x x x

+ 
+ =

 

          (4)  

Gii.  iu kin ca ph ng trnh (4)  l  x   0  v  x   1 .   

Nhn hai v ca ph ng trnh (4)  vi x(x    1 )  ta  a ti ph ng trnh h qu 

(4)     x +  3  +  3 (x    1 )  =  x(2   x) .  

    2 2x x+  =  0  

      x(x  +  2)  =  0.  
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Ph ng trnh cui c hai nghim l  x =  0  v  x =  2.   

Ta thy  x =  0  khng tho mn iu kin ca ph ng trnh (4),   l nghim 

ngoi lai nn b loi,  cn x  =  2 tho mn iu kin v l mt nghim ca 

ph ng trnh (4).  

Vy ph ng trnh (4)  c nghim duy nht l 2.x =   

Bi  tp 

1.   Cho hai ph ng trnh 

3x  =  2  v 2x  =  3 .  

Cng cc v t ng ng ca hai ph ng trnh  cho.  Hi 

a)  Ph ng trnh nhn  c c t ng  ng vi mt trong hai ph ng trnh 
 cho hay khng ?  

b)  Ph ng trnh  c phi l ph ng trnh h qu ca mt trong hai ph ng 
trnh  cho hay khng ? 

2.   Cho hai ph ng trnh 

4x  =  5  v 3x  =  4.  

Nhn cc v t ng ng ca hai ph ng trnh  cho.  Hi 

a)  Ph ng trnh nhn  c c t ng  ng vi mt trong hai ph ng trnh 
 cho hay khng ?  

b)  Ph ng trnh  c phi l ph ng trnh h qu ca mt trong hai 
ph ng trnh  cho hay khng ?  

3.   Gii cc ph ng trnh 

a)  3 3 1x x x + =  +  ;     b) 2 2 2x x x+  =  +  ;  

c)  
2 9

1 1

x

x x

=

 

 ;       d)  2 1 2 3.x x x  =  +  

4.   Gii cc ph ng trnh 

a)  
2 5

1
3 3

x

x

x x

+
+ + =

+ +

 ;      b)  
3 3

2
1 1

x

x

x x

+ =

 

 ;  

c)  
2 4 2

2
2

x x

x

x

 
= 



 ;     d)  
22 3

2 3.
2 3

x x

x

x

 
= 
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I    n  tp  v  ph ng trnh  bc  nht,  bc  hai  

1 .  Ph ng  trnh  bc nht 

Cch gii v bin lun ph ng trnh dng  ax +  b  =  0   c tm tt trong  
bng sau 

ax  +  b  =  0  (1 )  

H s Kt lun 

a    0  (1 )  c nghim duy nht 
b

x
a

=   

b    0 (1 )  v nghim  
a  =  0

b  =  0 (1 )  nghim ng vi mi x  

Khi  a    0  ph ng trnh  ax +  b  =  0   c gi l ph ng trnh bc nht  
mt n.  

1   

Gii  v bin  lun  ph ng  trnh  sau  theo tham s m    

m(x    4)  =  5x    2.  

2.  Ph ng  trnh  bc hai  

Cch gii v cng thc nghim ca ph ng trnh bc hai  c tm tt trong 
bng sau  

2ax +  bx  +  c  =  0  (a    0)  (2)  

  =  b
2
   4ac  Kt lun 

  > 0 (2)  c hai nghim phn bit 
,1 2 2

b
x

a

  
=  

  =  0  (2)  c nghim kp  x =  
2

b

a
  

  <  0 (2)  v nghim 
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2  

Lp bng  trn  vi  bit thc thu  gn  ' .  

3.  nh  l  Vi-t 

Nu ph ng trnh bc hai  ax
2
 +  bx  +  c  =  0  (a    0)  c hai 

nghim  x1 ,  x2  th 

1 2 ,bx x
a

+ =     1 2 .cx x
a

=  

Ng c li,  nu hai s u v v c tng u +  v =  S v tch uv =  P 
th u v v l cc nghim ca ph ng trnh  

2 0.x Sx P + =  

3  
Khng nh  "Nu  a  v c  tri  du  th  ph ng  trnh  (2)  c hai  nghim v hai  nghim 
 tri  du" c ng  khng  ?  Ti  sao ?  

II    ph ng trnh quy v ph ng trnh bc nht,  bc hai  

C nhiu ph ng trnh khi gii c th bin i v ph ng trnh bc nht 
hoc bc hai.  Sau y ta xt hai trong cc dng ph ng trnh .  

1 .  Ph ng  trnh  cha n  trong du  gi tr  tuyt i  

 gii ph ng trnh cha n trong du gi tr tuyt i ta c th dng nh 

ngha ca gi tr tuyt i hoc bnh ph ng hai v  kh du gi tr tuyt i.  

V d 1 .  Gii ph ng trnh 

3x   =  2x  +  1 .           (3 )  

Gii 

Cch 1  

a)  Nu  x   3  th ph ng trnh (3)  tr thnh 3x   =  2x  +  1 .  T   x = 4 .  

Gi tr  x =  4  khng tho mn iu kin  x   3  nn b loi.  

b)  Nu  x < 3  th ph ng trnh (3)  tr thnh 3x +  =  2x  +  1 .  T   x = 
2 .
3
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Gi tr ny tho mn iu kin  x < 3  nn l nghim.   

Kt lun.  Vy nghim ca ph ng trnh l  x = 
2

3
.  

Cch 2 .  Bnh ph ng hai v ca ph ng trnh (3)  ta  a ti ph ng trnh 
h qu 

(3)     2 2( 3) (2 1)x x = +  

      2 26 9 4 4 1x x x x + = + +  

    23 10 8 0.x x+  =  

Ph ng trnh cui c hai nghim l 4x =   v 
2 .
3

x =  

Th li ta thy ph ng trnh (3)  ch c nghim l 
2 .
3

x =  

Kt lun.  Vy nghim ca ph ng trnh l  x = 
2 .
3
 

2.  Ph ng trnh  cha n  d i  du  cn  

 gii cc ph ng trnh cha n d i du cn bc hai,  ta th ng bnh ph ng 
hai v   a v mt ph ng trnh h qu khng cha n d i du cn.  

V d 2 .  Gii ph ng trnh 

2 3 2.x x =           (4)  

Gii.  iu kin ca ph ng trnh (4)  l
3 .
2

x   

Bnh ph ng hai v ca ph ng trnh (4)  ta  a ti ph ng trnh h qu  

(4)    2x    3  =  x
2
   4x  +  4  

               x
2
   6x  +  7  =  0.  

Ph ng trnh cui c  hai  nghim l 3 2x = +  v 3 2.x =   C hai  
gi tr  ny u tho mn iu kin ca ph ng trnh (4)  ,  nh ng khi thay 

vo ph ng trnh (4)  th  gi tr  3 2x =   b  loi  (v tri  d ng cn v 

phi  m),  cn gi tr 3 2x = +  l nghim (hai v cng bng 2 1).+  

Kt lun.  Vy nghim ca ph ng trnh (4)  l 3 2.x = +  
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B i    c  t h  m   

p h n g  t r  n h  b c  n  

 
Sch gio khoa bc THCS v THPT  trnh by 
cng thc gii  ph ng trnh bc nht v ph ng 
trnh bc hai.  Cng thc gii  ph ng trnh bc ba 
mang tn nh Ton hc I-ta-li-a Cc-a-n,  tuy 
nhin Cc-a-n ch l ng i  ln u tin cng b 
cng thc  trong cun sch "Ngh thut v i  hay 
cc quy tc ca i  s hc" xut bn nm 1 545.  
Tc gi ca cng thc  l nh Ton hc I-ta-li-a 

tn l Tc-ta-gli-a (Nicolo Tartaglia,  1 500  1 557).   

Cng thc Cc-a-n cho cc nghim ca ph ng 

trnh bc ba 3
0x px q+ + =  l    

2 3 2 3

3 3 .

2 4 27 2 4 27

q q p q q p
x = + + + +  

Sau  khi  Tc-ta-g l i -a  tm  ra cng  thc ny th   mt 
hc tr ca Cc-a-n l  Phe-ra-ri  (Ferrari ,  1 522  
 1 565)   tm  ra cng  thc g ii  ph ng  trnh  

bc bn,  cng  thc ny cng    c cng  b 
trong  cun  sch  ca Cc-a-n nu  trn.  

Sau   nhiu  nh ton  hc  c gng   tm  
cng  thc g ii  ph ng  trnh  bc nm,  nh ng  phi  
n  Th k XIX hai  nh ton  hc tr tui  l  A-ben  
ng i  Na-uy v Ga-loa ng i  Php mi  chng  
minh   c rng  khng  th gii   c bng  cn  
thc ph ng  trnh  i  s tng  qut bc cao hn  4.  

Trong  qu trnh  tm  cch  g ii  ph ng  trnh  i  s 
tng  qut bc 5  bng  cn  thc,  A-ben   gii  
thch  ti  sao cc ph ng  trnh  bc 2,  3,  4  c th 
g ii   c bng  cn  thc,  cn  Ga-loa tm  ra  iu  
kin  cn  v    mt ph ng  trnh  c bc  
cho (c th ln  hn  4)  g ii   c bng  cn  thc.  
Cng  lao to  ln  ca Ga-loa qua cng  trnh  ny l  
 t nn  mng  cho i  s h in  i  nghin  cu  
cc cu  trc i  s nh  nhm,  vnh,  tr ng, . . .  

G.  Cc-a-n  
(Girolamo Cardano,  

1 501   1 576)  

N.  A-ben 

(Niels Henrik Abel,  

1 802   1 829)  

E.  Ga-loa  

(Evariste Galois,  

1 81 1   1 832)  
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Bi  tp 

1.   Gii cc ph ng trnh 

a)  
2 3 2 2 5

2 3 4

x x x

x

+ + 
=

+

 ;      b)
2

2 3 4 24
2

3 3 9

x

x x x

+
 = +

 + 

 ;  

c)  3 5 3x  =  ;         d)  2 5x +  =  2.  

2.   Gii v bin lun cc ph ng trnh sau theo tham s m   

a)  m(x    2)  =  3x  +  1  ;  

b)  2 6 4 3m x x m+ = +  ;  

c)  (2m  +  1 )x    2m  =  3x    2.  

3.   C hai r qut cha s qut bng nhau.  Nu ly 30 qu  r th nht  a 

sang r th hai th s qu  r th hai bng 
1

3
 ca bnh ph ng s qu cn 

li  r th nht.  Hi s qu qut  mi r lc ban u l bao nhiu ?  

4.   Gii cc ph ng trnh  

a)  4 22 7 5 0x x + =  ;         b)  +  =
4 23 2 1 0.x x    

5.  Gii cc ph ng trnh sau bng my tnh b ti (lm trn kt qu n ch 
s thp phn th ba)   

a)  22 5 4 0x x  =  ;        b)  .23 4 2 0x x + + =  

c)  23 7 4 0x x+ + =  ;         d)  .29 6 4 0x x  =  

H ng dn cch gii cu  a)  :  Nu s dng my tnh CASIO fx500 MS,  ta 
n lin tip cc phm  

MODE  MODE  1   2  2  =  ( ) ( )5 4 =  =   

mn hnh hin ra . .1 3 137458609x =  

n tip 

 =  mn hnh hin ra . .2 0 637458608x =   

Lm trn kt qu n ch s thp phn th ba ta  c nghim gn ng 
ca ph ng trnh l 1 3,137x   v 2 0, 637.x    

6.   Gii cc ph ng trnh 

a)  3 2 2 3x x = +  ;         b)  2 1 5 2x x =    ;  
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c)
1 3 1

2 3 1

x x

x x

  +
=

 +

 ;        d) 22 5 5 1 .x x x+ = + +  

7.   Gii cc ph ng trnh 

a)  5 6 6x x+ =   ;        b) 3 2 1x x = + +  ;  

c) 22 5 2x x+ = +  ;        d) 24 2 10 3 1 .x x x+ + = +  

8.  Cho ph ng trnh ( )23 2 1 3 5 0x m x m + +  = .  

Xc nh m   ph ng trnh c mt nghim gp ba nghim kia.  Tnh cc  
nghim trong tr ng hp .  

 
 

 

I    n  tp  v  ph ng trnh  v  h  hai  ph ng trnh  
bc  nht  hai  n  

1 .  Ph ng  trnh  bc nht hai  n  

Ph ng trnh bc nht hai n x,  y  c dng tng qut l  

ax +  by  =  c              (1 )  

trong  a,  b,  c l cc h s,  vi iu kin a v b khng ng 
thi bng 0.  

1   

Cp (1  ;  2)  c phi  l  mt nghim ca ph ng  trnh  3x   2y =  7  khng  ?  Ph ng  
trnh   cn  c nhng  nghim khc na khng  ?  

Ch  

a)  Khi  a  =  b  =  0  ta c  ph ng trnh 0x  +  0y  =  c.  Nu c    0  

th ph ng trnh ny v nghim,  cn nu c  =  0  th mi cp s 

(x0  ;  y0)  u l nghim.  
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b)  Khi b    0,  ph ng trnh ax  +  by  =  c  tr thnh 

.a c
y x

b b
=  +             (2)  

Cp s 0 0( ; )x y  l mt nghim ca ph ng trnh (1 )  khi v 

ch khi im 0 0( ; )M x y  thuc  ng thng (2).  

Tng qut,  ng i ta chng minh  c rng ph ng trnh bc 

nht hai n lun lun c v s nghim.  Biu din hnh hc 

tp nghim  ca ph ng trnh (1 )  l mt  ng thng trong 

mt phng to  Oxy.  

2  

Hy biu  d in  hnh  hc tp nghim ca ph ng  trnh  3x   2y =  6.   

2.  H hai  ph ng trnh  bc nht hai  n   

H hai ph ng trnh bc nht hai n  c dng tng qut l 

1 1 1

2 2 2

a x b y c

a x b y c

+ =


+ =
          (3)  

trong  x,  y l hai n ; cc ch cn li l h s.  

Nu cp s 0(x  ;  0 )y  ng thi l nghim ca c hai ph ng 

trnh ca h th 0 0( ; )x y   c gi l mt nghim ca h 

ph ng trnh (3).  

Gii h ph ng trnh  (3)  l tm tp nghim ca n.  

3  
a)  C my cch  gii  h ph ng  trnh  

4 3 9

2 5 ?

x y

x y

 =


+ =
 

b)  Dng  ph ng  php cng  i  s  g ii  h ph ng  trnh  

3 6 9

2 4 3.

x y

x y

 =

 + = 

 

C nhn  xt g   v nghim ca h ph ng  trnh  ny ?  
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I I    H  ba  ph ng trnh  bc  nht  ba  n  

Ph ng trnh bc nht ba n c dng tng qut l  

,ax by cz d+ + =  

trong  x,  y,  z  l ba n ;  a,  b,  c,  d l cc h s v a,  b,  c  khng ng thi 
bng 0.  

H ba ph ng trnh bc nht ba n  c dng tng qut l  

1 1 1 1

2 2 2 2

3 3 3 3

a x b y c z d

a x b y c z d

a x b y c z d

+ + =


+ + =
 + + =

      (4)  

trong   x,  y,  z  l ba n ;  cc ch cn li l cc h s.  

Mi b ba s (x0  ;  y0  ;  z0)  nghim ng c ba ph ng trnh 
ca h  c gi l mt nghim  ca h ph ng trnh (4).  

Chng hn,  ; ;
17 3 3

4 4 2

 
 

 
 l nghim ca h ph ng trnh 

,

3 2 1

3
4 3

2
2 3

x y z

y z

z

+  = 


+ =

 =

           (5)  

cn ; ;
7 5 1

2 2 2

 
  

 
 l nghim ca h ph ng trnh  

.

1
2 2

2
2 3 5 2

4 7 4

x y z

x y z

x y z


+ + =

 + + = 

   + = 

           (6)  

H ph ng trnh (5)  c dng c bit,  gi l h ph ng trnh dng tam gic.  

Vic gii h ph ng trnh dng ny rt n gin.  T ph ng trnh cui tnh 
 c z  ri thay vo ph ng trnh th hai ta tnh  c  y  v cui cng thay z  
v  y  tnh  c vo ph ng trnh u s tnh  c x.  

4  

Hy gii  h ph ng  trnh  (5).   
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Mi h ba ph ng trnh bc nht ba n u bin i  c v dng tam 

gic,  bng ph ng php kh dn n s
(*)

.  Chng hn,  sau y l cch gii 

h ph ng trnh (6).  

Gii.  Nhn hai v ca ph ng trnh th nht ca h (6)  vi 2 ri cng vo 
ph ng trnh th hai theo tng v t ng ng,  nhn hai v ca ph ng trnh 
th nht vi 4 ri cng vo ph ng trnh th ba theo tng v t ng ng,  ta 
 c h ph ng trnh ( kh  x  hai ph ng trnh cui)   

1
2 2

2
3

9 2.

x y z

y z

y z

 =+ +

  + = 


+ = 

 

Tip tc cng cc v t ng ng ca ph ng trnh th hai v ph ng trnh 
th ba ca h mi nhn  c,  ta  c h ph ng trnh t ng  ng dng 
tam gic 

1
2 2

2
3

10 5.

x y z

y z

z

 =+ +

  + = 


= 

 

Ta d dng gii ra  c  

z  =  
1 ,
2

  y  =  
5 ,
2

 x =  
7 .
2

  

Vy nghim ca h ph ng trnh l  

( ; ; ) ; ; .
7 5 1

2 2 2
x y z

 
=   

 
 

 

 

 

 

     
(*)  Ph ng php ny do nh ton hc c Gau-x (Gauss,  1 777    1 855)  tm ra,  nn cng 
cn gi l ph ng php Gau-x.  
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b i    c  t h  m  

 

 

Trong kho tng  vn ho dn gian  Vit Nam 
c bi  ton "Trm tru  trm c" sau  y  

Trm tru trm c,  

Tru ng n nm,  

Tru nm n ba,  

L kh tru gi,  

Ba con mt b.  

Hi  c bao nhiu  tru  ng,  bao nh iu  
tru  nm,  bao nhiu  tru  g i  ?  

Gii.  Gi  s tru  ng  l  x,  s tru  nm 
l  y,  s tru  g i  l  z  (x,  y,  z  l   nhng  s 
nguyn  d ng  nh hn  100) .  Ta c h 
ph ng  trnh  

100

1
5 3 100.

3

x y z

x y z

+ + =



+ + =

 

y l  h  hai  ph ng  trnh  bc nht ba  n ,  nu  khng  tnh  n  iu  kin   
ca  n  th   h  ph ng  trnh  ny c v s ngh im  (nu  kh z  ta   c mt ph ng  
trnh  bc nht ca  hai  n  7x +  4y =  100) .   

Tuy nhin,  v  x,  y,  z  phi  l nhng  s nguyn d ng nh hn 100,  nn  ch c mt s 
hu hn nghim,  c  th  y c ba nghim 

1

1

1

4

18

78 ;

x

y

z

 =


=


=

   
2

2

2

8

11

81 ;

x

y

z

 =


=


=

   
3

3

3

12

4

84.

x

y

z

 =


=


=

 

Bi  ton  dn  g ian   trn  thuc loi  ph ng  trnh  i--phng (mang  tn  nh ton  
hc c H i  Lp l  Diophante).  

 



 68  

Bi  tp 

1.   Cho h ph ng trnh   

7 5 9

14 10 10.

x y

x y

 =


 =
 

Ti sao khng cn gii ta cng kt lun  c h ph ng trnh ny v nghim ?  

2.   Gii cc h ph ng trnh 

 a)  
2 3 1

2 3 ;

x y

x y

 =


+ =
         b)  

3 4 5

4 2 2.

x y

x y

+ =


 =
 

 c)  

2 1 2

3 2 3

1 3 1
;

3 4 2

x y

x y


+ =


  =


        d)  
0, 3 0, 2 0, 5

0, 5 0, 4 1, 2.

x y

x y

 =


+ =
 

3.   Hai bn Vn v Lan n ca hng mua tri cy.  Bn Vn mua 1 0 qu qut,  7  
qu cam vi gi tin l 1 7  800 ng.  Bn Lan mua 12 qu qut,  6 qu cam 
ht 1 8  000 ng.  Hi gi tin mi qu qut v mi qu cam l bao nhiu ?  

4.   C hai dy chuyn may o s mi.  Ngy th nht c hai dy chuyn may  c 
930 o.  Ngy th hai do dy chuyn th nht tng nng sut 18%, dy chuyn 
th hai tng nng sut 15% nn c hai dy chuyn may  c 1083 o.  Hi 
trong ngy th nht mi dy chuyn may  c bao nhiu o s mi ?  

5.   Gii cc h ph ng trnh  

a)  

;

3 2 8

2 2 6

3 6

x y z

x y z

x y z

+ + =


+ + =
 + + =

         b)  

.

3 2 7

2 4 3 8

3 5

x y z

x y z

x y z

 + = 

 + + =

 +  =

 

6.  Mt ca hng bn o s mi,  qun u nam v vy n.  Ngy th nht bn 
 c 1 2 o,  21  qun v 1 8  vy,  doanh thu l 5  349 000 ng.  Ngy th hai 
bn  c 1 6 o,  24 qun v 1 2 vy,  doanh thu l 5  600 000 ng.  Ngy th 
ba bn  c 24 o,  1 5  qun v 1 2 vy,  doanh thu l 5  259 000 ng.  Hi 
gi bn mi o,  mi qun v mi vy l bao nhiu ?  

7.   Gii cc h ph ng trnh sau bng my tnh b ti (lm trn kt qu n 
ch s thp phn th hai)  

a)  
;

3 5 6

4 7 8

x y

x y

 =


+ = 
         b)  

.

2 3 5

5 2 4

x y

x y

 + =


+ =
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c)  

;

2 3 4 5

4 5 6

3 4 3 7

x y z

x y z

x y z

 + = 

 +  =

 +  =

       d)  

.

2 3 2

2 2 3

2 3 5

x y z

x y z

x y z

 +  =


+ + = 
   + =

 

H ng dn cch gii cu a)  

Nu s dng my tnh CASIO fx500 MS  ta n lin tip dy cc phm 

MODE MODE  1  2  3  =  ( )  5  =  6  =  4  =  7  

=  ( ) 8  =  

thy hin ra trn mn hnh  x =  0.048780487.  

n tip phm =  ta thy mn hnh hin ra y =  1 .170731707.  

Lm trn kt qu n ch s thp phn th hai ta  c nghim gn ng ca 
h ph ng trnh l 

,

, .

0 05

1 17

x

y




 
 

H ng dn cch gii cu c)  

Nu s dng my tnh CASIO fx500 MS  ta n lin tip dy cc phm 

MODE MODE  1  3  2  =  ( )  3  =  4  =  ( )  5  =  

( )  4  = 5  =  ( )  1  =  6  =  3  =  4  =  ( )  

3  =  7  =  

thy hin ra trn mn hnh  x =  0.217821782.  

n tip phm =  ta thy mn hnh hin ra  y =  1 .297029703.  

n tip phm =  trn mn hnh hin ra z  =  0.386138613.  

Vy nghim gn ng ca h ph ng trnh l (lm trn kt qu n ch s 
thp phn th hai)  

,

,

, .

0 22

1 30

0 39

x

y

z
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1.   Khi no hai ph ng trnh  c gi l t ng  ng ?  Cho v d.  

