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1. Mnh  l g ?  

Trong khoa hc cng nh  trong i sng hng ngy, ta th ng gp nhng cu 
nu ln mt khng nh.  Khng nh  c th ng hoc sai.  

V d 1. Chng ta hy xt cc cu sau y.  

(a)  H Ni l th  ca Vit Nam.  

(b)  Th ng Hi l mt thnh ph ca n .  

(c)  1  +  1  =  2.  

(d)  27 chia ht cho 5.  

Cc cu (a)  v (c)  l nhng cu khng nh ng.  Cc cu (b)  v (d)  l nhng 
cu khng nh sai.  Ng i ta gi mi cu trn l mt mnh  lgic.   

Mt mnh  lgic  (gi tt l mnh ) l mt cu khng nh 
ng hoc mt cu khng nh sai.  Mt cu khng nh ng gi l 
mt mnh  ng.  Mt cu khng nh sai gi l mt mnh  sai.  
Mt mnh  khng th va ng va sai.  

Ch   

Cu khng phi l cu khng nh hoc cu khng nh m khng c 
tnh ng - sai (tnh hoc ng, hoc sai) th khng phi l mnh .  
Chng hn, cu "Hm nay tri p qu ! "  l mt cu cm thn do  
khng phi l mnh .  

2.  Mnh  ph nh  

V d 2.  Hai bn An v Bnh ang tranh 
lun vi nhau.  
Bnh ni :  "2003  l s nguyn t".  
An khng nh :  "2003  khng phi l s 
nguyn t".  
Nu k hiu P  l mnh  Bnh nu th 
mnh  ca An c th din t l 
"Khng phi P"  v  c gi l mnh  
ph nh  ca P.                

1
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Cho mnh  P.  Mnh  "Khng phi P"  c gi l mnh  

ph nh  ca P v k hiu l P .  Mnh  P v mnh  ph 
nh P  l hai cu khng nh tri ng c nhau.  Nu P ng th 
P  sai,  nu P sai th P  ng.  

Ch  

Mnh  ph nh ca P  c th din t theo nhiu cch khc nhau.  

Chng hn, xt mnh  P  :  " 2  l s hu t".  Khi ,  mnh  ph 

nh ca P  c th pht biu l P  :  " 2  khng phi l s hu t"  hoc 

P  :  " 2  l mt s v t" .  

H1  Nu mnh  ph nh ca mi mnh  sau y v xc nh xem mnh  

ph nh  ng hay sai.  

(a)  Pa-ri l th  ca n c Anh.  

(b)  2002  chia ht cho 4.  

3.  Mnh  ko theo v  mnh  o 

V d 3.  Xt mnh  "Nu An 
v t n  th An vi phm 
lut giao thng".  

Mnh  trn c dng "Nu P  
th Q"  trong  P  l mnh  
"An v t n ", Q  l mnh 
 "An vi phm lut giao 
thng".  Ta gi  l mnh  
ko theo.             

Cho hai mnh  P v Q.  Mnh  "Nu P th Q"  c gi l 
mnh  ko theo  v k hiu l P   Q.  Mnh  P   Q sai khi 
P ng,  Q sai v ng trong cc tr ng hp cn li.  

Tu theo ni dung c th,  i khi ng i ta cn pht biu mnh  P    Q  
l "P  ko theo Q"  hay "P  suy ra Q"  hay "V P  nn Q". . .  

Ta th ng gp cc tnh hung sau :  

 C hai mnh  P  v  Q  u ng.  Khi   P    Q  l mnh  ng.  

 Mnh  P ng v mnh  Q  sai.  Khi   P    Q  l mnh  sai.  

V d 4. Mnh  "V 50 chia ht cho 10 nn 50 chia ht cho 5"  l mnh  
ng.  Mnh  "V 2002 l s chn nn 2002 chia ht cho 4"  l mnh  sai.      
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H2  Cho t gic ABCD.  Xt mnh  P  : "T gic ABCD  l hnh ch nht" v mnh 

 Q  : "T gic ABCD  c hai  ng cho bng nhau".  Hy pht biu mnh   

P    Q  theo nhiu cch khc nhau.  

Cho mnh  ko theo  P    Q.  Mnh  Q    P   c gi l 

mnh  o ca mnh  P    Q.  

V d 5.  Cho tam gic ABC.  Mnh  o ca mnh  "Nu tam gic ABC  l 

tam gic u th n l tam gic cn"  l mnh  "Nu tam gic ABC  l tam 

gic cn th n l tam gic u".  

4.  Mnh  t ng  ng 

V d 6. Cho tam gic ABC.  Xt mnh  P  :  "Tam gic ABC  l tam gic cn"  

v mnh  Q  :  "Tam gic ABC c hai  ng trung tuyn bng nhau". Mnh  R :  

"Tam gic ABC  l tam gic cn nu tam gic  c hai  ng trung tuyn bng 

nhau v ng c li"  cn c th pht biu l :  "Tam gic ABC  l tam gic cn nu 

v ch nu tam gic  c hai  ng trung tuyn bng nhau", mnh   c 

dng "P  nu v ch nu Q".  Ta gi R  l mt mnh  t ng  ng.   

Cho hai mnh  P v Q.  Mnh  c dng "P nu v ch nu Q" 

 c gi l mnh  t ng  ng  v k hiu l P   Q.   

Mnh  P   Q ng khi c hai mnh  ko theo P   Q v  

Q   P u ng v sai trong cc tr ng hp cn li.  

i khi,  ng i ta cn pht biu mnh  P    Q  l "P  khi v ch khi Q".  

Mnh  P    Q  ng nu c hai mnh  P  v  Q  cng ng hoc 
cng sai.  Khi ,  ta ni rng hai mnh  P v Q t ng  ng 
vi nhau.  

H3  

a)  Cho tam gic ABC.  Mnh  "Tam gic ABC  l mt tam gic c ba gc bng nhau 
nu v ch nu tam gic  c ba cnh bng nhau" l mnh  g ? Mnh   
ng hay sai ? 

b)  Xt cc mnh  P  : "36  chia ht cho 4  v chia ht cho 3" ; 

    Q  : "36  chia ht cho 12".  

i)  Pht biu mnh  P    Q,  Q    P  v P    Q.  

ii)  Xt tnh ng - sai ca mnh  P    Q.  
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5.  Khi nim mnh  cha bin 

V d 7. Xt cc cu sau y.  

(1 )  "n  chia ht cho 3",  (vi n  l s t nhin).  

(2)  "y > x +  3",  (vi x v y  l hai s thc).  

Mi cu trn u l mt cu khng nh cha mt hay nhiu bin nhn gi tr 
trong mt tp hp X no .  Tnh ng -  sai ca chng tu thuc vo gi tr c 
th ca cc bin .  Nu cho cc bin nhng gi tr c th trong tp X th ta 
 c nhng mnh .  Chng hn, nu k hiu cu (1 ) l P(n) th P(6) l  
"6 chia ht cho 3",  l mnh   ng  ;  nu k hiu cu (2)  l Q(x  ;  y)  

th  Q(1  ;  2)  l " 2  >  1  +  3 " ,   l mnh  sai.   

Cc cu kiu nh  cu (1 )  v cu (2)   c gi l nhng mnh  cha bin.  

H4  Cho mnh  cha bin ( )P x : 2" "x x> vi x l s thc.  Hi mi mnh  (2)P  

v 
1

2
P
 
 
 

 ng hay sai ? 

6.  Cc k hiu  v   

a) K hiu  

Cho mnh  cha bin ( )P x  vi x   X.  Khi  khng nh 

 "Vi mi x thuc X , ( )P x  ng"  (hay "P(x)  ng vi mi x thuc X")      (1 )  

l mt mnh . Mnh  ny ng nu vi 0x  bt k thuc X, 0( )P x  l mnh  

ng. Mnh  ny sai nu c 0x X  sao cho 0( )P x  l mnh  sai.  

Mnh  (1 )  c k hiu l 
   " , ( )x X P x  "  hoc " : ( )x X P x  ".  

K hiu   c l "vi mi".  

V d 8 

a) Cho mnh  cha bin ( )P x  :  " 2 2 2 0x x + > "  vi x l s thc.  Khi  

mnh  " , ( )x P x  R "  ng v vi bt k x   R  ta u c  

    2 22 2 ( 1) 1 0.x x x + =  + >  

b)  Cho mnh  cha bin ( ) : " 2 1nP n +  l s nguyn t"  vi n  l s t nhin.  

Khi ,  mnh  "n    N,  P(n)"  sai v vi n  =  3  th P(3)  :  "23  +  1  l s 

nguyn t"  l mnh  sai.   

H5  Cho mnh  cha bin ( )P n : " ( 1)n n +  l s l" vi n  l s nguyn.  Pht biu 

mnh  "n    Z,  P(n)".  Mnh  ny ng hay sai ? 
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b) K hiu   

Cho mnh  cha bin ( )P x  vi .x X  Khi ,  khng nh 

                              "Tn ti x thuc X  ( )P x  ng"  (2)  

l mt mnh .  Mnh  ny ng nu c 0x X   0( )P x  l mnh  
ng.  Mnh  ny sai nu vi 0x  bt k thuc X,  0( )P x  l mnh  sai (ni 
cch khc l khng c 0x  no thuc X  0( )P x  l mnh  ng).  

Mnh  (2)   c k hiu l 

   "x   X,  ( )P x "  hoc "x   X  :  ( )P x ".  

K hiu   c l "tn ti".  

V d 9 

a) Cho mnh  cha bin ( )P n  :  " 2 1n
+  chia ht cho n"  vi n  l s t nhin.  

Khi , mnh  "n    N,  ( )P n "  ng v vi n  =  3  th (3)P  :  " 32 1+  chia ht 

cho 3"  l mnh  ng.  

b) Cho mnh  cha bin 2( ) : "( 1) 0"P x x  <  vi x l s thc. Khi , mnh  

"x   R, P(x)"  l mnh  sai v vi bt k 0x  R ,  ta u c 2
0( 1) 0.x           

H6  Cho mnh  cha bin Q(n)  : "2 1n
  l s nguyn t" vi n  l s nguyn 

d ng.  Pht biu mnh  "n    N*,  Q(n)".  Mnh  ny ng hay sai ?  

7.  Mnh  ph nh ca mnh  c cha k hiu ,   

V d 10. Mnh  ph nh ca mnh  "Vi mi s t nhin n,  22 1
n

+  l s 

nguyn t"  l "Tn ti s t nhin n   22 1
n

+  khng phi l s nguyn t".      

Cho mnh  cha bin P(x)  vi x   X.  Mnh  ph nh ca 

mnh  "x   X,  P(x)"  l  

"x   X,  ( )P x " .  

V d 11. Mnh  ph nh ca mnh  "Trong lp em c bn khng thch 
mn Ton"  l "Tt c cc bn trong lp em u thch mn Ton".   

Cho mnh  cha bin P(x)  vi x   X.  Mnh  ph nh ca 

mnh  "x   X,  P(x)"  l 

"x   X,  ( )P x ".  

H7  Nu mnh  ph nh ca mnh  "Tt c cc bn trong lp em u c 

my tnh".  
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Cu hi  v  b i  tp 

1.  Trong cc cu d i y,  cu no l mnh ,  cu no khng phi l mnh  ?  
Nu l mnh  th em hy cho bit n ng hay sai.  

  a)  Hy i nhanh ln !  ;   b)  5  +  7  +  4 =  1 5  ;   c)  Nm 2002 l nm nhun.  

2.  Nu mnh  ph nh ca mi mnh  sau v xc nh xem mnh  ph 
nh  ng hay sai.  

  a)  Ph ng trnh x2    3x +  2 =  0 c nghim.  

  b)  210    1  chia ht cho 1 1 .  
  c)  C v s s nguyn t.  

3.   Cho t gic ABCD.  Xt hai mnh  :  

  P  :  "T gic ABCD  l hnh vung",  

  Q  :  "T gic ABCD  l hnh ch nht c hai  ng cho vung gc".   

  Pht biu mnh  P    Q  bng hai cch v cho bit mnh   ng 
hay sai.  

4.   Cho mnh  cha bin P(n)  :  "n2    1  chia ht cho 4"  vi n  l s nguyn.  Xt 
xem mi mnh  P(5)  v P(2) ng hay sai.  

5.   Nu mnh  ph nh ca mi mnh  sau :  

  a)  n    N*,  n2    1  l bi ca 3  ;   b)  x   R,  x2    x +  1  > 0 ;  

  c)  x   Q,  x2  =  3  ;    d)  n    N,  2n  +  1  l s nguyn t ;  

  e)  n    N,  2n    n  +  2.  

 

 

cc s Phc-ma 

Cc s 22 1
n

nF = +   c gi  l cc s Phc-ma.  Mnh  F :  "n    N,  22 1
n

+  l s 

nguyn t" do nh ton hc li  lc Phc-ma (P.  Fermat,  1 601    1 665) nu ra khi  ng 

nhn xt thy cc s F0  =  3 ,  F1  =  5,  F2  =  17,  F3  =  257,  F4  =  65 537  u l s nguyn t.  

Nh ton hc thin ti  -le (L.  Euler,  1 707  1 783)  chng t mnh  F sai   bng 

cch ch ra vi  n  =  5  ta c F5  =  
322 1+ =  4 294 967 297 =  641    6 700 417  chia ht cho 641 ,  

khng phi l s nguyn t.   

Em

cob i t
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1.   nh l v chng minh nh l 

V d 1. Xt nh l "Nu n  l s t nhin l th n2    1  chia ht cho 4".  

nh l ny  c hiu mt cch y  l "Vi mi s t nhin n,  nu n  l s 

l th n2    1  chia ht cho 4".  

Trong ton hc,  nh l l mt mnh  ng.  Nhiu nh l  c 
pht biu d i dng  

                    "x   X,  P(x)    Q(x)",  (1 )  
trong  P(x)  v Q(x)  l nhng mnh  cha bin,  X l mt tp 
hp no .   

Chng minh nh l dng (1 )  l dng suy lun v nhng kin thc 
 bit  khng nh rng mnh  (1 )  l ng,  tc l cn chng 
t rng vi mi  x  thuc  X m  P(x)  ng th Q(x)  ng.  

C th chng minh nh l dng (1 )  mt cch trc tip hoc gin tip.   

 Php chng minh trc tip gm cc b c sau :  

  Ly x tu  thuc X m P(x)  ng ;  

  Dng suy lun v nhng kin thc ton hc  bit  ch ra rng Q(x) ng.   

V d 2. Hy chng minh trc tip nh l nu  v d 1 .  

Chng minh.  Cho n  l s t nhin l  tu .  Khi ,  n  =  2k  +  1 ,  k    N.  

Suy ra n2    1  =  4k2  +  4k +  1    1  =  4k(k +  1 )  chia ht cho 4.    

i khi vic chng minh trc tip mt nh l gp kh khn.  Khi , ta dng 
cch chng minh gin tip.  Mt cch chng minh gin tip hay  c dng l 
chng minh bng phn chng.   

 Php chng minh phn chng gm cc b c sau :  

  Gi s tn ti x0  thuc X sao cho P(x0)  ng v Q(x0)  sai,  tc l mnh  (1 ) 
l mnh  sai ;  

  Dng suy lun v nhng kin thc ton hc  bit  i n mu thun.  

2
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V d 3. Chng minh bng phn chng nh l "Trong mt phng, cho hai 
 ng thng a  v b  song song vi nhau.  Khi , mi  ng thng ct a  th 
phi ct b".  

Chng minh.  Gi s tn ti  ng thng c  ct a  nh ng song song vi b.  Gi M 
l giao im ca a  v c.  Khi ,  qua M c hai  ng thng a  v c  phn bit 
cng song song vi b.  iu ny mu thun vi tin  -clt.    

H1  Chng minh bng phn chng nh l "Vi mi s t nhin n,  nu 3n  +  2  l s l 

th n  l s l".   

2.  iu kin cn, iu kin  

Cho nh l d i dng              

     "x   X,  P(x)    Q(x)".  (1 )  

P(x)   c gi l  gi thit v Q(x)  l  kt lun  ca nh l.  

nh l dng (1 )  cn  c pht biu :  

P(x)  l iu kin    c  Q(x)   
hoc  

Q(x)  l iu kin cn   c  P(x).  

V d 4.  Xt nh l "Vi mi s t nhin n,  nu n  chia ht cho 24 th n chia 
ht cho 8".  

Khi ,  ta ni "n  chia ht cho 24 l iu kin   n  chia ht cho 8"  hoc 
cng ni "n  chia ht cho 8  l iu kin cn  n  chia ht cho 24".   

H2  nh l trong v d 4 c dng "n    N,  P(n)    Q(n)".  Hy pht biu hai mnh  

cha bin P(n)  v Q(n).  

3.  nh l o, iu kin cn v  

Xt mnh  o ca nh l dng (1 )  

                 "x   X,  Q(x)    P(x)" .  (2)  

Mnh  (2)  c th ng, c th sai.  Nu mnh  (2)  ng th n  c gi l 
nh l o ca nh l dng (1 ).  Lc  nh l dng (1 )  s  c gi l nh l 
thun.  nh l thun v o c th vit gp thnh mt nh l  

" , ( ) ( )x X P x Q x   ".  

Khi ,  ta ni 
P(x)  l iu kin cn v     c  Q(x).  
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Ngoi ra,  ta cn ni "P(x)  nu v ch nu Q(x)"  hoc "P(x)  khi v ch khi 

Q(x)"  hoc "iu kin cn v   c P(x)  l c Q(x)".  

H3  Xt nh l "Vi mi s nguyn d ng n,  n  khng chia ht cho 3  khi v ch khi 
2

n  chia cho 3  d  1".   

S dng thut ng "iu kin cn v "  pht biu nh l trn.  

Cu hi  v  b i  tp 

6.    Pht biu mnh  o ca nh l "Trong mt tam gic cn, hai  ng cao ng 

vi hai cnh bn th bng nhau".  Mnh  o  ng hay sai ? 

7.    Chng minh nh l sau bng phn chng :   

"Nu a,  b  l hai s d ng th 2a b ab+  ".  

8.   S dng thut ng "iu kin "   pht biu nh l "Nu a  v b  l hai s hu 

t th tng a  +  b  cng l s hu t".  

9.    S dng thut ng "iu kin cn"   pht biu nh l "Nu mt s t nhin 

chia ht cho 15  th n chia ht cho 5".  

10.   S dng thut ng "iu kin cn v "  pht biu nh l "Mt t gic ni tip 

 c trong mt  ng trn khi v ch khi tng hai gc i din ca n l 180o".  

11.   Chng minh nh l sau bng phn chng :   

  "Nu n  l s t nhin v n2  chia ht cho 5  th n  chia ht cho 5".  

 

  

i nt v Gioc-gi Bun  
ng i  sng lp ra lgic ton  

Gioc-gi Bun  sinh  ngy 2-1 1 -1 81 5   Lun  n.  ng  l con  trai  mt nh bn  tp ho 
nh.  V nh ngho nn  t nm 1 6 tui  ng   phi  tm  vic lm  kim tin   n  
cha m.  ng bt u  dy hc t khi  .  Nm 20 tui ,  ng  m mt tr ng  t    qu 

nh.  Va cm ci  dy hc,  ng  va ra sc  t hc,  tch  lu  vn  kin  thc ton  hc.  

Em

cob i t
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Hon ton  bng  cc kin  thc t hc,  ng   bt tay vo 

nghin  cu  vi  mt n im say m ln  lao trong  hon  cnh  kinh  
t kh khn  thiu  thn.  Vi  nng  khiu,  s thng  minh  v 

n im say m ton  hc,  ng   t  c mt s kt qu v bt 
u  ni  ting  nh nhng  cng  trnh  ca mnh  nh  :  "Gii  tch  

ton  hc ca lgic",  "Cc nh  lut ca t  duy".  Nh ,  ng 
 c b nhim lm Gio s  ton ca  tr ng  N hong    Ai-len  

(lreland)  t nm 1 849 cho n  cui  i .  Mt iu  kh th  v  l  

ng i  con gi  ca ng chnh l n vn s -ten Bun (Eten Boole),  

tc gi ca cun  tiu  thuyt "Rui  tru"  rt ni  ting.  

ng mt ngy 8-1 2-1 864,  th 49 tui .  Cuc i  v s nghip 
ca ng l mt tm g ng sng ng  chng ta noi  theo v tinh thn khc phc kh 
khn,  lao ng cn c,  kin  nhn  hc tp v say m nghin cu,  sng to.   

Luyn tp 

12.   in du ""  vo  thch hp trong bng sau :  

Cu Khng l mnh  Mnh  ng Mnh  sai 

24   1  chia ht cho 5.     

1 53  l s nguyn t.     

Cm  bng  y !     

Bn c my tnh khng ?    

 

13.   Nu mnh  ph nh ca mi mnh  sau :  

  a)  T gic ABCD   cho l mt hnh ch nht ;  

  b)  9801  l s chnh ph ng.  

14.   Cho t gic ABCD.  Xt hai mnh  

  P  :  "T gic ABCD  c tng hai gc i l 180o"  ;  

  Q :  "T gic ABCD  l t gic ni tip".   

  Hy pht biu mnh  P    Q  v cho bit mnh   ny ng hay sai.  