2.   Th no l ph ng trnh h qu ?  Cho v d.  

3.   Gii cc ph ng trnh 

a)  5 5 6x x x + =  +  ;      b)  1 1 2x x x + =  +  ;  

c)  
2 8

2 2

x

x x

=
 

 ;        d) 3  + 22 4 3.x x x x =  +   

4.   Gii cc ph ng trnh  

a)  
2

3 4 1 4
3

2 2 4

x

x x x

+
 = +

 + 
 ;     

b)  
23 2 3

2 1

x x

x

 +


 =  

3 5

2

x 
 ;  

c)  2 4 1 .x x =   

5.   Gii cc h ph ng trnh :  

a)  
2 5 9

4 2 11 ;

x y

x y

 + =


+ =
        b)  

3 4 12

5 2 7 ;

x y

x y

+ =


 =
 

c)  
2 3 5

3 2 8 ;

x y

x y

 =


+ =
         d)  

5 3 15

4 5 6.

x y

x y

+ =


 =
 

6.   Hai cng nhn  c giao vic sn mt bc t ng.  Sau khi ng i th nht 

lm  c 7  gi v ng i th hai lm  c 4 gi th h sn  c 
5

9
 bc 

t ng.  Sau  h cng lm vic vi nhau trong 4 gi na th ch cn li 
1

18
 

bc t ng ch a sn.  Hi nu mi ng i lm ring th sau bao nhiu gi mi 
ng i mi sn xong bc t ng ?  

7.   Gii cc h ph ng trnh  

a)  

2 3 7

4 5 3 6

2 2 5 ;

x y z

x y z

x y z

 + = 

 + + =

 +  =

       b)  

4 2 1

2 3 6

3 8 12.

x y z

x y z

x y z

+  =

 + + = 

 +  =
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8.   Ba phn s u c t s l 1  v tng ca ba phn s  bng 1 .  Hiu ca 

phn s th nht v phn s th hai bng phn s th ba,  cn tng ca  

phn s th nht v phn s th hai bng 5  ln phn s th ba.  Tm cc 

phn s .  

9.   Mt phn x ng  c giao sn xut 360 sn phm trong mt s ngy nht 

nh.  V phn x ng tng nng sut,  mi ngy lm thm  c 9  sn phm 

so vi nh mc,  nn tr c khi ht hn mt ngy th phn x ng  lm 

v t s sn phm  c giao l 5%.  Hi nu vn tip tc lm vic vi nng 

sut  th khi n hn phn x ng lm  c tt c bao nhiu sn phm ?  

10.   Gii cc ph ng trnh sau bng my tnh b ti 

a)  25 3 7x x   =  0  ;        b)  23 4 1x x+ +  =  0  ;  

c)  20, 2 1, 2 1 0x x+  = ;      d)  22 5 8 0.x x+ + =  

11.   Gii cc ph ng trnh  

a)  4 9 3 2x x =   ;        b)  .2 1 3 5x x+ = +  

12.   Tm hai cnh ca mt mnh v n hnh ch nht trong hai tr ng hp  

a)  Chu vi l 94,4 m v din tch l 494,55  m
2
.  

b)  Hiu ca hai cnh l 1 2,1  m v din tch l 1 089 m
2
.  

13.   Hai ng i qut sn.  C hai ng i cng qut sn ht 1  gi 20 pht,  trong khi 

nu ch qut mt mnh th ng i th nht qut ht nhiu hn 2 gi so vi 

ng i th hai.  Hi mi ng i qut sn mt mnh th ht my gi ?  

Bi  tp trc nghim 

Chn ph ng n ng trong cc bi tp sau  

14.   iu kin ca ph ng trnh  x +  2  
1 4 3

12

x

xx


 =

++

 l  

(A)  x  >  2 v  x   1  ;         (B)  x  >  2 v  x < 
4

3
.   

(C)  x  >  2,  x   1  v  x   
4

3
 ;      (D)  x    2 v x    1 .  
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15.   Tp nghim ca ph ng trnh 
2( 2) 2

2
m x m

x

+ +
=  trong tr ng hp m  0 l 

(A)  { }2

m
  ;            (B)  .     

(C)   ;            (D)   \ { 0} .  

16.   Nghim ca h ph ng trnh  

3 5 2

4 2 7

x y

x y

 =


+ =
 

l 

(A)  
39 3

;
26 13

  
 

 ;         (B)  
17 5

;
13 13

  
 

 ;    

(C)  
39 1

;
26 2

 
 
 

 ;          (D)  
1 17

;
3 6

  
 

.  

17.   Nghim ca h ph ng trnh  

3 2 7

4 3 2 15

2 3 5

x y z

x y z

x y z

  =

 +  =

   + = 

 

l 

(A)   (10 ;  7  ;  9)  ;         (B)  
3 3

; 2 ;
2 2

  
 

;   

(C)  
1 9 5
; ;

4 2 4

  
 

 ;        (D)  (5  ;  7 ;  8).  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Hai  ni  dung  c bn  ca chng  l  bt ng  thc v 
  bt phng  trnh.  Cc vn   ny  c hc t nhng  

lp di .  

Chng  ny s cng  c v hon  th in  cc k nng  chng  
minh  bt ng  thc v g ii  bt phng  trnh.  Ngoi  cc 

php bin  i  tng  ng,  hc sinh  cn  c hc cch  
xt du  nh   thc bc nht v tam  thc bc hai  lm  c s 

cho vic g ii  cc bt phng  trnh  v h bt phng  trnh.  
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I    n tp  bt  ng thc  

1 .   Khi  nim bt ng  thc 

1  
Trong  cc mnh   sau,  mnh   no ng  

a)  3,25  < 4 ;  

b)  5 > 4
4

  ;  

c)  2 3   ?  

2 

Chn  du  thch  hp (=,  < ,  >)   khi  in  vo  vung  ta c mt mnh   ng.  

a)  2 2 3  ;  

b)  
4 2

3 3
 ;  

c)  23 2 2 (1 2 )+ +  ;  

d)  
2

1 0a +  vi  a  l   mt s  cho.  

Cc mnh  dng "a <  b" hoc "a >  b" c gi l  bt 
ng thc .  

2.   Bt ng  thc h qu v bt ng  thc tng  ng  

Nu mnh   "a <  b   c  <  d" ng th ta  ni bt ng thc 
c  <  d l bt ng thc h qu ca bt ng thc a <  b v 

cng vit l a < b   c  < d.  

Chng hn,  ta  bit 

a  <  b  v b  < c   a  <  c  (tnh cht bc cu).  

a  <  b,  c  tu    a +  c  <  b  +  c  (tnh cht cng  hai  v bt ng  thc  vi 
mt s).  
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Nu bt ng thc a <  b  l h qu ca bt ng thc c <  d v 

ngc li th ta ni hai bt ng thc  tng ng  vi nhau 

v vit l a < b    c  <  d.  

3  

Chng minh  rng  a  < b    a    b  <  0.  

3.   Tnh  cht ca bt ng  thc 

Nh vy  chng minh bt ng thc a  < b  ta ch cn chng minh a    b  < 0.  

Tng qut hn,  khi so snh hai s,  hai biu thc hoc chng minh mt bt 
ng thc,  ta c th s dng cc tnh cht ca bt ng thc c tm tt 
trong bng sau 

Tnh cht 

iu kin Ni dung 
Tn gi 

 a  <  b   a +  c  <  b +  c  
Cng hai v ca bt ng 
thc vi mt s 

c  > 0 a  <  b    ac  <  bc  

c  < 0 a  <  b    ac  >  bc  

Nhn hai v ca bt ng 
thc vi mt s 

 a  <  b  v  c  < d  a  +  c  <  b  +  d 
Cng hai bt ng thc 
cng chiu 

a  >  0,  c  > 0 a <  b  v  c  < d  ac  < bd 
Nhn hai bt ng thc 
cng chiu 

n   *
R

 a  <  b    2 1 2 1n na b+ +
<  

n   *
R  v 

a  >  0  
a  <  b    2 2n na b<  

Nng hai v ca bt ng 
thc ln mt lu tha 

a  >  0  a  <  b   a b<  

 a  <  b   3 3a b<  

Khai cn hai v ca mt bt 
ng thc  

4  

Nu  v d  p dng  mt trong  cc tnh  cht trn.  
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Ch  
Ta cn gp cc mnh  dng a    b  hoc a    b.  Cc mnh  
dng ny cng c gi l bt ng thc.   phn bit,  ta gi 
chng l cc bt ng thc khng ngt v gi cc bt ng thc 
dng a  < b  hoc a  > b  l cc bt ng thc ngt.  Cc tnh cht 
nu trong bng trn cng ng cho bt ng thc khng ngt.  

II    Bt  ng thc gia trung bnh cng v 
      trung bnh nhn (Bt  ng thc  c-s i )  

1 .   Bt ng  thc C-si
(*)
 

nh l 

Trung bnh nhn ca hai s khng m nh hn hoc bng 
trung bnh cng ca chng.  

,
2

a b
ab

+
   , .0a b        (1 )  

ng thc 
2

a b
ab

+
=  xy ra khi v ch khi a =  b.  

Chng minh  

Ta c   ( ) ( )
21 1

2 0
2 2 2

a b
ab a b ab a b

+
 =  +  =    .  

Vy .
2

a b
ab

+
  

ng thc xy ra khi v ch khi ( ) ,
2 0a b =  tc l khi v ch khi  a =  b.  

2.  Cc h qu 

H qu 1  

Tng ca mt s dng vi nghch o ca n ln hn hoc 
bng 2.  

, .
1

2 0a a
a

+   >  

      

(*)  Augustin Louis    Cauchy,  1 789    1 857.  
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H qu 2  

Nu x,  y  cng dng v c tng khng i th tch xy ln 

nht khi v ch khi x =  y.  

Chng minh.  t S  =  x +  y.  p dng bt ng thc C-si ta c  

2 2

x y S
xy

+
 = ,  do   xy   .

4

S
 

ng thc xy ra khi v ch khi  x =  y 
2

S
= .  

Vy tch  xy t gi tr  ln nht bng 
4

S
 khi v ch khi  x =  y  =  

2

S
 

 ngha hnh hc 

Trong tt c cc hnh ch nht c  cng chu vi,  hnh  vung c 

din tch ln nht (h.26).  

 

 

 

 

 
 

 

Hnh 26 

H qu 3 

Nu x,  y  cng dng v c tch khng i th tng x +  y  nh 

nht khi v ch khi x =  y.  

 ngha hnh hc  

Trong tt c cc hnh ch nht c cng din tch,  hnh vung c 

chu vi nh nht  (h.27).  

A B 

C D 

1cm2

G 

F E

H
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Hnh 27

 

5  

Hy chng  minh  h qu 3.  

I I I    Bt  ng thc  cha du gi  tr  tuyt  i  

6  

Nhc li  nh  ngha gi tr  tuyt i  v tnh  gi  tr  tuyt i  ca cc s sau  

a)  0 ;      b)  1 ,25  ;       c)  
4

 ;       d )  .  

T nh ngha gi tr  tuyt i,  ta c cc  tnh cht cho trong bng sau 

iu kin Ni dung 

 
,0x  ,x x  x x   

x a    a    x   a  
a  >  0 

x a    x   a  hoc  x   a  

 a b a b  +    a b+  

V d.  Cho  x   [2 ;  0] .  Chng minh rng .1 1x +   

Gii 

x    [2 ;  0]   2   x   0  

  2 +  1    x +  1    0 +  1  

  1    x +  1    1  

  .1 1x + 

A B 

C D G 

F E

H

1cm2
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Bi  tp 

1.   Trong cc khng nh sau,  khng nh no ng vi mi gi tr ca  x ?  

a)  8x  >  4x  ;            b)  4x  > 8x  ;  

c)  2 28 4x x> ;           d)  8  +  x > 4 +  x.  

2.   Cho s x > 5 ,  s no trong cc  s sau y l s nh nht ?  

A  =  
x
 ;    B  =  

5
1

x
+  ;    C  =  

5
1

x
  ;     D  =  .

5

x
 

3.   Cho a,  b,  c  l  di ba cnh ca mt tam gic.  

a)  Chng minh ( )
2 2b c a <  ;  

b)  T  suy ra 2 2 2a b c+ + < 2 (ab  +  bc  +  ca).  

4.   Chng minh rng 

3 3 2 2x y x y xy+  + ,  x    0,  y   0.  

5.   Chng minh rng 

,
4 5 1 0x x x x +  + >   x   0.  

Hng dn.  t ,x t= xt hai trng hp 0   x < 1  ;  x   1 .  

6.   Trong mt phng to  Oxy,  trn cc tia Ox  v Oy  ln lt ly cc im  A  

v  B thay i sao cho ng thng AB  lun tip xc vi ng trn tm O
bn knh 1 .  Xc nh to  ca  A  v  B  on AB  c  di nh nht.  

 

 

C h   d n  l  c h  s    

 
C-si  l   nh ton  hc Php.  ng  ngh in  cu  nhiu  l nh  vc 
Ton  hc khc nhau,  cng  b hn  800  cng  trnh  v S hc,  
L thuyt s,  i  s,  G ii  tch  ton  hc,  Phng  trnh  vi  phn,  
C hc l  thuyt,  C hc thin  th,  Vt l  ton.  

Cc cng  trnh  ca  C-si  cho thy r nhc im  ca vic 
da vo trc g ic h nh  hc  suy ra cc kt qu  t nh   ca  
Gii  tch.  ng  nh  ngha mt cch  chnh  xc cc khi  n im  
gii  hn  v l in  tc ca hm s.  ng xy dng mt cch  cht 
ch L thuyt hi  t  ca chui,  a ra khi  nim bn knh hi  t .  

A.  C-si 
(Augustin Louis Cauchy,  

1 789   1 857)  
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ng  nh  ngha tch  phn  l  g ii  hn  ca cc tng  tch  phn  
v chng  minh  s tn  ti  tch  phn  ca cc hm s l in  tc.  
ng  pht trin  c s ca  L thuyt hm s bin  s phc.  V  
H nh  hc,  v i  s,  v L thuyt s,  v C hc,  v  Quang  
hc,  v Thin  vn  hc,  C-si  u  c nhng  cng  h in  ln  l ao.  

 
I    Khi  nim  bt  phng trnh  mt  n  

1 .   Bt phng trnh  mt n  

1  
Cho mt v d  v bt phng trnh  mt n,  ch r v tri  v v phi  ca bt phng  
trnh  ny.  

Bt phng trnh n x  l  mnh  cha bin c dng 

     f(x)  <  g(x)    (f(x)    g(x))        (1 )  

trong  f(x)  v g(x)  l nhng biu thc ca x.  

Ta gi  f(x) v  g(x) ln lt l v tri v v phi ca bt phng 

trnh (1 ).  S thc 0x  sao cho ( ) ( )0 0f x g x<  ( ( ) ( ))0 0f x g x  l 

mnh  ng c gi l mt nghim ca bt phng trnh  (1 ).  

Gii bt phng trnh  l tm tp nghim ca n,  khi tp 

nghim rng th ta ni bt phng trnh v nghim.  

Ch  

Bt phng trnh (1 )  cng c th vit li di dng sau 

g(x)  >  f(x)     (g(x)    f(x)).  
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2 

Cho bt phng  trnh  2x   3 .  

a) Trong cc s 2 ;  2
2
;   ;  10  s no l nghim,  s no khng l nghim ca bt 

phng trnh trn ? 
b)  Gii  bt phng  trnh   v biu  d in  tp nghim ca n trn  trc s.  

2.   iu  kin  ca mt bt phng trnh  

Tng t i vi phng trnh,  ta gi cc iu kin ca n s 

x  f(x)  v g(x)  c ngha l iu kin xc nh  (hay gi tt l  
iu kin)  ca bt phng trnh (1 ).  

Chng hn iu kin ca bt phng trnh 

         23 1x x x + +   

l 3    x   0 v x + 1    0.  

3.   Bt phng trnh  cha tham s 

Trong mt bt phng trnh,  ngoi cc  ch ng vai tr n s cn c th c 
cc ch khc c xem nh nhng hng s v c gi l tham s.  Gii v 
bin lun bt phng trnh cha tham s l xt xem vi cc gi tr no ca 
tham s bt phng trnh v nghim,  bt phng trnh c nghim v tm 
cc nghim .  Chng hn 

        (2 1) 3 0m x + <  

        
2

1 0x mx +   

c th c coi l nhng bt phng trnh n x  tham s m.  

I I    H  bt  phng trnh  mt  n  

H bt phng trnh  n x  gm mt s bt phng trnh n x 
m ta phi tm cc nghim chung ca chng.   

Mi gi tr ca x ng thi l nghim ca tt c cc bt 
phng trnh ca h c gi l mt nghim  ca h bt 
phng trnh b cho.  

Gii h bt phng trnh  l  tm tp  nghim ca n.  

 gii mt h bt phng trnh ta gii tng bt phng trnh 
ri ly giao ca cc tp nghim.  
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V d 1 .  Gii h bt phng trnh 

           
.

3

1 0

x

x

 


+ 

 

Gii.  Gii tng bt phng trnh ta c 

3    x    0    3    x  

   x  +  1    0    x   1 .  

Biu din trn trc s cc tp nghim ca cc bt phng trnh ny ta c 

Tp nghim ca 3    x   0  

Tp nghim ca x +  1    0  

Giao ca hai tp hp trn l on [1  ;  3 ] .   

Vy tp nghim ca h l [1  ;  3 ]  hay cn c th vit l 1    x   3 .  

I I I    mt  s  php  b in  i  Bt  phng  trnh  

1 .   Bt phng trnh  tng  ng  

3 
Hai  bt phng trnh  trong  v d  1  c tng  ng  hay khng  ?  V  sao ?  

Ta  bit hai bt phng trnh c cng tp nghim  (c th 

rng)  l hai bt phng trnh  tng ng  v dng k hiu  

""   ch s tng ng ca hai bt phng trnh .  

Tng t,  khi hai h bt phng trnh c cng mt tp nghim ta 

cng ni chng tng ng vi nhau v dng k hiu ""   

ch s tng ng .   

2.  Php bin  i  tng ng  

 gii mt bt phng trnh (h bt phng trnh) ta lin tip 

bin i n thnh nhng bt phng trnh (h bt phng trnh) 

tng ng cho n khi c bt phng trnh (h bt phng 

trnh) n gin nht m ta c th vit ngay tp nghim.  Cc php 

bin i nh vy c gi l cc  php bin i tng ng.  

x

x
1
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Chng hn khi gii h bt phng trnh trong v d 1  ta c th vit 

3

1 0

x

x

 


+ 

   
3

1

x

x




 

    1    x   3 .  

Di y ta s ln lt xt mt s php bin i thng s dng khi gii 
bt phng trnh.  

3.   Cng  (tr)  

Cng (tr)  hai v ca bt phng trnh vi cng mt biu thc 
m khng lm thay i iu kin ca bt phng trnh ta c 
mt bt phng trnh tng ng.  

P(x)  < Q(x)    P(x)  +  f(x)  < Q(x)  +  f(x)  

V d 2.  Gii bt phng trnh 

(x  +  2)(2x    1 )    2    x
2
 +  (x    1 )(x  +  3 ) .  

Phn tch  bi ton  

Khai trin v rt gn tng v ta c bt phng trnh 

2x
2
 +  3x    4    2x

2
 +  2x    3 .  

Chuyn v v i du cc  hng t ca v phi bt phng trnh ny (thc 

cht l cng hai v ca bt phng trnh vi biu thc (2x
2
 +  2x    3 )  ta 

c  mt bt phng trnh  bit cch gii.  

Gii  

  (x  +  2)(2x    1 )    2    ( )( )
2 1 3x x x+  +  

    2x
2
 +  4x    x   2    2    x

2
 +  x

2
   x +  3x    3  

  2x
2
 +  3x    4   2x

2
 +  2x    3  

  2x
2
 +  3x    4   (2x

2
 +  2x    3 )    0  

  x   1    0  
  x   1 .  

Vy tp nghim ca bt phng trnh l (  ;  1 ] .  

Nhn xt.  Nu cng hai v ca bt phng trnh P(x)  <  Q(x)  +  f(x)  vi biu 

thc f(x)  ta c bt phng trnh P(x)    f(x)  <  Q(x).  Do  

P(x)  < Q(x)  +  f(x)    P(x)    f(x)  <  Q(x).  
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Nh vy chuyn v v i du mt hng t trong mt bt phng trnh ta 
c  mt bt phng trnh tng ng.  

4.   Nhn (chia)  

Nhn (chia)  hai v ca bt phng trnh vi cng mt biu 
thc lun nhn gi tr dng (m khng lm thay i iu 
kin ca bt phng trnh)  ta c mt bt phng trnh 
tng ng.  Nhn (chia)  hai v ca bt phng trnh vi 
cng mt biu thc lun nhn gi tr m (m khng lm thay 
i iu kin ca bt phng trnh)  v i chiu bt phng 
trnh ta c mt bt phng trnh tng ng.  

P(x)  < Q(x)    P(x).f(x)  <  Q(x).f(x)  nu f(x)  > 0,  x

P(x)  < Q(x)    P(x) .f(x)  >  Q(x).f(x)  nu f(x)  < 0,  x  

V d 3.  Gii bt phng trnh 

   .

2 2

2 2

1

2 1

x x x x

x x

+ + +
>

+ +

 

Phn tch bi ton.  Mu thc ca hai v bt phng trnh l nhng biu thc 
lun dng.  Nhn hai v ca bt phng trnh vi hai biu thc lun dng 
, ta c mt bt phng trnh tng ng.  

Gii   

  
2 2

2 2

1

2 1

x x x x

x x

+ + +
>

+ +

 

    (x
2
 +  x +  1 )(x

2
 +  1 )  > (x

2
 +  x)(x

2
 +  2)  

  x
4
 +  x

3
 +  2x

2
 +  x +  1  >  x

4
 +  x

3
 +  2x

2
 +  2x  

  x
4
 +  x

3
 +  2x

2
 +  x +  1    x

4
   x

3
   2x

2
   2x  >  0 

  x  +  1  >  0    x  <  1 .  

Vy nghim ca bt phng trnh l  x < 1 .  

5.   Bnh  phng  

Bnh phng hai v ca mt bt phng trnh c hai v khng 
m m khng lm thay i iu kin ca n ta c mt bt 
phng trnh tng ng.  

P(x)  < Q(x)    P
2
(x)  <  Q

2
(x)  nu P(x)    0,  Q(x)    0,  x 
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V d 4.  Gii bt phng trnh 

 .

2 22 2 2 3x x x x+ + >  +  

Gii.  Hai v bt phng trnh u c ngha v dng vi mi x.  Bnh 
phng hai v bt phng trnh ny ta c 

  ( ) ( )
2 2

2 22 2 2 3x x x x+ + >  +  

    
2 22 2 2 3+ + >  +x x x x  

  4x  >  1  

  .
4

x >  

Vy nghim ca bt phng trnh l  x > .
4

 

6.   Ch   

Trong qu trnh bin i mt bt phng trnh thnh bt phng trnh 
tng ng cn ch   nhng iu sau 

1 )  Khi bin i cc biu thc  hai v ca mt bt phng 
trnh th iu kin ca bt phng trnh c th b thay i.  V 
vy,   tm nghim ca mt bt phng trnh  ta phi tm cc 
gi tr ca x tho mbn iu kin ca bt phng trnh  v l 
nghim ca bt phng trnh mi.  

V d 5.  Gii bt phng trnh 

.

5 2 3 4 3 3
1

4 4 6

x x x x+   
 >   

Gii.  iu kin 3    x   0.  

Ta c 

        
5 2 3 4 3 3

1
4 4 6

x x x x+   
 >   

    
5 3 2 3

1
4 2 4 3 2

x x x x 
+  >  +  

  
5 3 2 3

1 0
4 2 4 3 2

x x x x 
+   +  >  

 
1

0.
3

x  >  
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Kt hp vi iu kin ca bt phng trnh,  ta c nghim ca bt phng 
trnh l nghim ca h  

.

1
0

3

3 0

x

x

 >

  

 

H bt phng trnh ny c nghim l .

1
3

3
x<   

Kt lun.  Nghim ca bt phng trnh  cho l .

1
3

3
x<   

2)  Khi nhn (chia)  hai v ca bt phng trnh P(x)  < Q(x)  
vi biu thc  f(x)  ta cn lu   n iu kin v du ca f(x).  
Nu f(x)  nhn c gi tr dng ln gi tr m th ta phi ln 
lt xt tng trng hp.  Mi trng hp dn n mt h bt 
phng trnh.   

Ta minh ho iu ny qua v d sau.  

V d 6.  Gii bt phng trnh  .

1
1

1x




 

Gii.  iu kin  x   1 .  

a)  Khi  x   1  <  0 (tc l  x < 1 )  ta c .

1
0

1x
<


 Do  trong trng hp ny 

mi  x < 1  u khng l nghim ca bt phng trnh hay bt phng trnh 
v nghim.  

b)  Khi  x   1  >  0 (tc  l  x > 1 ),  nhn hai v ca bt phng trnh  cho vi  

x   1  ta c  bt phng trnh tng ng 1    x    1 .  Nh vy trong 
trng hp ny nghim ca bt phng trnh  cho  l nghim ca h  

.

1 1

1

x

x

 


>

 

Gii h ny ta c nghim l 1  < x    2.  

Kt lun.  Nghim ca bt phng trnh  cho l 1  <  x   2.  

3)  Khi gii bt phng trnh P(x)  <  Q(x)  m phi bnh phng 
hai v th ta ln lt xt hai trng hp :  
a)  P(x),  Q(x)  cng c gi tr khng m,  ta bnh phng hai v 
bt phng trnh.  
b) P(x),  Q(x)  cng c gi tr m ta vit 

P(x)  <  Q(x)     Q(x)  <  P(x) 

ri bnh phng hai v bt phng trnh mi.  
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V d 7.  Gii bt phng trnh 

   2 17 1

4 2
x x+ > + .  

Gii.  Hai v ca bt phng trnh c  ngha vi mi x.  

a)  Khi 
1

0
2

x + <  (tc  l 
2

x <  ),  v phi ca bt phng trnh m,  v tri 

dng nn trong trng hp ny mi 
2

x <   u l nghim ca bt 

phng trnh.  

b)  Khi 
1

0
2

x +   (tc  l 
2

x   ),  hai v ca bt phng trnh  cho u 

khng m nn bnh phng hai v ca n ta c bt phng trnh tng 

ng .

2 217 1

4 4
x x x+ > + +  Nh vy,  nghim ca bt phng trnh  

cho  trong trng hp ny l nghim ca h 

.

2 2

1

2
17 1

4 4

x

x x x

 

 + > + +


 

Gii h ny ta c nghim l .

1
4

2
x  <  

Tng hp li, nghim ca bt phng trnh  cho bao gm 

2
x <   v .

1
4

2
x  <  

Kt lun.  Nghim ca bt phng trnh  cho l  x < 4.  

Bi  tp 

1.   Tm cc gi tr  x tho mn iu kin ca mi bt phng trnh sau 

a)  
1 1

1
1x x

< 
+

;           b)  
2 2

1 2

4 4 3

x

x x x



  +

;  

c)  3 2
2 1 1

1

x

x x

x

 +  <
+

;      d)  .

1
2 1 3

4
x x

x

 > +
+
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2.   Chng minh cc  bt phng trnh sau v nghim 

a)  
2

8x x+ +      3  ;  

b)  ( )
2 2 3

1 2 3 5 4
2

x x x+  +  + < ;  

c)  .
2 21 7 1x x+  + >  

3.   Gii thch v sao cc  cp bt phng trnh sau tng ng ?  

a)  4x  +  1  >  0 v 4x    1  <  0 ;  

b)  2x
2
 +  5    2x    1  v 2x

2
   2x  +  6    0  ;  

c)  x +  1  >  0  v  x +  1  +  
2 2

1 1

1 1x x

>

+ +

 ;  

d)  1x     x v (2x  +  1 ) ( ).1 2 1x x x  +   

4.   Gii cc  bt phng trnh sau 

a)  
3 1 2 1 2

2 3 4

x x x+  
 <  ;  

b)  ( )( ) ( )( ) .
22 1 3 3 1 1 3 5x x x x x x +  +   + +   

5.   Gii cc  h bt phng trnh 

a)

;

5
6 4 7

7

8 3
2 5

2

x x

x

x

+ < +


+ < +


         

b)  

.( )

1
15 2 2

3 14
2 4

2

x x

x

x

 > +


  <
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I     nh  l  v  Du ca nh  thc  bc  nht  

1 .  Nh  thc bc nht 

Nh thc bc nht i vi x l  biu thc dng  f(x)  =  ax  +  b 

trong   a,  b  l hai s b cho,  a   0.   

1  

a)  Gii  bt phng  trnh  2x  +  3  > 0  v biu  d in  trn  trc s tp nghim ca n.  

b)  T  hy ch ra cc khong m nu  x ly gi tr  trong  th nh  thc f(x)  =  2x +  3  
c gi tr   

Tri  du  vi  h s ca  x ;  

Cng  du  vi  h s ca x.  

2.  Du  ca nh  thc bc nht 

nh l    

Nh thc f(x)  =  ax +  b  c gi tr cng du vi h s a khi x 

ly cc gi tr trong khong ; +
b

a


  

 
,  tri du vi h s a 

khi x ly cc gi tr trong khong ; .

a


  

 
 

Chng minh.  Ta c f(x)  =  ax  +  b  =  .
b

a x
a


+ 

 
 

Vi  x > 
a

  th  x + 0
b

a
>  nn f(x)  =  

b
a x

a


+ 

 
 cng du vi h s a.  

Vi  x < 
a

  th 
b

x
a

+  <  0 nn f(x)  =  
b

a x
a


+ 

 
 tri du vi h s a.  
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Cc kt qu trn c th hin qua bng sau 

x   
a

   + 

f(x)  =  ax  +  b  tri du vi a  0 cng du vi a   

Ta gi bng ny l bng xt du  nh thc f(x)  =  ax  +  b.  

Khi 
b

x
a

=   nh thc f(x)  =  ax  +  b  c gi tr  bng 0,  ta ni s 
0

b
x

a
=   l 

nghim ca nh thc f(x).  

Nghim 
0

b
x

a
=   ca nh thc chia trc s thnh hai khong (h.28).  

 
 
 

 
 

Hnh 28 

Minh ho bng  th 

a  >  0 a  <  0  

 

 

 

 

 

    

3.   p  dng 

2 

Xt du  cc nh  thc    f(x)  =  3x +  2,   g(x)  =  2x +  5 .  

V d 1 .  Xt du nh thc f(x)  =  mx    1  vi m  l mt tham s  cho.  

Gii.  Nu m  =  0 th f(x)  =  1  <  0,  vi mi x.  

Nu m    0  th f(x)  l mt nh thc bc  nht c nghim
0

1
x

m
= .  

f(x) a tri du vi 

f(x) a cng du vi 

x


b
a

y = ax + b
y

x

b
a

O

+
+

+





y = ax + b
y

O x





+
+

+b
a
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Ta c bng xt du nh thc f(x)  trong hai trng hp m  >  0,  m  <  0 nh sau 

x    
m

  +  
m  >  0 

f(x)     0 +   
 

x    
m

  +  
m  <  0 

f(x)   +  0    

I I    Xt  du  tch,  thng cc  nh  thc  bc  nht  

Gi s f(x)  l mt tch ca nhng nh thc bc nht.  p dng nh l 
v du ca nh thc bc nht c th xt du tng nhn t.  Lp bng 
xt du chung cho tt c cc nh thc bc nht c mt trong f(x)  ta 
suy ra c du ca f(x).  Trng hp f(x)  l mt thng cng c 
xt tng t.  

V d 2.  Xt du biu thc 

f(x)  =
( ) ( )

.
4 1 2

3 5

x x

x

 +

 +

 

Gii 

f(x)  khng xc nh khi
3

x = .  Cc nh thc  4x  1 ,  x +  2,  3x  +  5  c cc 

nghim vit theo th t tng l 2 ;  
4
 ;  

3
.  Cc nghim ny chia khong 

( ; ) +   thnh bn khong,  trong mi khong cc nh thc ang xt c 

du hon ton xc nh.  

x    2 
4
 

3
 +  

4x  1       0  +   +  

x  +  2    0  +   +   +  

3x  +  5  +   +   +  0    

f(x)  +  0    0  +     
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T bng xt du ta thy  

f(x)  >  0 khi  x   (  ;  2)  hoc  x   ;
1

4 3


 
 

 ;  

f(x)  <  0 khi  x   ;
1

2
4


 

 
 hoc  x   ;

5

3


+  

 
 ;  

f(x)  =  0  khi  x =  2 hoc .

4
x =  

f(x)  khng xc nh khi 
3

x =  (trong bng k hiu bi | | ) .  

3 

Xt du  biu  thc f(x)  =  (2x    1 )(x +  3 ) .  

I I I    p  dng vo  gii  bt  phng trnh  

Gii bt phng trnh f(x)  >  0 thc cht l xt xem biu thc f(x)  nhn gi 
tr dng vi nhng gi tr  no ca x  (do  cng bit f(x)  nhn gi tr m 
vi nhng gi tr no ca x),  lm nh vy ta ni   xt du  biu thc f(x).  

1 .   Bt phng trnh  tch,  bt phng trnh  cha n   mu thc 

V d 3.  Gii bt phng trnh  

1
1 .

1 x




 

Gii.  Ta bin i tng ng bt phng trnh  cho  

       
1

1
1 x




   
1

1 0
1 x

 


   0.
1

x

x




 

Xt du biu thc ( )
1

x
f x

x
=


 ta suy ra nghim ca bt phng trnh  

cho l 0    x  <  1 .  

4  

Gii  bt phng  trnh  3
4 0x x < .  
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2.   Bt phng  trnh  cha n  trong du  gi tr  tuyt i  

Mt trong nhng cch gii bt phng trnh cha n trong du gi tr  tuyt 
i l s dng nh ngha  kh du gi tr  tuyt i.  Ta thng phi xt 
bt phng trnh trong nhiu khong (na khong,  on)  khc nhau,  trn 
 cc  biu thc nm trong du gi tr tuyt i u c du xc nh.  

V d 4.  Gii bt phng trnh 

          .2 1 3 5x x + +  <          

Gii.   

Theo nh ngha gi tr  tuyt i ta c  

         2 1x +   nu 2 1 0x +   

         ( 2 1)x  +  nu  + <2 1 0.x  

Do  ta xt bt phng trnh trong hai khong 

a)  Vi 
2

x   ta c h bt phng trnh  

     

1

2

( 2 1) 3 5

x

x x



  + +  <

 hay 2

7.

x

x



  <

 

H ny c nghim l 
1 .7
2

x <   

b)  Vi 
2

x >  ta c h bt phng trnh  

     

1

2

(2 1) 3 5

x

x x

>

  +  <

 hay 

3.

x

x

>

 <

 

H ny c nghim l 
1

3
2

x< < .  

Tng hp li tp nghim ca bt phng trnh  cho l hp ca hai khong 

;
2

 
 

 
 v 

1
; 3

2

 
 
 

.  

Kt lun.  Bt phng trnh  cho c nghim l 7  < x  <  3 .  

2 1x + = 
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Bng cch p dng tnh cht ca gi tr tuyt i ( 1 )  ta c 

th d dng gii cc bt phng trnh dng ( )f x a  v 

( )f x a  vi a  >  0  b cho.  

Ta c  

( )f x a    a    f(x)    a  

( )f x a    f(x)    a  hoc f(x)    a.  

Bi  tp 

1.   Xt du cc  biu thc 
a)  f(x)  =  (2x   1 )(x  +  3 )  ;       b)  f(x)  =  (3x    3 )(x  +  2)(x  +  3 )  ;  

c)  f(x)  =  
4 3

3 1 2x x




+ 
 ;       d)  f(x)  =  4x

2
   1 .  

2.   Gii cc  bt phng trnh 

a)  
2 5

1 2 1x x


 
 ;         b)  

( )
2

1 1

1 1x x
<

+ 

 ;  

c)  
1 2 3

4 3x x x
+ <

+ +
 ;         d)  .

2

2

3 1
1

1

x x

x

 +



 

3.   Gii cc bt phng trnh 

a)  5 4 6x    ;          b)  .
5 10

2 1x x


<

+ 
 

 

I    bt  phng trnh  bc  nht  hai  n  

Ta cng gp nhng bt phng trnh nhiu n s,  chng hn  

32 3x y z+  <  ;  3 2 1x y+ < .  

Khi x   =  2,  y  =  1 ,  z  =  0 th v tri bt phng trnh th nht c gi tr  nh 
hn v phi ca n,  ta ni b ba s (x  ;  y  ;  z)  =  (2 ;  1  ;  0)  l mt nghim 
ca bt phng trnh ny.  

( )0a >
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Tng t,  cp s (x ;  y) =  (1  ;  2) l mt nghim ca bt phng trnh th hai.  

Bt phng trnh bc nht hai n  x,  y  c dng tng qut l  
         ax  +  by    c         (1 )  

(ax  +  by  <  c  ;  ax  +  by    c  ;  ax  +  by  >  c)  

trong   a,  b,  c  l nhng s thc b cho,  a v b khng ng 
thi bng  0,  x v y  l cc n s.  

II    B iu din tp nghim ca bt phng trnh bc nht  
hai  n 

Cng nh bt phng trnh bc nht mt n,  cc bt phng trnh bc nht 
hai n thng c v s nghim v   m t tp nghim ca chng,  ta s 
dng phng php biu din hnh hc.   

Trong mt phng to  Oxy,  tp hp cc im c to  l 
nghim bt phng trnh  (1 )  c gi l  min nghim  ca n.   

Ngi ta  chng minh c rng trong mt phng to  Oxy,  ng 

thng ax +  by  =  c  chia mt phng thnh hai na mt phng,  mt trong hai 

na mt phng  l min nghim ca bt phng trnh ax  +  by    c,  na 

mt phng kia l min nghim ca bt phng trnh ax  +  by    c.   

T  ta c  quy tc thc hnh biu din hnh hc tp nghim  (hay biu 

din min nghim)  ca bt phng trnh ax  +  by    c  nh sau (tng t cho 

bt phng trnh ax  +  by    c)  

Bc 1 .  Trn mt phng to  Oxy,  v ng thng   :   

ax +  by  =  c.  

Bc 2 .  Ly mt im  ( ; )0 0 0M x y  khng thuc    (ta thng 

ly gc to  O)

Bc 3 .  Tnh  0 0ax by+  v so snh 0 0ax by+  vi  c.  

Bc 4.  Kt lun  

Nu  0 0ax by+  <  c  th na mt phng b   cha 

0M  l min nghim ca  ax  +  by    c.  

Nu  
0 0ax by c+ >  th na mt phng b   khng 

cha  0M  l min nghim ca  ax  +  by    c.  
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Ch  

Min nghim ca bt phng trnh ax  +  by    c  b i ng 
thng ax  +  by  =  c  l min nghim ca bt phng trnh  

ax  +  by  <  c.  

V d 1 .  Biu din hnh hc tp nghim ca bt phng trnh bc nht hai n 

              2x  +  y    3 .  

Gii 

V ng thng   :  2x  +  y  =  3 .     

Ly gc to  O(0 ;  0),  ta thy O      v 

c 2.0 +  0 < 3  nn na mt phng b  
cha gc to  O  l min nghim ca bt 
phng trnh  cho (min khng b t 
m trong hnh 29).  

1  

Biu din hnh hc tp nghim ca bt phng 
trnh bc nht hai  n 

3 2 0x y + > .  

 

 

I I I    H  bt  phng trnh  bc  nht  hai  n  

Tng t h bt phng trnh mt n 

H bt phng trnh  bc nht hai n  gm mt s bt phng 

trnh bc nht hai n x,  y  m ta phi tm cc nghim chung 

ca chng.  Mi nghim chung  c gi l mt  nghim  ca 
h bt phng trnh b cho.  

Cng nh bt phng trnh bc nht hai n,  ta c th biu din 
hnh hc tp nghim  ca h bt phng trnh bc nht hai n.  

V d 2.  Biu din hnh hc tp nghim ca h bt phng trnh bc nht hai n 

.

3 6

0

x y

x y

x

y

+ 

 + 



 

 

 

 

 

 

 

 

 
 
 

 

 

Hnh 29  

x  

3  

y  

O  3  
2  
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Gii.  V cc ng thng 

(d1 )  :  3x  +  y  =  6  

(d2)  :  x +  y  =  4  

(d3)  :  x =  0  (trc tung)  

(d4)  :  y  =  0  (trc honh).  

V im M0(1  ;  1 )  c to  tho mn 
tt c cc bt phng trnh trong h 
trn nn ta t m cc na mt phng 

b (d1),  (d2),  (d3),  (d4)  khng cha 

im M0.  Min khng b t m (hnh 
t gic OCIA k c bn cnh AI,  IC,  
CO,  OA) trong hnh v (h.30) l min 
nghim ca h  cho.  

2 

Biu  d in  hnh  hc tp nghim ca h bt phng  trnh  bc nht hai  n  

2 3

2 5 12 8.

x y

x y x

 


+  +

 

IV    p  dng vo  bi  ton kinh  t 

Gii mt s bi ton kinh t thng dn n vic  xt nhng h bt phng 
trnh bc nht hai n v gii chng.  Loi bi ton ny c nghin cu 
trong mt ngnh ton hc c tn gi l Quy hoch tuyn tnh.  Sau y ta s 
xt mt bi ton n gin thuc loi .  

Bi ton.  Mt phn xng c hai my c chng ,1M  2M  sn xut hai 

loi sn phm k hiu l I  v II.  Mt tn sn phm loi I li 2  triu ng,  
mt tn sn phm loi II li 1 ,6  triu ng.  Mun sn xut mt tn sn 

phm loi I phi dng my M1  trong 3  gi v my M2  trong 1  gi.  Mun 

sn xut mt tn sn phm loi II phi dng my M1  trong 1  gi v my 

M2  trong 1  gi.  Mt my khng th dng  sn xut ng thi hai loi 
sn phm.  My 1M  lm vic  khng qu 6 gi trong mt ngy,  my 2M  

mt ngy ch lm vic  khng qu 4 gi.  Hy t k hoch sn xut sao cho 
tng s tin li cao nht.  

Gii.  Gi  x,  y  theo th t l s tn sn phm loi I,  loi II sn xut trong 
mt ngy (x   0,  y    0).  Nh vy tin li mi ngy l L  =  2x +  1 ,6y  (triu ng)  

v s gi lm vic  (mi ngy)  ca my M1  l 3x  +  y  v my M2  l  x +  y.  

 

 

 

 

 
 

 

 

 

 

 

Hnh 30 

y

O

6

4
C

3

1
A

I

x421

d2

M
0

d1
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V mi ngy my M1  ch lm vic khng qu 6 gi,  my M2  khng qu 4 gi 

nn x,  y  phi tho mn h bt phng trnh 

.

3 6

0
0

x y
x y
x
y

+ 

 + 







           (2)  

Bi ton tr thnh  

Trong cc  nghim ca h bt phng trnh (2),  tm nghim (x  =  x0  ;  y  =  y0)  

sao cho L  =  2x  +  1 ,6y  ln nht.  

Min nghim ca h bt phng trnh (2)  l t gic  OAIC  k  c min trong 
(gi l min t gic  OAIC)  xem v d  mc III hnh 30.  

Ngi ta chng minh c rng biu thc L =  2x +  1 ,6y  t c gi tr ln  

nht ti mt trong cc nh ca t gic OAIC  (xem bi c thm).  Tnh gi tr 

ca biu thc L = 2x +  1 ,6y  ti tt c cc nh ca t gic OAIC,  ta thy L  ln  

nht khi  x =  1 ,  y =  3.  

Vy  c s tin li cao nht,  mi ngy cn sn xut 1  tn sn phm loi I 

v 3  tn sn phm loi II.  

B  i    c  t h  m  

phng  ph p  t  m  cc  tr  c a  b i u  thc  
F  =  ax  +  by  trn  mt  m i n  a  g i c  

Bi  ton .  Tm  g i   tr  l n  nht,  g i  tr  nh  nht ca biu  thc F  =  ax  +  by (a,  b  l   
hai  s   cho  khng  ng  thi  bng  0) ,  trong    x,  y  l   cc to    ca cc im  
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thuc min  a  g i c A1A2 . . .  A iA i+1 . . .  An.  Xc nh  x,  y   F  t  g i  tr  ln  nht,  
nh  nht.  

Gii  (h.31 ).  Ta minh ho cch gii  trong 
trng hp n  =  5  v ch xt trng hp 
b  >  0  (cc trng hp cn  li  xt tng 

t).  Gi s M(x0  ;  y0)  l  mt im  cho 
thuc min  a gic.  Qua im M v mi  
nh ca a gic,  k cc ng thng  
song song vi  ng thng  ax +  by  =  0.  

Trong  cc ng  thng  ,  ng  
thng  qua  im M c  phng  trnh  

ax + by = ax0 + by0  

v ct trc tung ti  im 0 00 ;
ax by

N
b

+ 
 
 

.   

V  b  >  0  nn  ax0  +  by0  ln  nht kh i  v  ch 

kh i  0 0ax

b

+
 l n  nht.   

Trn  hnh  31 ,  F  =  ax +  by  ln  nht khi  (x ;  y)  l   to  ca im A1 ,  b nht khi  (x ;  y)  

l   to   im A4 .  

Tm li ,  g i tr  ln nht (nh nht)  ca biu  thc F  =  ax +  by  t c ti  mt trong  
cc nh  ca min  a gic.  

Bi  tp 

1.   Biu din hnh hc tp nghim ca cc bt phng trnh bc nht hai n sau.  

a)  x  +  2  +  2(y    2)  < 2(1    x)  ;     b)  3 (x    1 )  +  4(y    2)  <  5x    3 .  

2.   Biu din hnh hc tp nghim ca cc h bt phng trnh bc nht hai n sau.  

a)  

;

2 0

3

3

x y

x y

y x

 <


+ > 


 <

          b)  

.

1 0
3 2

1 3
2

2 2
0

x y

y
x

x

+  <

 +  




 

3.   C ba nhm my A ,  B,  C dng  sn xut ra hai loi sn phm I v II.   

sn xut mt n v sn phm mi loi phi ln lt dng cc  my thuc 

Hnh 31  

A1

A2

A3

A5

O

y

x
M(x  ; y )0 0

N
A4

ax
 + 
by
 = 

0
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cc nhm khc nhau.  S my trong mt nhm v s my ca tng nhm 

cn thit  sn xut ra mt n v sn phm thuc mi loi c cho trong 

bng sau 

S my trong tng nhm  sn xut ra 
mt n v sn phm Nhm 

S my trong 
mi nhm 

Loi I  Loi II 

A 

B 

C  

1 0 

4 

1 2 

2 

0 

2 

2 

2 

4 

Mt n v sn phm I li 3  nghn ng, mt n v sn phm II li 5 nghn ng.  
Hy lp phng n  vic sn xut hai loi sn phm trn c li cao nht.  

Hng dn :  p dng phng php gii  trong mc IV.  

 

I     nh  l  v  du ca Tam thc  bc  hai  

1 .   Tam thc bc hai  

Tam thc bc hai i vi x l biu thc c dng f(x) = ,

2ax bx c+ +  

trong   a,  b,  c l nhng h s, a   0.   

1   

1 )  Xt tam thc bc hai  2( ) 5 4f x x x=  + .  Tnh  f(4),  f(2),  f(1 ),  f(0)  v nhn  xt v  

du  ca chng.  

2)  Quan  st  th   hm s 2 5 4y x x=  +  (h.  32a))  v ch ra cc khong  trn   

 th   pha trn,  pha di  trc honh.  
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3) Quan st cc  th trong hnh 32 v rt ra mi lin h v du ca gi tr 2( )f x ax bx c= + +  

ng vi  x  tu theo du  ca bit thc 
2

4b ac =  .  