 

 

 
 
 
 
 
 
 
 
 

Gioc-gi Bun 
(George Boole,  1 81 5  1 864)
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15.  Xt hai mnh  

  P  :  "4686 chia ht cho 6"  ;   Q  :  "4686 chia ht cho 4".  

  Hy pht biu mnh  P     Q  v cho bit mnh  ny ng hay sai.  

16.  Cho tam gic ABC.  Xt mnh  "Tam gic ABC  l tam gic vung ti A  nu 

v ch nu AB2  +  AC2  =  BC2".  Khi vit mnh  ny d i dng P    Q,  hy 

nu mnh  P  v mnh  Q.   

17.   Cho mnh  cha bin P(n) :  "n  =  n2"  vi n  l s nguyn. in du ""  vo  

vung thch hp.  

  a)  P(0)    ng   Sai   

  b)  P(l)     ng   Sai  

  c)  P(2)   ng   Sai  

  d)  P(1 )   ng   Sai  

  e)  n    Z,  P(n)    ng   Sai  

  g)  n    Z,  P(n)    ng   Sai .  

18.  Nu mnh  ph nh ca mi mnh  sau :  

  a)  Mi hc sinh trong lp em u thch mn Ton ;  

  b)  C mt hc sinh trong lp em ch a bit s dng my tnh ;  

  c)  Mi hc sinh trong lp em u bit  bng ;  

  d)  C  mt hc sinh trong lp em ch a bao gi  c tm bin.  

19.   Xc nh xem cc mnh  sau y ng hay sai v nu mnh  ph nh ca 

mi mnh   :  

  a)  x   R,  x2  =  1  ;  

  b)  n    N,  n(n  +  1 ) l mt s chnh ph ng ;  

  c)  x   R,  (x   1 )2   x   1  ;  

  d)  n    N,  2 1n +  khng chia ht cho 4.  
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20.   Chn ph ng n tr li ng trong cc ph ng n  cho sau y.  

Mnh  "x   R,  x2  =  2"  khng nh rng :  

(A)   Bnh ph ng ca mi s thc bng 2.  

(B)    C t nht mt s thc m bnh ph ng ca n bng 2.  

(C)    Ch c mt s thc c bnh ph ng bng 2.  

(D)   Nu x l mt s thc th x2  =  2.  

21.   K hiu X l tp hp cc cu th x trong i tuyn bng r,  P(x)   l mnh  

cha bin "x cao trn 180 cm".  

Chn ph ng n tr li ng trong cc ph ng n  cho sau y.  

Mnh  "x   X,  P(x)"  khng nh rng :  

(A)  Mi cu th trong i tuyn bng r u cao trn 180 cm.  

(B)  Trong s cc cu th ca i tuyn bng r c mt s cu th cao trn 

180 cm.  

(C)  Bt c ai cao trn 180 cm u l cu th ca i tuyn bng r.  

(D)  C mt s ng i cao trn 180 cm l cu th ca i tuyn bng r.  

 

1.   Tp hp  

 lp d i,  chng ta  lm quen vi khi nim tp hp.  Nh li rng 

Tp hp  l mt khi nim c bn ca ton hc.  Ta hiu khi nim tp hp qua 

cc v d nh  :  Tp hp tt c cc hc sinh lp 10 ca tr ng em, tp hp cc 

s nguyn t,. . .  .  Thng th ng, mi tp hp gm cc phn t cng c chung 

mt hay mt vi tnh cht no .  

3
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Nu a  l phn t ca tp hp X,  ta vit a    X (c l :  a  thuc X).  Nu a khng 

phi l phn t ca X,  ta vit a    X (c l :  a  khng thuc X).   cho gn,  i 

khi "tp hp"  s  c gi tt l "tp".  

Ta th ng cho mt tp hp bng hai cch sau y.  

1 ) Lit k cc phn t ca tp hp.  

H1  Vit tp hp tt c cc ch ci c mt trong dng ch "Khng c g qu hn 

c lp t do".   

2) Ch r cc tnh cht c tr ng cho cc phn t ca tp hp.  

H2  

a)  Xt tp hp A  =  {n    N  |  3    n    20} .  Hy vit tp A  bng cch lit k cc phn t 

ca n.   

b)  Cho tp hp  B  =  {15  ;  10 ;  5 ;  0 ;  5  ;  1 0 ;  1 5} .  Hy vit tp B  bng cch ch r cc 

tnh cht c tr ng cho cc phn t ca n.  

Ni chung, khi ni n tp hp l ni n cc phn t ca n.  Tuy nhin,  

ng i ta cng xt c tp hp khng cha phn t no.  Tp hp nh  vy gi l 

tp rng  v  c k hiu l .  

2.  Tp con v tp hp bng nhau 

a) Tp con 

Tp A  c gi l tp con  ca tp B v k hiu l A    B nu mi 

phn t ca tp A u l phn t ca tp B.   

    A    B    (x,  x   A    x   B).  

Nu A    B  th ta cn ni tp A  b cha trong tp B  hay tp B  cha tp A  v cn 

vit l B    A.  

T nh ngha tp con, d thy tnh cht bc cu sau 

(A    B  v B    C)    (A    C).  

Cng d thy mi tp hp l tp con ca chnh n.  

Ng i ta coi   l tp con ca mi tp hp, tc l     A  vi mi tp A.  
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H3  Cho hai tp hp A  =  {n    N  |  n  chia ht cho 6}  v B  =  {n    N  |  n  chia ht  

cho 12} .  Hi A    B  hay B    A  ? 

b) Tp hp bng nhau  

Hai tp hp A v B  c gi l bng nhau  v k hiu l A =  B nu 

mi phn t ca A  l mt phn t ca B v mi phn t ca B 

cng l mt phn t ca A.  

T nh ngha ny,  ta c 

A  =  B    (A    B  v B    A).  

Hai tp hp A  v B  khng bng nhau (hay khc nhau)  c k hiu l A    B.  

Nh  vy,  hai tp hp A  v B khc nhau nu c mt phn t ca A  khng l 

phn t ca B  hoc c mt phn t ca B  khng l phn t ca A.  

H4  Xt nh l "Trong mt phng,  tp hp cc im cch u hai mt ca mt 

on thng l  ng trung trc ca on thng ".  

y c phi l bi ton chng minh hai tp hp bng nhau khng ? Nu c,  hy nu 
hai tp hp .  

c)  Biu  Ven 

Cc tp hp c th  c minh ho trc quan bng hnh 

v nh biu  Ven do nh ton hc ng i Anh Gin 

Ven (John Venn)  ln u tin  a ra vo nm 1881 .  

Trong biu  Ven,  ng i ta dng nhng hnh gii hn 

bi mt  ng khp kn  biu din tp hp.  

Chng hn, hnh 1 .1  th hin tp  A  l tp con ca tp B.              

V d 1. Chng ta  bit tp hp s nguyn d ng N*,  tp hp s t nhin N,  

tp hp s nguyn Z,  tp hp s hu t Q  v tp hp s thc R.   

Ta c cc quan h sau 

N
*    N    Z    Q    R.  

H5  V biu  Ven m t cc quan h trn.   

Hnh 1 .1  
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3.  Mt s cc tp con ca tp hp s thc  

Trong cc ch ng sau, ta th ng s dng cc tp con sau y ca tp s thc R.  

Tn gi v k hiu Tp hp 
Biu din trn trc s 

(phn khng b gch cho)  

Tp s thc (  ;  +)  R   

on [a  ;  b]  { x   R  |  a    x   b}   

Khong (a  ;  b)  { x   R  |  a  < x < b}   

Na khong [a  ;  b)  { x   R  |  a    x < b}   

Na khong (a  ;  b]  { x   R  |  a  < x   b}   

Na khong (  ;  a]  { x   R  |  x   a}   

Na khong [a  ;  +)  { x   R  |  x   a}   

Khong (  ;  a)  { x   R  |  x < a}   

Khong (a  ;  +)  { x   R  |  x > a}   

Trong cc k hiu trn,  k hiu   c l m v cc,  k hiu +  c l d ng 

v cc ;  a v b   c gi l cc u mt ca on, khong hay na khong.  

H6  Hy ghp mi   ct tri vi mt   ct phi c cng mt ni dung thnh cp.  

   a)  x   [1  ;  5]  ;    1 )  1  < x   5  ;    

   b)  x   (1  ;  5]  ;    2)  x < 5  ;  

   c)  x   [5  ;  +)  ;    3)  x   5  ;  

   d)  x   (  ;  5)  ;   4)  1    x   5  ;  

    5)  1  < x < 5.  
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Hnh 1 .2  

4.   Cc php ton trn tp hp 

 a) Php hp 

Hp  ca hai tp hp A v B,  k hiu l A   B,  l tp hp bao 

gm tt c cc phn t thuc A hoc thuc B.   

A    B  =  { x |  x   A   hoc  x   B} .  

Trn biu  Ven (h.1 .2),  phn gch cho biu 

din hp ca hai tp hp A  v B.  

V d 2. Cho on A  =  [2 ;  1 ]  v khong B = (1  ;   3).  

Ta c  

   A    B  =  [2 ;  3  ).       

 b) Php giao 

Giao  ca hai tp hp A v B,  k hiu l A   B,  l tp hp bao 

gm tt c cc phn t thuc c A v B.  

A    B  =  { x |  x   A   v  x   B} .  

Trn biu  Ven (h.1 .3),  phn gch cho biu 
din giao ca hai tp hp A  v B.   

Nu hai tp hp A  v B  khng c phn t chung,  
ngha l A    B  =    th ta gi A  v B  l hai tp 
hp ri nhau.  

V d 3. Cho na khong A  =  (0 ;  2]  v on B  =  [1  ;  4] .  Ta c    

  A    B  =  [1  ;  2] .                

H7  Gi A  l tp hp cc hc sinh gii Ton ca tr ng em,  B  l tp hp cc hc 

sinh gii Vn ca tr ng em.  Hy m t hai tp A    B  v A    B.   

c) Php ly phn b 

Cho A l tp con ca tp E.  Phn b  ca A trong E, k hiu l CEA
(1 )
, 

l tp hp tt c cc phn t ca E m khng l phn t ca A. 

    

(1 )  C  l ch u tin ca t ting Anh "complement"  c ngha phn b, b sung.  

Hnh 1 .3  
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Trn biu  Ven (h.1 .4),  phn gch cho biu din 

phn b ca tp A  trong E.  

V d 4.  Phn b ca tp cc s t nhin trong tp cc 

s nguyn l tp cc s nguyn m.  Phn b ca tp 

cc s l trong tp cc s nguyn l tp cc s chn.    

H8  a)  Phn b ca tp s hu t Q  trong R  l tp no ?   

b) Gi s A  l tp hp cc hc sinh nam trong lp em,  B  l tp hp cc hc sinh 
trong lp em v D  l tp hp cc hc sinh nam trong tr ng em.  Hy m t cc tp 

hp : BAC  ; .DAC  

Ch  

Vi hai tp hp A,  B  bt k,  ng i ta cn xt hiu ca hai tp hp 
A  v B.  

Hiu  ca hai tp hp A v B,  k hiu l A  \ B, l tp hp bao 
gm tt c cc phn t thuc A nh ng khng thuc B.   

    A  \ B  =  { x |  x   A   v  x   B} .  

Trn biu  Ven (h.1 .5),  phn gch cho biu din 
hiu ca hai tp A  v B.  

V d 5.  Cho na khong A  =  (1  ;  3]  v on B =  [2 ;  4] .  

Khi ,  A  \ B  =  (1  ;  2).   

T nh ngha ta thy, nu A    E  th    

    CEA  =  E  \ A.  

Cu hi  v  b i  tp 

22.   Vit mi tp hp sau bng cch lit k cc phn t ca n :  

a)  A  =  { x   R  |  (2x   x2)(2x2    3x   2)  =  0}  ;  

b)  B  =  {n    N*  |  3  < n2  < 30} .  

23.   Vit mi tp hp sau bng cch ch r cc tnh cht c tr ng cho cc phn t 
ca n :  

Hnh 1 .5  

Hnh 1 .4  
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a)  A  =  { 2 ;  3  ;  5  ;  7}  ;   b)  B  =  {3  ;  2 ;  1  ;  0 ;  1  ;  2 ;  3}  ;  

c)  C  =  {5 ;  0 ;  5  ;  10 ;  1 5} .  

24.   Xt xem hai tp hp sau c bng nhau khng :  

A  =  { x   R  |  (x   1 )(x   2)(x   3)  =  0}  v B  =  { 5  ;  3  ;  1 } .  

25.   Gi s A  =  { 2 ;  4 ;  6} ,  B  =  { 2 ;  6} ,  C  =  { 4 ;  6}  v D  =  { 4 ;  6 ;  8} .  Hy xc 
nh xem tp no l tp con ca tp no.  

26.   Cho A  l tp hp cc hc sinh lp 10 ang hc  tr ng em v B l tp hp 
cc hc sinh ang hc mn Ting Anh ca tr ng em.  Hy din t bng li 
cc tp hp sau :  

  a)  A    B  ;       b)  A  \ B  ;     c)  A    B  ;    d)  B  \ A.  

27.   Gi A,  B,  C,  D,  E  v F  ln l t l tp hp cc t gic li,  tp hp cc hnh 
thang, tp hp cc hnh bnh hnh, tp hp cc hnh ch nht,  tp hp cc hnh 
thoi v tp hp cc hnh vung.  Hi tp no l tp con ca tp no ?  Hy din 

t bng li tp D    E.  

28.   Cho A  =  { 1  ;  3  ;  5}  v B  =  { 1  ;  2  ;  3} .  Tm hai tp hp (A  \ B)    (B  \ A)  v 

(A    B)  \ (A    B) .  Hai tp hp nhn  c l bng nhau hay khc nhau ?  

29.   in du ""  vo  trng thch hp.  

  a)  x   R,  x   (2,1  ;  5,4)    x   (2 ;  5)    ng   Sai  

  b)  x   R,  x   (2,1  ;  5,4)    x   (2 ;  6)    ng   Sai  

  c)  x   R,  1 ,2   x < 2,3    1    x   3    ng   Sai  

  d)  x   R,  4,3  < x   3,2   5   x   3   ng   Sai  

30.   Cho on A  =  [5 ;  1 ]  v khong B  =  (3  ;  2).  Tm A    B  v A    B.  

Luyn tp 

31.   Xc nh hai tp hp A  v B,  bit rng :  

A  \ B  =  { 1  ;  5  ;  7  ;  8} ,  B  \ A  =  { 2 ;  10}  v A    B  =  { 3  ;  6 ;  9} .  

32.   Cho A  =  { 1  ;  2 ;  3  ;  4 ;  5  ;  6 ;  9} , B = { 0 ;  2 ;  4 ;  6 ;  8  ;  9}  v C  = { 3  ;  4 ;  5  ;  6 ;  7} .  

Hy tm A    (B  \ C)  v (A    B)  \ C.  Hai tp hp nhn  c bng nhau hay 

khc nhau ?  
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33.   Cho A  v B  l hai tp hp.  Dng biu  Ven  kim nghim rng :  

  a)  (A  \ B)    A  ;   b)  A    (B  \ A)  =    ;      c)  A    (B  \ A)  =  A    B.  

34.   Cho A  l tp hp cc s t nhin chn khng ln hn 10,  B  =  { n    N  |  n    6}  

v C  =  {n    N  |  4   n    1 0} .  Hy tm :  

  a)  A    (B    C)  ;    b)  (A  \ B)    (A  \ C)    (B  \ C).   

35.   in du ""  vo  trng thch hp.  

  a)  a    {a  ;  b}    ng   Sai  

  b)  {a}{ a  ;  b}    ng   Sai .  

36.   Cho tp hp A  =  {a  ;  b  ;  c  ;  d} .  Lit k tt c cc tp con ca A  c :  

  a)  Ba phn t ;    b)  Hai phn t ;  c)  Khng qu mt phn t.  

37.   Cho hai on A  =  [a  ;  a  +  2]  v B  =  [b  ;  b  +  1 ] .  Cc s a,  b  cn tho mn iu 

kin g  A    B      ?  

38.   Chn khng nh sai trong cc khng nh sau :  

  (A)  Q    R   =  Q  ;    (B)   N*    R  =  N* .  

  (C)  Z    Q    =  Q  ;    (D)  N    N*  =  Z.  

39.   Cho hai na khong A  =  (1  ;  0]  v B  =  [0 ;  1 ).  Tm A    B,  A    B  v C
R
A.  

40.   Cho A  =  { | 2 , }n n k k = Z Z  ;  

  B  l tp hp cc s nguyn c ch s tn cng l 0,  2,  4,  6,  8  ;  

  C  =  { | 2 2, }n n k k =  Z Z  ;  

  D  =  { | 3 1, } .n n k k = + Z Z  

  Chng minh rng A  =  B,   A  =  C  v A    D.  

41.   Cho hai na khong A  =  (0 ;  2]  ,  B  =  [1  ;  4).  Tm CR(A   B)  v CR(A    B).  

42.   Cho A  =  {a,  b,  c} , B  =  {b,  c,  d} ,  C  =  {b,  c,  e} .  

  Chn khng nh ng trong cc khng nh sau :  

(A) A    (B   C) =  (A    B)   C  ;                (B) A    (B   C) = (A    B)   (A    C) ;  

(C)  (A    B)    C  =  (A    B)    (A    C)  ;   (D) (A    B)    C  =  (A    B)    C.  
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Tiu s nh ton hc Can-to 

 

Can-to sinh  ngy 3-3-1 845 ti  Xanh  P-tec-bua trong  mt g ia 

nh  c b l mt th ng  gia,  m l  mt ngh s.  Ti  nng  v 

lng  say m ton  hc ca ng  hnh  thnh  rt sm.  Sau  khi  tt 

nghip ph thng  mt cch  xut sc,  ng  m p hoi  bo i  

su  vo ton  hc.  B ca ng  mun  ng  tr thnh  mt k s  

v  ngh ny kim  c nhiu  tin  hn.  Nh ng  ng   quyt 

tm hc su  v ton  v cui  cng,  ng  thuyt phc  c cha 

bng  lng  cho ng  theo hc ngnh  Ton.  ng  vit th  cho 

cha i   nh  sau  :  "Con  rt sung  s ng  v  cha  ng   cho 

con  theo ui  hoi  bo ca con.  Tm hn  con,  c th con  

sng  theo hoi  bo y".  ng  bo v lun  n  Tin  s ti  tr ng  i  hc Bec-l in  vo 

nm 1 867.  T nm 1 869 n  1 905,  ng  dy  tr ng  i  hc Ha-l (Hal le).  ng  l 

ng i  sng lp nn  l  thuyt tp hp.  Ngay sau  khi  ra i ,  l  thuyt tp hp  l  c 

s cho mt cuc cch  mng  trong  vit sch  v ging  dy ton.  Nhng  cng  trnh  

ton hc ca ng   li  du n su sc cho cc th h cc nh ton hc lp sau.  

Nm 1 925,  H in-be (D.  H i lbert),  nh ton  hc li  lc ca th k XX  vit :  "Ti   

tm  thy trong  cc cng  trnh  ca ng  v p ca hoa v tr tu.  Ti  ngh rng   l  

nh  cao ca hot ng  tr tu ca con  ng i".  T nm 40 tui ,  tuy c nhng  thi  k  

au  m phi  nm vin  nh ng  ng  vn  khng  ngng  sng  to.  Mt trong  nhng 

cng  trnh  quan  trng ca ng    c hon thnh trong khong thi  gian  gia hai  

cn  au.  ng mt ngy 6-1 -1 91 8 ti  mt bnh vin   Ha-l,  th 73 tui.  

 

 

 

 

 

 

 
 

 

Gh-oc Can-to 

(Georg Cantor,  1 845  1 91 8)

Em

cob i t
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1.  S gn ng  
 
Trong nhiu tr ng hp, ta khng 

bit  c gi tr ng ca i l ng 

ta ang quan tm m ch bit gi tr 

gn ng ca n.  C hai kt qu o 

chiu di chic bn  hnh bn ch l 

cc gi tr gn ng vi chiu di 

thc ca chic bn.  

H1  Theo Tng cc Thng k,  dn s n c ta ti thi im ngy 1-4-2003 l 80 902,4 

nghn ng i,  trong  s nam l 39 755,4  nghn ng i,  s n l 41 147,0  nghn ng i ; 
thnh th c 20 869,5  nghn ng i v nng thn c 60 032,9  nghn ng i.  

Hi cc s liu ni trn l s ng hay s gn ng ? 

2.  Sai s tuyt i v sai s t ng i 

a) Sai s tuyt i 

Gi s a  l gi tr ng ca mt i l ng v a  l gi tr gn ng 
ca .a  Gi tr | a   a|  phn nh mc  sai lch gia a  v a.  Ta gi 

| a   a|  l sai s tuyt i ca s gn ng a v k hiu l a, tc l  
     a  =  | a    a | .  

Trn thc t,  nhiu khi ta khng bit a  nn khng th tnh  c chnh xc a.  

Tuy nhin,  ta c th nh gi  c a  khng v t qu mt s d ng d no  .  

V d 1. Gi s 2a =  v mt gi tr gn ng ca n l a  =  1 ,41 .  Ta c :  

(1 ,41 )2  =  1 ,9881  < 2   1 ,41  < 2    2 1, 41 0 >  ;  

(1 ,42)2  =  2,0164 > 2   1 ,42 > 2    2 1, 41 0, 01 < .  

Do   
   a  =  2 1, 41 0, 01 .a a =  <   

Vy sai s tuyt i ca 1 ,41  khng v t qu 0,01 .   

4
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Nu a    d th .a d a a d   +  Khi , ta quy c vit 

a  =  a    d.  

Nh  vy, khi vit a  =  a    d,  ta hiu s ng a  nm trong on [a    d ;  a  +  d] .  

Bi vy,  d cng nh th  sai lch ca s gn ng a  so vi s ng a  cng 
t.  Thnh th d  c gi l  chnh xc ca s gn ng.  

H2  Kt qu o chiu di mt cy cu  c ghi l 152 m  0,2 m.  iu  c ngha 

nh  th no ? 

b) Sai s t ng i  

V d 2. Kt qu o chiu cao mt ngi nh  c ghi l 15,2 m   0,1  m.  

Ta mun so snh  chnh xc ca php o ny vi php o chiu di cy cu 

ni trong H2 .  

Thot nhn,  ta thy d ng nh  php o ny c  chnh xc cao hn php o 

xt trong H2 .    

 so snh  chnh xc ca hai php o c hay tnh ton, ng i ta  a ra 
khi nim sai s t ng i.  

Sai s t ng i ca s gn ng a,  k hiu l a,  l t s gia 

sai s tuyt i v |a| ,  tc l  

     .
=

a
a

a
   

Nu a  =  a    d th a    d.  Do  .
a

d

a
   

Nu 
d

a
 cng nh th cht l ng ca php o c hay tnh ton cng cao.  

Ng i ta th ng vit sai s t ng i d i dng phn trm.  

  Tr li v d 2  trn,  ta thy :  Trong php o chiu di cy cu th sai s 

t ng i khng v t qu  
0, 2

0,13%.
152

 Trong php o chiu cao ngi nh 

th sai s t ng i khng v t qu 
0,1

0, 66%.
15, 2

 

Nh  vy, php o chiu di cy cu c  chnh xc cao hn.   

H3  S a   c cho bi gi tr gn ng a =  5,7824  vi sai s t ng i khng v t 

qu 0,5% .  Hy nh gi sai s tuyt i ca .a  
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3.  S quy trn 

Trong thc t o c v tnh ton,  nhiu khi ng i ta ch cn bit gi tr gn 
ng ca mt i l ng vi  chnh xc no  (k c khi c th bit  c 
gi tr ng ca n).  Khi   cho gn, cc s th ng  c quy trn.  
Tu mc  cho php, ta c th quy trn mt s n hng n v,  hng chc,  
hng trm, . . .  hay n hng phn chc,  hng phn trm, hng phn nghn,  . . .  
(gi l hng quy trn) theo nguyn tc sau :  
 Nu ch s ngay sau hng quy trn nh hn 5  th ta ch vic thay th ch s 
 v cc ch s bn phi n bi 0.  

 Nu ch s ngay sau hng quy trn ln hn hay bng 5  th ta thay th ch s 
 v cc ch s bn phi n bi 0 v cng thm mt n v vo ch s  
hng quy trn.  

V d 3. Nu quy trn s 7216,4 n hng chc th ch s  hng quy trn l 1 , 
ch s ngay sau  l 6 ;  do 6 > 5  nn ta c s quy trn l 7220.   

V d 4.  Nu quy trn s 2,654 n hng phn trm (tc l ch s th hai sau 
du phy) th ch s ngay sau hng quy trn l 4 ;  do 4 < 5  nn s quy trn 
l 2,65.   
Ta thy trong v d 3  v v d 4,  sai s tuyt i ln l t l 

| 7216,4   7220 |   =  3 ,6 < 5  ;  

| 2 ,654   2,65 |  =  0,004 < 0,005.  

Nhn xt.  Khi thay s ng bi s quy trn n mt hng no  th sai s 
tuyt i ca s quy trn khng v t qu na n v ca hng quy trn.   
Nh  vy,   chnh xc ca s quy trn bng na n v ca hng quy trn.  

H4  Quy trn s 7216,4  n hng n v,  s 2,654  n hng phn chc ri tnh sai 

s tuyt i ca s quy trn.   

Ch  

1)  Khi quy trn s ng a  n mt hng no th ta ni s gn ng 
a nhn  c l chnh xc n hng .  Chng hn, s gn ng ca 
  chnh xc n hng phn trm l 3,14  ;  s gn ng ca 2  
chnh xc n hng phn nghn l 1 ,414.  
2)  Nu kt qu cui cng ca bi ton yu cu chnh xc n hng 
1

10n
 th trong qu trnh tnh ton,  kt qu ca cc php tnh trung 

gian, ta cn ly chnh xc t nht n hng 
1

1

10n+
.  
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3)  Cho s gn ng a  vi  chnh xc d (tc l a a d=  ).  Khi 
 c yu cu quy trn s a  m khng ni r quy trn n hng no 
th ta quy trn s a  n hng thp nht m d nh hn mt n v 
ca hng .  

Chng hn, cho a  = 1 ,236   0,002 v ta phi quy trn s 1 ,236.  Ta 
thy 0,001  < 0,002 < 0,01  nn hng thp nht m d nh hn mt 
n v  ca hng    l  hng  phn trm.  Vy  ta  phi  quy  trn 
s 1 ,236 n hng phn trm.  Kt qu l a    1 ,24.  

4.  Ch s chc v cch vit chun s gn ng 

a) Ch s chc 

Cho s gn ng a  ca s a  vi  chnh xc d.  Trong s a,  mt 
ch s  c gi l ch s chc (hay ng tin)  nu d khng v t 
qu na n v ca hng c ch s .  

Nhn xt.  Tt c cc ch s ng bn tri ch s chc u l ch s chc.  
Tt c cc ch s ng bn phi ch s khng chc u l ch s khng chc.  

V d 5. Trong mt cuc iu tra dn s, ng i ta bo co s dn ca tnh A  l  

    1 379 425 ng i   300 ng i.  

V 
100 1000

50 300 500
2 2

= < < =  nn ch s hng nghn (ch s 9)  l ch 

s chc.  Vy cc ch s chc l 1 ,  3,  7  v 9  

b) Dng chun ca s gn ng 

Trong cch vit ,a a d=   ta bit ngay  chnh xc d ca s gn ng a 
(tc l a d a a d   + ).  Ngoi cch vit trn,  ng i ta cn quy c dng 
vit chun ca s gn ng v khi cho mt s gn ng d i dng chun, ta 
cng bit  c  chnh xc ca n.  

  Nu s gn ng l s thp phn khng nguyn th dng chun l dng m 
mi ch s ca n u l ch s chc.  

V d 6.  Cho mt gi tr gn ng ca 5   c vit d i dng chun l 

2,236 ( 5    2,236).   y,  hng thp nht c ch s chc l hng phn 

nghn nn  chnh xc ca n l 31
.10

2
  = 0,0005.  Do ,  ta bit  c :  

2,236   0,0005   5    2,236 + 0,0005.  
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  Nu s gn ng l s nguyn th dng chun ca n l .10 ,kA  trong  A  l 

s nguyn, 10k  l hng thp nht c ch s chc (k   N).  

(T ,  mi ch s ca A  u l ch s chc).  

V d 7. S dn ca Vit Nam (nm 2005) vo khong 83.106  ng i (83 triu 

ng i).   y, k = 6 nn  chnh xc ca s gn ng ny l 61
.10 500000.

2
=  

Do ,  ta bit  c s dn ca Vit Nam trong khong t 82,5  triu ng i n 
83,5  triu ng i.  

Ch  

Cc s gn ng trong "Bng s vi bn ch s thp phn"  (bng 
Bra-i-x) hoc my tnh b ti u  c cho d i dng chun.  

V d 8.  Dng my tnh b ti  tnh 2 3,+  ta  c kt qu l 
3,146 264 37.  Ta hiu s gn ng ny  c vit d i dng chun, n c  

chnh xc l 81
.10 .

2
  

(i vi mt s loi my tnh nh  Casio fx   500 MS,  ta c th s dng chc 
nng nh tr c  chnh xc ca kt qu   c ci sn trong my).  

Ch  

Vi quy c v dng chun s gn ng th hai s gn ng 0,14 v 
0,140 vit d i dng chun c  ngha khc nhau.  S gn ng 0,14 
c sai s tuyt i khng v t qu 0,005 cn s gn ng 0,140 c 
sai s tuyt i khng v t qu 0,0005.  

5.  K hiu khoa hc ca mt s 

Mi s thp phn khc 0 u vit  c d i dng .10n, trong  1   | |  < 10, n   Z.   

(Quy c rng nu n  =  m,  vi m  l s nguyn d ng th 
1

10
10

m

m


= ).  

Dng nh  th  c gi l k hiu khoa hc  ca s .  Ng i ta th ng dng k 
hiu khoa hc   ghi nhng s rt ln hoc rt b.  S m n  ca 10 trong k hiu 
khoa hc ca mt s cho ta thy  ln (b) ca s .  
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V d 9. Khi l ng ca Tri t vit d i dng k hiu khoa hc l  

    5,98.1024  kg.  

Khi l ng nguyn t ca Hir vit d i dng k hiu khoa hc l 

    1 ,66.10
24  g.                 

Cu hi  v  b i  tp 

43.     Cc nh ton hc c i Trung Quc  dng phn s 
22

7
  xp x s .  Hy 

nh gi sai s tuyt i ca gi tr gn ng ny,  bit 3,1415 <   < 3,1416.  

44.     Mt tam gic c ba cnh o  c nh  sau :  a = 6,3 cm  0,1  cm ; b = 10 cm  0,2 cm 

v c  =  1 5  cm   0,2 cm.  Chng minh rng chu vi P  ca tam gic l  

P  =  31 ,3  cm   0,5  cm. 

45.   Mt ci sn hnh ch nht vi chiu rng l x =  2,56 m   0,01  m v chiu di 

l y  =  4,2 m   0,01  m.  

  Chng minh rng chu vi P  ca sn l  P  =  1 3,52 m   0,04 m.  

46.   S dng my tnh b ti :  

  a)  Hy vit gi tr gn ng ca 3 2  chnh xc n hng phn trm v hng 

phn nghn.  

  b)  Vit gi tr gn ng ca 3 100  chnh xc n hng phn trm v hng 

phn nghn.  

47.   Bit rng tc  nh sng trong chn khng l 300 000 km/s.  Hi mt nm 
nh sng i  c trong chn khng l bao nhiu (gi s mt nm c 365 ngy) ? 
(Hy vit kt qu d i dng k hiu khoa hc).  

48.   Mt n v thin vn xp x bng 1 ,496.108  km.  Mt trm v tr di chuyn 

vi vn tc trung bnh l 1 5 000 m/s.  Hi trm v tr  phi mt bao nhiu 
giy mi i  c mt n v thin vn ? (Hy vit kt qu d i dng k hiu 

khoa hc).  

49.   V tr c tui khong 15  t nm.  Hi V tr c bao nhiu ngy tui (gi s 
mt nm c 365 ngy) ?  (Hy vit kt qu d i dng k hiu khoa hc).  
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Loi  ng i   s dng cc h m  
c s no ? 

a s cc dn  tc trn  th gii  dng  h m thp phn  biu  din  cc s.  Tuy 
nhin,  ngoi  h thp phn  cn  c cc h m c s khc.   

Cho b  l mt s nguyn d ng ln  hn 1 .  Khi  ,  mi  s nguyn d ng n  c th biu  

d in  duy nht d i  dng 1
1 1 0. . . ,

k k

k k
n a b a b a b a




= + + + +  

 y k   N,  0a ,  1a ,  . . . ,  
k

a  l cc s nguyn khng m nh hn  b  v ak   0.  Ng i  ta 

k h iu  1 0( . . . )
k b

n a a a= v gi   l biu  d in  ca n  trong h m c s b.  

H m sm nht ca loi  ng i  khng phi  l h m thp phn m l h m c 
s 60  ca ng i  Ba-bi-lon.  Vo thi  c i,  cng  c cc b tc dng h m c s 5 .  
Ng i  Mai-a   Nam M c  mt nn vn ho kh c o tng s dng h m c s 20.  
Ti  an Mch ngy nay,  ng i  ta vn cn  dng h m c s 20.  Ng i  Anh  rt 
thch  dng h m c s 12,  ng i  ta tnh  12  bt ch l mt t bt ch,  24  bt ch l  hai  
t bt ch.  

n khi  c my tnh  in t th h nh  phn li   c a chung.  Trong h nh  
phn  ghi  cc con s,  ta ch cn hai  ch s 0  v 1 .  C th dng s 1  biu  din  
vic ng mch,  s 0  biu  din  vic ngt mch ;  hoc 1  biu  din  trng thi  b  t 
ho,  0  l trng thi  khng b  t ho,  . . .  .  T  cho thy h nh  phn rt thch hp 
cho vic biu  din cc thng tin  trn my tnh.  

Chng hn,  do 6 2 0
69 2 2 2= + +  nn  69   c  vit trong  h nh  phn  l 2(1000101) .  

S 351  c biu  din  trong h nh  phn l (101011111)
2
 v  2(101011111)  =  

=  8 6 4 3 2
2 2 2 2 2 2 1+ + + + + +  =  351 .  S 100 000   c vit d i  dng nh  phn l 

2(11000011010100000) .  

Nh c im ca h nh  phn  l cc s vit trong  h nh  phn  u  di  v kh c.   
khc phc iu  ny trong my tnh,  ng i  ta dng hai  h m b tr l h m c s 
8  v h m c s 16.    di  mt s vit ra trong h m c s 8  ch bng  khong 

1

3
  di  vit trong h nh  phn v khng khc my so vi  vit trong h thp phn.  

T ng t nh  vy,   di  mt s vit ra trong h m c s 1 6 ch bng khong 
1

4
 

 di  vit trong h nh  phn.  Vic chuyn i  gia h nh  phn sang h m c s 8 
hay 16  v ng c li  rt n gin.  V th,  h m c s 8  v 16   tr gip c lc cho 
vic giao tip gia ng i  v my tnh.  
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Lch s ca vic tnh gn ng s  

 
S   l s v t,  n c biu din  thp phn  l s thp phn v hn khng tun hon.  
Trong l ch  s ton  hc  xut hin  mt "cuc ua" nhm t k lc v vic tnh gn 

ng  s   vi  nhiu  ch s (ngha l vi   chnh xc cng cao).  Ng i  u  tin  tnh 

s   ti  by ch s l T Xung Chi,  nh ton  hc Trung Quc (th k V).  Nh ton 

hc Ru-n-ph (C.  Rudolff,  1 499   1 545)  ng i  c  tnh  s   ti  35  ch s.  ng 
rt t ho v iu ny v  li  d i  chc khc 35  ch s ny trn bia m ca ng.  

Ngy nay vi  s tr gip ca my tnh,  cc k lc v tnh  s   vi  nhiu  ch s l in  
tip b  v t qua trong mt thi  gian  ngn.  Chng ta xem bng sau  y s r.  

Nm Quc tch ng i  tnh s S ch s ca s  

1 957 

1 973 

1 983 

1 986 

1 987 

1 989 

2002 

M 

Php 

Nht 

M 

Nht 

M 

Nht 

100 265  

1  triu  

16  triu  

30  triu  

1335  triu  

4  t 

1241  t 

Cu hi  v  bi  tp n tp ch ng I  

50.   Chn ph ng n tr li ng trong cc ph ng n  cho sau y.  

Cho mnh  " x   R,  x2  > 0".  Mnh  ph nh ca mnh  trn l :  

  (A) x   R,  x2  < 0 ;   (B) x   R,  x2    0 ;  

  (C) x   R,  x2  > 0 ;   (D) x   R,  x2    0.  

51.   S dng thut ng "iu kin "   pht biu cc nh l sau y.  

  a)  Nu t gic MNPQ  l mt hnh vung th hai  ng cho MP  v NQ  
bng nhau.  

Em
cob i t
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  b)  Trong mt phng, nu hai  ng thng phn bit cng vung gc vi mt 

 ng thng th ba  th hai  ng thng y song song vi nhau.  

  c)  Nu hai tam gic bng nhau th chng c din tch bng nhau.  

52.   S dng thut ng "iu kin cn"   pht biu cc nh l sau y.  

  a)  Nu hai tam gic bng nhau th chng c cc  ng trung tuyn t ng ng 

bng nhau.  

  b)  Nu mt t gic l hnh thoi th n c hai  ng cho vung gc vi nhau.  

53.   Hy pht biu nh l o (nu c) ca cc nh l sau y ri s dng thut 

ng "iu kin cn v "  hoc "nu v ch nu"  hoc "khi v ch khi"   pht 

biu gp c hai nh l thun v o.  

  a)  Nu n  l s nguyn d ng l th 5n  +  6  cng l s nguyn d ng l.  

  b)  Nu n  l s nguyn d ng chn th 7n  +  4 cng l s nguyn d ng chn.  

54.   Chng minh cc nh l sau y bng ph ng php phn chng.  

  a)  Nu a  +  b  < 2 th mt trong hai s a  v b  phi nh hn 1 .  

  b)  Cho n  l s t nhin, nu 5n  +  4 l s l th n  l s l.  

55.   Gi E l tp hp cc hc sinh ca mt tr ng trung hc ph thng.  Xt cc tp 

con sau ca E :  tp hp cc hc sinh lp 10, k hiu l A  ;  tp hp cc hc sinh 

hc Ting Anh, k hiu l B.  Hy biu din cc tp hp sau y theo A,  B  v E.  

  a)  Tp hp cc hc sinh lp 10 hc Ting Anh ca tr ng .  

  b)  Tp hp cc hc sinh lp 10 khng hc Ting Anh ca tr ng .  

  c)  Tp hp cc hc sinh khng hc lp 10 hoc khng hc Ting Anh ca 

tr ng .  

56.   a)  Ta bit rng | x   3 |  l khong cch t im x ti im 3  trn trc s.  

  Hy biu din trn trc s cc im x m | x   3 |    2.  

  b)  in tip vo ch cn trng (. . .)  trong bng d i y.  

x   [1  ;  5]  1    x   5  | x   3 |     2 

x   . . .  1    x   7  | x   . . . |    . . .  

x   . . .  . . .    x   3 ,1  | x   . . . |    0,1  
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57.   in tip vo ch cn trng (. . .)  trong bng d i y.  

2   x   5  x   [2 ;  5]  

3    x   2 x   . . .  

. . .  x   [1  ;  5]  

. . .  x   (  ;  1 ]  

5  < x x   . . .  

58.   Cho bit gi tr gn ng ca s   vi 10 ch s thp phn l 

          3 ,141 592 653 5.  

  a)  Gi s ta ly gi tr 3,14 lm gi tr gn ng ca .  Chng t sai s tuyt 

i khng v t qu 0,002.  

  b)  Gi s ta ly gi tr 3,1416 lm gi tr gn ng ca .  Chng t sai s  

tuyt i khng v t qu 0,0001 .  

59.   Mt hnh lp ph ng c th tch l V  =  1 80,57 3cm   0,05 3cm .  Xc nh cc 

ch s chc ca V.  

60.   Cho hai na khong A  =  ( ; ]m  v B  =  [5  ;  )+ .  Tm A    B  (bin lun 

theo m).  

61.   Cho hai khong A  =  (m  ;  m  +  1 )  v B  =  (3  ;  5).  Tm m   A    B  l mt khong.  

Hy xc nh khong .  

62.   Hy vit k hiu khoa hc ca cc kt qu sau :  

  a)  Ng i ta coi trn u mi ng i c 150 000 si tc.  Hi mt n c c 80 

triu dn th tng s si tc ca mi ng i dn ca n c  l bao nhiu ?  

  b)  Bit rng sa mc Sa-ha-ra rng khong 8  triu km2.  Gi s trn mi mt 

vung b mt   c 2 t ht ct v ton b sa mc ph bi ct.  Hy cho bit 

s ht ct trn b mt sa mc ny.  

  c)  Bit rng 1  mm3  mu ng i cha khong 5  triu hng cu v mi ng i c 

khong 6 lt mu.  Tnh s hng cu ca mi ng i.  
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1.  Khi nim v hm s   

a) Hm s  

 lp d i,  chng ta  lm quen vi khi nim hm s.  Sau y,  ta nhc li 

v b sung thm v khi nim ny.  

nh ngha  

Cho mt tp hp khc rng D    R.  

H m s f xc nh trn D  l mt quy tc t t ng ng mi s x 

thuc D  vi mt v ch mt s, k hiu l  f(x) ;  s f(x)   gi l  gi 

tr ca hm s f  ti x.  