 

 

 

 

 

 

 

 

 
  a)            b)           c)  

  y  =  f(x)  =  x
2
   5x  +  4       y =  x

2
   4x  +  4         y  =  x

2
   4x +  5  

Hnh 32  

2.  Du  ca tam thc bc hai  

Ngi ta  chng minh c nh l v du tam thc bc hai  sau y 

nh l  

Cho f(x)  =  
2

ax bx c+ +  (a    0),    =  .
2 4b ac  

Nu    <  0 th f(x)  lun cng du vi h s a,  vi mi x  .  

Nu    =  0 th f(x)  lun cng du vi h s a,  tr khi .
2

b
x

a


=  

Nu  > 0 th f(x) cng du vi h s a khi x < x1  hoc x > x2, tri 

du vi h s a khi x1  <  x < x2 trong  x1 , x2 (x1  < x2) l hai 

nghim ca f(x).  

Ch  

Trong nh l trn,  c th thay bit thc 2 4b ac =   bng 

bit thc thu gn ' ( ) .
2b ac = '  

x 

y

O x 2O

4 4

x O

1

2

y

1 4O

y

2O

4

y

O

1

2

5
2

9
4
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Minh ho hnh hc 

nh l v du ca tam thc bc hai c minh ho hnh hc sau (h.33).  

   <  0   =  0    >  0 

a  >  0 

 

 

 

 

  

   <  0   =  0    >  0 

a  <  0 

 

 

 

 

 

  

Hnh 33  

3.  p dng  

V d 1  

a)  Xt du tam thc ( )
2 3 5f x x x=  +  .  

b)  Lp bng xt du tam thc ( )
22 5 2f x x x=  + .  

Gii  

a)  f(x)  c   = 11 0 < ,  h s 1 0a =  <  nn f(x)  < 0,  vi mi x.  

b)  f(x)  =  
2

2 5 2x x +  c  hai  nghim phn bit ,1 2
x =  2 2x = ,  h 

s a  =  2  >  0.  

Ta c bng xt du f(x)  nh sau 

x    
2
  2   +  

f(x)   +  0    0  +   

x O

y
y

O x 

y

O b

2a

x 

+

+

+ + +

_

+

+

+

+

+

+

x 

y

O

y

x 
O

x O

y
+

_

_

_

_

_

_

_

_

_

_

_

x
1 x2

+

+

+

+

+

+ +

+

_

_

_ ___

_

_

_

b

2a
x1 x2

__

++
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2 

Xt du  cc tam thc 

a)  
2

( ) 3 2 5f x x x= +   ;                        b)  
2

( ) 9 24 16.g x x x=  +  

Tng t nh tch,  thng ca nhng nh thc bc nht,  ta c th xt du 
tch,  thng ca cc  tam thc bc hai.  

V d 2.  Xt du biu thc 

.( )

2

2

2

4

x x
f x

x

 
=



 

Gii.  Xt du cc tam thc 
2

2 1x x   v 
2

4x   ri lp bng xt du f(x)  
ta c 

x    2  
2

   1   2   +  

22 1x x    +   +  0    0  +   +   

2 4x    +  0          0  +   

f(x)   +     0  +  0     +   

I I    Bt  Phng  trnh  bc  hai  mt  n  

1 .  Bt phng trnh  bc hai  

Bt phng trnh bc hai  n x  l  bt phng trnh  dng  

ax
2
 +  bx  +  c  < 0 (hoc  ax

2
 +  bx  +  c    0,  ax

2
 +  bx  +  c  > 0,  

ax
2
 +  bx  +  c    0),  trong   a,  b,  c l nhng s thc b cho,  a   0 .  

2.  Gii  bt phng  trnh  bc hai  

Gii bt phng trnh bc hai  ax
2
 +  bx  +  c  <  0  thc cht l tm cc 

khong m trong  f(x)  =  
2

ax bx c+ +  cng du vi h s a  (trng hp 

a  <  0)  hay tri du vi h s a  (trng hp a  >  0) .  

3 

Trong  cc khong  no 

a)  
2

( ) 2 3 5f x x x=  + +  tri  du  vi  h s ca  x
2
 ? 

b)  
2

( ) 3 7 4g x x x=  +   cng du  vi  h s ca  x
2
 ? 
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V d 3.  Gii cc  bt phng trnh sau  

a)  
2

3 2 5 0x x+ + >  ;        b)  
2

2 3 5 0x x + + >  ;  

c)  
2

3 7 4 0x x +  <  ;        d)  .
29 24 16 0x x +   

Gii  

a)  Tam thc f(x)  =  
2

3 2 5x x+ +  c  ' =  1    3  .  5  <  0,  h s a  =  3  >  0  nn 

f(x)  lun dng (cng du vi a) .   

Do  tp nghim ca bt phng trnh 3x
2
 +  2x  +  5  >  0 l (  ;  +) .  

b)  Tam thc ( )
22 3 5f x x x=  + +  c  hai nghim l

1
1x =   ;  ,2 2

x =  h 

s ,2 0a =  <  nn f(x)  lun dng vi mi  x thuc khong ;
5

1
2


 

 
.   

Vy bt phng trnh 2x
2
 +  3x  +  5  >  0 c tp nghim l khong ; .

5
1

2


 

 
 

c) Tam thc f(x) = 3x
2
 +  7x  4 c hai nghim l ;1 2

4
1

3
x x= = ,  h s  

a  = ,3 0 <  nn f(x) lun m vi mi x thuc khong (  ;  1 ) hoc ; .
4

3


+  

 
  

Vy tp nghim ca bt phng trnh 3x
2
 +  7x    4  < 0  l 

( ; ) ; .
4

1
3


  +  

 
 

d)  Tam thc ( )
29 24 16f x x x=  +  c  h s  a  =  9 ,  ' =  . ,

212 9 16 0 =  

f(x) c nghim kp 
3

x =  nn ( ) 0f x >  vi mi 
3

x   v f(x) =  0 vi  x =  
3
.   

Vy bt phng trnh 9x
2
   24x  +  1 6   0  nghim ng vi mi x.  

V d 4.  Tm cc  gi tr ca tham s m    phng trnh sau c hai nghim 
tri du 

( )
2 2 22 1 2 3 5 0x m m x m m  + +   = .  
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Gii.  Phng trnh bc hai s c hai nghim tri du khi v ch khi cc h 
s a v  c  tri du,  tc  l m  phi tho mn iu kin  

( )
22 2 3 5 0m m  <    2m

2
   3m    5  < 0.  

V tam thc f(m)  =  2m
2
   3m    5  c hai nghim l m1  =  1 ,  m2  =  2

 v h 

s ca 2m  dng nn  

2m
2
   3m    5  < 0   .

5
1

2
m < <  

Kt lun.  Phng trnh  cho c hai nghim tri du khi v ch khi 

.
5

1
2

m < <  

Bi  tp 

1.   Xt du cc tam thc bc hai 

a)  5x
2
   3x  +  1  ;          b)  2x

2
 +  3x  +  5  ;  

c)  x
2
 +  1 2x  +  36 ;          d)  (2x    3 )(x  +  5 ) .  

2.   Lp bng xt du cc  biu thc sau 

a)  f(x)  =  (3x
2
   1 0x  +  3 )(4x    5 )  ;  

b)  f(x)  =  ( )( )
2 23 4 2 1x x x x    ;  

c)  f(x)  =  ( )( )( )
2 24 1 8 3 2 9x x x x  +  +  ;  

d)  f(x)  =  
( )( )

.
2 2

2

3 3

4 3

x x x

x x

 

+ 

 

3.   Gii cc bt phng trnh sau 

a)  4x
2
   x +  1  <  0 ;         b)  3x

2
 +  x +  4    0  ;  

c)  
2 2

1 3

4 3 4x x x
<

 + 

 ;       d)  x
2
   x   6    0.  

4.   Tm cc gi tr  ca tham s m   cc phng trnh sau v nghim 

a)  ( ) ( )
22 2 2 3 5 6 0m x m x m +  +  = ;  

b)  ( ) ( )
23 2 3 2 0m x m x m  + + + = .  
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1.   S dng du bt ng thc  vit cc mnh  sau 

a)  x l s dng ;  

b)  y  l s khng m ;  

c)  Vi mi s thc ,    l s khng m ;  

d)  Trung bnh cng ca hai s dng  a  v  b  khng nh hn trung bnh 

nhn ca chng.  

2.   C th rt ra kt lun g v du ca hai s a  v  b  nu bit 

a)  ab  >  0 ;            b)  0
a

b
>  ;  

c)  ab  <  0 ;            d)  0
a

b
< ?  

3.   Trong cc  suy lun sau,  suy lun no ng ?  

(A)    
1

x

y

<


<
  xy < 1  ;       (B)  

1

x

y

<


<
  

y
 <  1  ;  

(C)    
0

1

x

y

< <


<
  xy  < 1  ;      (D)  

1

x

y

<


<
  x   y  < 0.  

4.   Khi cn mt vt vi  chnh xc  n 0,05kg,  ngi ta cho bit kt qu l 

26,4kg.  Hy ch ra khi lng thc ca vt  nm trong khong no.  

5.   Trn cng mt mt phng to ,  hy v  th hai hm s  y  =  f(x)  =  x +  1  

v  y  =  g(x)  =  3    x v ch ra cc  gi tr  no ca  x tho mn :  

a)  f(x)  =  g(x)  ;  

b)  f(x)  > g(x)  ;  

c)  f(x)  <  g(x) .  

Kim tra li kt qu bng cch gii phng trnh,  bt phng trnh.  

6.   Cho a,  b,  c  l cc s dng.  Chng minh rng 

.6
a b b c c a

c a b

+ + +
+ +   
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7.   iu kin ca mt bt phng trnh l g ?  Th no l hai bt phng trnh 

tng ng.  

8.   Nu quy tc biu din hnh hc tp nghim ca bt phng trnh ax  +  by    c.  

9.   Pht biu nh l v du ca tam thc bc hai.  

10.   Cho  a  > 0,  b  > 0.  Chng minh rng 

.
a b

a b
b a
+  +  

11.   a)  Bng cch s dng hng ng thc ( )( )
2 2

a b a b a b =  +  hy xt du 

( )
4 2 6 9f x x x x=  +   

v          .( )
2

2

4
2

2
g x x x

x x
=  



 

b)  Hy tm nghim nguyn ca bt phng trnh sau 

( )
3 6 9x x x + > .  

12.   Cho a,  b,  c  l  di ba cnh ca mt tam gic.  S dng nh l v du ca 
tam thc bc hai,  chng minh rng 

( )
2 2 2 2 2 2 0b x b c a x c +  + > ,   x.  

13.   Biu din hnh hc tp nghim ca h bt phng trnh bc nht hai n 

.

3

3

2 8

6

x y

x y

y x

y

+ 

  


 
 

 

Bi  tp trc nghim 

Chn phng n ng trong cc bi tp sau 

14.   S 2 thuc tp nghim ca bt phng trnh  

(A)    2x  +  1  >  1    x ;        (B)  (2x  +  1 )(1    x)  < 2
x  ;  

(C)    
1

1 x
 +  2    0  ;        (D)  (2   x)(x  +  2)

2
 <  0.  
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15.   Bt phng trnh (x  +  1 ) x    0  tng ng vi bt phng trnh  

(A)     ( )
21x x +   0  ;        (B)  ( )1x x+  <  0  ;  

(C)    ( )
2

1x x+   0  ;        (D)  ( )
2

1x x+ < 0.  

16.   Bt phng trnh ( )
2 2 1 1 0mx m x m+  + + <  c nghim khi 

(A)    m  =  1  ;           (B)   m  =  3  ;  

(C)    m  =  0  ;           (D)   m  =  0,25.  

17.   H bt phng trnh sau v nghim  

(A)    
;

2 2 0

2 1 3 2

x x

x x

  


+ < +
      (B)  

;

2 4 0

1 1

2 1

x

x x

 >



<
 + +

  

(C)    
;

2

2

5 2 0

8 1 0

x x

x x

 + <


+ + 

       (D)  
.

1 2

2 1 3

x

x

 


+ 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

 

 
 

 

Thng  k l khoa hc nghin  cu  cc ph ng  php 
thu  thp,  phn  tch  v x l  cc s l iu  nhm pht h in  cc    
      quy lut thng  k trong  t nhin  v x hi .  Ch ng  ny 
gip hc sinh nm vng mt s ph ng php trnh by s l iu  
(bng bng,  biu )  v thu  gn s l iu  nh cc s c tr ng.  
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I    n  tp  

1 .   S l iu  thng  k 

Khi thc hin iu tra thng k (theo mc ch  nh tr c),  cn xc 

nh tp hp cc n v iu tra,  du hiu iu tra v thu thp cc s liu.  

V d 1 .  

Khi iu tra "Nng sut la h thu nm 1998"  ca 31  tnh,  ng i ta thu thp 
 c cc s liu ghi trong bng d i y 

Nng sut la h thu (t/ha)  nm 1 998 ca 31  tnh  

30 30 25  25  35  45  40 40 35  45   

25  45  30 30 30 40 30 25  45  45   

35  35  30 40 40 40 35  35  35  35  35  

Bng 1  

Tp hp cc n v iu tra l tp hp 31  tnh,  mi mt tnh l mt n v 

iu tra.  Du hiu iu tra l nng sut la h thu nm 1 998  mi tnh.  

Cc s liu trong bng 1  gi l cc s liu thng k,  cn gi l cc gi tr  
ca du hiu.  

2.   Tn  s 

Trong 31  s liu thng k  trn,  ta thy c 5  gi tr khc nhau l  

x1  =  25  ;  x2  =  30 ;  x3  =  35  ;  x4  =  40 ;  x5  =  45 .  

Gi tr x1  =  25  xut hin 4 ln,  ta gi n1  =  4  l tn s ca gi tr x1 .  

T ng t,  n2  =  7  ;  n3  =  9  ;  n4  =  6  ;  n5  =  5  ln l t l tn s ca cc gi tr 

x2 ;  x3  ;  x4 ;  x5 .  
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I I   Tn  sut  

Trong 31  s liu thng k  trn,  gi tr x1  c tn s l 4,  do  chim t l 

l 
4

12, 9%.
31

  

T s 
4

31
 hay 1 2,9%  c gi l tn sut  ca gi tr x1 .  

T ng t,  cc gi tr x2  ;  x3  ;  x4  ;  x5  ln l t c tn sut l 

7
22, 6%

31
 ;  

9
29, 0%

31
  ;

6
19, 4%

31
 ;  

5
16,1%.

31
  

Da vo cc kt qu  thu  c,  ta lp bng sau 

Nng sut la h thu nm 1 998 ca 31  tnh  

Nng sut la 
(t/ha)  Tn s Tn sut (%)  

25  4 1 2,9  
30 7  22,6 
35  9  29,0 
40 6 1 9,4 
45  5  1 6,1  

Cng 31  1 00 (%)  

Bng 2  

Bng 2 phn nh tnh hnh nng sut la ca 31  tnh,   c gi l bng 
phn b tn s v tn sut.  

Nu trong bng 2,  b ct tn s ta  c bng phn b tn sut  ;  b ct tn 
sut ta  c bng phn b tn s.  

I I I   Bng  phn b  tn  s  v  tn sut  ghp  lp  

V d 2 .   chun b may ng phc cho hc sinh,  ng i ta o chiu cao 
ca 36 hc sinh trong mt lp hc v thu  c cc s liu thng k ghi 
trong bng sau 

Chiu cao ca 36 hc sinh  (n v :  cm)  

1 58  1 52 1 56 1 58  1 68  1 60 1 70 1 66 1 61  1 60 1 72 1 73  

1 50 1 67  1 65  1 63  1 58  1 62 1 69 1 59 1 63  1 64 1 61  1 60 

1 64 1 59 1 63  1 55  1 63  1 65  1 54 1 61  1 64 1 51  1 64 1 52 

Bng 3  
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 xc nh hp l s l ng qun o cn may cho mi "kch c"  ta phn 

lp cc s liu trn nh  sau   

Lp 1  gm nhng s o chiu cao t 1 50 cm n d i 1 56 cm,  k hiu l 

[1 50 ;  1 56)  ;  

Lp 2 gm nhng s o chiu cao t 1 56 cm n d i 1 62 cm,  k hiu l 

[1 56 ;  1 62)  ;  

Lp 3  gm nhng s o chiu cao t 1 62 cm n d i 1 68  cm,  k hiu l 

[1 62 ;  1 68)  ;   

Lp 4  gm nhng s o  chiu cao t 1 68  cm n 1 74  cm,  k hiu l 

[1 68  ;  1 74] .  

Ta thy c 6 s liu thuc vo lp 1 ,  ta gi 1 6n =  l tn s ca lp  1 .  

Cng vy,  ta gi 2 12n =  l tn s ca lp 2,  3 13n =  l tn s ca lp 3 ,  

4 5n =  l tn s ca lp 4.  

Cc t s  

     1
6

16, 7%
36

f =   ;  2
12

33, 3%
36

f =   ;   

     3
13

36,1%
36

f =   ;  4
5

13, 9%
36

f =   

 c gi l tn sut ca cc lp  t ng ng.  

Cc kt qu trn  c trnh by gn trong bng d i y 

Chiu cao ca 36 hc sinh 

Lp s o chiu cao 
(cm) 

Tn s Tn sut (%)  

[1 50 ;  1 56)  6 1 6,7  

[1 56 ;  1 62)  1 2 33,3  

[1 62 ;  1 68)  1 3  36,1  

[1 68  ;  1 74]  5  1 3 ,9  

Cng 36 1 00 (%)  

Bng 4 
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Bng 4   c gi l bng phn b tn s v tn sut ghp lp.  
Nu trong bng 4  b ct tn s th s c bng phn b tn 
sut ghp lp,  b ct tn sut th s c bng phn b tn s 
ghp lp.  

Bng 4  trn cho ta c s  xc nh s l ng qun o cn may ca mi 
c (t ng ng vi mi lp).  Chng hn,  v s hc sinh c chiu cao thuc 
lp th nht chim 1 6,7% tng s hc sinh,  nn s qun o cn may thuc 
c t ng ng vi lp  chim 1 6,7% s l ng qun o cn may.  Ta cng 
c kt lun t ng t i vi cc lp khc.  

Nu lp hc k trn i din  c cho ton tr ng th c th p dng kt 
qu   may qun o cho hc sinh c tr ng.  

Cho cc s l iu  thng  k ghi  trong  bng  sau    

Tin  li  (nghn  ng)  ca mi  ngy trong  30 ngy  
 c kho st  mt quy bn bo 

81  37 74 65 31 63 58 82 67 77 63 46 30 53 73 

51  44  52 92 93 53 85 77 47 42 57 57 85 55 64 

Bng 5 
Hy lp bng phn  b tn  sut ghp lp vi  cc lp nh  sau  

[29,5 ;  40,5), [40,5 ;  51 ,5), [51 ,5 ;  62,5), [62,5 ;  73,5), [73,5 ;  84,5), [84,5 ;  95,5].  

Bi  tp 

1.   Cho cc s liu thng k ghi trong bng sau 

Tui th ca 30 bng n in  c thp th (n v :  gi)  

1 1 80 1 1 50 1 1 90 1 1 70 1 1 80 1 170 

1 160 1 1 70 1 160 1 1 50 1 1 90 1 180 

1 170 1 1 70 1 1 70 1 1 90 1 1 70 1 170 

1 170 1 1 80 1 1 70 1 160 1 160 1 160 

1 170 1 160 1 1 80 1 1 80 1 1 50 1 170 

a)  Lp bng phn b tn s v bng phn b tn sut.  

b)  Da vo kt qu ca cu a),  hy  a ra nhn xt v tui th ca cc 
bng n ni trn.  
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2.   Cho bng phn b tn s ghp lp sau  

 di ca 60 l d ng x tr ng thnh 

Lp ca  di (cm) Tn s 

 [1 0 ;  20)  8  

 [20 ;  30)  1 8  

 [30 ;  40)  24 

[40 ;  50]  1 0 

 

 

 

 

 

 

Cng 60  

 

Bi d ng x 

a)  Lp bng phn b tn sut ghp lp.  

b)  Da vo kt qu ca cu a),  hy nu r trong 60 l d ng x  c kho st :  

S l c  di d i 30 cm chim bao nhiu phn trm ?  

S l c  di t 30 cm n 50 cm chim bao nhiu phn trm ?  

3.   Cho cc s liu thng k ghi trong bng sau  

Khi l ng ca 30 c khoai ty thu hoch  c  nng tr ng T (n v :  g) .  

90 73  88  99 1 00 1 02 1 1 1  96 79 93  

81  94 96 93  95  82 90 1 06 1 03  1 16 

1 09 1 08  1 12 87  74 91  84 97  85  92 

Lp bng phn b tn s v tn sut ghp lp,  vi cc lp sau  

   [70 ;  80)  ;   [80 ;  90)  ;    [90 ;  1 00)  ;    [1 00 ;  1 1 0)  ;  [1 10 ;  1 20] .   

4.   Cho cc s liu thng k ghi trong bng sau  

Chiu cao ca 35 cy bch n (n v :  m)  

6,6 7,5  8,2 8,2 7,8  7,9  9,0 8,9  8,2 

7,2 7,5  8,3  7,4 8,7  7,7  7,0 9,4 8,7  

8,0 7,7  7,8  8,3  8,6 8,1  8,1  9,5  6,9  

8,0 7,6 7,9  7,3  8,5  8,4 8,0 8,8   
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a)  Lp bng phn b tn sut ghp lp,  vi cc lp sau 

[6,5  ;  7 ,0)  ;  [7,0 ;  7,5)  ;  [7,5  ;  8 ,0)  ;  [8,0 ;  8 ,5)  ;  [8,5  ;  9,0)  ;  [9,0 ;  9,5] .  

b)  Da vo kt qu ca cu a),  hy nu nhn xt v chiu cao ca 35  cy 
bch n ni trn.  

 
 
 

 

 

 
I   Biu  tn sut hnh ct v  ng gp khc tn sut  

Ta c th m t mt cch trc quan cc bng phn b tn sut (hoc tn 
s),  bng phn b tn sut (hoc tn s)  ghp lp bng biu  hoc  ng 
gp khc.  

1 .  Biu   tn  sut hnh  ct 

V d 1 .   m t bng phn b tn sut ghp lp (bng 4)  trong 1 ,  c th 
v biu  tn sut hnh ct sau (h.34).  

 

 

 

 

 

 

 
 
 
 
 

 
Hnh 34.  Biu  tn sut hnh ct v chiu cao (cm)  ca 36 hc sinh.  
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2.   ng gp khc tn  sut 

Bng phn b tn sut ghp lp k trn (bng 4)  cng c th  c m t 
bng mt  ng gp khc,  v nh  sau.  

Trn mt phng to , xc nh cc im ( ; )i ic f ,  i  =  1 ,  2,  3,  4,  trong  ic  l 

trung bnh cng hai mt ca lp i  (ta gi ic  l gi tr i din ca lp  i).  

V cc on thng ni im ( ; )i ic f  vi im ( ; )1 1i ic f
+ +

,  i  =  1 ,  2,  3 ,  ta 

thu  c mt  ng gp khc,  gi l  ng gp khc tn sut (h.35).  

 

 

 

 

 

 

 
 
 
 

 

Hnh 35.   ng gp khc tn sut v chiu cao (cm)  ca 36 hc sinh.  

1   

Cho bng  phn  b tn  sut ghp lp sau   

Nhit  trung  bnh  ca thng  1 2  ti  thnh ph Vinh  t 1 961  n  1 990 (30 nm).  

Lp nhit   (
o
C)  Tn  sut (%)  

[15  ;  1 7)  1 6,7  

[1 7  ;  1 9)  43,3  

[19 ;  21 )  36,7  

[21  ;  23]  3,3  

Cng  100 (%)  

Bng 6 

Hy m t  bng  6  bng  cch  v biu   tn  sut h nh  ct v   ng  gp khc 
tn  sut.  