Tp D  gi l tp xc nh  (hay min xc nh),  x gi l bin s 

hay i s ca hm s f.  

 ch r k hiu bin s,  hm s f cn  c vit l y  =  f(x),  hay y  hn  

l f :  
( )=



x y f xa

D R   

V d 1. Trch bng thng bo li sut tit kim ca mt ngn hng :  

Loi 
k hn 
(thng) 

VND (%/ nm) 
lnh li cui k,  

p dng t 08    1 1    2005

1  6,60 

2 7,56 

3  8,28 

6 8,52 

9 8,88 

12 9,00 

1
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Bng trn cho ta quy tc   tm s phn trm li sut s  tu theo loi k hn k 
thng.  K hiu quy tc  y l f ,  ta c hm s  s  =  f(k)  xc nh trn tp  

T ={ 1  ;  2 ;  3  ;  6 ;  9  ;  12} .  

b) Hm s cho bng biu thc 

Nu ( )f x  l mt biu thc ca bin x th vi mi gi tr ca x,  ta tnh  c 

mt gi tr t ng ng duy nht ca ( )f x  (nu n xc nh).  Do ,  ta c hm 

s ( ).y f x=  Ta ni hm s   c cho bng biu thc  f(x).  

Khi cho hm s bng biu thc,  ta quy c rng :  

Nu khng c gii thch g thm th tp xc nh ca hm s  

y =  f(x)  l tp hp tt c cc s thc  x sao cho gi tr ca biu thc  
f(x)   c xc nh.  

H1  Vi mi hm s cho  phn a)  v b)  sau y,  hy chn kt lun ng trong cc 

kt lun  cho.  

a)  Tp xc nh ca hm s  y  =  
( 1)( 2)

x

x x 
 l : 

(A)  +R  ;   (B)  { x |  x   1  v x   2}   ;      (C)  +R \{ 1  ;  2}   ;    (D)  (0 ;  +).  

b)  Tp xc nh ca hm s (hm du)  d(x)  =  

1 nu 0

0 nu 0

1 nu 0

x

x

x

 <


=
 >

  l : 

(A)  R   ;    (B)   R   ;   (C)   +R  ;   (D)   {1  ;  0 ;  1 } .  

Ch  

Trong k hiu hm s ( ),y f x=  ta cn gi x l bin s c lp,  y  l 

bin s ph thuc ca hm s f.  Bin s c lp v bin s ph 
thuc ca mt hm s c th  c k hiu bi hai ch ci tu  khc 

nhau.  Chng hn, y  =  x2    2x   3  v u  =  t2    2t   3  l hai cch vit 
biu th cng mt hm s.  

c)   th ca hm s  

Cho hm s ( )y f x=  xc nh trn tp D.  Ta  bit :  Trong mt phng to 

 Oxy,  tp hp (G)  cc im c to  ( ); ( )x f x  vi x   D,  gi l  th 
ca hm s f .  Ni cch khc,  

M(x0  ;  y0)    (G)     x0    D  v y0  =  f(x0).  
Qua  th ca mt hm s, ta c th nhn bit  c nhiu tnh cht ca hm s . 
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V d 2.  Hm s y  =  f(x)   xc nh trn on [3  ;  8]   c cho bng  th 
nh  trong hnh 2.1 .  

 

 

 

 

 

 

 

 

 

Hnh 2.1  

Da vo  th  cho, ta c th nhn bit  c (vi  chnh xc no ) :  

  Gi tr ca hm s ti mt s im, chng hn  f (3) =  2,   f(1 )  =  0 ;  

  Cc gi tr c bit ca hm s, chng hn,  gi tr nh nht ca hm s trn   
on [3  ;  8]  l 2 ;  

  Du ca f(x)  trn mt khong, chng hn  nu 1  < x < 4 th f(x)  < 0.             

2.  S bin thin ca hm s  

a) Hm s ng bin, hm s nghch bin  

 Khi nghin cu mt hm s,  ng i ta th ng quan tm n s tng hay gim  

ca gi tr hm s khi i s tng.  

V d 3. Xt hm s f(x)  =  x2.  Gi x1  v x2  l hai gi tr tu  ca i s.  

Tr ng hp 1  :  Khi x1  v x2  thuc na khong [0 ;  +),  ta c  

   2 2
1 2 1 2 1 20 ( ) ( )x x x x f x f x <  <  < .  

Tr ng hp 2  :  Khi x1  v x2  thuc na khong (  ;  0] ,  ta c  

  2 2
1 2 1 2 1 2 1 20 ( ) ( )x x x x x x f x f x<   >  >  > .            

H2   v d 3,  khi i s tng,  trong tr ng hp no th : 

a)  Gi tr ca hm s tng ? 

b)  Gi tr ca hm s gim ? 
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T y,  ta lun hiu K l mt khong (na khong hay on) no  ca .R   

nh ngha  

Cho hm s f xc nh trn K.  

Hm s f gi l ng bin  (hay tng)  trn K nu   

  x1 ,  x2  K,  x1  < x2    f(x1)  < f(x2)  ;  

Hm s f gi l nghch bin  (hay gim)  trn K nu   

  x1 ,  x2  K,  x1  < x2     f(x1)  > f(x2).  

  Trong v d 3, ta thy hm s y  = x2 nghch bin trn na 

khong (  ;  0]  v ng bin trn na khong [0 ;  +).  

Qua  th ca n (h.  2.2)  ta thy :  T tri sang 

phi,  nhnh tri ca parabol (ng vi x   (  ;  0]  )  l 

 ng cong i xung, th hin s nghch bin ca 

hm s ;  nhnh phi ca parabol (ng vi x   [0 ;  +))  

l  ng cong i ln, th hin s ng bin ca hm s.  

Tng qut,  ta c :  

Nu mt hm s ng bin trn K th trn ,   th ca n i ln ;   

Nu mt hm s nghch bin trn K th trn ,  th ca n i xung.  

(Khi ni  th i ln hay i xung, ta lun k theo chiu tng ca i s,  
ngha l k t tri sang phi).  

H3  Hm s cho bi  th trn hnh 2.1  ng bin trn khong no,  nghch bin 

trn khong no trong cc khong (3  ;  1),  (1  ;  2)  v (2 ;  8)  ? 

Ch  

Nu f(x1)  =  f(x2)  vi mi x1  v x2  thuc K,  
tc l ( )f x c=  vi mi x   K (c  l hng 

s) th ta c h m s khng i (cn gi l 
h m s hng)  trn K.   

Chng hn, y  =  2 l mt hm s khng i 
xc nh trn R .  N c  th l  ng 
thng song song vi trc Ox (h.2.3).  

Hnh 2.2  

Hnh 2 .3  
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b) Kho st s bin thin ca hm s 

Kho st s bin thin ca h m s l xt xem hm s ng bin,  

nghch bin,  khng i trn cc khong (na khong hay on) no 

trong tp xc nh ca n.   

  i vi hm s cho bng biu thc,   kho st s ng bin hay nghch 

bin ca hm s  trn mt khong (na khong hay on) K ,  ta c th 

da vo nh ngha (xem v d 3),  hoc da vo nhn xt sau :  

iu kin "x1  < x2    f(x1) < f(x2)"  c ngha l x2    x1  v f(x2)    f(x1)  cng du.  

Do  

Hm s f ng bin trn K khi v ch khi 

  x1 ,  x2   K v x1    x2,  
2 1

2 1

( ) ( )f x f x

x x




 > 0.   

Hm s f nghch bin trn K khi v ch khi 

  x1 ,  x2    K v x1    x2,  
2 1

2 1

( ) ( )f x f x

x x




 < 0.  

Nh  vy,   kho st s bin thin ca hm s f trn K,  ta c th xt du ca t 

s 2 1

2 1

( ) ( )f x f x

x x




 trn K.   

V d 4.  Kho st s bin thin ca hm s f(x)  =  ax2  (vi a  > 0)  trn mi 

khong (  ;  0)  v (0 ;  +).  

Gii.  Vi hai s x1  v x2  khc nhau, ta c  

  f(x2)    f(x1)  =  
2 2
2 1 2 1 2 1( )( ),ax ax a x x x x =  +  

suy ra  2 1
2 1

2 1

( ) ( )
( ).

f x f x
a x x

x x


= +


 

Do a > 0 nn :  

  Nu 1x  < 0 v 2x  < 0 th 2 1( ) 0a x x+ <  ;  iu  chng t hm s nghch 

bin trn khong (  ;  0)  ;  

  Nu 1x  > 0 v 2x  > 0 th 2 1( ) 0a x x+ >  ;  iu  chng t hm s ng 

bin trn khong (0 ;  +).   
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  Ng i ta th ng ghi li kt qu kho st s bin thin ca mt hm s bng 
cch lp bng bin thin  ca n.  Hm s trong v d 4 c bng bin thin 
nh  sau :  

x   0  +

f(x)  =  2ax  
(a  > 0)  

+   

0 

 +

Trong bng bin thin, mi tn i ln th hin tnh ng bin, mi tn i 
xung th hin tnh nghch bin ca hm s.  

C th hn, hng th hai trong bng  c hiu nh  sau :  f(0) =  0 v khi x tng 

trn khong (0 ;  +)  th f(x)  nhn mi gi tr trong khong (0 ;  +)  theo chiu 

tng, cn khi x tng trong khong (  ;  0)  th f(x)  cng nhn mi gi tr trong 

khong (0 ;  +)  nh ng theo chiu gim.  

H4  Kho st s bin thin ca hm s 2( )f x ax=  (vi a  < 0)  trn mi khong  

(  ;  0)  v (0 ;  +)  v lp bng bin thin ca n.  

3.  Hm s chn, hm s l 

C nhng hm s c mt s tnh cht c bit,  d nhn thy m ta c th li 

dng  vic kho st s bin thin v v  th ca n n gin v d dng 

hn.  Tnh cht chn -  l ca hm s l mt v d.  

a) Khi nim hm s chn, hm s l 

nh ngha 

Cho hm s y  =  f(x)  vi tp xc nh D.  

Hm s f gi l hm s chn  nu vi mi x thuc D,  ta c x 

cng thuc D  v f(x)  =  f(x).  

Hm s f gi l hm s l nu vi mi x thuc D,  ta c x cng 

thuc D  v f(x)  =  f(x).  

V d 5. Chng minh rng hm s f(x)  =  1 1x x+    l hm s l.  
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Gii.  Tp xc nh ca hm s l on [1  ;  1 ]  nn d thy 

   x,  x   [1  ;  1 ]    x   [1  ;  1 ]   v 

  f(x)  =  1 1 ( 1 1 ) ( ).x x x x f x  + =  +   =   

Vy f l hm s l.   

H5  Chng minh rng hm s 2( ) ( 0)g x ax a=   l hm s chn.  

b)  th ca hm s chn v hm s l 

Gi s hm s f vi tp xc nh D  l hm s chn v c  th (G).  Vi mi 

im M(x0  ;  y0)  sao cho x0    D,  ta xt im i xng vi n qua trc tung l 

M'(x0  ;  y0).  

T nh ngha hm s chn, ta c x0    D  v f(x0)  =  f(x0).  Do   

M   (G)    y0  =  f(x0)    y0  =  f(x0)    M'    (G).  

iu  chng t (G)  c trc i xng l trc tung.  

Nu f l hm s l th l lun t ng t,  ta suy ra (G)  c tm i xng l gc to 
 O.  

Vy ta  chng minh  c nh l sau y.  

nh l 

 th ca hm s chn nhn trc tung lm trc i xng.  

 th ca hm s l nhn gc to  lm tm i xng.  

Hnh 2.4a cho hnh nh  th ca mt hm s chn.  Hnh 2.4b cho hnh nh 
 th ca mt hm s l.  Tuy nhin,  c nhiu hm s khng chn v khng 
l.  Chng hn, hm s 1y x= +  (h.2.4.c)  khng chn v khng l.  

 

 

 

 

 

Hnh 2.4 
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H6  Cho hm s f xc nh trn khong (  ;  + )  c  th nh  trn hnh 2.5.  Hy ghp 

mi   ct tri d i y vi mt   ct phi   c mt mnh  ng.  

1)  Hm s f l 

2)  Hm s f ng bin  

3) Hm s f nghch 
bin 

 

a) Hm s chn 

b)  Hm s l 

c)  Trn khong (  ;  0)  

d) Trn khong (0 ;  + )  

e) Trn khong (  ;  + )  

 

4.  S l c v tnh tin  th song song vi trc to  

a) Tnh tin mt im 

Trong mt phng to ,  xt im M0(x0  ;  y0).  Vi s k > 0  cho,  ta c th 

dch chuyn im M0  :  

  Ln trn hoc xung d i (theo ph ng ca trc tung) k n v ;  

  Sang tri hoc sang phi (theo ph ng ca trc honh) k n v.  

Khi dch chuyn im M0  nh  th, ta cn 

ni rng tnh tin  im  M0  song song vi 

trc to .  

H7  Gi s 1 2 3, ,M M M  v 4M  l cc im 

c  c khi tnh tin im 0 0 0( ; )M x y  theo th 

t ln trn,  xung d i,  sang phi v sang tri 

2 n v (h.2.6).  

Hy cho bit to  ca cc im 1 2 3, ,M M M  

v 4M .  

b) Tnh tin mt  th  

Cho s k > 0.  Nu ta tnh tin tt c cc im ca  th (G) ln trn k n v th 

tp hp cc im thu  c to thnh hnh (G1).  iu   c pht biu l :   

Hnh 2.5 

Hnh 2 .6 
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Tnh tin  th (G)  ln trn k n v th  c hnh (G1),  hoc 

Hnh (G1)  c  c khi tnh tin  th (G)  ln trn k n v.  

Ta cng pht biu t ng t khi tnh tin (G) xung d i, sang tri hay sang phi.  

Vn  l :  Nu (G) l  th ca hm s y  =  f(x)  th (G1)  c l  th ca mt 

hm s khng ? Nu c th (G1)  l  th ca hm s no ?  

nh l sau y s tr li cu hi  (ta tha nhn nh l ny).   

nh l 

Trong mt phng to   Oxy,  cho  th  (G)  ca hm s  

y  =  f(x)  ;  p  v  q  l hai s d ng tu .  Khi  :  

1 ) Tnh tin  (G)  ln trn  q  n v  th   c  th ca hm 

s y  =  f(x)  +  q ;  

2)  Tnh tin  (G)  xung d i  q  n v th  c  th ca hm 

s y  = f(x)  q ; 

3)  Tnh tin  (G)  sang tri p  n v th   c  th ca hm 

s y  =  f(x +  p)  ;  

4) Tnh tin  (G)  sang phi p n v th   c  th ca hm 

s y  =  f(x  p).  

V d 6.  Nu tnh tin  ng thng (d)  :   

y  =  2x   1  sang phi 3  n v th ta  c  

th ca hm s no ? 

Gii.  K hiu f(x)  =  2x   1 .  Theo nh l 

trn,  khi tnh tin (d)  sang phi 3  n v,  ta 

 c (d1),   l  th ca hm s  

  y =  f(x   3)  =  2(x   3)    1 ,  

tc l hm s y  =  2x   7  (h.2.7).      Hnh 2.7 
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V d 7.  Cho  th (H)  ca hm s y =  
1

x
.   Hi mun c  th ca hm s  

y  =  
2 1x

x

 +
 th ta phi tnh tin (H)  nh  th no ?  

Gii.  K hiu g(x)  =  
1

x
,   ta c 

2 1x

x

 +
 =  2 +  

1

x
 =  g(x)    2.  Vy mun c  

th ca hm s y  =  
2 1x

x

 +
,  ta phi tnh tin (H)  xung d i 2 n v.           

H8  Hy chn ph ng n tr li ng trong cc ph ng n  cho sau y : 

Khi tnh tin parabol y  =  2x
2
 sang tri 3  n v,  ta  c  th ca hm s : 

(A)  y  =  2(x +  3)
2
 ;    (B)  y  =  2x

2
 +  3   ;    (C)  y  =  2(x   3)

2
 ;    (D)  y  =  2x

2
   3 .  

Cu hi  v  b i  tp 

Hm s 

1.    Tm tp xc nh ca mi hm s sau :  

a)  
2

3 5

1

x
y

x x

+
=

 +

 ;    b)  
2

2

3 2

x
y

x x


=

 +

 ;  

c)  
1

2

x
y

x


=



 ;     d)  
2 2 .

( 2) 1

x
y

x x


=

+ +

 

2.    Biu  hnh 2.8  cho bit s 

triu tn go xut khu ca 

Vit Nam trong cc nm t 

2000 n 2005.  Biu  ny 

cho ta mt hm s.  Hy cho 

bit tp xc nh v nu 

mt vi gi tr ca hm 

s .  Hnh 2.8
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S bin thin ca hm s 

3.    Hnh 2.9 l  th ca mt hm s c tp xc 

nh l  R.  Da vo  th,  hy lp bng bin 

thin ca hm s .   

4.    Kho st s bin thin ca mi hm s sau v 
lp bng bin thin ca n :  

a)  y  =  x2  +  2x   2 trn mi khong (  ;  1 ) v (1  ;  +)  ;  

b)  y  =  2x2  +  4x +  1  trn mi khong (  ;  1 )  v (1  ;  +)  ;  

c)  y  =  
2

3x 
 trn mi khong (  ;  3)  v (3  ;  +).  

Hm s chn, hm s l 

5.    Mi hm s sau l hm s chn hay hm s l ?  

a)  y  =  x4    3x2  +  1  ;     b)  y  =  2x3  +  x ;  

c)  y  =  |  x +  2 |    |  x   2 |  ;     d)  y  =  |  2x +  1  |  +  |  2x   1  | .  

Tnh tin  th  

6.     Cho  ng thng (d)  :  y  =  0,5x.  Hi ta s  c  th ca hm s no khi tnh 
tin (d)  :  

a) Ln trn 3  n v ?   b)  Xung d i 1  n v ?  

c)  Sang phi  2 n v ?   d)  Sang tri 6 n v ?  

Luyn tp  

7.    Quy tc t t ng ng mi s thc d ng vi cn bc hai ca n c phi l 
mt hm s khng ? V sao ?  

8.    Gi s (G)  l  th ca hm s y =  f(x)  xc nh trn tp D  v A  l mt im 

trn trc honh c honh  bng a.  T A,  ta dng  ng thng (d)  song song 
(hoc trng) vi trc tung.  

  a)  Khi no th (d)  c im chung vi (G)  ?  (H ng dn.  Xt hai tr ng hp 

a  thuc  D  v  a khng thuc D)  ;  

Hnh 2.9
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  b)  (d)  c th c bao nhiu im chung vi (G)  ?  V sao ?  

  c)   ng trn c th l  th ca hm s no khng ? V sao ?  

9.   Tm tp xc nh ca mi hm s sau :  

  a)   y  =  
2

3 1

9

x

x

+


 ;        b)  y =  

21

x
x

x
 


 ;  

  c)   y =  
3 2

2

x x

x

 

+
 ;      d)  y =   

1 4 .
( 2)( 3)

x x

x x

 + 

 
 

10.   Cho hm s  f(x)  =
2

2( 2) nu 1 1

1 nu 1 .

x x

x x

    <


 
  

  a)  Cho bit tp xc nh ca hm s f.  

  b)  Tnh f(1 ),  f(0,5),  f(
2

2
),  f(1 ),  f(2).  

11.   Trong cc im A(2 ;  8),  B(4 ;  1 2),  C(2 ;  8),  D(5  ;  25  +  2 ),  im no 

thuc,  im no khng thuc  th ca hm s  f(x)  =  x2  +  3x   ?  V sao ?  

12.  Kho st s bin thin ca cc hm s sau :  

  a)  y =  
1

2x 
  trn mi khong (  ;  2)  v (2 ;  +)  ;  

  b)  y =  x2    6x +  5   trn mi khong (  ;  3)  v (3  ;  +)  ;  

  c)   y =  x2005  +  1   trn khong (  ;  +).  

13.  Hm s  y =  
1

x
 c  th nh  hnh 2.10.   

  a)  Da vo  th,  hy lp bng bin thin 

ca hm s .  

 b) Bng tnh ton, hy kho st s bin thin ca 

hm s trn mi khong (  ;  0) v (0 ;  +) 

v kim tra li kt qu so vi bng bin thin 

 lp.  Hnh 2.10 
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14.  Tp con S ca tp s thc  R  gi l i xng nu vi mi x thuc S,  ta u c 

x thuc S.  Em c nhn xt g v tp xc nh ca mt hm s chn (l)  ?  

T nhn xt , em c kt lun g v tnh chn -  l ca hm s y =  x  ? 
Ti sao ?  

15.  Gi (d)  l  ng thng y  =  2x v (d')  l  ng thng y =  2x   3 .  Ta c th coi 
(d')  c  c l do tnh tin (d)  :  

  a)  Ln trn hay xung d i bao nhiu n v ?  

  b)  Sang tri hay sang phi bao nhiu n v ?  

16.  Cho  th (H)  ca hm s y =  
2

x
 .  

  a)  Tnh tin (H)  ln trn 1  n v,  ta  c  th ca hm s no ?  

  b)  Tnh tin (H)  sang tri 3  n v,  ta  c  th ca hm s no ?  

  c)  Tnh tin (H)  ln trn 1  n v,  sau  tnh tin  th nhn  c sang tri 3  
n v,  ta  c  th ca hm s  no ?  

 
 

 

nh x 

nh x  l  mt khi  n im rt quan  trng.  Cng nh  tp hp,  khi  n im nh x c mt 

trong tt c cc l nh  vc ton  hc.  Khi  n im hm s thc cht cng ch l mt 
tr ng hp ring ca khi  nim nh  x m thi.  

1 .  nh ngha 

Cho hai  tp hp tu  khc rng  X v Y.  

 Mt nh x f t X n Y l mt quy tc t t ng ng mi phn t x 

ca X vi mt v ch mt phn t xc nh ca Y.  Phn t xc nh y 
gi l nh ca x qua nh x f,  v k hiu l  f(x) .  

 Tp hp X gi  l tp ngun,  tp hp Y gi  l tp ch  ca nh x.  

nh x f t X n Y  c vit l  f :  X    Y  

                        ( ).x f x   
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V d 1 .  Cho  X =  {a  ;  b  ;  c  ;  d } v Y =  {0  ;  1 }.  
Gi  f l  quy tc cho  hnh  bn.  Ta c 
nh x 

f :  X   Y 

    a  a 0 

    b  a 1  

    c  a 1  

    d a 1 .                  

V d 2.  Cho X l tp hp cc lp hc ca mt tr ng ph thng,  Y l tp hp cc 
gio vin  ca tr ng  v f l quy tc t t ng ng mi  lp hc vi  gio vin ch 
nhim lp .  Ta c nh x f :  X   Y.   

V d  3.  Cho X l tp hp cc hc sinh  ca mt tr ng hc,  Y l tp hp cc s thc 

R  v f l quy tc t t ng  ng mi  hc sinh  vi  s o chiu  cao (tnh  bng xentimet)  

ca hc sinh  .  Khi  ,  f l mt nh x t X n Y.   

2.  Ch  

1 )  Nu cho nh x f :  X   Y th  :  

  Mi  phn t x   X u phi  c nh ca n trong Y v nh  l duy nht ;  

  Mi  phn  t thuc Y c th l nh  ca mt hay nhiu  phn t ca X,  
nh ng cng c th khng l nh  ca phn  t no c.  

2)  Tr ng hp X   R  v Y =  R  th mi  nh x t X n  Y l mt hm s xc 

nh  trn  X.  

 

 
 

 

1.   Nhc li v hm s bc nht  

  Ta  bit :  H m s bc nht  l hm s  c cho bng biu thc c dng 

y =  ax +  b,  trong  a v b  l nhng hng s  vi  a   0.  

Hm s bc nht c tp xc nh l .R  

Khi a  > 0,  hm s y  =  ax +  b  ng bin trn .R  

Khi a  < 0,  hm s y  =  ax +  b  nghch bin trn .R  

2
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Bng bin thin :  

x                        +   x                          +      

y  =  ax +  b  

(a  > 0)  

                            +     

  

 y =  ax +  b  

(a  < 0)  

  +    

                                

 th ca hm s y =  ax +  b (a    0)  l mt  ng thng gi l  ng thng 

y  =  ax +  b.  N c h s gc  bng a  v c c im sau :  

  Khng song song v khng trng vi cc trc to  ;  

  Ct trc tung ti im B(0 ;  b)  v ct trc honh ti im A(
b

a
;  0).   

V d 1.   th ca hm s y  =  2x +  4 l  ng 

thng i qua hai im A(2 ;  0) v B(0 ;  4). 

T  ng thc 2x +  4 =  2(x +  2)  d suy ra rng 

 ng thng y  =  2x +  4 c th thu  c t  ng 

thng (d) :  y = 2x bng mt trong hai cch sau  
(h.  2.11 )  :   

  Tnh tin (d)  ln trn 4 n v ;  

  Tnh tin (d)  sang tri 2 n v.            

  Cho hai  ng thng (d)  :  y  =  ax +  b  v (d ')  :  y  =  a'x +  b',  ta c :  

(d)  song song vi (d ')     a =  a'  v b    b'  ;  

(d)  trng vi (d')    a  =  a'  v b  =  b'  ;  

(d)  ct (d ')      a    a'.  

2.   Hm s y  =  ax +  b   

a) Hm s bc nht trn tng khong 

Xt hm s  y  =  f(x)  =  

1 nu 0 2

1
4 nu 2 4

2
2 6 nu 4 5.

+  <


 +  


 < 

x x

x x

x x

 

Hnh 2.1 2  

Hnh 2.1 1  
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R rng,  hm s trn khng phi l hm s bc nht.  N l s "lp ghp"  ca 

ba hm s bc nht khc nhau.  Hm s ny l mt v d v hm s bc nht 

trn tng khong.   

Mun v  th ca hm s bc nht trn tng khong, ta v  th ca tng 

hm s to thnh.  Chng hn,  th ca hm s nu trn l  ng gp khc 

ABCD (h.2.12),  trong  :  

AB  l phn  ng thng  y  =  x +  1   ng vi  0   x < 2 ;  

BC  l phn  ng thng  y  =  
1

2
x +  4 ng vi  2   x   4 ;  

CD  l phn  ng thng y  =  2x   6 ng vi  4 < x   5 .  

H1  Cho bit tp xc nh,  lp bng bin thin ca hm s ni trn v tm gi tr ln 

nht ca n.  

b)  th v s bin thin ca hm s y  =   ax  +  b   vi a   0 

Sau y, ta s tm hiu tnh cht ca cc hm s dng y  =  |  ax +  b  |   thng qua 

 th ca n.  Hm s y  =  |  ax +  b  |  v thc cht cng l hm s bc nht trn 

tng khong.  

V d 2. Xt hm s y  =  | x | .  

D thy hm s y  =  | x |  xc nh vi mi x v l 

mt hm s chn.  Theo nh ngha gi tr tuyt 

i,  ta c  

| x |  = 
nu 0

nu 0.

x x

x x



 <

  

Do ,   th ca hm s ny l s "lp ghp"  ca hai  th :   th ca hm 

s y  =  x (ch ly phn ng vi x   0)  v  th ca hm s y  =  x (ch ly phn 

ng vi x < 0).   l hai tia phn gic ca hai gc phn t  I v II (h.2.13).  D 

thy chng i xng vi nhau qua Oy.           

H2  Da vo  th,  hy lp bng bin thin ca hm s y  =  | x |  v tm gi tr nh 

nht ca n.  

Hnh 2.13  
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V d 3. Xt hm s y  =  | 2x   4 | .  

Theo nh ngha gi tr tuyt i,  ta c :  

  Nu 2x   4   0,  tc l x   2 th | 2x   4 |  =  2x   4 ;  

  Nu 2x   4 < 0,  tc l x < 2 th | 2x   4 |  =  (2x   4)  =  2x +  4.   

Do , hm s  cho c th vit l 

       2x   4 nu x   2 

    2x +  4 nu x < 2.   

H3  Hy nu cch v  th ca hm s cho trong v d 3 ri lp bng bin thin 

ca n.  

Ch  

Qua hai v d trn y,  ta thy c th v 

 th ca hm s y  =  |  ax +  b |  bng mt 

cch khc n gin hn nh  sau :   V hai 

 ng thng y  =  ax +  b  v y  =    ax    b  

ri xo i hai phn  ng thng nm  

pha d i trc honh. (Hnh 2.14 l  th 

ca hm s cho trong v d 3).  

Cu hi  v  b i  tp  

Hm s bc nht 

17.  Tm cc cp  ng thng song song trong cc  ng thng sau :  

  a)   y  =  
1

1
2
x +   ;    b)   y  =  

1

2
x +  3  ;  

  c)   y  =  
2

2
x +  2  ;    d)   y  =  2 x   2 ;  

  e)   y  =  
1

2
x   1  ;     g)   y  =  

2
1 .

2

 
  

 
x  

y


= 


Hnh 2.14  
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  Hm s y  =  ax  +  b  

                      2x +  4  nu  2   x < 1  

18.  Cho hm s y =  f(x)  =     2x      nu  1    x   1     

                      x   3     nu  1  < x    3 .  

  a)  Tm tp xc nh v v  th ca hm s .  

 b) Cho bit s bin thin ca hm s  cho trn mi khong (2 ;  1), (1  ;  1 ) 
v (1  ;  3) v lp bng bin thin ca n.  

19. a) V  th ca hai hm s y  =  f1(x)  =  2|  x |   v  y  =  f2(x)  =  |  2x +  5  |  trn cng 

mt mt phng to .  

  b)  Cho bit php tnh tin bin  th hm s f1  thnh  th hm s f2.  

 
 

 

Php tnh tin h to  

Ta bit rng  th  ca mt hm s bao gi cng gn  vi  mt h to  nht nh.  V 
d,   th  ca hm s y =  x l  ng  phn  gic (d)  ca gc phn  t  I  v  III trong h 
to  Oxy.  Ta hy xt mt h to  mi  O'XY,  trong  gc O '  ca n,  i  vi  h to 

 Oxy,  c to  (x0  ;  y0)  ;  cc trc  X'X v Y 'Y song song cng h ng v cng n  v  
theo th t vi  trc x'x v y'y  (h.2.1 5).  Cu hi  t ra l trong  h to  mi  y,  l iu  
(d)  c cn l  th  ca hm s Y =  X na hay khng ? Nu  khng th n s l  th  
ca hm s no ?  

C th thy rng :  Nu  O '    (d),  c ngha l 
(d)  khng i  qua gc to  mi  th (d)  khng 
th l  th  ca hm s Y =  X.  Tuy nhin,  
trong tr ng hp tng  qut,  mun bit (d)  l 
 th  ca hm s no,  ta cn tm hiu  mi  
quan h gia cc to  c  v mi  ca mi  
im trong mt phng.   

Gi  M l mt im tu .  i  vi  h to  
Oxy,  M c to  l (x ;  y).  i  vi  h to  
O'XY,  to  ca M l  (X ;  Y).  Ta cn tm mi  
quan h gia (x ;  y)  v (X ;  Y).     

  ' 'OM OO O M= +
  

.  Hnh 2.15 
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V to ,  t ng thc vect  trn,  ta c 

    0

0 .

x X x

y Y y

= +


= +
             (*)  

 l cng thc i to   bi  php tnh  tin  h to  theo vect 'OO


.  

Gi s (G)  l   th  ca hm s y  =  f(x)  i  vi  h to  Oxy.  Mun bit  (G)  l   th   

ca hm s no i  vi  h to  O 'XY,  ta phi  tm quan h gia X v Y.  Mun vy,  

thay th x v y  trong h thc  y  =  f(x)  bi  cng thc (*),  ta c  

   Y +  y0  =  f(X +  x0)  hay Y =  f(X +  x0)    y0.  

Vy i  vi  h to  O 'XY,  (G)  l   th  ca hm s Y =  f(X +  x0)    y0.  

Luyn tp  

20.  C phi mi  ng thng trong mt phng to  u l  th ca mt hm 

s no  khng ?  V sao ?  

21. a) Tm hm s y =  f(x),  bit rng  th ca n l  ng thng i qua im  

(2 ;  5)  v c h s gc bng 1 ,5  ;  

  b)  V  th ca hm s tm  c.  

22. Tm bn hm s bc nht c  th l bn  ng thng i mt ct nhau ti 

bn nh ca mt hnh vung nhn gc O  lm tm i xng, bit rng mt 

nh ca hnh vung ny l A(3  ;  0).  

23.  Gi (G)  l  th ca hm s y  =  2|  x | .  

  a)  Khi tnh tin (G)  ln trn 3  n v,  ta  c  th ca hm s no ?  

  b)  Khi tnh tin (G)  sang tri 1  n v,  ta  c  th ca hm s no ?  

  c)  Khi tnh tin lin tip (G)  sang phi 2 n v,  ri xung d i 1  n v,  ta 

 c  th ca hm s no ?  

24.  V  th ca hai hm s sau trn cng mt mt phng to  v nu nhn xt 

v quan h gia chng :  

  a)  y  =  |  x   2 |  ;    b)   y  =  |  x |    3 .   
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25.  Mt hng taxi quy nh gi thu xe i mi kilmt l 6 nghn ng i vi 

10  km u tin v 2,5 nghn ng i vi cc kilmt tip theo.  Mt hnh 

khch thu taxi i qung  ng x kilmt phi tr s tin l y  nghn ng.  Khi 

, y  l mt hm s ca i s x,  xc nh vi mi x   0.   

  a)  Hy biu din y  nh  mt hm s  bc nht trn tng khong ng vi on  

[0 ;  10]  v khong (10 ;  +).  

  b)  Tnh  f(8),  f(10) v f(18).   

  c)  V  th ca hm s y  =  f(x)  v lp bng bin thin ca n.  

26.  Cho hm s y  =  3 |  x   1  |    |  2x +  2 | .  

  a)  Bng cch b du gi tr tuyt i,  hy vit hm s  cho d i dng hm 

s bc nht trn tng khong.  (H ng dn.  Xt cc khong hay on  

(  ;  1 ),  [1  ;  1 )  v [1  ;  +)).  

  b)  V  th ri lp bng bin thin ca hm s  cho.  

 

 

 

1.  nh ngha 

H m s bc hai l hm s  c cho bng biu thc c dng  

y  =  ax2  +  bx +  c,  trong  a,  b,  c l nhng hng s vi a    0.  

Tp xc nh ca hm s bc hai l R.  

Hm s y =  ax2  (a    0)  m chng ta  hc  lp d i l mt tr ng hp ring 
ca hm s bc hai v c  th l mt parabol.  

Trong bi ny,  chng ta s thy rng :  Nu tnh tin parabol y  =  ax2  mt cch 

thch hp th ta s  c  th ca hm s y =  ax2  +  bx +  c.  Do ,   th hm 

s y =  ax2  +  bx +  c  cng gi l mt parabol.  

3
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Hnh 2.18 

2.   th ca hm s bc hai 

a) Nhc li v  th hm s y =  ax2  (a   0)  

Ta  bit,   th hm s y =  ax2  (a    0)  l parabol (P0)  c cc c im sau :  

1 )  nh ca parabol (P0)  l gc to  O  ;  

2)  Parabol (P0)  c trc i xng l trc tung ;  

3)  Parabol (P0)  h ng b lm ln trn khi a  > 0 v xung d i khi a  < 0.  

Chng hn, hnh 2.16 l parabol y  =  2x2,  hnh 2.17 l parabol  y  =  21
.

2
x  

 

 

 

 

 

              Hnh 2.16                   Hnh 2.17 

b)  th hm s y  =  ax2  +  bx  +  c  (a   0)  

Ta  bit  

 
2 2

2 2
2

2
2 44

b b b
ax bx c a x x c

a aa

 
+ + = + +  + 

 
 

 

 =  
2 2 4 .

2 4

b b ac
a x

a a

 
+  

 
 

Do ,  nu t 

   =  b2    4ac,  p  =  
2

b

a
  v q  =  

4a


  

th hm s y  =  ax2  +  bx +  c  c dng 

y  =  a(x   p)2  +  q.  

Gi (P0)  l parabol y  =  ax
2.  Ta thc 

hin hai php tnh tin lin tip 
nh  sau :  
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  Tnh tin (P0) sang phi p  n v nu p  > 0, sang tri |p|  n v nu p  < 0,  ta 

 c  th hm s  y  =  a(x   p)2.  Gi  th ny l (P1).   

  Tip theo,  tnh tin (P1)  ln trn q  n v nu q  > 0,  xung d i |q|  n v 

nu q  < 0,  ta  c  th hm s y  =  a(x   p)2  +  q.  Gi  th ny l (P).   

Vy (P)  l  th ca hm s y  =  ax2  +  bx +  c.  

Ta nhn thy  (P1) v (P) u l nhng hnh "ging ht" parabol (P0) (hnh 2.18 

ng vi tr ng hp p  > 0,  q  > 0).  

H1  Bit rng trong php tnh tin th nht,  nh O  ca (P0)  bin thnh nh I1  ca 

(P1).  T ,  hy cho bit to  ca I1  v ph ng trnh trc i xng ca (P1 ).  

H2  Trong php tnh tin th hai,  nh  I1  ca (P1 )  bin thnh  nh I ca (P).  Tm to 

 ca I v ph ng trnh trc i xng ca (P).  

Kt lun 

 th ca hm s y  =  ax2  +  bx +  c  (a    0)  l mt parabol c nh 

; ,
2 4

b
I

a a

 
  

 
 nhn  ng thng x =  

2

b

a
 lm trc i xng v 

h ng b lm ln trn khi  a  > 0,  xung d i khi a  < 0.  

Trn y, ta  bit  th ca hm s y  =  ax2  +  bx +  c  (a    0)  cng l mt 

parabol "ging"  nh  parabol y  =  ax2,  ch khc nhau v v tr trong mt phng 

to .  Do  trong thc hnh,  ta th ng v trc tip  parabol y  =  ax2  +  bx +  c  

m khng cn v parabol y  =  ax2.  C th,  ta lm nh  sau :  

  Xc nh nh ca parabol ;  

  Xc nh trc i xng v h ng b lm ca parabol ;  

  Xc nh mt s im c th ca parabol (chng hn,  giao im 

ca parabol vi cc trc to  v cc im i xng vi chng 

qua trc i xng) ;  

  Cn c vo tnh i xng,  b lm v hnh dng parabol  "ni" 

cc im  li.  
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3.  S bin thin ca hm s bc hai 

T  th ca hm s bc hai,  ta suy ra bng bin thin sau y.  

Nh  vy :  

Khi a  > 0, hm s nghch bin trn khong (  ;  
2

b

a
), ng bin 

trn khong (
2

b

a
 ;  +  )  v  c  gi tr nh nht  l  

4a


 khi  x =  

2

b

a
.  

Khi a  < 0, hm s ng bin trn khong (  ;  
2

b

a
), nghch bin 

trn khong (
2

b

a
 ;  +  )  v c  gi tr ln nht  l  

4a


 khi x =  

2

b

a
.  

V d. p dng kt qu trn,  hy cho bit s bin thin ca hm s  

   y =    x
2 
+  4x   3 .  

V  th ca hm s .  

Gii.  Ta tnh  c  
2

b

a
 =  2  v  

4



a
 =  1 .  

Vy  th ca hm s y =    x2  +  4x   3  l parabol c nh I(2 ;  1 ),  nhn  ng 
thng x =  2 lm trc i xng v h ng b lm xung d i.   

T  suy ra hm s ng bin trn khong (  ;  2),  nghch bin trn khong 
(2 ;  +).  

Ta c bng bin thin :  

x   2 +  

y 
 

  
1  
 

 
  

 
Bng bin thin ny cho thy hm s c gi tr ln nht l 1  khi x =  2.  

x   
2

b

a
  +    x   

2

b

a
  +  

 +  
 

+  
 

 

4a


  

y  =  ax2+bx+c

(a  > 0)  
 

4a


   

y  =  ax2+bx+c

(a  < 0)  
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Hnh 2.20 

 v  th,  ta lp bng to  ca mt s 
im thuc  th nh  sau 

 x 0 1  2 3  4 

 y 3  0 1  0 3  

"Ni"  cc im  li,  ta  c parabol 
2 4 3y x x=  +   nh  hnh 2.19.  

Nhn xt.  Ta cng c th v  th ca 

hm s 2
y ax bx c= + +  t ng t nh  

cch v  th ca hm s .y ax b= +  

Chng hn,  v  th hm s  

y  =  | x2  +  4x   3 | ,  ta ln l t lm nh  sau 
(h.2.20)  :  

  V parabol (P1)  :  y  =  x
2  +  4x   3  ;  

  V parabol (P2)  :  y  =  (x
2  +  4x   3)  

bng cch ly i xng (P1)  qua trc Ox.  

  Xo i cc im ca (P1)  v (P2)  nm  
pha d i trc honh.  

H3  Cho hm s y  =  x2  +  2x   3  c  th l parabol (P).  

a)  Tm to  nh,  ph ng trnh trc i xng v h ng b lm ca (P).  T  suy ra 

s bin thin ca hm s y  =  x2  +  2x   3 .  

b)  V parabol (P).   

c)  V  th ca hm s y  =  |x2  +  2x   3 | .  

Cu hi  v  b i  tp 

27. Cho cc hm s :   

  a)  y  =  x2    3  ;     b)  y  =  (x   3)2  ;  

  c)  y  =  2 x
2  +  1  ;     d)  y  =   2 (x +  1 )2.  

  Khng v  th,  hy m t  th ca mi hm s trn bng cch in vo 
ch trng (. . .)  theo mu :  

Hnh 2.19 
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    nh ca parabol l im c to  . . .  

    Parabol c trc i xng l  ng thng . . .  

    Parabol c b lm h ng (ln trn / xung d i)  . . .  

28.   Gi (P) l  th ca hm s y  =  ax2  +  c.  Tm a  v c trong mi tr ng hp sau :  

  a)  y  nhn gi tr bng 3  khi x =  2,  v c gi tr nh nht l 1  ;  

  b)  nh ca parabol (P)  l I(0 ;  3)  v mt trong hai giao im ca (P)  vi trc 

honh l A(2 ;  0).   

29.   Gi (P)  l  th ca hm s y =  a(x   m)2.  Tm a  v m  trong mi tr ng 

hp  sau :  

  a)  Parabol (P)  c nh l I(3  ;  0)  v ct trc tung ti im M(0 ;  5) ;  

  b)   ng thng y  =  4 ct (P)  ti hai im A(1  ;  4)  v B(3  ;  4).  