150 1 53  165156 162 168 159 171 174 O 1
(c )1 (c )2 (c )3 (c )4

36,1
33,3

20
16,7
13,9

. . .
Chiu cao

Tn sut
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3.   Ch   

Ta cng c th m t bng phn b tn s ghp lp bng biu  tn s 
hnh ct hoc  ng gp khc tn s.  Cch v cng nh  cch v biu  
tn sut hnh ct hoc  ng gp khc tn sut,  trong  thay trc tn sut 
bi trc tn s.  

I I   B iu    hnh  qut  

Ng i ta cn dng biu  hnh qut  m t bng c cu trong v d d i y 

V d 2.  Cho bng 7  

C cu gi tr sn xut cng nghip trong n c nm 1 997,  
phn theo thnh phn kinh t.  

Cc thnh phn kinh t S phn trm 

(1 )  Khu vc doanh nghip nh n c 

(2)  Khu vc ngoi quc doanh 

(3)  Khu vc u t  n c ngoi 

23,7  

47,3  

29,0 

Cng 1 00 (%)  

Bng 7 

Hnh 36a d i y l biu  hnh qut m t bng 7.   
 
               
 

 

 

 

 

 

 

 

a)               b)  

Hnh 36 

Ch  

Cc bng phn b tn sut ghp lp cng c th m t bng biu 
 hnh qut,  chng hn hnh 36b m t bng 6.  

36,7

43,3

16,7

3,3
[19 ;  21 )

[17 ;  1 9)

[15  ;  1 7)

[21  ;  23]

(2)
47,3

(3)
29,0

(1 )
23,7
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2  

Da vo biu   hnh  qut cho  h nh  37 d i  y,  hy lp bng  c cu  nh  trong 
v d  2.  

             

 
             (1 )  Khu vc doanh nghip nh n c 

             (2)  Khu vc ngoi quc doanh 

             (3)  Khu vc u t  n c ngoi  

 

 
 

Hnh 37.  Biu  hnh qut v c cu gi tr sn xut cng nghip trong n c nm 1 999,  
phn theo thnh phn kinh t (%).  

Bi  tp 

1.   Hy m t bng phn b tn sut ghp lp   c lp  bi tp s 2 ca 
1  bng cch v biu  tn sut hnh ct v  ng gp khc tn sut.  

2.  Xt bng phn b tn s v tn sut ghp lp   c lp  bi tp s 3  ca 1 .   

a)  Hy v biu  tn sut hnh ct,   ng gp khc tn sut.  

b)  Hy v biu  tn s hnh ct,   ng gp khc tn s.  

c)  Da vo biu  tn sut hnh ct  v  cu a),  hy nu nhn xt v 
khi l ng ca 30 c khoai ty  c kho st.  

3.   Da vo biu  hnh qut d i y (h.38),  hy lp bng c cu nh  trong 
v d 2.  

 

 
                                                                (1 )  Khu vc doanh nghip nh n c 

(2)  Khu vc ngoi quc doanh 

(3)  Khu vc u t  n c ngoi  

 

 

 

Hnh 38.  Biu  hnh qut v c cu gi tr sn xut cng nghip trong n c nm 2000,  
phn theo thnh phn kinh t (%).  

(2)
39,9

(3)
38,1

(1 )
22,0

(1 )
23,5

(2)
32,2

(3)
44,3
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 thu  c cc thng tin quan trng t cc s liu thng k,  ng i ta s dng 
nhng s c tr ng nh  s trung bnh cng,  s trung v,  mt,  ph ng sai,  
 lch chun.  Cc s c tr ng ny phn nh nhng kha cnh khc nhau 
ca du hiu iu tra.  

I    S  trung b nh  cng (hay  s  trung b nh)  

V d 1  

a)  p dng cng thc tnh s trung bnh cng  hc  lp 7,  ta tnh  c 

chiu cao trung bnh x  ca 36 hc sinh trong kt qu iu tra  c trnh 

by  bng 3  ca 1  l x    1 61 cm.  

b)  S dng bng phn b tn s v tn sut ghp lp,  ta tnh gn ng 

chiu cao trung bnh x  ca 36 hc sinh trong kt qu iu tra  c trnh 

by  bng 4 ca 1  theo hai cch sau 

Cch 1 .  S dng bng phn b tn s ghp lp 

Nhn gi tr i din ca mi lp vi tn s ca lp ,  cng cc kt qu 

li ri chia cho 36,  ta  c 

6 153 12 159 13 165 5 171

36

 +  +  + 
 162 (cm).  

Kt qu ny c ngha l chiu cao trung bnh ca 36 hc sinh k trn l 

x    1 62 cm.  

Ta cng ni 1 62 cm l s trung bnh cng ca bng 4.  

Cch 2 .  S dng bng phn b tn sut ghp lp 

Nhn gi tr i din ca mi lp vi tn sut ca lp  ri cng cc kt 

qu li ta cng  c 

, , , ,
( ).  +  +  +  

16 7 33 3 36 1 13 9
153 159 165 171 162 cm

100 100 100 100
x  
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Vy ta c th tnh s trung bnh cng ca cc s liu thng k 
theo cc cng thc sau y.  

Tr ng hp bng phn b tn s,  tn sut 

( . . . ) . . .1 1 2 2 1 1 2 2
1

k k k kx n x n x n x f x f x f x
n

= + + + = + + +  

trong   ni,  fi  ln l t l tn s,  tn sut ca gi tr xi,  n  l s 

cc s liu thng k (n1  +  n2  +  . . .  +  nk  =  n).  

Tr ng hp bng phn b tn s,  tn sut ghp lp  

( . . . ) . . .1 1 2 2 1 1 2 2
1

k k k kx n c n c n c f c f c f c
n

= + + + = + + +  

trong  ci,  ni,  fi  ln l t l gi tr i din,  tn s,  tn sut ca 

lp th i,  n l s cc s liu thng k (n1  +  n2  +  . . .+  nk =  n).  

1   

Cho bng  phn  b tn  s v tn  sut ghp lp sau  

Nhit  trung  bnh  ca thng  2  ti  thnh  ph Vinh  
t 1 961  n  ht 1 990 (30 nm).  

Lp nhit   (
o
C)  Tn  s Tn  sut (%)  

[12 ;  1 4)  1  3 ,33  

[1 4 ;  1 6)  3  10,00 

[1 6 ;  1 8)  12 40,00 

[1 8  ;  20)  9  30,00 

[20 ;  22]  5  16,67  

Cng 30 100% 

Bng 8  
a)  Hy tnh  s trung  bnh  cng  ca bng  6  v bng  8.  

b)  T kt qu  tnh   c  cu  a) ,  c nhn  xt g  v nh it   thnh  ph Vinh  
trong  thng  2  v thng  1 2  (ca 30 nm  c kho st) .  

I I    S  trung v  

V d 2 .  im thi Ton cui nm ca mt nhm 9  hc sinh lp 6 l 

1  ;  1  ;  3  ;  6  ;  7  ;  8  ;  8  ;  9  ;  1 0.  

im trung bnh ca c nhm l , .5 9x   
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Ta thy hu ht hc sinh (6 em)  trong nhm c s im v t im trung 
bnh v c nhng im v t rt xa.  Nh  vy,  im trung bnh x  khng i 
din  c cho trnh  hc lc ca cc em trong nhm.  

Khi cc s liu thng k c s chnh lch ln th s trung bnh cng khng 
i din  c cho cc s liu .  Khi  ta chn s c tr ng khc i din 
thch hp hn,   l s trung v.  

Sp th t cc s liu thng k thnh dy khng gim (hoc 
khng tng).  S trung v (ca cc s liu thng k  cho) k 

hiu Me  l s ng gia dy nu s phn t l l v l trung bnh 
cng ca hai s ng gia dy nu s phn t l chn.   

Trong v d 2 ta c Me  =  7 .  

V d 3.  im thi Ton ca bn hc sinh lp 6  c xp thnh dy khng 

gim l 1  ;  2, 5 ; 8  ;  9,5 .  

Trong dy ny c hai s ng gia l 2,5  v 8 .   

Khi ,  ta chn s trung v l trung bnh cng ca hai s ny  

,2 5 8

2eM
+

= =  5 ,25.  

2  

Trong  bng  phn  b tn  s,  cc s l iu  thng  k   c sp th t thnh dy 
khng  gim theo cc gi tr  ca chng.  

Hy tm s trung  v  ca cc s l iu  thng  k cho  bng  9.  

S o bn  c trong mt qu  mt ca hng bn o s mi nam 

C o 36 37 38 39 40 41  42 Cng  

Tn  s 
(s o bn   c)

1 3 45 1 26 1 1 0 1 26 40 5 465 

Bng 9  

I I I    Mt  

  lp 7  ta  bit   

Mt ca mt bng phn b tn s l gi tr c tn s ln nht 

v  c k hiu l MO .   

Nu trong bng phn b tn s c hai gi tr c tn s bng nhau v ln hn 
tn s ca cc gi tr khc th chn mt l gi tr no ?  Ta xt bng 9   trn.  
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Trong bng 9,  c hai gi tr l 38  v 40 cng c tn s ln nht l 1 26,  
trong tr ng hp ny ta coi rng c hai mt l 

( )
,

1 38OM =     ( )
.

2 40OM =  

Kt qu va thu  c cho thy rng trong kinh doanh,  ca hng nn u tin 
nhp hai c o s 38  v s 40 nhiu hn.  

Bi  tp 

1.   Tnh s trung bnh cng ca cc bng phn b   c lp  bi tp s 1  v 
bi tp s 2 ca 1 .  

2.   Trong mt tr ng THPT,   tm hiu tnh hnh hc mn Ton ca hai lp 
1 0A v 1 0B,  ng i ta cho hai lp thi Ton theo cng mt  thi v lp  c 
hai bng phn b tn s ghp lp sau y  

im thi Ton ca lp 1 0A  

Lp im thi Tn s 

[0 ;  2)  

 [2 ;  4)  

 [4 ;  6)  

 [6 ;  8)  

   [8  ;  1 0]  

2 

4 

12 

28  

4 

Cng 50 

im thi Ton ca lp 1 0B 

Lp im thi Tn s 

[0 ;  2)  

[2 ;  4)  

[4 ;  6)  

[6 ;  8)  

[8  ;  1 0]  

4 

1 0 

1 8  

1 4 

5  

Cng 51  

Tnh cc s trung bnh cng ca hai bng phn b  trn v nu nhn xt 
v kt qu lm bi thi ca hai lp.  
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3.   iu tra tin l ng hng thng ca 30 cng nhn ca mt x ng may,  ta c 
bng phn b tn s sau 

Tin l ng ca 30 cng nhn x ng may  

Tin l ng (nghn ng)  300 500 700 800 900 1000 Cng 

Tn s 3  5  6  5  6 5  30 

Tm mt ca bng phn b trn.  Nu  ngha ca kt qu  tm  c.  

4.   Tin l ng hng thng ca 7  nhn vin trong mt cng ti du lch l :  650,  
840,  690,  720,  2500,  670,  3000 (n v :  nghn ng).  

 Tm s trung v ca cc s liu thng k  cho.  Nu  ngha ca kt qu 
 tm  c.  

5.   Cho bit tnh hnh thu hoch la v ma nm 1 980 ca ba hp tc x  a 
ph ng V nh  sau 

Hp tc x Nng sut la (t/ha) Din tch trng la (ha)  

A 

B 

C  

40 

38  

36 

1 50 

1 30 

1 20 

Hy tnh nng sut la trung bnh ca v ma nm 1980 trong ton b ba 
hp tc x k trn.  

 

 

I   Ph ng sai  

V d 1 .  Cho bit gi tr thnh phm quy ra tin (nghn ng)  trong mt 
tun lao ng ca 7  cng nhn  t 1  l  

       1 80,   1 90,   1 90,   200,   210,   21 0,   220,      (1 )  

cn ca 7  cng nhn  t 2 l  

       1 50,   1 70,   1 70,   200,   230,   230,   250.       (2)  
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Ta thy s trung bnh cng x  ca dy (1 )  v s trung bnh cng y  ca dy 

(2) bng nhau  

x y= =  200.  

Tuy nhin,  khi so snh dy (1 )  v dy (2)  ta thy cc s liu  dy (1 )  gn 
vi s trung bnh cng hn,  nn chng ng u hn.  Khi  ta ni cc s 
liu thng k  dy (1 )  t phn tn hn dy (2).  

 tm s o  phn tn  (so vi s trung bnh cng)  ca dy (1 )  ta tnh  

Cc  lch ca mi s liu thng k i vi s trung bnh cng    

(180   200)  ;  (1 90   200)  ;  (1 90   200)  ;  (200   200)  ;  (210   200)  ;  
(210   200)  ;  (220   200).   

Bnh ph ng cc  lch v tnh trung bnh cng ca chng,  ta  c 

( ) ( ) ( ) ( ) ( )2 2 2 2 2
2
1

180 200 2 190 200 200 200 2 210 200 220 200

7

 +  +  +  + 
=s  

    1 71 ,4.  

S 2
1s   c gi l ph ng sai  ca dy (1 ).  

T ng t ph ng sai 2
2s  ca dy (2)  l 

( ) ( ) ( ) ( ) ( )2 2 2 2 2
2
2

150 200 2 170 200 200 200 2 230 200 250 200

7

 +  +  +  + 
=s  

    1 228,6.  

Ta thy ph ng sai ca dy (1 )  nh hn ph ng sai ca dy (2).  iu  
biu th  phn tn ca cc s liu thng k  dy (1 )  t hn  dy (2).  

V d 2.  Tnh ph ng sai 2s  ca cc s liu thng k cho  bng 4,  1  
(cng gi l ph ng sai ca bng 4).  

S trung bnh cng ca bng 4 l x  =  1 62 cm.   

Mi s liu thng k thuc mt lp  c thay th bi gi tr i din ca lp .   

a)  Ph ng sai 2s  ca bng 4 (bng phn b tn s v tn sut ghp lp)  
 c tnh nh  sau 

( ) ( ) ( ) ( )2 2 2 2
2 6 153 162 12 159 162 13 165 162 5 171 162

36

 +  +  + 
=s  

     31 .                                                                                                   (3)  



 1 25  

H thc (3)  biu th cch tnh gn ng ph ng sai ca bng 4  theo tn s.  

b)  T (3)  ta c 

( ) ( ) ( ) ( )2 2 2 2 26 12 13 5
153 162 159 162 165 162 171 162

36 36 36 36
=  +  +  + s

hay 

     
, , , ,

( ) ( ) ( ) ( )2 2 2 2 216 7 33 3 36 1 13 9
153 162 159 162 165 162 171 162

100 100 100 100
  +  +  + s  

       31 .                                                                                                    (4)  

H thc (4) biu th cch tnh gn ng ph ng sai ca bng 4 theo tn sut.  

Ch  

a)  Khi hai dy s liu thng k c cng n v o v c s 
trung bnh cng bng nhau hoc xp x nhau,  nu ph ng sai 
cng nh th mc  phn tn (so vi s trung bnh cng)  ca 
cc s liu thng k cng b.  

b)  C th tnh ph ng sai theo cc cng thc sau y 

Tr ng hp bng phn b tn s,  tn sut 

( ) ( ) . . . ( )

( ) ( ) . . . ( ) .

2 2 2 2
1 1 2 2

2 2 2
1 1 2 2

1  =  +  + +  

=  +  + + 

k k

k k

s n x x n x x n x x
n

f x x f x x f x x

 

trong  in ,  if  ln l t l tn s,  tn sut ca gi tr ix  ;  n  l 

s cc s liu thng k 1 2( . . . )kn n n n= + + +  ;  x  l s trung 

bnh cng ca cc s liu  cho.  

Tr ng hp bng phn b tn s,  tn sut ghp lp 

( ) ( ) . . . ( )

( ) ( ) . . . ( ) .

2 2 2 2
1 1 2 2

2 2 2
1 1 2 2

1  =  +  + +  

=  +  + + 

k k

k k

s n c x n c x n c x
n

f c x f c x f c x

 

trong  ic ,  in ,  if  ln l t l gi tr i din,  tn s,  tn sut 

ca lp th i  ;  n  l s cc s liu thng k 

1 2( . . . )kn n n n= + + +  ;  x  l s trung bnh cng ca cc s 

liu thng k  cho.  
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Ngoi ra,  ng i ta cn chng minh  c cng thc sau 

( )2 2 2
= s x x  

trong  2x  l trung bnh cng ca cc bnh ph ng s liu 

thng k,  tc l 

( . . . ) . . .2 2 2 2 2 2 2
1 1 2 2 1 1 2 2

1
k k k kx n x n x n x f x f x f x

n
= + + + = + + +  

(i vi bng phn b tn s,  tn sut),  

( . . . ) . . .2 2 2 2 2 2 2
1 1 2 2 1 1 2 2

1
k k k kx n c n c n c f c f c f c

n
= + + + = + + +  

(i vi bng phn b tn s,  tn sut ghp lp).  

1   

Hy tnh  ph ng  sai  ca bng  6  ( 2).   

I I      lch  chun 

Trong v d 2  trn,  ta  tnh  c ph ng sai ca bng 4 ( 1 )  bng 

.2 31s  Nu   n n v o th ta thy n v o ca 2s  l cm
2
 (bnh  

ph ng n v o ca du hiu  c nghin cu).  Mun trnh iu ny,  c 

th dng cn bc hai ca ph ng sai gi l   lch chun  (ca bng 4)  v 
k hiu l s.  Vy 

, ( ).2 31 5 6=  s s cm  

Ph ng sai  2s  v  lch chun  s  u  c dng  nh gi 
mc  phn tn ca cc s liu thng k (so vi s trung 
bnh cng).  Nh ng khi cn ch  n n v o th ta dng s,  
v s c cng n v o vi du hiu  c nghin cu.   

2  

Hy tnh   lch  chun  ca bng  6  ( 2).   
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b i    c  t h  m   

S dng  my tnh  b  t i  CAS I O  fx    500MS  
  t  m  s  trung  b  nh  cng  v 
  lch  chun  

V d.  Cho bng  phn  b tn  s 

Khi l ng ca 30 con thn ln 

Khi  l ng  (gam) 140 1 50 1 60 1 70 1 80 1 90 Cng  

Tn  s 2 3  5  9  8  3  30 

S dng  my tnh  b t i  CASIOfx500MS,  
ta  tm  s trung  bnh  cng  x  v   lch  
chun  s  ca bng  phn  b  cho nh  sau  

1 .  Chn  MODE cho php tnh  thng  k :  

n    MODE   2    

2.  Xo nhng  bi  thng  k c  

n  ln  l t  SHIFT    CLR     1       =:   .   

3.  Nhp d l iu  

n  l in  tip 1 40   SH IFT     ;     2    DT  ,   

1 50    SHIFT     ;     3    DT  ,   

T ng  t i  vi  cc ct 1 60,  1 70,  1 80,  1 90.  

4.  Gi  kt qu  

a)   tm x ,  n   SH IFT   SVAR     1    =    .  

Kt qu l  x   =  1 69 (gam).  

b)   tm  s,  n   SHIFT   SVAR     2    =    .  d  

Kt qu cho g i  tr  x    n    13 ,5  ;  y chnh  l  g i  tr  s  cn  tm.  

5.  Ch   

a)  Khng  cn  nhp ng  th t ca s l iu .  

 gi  d l iu  ( nhp) ,  n      hoc      .   

C th h iu  chnh  s l iu  hoc tn  s nh  sau    

Gi  s l iu  (hay tn  s)  ,  ri  nhp g i  tr  mi  v  n = ,  g i  tr  mi  s  thay th 

g i tr  c .  

C th xo mt d l iu  bng  cch  gi  n ln ,  ri  n   SHIFT    CL  (cc  
d l iu  cn  li  s t ng  dn  s th t li ) .  

b)  i  vi  bng  phn  b tn  s ghp lp,  ta  s dng  cc g i  tr  i  d in  ca cc 
lp v lm t ng  t.  
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Bi  tp 

1.   Tnh ph ng sai v  lch chun ca bng phn b tn s   c lp  
bi tp 1  v ca bng phn b tn s ghp lp cho  bi tp 2 ca 1 .  

2.   Hai lp 1 0C,  1 0D ca mt tr ng Trung hc ph thng ng thi lm bi 
thi mn Ng vn theo cng mt  thi.  Kt qu thi  c trnh by  hai 
bng phn b tn s sau y 

im thi Ng vn ca lp 1 0C 

im thi 5  6 7  8  9  1 0 Cng 

Tn s 3  7  1 2 1 4 3  1  40 

im thi Ng vn ca lp 1 0D 

im thi 6 7  8  9  Cng 

Tn s 8  1 8  1 0 4 40 

a)  Tnh cc s trung bnh cng,  ph ng sai,   lch chun ca cc bng 
phn b tn s  cho.  

b)  Xt xem kt qu lm bi thi ca mn Ng vn  lp no l ng u hn ?  

3.   Cho hai bng phn b tn s ghp lp 

Khi l ng ca nhm c m th 1  

Lp khi l ng (kg) [0,6 ;  0,8) [0,8 ;  1,0) [1,0 ;  1,2) [1,2 ;  1,4]  Cng 

Tn s 4 6 6 4 20 

Khi l ng ca nhm c m th 2  

Lp khi l ng  (kg) [0,5 ;  0,7) [0,7 ;  0,9) [0,9 ;  1,1) [1,1  ;  1,3) [1,3 ;  1,5]  Cng 

Tn s 3  4 6 4 3  20 

a)  Tnh cc s trung bnh cng ca cc bng phn b tn s ghp lp  cho.  

b)  Tnh ph ng sai ca cc bng phn b tn s ghp lp  cho.  

c)  Xt xem nhm c no c khi l ng ng u hn ?  

1.   Ch r cc b c   

a)  Lp bng phn b tn sut ghp lp ;  

b)  Lp bng phn b tn s ghp lp.  



 1 29 

2.   Nu r cch tnh s trung bnh cng,  s trung v,  mt,  ph ng sai v  
lch chun.  

3.   Kt qu iu tra 59 h gia nh  mt vng dn c  v s con ca mi h 
gia nh  c ghi trong bng sau  

3  2 1  1  1  1  0 2 4 0 3  0 

1  3  0 2 2 2 1  3  2 2 3  3  
2 2 4 3  2 2 4 3  2 4 1  3  

0 1  3  2 3  1  4 3  0 2 2 1  
2 1  2 0 4 2 3  1  1  2 0  

a)  Lp bng phn b tn s v tn sut ;  

b)  Nu nhn xt v s con ca 59 gia nh   c iu tra ;  

c)  Tnh s trung bnh cng, s trung v,  mt ca cc s liu thng k  cho.  

4.   Cho cc s liu thng k  c ghi trong hai bng sau y  

Khi l ng (tnh theo gam)  ca nhm c th 1  

645  650 645  644 650 635  650 654 

650 650 650 643  650 630 647 650 

645  650 645  642 652 635  647 652 

 Khi l ng (tnh theo gam)  ca nhm c th 2 

640 650 645  650 643  645  650 650 642 

640 650 645  650 641  650 650 649 645  

640 645  650 650 644 650 650 645  640 

a)  Lp bng phn b tn s v tn sut ghp lp theo nhm c th 1  vi cc 
lp l  

[630 ;  635)  ;    [635  ;  640)  ;  [640 ;  645)  ;     [645  ;  650)  ;   [650 ;  655]  ;  

b)  Lp bng phn b tn s v tn sut ghp lp theo nhm c th 2 vi cc 
lp l  

[638  ;  642)  ;   [642 ;  646)  ;  [646 ;  650)  ;  [650 ;  654]  ;  

c)  M t bng phn b tn sut ghp lp   c lp  cu a)  bng cch v 
biu  tn sut hnh ct v  ng gp khc tn sut ;  

d)  M t bng phn b tn s ghp lp   c lp  cu b), bng cch v biu 
 tn s hnh ct v  ng gp khc tn s ;  
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e)  Tnh s trung bnh cng,  ph ng sai v  lch chun ca cc bng phn 
b tn s v tn sut ghp lp  lp  c.  

T ,  xt xem nhm c no c khi l ng ng u hn.  