30.   Vit mi hm s cho sau y thnh dng y  =  a(x   p)2  +  q.  T  hy cho bit 

 th ca n c th  c suy ra t  th ca hm s no nh cc php tnh 

tin  th song song vi cc trc to .  Hy m t c th cc php tnh 

tin  :  

  a)  y  =  x2   8x +  1 2 ;    b)  y  =  3x2    1 2x +  9.   

31.   Hm s y  =  2x2    4x +  6 c  th l parabol (P).  

  a)  Tm to  nh v ph ng trnh trc i xng ca (P).  

  b)  V parabol (P).  

  c)  Da vo  th,  hy cho bit tp hp cc gi tr ca x sao cho y    0.  

Luyn tp 

32.   Vi mi hm s y  =    x2  +  2x +  3  v y  =  21
4

2
x x+  ,  hy 

  a)  V  th ca hm s ;  

  b)  Tm tp hp cc gi tr x sao cho y  > 0 ;  

  c)  Tm tp hp cc gi tr ca x sao cho y  < 0.  
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33.   Lp bng theo mu sau y ri in vo  trng cc gi tr thch hp (nu c).  

Hm s 
Hm s c gi tr 

ln nht / nh nht khi x =  ?  
Gi tr ln nht Gi tr nh nht 

y  =  3x2    6x +  7     

y  =  5x2    5x +  3     

y  =  x2    6x +  9    

y  =  4x2  +  4x   1     

34.   Gi (P)  l  th ca hm s bc hai y  =  ax2  +  bx +  c.  Hy xc nh du ca 

h s a  v bit s   trong mi tr ng hp sau :  

  a)  (P)  nm hon ton  pha trn trc honh ;  

  b)  (P)  nm hon ton  pha d i trc honh ;  

  c)  (P)  ct trc honh ti hai im phn bit v nh ca (P)  nm pha trn 

trc honh.  

35.   V  th ri lp bng bin thin ca mi hm s sau :  

  a)  2 2y x x= +  ;   b)  2 2 | | 3y x x=  + +  ;  

  c)  20, 5 | 1 | 1 .y x x=   +   

36.   V  th ca mi hm s sau :  

  a)  y  =   
2

1 nu 1

3 nu 1 ;

x x

x x

 +  

 + > 

  b)  y  =   
21

( 3) nu 1,
2
2 nu 1 .

x x

x


+  


 > 

 

37.   Bi ton bng  

  Khi mt qu bng  c  ln, n s t n  cao no  ri ri xung.  Bit 

rng qu o ca qu bng l mt cung parabol trong mt phng vi h to  

Oth,  trong  t l thi gian (tnh bng giy),  k t khi qu bng  c  ln ;  h  

l  cao (tnh bng mt)  ca qu bng.  Gi thit rng qu bng  c  t  

cao 1 ,2 m.  Sau  1  giy,  n t  cao 8,5  m v 2 giy sau khi  ln,  n  

 cao 6 m (h.2.21 ).  
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a)  Hy tm hm s bc 
hai biu th  cao h  
theo thi gian t v c 
phn  th trng vi 
qu o ca qu bng 
trong tnh hung trn.  

b)  Xc nh  cao ln 
nht ca qu bng (tnh 
chnh xc n hng 
phn nghn).  

c)  Sau bao lu th qu bng s chm t k t khi  ln (tnh chnh xc n 

hng phn trm) ?  

38.   Bi ton v cng Ac-x (Arch) 

  Khi du lch n thnh ph Xanh Lu-i (M), ta s thy mt ci cng ln c hnh 

parabol h ng b lm xung d i,   l cng  Ac-x.  Gi s ta lp mt h to 

 Oxy  sao cho mt chn cng i qua gc O  nh  trn hnh 2.22 (x v y  tnh 

bng mt),  chn kia ca cng  v tr (162 ;  0).  Bit mt im M trn cng c 

to  l (10 ;  43).  

  a)  Tm hm s bc hai c  th cha cung parabol ni trn.  

  b)  Tnh chiu cao ca cng (tnh t im cao nht trn cng xung mt t,  

lm trn kt qu n hng n v)  

 

 

 

 

 

 

 

 

 
 
 

      Hnh 2.22  

Hnh 2.21  

Cng Ac-x  M
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Mt s hnh nh  ng parabol trong thc t 

Parabol  l mt  ng cong n gin  nh ng  rt p.  Bi  vy,  chng ta c th thy n 

xut hin  trong nhiu  cng trnh  kin trc  Vit Nam v trn  th gii.   

Ngoi  ra,  parabol  cn c nhiu  tnh  cht l  th  m chng ta s nghin cu  trong 

Hnh  hc.  
 

 

 

 

 

 

 

 

 
 

                                                 Cu treo Bnh Thnh 

               trn tuyn quc l 1 9 ni thnh ph Hu  

               vi huyn min ni A-l i.  

         nh VNTTX.  

  

 
 

 

 

 

 
 
 

 

 

  B phun n c  Tun Chu,      Cu A-ra-bi-a  Poc-t B o Nha.  

tnh Qung Ninh.   

Em
cob i t

Th hn.
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Cu hi  v  bi  tp n tp ch ng II   

39.   Vi mi cu hi sau y,  hy chn phn kt lun m em cho l ng.  

  a)   Trn khong (1  ;  1 ),  hm s y  =  2x +  5  

   (A) ng bin  ;  (B) Nghch bin  ;  (C)  C hai kt lun (A) v (B) u sai.  

  b)   Trn khong (0 ;  1 ),  hm s y  =  x2  +  2x   3   

   (A) ng bin  ;  (B)  Nghch bin  ;  (C) C hai kt lun (A) v (B) u sai.  

  c)  Trn khong (2 ;  1 ),  hm s y  =  x2  +  2x   3   

    (A) ng bin ;  (B) Nghch bin  ;  (C) C hai kt lun (A) v (B) u sai.  

40.   a)  Tm iu kin ca a  v b,  sao cho hm s  bc nht y  =  ax +  b  l hm s l.  

  b)  Tm iu kin ca a,  b  v c,  sao cho hm s bc hai  y =  ax2
+  bx +  c  l hm 

s chn.  

41.   Da vo v tr  th ca hm s y =  ax2  +  bx +  c,  hy xc nh du ca cc h 

s a,  b,  c  trong mi tr ng hp d i y (h.2.23) :  

 

 
 

 

 

Hnh 2.23  

42.   Trong mi tr ng hp cho d i y,  hy v  th ca cc hm s trn cng 

mt mt phng to  ri xc nh to  giao im ca chng :  

  a)  y =  x   1  v y =  x2    2x   1  ;  

  b)  y  =  x +  3  v y  =  x2    4x +  1  ;  

  c)  y  =  2x   5  v y  =  x2    4x   1 .  

43.   Xc nh cc h s a,  b  v c   cho hm s y =  ax2  +  bx +  c  t gi tr nh 

nht bng 
3

4
 khi x =  

1

2
 v nhn gi tr bng 1  khi x =  1 .  Lp bng bin thin 

v v  th ca hm s .  
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44.   V  th ca cc hm s sau ri lp bng bin thin ca n :  

  a)  
3

2
2

y x=   ;    b)  y  =  
2

2 nu < 0

nu 0 ;

x x

x x x




 
 

  c)  y  =  21 3

2 2
x x+   ;   d)  y  =  x | x |    2x 1 .  

45.   Trn hnh 2.24,  im M chuyn 

ng trn on thng AX.  T M,  k 

 ng thng song song vi AB,  ct 

mt trong ba on thng BC,  DE,  

FG ti im N.  Gi S l din tch 

ca min t m nm  bn tri MN.  

Gi  di on AM l  x (0   x   9).  
Khi ,  S l mt hm s ca x.  Hy 

nu biu thc xc nh hm s S(x).  

46.   Bi ton tu v tr 

  Khi mt con tu v tr  c phng 
ln Mt Trng, tr c ht n bay vng 
quanh Tri t.  Sau ,  n mt 
thi im thch hp, ng c bt u  
hot ng  a con tu bay theo qu 
o l mt nhnh parabol ln Mt 
Trng (trong h to  Oxy   
nh  trn hnh 2.25,  x v y  tnh  
bng nghn kilmt).  Bit rng khi 
ng c bt u hot ng, tc l 

khi x =  0 th y  =  7.  Sau ,  y  =  4 
khi x =  1 0 v y  =  5  khi x =  20.  

  a)  Tm hm s bc hai c  th cha nhnh parabol ni trn.        

  b)  Theo lch trnh,  n  c Mt Trng, con tu phi i qua im (100 ;  y) 

vi y  =  294   1 ,5.  Hi iu kin  c  c tho mn hay khng ?  

 

Hnh 2.25  

Hnh 2.24  
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 lp d i, ta  lm quen vi khi nim 

ph ng trnh, chng hn, 2x   1  =  x  l 
mt ph ng trnh.   c mt cch hiu 

mi, ta xem "2x   1  =  x "  l mt mnh  
cha bin.  Gi tr ca bin x lm cho mnh 
  ng chnh l nghim ca ph ng 
trnh.  Sau y, chng ta s nh ngha 
ph ng trnh theo quan im .  

1.  Khi nim ph ng trnh mt n 

nh ngha

Cho hai hm s y =  f(x)  v y =  g(x)  c tp xc nh ln l t l Df 

v  Dg.  t D  =  Df   Dg.  

Mnh  cha bin "f(x)  =  g(x)"   c gi l ph ng trnh  mt n ;   
x gi l n s (hay n)  v  D  gi l tp xc nh  ca ph ng trnh.   

S x0    D  gi  l  mt  nghim  ca ph ng trnh  f(x)  =  g(x)  

nu "f(x0)  = g(x0)" l mnh  ng.  

Ch  1  

 thun tin trong thc hnh, ta khng cn vit r tp xc nh D  

ca ph ng trnh m ch cn nu iu kin  x   D.  iu kin  
gi l iu kin xc nh ca ph ng trnh,  gi tt l iu kin ca 
ph ng trnh.   

 n gin,  ta coi cc hm s  c ni n trong bi ny u 
 c cho bng biu thc.  Vy theo quy c v tp xc nh ca 
hm s cho bi biu thc,  iu kin ca ph ng trnh bao gm cc 
iu kin  gi tr ca f(x)  v g(x)  cng  c xc nh v cc iu 
kin khc ca n (nu c yu cu).  

1
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V d 1 

a) iu kin ca ph ng trnh 3 22 1x x +  =  3   l x3    2x2  +  1    0.   

b)  Khi tm nghim nguyn ca ph ng trnh  2    
1

x
 = x  ,  ta hiu iu kin 

ca ph ng trnh l x  Z ,  x   0 v x   0 (hay x  nguyn d ng).   

Ch  2 

1)  Khi gii mt ph ng trnh (tc l tm tp nghim ca ph ng trnh),  
nhiu khi ta ch cn,  hoc ch c th tnh gi tr gn ng ca 
nghim (vi  chnh xc no ).  Gi tr  gi l nghim gn 

ng ca ph ng trnh.  

Chng hn,  bng my tnh b ti,  ta tnh nghim gn ng (chnh 

xc n hng phn nghn)  ca ph ng trnh x3  =  7  l x   1 ,913.  

2)  Cc nghim ca ph ng trnh f(x)  =  g(x)  l honh  cc giao 

im ca  th hai hm s y  =  f(x)  v y  =  g(x).  

2.  Ph ng trnh t ng  ng  

Ta  bit :  Hai ph ng trnh (cng n)  c gi l t ng  ng nu chng c 

cng mt tp nghim.  Nu ph ng trnh f1(x) =  g1(x) t ng  ng vi ph ng 

trnh f2(x) =  g2(x) th ta vit 

f1(x)  =  g1(x)     f2(x)  =  g2(x).  

H1  Mi khng nh sau y ng hay sai  ? 

a)  1 2 1x x =     1 0.x  =  

b)  2 1x x+  = 2x+     1 .x =  

c)  1x =    1 .x =  

  Khi mun nhn mnh hai ph ng trnh c cng tp xc nh D  (hay c cng 

iu kin xc nh m ta cng k hiu l D)  v t ng  ng vi nhau, ta ni  

  Hai ph ng trnh t ng  ng vi nhau trn D,  hoc  

  Vi iu kin  D,  hai ph ng trnh t ng  ng vi nhau.  

Chng hn vi x > 0, hai ph ng trnh x2 =  1  v x = 1  t ng  ng vi nhau.  
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  Trong cc php bin i ph ng trnh,  ng ch  nht l cc php bin i 
khng lm thay i tp nghim ca ph ng trnh.  Ta gi chng l cc php  
bin i t ng  ng.  Nh  vy 

Php bin i t ng  ng bin mt ph ng trnh thnh ph ng 
trnh t ng  ng vi n.  

Chng hn, vic thc hin cc php bin i ng nht  mi v ca mt 
ph ng trnh v khng thay i tp xc nh ca n l mt php bin i 
t ng  ng.  

D i y l nh l v mt s php bin i t ng  ng th ng dng.  

nh l 1  

Cho ph ng trnh f(x) =  g(x) c tp xc nh  D  ;  y  =  h(x) l mt 

hm s xc  nh trn  D  (h(x) c th l mt hng s).  Khi  trn  

D,  ph ng trnh  cho t ng  ng vi mi ph ng trnh sau :  

1 ) f(x) +  h(x)  = g(x) +  h(x)  ;  

2) f(x)  h(x)  =  g(x)  h(x)  nu   h(x)  0 vi mi x   D  

Chng minh.  Ta chng minh cho kt lun th nht.  Kt lun th hai  c 

chng minh t ng t.  

Tht vy,  c ba hm s f,  g,  v h u xc nh trn D  nn nu x0  thuc D  th 

f(x0),  g(x0)  v h(x0)  l nhng s xc nh.  Do , p dng tnh cht ca ng 
thc s,  ta c :  

f(x0)  =  g(x0)    f(x0)  +  h(x0)  =  g(x0)  +  h(x0).  

iu  chng t rng nu x0 l nghim ca ph ng trnh ny th cng l 
nghim ca ph ng trnh kia v ng c li.  Vy hai ph ng trnh ( ) ( )f x g x=  

v ( ) ( ) ( ) ( )f x h x g x h x+ = +  t ng  ng vi nhau.    

T nh l trn,  ta d thy :  Hai quy tc bin i ph ng trnh  hc  lp 
d i (quy tc chuyn v v quy tc nhn vi mt s khc 0)  l nhng php 
bin i t ng  ng.  

H2  Mi khng nh sau ng hay sai ? 

a)  Cho ph ng trnh 23 2 .x x x+  =  Chuyn 2x   sang v phi th  c ph ng 
trnh t ng  ng.  
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b) Cho ph ng trnh 3 2x x+   =  2 2.x x+   L c b 2x    c hai v ca 
ph ng trnh th  c ph ng trnh t ng  ng.  

3.  Ph ng trnh h qu 

V d 2. Xt ph ng trnh  

    x =  2   x.              (1 )  

Bnh ph ng hai v,  ta  c ph ng trnh mi  

    x =  4   4x +  x2.             (2)  

Tp nghim ca (1 )  l S1  =  { 1 } ,  ca (2)  l S2 =  { 1  ;  4} .  Hai ph ng trnh (1 )  

v (2)  khng t ng  ng.  Tuy nhin,  ta thy S2    S1  ;  trong tr ng hp ny,  
ta ni  (2)  l ph ng trnh h qu  ca ph ng trnh (1 ).   

Tng qut,   

f1(x)  =  g1(x)  gi l ph ng trnh h qu ca ph ng trnh  

f(x) =  g(x) nu tp nghim ca n cha tp nghim ca ph ng 

trnh  f(x) =  g(x).  

Khi ,  ta vit  

f(x)  =  g(x)    f1(x)  =  g1(x).  

T nh ngha ny,  ta suy ra :  Nu hai ph ng trnh t ng  ng th mi 
ph ng trnh u l h qu ca ph ng trnh cn li.  

Trong v d 2,  gi tr x =  4 l nghim ca (2)  nh ng khng l nghim ca (1 ).  
Ta gi 4 l nghim ngoi lai  ca ph ng trnh (1 ).  

H3  Mi khng nh sau y ng hay sai  ? 

a)  2 1x  =    2 1 .x  =  

b)  
( 1)

1
1

x x

x


=



   1 .x =  

Trong cc php bin i dn n ph ng trnh h qu,  ta th ng s dng php 
bin i  c nu trong nh l sau y.  

nh l 2   

Khi bnh ph ng hai v ca mt ph ng trnh,  ta  c ph ng 

trnh h qu ca ph ng trnh  cho.  

f(x)  =  g(x)    [f (x)]2  =  [g(x)]2.  
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Ch   

1 ) C th chng minh  c rng :  Nu hai v ca mt ph ng trnh 

lun cng du  th khi bnh ph ng hai v ca n,  ta  c ph ng 

trnh t ng  ng.  

2)  Nu php bin i mt ph ng trnh dn n ph ng trnh h 

qu th sau khi gii ph ng trnh h qu,  ta phi th li cc nghim 

tm  c vo ph ng trnh  cho  pht hin v loi b nghim 

ngoi lai.  

V d 3.   Gii ph ng trnh |x   1 |  =  x   3 .  

Gii.  Bnh ph ng hai v,  ta  c ph ng trnh h qu 

x2    2x +  1  =  x2    6x +  9.  

Gii ph ng trnh ny, ta  c x =  2.  Th li,  ta thy 2 khng phi l nghim 

ca ph ng trnh  cho.  Vy ph ng trnh  cho v nghim.      

4.  Ph ng trnh nhiu n 

Trong thc t,  ta cn gp nhng ph ng trnh c nhiu hn mt n.   l cc 

ph ng trnh dng F =  G,  trong  F v G l nhng biu thc ca nhiu bin.  

Chng hn, 

2x2  +  4xy    y2  =  x +  2y  +  3           (3)  

l mt ph ng trnh hai n  (x v y)  ;  

x +  y +  z =  3xyz              (4)  

l mt ph ng trnh ba n  (x,  y v z).  

Nu ph ng trnh hai n x v y  tr thnh mnh  ng khi x =  x0  v y =  y0 

(vi x0  v y0  l s) th ta gi cp s (x0  ;  y0)  l  mt nghim  ca n.  Chng 

hn, cp s (1  ;  0)  l mt nghim ca ph ng trnh (3).  

Khi nim nghim  ca ph ng trnh ba n,  bn n,. . .  cng  c hiu t ng t.  

Chng hn, b ba s (1  ;  1  ;  1  )  l mt nghim ca ph ng trnh (4).  

i vi ph ng trnh nhiu n,  cc khi nim tp xc nh (iu kin xc 

nh),  tp nghim, ph ng trnh t ng  ng, ph ng trnh h qu,.. .  cng 

t ng t nh  i vi ph ng trnh mt n.  
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5.  Ph ng trnh cha tham s 

Chng ta cn xt c nhng ph ng trnh, trong  ngoi cc n cn c nhng 
ch khc.  Cc ch ny  c xem l nhng s  bit v  c gi l tham s.   

Chng hn, ph ng trnh m(x + 2) = 3mx  1  (vi n x)  l mt ph ng trnh cha 

tham s m.  

H4  Tm tp nghim ca ph ng trnh  2 1mx m+ =   (vi m  l tham s) trong mi 

tr ng hp :   a)  0m =  ;    b)  0.m   

R rng nghim v tp nghim ca mt ph ng trnh cha tham s ph thuc 
vo tham s .  Khi gii ph ng trnh cha tham s,  ta phi ch ra tp nghim 
ca ph ng trnh tu theo cc gi tr c th ca tham s.   nhn mnh  
,  khi gii ph ng trnh cha tham s,  ta th ng ni l gii v  bin lun 
ph ng trnh.   

Cu hi  v  b i  tp 

1.   Tm iu kin xc nh ca mi ph ng trnh sau ri suy ra tp nghim ca n :  

  a)   x x=   ;        b)   3 2 2 6x x x  =  +  ;  

  c)  
3

3
3

x
x x

x


= + 


 ;     d)  x +  1x x =  .  

2.    Gii cc ph ng trnh sau :  

  a)  x +  1x   =  2 +  1x   ;     b)   x +  1x   =  0,5  +  1x   ;  

  c)  
3

2 5 5

x

x x
=

 
 ;      d)  

2 .
2 5 5

x

x x
=

 
 

3.   Gii cc ph ng trnh sau :  

  a)  x +  
1

1x 
 =  

2 1

1

x

x




 ;     b)  

1 2 3

2 2

x
x

x x


+ =

 
 ;  

  c)  (x2    3x +  2) 3x   =  0 ;    d)  (x2    x   2) 1x +  =  0.  

4.   Gii cc ph ng trnh sau bng cch bnh ph ng hai v ca ph ng trnh :  

  a)  3x   =  9 2x  ;    b)  1x   =  x   3  ;  

  c)  2|  x   1  |  =  x +  2  ;    d)  |  x   2 |  =  2x   1 .  
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Ta  bit cch gii :  

  Ph ng trnh bc nht (n x)  l ph ng trnh c dng ax +  b  =  0  
(a v  b l hai s  cho vi a   0)  ;   

  Ph ng trnh bc hai  (n x)  l ph ng trnh c dng ax2  +  bx +  c  =  0  

(a,  b v c l ba s  cho vi a   0)  ;    =  b2    4ac  gi l bit thc,  '  =  b'2    ac  

(vi b  =  2b'  )  gi l bit thc thu gn  ca ph ng trnh bc hai.  

Trong bi ny,  chng ta s nghin cu cch gii v bin lun cc ph ng trnh 
bc nht v bc hai c cha tham s.   

1.  Gii v bin lun ph ng trnh dng ax +  b =  0 

Kt qu gii v bin lun ph ng trnh dng ax +  b  =  0  c nu trong 
bng sau y.  

1 )  a    0               :  Ph ng trnh c mt nghim duy nht x =  
b

a
.  

2)  a  =  0 v b    0 :  Ph ng trnh v nghim.  

3)  a  =  0 v b  =  0 :  Ph ng trnh nghim ng vi mi x   R .  

V d 1.  Gii v bin lun ph ng trnh sau theo tham s m 

m
2
x +  2 =  x +  2m.     (1 )  

Gii.  Ta bin i t ng  ng 

(1 )      m2
x   x  =  2m    2  

           (m2    1 )x =  2(m   1 ).           (1a)  
Xt cc tr ng hp sau y.  

1 )  Khi m      1  (tc l m    1  v m    1 ),  ta c m2    1    0 nn (1a) c nghim 

x =  
2

2( 1) 2

11

m .
mm


=

+

 

 l nghim duy nht ca ph ng trnh  cho.  

2
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2)  Khi m =  1 ,  ph ng trnh (1a) tr thnh 0x =  0 ;  ph ng trnh ny nghim 

ng vi mi x   R  nn ph ng trnh (1 )  cng nghim ng vi mi x   R.  

3) Khi m =  1 ,  ph ng trnh (1a) tr thnh 0x =  4 ;  ph ng trnh ny v 

nghim nn ph ng trnh (1 )  cng v nghim.  

Kt lun   

m    1  :  (1 )  c nghim x =  
2

1m +
 
  

  
+  

2
tp nghim l  = 

1
S .

m
 

m =  1  :  (1 )  v nghim (tp nghim l S  =  ).  

m = 1  :  (1) nghim ng vi mi x   R (tp nghim l S = R).    

2.  Gii v bin lun ph ng trnh dng ax2
 +  bx +  c =   0 

Kt qu gii v bin lun ph ng trnh dng ax
2
 +  bx +  c  =  0  c nu trong 

bng sau y.  

1 )  a  =  0 :   Tr v gii v bin lun ph ng trnh bx +  c  =  0.  

2)  a    0 :   
    > 0 :  ph ng trnh c hai nghim (phn bit)  

                            x =  
2

b

a

  
 v  x =  

2

b

a

 + 
 ;  

   = 0 :  ph ng trnh c mt nghim (kp) x = 
2

b

a
 ;  

    < 0 :  ph ng trnh v nghim.  
 

H1  Trong tr ng hp no th ph ng trnh 2 0ax bx c+ + =  : 

a)  C mt nghim duy nht ? 

b)  V nghim ? 

V d 2.  Gii v bin lun ph ng trnh sau theo tham s m 

mx
2
   2(m   2)x +  m   3  =  0.            (2)  

Gii.  Vi m =  0,  ph ng trnh (2) tr thnh 4x   3  =  0 ;  n c nghim x =  
3

4
.  

Vi m    0,  (2)  l ph ng trnh bc hai vi bit thc thu gn l 

'  =  (m    2)2    m(m    3)  =  4   m.  
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Do  :  
  Nu m  > 4 th '  < 0 nn (2)  v nghim ;  

  Nu m =  4 th '  =  0 nn (2)  c mt nghim x =  
2 1

2

m

m


=  ;  

  Nu m <  4 v  m    0 th '  > 0 nn (2)  c hai nghim  

x =  
2 4m m

m

  
  v  x =  

2 4m m .
m

 + 
 

Kt lun.  

m > 4 :  (2)  v nghim ;  

m = 0 :  (2)  c nghim 
3
4

x =  ;   

0   m    4 :  (2) c hai nghim 
2 4m m

x
m

  
=   

(hai nghim ny trng nhau v bng 
1
2
 khi m  = 4).  

H2  Gii v bin lun ph ng trnh ( 1)( 2) 0x x mx  + =  theo tham s m.  

V d 3. Cho ph ng trnh    

  3x +  2 =     x2  +  x +   a.             (3)  

Bng  th,  hy bin lun s nghim ca ph ng trnh (3) tu theo cc gi tr 

ca tham s a.   

Gii.  Tr c ht,  ta  a ph ng trnh (3) v dng   

   x
2  +  2x +  2 =   a.    (4)  

S nghim ca ph ng trnh (3) cng l s nghim 
ca ph ng trnh (4) v bng s giao im ca parabol 

(P)  :  y  =  x2  +  2x +  2  vi  ng thng (d)  :  y  =  a.  Quan 
st  th (h.3.1 ),  ta thy nh ca parabol (P)  l im  
M(1  ;  1 ),  khi a  thay i th  ng thng (d)  cng 
thay i nh ng lun song song (hoc trng) vi trc 
honh.  T ,  ta suy ra :  

  Vi a < 1 ,  ph ng trnh (3)  v nghim ( ng thng (d)  v parabol (P)  
khng c im chung) ;  

  Vi a =  1 ,  ph ng trnh (3)  c mt nghim (kp) ( ng thng (d)  tip xc 
vi parabol (P))  ;  

  Vi a > 1 ,  ph ng trnh (3)  c hai nghim ( ng thng (d)  ct parabol (P)  
ti hai im phn bit).    

Hnh 3.1  
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Ch   

Khi vit ph ng trnh (3)  d i dng x2  +  3x +  2 =  x +  a,  ta thy kt 

qu trn cn cho bit s giao im ca parabol y  =  x2  +  3x +  2 vi 
 ng thng y  =  x +  a.  

3.  ng dng ca nh l Vi-t 

    lp d i,  chng ta  hc nh l Vi-t i vi ph ng trnh bc hai.  

Hai s x1  v x2  l cc nghim ca ph ng trnh bc hai 

             2 0ax bx c+ + =  

khi v ch khi chng tho mn cc h thc 

   1 2
b

x x
a

+ =   v 1 2
.cx x

a
=  

nh l Vi-t c nhiu ng dng quan trng,  chng hn nh  :  

1 )  Nhm nghim ca ph ng trnh bc hai  ;  

2)  Phn tch a thc thnh nhn t :  

Nu a thc  f(x)  =  ax2  +  bx +  c  c hai nghim  x1  v x2  th n c th phn tch 

thnh nhn t  f(x)  =  a(x   x1)(x   x2)  (xem bi tp 9)  ;  

3)  Tm hai s bit tng v tch ca chng :  

Nu hai s c tng l S v tch l P th chng l cc nghim ca ph ng trnh  

x
2    Sx +  P  =  0.  

H3 C th khoanh mt si dy di 40  cm thnh 

mt hnh ch nht c din tch S cho tr c trong 
mi tr ng hp sau y  c hay khng ? 

a)  S = 99  cm2 ;    b)  S = 100  cm2  ;    c)  S = 101  cm2.  

 Sau y, ta s tm hiu mt ng dng quan 

trng khc ca nh l Vi-t l xt du cc 

nghim ca ph ng trnh bc hai.  

nh l Vi-t cho php ta nhn bit du cc nghim ca mt ph ng trnh bc 

hai m khng cn tm cc nghim .  Ta c nhn xt sau y.  
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Nhn xt 

Cho ph ng trnh bc hai ax
2  +  bx +  c  =  0 c hai nghim x1  v x2  

(x1    x2).  t S =  
b

a
 v P =  

c

a
.  Khi  :  

   Nu P  < 0 th  x1  < 0 < x2   (hai nghim tri du) ;  

   Nu P >  0  v S >  0 th  0 < x1    x2   (hai nghim d ng) ;  

   Nu P >  0  v S <  0 th  x1    x2  < 0  (hai nghim m).  

V d 4.   Ph ng trnh  ( ) ( )21 2 2 1 2 2 0x x  + + = c a =  1    2 < 0  

v  c  =  2 > 0  nn  P  < 0.  

Vy ph ng trnh  c hai nghim tri du.   

Ch   

Trong v d 4,  c hai kt lun ph ng trnh c hai nghim v hai 

nghim  tri du u  c suy ra t P  < 0.   

Tr ng hp P  > 0,  ta phi tnh   (hay ')   xem ph ng trnh c 

nghim hay khng ri mi tnh  S   xc nh du cc nghim.  

V d 5. Xt du cc nghim ca ph ng trnh sau (nu c) 

                          ( )2 3 x
2  +  2 ( )1 3 x +  1  =  0.   (*)  

Gii.  Ta c   

a  =  2 3  > 0 v  c  =  1  > 0     P > 0 ;  

'  = ( )
2

1 3  ( )2 3 =  2 3     '   > 0 (vy (*) c hai nghim phn bit) ;  

a  =  2 3  > 0 v  b'  =   ( )1 3 =  3   1  > 0   S > 0.  

Do , ph ng trnh  cho c hai nghim d ng.   

H4  Vi mi ph ng trnh cho trong a)  v b)  d i y,  hy chn khng nh ng 

trong cc khng nh  cho.  

a) Ph ng trnh 20,5  + 2,7  + 1 ,5  = 0x x   
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(A)  C hai nghim tri du ;   (B)  C hai nghim d ng ;  

(C)  C hai nghim m ;    (D)  V nghim.       

b)  Ph ng trnh ( )2 2 3x x + 6 0+ =  

(A)  C hai nghim tri du ;   (B)  C hai nghim d ng ;  

(C)  C hai nghim m ;    (D)  V nghim.  

  Vic xt du cc nghim ca ph ng trnh bc hai gip ta xc nh  c s 

nghim ca ph ng trnh trng ph ng.  

Ta  bit,  i vi ph ng trnh trng ph ng  

   ax
4
 +  bx

2
 +  c  =  0,              (4)  

nu t  y  =  x
2
 (y    0)  th ta i n ph ng trnh bc hai i vi y  

   ay
2
 +  by +  c =  0.              (5)  

Do ,  mun bit s nghim ca ph ng trnh (4),  ta ch cn bit s nghim 

ca ph ng trnh (5)  v du ca chng.  

H5  Mi khng nh sau y ng hay sai  ? 

a)  Nu ph ng trnh (4)  c nghim th ph ng trnh (5)  c nghim ; 

b)  Nu ph ng trnh (5)  c nghim th ph ng trnh (4)  c nghim.  

V d 6. Cho ph ng trnh 

   42x    22( 2 3 ) 12x   =  0.              (6)  

Khng gii ph ng trnh, hy xt xem ph ng trnh (6) c bao nhiu nghim ? 

Gii.  t y =  x
2
 (y   0),  ta i n ph ng trnh  

   22y    2( 2 3 ) 12y   =  0.               (7)  

Ph ng trnh (7)  c 2 0a = >  v 12 0c =  <  nn c hai nghim tri 

du.  Vy ph ng trnh (7) c mt nghim d ng duy nht,  suy ra ph ng 

trnh (6)  c hai nghim i nhau.   
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Cu hi  v  b i  tp 

5.   Xem cc bi gii sau y v cho bit mi bi gii  ng hay sai.  V sao ?  

  a)  
( 2)( 1)

0
1

x x

x

 
=


    

2

1

x

x




(x   1 )  =  0     

2

1

x

x




=  0  hoc  x   1  =  0.  

  Ta c 
2

1

x

x




 =  0    x =  2 ;  x   1  =  0     x =  1 .  

  Vy tp nghim ca ph ng trnh  cho l S =  { 1  ;  2} .  

  b)  2 2 1x x =      ( )
22 2 1x x =     x2   2 =  1    2x +  x2   

         2x =  3    x =  
3

2
.  

  Vy ph ng trnh c mt nghim x =  
3

2
.  

6.   Gii v bin lun cc ph ng trnh :  

 a)  (m2  +  2)x   2m  =  x   3  ;    b)  m(x   m)  =  x +  m   2 ;  

 c)  m(x   m +  3) =  m(x   2) +  6 ;    d)  m2(x   1 ) +  m =  x(3m   2).  

7.   Da vo hnh 3.1  (trang 74),  tm cc gi tr ca a   ph ng trnh (3) cho 
trong v d 3  c nghim d ng.  Khi ,  hy tm nghim d ng ca (3).   

8.   Gii v bin lun cc ph ng trnh :  

  a)   (m    1 )x2  +  3x   1  =  0 ;      

  b)   x2   4x +  m    3  =  0.  

9.   a) Gi s ph ng trnh ax2  +  bx +  c  =  0 (a    0)  c hai nghim l x1  v x2.  

Chng minh rng ta c th phn tch ax2  +  bx +  c  =  a(x   x1)(x   x2).  

 b) p dng.  Phn tch cc a thc sau thnh nhn t :  

 f(x)  =  2x2    7x +  4  v   g(x)  =  2( 2 1) 2( 2 1) 2.x x+  + +  

10.  Khng gii ph ng trnh x2    2x   15 =  0,  hy tnh :  

  a)  Tng cc bnh ph ng hai nghim ca n ;  

  b)  Tng cc lp ph ng hai nghim ca n ;  

  c)  Tng cc lu tha bc bn hai nghim ca n.   

  H ng dn.  4 4 2 2 2 2 2
1 2 1 2 1 2( ) 2 .x x x x x x+ = +   
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11.  Trong cc khng nh sau y,  c duy nht mt khng nh ng.  Hy chn 
khng nh ng .  

  Ph ng trnh ( ) ( )4 23 1 2 1 3 0x x + +  =  :  

  (A) V nghim  ;   

  (B) C hai nghim  x =   ( ) ( )1
1 3 33 16 3 1

2
+    ;  

  (C) C bn nghim x =   ( ) ( )1
1 3 33 16 3 1

2
+     v  x =   3  ;  

  (D) C hai nghim x =   3 .  

 

 

  

gii  ph ng trnh bc hai  
bng my tnh casio  fx  -  500MS 

My tnh  CASIO  fx - 500MS c th gip ta tm nghim ng hoc nghim gn ng 

(vi  chn  ch s thp phn) ca ph ng trnh  bc hai  2 0ax bx c+ + =  vi  cc h s 
bng s.  

 gii ph ng trnh 2 0,ax bx c+ + =  tr c ht ta n cc phm MODE MODE 1 > 2  

 vo ch ng trnh  gii.  Sau  ,  ta nhp tng h s bng cch n phm t ng ng 

vi  h s  v phm = .  

  gii  ph ng trnh  22 5 3 0,x x  =  ta n  ln  l t cc phm sau  :  

  MODE MODE  1 >  2 2  = ( ) 5  = ( ) 3 =  

Khi  ,  kt qu l 1 3.x =  n tip phm = ,  ta  c 2 0, 5.x =   

  gii  ph ng trnh  29 12 4 0x x + = ,  ta n  ln  l t cc phm sau  :  

  MODE  MODE  1  >  2  9 = ( ) 12 = 4 =  

Khi  ,  kt qu l x   0,666 666 666.  n tip hai  phm SHIFT d / c ,  ta  c x =  
2

3
.  

 l nghim kp ca ph ng trnh.  
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  gii  ph ng trnh  25 4 1 0x x+ + = ,  ta n  ln  l t cc phm sau  :  

  MODE MODE 1 > 2 5 = 4 = 1 =  

Khi  ,  trn  mn hnh  xut hin  gi tr  1 0. 4x =   cng vi  k h iu  R   I  gc trn  

bn  phi.  iu   c ngha l ph ng trnh   cho khng c nghim thc.  

  gii  ph ng trnh  2 5, 3 1, 46 0x x+  = ,  ta n  ln  l t cc phm sau  :  

  MODE MODE 1 > 2 1 = 5,3 = ( ) 1 ,46 =  

Khi  ,  kt qu l x1    0,262 473 175 .  n  tip phm = ,  ta  c x2    5,562 473 176.  

 l cc nghim gn ng ca ph ng trnh.  

Luyn tp  

12.  Gii v bin lun cc ph ng trnh sau (m  l tham s) :  

  a)  2(m +  1 )x   m(x   1 ) =  2m +  3  ;      b)  m2  (x   1 ) +  3mx  =  (m
2  +  3)x   1  ;  

 c)  3(m +  1 )x +  4 =  2x +  5(m +  1 )    ;      d)  m2
x +  6 =  4x +  3m.  

13.   a)  Tm cc gi tr ca p  ph ng trnh (p  +  1 )x   (x +  2)  =  0  v nghim.  

  b)  Tm cc gi tr ca p  ph ng trnh p2x   p  =  4x   2 c v s nghim.  

14.  Tnh nghim gn ng ca cc ph ng trnh sau (chnh xc n hng phn trm) :  

  a)   x2    5,60x +  6,41  =  0  ;        b)  2 x
2  +  4 3 x   2 2  =  0.  

15.  Tm  di cc cnh ca mt tam gic vung,  bit rng cnh th nht di hn 
cnh th hai l 2 m, cnh th hai di hn cnh th ba l 23  m.  

16.  Gii v bin lun cc ph ng trnh sau (m  v k l tham s) :  

  a)  (m   1 )x2  +  7x   1 2 =  0   ;       b)  mx
2    2(m +  3)x +  m +  1  =  0 ;  

  c)  [(k +  1 )x   1 ] (x   1 )  =  0 ;   d)  (mx   2)(2mx   x +  1 )  =  0.  

17.  Bin lun s giao im ca hai parabol  y  =  x2    2x +  3  v y =  x2     m  theo 

tham s m.  

18.  Tm cc gi tr ca m  ph ng trnh x2    4x +  m    1  =  0 c hai nghim x1  v 

x2  tho mn h thc 3 3
1 2x x+  =  40.  

19.  Gii ph ng trnh x2  +  (4m  +  1 )x +  2(m   4)  =  0,  bit rng n c hai nghim 
v hiu gia nghim ln v nghim nh bng 17.  
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20.  Khng gii ph ng trnh,  hy xt xem mi ph ng trnh trng ph ng sau y 
c bao nhiu nghim.   

  a)   x4  +  8x2  +  1 2 =  0   ;      b)  1 ,5x4    2,6x2  +  1  =  0 ;   

  c)  ( ) 4 21 2 2 1 2 0x x + +  =  ;  d)  x4  +  ( ) 23 2 x  =  0.  

21.   Cho ph ng trnh kx2    2(k +  1 )x +  k +  1  =  0.  

  a)  Tm cc gi tr ca k  ph ng trnh trn c t nht mt nghim d ng.   

  b)  Tm cc gi tr ca k  ph ng trnh trn c mt nghim ln hn 1  v mt 

nghim nh hn 1 .  H ng dn.  t x =  y  +  1 .  

 

 

1.  Ph ng trnh dng  ax  +  b   =   cx +  d    

a)  Cch gii 1   

Chng ta  bit |  X |  =  |  Y |     X =   Y (vi X v Y l hai s tu ).  T ng t, ta c 

|  ax +  b  |  =  |  cx +  d |        ax +  b   =     (cx +  d).  

Nh  vy, mun gii ph ng trnh |  ax +  b  |  =  |  cx +  d | ,   ta ch vic gii hai 

ph ng trnh  ax +  b   =  cx +  d v ax +  b   =  (cx +  d)   ri ly tt c cc nghim 

thu  c.  

V d 1. Gii v bin lun ph ng trnh   

   |  mx   2 |  =  |  x +  m  | .                       (1 )  

H ng dn.   gii ph ng trnh (1 ),  ta phi gii hai ph ng trnh :   

   mx   2 =  x +  m ;            (1 a)  
   mx   2 =  (x +  m).             (1b)  
Ta c (1a)     (m   1 )x =  m +  2.              

3
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Do ,  (1a) v nghim khi m  =  1  v c nghim x =  
2

1

m

m

+


 khi m    1 .  

Ta c (1b)     (m +  1 )x =  m  +  2.           

Do ,  (1b) v nghim khi m =  1  v c nghim x =  
2

1

m

m

 +

+
 khi m    1 .  

 kt lun v nghim ca ph ng trnh  cho,  ta lp bng sau y.  

 Nghim ca  (1 a) Nghim ca  (1b) Nghim ca (1 )  

m =  1  v nghim 
2

1

m

m

 +

+
 =  

1

2
 

 

m =  1
2

1

m

m

+


 =  

1

2
 v nghim 

  

m   1
2

1

m

m

+


 

2

1

m

m

 +

+
 

 

H1  in vo ct cui trong bng trn ri pht biu kt lun v nghim ca ph ng 

trnh (1).  

b) Cch gii 2  

Do hai v ca ph ng trnh |  ax +  b  |  =  |  cx +  d |  lun khng m nn khi bnh 

ph ng hai v ca n,  ta  c ph ng trnh t ng  ng.  Nh  vy,  c th gii 

ph ng trnh nu  v d 1  nh  sau 

(1 )     (mx   2)2  =   (x +  m)2      (m2    1 )x2    6mx +  4   m2  =  0.  

H2  Gii tip ph ng trnh trn bng cch xt cc tr ng hp m  =  1 ,  m  =  1  v m    1  

ri so snh vi kt qu thu  c t cch 1.  