5.   Cho cc s liu thng k  c ghi trong bng sau 

Mc l ng hng nm ca cc cn b v nhn vin trong mt cng ti (n 

v :  nghn  ng)  

20910 76000 20350 20060 

21410 201 10 21410 21360 

20350 21 130 20960 1 25000 

Tm mc l ng bnh qun ca cc cn b v nhn vin trong cng ti,  s 
trung v ca cc s liu thng k  cho.  

Nu  ngha ca s trung v.   

6.   Ng i ta  tin hnh thm d  kin ca khch hng v cc mu 1 ,  2,  3,  4,  5  
ca mt loi sn phm mi  c sn xut  mt nh my.  D i y l bng 
phn b tn s theo s phiu tn nhim dnh cho cc mu k trn.  

Mu 1  2 3  4 5  Cng 

Tn s 2100 1860 1950 2000 2090 10000 

a)  Tm mt ca bng phn b tn s  cho.  

b)  Trong sn xut,  nh my nn u tin cho mu no ?  

Bi  tp trc nghim 

Chn ph ng n ng trong cc bi tp sau 

7.   Cho bng phn b tn s 

Tin th ng (triu ng)  cho cn b v nhn vin trong mt cng ti.  

Tin th ng 2  3  4  5  6  Cng  

Tn s 5  15  10  6 7  43  

Mt ca bng phn b tn s  cho l 

(A)  2 triu ng ;             (B)  6  triu ng ;  

(C)  3  triu ng ;            (D)  5  triu ng.  
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8.   Cho bng phn b tn s 

Tui ca 1 69 on vin thanh nin 

Tui  1 8  1 9 20 21  22 Cng 

Tn s 1 0 50 70 29 1 0 1 69 

S trung v  ca bng phn b tn s  cho l 

(A)  1 8  tui ;             (B)  20 tui ;  

(C)  1 9  tui ;             (D)  21  tui.  

9.   Cho dy s liu thng k :  21 ,  23 ,  24,  25,  22,  20.  

S trung bnh cng ca cc s liu thng k  cho l 

(A)  23 ,5  ;            (B)  22 ;  

(C)  22,5  ;            (D)  1 4.  

10.   Cho dy s liu thng k :  1 ,  2,  3 ,  4,  5 ,  6,  7.  

Ph ng sai ca cc s liu thng k  cho l 

(A)  1  ;             (B)  2 ;  

(C)  3  ;             (D)  4.  

11.   Ba nhm hc sinh gm 1 0 ng i,  1 5  ng i,  25  ng i.  Khi l ng trung 
bnh ca mi nhm ln l t l :  50 kg,  38  kg,  40 kg.  Khi l ng trung bnh 
ca c ba nhm hc sinh l 

(A)  41 ,4 kg ;           (B)  42,4 kg ;   

(C)  26 kg ;           (D)  37  kg.  

Bi  tp thc hnh dnh cho cc nhm hc sinh 
(mi  nhm t 3  n  5 hc sinh)  

Chn mt lp hc trong tr ng ri thc hin cc hot ng sau 

1.   iu tra v thu thp cc s liu thng k trn lp hc  chn theo mt du 
hiu no  do nhm t la chn (v d nh  s anh ch em rut ca tng 
gia nh ;  thi gian dnh cho hc Ton  nh ca mi hc sinh ;  chiu cao 
ca mi ng i trong lp ;  im kim tra Ton ca tng hc sinh trong k 
kim tra gn nht ;  . . . ) .  

2.   Trnh by,  phn tch,  x l cc s liu thng k  thu thp  c.  

3.   Rt ra kt lun v  xut cc kin ngh.  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Trong  ch ng  ny,  hc sinh   c cung  cp cc khi  n im   
 v   ng  trn  nh  h ng,  cung  v gc l ng  gic (m    

 rng  khi  n im cung  v gc h nh  hc)  chun  b  cho vic 
xy dng  khi  n im cc hm s l ng  gic  lp 1 1 .  Cng 
trong  ch ng  ny,  hc sinh   c hc cc cng  thc l ng 
gic c bn  nht v bit vn  dng  cc cng  thc ny  

thc h in  cc bin  i  l ng  gic.  
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I    Khi  nim  cung v  gc  l ng gic  

1 .   ng trn  nh  h ng  v cung  l ng  gic 

Ct mt hnh trn bng ba cng,  nh du 
tm O  v  ng knh AA ' .  nh mt si dy 
vo hnh trn ti A .  Xem dy nh  mt trc s 
t't,  gc ti A ,  n v trn trc bng bn knh 

OA.  Nh  vy hnh trn ny c bn knh R  =  1 .  

Cun dy p st  ng trn,  im 1  trn trc 

t't  chuyn thnh im M1  trn  ng trn,  

im 2 chuyn thnh im M2,  . . .  ;  im 1  

thnh im N1 ,  . . .  (h.39).  

Nh  vy mi im trn trc s  c t t ng 
ng vi mt im xc nh trn  ng trn.  

Nhn xt 

a)  Vi cch t t ng ng ny hai im khc 
nhau trn trc s c th ng vi cng mt 
im trn  ng trn.  Chng hn im 1  trn 

trc s ng vi im M1 ,  nh ng khi cun 

quanh  ng trn mt vng na th c mt 

im khc trn trc s cng ng vi im M1 .   

b)  Nu ta cun tia At  theo  ng trn nh  trn hnh 39 th mi s thc 
d ng t  ng vi mt im M  trn  ng trn.  Khi t  tng dn th im M  
chuyn ng trn  ng trn theo chiu ng c chiu quay ca kim ng 
h.  T ng t,  nu cun tia At'  theo  ng trn th mi s thc m t  ng vi 
mt im M  trn  ng trn v khi t  gim dn th im M  chuyn ng 
trn  ng trn theo chiu quay ca kim ng h.  

Hnh 39  

2

1

A

1

2

t'

O
A '

M2

t

M1

N1
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Ta i ti khi nim  ng trn nh h ng sau y :  

 ng trn nh h ng  l mt 
 ng trn trn  ta  chn mt 
chiu chuyn ng gi l chiu 
d ng,  chiu ng c li l chiu m.  
Ta quy c chn chiu ng c vi 
chiu quay ca kim ng h lm 
chiu d ng (h.40).   

Trn  ng trn nh h ng cho hai im A  v B.  Mt im M  di ng trn 
 ng trn lun theo mt chiu (m hoc d ng)  t A  n B  to nn mt 
cung l ng gic  c im u A  im cui B.  

    Hnh 41  cho ta hnh nh ca bn cung l ng gic khc nhau c cng im 
    u A ,  im cui B.  

 

 

 

 

       a)         b)           c)          d)  

Hnh 41  

Ta c th hnh dung mt im M di ng trn  ng trn t A  n B  theo chiu 
ng c vi chiu quay ca kim ng h,  n ln l t to nn cc cung t 
m trn hnh 41 .  Nu dng li ngay khi gp B  ln u,  n to nn cung t 
m trn hnh 41a),  nu n dng li sau khi quay mt vng ri i tip gp 
B  ln th hai n to nn cung t m trn hnh 41b),. . .  

Khi M  di ng theo chiu ng c li,  n to nn cung t m trn hnh 41d)  
nu n dng li khi gp B  ln u,. . .  

Mi ln im M  di ng trn  ng trn nh h ng lun theo mt chiu 
(m hoc d ng)  t im A  v dng li  im B,  ta  c mt cung l ng 
gic im u A  im cui B.  Nh  vy 

 Vi hai im A,  B  cho trn  ng trn nh h ng ta c v 
s cung l ng gic  im u A,  im cui B.  Mi cung nh  

vy u  c k hiu l AB .  

Hnh 40  

A
+ 

_

O O O O AA A A

B B

BB
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Ch  

Trn mt  ng trn nh h ng,  ly hai im A  v B  th  

K hiu AB  ch mt cung hnh hc (cung ln hoc cung b)  
hon ton xc nh.  

K hiu AB  ch  mt cung l ng gic im u A,  im cui B.  

2.   Gc l ng  gic 

Trn  ng trn nh h ng cho mt 

cung l ng gic CD  (h.42).  Mt im M  
chuyn ng trn  ng trn t C  ti D  

to nn cung l ng gic CD  ni trn.  
Khi  tia OM  quay xung quanh gc O  
t v tr OC  ti v tr OD .  Ta ni tia OM  
to ra mt gc l ng gic,  c tia u l 
OC,  tia cui l OD .  K hiu gc l ng 
gic  l (OC,  OD).   

3.    ng trn  l ng  gic 

Trong mt phng to  Oxy  v  ng 
trn nh h ng tm O  bn knh R  =  1  
(h.43).   

 ng trn ny ct hai trc to  ti 
bn im A(1  ;  0),  A '(1  ;  0),  B(0 ;  1 ) ,  
B'(0 ;  1 ).  Ta ly A(1  ;  0)  lm im gc 
ca  ng trn .  

 ng trn xc nh nh  trn  c gi l  ng trn l ng gic  (gc A) .   

I I    S  o  ca cung v  gc  l ng gic  

1 .    v raian  

a)  n v  raian 

n v    c s dng  o gc t rt lu i.  Trong Ton hc v Vt 
l ng i ta cn dng mt n v na  o gc v cung,   l raian (c l 
ra-i-an).  

D 

M O 

C

Hnh 42  

Hnh 43  

O 

A'( 1  ;  0) A(1  ;  0)

B(0 ;  1 )

B'(0 ;  1 )

y 

x

+
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Trn hnh 39 ta thy  di cung nh 1AM  bng 1  n v,  tc l bng  di 

bn knh.  Ta ni s o ca cung 1AM  (hay s o ca gc  tm 1AOM )  bng 

1  raian (vit tt l 1  rad).  Tng qut 

     Trn  ng trn tu ,  cung c  di bng bn knh  c gi 
     l  cung c s o 1  rad.  

b)  Quan h gia  v raian 

Ta bit  di cung na  ng trn l R,  nn trong hnh 43  s o ca 

cung 'AA  (hay gc bt 'AOA )  l   rad (v R  =  1 ) .  V gc bt c s o  l 

1 80 nn ta vit 1 80
o
 =    rad.  

Suy ra     1
o
 =  

1 80


 rad v 1  rad =  

o
180 

 
 

.  

Vi     3 ,1 4 th ,

o1 0 01745 rad  v 1  rad   57
o
17'45" .  

Ch  

Khi vit s o ca mt gc (hay cung)  theo n v raian,  
ng i ta th ng khng vit ch rad sau s o.  Chng hn cung 

2


  c hiu l cung 

2


 rad.  

Bng chuyn i thng dng 

 30
o

45
o
 60

o
 90

o
 1 20

o
135

o
150

o
 1 80

o
 

Raian 
6


 

4


 

3


 

2


 

2

3


 

3

4


 

5

6


   

1  

S dng  my tnh  b t i   i  t  sang  raian  v ng c li .  

Nu  dng  my tnh  CASIO fx500MS  ta  lm nh  sau    

a)  i  35o47'25''  sang  raian  

n  ba ln  phm  MODE  ri  n   2    mn  h nh  h in  ch  R  .  Sau   n  l in  tip 

 3     5    . , , ,   4     7   . , , ,   2     5    . , , ,   SHIFT    

 DRG     1     =  :  

cho kt qu 0,6247  ( lm trn  n  bn  ch s thp phn).  
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b)  i  3  rad  ra    

n  ba ln  phm  MODE  ri  n   1    mn  hnh  hin  ch  D  .  Sau   n  l in  tip 

 3    SHIFT    DRG    2    = :   SHIFT   . , , ,   

cho kt qu 171
o
5314  ( lm trn  n g iy).  

c)   di ca mt cung trn 

Trn  ng trn bn knh R,  cung na  ng trn c s o l   rad v c 
 di l R.  Vy 

Cung c s o   rad ca  ng trn bn knh  R  c  di  

  l  =  R .   

2.  S o ca mt cung l ng  gic 

V d.  Xt cung l ng gic AB  trong hnh 44a).  Mt im M  di ng trn 

 ng trn theo chiu d ng.  Khi M di ng t A  n B  to nn cung 
1

4
 

 ng trn,  ta ni cung ny c s o ,

2


 sau  i tip mt vng trn na 

(thm 2),  ta  c cung l ng gic AB  c s o l .

5
2

2 2

 
+  =  

T ng t,  cung l ng gic AB  trong hnh 44b)  c s o l  

.

9
2 2

2 2

 
+  +  =  

Cung l ng gic AC  trong hnh 44c)  li c s o l 

.

25
2 2 2

4 4

 
       =   

 

 

 

 

 

a)         b)          c)  

 Hnh 44  

A x

y

A

BB

y 

xO
O

C

y

xO

A
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T cc v d nu trong hnh 44 ta thy  

S o ca mt cung l ng gic  AM  (A  M)  l mt s thc,  

m hay d ng.  

K hiu s o ca cung AM  l s AM .   

2  

Cung l ng  gic AD  (h.45)  c s o l  bao nhiu  ?  

Ghi nh 

S o ca cc cung l ng gic c cng 
im u v im cui sai khc nhau mt 

bi ca 2.   Ta vit 

s AM =    +  k2,  k    

trong    l s o ca mt cung l ng gic tu  c im u l A  v 
im cui l M.  

Khi im cui M  trng vi im u A  ta c 

s  =  k2,  k   ;  

khi k =  0  th s AA  =  0.  

Ng i ta cng vit s o bng .  Cng thc tng qut ca s o bng  

ca cc cung l ng gic AM  l 

s AM =  ,

o o360a k+  k    

trong  a
o
 l s o ca mt cung l ng gic tu  c im u l A  v im 

cui l M.  

3.  S o ca mt gc l ng  gic 

Ta nh ngha  

S o ca gc l ng gic  (OA,  OC)  l s o ca cung l ng 

gic AC  t ng ng.   

 

Hnh 45  

A

y 

x
O

D
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3 
Tm s o ca cc gc l ng  g ic (OA,  OE)  
v (OA ,  OP)   trn  h nh  46  (im E  l  im 

chnh  gia ca cung  ' 'A B ,   =
1

3
AP AB ).  

Vit  s  o  ny theo n  v  raian  v theo 
n  v  .  

 

 

Ch  

V mi cung l ng gic ng vi mt gc l ng gic v ng c 
li,  ng thi s o ca cc cung v gc l ng gic t ng ng 
l trng nhau,  nn t nay v sau khi ta ni v cung th iu  
cng ng cho gc v ng c li.  

4.   Biu  din  cung l ng  gic trn   ng  trn  l ng  gic 

Chn im gc A(1  ;  0)  lm im u ca tt c cc cung l ng gic trn 
 ng trn l ng gic.   biu din cung l ng gic c s o   trn  ng 
trn l ng gic ta cn chn im cui M  ca cung ny.  im cui M   c 

xc nh bi h thc s AM  =  .  

V d.  Biu din trn  ng trn l ng gic cc cung l ng gic c s o 
ln l t l 

a)
25

4
;    b)  765

o
.  

Gii 

a) . .
 
= + 

25
3 2

4 4
  

Vy im cui ca cung 
25

4
 l im 

chnh gia M  ca cung nh AB  (h.47).  

b)  765
o
 =   45

o
 +  (2)  . 360

o
.  

Vy im cui ca cung 765
o
 l im 

chnh gia N  ca cung nh 'AB  (h.47).  Hnh 47 

Hnh 46  

y 

x

B 

A 

P 

E 

A' 

B'

O

O 

y 

x

N 

M 

A' 

B' 

A 

B
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Bi  tp 

1.   Khi biu din cc cung l ng gic c s o khc nhau trn  ng trn 
l ng gic,  c th xy ra tr ng hp cc im cui ca chng trng nhau 
khng ?  Khi no tr ng hp ny xy ra ?  

2.   i s o ca cc gc sau y ra raian  

a) o18 ;             b) '
o57 30 ;     

c) o25 ;            d) '
o125 45 .   

3.   i s o ca cc cung sau y ra ,  pht,  giy 

a)


18
 ;             b)

3

16
;      

c) 2  ;             d)  .
3

4
 

4.   Mt  ng trn c bn knh 20cm.  Tm  di ca cc cung trn  ng 
trn  c s o 

a)


15
;      b)  1 ,5  ;      c) o37 .  

5.   Trn  ng trn l ng gic hy biu din cc cung c s o 

a)




5

4
;             b) o135 ;     

c)
10

3
;             d)  o225 .  

6.   Trn  ng trn l ng gic gc A ,  xc nh cc im M  khc nhau,  bit 

rng cung AM  c s o t ng ng l (trong  k  l mt s nguyn tu )  

 a)  k  ;      b)  


2
k ;      c)  k .



3
 

7.   Trn  ng trn l ng gic cho im M xc nh bi s AM  =    (0 <   <
2



).  

Gi , ,1 2 3M M M  ln l t l im i xng ca M  qua trc Ox,  trc Oy  v 

gc to .  Tm s o ca cc cung , , .1 2 3AM AM AM  
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I    gi  tr  l ng gic  ca cung    

1   

Nhc li  khi  n im gi tr  l ng  gic ca gc ,  0
o
       180

o
.   

Ta c th m rng  khi  n im g i tr  l ng  gic cho cc cung  v gc l ng  g ic.  

1 .  nh  ngha 

Trn  ng trn l ng gic cho cung 

AM c s AM =  (cn vit AM =)   
(h.48).  

Tung  y  =  OK  ca im M  gi l sin 
ca   v k hiu l sin .  

sin    =  OK .  

Honh  x  =  OH  ca im M  gi l 
csin ca   v k hiu l cos .  

cos OH = .  

Nu cos    0,  t  s 
sin

cos




 gi l tang ca   v k hiu l tan  (ng i ta 

cn dng k hiu tg )  

sin .tan
cos





=  

Nu sin    0,  t s 
cos

sin




 gi l ctang ca   v k hiu l cot  (ng i ta 

cn dng k hiu cotg )  

cos .cot
sin





=  

Cc gi tr sin ,  cos ,  tan ,  cot   c gi l cc gi tr 

l ng gic ca cung .  

Ta cng gi trc tung l trc sin,  cn trc honh l trc csin.  

Hnh 48 

O 

y 

x

K 
M 

A' 

B' 

A 

B

H
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Ch  

1 .  Cc nh ngha trn cng p dng cho cc gc l ng gic.  

2.  Nu 0
o
       1 80

o
 th cc gi tr l ng gic ca gc   chnh l 

cc gi tr l ng gic ca gc   nu trong SGK Hnh hc 10.  

2  

Tnh  
25

sin ,
4


 cos  (240

o
),  tan  (405

o
).   

2.  H qu 

1)  sin  v cos  xc nh vi mi     .  Hn na,  ta c 

sin  (  +  k2)   =  sin ,  k     ;  

cos  (  +  k2)  =  cos ,  k     .  

2)  V 1    OK    1  ;  1    OH    1  (h.48)  nn ta c 

      1    sin      1  

1    cos      1 .  

3)  Vi mi m     m 1    m    1  u tn ti   v   sao cho sin  =  m  v 
cos   =  m.  

4)  tan  xc nh vi mi 
2

k


 +   (k    ).  

Tht vy,  tan  khng xc nh khi v ch khi cos  =  0,  tc l im cui 

M  ca cung AM  trng vi B  hoc B'  (h.48),  hay 
2

k


= +   (k   ) .  

5)  cot  xc  nh vi mi k    (k  ).  Lp lun t ng t 4).  

6)  Du ca cc gi tr l ng gic ca 

gc   ph thuc vo v tr im cui 

ca cung AM =  trn  ng trn 
l ng gic (h.49).  

 

 

 

 

Hnh  49 

O 

y 

x

M 

A' 

B' 

A H

K

B 

I II 

III IV
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Bng xc nh du ca cc gi tr l ng gic 

Gc phn t

Gi tr l ng gic 
   IV 

cos  +   + 

sin  + +   

tan  +  +  

cot  +  +  

3.   Gi tr  l ng  gic ca cc cung c bit 

  0 
6
 

4
 

3
 

2
 

sin  0  
1

2
 

2

2
 

3

2
 1  

cos  1  
3

2
 

2

2
 

1

2
 0 

tan  0  
1

3
 1  3  Khng xc nh 

cot  Khng xc nh 3  1  
1

3
 0 

I I      ngha  hnh  hc  ca tang v  ctang 

3  

T nh  ngha ca sin  v cos ,  hy pht biu   ngha h nh  hc ca chng.   

1 .    ngha hnh  hc ca tan   

T A  v tip tuyn t'At  vi  ng trn l ng gic.  Ta coi tip tuyn ny l 

mt trc s bng cch chn gc ti A  v vect n v .i OB=
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Cho cung l ng gic AM  c s o l   

(    
2


 +  k).  Gi T  l giao im ca 

OM  vi trc t'At  (h.50).  

Gi s T  khng trng vi A.  V MH // AT,  

ta c .
AT OA

HM OH
=  T  suy ra 

AT OA

HM OH
=  .           (1 )  

V sin ,HM =  cosOH =  v OA  =  1  

nn t (1 )  suy ra 

sin
tan .

cos

HM AT
AT

OH OA





= = = =  

Khi T  trng A  th k =   v tan 0. =  Vy 

tan .AT=  

tan   c biu din bi  di i s ca vect AT


 trn trc t'At.  

Trc t'At  c gi l trc tang.  

2.    ngha hnh  hc ca cot   

T B  v tip tuyn s'Bs  vi  ng trn 
l ng gic v xc nh trn tip tuyn 
ny mt trc c gc ti B  v vect 

n v bng .OA


 

Cho cung l ng gic AM  c s o l 

  (    k) .  

Gi S  l giao im ca OM  v trc 
s 'Bs  (h.51 ).  

L lun t ng t mc trn,  ta c  

      cot .BS=  

cot   c biu din bi  di i s ca vect BS


 trn trc 
s'Bs.  Trc s'Bs  c gi l trc ctang.  

Hnh 51  

Hnh 50  

O 

y 

x

M 

A' 

B' 

A 

B

H

K

t  

t'

T



i

O 

y 

x

M 

A' 

B' 

A 

B

H

K

S 

s' s
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4 

T  ngha hnh  hc ca tan  v cot  hy suy ra vi  mi  s nguyn  k,   

tan  (  +  k)  =  tan ,  cot  (  +  k)  =  cot .  

I I I    Quan h  gia cc  gi  tr  l ng  gic  

1 .   Cng thc l ng  gic c bn  

i vi cc gi tr l ng gic,  ta c cc hng ng thc sau 

sin
2
  +  cos

2
  =  1  

1  +  tan
2
  =  ,

cos
2

1



       ,
2

k

+   k    

1  +  cot
2
  = ,

sin
2

1



       k,    k     

tan    .  cot    =  1 ,          ,
2

k
 k    .  

5  

T nh  ngha ca sin ,  cos  hy chng  minh  hng  ng  thc u  tin,  t  suy 

ra cc hng  ng  thc cn  li .   

2.   V d  p dng  

V d 1 .  Cho sin     = 
3

5
,  vi .

2



< <   Tnh cos  .  

Gii.  Ta c cos
2
  =  1    sin

2
  =  

1 6

25
,  do  cos    =  .

4

5
   

V 
2



< <   nn im cui ca cung   thuc cung phn t  th II,  do  

cos    < 0.   

Vy cos    =  .
4

5
  

V d 2 .  Cho tan    =
4

5
 ,  vi 

3

2


 <    <  2.  Tnh sin    v cos  .  
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Gii.  Ta c 

cos
2
  =  

2

1 1 25
16 411 tan 1
25



= =

+ +

 

suy ra    cos  =  .
5

41


 

V 
3

2
2



< <   nn im cui ca cung   nm  cung phn t  th IV,  do 

 cos    >  0.  Vy cos    =  .
5

41
 

T  sin    =  tan    .  cos    . .
4 5 4

5 41 41
=  =   

V d 3 .  Cho , .
2

k k


 +    

Chng minh rng 
3

cos sin

cos

 



+
 =  tan

3
  +  tan

2
  +  tan    +  1 .  

Gii.  V     
2

k

+   nn cos      0,  do  c hai v ca ng thc cn 

chng minh u c ngha.  Ta c 

    
3 2

cos sin 1 cos sin.
coscos cos

   

 

+ +
=  

         =  (1  +  tan
2
)  (1  +  tan)  

          =  3 2tan tan tan 1 .  + + +  

3.   Gi tr  l ng  gic ca cc cung c l in  quan  c bit 

1 )  Cung i nhau :    v .   

Cc im cui ca hai cung   = AM  

v   = 'AM  i xng nhau qua trc 
honh (h.52),  nn ta c  

cos  ()  =  cos    

sin  ()   =  sin    

tan  ()   =  tan    

cot  ()  =  cot  .  

 Hnh 52  

O 

y 

x

M 

A' 

B' 

A 

B

H

M'
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2)  Cung b nhau :   v     .   

Cc im cui ca hai cung   = AM  v 

      = 'AM  i xng nhau qua trc tung 

(h.53), nn ta c  

sin  (    )   =  sin    

cos  (    )  =   cos    

tan  (    )  =   tan    

cot  (    )  =   cot  .  

3)  Cung hn km  :    v (  +  ) .  

Cc im cui ca hai cung   v (  +  )  i 
xng nhau qua gc to  O  (h.54),  nn ta c 

sin  (  +  )   =   sin    

cos  (  +  )  =   cos    

tan  (  +  )   =  tan    

cot  (  +  )   =  cot  .  

4)  Cung ph nhau :    v .
2


 

 
 

         Hnh 54  

Cc im cui ca hai cung   v 
2


 

 
 

 i xng nhau qua phn gic  d 

ca gc xOy  (h.55),  nn ta c  

sin
2


 

 
 

 =  cos    

cos
2


 

 
 

 =  sin    

tan
2


 

 
 

 =  cot    

cot
2


 

 
 

 =  tan  .  

Hnh 53  

Hnh 55  

O 

y 

x

M 

A' 

B' 

A 

B

H

M'

H' 
+

O 

y 

x

M 

A' 

B' 

A 

B

H

M'

H'

K 

K' d
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6  

Tnh  
11

cos ,
4

 
 

 
 

31
tan ,

6


 sin  (1380

o
).   

Bi  tp 

1.   C cung   no m sin  nhn cc gi tr t ng ng sau y khng ?  

 a)   0,7  ;     b)  
4

3
;     c)  2 ;      d)  .

5

2
 

2.   Cc ng thc sau c th ng thi xy ra khng ?  

a)  sin    =  
2

3
 v cos    =  

3

3
 ;      

b)  sin    =  
4

5
  v cos    =  

3

5
  ;  

c)  sin    =  0,7  v cos    =  0,3 .  

3.   Cho 0 <   <
2


.  Xc nh du ca cc gi tr l ng gic 

a)  sin ( )    ;            b)  
3

cos
2


 

 
 

;  

c)  tan  (  +  )  ;           d)  cot
2


 

+ 
 

.  

4.   Tnh cc gi tr l ng gic ca gc ,  nu  

a)  
4

cos
13

 =  v 0 <   < ;
2


     b)  sin    =  ,0 7  v   <    <  

3

2


 ;  

c)  
1 5

tan
7

 =   v 
2


 <    <   ;     d)  cot    =  3  v 

3

2


 <    <  2.  

5.   Tnh ,  bit 

a)  cos    =  1  ;           b)  cos    =  1  ;  

c)  cos    =  0  ;           d)  sin    =  1  ;  

e)  sin    =  1  ;           f)  sin    =  0.  
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I    Cng  thc  cng 

Cng thc cng l nhng cng thc biu th cos  (a    b),  sin  (a    b),  tan  (a    b),  

cot  (a    b)  qua cc gi tr l ng gic ca cc gc a  v b.  Ta c 

cos  (a    b)  =  cos  acos  b  +  sin  asin  b        

cos  (a  +  b)  =  cos  acos  b    sin  asin  b        

sin  (a    b)  =  sin  acos  b    cos  asin  b       

sin  (a  +  b)  =  sin  acos  b  +  cosasinb       

tan  (a    b)  =
tan tan

1 tan tan

a b

a b



+
         

tan  (a  +  b)
tan tan .
1 tan tan

a b

a b

+
=


         

Vi iu kin l cc biu thc u c ngha.  

Ta tha nhn cng thc u.  T cng thc  c th chng minh d dng 
cc cng thc cn li.  Chng hn  

cos(a  +  b) =  cos  [a    (b)]  =  cos  acos  (b) +  sin asin (b)  

     = cos  acos  b   sin asinb.  

sin (a   b) = cos  ( ) cos
2 2

a b a b
     

  =  +       
 

   cos cos sin sin
2 2

a b a b
    

=      
   

 

 =  sin  acos  b    cos  asin  b.  

1   

Hy chng  minh  cng  thc sin( ) sin cos cos sina b a b a b+ = + .  
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V d 1 .  Tnh 
13

.tan
12


 

Gii.  Ta c 

 
13

tan tan tan tan
12 12 12 3 4

       
= +  = =    

   
=  

   =  
tan tan

3 13 4 .
1 31 tan tan

3 4

 



=

  ++

 

V d 2 .  Chng minh rng 

sin( ) tan tan
.

sin( ) tan tan

a b a b

a b a b

+ +
=

 
 

Gii.  Ta c 

sin( ) sin cos cos sin .
sin( ) sin cos cos sin

a b a b a b

a b a b a b

+ +
=

 
 

Chia c t v mu ca v phi cho cos  acos  b,  ta  c iu phi chng minh.  

I I    Cng thc  nhn i  

Cho a  =  b  trong cc cng thc cng ta  c cc cng thc nhn i sau.   

sin  2a  =  2sin  acos  a               

cos  2a  =  cos
2
a    sin

2
a 

2 22 cos 1 1 2 sina a=  =     

2

2 tan .tan 2
1 tan

a
a

a
=


            

T cc cng thc nhn i suy ra cc cng thc  

2 1 cos 2
cos

2

a
a

+
=           

2 1 cos 2
sin

2

a
a


=           
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2 1 cos 2 .tan
1 cos 2

a
a

a


=

+
 

Cc cng thc ny gi l cc cng thc h bc.  

V d 1 .  Bit sin  a  +  cos  a  =  ,
1

2
 tnh sin  2a.  

Gii.  Ta c 1  =  sin2a  +  cos2a  =  (sin  a  +  cos  a)
2
   2sin  acos  a  

      =  sin .

2
1

2
2

a
   
 

 

Suy ra sin  2a  =  .
3

4
  

V d 2 .  Tnh .cos
8


  

Gii.  Ta c 22
cos 2 cos 1 .

2 4 8

 
= =   

Suy ra 2 2
.2 cos 1

8 2


= +  

Vy 2 2 2 .cos
8 4

 +
=  

V cos
8


 >  0 nn suy ra 

2 2
.cos

8 2

 +
=  

I I I    Cng  thc  b in  i  t ch  thnh  tng,  
        tng thnh tch  

1 .   Cng  thc bin  i  tch  thnh  tng 

[ ]1
cos cos cos( ) cos( )

2
a b a b a b=  + +  

[ ]1
sin sin cos( ) cos( )

2
a b a b a b=   +  

[ ]1
sin cos sin( ) sin( ) .

2
a b a b a b=  + +  

Cc cng thc trn  c gi l cc cng thc bin i tch thnh tng.  
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2  
T cc cng  thc cng,  hy suy ra cc cng  thc trn.   

V d 1 .  Tnh gi tr ca cc biu thc 

3
sin cos

8 8
A

 
= ;  

1 3 5 .sin sin
24 24

B
 

=  

Gii.  Ta c 

 
3 1 3 3

sin cos sin sin
8 8 2 8 8 8 8

A
         

= =  + +        
 

  
1 1 2

sin sin 1
2 4 2 2 2

    
=  + =        

;  

13 5 1 13 5 13 5
sin sin cos cos

24 24 2 24 24 24 24
B

         
= =   +        

 

 
1 3 1 1 2 1 2 .cos cos
2 3 4 2 2 2 4

   + 
=  = + =  

   
 

2.   Cng  thc bin  i  tng  thnh  tch  

3  

Bng cch  t u  =  a    b,  v  =  a  +  b,  hy bin  i  cos  u  +  cos  v,  sin  u  +  sin  v  thnh  tch.   

Ta gi cc cng thc sau y l cc cng thc bin i tng thnh tch  

cos cos 2 cos cos
2 2

u v u v
u v

+ 
+ =  

cos cos 2 sin sin
2 2

u v u v
u v

+ 
 =   

sin sin 2 sin cos
2 2

u v u v
u v

+ 
+ =  

.sin sin 2 cos sin
2 2

u v u v
u v

+ 
 =  

V d 2 .  Tnh  

5 7 .cos cos cos
9 9 9

A
  

= + +  



 1 53  

Gii.  Ta c 

7 5
cos cos cos

9 9 9
A

   
= + + 

 
 

   
4 5

2 cos cos cos
9 3 9

   
=    

 
 

  
4 4

cos cos 0.
9 9

 
=  =  

V d 3 .  Chng minh rng trong tam gic ABC  ta c 

.sin sin sin 4 cos cos cos
2 2 2

A B C
A B C+ + =  

Gii.  Trong tam gic ABC  ta c A  +  B  +  C  =  .  

T  suy ra .
2 2 2

A B C+ 
=   

V vy,  sin cos ,
2 2

A B C+
=  .sin cos

2 2

C A B+
=  

By gi ta c 

sin sin sin 2 sin cos 2 sin cos
2 2 2 2

A B A B C C
A B C

+ 
+ + = +  

   2 cos cos sin
2 2 2

C A B C 
= + 

 
 

 2 cos cos cos
2 2 2

C A B A B + 
= + 

 
 

 .4 cos cos cos
2 2 2

A B C
=  

 

Bi  tp 

1.   Tnh 

a)  ocos 225 , osin 240 ,  ocot( 15 ) ,  tan75
o

  ;  

b)  
7

sin
12


,  cos ,

12

 
 

 
 

1 3
.tan

12
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2.   Tnh 

 a) cos
3


 

+ 
 

,  bit 
1

sin
3

 =  v 0 <   <  .
2


 

 b)  tan
4


 

 
 

,  bit cos    =  
1

3
  v 

2


 <    <  .  

 c)  cos(a  +  b),  sin(a    b),  bit 

   
4

sin
5

a = ,  o0  < a  <  o90  v sin b  =  
2 ,
3

 o o90 180b< < .  

3.   Rt gn cc biu thc 

 a)  sin(a  +  b)  +  sin sin ( ).
2

a b
 

  
 

 

 b)  21
cos cos sin

4 4 2
a a a

    
+  +   

   
 

 c)  cos sin sin ( ).
2 2

a b a b
    

      
   

 

4.   Chng minh cc ng thc 

a)  
cos( ) cot cot 1 .
cos( ) cot cot 1

a b a b

a b a b

 +
=

+ 
 

b)  sin  (a  +  b)sin  (a    b)  = 2 2 2 2sin sin cos cos .a b b a =   

c)  cos  (a  +  b)cos  (a    b)  =  2 2 2 2cos sin cos sin .a b b a =   

5.   Tnh sin  2a,  cos  2a,  tan  2a,  bit 

a)  sin  a  =  0,6 v 
3 .
2

a


 < <  

b)  
5

cos
13

a =   v 


< < .
2

a  

c)  sin  a  +  cos  a  =  
1

2
 v 

3

4


 <  a  <  .  

6.  Cho sin2a  =  
5

9
  v 

2


 <  a  <  .   

Tnh sina  v cosa.  
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7.  Bin i thnh tch cc biu thc sau 

a)  1    sin  x  ;           b)  1  +  sin  x ;      

c)  1  +  2cos  x ;           d)  1    2sin  x.  

8.   Rt gn biu thc 
sin sin 3 sin 5 .
cos cos 3 cos 5

x x x
A

x x x

+ +
=

+ +
 

1.   Hy nu nh ngha ca sin,  cos  v gii thch v sao ta c  

    sin  (  +  k2)  =  sin    ;  k       

    cos  (  +  k2)  =  cos    ;  k   .  

2.   Nu nh ngha ca tan,  cot  v gii thch v sao ta c 

    tan  (  +  k)  =  tan  ,  k     ;   

    cot (  +  k)  =  cot  ,  k    .

3.   Tnh 

 a)  sin  ,  nu cos    =  
2

3
  v 

2


 <    <   ;  

 b)  cos  ,  nu tan    =  2 2  v
3

2



 < <  ;  

 c)  tan  ,  nu sin    =  
2

3
  v

3
2

2



< <   ;  

 d)  cot  ,  nu cos    =  
1

4
  v

2



< <  .  

4.   Rt gn cc biu thc 

a)  
2 sin 2 sin 4

2 sin 2 sin 4

 
 



+
;         b)  tan  

21 cos
sin

sin






 +
 

 
 ;  

c)  

sin cos
4 4

sin cos
4 4

 

 

   
 +    

   
    

     
   

;      d)  
sin 5 sin 3 .

2 cos 4
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5.   Khng s dng my tnh,  hy tnh  

a)  cos
22

3


 ;            b)  sin 

23

4


 ;   

c)  sin 
25 10

tan
3 3

 
  ;        d)  .cos sin

2 2

8 8

 
  

6.   Khng s dng my tnh,  hy chng minh 

a)  o o 6
sin 75 cos 75

2
+ =  ;      b)  o otan 267 tan 93 0+ =  ;  

c)  o o osin 65 sin 55 3 cos 5+ =  ;     d)  o o ocos12 cos 48 sin18 = .  

7.   Chng minh cc ng nht thc  

a)  
1 cos cos 2

cot
sin 2 sin

x x
x

x x

 +
=


 ;      b)  

sin sin
2 tan

21 cos cos
2

x
x

x

x
x

+
=

+ +

 ;  

c)  22 cos 2 sin 4
tan

2 cos 2 sin 4 4

x x
x

x x

  
=  

+  
 ;   d)  

sin( ) .tan tan
cos cos

x y
x y

x y


 =  

8.   Chng minh cc biu thc sau khng ph thuc x   

a)  A  =  sin cos
4 4

x x
    

+     
   

 ;     

b)  B  = cos sin
6 3

x x
    

  +   
   

 ;  

c)  C  = 2sin cos cos
3 3

x x x
    

+  +   
   

 ;   

d)  D  =  
1 cos 2 sin 2 . cot .
1 cos 2 sin 2

x x
x

x x

 +

+ +
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Bi  tp trc nghim 

Chn ph ng n ng trong cc bi tp sau 

9.   Gi tr sin 
47

6


 l 

(A)   
3

2
;      (B)  

1

2
;       (C)  

2

2
;     (D)  

1 .
2

  

10.   Cho cos  a  =  
5

3
  vi   <  a  <  

3 .
2


 Gi tr tan  a  l 

(A)  
4

5


;       (B)  

2

5
;      (C)

2

5
 ;     (D)

3 .
5

  

11.   Cho a  = 
5

6


.  Gi tr ca biu thc cos3a  +  2cos(    3a) 2sin 1, 5

4
a

 
 

 
 l 

(A)  
1

4
;      (B)  

3

2
;      (C)   0  ;       (D)

2 3 .
4


 

12.   Gi tr ca biu thc A  =  

2

2 2

2 cos 1
8

1 8 sin cos
8 8




 
+

 l 

 (A)  
3

2
 ;     (B)  

3

4


;     (C)

2

2
 ;     (D)

2 .
4

 

13.   Cho cot  a  =
1

2
.  Gi tr ca biu thc B  =  

4 sin 5 cos

2 sin 3 cos

a a

a a

+


 l 

 (A)   
1

17
;     (B)  

5

9
;      (C)  1 3  ;      (D)

2 .
9

 

14.   Cho tan  a  =  2.  Gi tr ca biu thc 
3 3

sin

sin 2 cos

a
C

a a

=
+

 l 

 (A)  
5

12
;      (B)   1  ;      (C)  

8

11
 ;     (D)  

10 .
11
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c h   d n  l  c h  s     

Nh  mi  khoa hc khc,  L ng  g ic pht sinh  t nhu  cu  ca i  sng.  S pht 
trin  ca ngnh  Hng  hi  i  hi  phi  bit xc nh  v  tr ca tu  b ngoi  bin  
khi  theo Mt Tri  lc ban  ngy v theo cc v  sao lc ban  m.  Cc cuc chin  
tranh  i  hi  phi  bit xc nh  nhng  khong  cch  ln  v lp nhng  bn  .  
Ng i  nng  dn  cn  bit s thay i  ca thi  tit trong  nm  sn  xut cho kp 
thi  v ,  nn  phi  c l ch,  v.v. . .  

Cc nhu  cu  k trn   lm  cho mn  L ng  g ic pht sinh  v  pht trin .  Tr c 
ht cc nh ton  hc Hy Lp  gp phn  ng  k vo vic pht trin  mn  
L ng  g ic v  sau   -le l  ng i   xy dng  L thuyt h in  i  v Hm s 
l ng  g ic trong  cun  "M u  v Gii  tch  cc i  l ng  v cng  b"  xut bn  
nm 1 748.  

 - l e  

-le l  mt trong  nhng  nh ton  hc ln  nht t x a n  
nay.  ng  sinh  ti  Ba-l (Thu S) .  ng   pht trin  tt c 
cc ngnh  Ton  hc,  t nhng  vn   rt c  th nh  
 ng  trn  -le,  cho ti  nhng  khi  n im h in  i  nht 
nm  mi  nhn  ca tin  b trong  thi  i  ng.  

-le   tin  hnh  nghin  cu  nhng   ti  khoa hc rt 
a dng  nh  C hc,  L lun  m nhc,  L thuyt v bn   
a  l ,  Khoa hc hng hi,  cc vn  v n c triu ln xung,  
v.v. . .  ng  th ng  b sung,  hon  b  nhng  l  thuyt Ton  
hc c,  v  nghin  cu  thm nhng  l  thuyt Ton  hc mi .  

Trong  cuc i  mnh,  -le   vit trn  800 cng  trnh  v Ton  hc,  Thin  vn  v 
a  l .  ng   t c s cho nhiu  ngnh  Ton  hc h in  nay ang   c dy  
bc i  hc.  

-le l ng i  rt say m v cn c  trong 
cng vic.  ng khng t chi  bt k vic g,  
d  kh n u.  Chng hn,   gii  mt bi  
ton thin vn,  m nhiu nh ton hc khc 
i  hi  mt thi  gian vi  ba thng,  th ng 
 gii  xong ch trong ba ngy.  Do nhng c 
gng phi  th ng  ng  mc bnh v 
hng mt mt phi.  V sau,  ng b  m c 
hai  mt.  Tuy th,  ng vn tip tc lao ng 
sng to v khng ngng cng hin xut 
sc cho khoa hc trong sut 1 5 nm cui  
i  mnh.  

Tn  ca -le  c t cho mt ming ni  la  phn trng thy  c ca Mt Trng.  

L.  -le  

(Leonhard Euler,  

1 707  1 783)  
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I   Cu  hi  

1.   Hy pht biu cc khng nh sau y d i dng iu kin cn v  

Tam gic ABC  vung ti A  th 2 2 2
BC AB AC= + .  

Tam gic ABC  c cc cnh tho mn h thc 2 2 2
BC AB AC= +  th 

vung ti A .  

2.   Lp bng bin thin v v  th ca cc hm s 

a)  y  =    3x  +  2  ;    b)  y  =  2x
2
 ;     c)  y  =  2x

2
   3x  +  1 .  

3.   Pht biu quy tc xt du mt nh thc bc nht.  p dng quy tc   
gii bt ph ng trnh 

( )( )
.

( )

 




3 2 5
0

2 7

x x

x
 

4.   Pht biu nh l v du ca mt tam thc bc hai f(x)  =  ax
2
 +  bx  +  c.   

p dng quy tc , hy xc nh gi tr ca m   tam thc sau lun lun m.  

( ) .=  + + 22 3 1f x x x m  

5.   Nu cc tnh cht ca bt ng thc.  p dng mt trong cc tnh cht ,  

hy so snh cc s 30002  v 20003 .  

6.   a)  Em hy thu thp im trung bnh hc k I  v mn Ton ca tng hc 
sinh lp mnh.  

b)  Lp bng phn b tn s v tn sut ghp lp  trnh by cc s liu 
thng k thu thp  c theo cc lp [0 ;  2),  [2 ;  4),  [4 ;  6),  [6 ;  8),  [8  ;  1 0] .  

7.   Nu cc cng thc bin i l ng gic  hc.  

8.   Nu cch gii h hai bt ph ng trnh bc nht hai n v gii h  

.

2 1

3 1

x y

x y

+ 


 
 

I I   Bi  tp 

1.   Cho hm s f(x)  =  .2 23 4 8 15x x x x+ +   +   
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a)  Tm tp xc nh A  ca hm s f(x).  

b)  Gi s B  =  { x     |  4  < x    5} .  

Hy xc nh cc tp A  \ B  v  \ (A  \ B).  

2.   Cho ph ng trnh 

mx
2
   2x    4m    1  =  0.  

a)  Chng minh rng vi mi gi tr m    0,  ph ng trnh  cho c hai 
nghim phn bit.  

b)  Tm gi tr ca m   1  l mt nghim ca ph ng trnh.  Sau  tm 
nghim cn li.  

3.   Cho ph ng trnh 

x
2
   4mx  +  9(m    1 )2  =  0.  

a)  Xt xem vi gi tr no ca m,  ph ng trnh trn c nghim.  

b)  Gi s x1 ,  x2  l hai nghim ca ph ng trnh  cho,  hy tnh tng v 

tch ca chng.  Tm mt h thc gia x1  v x2  khng ph thuc vo m.  

c)  Xc nh m   hiu cc nghim ca ph ng trnh bng 4.  

4.   Chng minh cc bt ng thc sau 

a)  5(x    1 )  < x5    1  < 5x4  (x    1 ),  nu x    1  > 0 ;  

b)  x
5
 +  y5    x4y    xy4    0,  bit rng x  +  y    0  ;  

c)  ,4 1 4 1 4 1 5a b c+ + + + + <  

bit rng a,  b,  c  cng ln hn 
1

4
  v a  +  b  +  c  =  1 .  

5.   Gii h ph ng trnh sau bng cch  a v h ph ng trnh dng tam gic 

.

3 2 1

3 5 9

5 2 3 3

x y z

x y z

x y z

+ + =


+  =
   = 

 

6.   a)  Xt du biu thc 

f(x)  =  2x(x  +  2)    (x  +  2)(x  +  1 ) .  
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b)  Lp bng bin thin v v trong cng mt h to  vung gc cc  
th ca cc hm s sau 

        y  =  2x(x  +  2)     (C1 )  

        y  =  (x  +  2)(x  +  1 )   (C2).  

Tnh to  cc giao im A  v B  ca (C1 )  v (C2).  

c)  Tnh cc h s a,  b,  c   hm s y  =  ax
2
 +  bx  +  c c gi tr ln nht bng 

8  v  th ca n i qua A  v B.  

7.   Chng minh cc h thc sau  

a)  
sin tan

sin tan

21 2 1

1 2 1

a a

a a

 
=

+ +

 ;      b)
sin sin sin

tan
cos cos cos

3 5
3

3 5

a a a
a

a a a

+ +
=

+ +

 ;  

c)  
sin cos cos

cos
( cos )

4 4 2
2

2 1 2

a a a a

a

 +
=



 ;  d)  
tan tan

sin .
tan tan

2
2

2

x x
x

x x
=



 

8.   Rt gn cc biu thc sau  

a)  
sin cos

cos sin

1 4 4

1 4 4

a a

a a

+ 

+ +

 ;       b)
cos

tan cos
cos

2 21

1 2

a a
a

a

+




 ;  

c)
cos sin cos .
cos sin cos

2 4 6

2 4 6

x x x

x x x

 

+ 

 

9.   Tnh  

a)  4(cos24
o
 +  cos48

o
   cos84

o
   cos12

o
).  

b)  .sin cos cos cos cos96 3
48 48 24 12 6

    
 

c)  tan  9
o
   tan  63

o
 +  tan  81

o
   tan27

o
.  

10.   Rt gn 

a)  
2 4 8

cos cos cos cos
5 5 5 5

x x x x
 ;     b)  + +

3 5 .sin 2 sin sin
7 7 7

x x x
 

11.   Chng minh rng trong mt tam gic ABC  ta c  

a)  tan tan tan tan tan tanA B C A B C+ + = (A ,  B ,  C  cng khc 
2


)  ;  

b)  + + =sin 2 sin 2 sin 2 4 sin sin sin .A B C A B C  

12.   Khng s dng my tnh,  hy tnh 

o o o

o o o

sin 40 sin 45 sin 50

cos 40 cos 45 cos 50

 +


 +

 
o

o

6( 3 3 tan 15 ) .
3 3 tan 15

+
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Chng I  

1.   

1 .   a)  Mnh  ;          
 b)  L mnh  cha bin.  

 c)  L mnh  cha bin;      

d)  Mnh .  

5 .   a)  x     :  .1 =x x ;         

b)  x     :  x  +  x  =  0  ;  

 c)  x     :  x  +  (x)  =  0.  

7 .   a)  n      :  n  khng chia ht cho n
(ng)  ;  

 b)  x     :  
2

2x (ng)  ;  

 c)  x     :  x    x  +  1  (sai)  ;  

 d)  x    :  
2

3 1 +x x (sai).  

2.  

1 .   a)  A  =  { 0,  3 ,  6,  9,  1 2,  1 5,  1 8}  ;    

 b) B =  {x     |  x =  n(n  + 1 ),  1    n    5} .  

2.   a)  A    B  v A    B  ;       

 b)  A  =  B.  

3 .   a)   ,  { a} ,  { b} ,  A ;  

b)   ,  { 0} ,  { 1 } ,  { 2} ,  { 0,  1 } ,  { 0,  2} ,  

{ 1 ,  2} ,  B.  

3.  

1 .   A    B  =  {C,  O ,  I,  T,  N,  E}  ;  

A    B  =  {C,  O ,  H,  I,  T,  N,  ,  ,  G,  
M,  A,  S,   ,  Y,  K}  ;  

A  \ B  =  {H}  ;  

B  \ A  =  {,  G,  M,  A ,  S,  ,  Y,  K} .  

3 .   a)  25  ;  b)  20.  

4.   A    A  =  A  ;  A    A  =  A  ;  A      =    ;  

 A      =  A  ;  =AC A   ;  =AC A .  

4.  

1 .   a)  [3  ;  4]  ;  b)  [1  ;  2]  ;   

c)  (2 ;  +)  ;  d)  [1  ;  2)  ;   

e)  (  ;  +).  

2.   a)  [1  ;  3 ]  ;  b)    ;   

c)    ;  d)  [2 ;  2] .  

3 .   a)  (2 ;  1 ]  ;  b)  (2 ;  1 )  ;   

c)  (  ;  2]  ;  d)  (3  ;  +) .  

5.  

2.   l  =  1 745,3 .  

3 .   a)  a  =  3 ,1 41 592654 ;  

b)  Vi b  =  3 ,1 4,  b <  0,002 ;   

vi  c  =  3 ,1 41 6,  c  <  0,0001 .  

4.   b)  51 139,3736.  

5 .  b)  0,0000127 ;  c)  0,02400.  

n tp chng I  

8.  a)  ng ;  b)  Sai.  

9.  E G B C A     ;  

    .E D B C A     

1 0.  a)  A  =  {2,  1 ,  4,  7 ,  1 0,  1 3}  ;  

b)  B  =  { 0,  1 ,  2,  3 ,  4,  5,  6,  7 ,  8 ,  9,  1 0,   
1 1 ,  1 2}  ;  

c)  C  =  { 1 ,  1 } .  

1 1 .  P   T  ;  R    S  ;  Q    X.  

1 2.  a)  (0  ;  7)  ;  b)  (2 ;  5)  ;  c)  [3  ;  +) .  
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1 3 .  a  =  2,289 ;  a  < 0,001 .  

1 4.  347.  

1 5 .  a)  ng ;  c)  ng ;  e)  ng.  

1 6.  (A).  

1 7.  (B).  

Chng I I  

1.  

1 .   a)  D  =   \ { }2  ;   

b)  D  =   \ { 1  ;  3}  ;   

c)  D  =
1
; 3

2


  

.  

2.  3x = , 4y =  ;  1x =  , 1y =   ;   

2x = , 3.y =  

3 .   a)  M  thuc  th ;  

b)  N khng thuc   th ;   

c)  P  thuc  th.  

4.   a)  Hm s chn ;       

b)  Khng l hm s chn,  khng l 
hm s l ;  

 c)  Hm s l ;        

d)  Khng l hm s chn, khng l hm 
s l.  

2.  

2.   a)  a  =  5,  b  =  3  ;    

b)  a  =  1 ,  b  =  3  ;    c)  a  =  0,  b  =  3.  

3 .   a)  y  =  2x   5  ;     b)  y  =  1 .  

3.  

3 .   a)
2

2 2= + +y x x  ;   

b)  
21

2
3

=   +y x x  ;  

 c)  
2

4 2=  +y x x  ;   

d)  
2

3 2=  +y x x  hoc  

    
2

16 12 2= + +y x x .  

4.   a  =  3 ,  b  =  36,  c  =  96.  

n tp chng I I  

8.   a)  D  =  [3  ;  +)  \ {1 }  ;   

b)  D  =  ;
2

 
 

 
 ;  c)  D  = .  

1 1 .   a  =  1 ,  b  =  4.  

1 2.  a)  1a = ,  b  =  1 ,  c  =  1 .  

   b)  a  =  1 ,  b  =  2,  c  =  3 .  

1 3 .  (C).  

1 4.  (D).  

1 5 .  (B).  

Chng I I I  

1.   

3 .   a)  x  =  1  ;    b)  x  =  2  ;   

c)  x  =  3  ;    d)  V nghim.  

4.   a)  x  =  0  ;    b)
2

=x ;   

c)  x  =  5  ;    d)  V nghim.  

2.  

1 .   a)  
16

= x  ;  b)  V nghim ;   

c)  
14

3
=x  ;    d)  .

2
x =   

2.   a)  m    3  th nghim l 
2

3

+
=



m
x

m
 ;   

     m  =  3  phng trnh v nghim.  

b)  m    2  v m      2  th nghim l 

3

2
=

+
x

m
;   
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  m  =  2  th mi x     l nghim ;   

  m  =  2 phng trnh v nghim.  

 c)  m    1  th nghim l x  =  1 .  

     m  =  1  th  mi x     l nghim.  

3 .   45  qu.  

4.   a)  
1

1=x ,  
2

1= x  ;   

    
3 2
=x ,  

4 2
x =   ;  

 b)  
1 3
=x ,  

2 3
= x .  

5 .   b)  
1

0, 387x   ,  
2

1, 721x   ;   

 c)  
1

1= x ,  
2

1,333x    ;   

 d)  
1

1,079x  ,  
2

0, 412.x    

6.   a)  
1

5
= x ,  x  = 5  ;  

b)  
1

1= x ,
2 7
= x  ;   

c)  
1, 2

11

14


=x  ;  

d)  
1

1,=x  2 6.x =   

7 .   a)  x  =  1 5  ;     b)  x  =  1  ;   

c)  
1, 2 2 3= x ;   d)  x  =  1 .  

8 .   m  =  7    
1

4=x ,  
2

.
3

x =  

 m  =  3    
1

2=x ,
2

.
3

x =  

3.  

2.   a)  ;
7 7


 
 

;     b)  
9 7

;
1 1 11


 
 

;   

c)  
9 1
;

8 6


 

 
;     d)  (2  ;  0,5) .  

3 .   Gi mi qu qut l 800 ng,  gi 
mi qu cam l 1 400 ng.  

4.   Dy chuyn th nht :  450 o ;  

Dy chuyn th hai :  480 o.  

5 .   a)  (x  ;  y  ;  z)  =  (1  ;  1  ;  2)  ;   

b)  (x  ;  y  ;  z)  =
11 5 1

; ;
14 2 7


 

 
.  

6.   Gi mt o l 98  000 ng,  gi mt 

qun l 1 25  000 ng,  gi mt vy l 
86 000 ng.  

7 .   b)  (x  ;  y)    (0,1 1  ;  1 ,74)  ;   

d)  (x  ;  y  ;  z)    (4,00 ;  1 ,57  ;  1 ,71 ).  

n tp chng I I I  

3 .   a)  x  =  6  ;     b)  V nghim ;   

c) 2 2=x ;     d)  V nghim.  

4.   a)  V nghim ;  b)  
1

9
= x  ;  c)  .

2
x =  

5 .   a)  
37 29

( ; ) ;
24 12


=  
 

x y ;  

b)  
3

( ; ) 2 ;
2


=  
 

x y .  

 c)  
34 1

( ; ) ;
13 13


=  
 

x y ;       

d)  
93 30

( ; ) ;
37 37


=  
 

x y .  

6.   Ngi th nht sn xong sau 1 8  gi,  
ngi th hai sn xong sau 24 gi.  

7 .   a)
3 3 13

( ; ; ) ; ;
5 2 10


=   
 

x y z ;  

 b)
181 7 83

( ; ; ) ; ;
43 43 43


=  
 

x y z .  

8 .   Ba phn s  l
2
,  
3
 v .

6
 

9.   432 sn phm.  



 1 65  

1 0.  Nu lm trn n ch s thp phn 
th ba th  kt qu l  

a)  
1

1, 520x  ;  
2

0, 920x   ;  

b)  
1

0,333x   ;  
2

1,000x    ;  

 c)  
1

0, 741x  ;  
2

6, 741x    ;    

d)  
1

0, 707x   ;  
2

2,828.x    

1 1 .  a)  V nghim ;  

  b)
1

4= x ;
2

.
5

x =   

1 2.  a)  Chiu di  l 31 ,5cm,  chiu rng l 
1 5 ,7m.  

b)  Chiu di  l 39,6cm,  chiu rng l 
27,5m.  

1 3 .  Ngi th nht qut sn mt mnh 
ht 4  gi,  ngi th hai  qut sn mt 
mnh ht 2 gi.  

1 4.  (C)  ;  1 5.  (A)  ;  1 6.  (C)  ;  1 7.  (D).  

Chng IV  

1.  

1 .  d)  

2.  S C.  

3 .  a)  HD.  V a,  b,  c  l  di ba cnh 

tam gic nn  

a  + b   c > 0 ;  b  +  c  a  > 0 ;  c  + a    b > 0.  

b)  HD.  p dng a)  c 2 2( ) <b c a ,  

2 2( ) , <c a b  2 2( ) <a b c .  

 Cng tng v ba bt ng thc ny.  

4.   HD.  Xt hiu  

3 3 2 2( ) ( ).x y x y xy+  +  

6.   HD.  Gi H l tip im ca ng 

thng AB vi ng trn.  Ta c  

2 . .AB HA HB HA HB= +   

2.   

1 .   a)  x     \ { 0 ;  1 }  ;         

b)  x     \ { 1  ;  3  ;  2  ;  2}  ;   

 c)  x    1  ;          

 d)  x    (  ;  1 ]  \ {4} .  

4.   a)  
20

< x ;  b)  V nghim.  

5 .   a)  
4

<x  ;  b)  
7

39
< <x  

3.   

2.   a)  
1

1
2
< <x ;  3    x < +  ;   

b)  x  <  1  ;  0 <  x <  1  ;  1  <  x  <  3  ;   

c)  12 < x  <  4 ;  3  < x  < 0  ;  

d)  
2

1
3

 < <x ;  1  <  x  <  +.  

3 .   a)  
2

5
 x ;  x    2  ;   

b)  x  <  5  ;  1  < x  <  1  ;  x  >  1 .  

4.   

3 .    c lhi cao nht,  x nghip cn lp 
phng n sn xut cc sn phm I  v 
II theo t l 4 :  1 .  

5.  

1 .   a)  
2

5 3 1 0 + >x x ,  x  ;   

 b)  
2

2 3 5 0 + + >x x  khi 1  < x  <  
2
 ;  

22 3 5 + +x x  <  0 khi x  < 1  

hoc 
2

>x  ;  

 c)  
2

12 36 0+ + x x ,  x  ;   

 d)  (2x   3 )(x +  5 )  < 0 khi 5  < x  < .
2
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 (2x   3)(x +  5)  > 0 khi x < 5 ;  .
2

x >  

3 .   a)  V nghim ;        

b)  
4

1
3

  x ;   

 c)  8< x ;  2 < x  <  
3


 ;  1  < x  < 2 ;  

d)  2   x    3 .  

4.   a)  m  <  1  ;  m  >  3  ;  b)  
2

 < m  < 1 .  

n tp chng IV 

1 .   a)  x  >  0 ;  b)  y    0  ;  

c)  0 ,       ;  

d)  
2

a +


b
ab ,  a    0,  b    0.  

2.   a)  a,  b  cng du ;   b)  a,  b  cng du ;   

 c)  a,  b  tri du ;     d)  a,  b  tri  du.  

3 .  (C).  

4.   Gi P  l khi lng thc ca vt.  Ta c  

26,35  < P  <  26,45.  

5 .   a)  x  =  1  ;  b)  x  >  1  ;  c)  x <  1 .  

6.   HD.  2.+ 
a c

c a
 

1 1 .  a)  f(x) < 0   
1 13 1 13

2 2

   +
< <x  

  f(x)  > 0   
1

2

 
<x  hoc 

      
1

2

 +
>x  ;  

  g(x)  >  0   1 3< x  hoc 

 0  <  x  <  2  hoc x >  1  +  3  ;  

  g(x)  <  0   1 3 0 < <x  hoc 

2 1 3.< < +x  

b)  Nghim nguyn ca bt phng 

trnh l x =  2  ;  3  ;  4  . . .  hoc 

x  =  3  ;  4. . .  

1 2.   HD.  Xt du bit thc 

2 2 2 2 2 2( ) 4 .b c a b c = +    

1 4.  (B)  ;  1 5 .  (C)  ;  1 6.  (C)  ;  1 7.  (C).  

Chng V  

1.  

2.   b)  43 ,3% ;  56,7% 

3.  

1 .   1 1 70 gi ;  31  cm.  

2.   6,1  im ;  5 ,2 im 

im trung bnh cng ca lp 10A cao 
hn, nn c th ni hc sinh ca lp 
10A c kt qu lm bi thi cao hn.   

3 .   C  hai mt l  

  
(1) 700=
o

M  nghn ng ;   

(2) 900=
o

M  nghn ng.  

4.   S trung v 720=
e

M  nghn ng.  

5 .   38 ,1 5  t/ha.  

4.   

1 .   
2

120
x
s ;  1 1

x
s  gi  

 
2

84
x
s ;  

x
s    9,2 cm.  

2.   a)  Dhy s liu v im thi ca lp 
1 0C c  

x  7 ,2 im ;  
2

1,3
x
s ;  

x
s    1 ,1 3  im.  
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 Dhy s liu v im thi ca lp 10D c  

y 7,2 im ;  
2

0,8
y
s ;  

y
s  0,9  im.  

  b)  im s ca cc bi thi  lp 

1 0D ng u hn.  

3 .   a)  Nhm c th 1  c  x  =  1  kg ;   

         nhm c th 2 c  1y =  kg ;  

 b)  Nhm c th 1  c
2

0,042=
x
s ;   

    nhm c th 2 c 
2

0,064=
y
s  ;  

c)  Nhm c th 1  c khi lng ng 

u hn.  

n tp chng V 

3 .   c)  x    2  (con)  ;  =
o

M  2  (con)  ;   

    
e

M  =  2  (con).  

4.   e)  Nhm c th 1  c x    648  (gam)  ;  

    
2

33, 2
x
s ;  

x
s    5 ,76 (gam),  

  Nhm c th 2 c  y    647  (gam)  ;   

2
y
s    23 ,1 4 ;  

y
s    4,81  (gam),  

Nhm c th 2 c  khi lng ng 

u hn.  

5 .   x  =  34 087  500 ng ;   

e
M  =  21  045  000 ng.  

6.   a)  Mt l mu 1 .  

7 .  (C)  ;  8 .  (B)  ;  9.  (C)  ;  1 0.  (D)  ;  1 1 .  (A).  

Chng VI  

1.  

2.   a)  0,31 42 rad ;    b)  1 ,0036 rad ;   

c)  0,4363  rad ;   d)  2,1948  rad.  

3 .   a)  1 0
o
 ;      b)  33

o
45 '  ;   

c)  114
o
35'30' '  ;   d)  42

o
58 '1 9' ' .  

4.   a)  4,1 9  cm ;  b)  30 cm ;  c)  1 2,92 cm.  

7 .   s 1AM  =    +  k2,  k    ;  

 s 2AM  =        +  k2,  k    ;  

 s 3AM  =    +    +  k2,  k  .  

2.  

4.   a)  sin  =  
13

;  tan  =  
4

 ;   

    cot  =  
4 .

3 17
 

 b)  cos    0,71  ;  tan    0,99 ;   

    cot    1 ,01 .  

 c)  cos  =
274

7
 ;  sin  =

274
;   

cot  =
15

 .  

 d)  
1

sin
10

=  ;   

3
cos

10
= ;  

1 .tan
3

 =   

5 .   a)  2k =  ,  k    ;   

b)  (2 1) ,k = +   k    ;  

 c)  ,
2

k


= +   k    ;   

d)  
2

k


= +  k    ;  

 e)  
2

k


=  +  ,  k    ;   

f)  ,k =   k   .  
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3.  

1 .   a)  cos225
o
 =  

2
  ;  sin240

o
 =  

2
 ;   

    cot(1 5
o
)  = 2 3  ;   

    tan75
o
 = 2 3+ .  

 b)   
7

sin
12


=

2(1

4

+
;   

cos
12

 
 = 

 

2(1

4

+
;   

1 3
tan

12


= 2 3 .  

2.   a )  
1 6

1
2 3

 
 

 
;    b)  

9

7

+
 ;  

c)   
3 5 8

cos( )
15

+
+ = a b  ;   

sin( ) =a b
6 4 5 .

15

+
  

3 .   a)  sina sinb  ;  

b)  21
cos

2
a  ;  

c)  cosa sinb.  

5 .   a)  sin2a  =  0,96 ;  cos2a  =  0,28  ;   

    tan2a    3 ,43  

 b)   sin 2a =
169

120
 ;  cos 2a =

169

119
 ;   

tan 2a =
119

.  

 c)   
3

sin 2
4

a =  ;  
7

cos 2
4

a = ;   

3
tan 2 .

7
a =   

6 .   
2 14

sin
6

a
+

= ,  
2 14

cos
6

a


=  hoc 

14 2
sin

6


=a ,  

2 14
.cos

6
a

+
=   

7 .   a)  1    sinx  =  
2 .2 sin

4 2

x 
 

 
 

 b)  1  +  sinx  =  
2 .2 sin

4 2

x 
+ 

 
 

 c)  1  +  2cosx  =  .4cos cos
6 2 6 2

x x    
+    

   
 

 d)  .1 2sin 4cos sin
12 2 12 2

x x
x

    
 = +    

   
 

8 .   A  =  tan3x.  

n tp chng VI  

3 .   a)  
3

 ;     b)
1

3
  ;   

c)  
5

  ;    d)  .
1 5

  

4.   a)  
2

tan   ;    b) 2 cos  ;   

c)  cot  ;    d)  sin.  

5 .   a)  
2

  ;     b)  
2

  ;  

c)  
2

  ;    d)  .
2

 

9.  (D)  ;  1 0.  (B)  ;  1 1 .  (C)  ;  1 2.  (D)  ;  

1 3 .  (C)  ;  1 4.  (B).  

n tp  cui  nm  

I  -  Cu hi  

3 .  


  +  
 

2 2
; [5 ; )

7 3
x .  

4.  .
8

m >  

5 .  
2000 3000

3 2> .  

V  
3 2

2 3<   3 1000 2 1000
(2 ) (3 )< .  
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I I  -  Bi  tp 

1 .   a)  [3  ;  5] .  

 b)  A  \ B  =  [3  ;  4] ,   

    \ (A  \ B)  =  (  ;  3)    (4 ;  +).  

2.   b)  
1

3
=m ,  

2
7.x =  

3 .   a)  
3

5
m   

 b)  
1 2

4= + =S x x m ,  

2
1 2

9( 1)= = P x x m  ;  

      
2

1 2 1 2
9( 4) 16 0+   =x x x x .  

c)   1=m  hoc .
5

m =  

5 .   (x  ;  y  ;  z)  =  (1  ;  2 ;  2).  

6.   a)  f(x)  > 0 khi ( ; 2)  x    (1  ;  +) 

     f(x)  < 0 khi  x   (2 ;  1 ).  

 b)  A  (2 ;  0) ,  B  (1  ;  6) .  

 c)  a  =  2 ;  b  =  0 ;  c  =  8  ;  

hoc 
9

a


=  ;  
9

b =  ;  .
9

c =  

8 .   a)  tan2a  ;    

b)  sin
2
a.  

 c)  
o o

tan( 15 ) cot( 15 ) +x x .  

9.   a)  2 ;  b)  9  ;  c)  4.  

1 0.  a)  

16
sin

16 sin
5

x
 ;   b)

23
.4 sin cos

7 7

x x
 

1 2.  5.  
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Thut ng Trang 

Bng bin thin   36 
Bng phn b tn s  1 11  
Bng phn b tn sut  1 11  
Bng phn b tn s v tn 
sut  

1 11  

Bng phn b tn s 
ghp lp  

1 13  

Bng phn b tn sut 
ghp lp  

1 13  

Bng phn b tn s v tn 
sut ghp lp 

113  

Bng xt du  90 
Bt ng thc  74 
Bt ng thc h qu  74 
Bt ng thc tng ng  75  
Bt phng trnh n x  80 

Bt phng trnh bc hai 
mt n  

103  

Bt phng trnh bc nht 
hai n  

95  

Bt phng trnh tng 
ng  

82 

Bin s   32 
Biu   1 15  
Biu  tn s hnh ct 117 
Biu  tn sut hnh ct   1 15  
Biu  hnh qut  1 17 
Cng thc cng 149 
Cng thc bin i tch 
thnh tng 

151  

Cng thc bin i tng 
thnh tch 

152 

Cng thc h bc 151  

Thut ng Trang 

Cng thc nhn i 150 
Cung lng gic 134 
im u ca cung 
lng gic 

134 

im cui ca cung 
lng gic 

134 

iu kin cn 6 
iu kin cn v  7 
iu kin  6 
iu kin ca 
bt phng trnh 

81  

iu kin ca phng trnh 54 
on [a  ;  b]  17 

 th ca hm s 34 
 lch chun 126 
 chnh xc ca mt s 
gn ng 

20 

ng gp khc tn sut 116 
ng gp khc tn s 117 
ng trn nh hng 134 
ng trn lng gic  135  
Gi tr ca hm s f ti x  32 

Gi tr i din ca lp  116 
Gii bt phng trnh  81  
Gii h bt phng trnh  81  
Gii v bin lun 
phng trnh  

55  

Giao (ca hai tp hp)  13  
Gi tr lng gic ca cung 141  
Gc lng gic  135  
Hai mnh  tng ng 7 
Hm s  32 
Hm s bc hai  42 



 1 71  

Thut ng Trang 

Hm s bc nht  39 

Hm s chn  37 

Hm s cho bng bng  32 

Hm s cho bng biu   33  

Hm s cho bng cng thc  33  

Hm s ng bin (tng)  36 

Hm s hng 40 
Hm s l  37 

Hm s nghch bin (gim)  36 
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