2.  Ph ng trnh cha n  mu thc  

Khi gii ph ng trnh cha n  mu thc,  ta phi ch  n iu kin xc 

nh ca ph ng trnh.  

V d 2. Gii v bin lun ph ng trnh  

     
1

2
1

+
=



mx
.

x
              (2)  
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Gii.  iu kin ca ph ng trnh l x   1    0,  tc l x   1 .  Vi iu kin , 

ta c 

   (2)      mx +  1  =  2(x   1 )   

         (m    2)x =    3 .             (2a) 

1) Vi m    2,  ta c m   2   0.  Ph ng trnh (2a) c nghim x =  
3

2m





.  Gi tr 

ny l nghim ca (2)  nu n tho mn iu kin x   1 .  Ta c 

   
3

2m





  1    3    m  2     m    1 .  

Do  :   

Khi m    2 v m   1  th x =  
3

2m





 l nghim ca (2)  ;  

Khi m  =  1  th gi tr x =  
3

2m





 b loi.  Ph ng trnh (2)  v nghim.  

2)  Vi m =  2,  ph ng trnh (2a) tr thnh 0x =  3.  Ph ng trnh ny v 

nghim nn ph ng trnh (2)  v nghim.  

Kt lun  

Khi m    1  v m   2,  ph ng trnh (2)  c nghim x =  
3

2m





.  

Khi m =  1  hoc m =  2,  ph ng trnh (2)  v nghim.     

V d 3. Gii v bin lun ph ng trnh  

  
2 2( 1) 6 2

2
2

x m x m
x

x

 + + 
= 



.                 (3)  

Gii.  iu kin ca ph ng trnh l x   2 > 0,  hay x > 2.  Vi iu kin ,  

ta c 

  (3)     
2 2( 1) 6 2 2

2 2

x m x m x

x x

 + +  
=

 

 

         2 (2 3) 6 0x m x m + + = .           (3a)  

Ph ng trnh (3a) lun c hai nghim l x =  3  v x =  2m.  
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  Gi tr x =  3  tho mn iu kin x > 2 nn n l nghim ca ph ng trnh 
(3)  vi mi m.  

   gi tr x  =  2m  l nghim ca (3),  n  phi tho mn iu kin x > 2.  

Ta c 2m  > 2     m  > 1 .  iu  c ngha l :  

  Nu m  > 1  th x =  2m  l nghim ca (3)  ;  

  Nu m   1  th x =  2m khng tho mn iu kin ca n v b loi.  

Tng hp cc kt qu trn,  ta i n  kt lun  :    

Khi m  > 1 ,  ph ng trnh (3)  c hai nghim  x =  3   v x =  2m ;  

(hai nghim ny trng nhau khi 
3
).

2
m =  

Khi m   1 ,  ph ng trnh (3) c mt nghim duy nht x =  3 .     

H3  Hy chn ph ng n tr li ng trong cc ph ng n cho sau y.  

Vi gi tr no ca tham s a  th ph ng trnh (x2  +  4x +  3) x a =  0  c hai nghim 

phn bit ? 

(A)  a  <  3   ;     (B)  3    a  <    1   ;  

(C)   a    1   ;     (D)  Khng c gi tr no ca a.  

Cu hi  v  b i  tp 

22.  Gii cc ph ng trnh :  

  a)  
22( 1) 2

2
2 1 2 1

x x

x x

 +
= 

+ +
 ;       b)   

2 5 5 3

1 3 5

x x
.

x x

 
=

 +
    

23.   Gii ph ng trnh 23
6

4

m
m m

x


=  


 trong mi tr ng hp sau :  

  a)  m  =  3  ;      b)  m    3 .  

24.  Gii v bin lun cc ph ng trnh (a v m  l nhng tham s)  :  

  a)  |  2ax +  3  |  =  5  ;      b)  
2

2

2 2
1

1

mx m m
.

x

 + 
=
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Luyn tp  

25.  Gii v bin lun cc ph ng trnh (m,  a  v k l nhng tham s) :  

  a)  |  mx   x +  1  |  =  |  x +  2 |  ;   b)   
1

1
2 2

a

x x a
+ =

 
;  

  c)  
3

1
1

mx m

x

 
=

+
 ;     d)  

3

3 3

x k x k

x x

+ 
=

 +
.  

26.   Gii v bin lun cc ph ng trnh sau (m  v a  l nhng tham s):  

  a)   (2x +  m   4)(2mx   x +  m)  =  0  ;    b)   | mx +  2x   1 |  =  |  x |  ;  

  c)  (mx +  1 ) 1x  =  0  ;      d)   
2 1

2
2

a
a

x


= 


 ;     

  e)  
( 1) 2

3

m x m
m

x

+ + 
=

+
 ;    f)   

1
.

1

ax
a

x

+
=


 

27.  Bng cch t n ph, gii cc ph ng trnh sau :  

  a)  4x2    1 2x    5 24 12 11x x +  +  1 5  =  0 ;  

  b)  x2  +  4x   3  | x +  2 |  +  4 =  0 ;  

  c)  2
2

1 1
4 2 6 0.x x

xx

+ +   =  

28. Tm cc gi tr ca tham s m  sao cho ph ng trnh sau c nghim duy nht  

| mx   2 |  =  | x +  4 | .  

29. Vi gi tr no ca a  th ph ng trnh sau v nghim ? 

1

1 2

x x
.

x a x a

+
=

 + + +
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Vi nt v lch s ph ng trnh i  s  

L thuyt ph ng trnh  i  s c l ch  s rt lu  i.  T 2000 

nm tr c Cng nguyn,  ng i  Ai  Cp  bit gii  cc 

ph ng trnh bc nht,  ng i  Ba-bi-lon   bit gii  cc 

ph ng trnh  bc hai  v tm  c nhng bng c bit  gii  

ph ng trnh  bc ba.  Tt nhin,  cc h s ca ph ng trnh  

 c xt u l nhng s  cho nh ng cch gii  ca ng i  

x a chng t rng h cng bit n cc quy tc tng qut.  

Trong nn  ton hc c ca ng i  H i  Lp,  l  thuyt ph ng 

trnh  i  s  c pht trin trn  c s hnh  hc,  l in  quan n 

vic pht minh  ra tnh v c ca mt s on thng.  V lc 

 ng i  Hi  Lp ch bit cc s nguyn d ng v phn s 

d ng nn i  vi  h,  ph ng trnh  x2  =  2  v nghim.  Tuy 

nhin,  ph ng trnh   li  gii   c trong phm vi  cc on 

thng v nghim ca n l  ng cho ca hnh  vung c 

cnh bng 1  (n v  di).  

n th k VI I ,  l  thuyt ph ng trnh  bc nht v bc hai   c 

cc nh ton hc n  pht trin.  Ph ng php gii  ph ng 

trnh  bc hai  bng cch b sung thnh bnh  ph ng ca mt 

nh  thc l mt sng kin  ca ng i  n .  Ng i  n  cng 

s dng rng ri  cc s m.  H cng  a vo cc ch s m 

nay ta gi  l ch s  Rp vi  cch vit theo v  tr ca cc 

ch s.  

n th k XVI,  cc nh ton hc I-ta-li-a l Tc-ta-gli-a (N.  Tartaglia,  1500   1557),   

Cc-a-n (G. Cardano,  1501   1576)  v Fe-ra-ri  (L.  Ferrari,  1522   1565)   gii   c 

cc ph ng trnh  bc ba v bc bn,  tc l tm  c cng thc tnh  nghim ca 

ph ng trnh  qua cc h s ca n.  

n u th k XIX,  nh ton hc A-ben,  ng i  Na Uy mi  chng minh   c rng 

khng th gii  ph ng trnh  tng qut bc ln  hn bn bng cc ph ng tin  thun  

tu i  s.  Sau  cng,  Ga-loa (nh ton hc Php)   gii  quyt  c trn vn  vn  

gii  cc ph ng trnh  i  s.  

 
 
 
 
 
 
 
 
 
 
 
 

N.  Hen-rich  A-ben 

(N.  Henrik Abel,  1 802   1 829)

 
 
 
 
 
 
 
 
 
 
 

E.  Ga-loa 

(E.  Galois,  1811   1832)  

Em

cob i  t
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Nhc li rng ph ng trnh bc nht hai n  (x v y)  l ph ng trnh dng  

  ax +  by  =  c  (a,  b  v c  l nhng s  cho, a2  +  b2    0).                  (1 )  

Ta  bit ph ng trnh (1 ) c v s nghim ;  trong mt phng to  Oxy,  

tp nghim ca n  c biu din bi mt  ng thng gi l  ng thng  

ax +  by  =  c.  Chng ta cng  lm quen vi h ph ng trnh bc nht hai n 

v cch gii chng bng ph ng php cng i s hoc ph ng php th.  

Trong bi ny,  chng ta s nghin cu k hn v h ph ng trnh bc nht 
hai n.  

1.  H hai ph ng trnh bc nht hai n  

Cho hai ph ng trnh bc nht hai n ax +  by =  c v a'x +  b'y =  c'  

(tc l 2 2 0a b+   v 2 2' ' 0).a b+   Khi ,  ta c h hai 

ph ng trnh bc nht hai n  sau :  

   (I)  
' ' '.

+ =


+ =

ax by c

a x b y c
 

Mi cp s (x0  ;  y0)  ng thi l nghim ca c hai ph ng trnh 

trong h  c gi l mt nghim  ca h.   

Gii h ph ng trnh l tm tt c cc nghim ca n.   

Cc khi nim h ph ng trnh t ng  ng,  h ph ng trnh h qu cng 

t ng t nh  i vi ph ng trnh.  

i vi h ph ng trnh, chng ta cng c nhng php bin i t ng  ng, 
tc l php bin i mt h ph ng trnh thnh mt h ph ng trnh khc 

t ng  ng vi n.  Bin i h ph ng trnh bng cch p dng quy tc cng 

i s hoc quy tc th m ta  hc chnh l nhng php bin i t ng 

 ng cc h ph ng trnh.  

4
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H1  Gii cc h ph ng trnh sau : 

 a)  
2 5 1

3 5 ;

x y

x y

 = 


+ =
  b)  

2 6 2

3 2 ;

x y

x y

 + =


 = 
   c)  

3 1

1 1
.

3 3

x y

x y

 =



 =

 

  Gi s (d) l  ng thng ax +  by  =  c  v (d')  l  ng thng a'x +  b'y  =  c'.  

Khi  (h.3.2)  :  

1 )  H (I)  c nghim duy nht   (d)  v (d')  ct nhau ;  

2)  H (I)  v nghim   (d)  v (d')  song song vi nhau ;  

3)  H (I)  c v s nghim   (d)  v (d')  trng nhau.  

 

 

 

 

 

               a)       b)            c)  

Hnh 3.2  

2.  Gii v bin lun h hai ph ng trnh bc nht hai n 

a) Xy dng cng thc  

Xt h ph ng trnh bc nht hai n  

     (I)  
' ' ' .

ax by c

a x b y c

+ =


+ =
  

(1)

(2)
 

  Nhn hai v ca ph ng trnh (1 )  vi b',  hai v ca ph ng trnh (2)  vi b  

ri cng cc v t ng ng, ta  c  

     (ab'    a'b)x =  cb'    c'b.   (3)  

  Nhn hai v ca ph ng trnh (1 )  vi a',  hai v ca ph ng trnh (2)  vi a  

ri cng cc v t ng ng, ta  c  

     (ab'    a'b)y  =  ac'    a'c.   (4)   
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  Trong (3)  v (4),  ta t D =  ab'    a'b,  Dx =  cb'    c'b  v Dy  =  ac'    a'c.   

Khi ,  ta c h ph ng trnh h qu 

             (II)
.

x

y

x

y

=


=

D. D

D. D
    

i vi h (II),  ta xt cc tr ng hp sau y.  

1 )  D   0,  lc ny h (II)  c mt nghim duy nht  

    (x ;  y)  =  
DD

;
D D

yx 
 
 

.   (5)  

Ta thy y cng l nghim ca h ph ng trnh (I).  

H2  Hy th li rng (5)  l mt nghim ca h (I)   khng nh kt lun trn.   

2) D =  0,  lc ny h (II)  tr thnh  

  
0 D

0 D .

x

y

x

y

=


=
 

  Nu Dx   0  hoc Dy    0 th h (II)  v nghim nn h (I)  v nghim.  

  Nu Dx =  Dy  =  0 th h (II)  c v s nghim.  Tuy nhin,  mun tm nghim 

ca h (I),  ta phi tr v h (I)  (do (II)  ch l h ph ng trnh h qu).   

Theo gi thit,  hai s a  v b  khng cng bng 0 nn ta c th gi s a    0 

(tr ng hp b    0 cng gii t ng t).  Ta c  

   D =  ab'    a'b  =  0   b'  =  
'a
b

a
 ;  

   Dy  =  ac'    a'c  =  0   c'  =  
'
.

a
c

a
 

Bi vy,  h (I)  c th vit thnh  

   ' '
( ) .

ax by c

a a
ax by c

a a

+ =



+ =

 

Do , tp nghim ca h (I) trng vi tp nghim ca ph ng trnh ax +  by  =  c  

(ta  bit cch gii ph ng trnh ny).  
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Kt qu trn c th tm tt nh  sau :  

  

 

2 2

2 2

( 0)

' ' ' ( ' ' 0)

ax by c a b

a x b y c a b

 + = + 


+ = +   

1 )  D   0 :  H c mt nghim duy nht (x ;  y),  trong   

x =  
D

D
x  ;  y  =  

D
.

D

y
 

2)  D =  0 :   

 Dx   0 hoc Dy    0 :  H v nghim.  

 Dx =  Dy  =  0 :  H c v s nghim, tp nghim ca h l 
tp nghim ca ph ng trnh ax +  by  =  c.  

 

b)  Thc hnh gii v bin lun

Trong thc hnh gii v bin lun h ph ng trnh bc nht hai n, nh thc l 

mt cng c em li nhiu thun tin.  

Biu thc pq'    p'q,  vi p,  q,  p',  q'  l nhng s,   c gi l mt nh thc cp 

hai v k hiu l  

 
' '

p q

p q
 (ch  cch tnh 

' '

p q

p q
 =  pq'    p'q).  

Nh  vy, cc biu thc D, Dx v Dy  m chng ta gp khi gii h (I)  u l 

nhng nh thc cp hai :  

D =  ab'    a'b  =  
' '

a b

a b
,  D ' ' ,

' 'x

c b
cb c b

c b
=  = D ' ' .

' 'y

a c
ac a c

a c
=  =  

Ta thy trong mi nh thc trn u c hai hng v hai ct.  

H3  a)  Tm t thch hp  in vo ch trng : 

Trong nh thc D,  ct th nht gm cc h s ca  ;  ct th hai gm cc h 
s ca  .  

b)  Pht biu cc cu t ng t i vi D x  v D .y  

Ta c th s dng nh thc  gii h ph ng trnh bc nht hai n.  
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V d 1.  Gii h ph ng trnh  

5 2 9

4 3 2.

x y

x y

 = 


+ =
 

Gii.  Ta c  

  D =  
5 2

4 3


 =  5  .  3    4 .  (2) =  23    0 ;  

  Dx =  
9 2

2 3

 
 =  (9).  3    2 .  (2) =  23  ;  suy ra x =  

D

D
x  =  1  ;  

  Dy  =  
5 9

4 2


 =  5  .  2   4 .  (9) =  46 ;  suy ra y  =  

D

D

y
 =  2.  

Vy h ph ng trnh c mt nghim duy nht (x ;  y)  =  (1  ;  2).   

H4  Bng nh thc,  gii h ph ng trnh  

    
2 3 13

7 4 2.

x y

x y

 =


+ =
 

V d 2. Gii v bin lun h ph ng trnh  

    
1

2.

mx y m

x my

+ = +


+ =
 

Gii.  Tr c ht,  ta tnh cc nh thc  

  D =
1

1

m

m
 =  m2

   1  =  (m    1 )(m  +  1 )  ;  

  Dx =  
1 1

2

m

m

+
 =  m2

 +  m    2 =  (m    1 )(m  +  2)  ;  

  Dy  =  
1

1 2

m m +
 =  m    1 .  

Ta phi xt cc tr ng hp sau :  

1 )  D   0,  tc l m    1 .  Ta c   

   x =  
D

D
x  =  

( 1)( 2)

( 1)( 1)

m m

m m

 +

 +
 =  

2

1

m

m

+

+
 ;  

   y  =  
D

D

y
 =  

1

( 1)( 1)

m

m m



 +
 =  

1
.

1m +
 

H c mt nghim duy nht (x ;  y)  =  
2 1
;

1 1

m

m m

+ 
 + + 

.  
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2)  D =  0,  tc l m  =  1  hoc m =  1 .  

  Nu m  =  1  th D =  Dx =  Dy  =  0 v h tr thnh 
2

2.

x y

x y

+ =


+ =
 Ta c 

2

2

x y

x y

+ =


+ =
   x +  y  =  2   

2 .

x

y x




= 
 

  Nu m  =  1  th D =  0,  nh ng Dx   0 nn h v nghim.  

Kt lun :   

Vi m    1 ,  h c nghim duy nht (x ;  y)  =  
2 1
;

1 1

m

m m

+ 
 + + 

 ;  

Vi m  =  1 ,   h v nghim ;  

Vi m  =  1 ,  h c v s nghim (x ;  y)  tnh theo cng thc 

    
2 .

x

y x




= 
               

3.  V d v gii h ph ng trnh bc nht ba n 

H ba ph ng trnh bc nht ba n  c dng tng qut l 

1 1 1 1

2 2 2 2

3 3 3 3 ,

a x b y c z d

a x b y c z d

a x b y c z d

+ + =


+ + =
 + + =

 

trong  cc h s ca ba n x,  y,  z  trong mi ph ng trnh ca h khng ng 

thi bng 0.  

Gii h ph ng trnh trn l tm tt c cc b ba s (x ;  y  ;  z)  ng thi nghim 

ng c ba ph ng trnh ca h.  

V d 3.  Gii h ph ng trnh (tc l tm tt c cc nghim chung ca cc 
ph ng trnh trong h) 

    (III)  

2

2 3 1

2 3 1 .

x y z

x y z

x y z

+ + =


+ + =
 + + = 

  

(6)

(7)

(8)

 

Cch gii.  T (6) ta c  

     z  =  2   x   y.                                                           (9)  
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Thay th z  trong (9)  vo (7)  v (8),  ta  c 
   x +  2y  +  3(2   x   y)  =  1    2x +  y  =  5  ;  
   2x +  y  +  3(2   x   y)  =  1    x +  2y  =  7.   
Ta thu  c h ph ng trnh bc nht hai n quen thuc  

   (IV) 
2 5

2 7.

x y

x y

+ =


+ =
              

H5  Gii tip h (IV)  tm x v y  ri th vo (9)   tm z  v kt lun v nghim ca 

h (III).  

Nhn xt.  Qua v d trn,  ta thy :  Nguyn tc chung  gii cc h ph ng 
trnh nhiu n l kh bt n   quy v gii cc ph ng trnh hay h ph ng 
trnh c s n t hn.   kh bt n,  ta cng c th dng cc ph ng php 
cng i s hay ph ng php th ging nh  i vi h ph ng trnh hai n.  

H6  Gii h ph ng trnh  

    2x +  3y    5z  =  13    
    4x   2y    3z  =  3   
    x +  2y  +  4z  =  1 .   

Cu hi  v  b i  tp 

30.  Cho mt h hai ph ng trnh hai n.  Bit rng ph ng trnh th hai trong h 
nghim ng vi mi gi tr ca cc n.  Hy chn khng nh ng trong cc 
khng nh sau :  
(A) H  cho nghim ng vi mi gi tr ca cc n ;  
(B) H  cho v nghim ;  
(C) Tp nghim ca h  cho trng vi tp nghim ca ph ng trnh th nht ;  
(D) C ba khng nh trn u sai.  

31.    Bng nh thc,  gii cc h ph ng trnh :  

 a)  
5 4 3

7 9 8 ;

x y

x y

 =


 =
    b)  

3 2 1

2 2 3 0.

x y

x y

 + = 


+ =
 

32.    Gii cc h ph ng trnh :   

 a)  

4 1
3

1

2 2
4 ;

1

x y

x y

 + = 

  =
 

    b)  

( )3
7

5 5 .
3

x y

x y

x y

y x

 +
= 




 =
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33.    Gii v bin lun cc h ph ng trnh :  

a)  
0

1 ;

x my

mx y m

 =


 = +
    b)  

2 3 5

( 1) 0.

ax y

a x y

+ =


+ + =
 

34.   Gii h ph ng trnh sau (c th dng my tnh b ti  kim tra kt qu   
Xem bi c thm trang 94) :  

11

2 5

3 2 24.

x y z

x y z

x y z

+ + =


 + =
 + + =

 

35.   Hnh 3 .3  cho mt mch in kn.  
Bit R1  =  0,25  ,  R2  =  0,36 ,  

R3  =  0,45    v U =  0,6 V.  Gi I1  
l c ng  dng in ca mch 

chnh, I2  v I3  l c ng  dng 

in ca hai mch r.  Tnh I1 ,  I2  

v  I3  (chnh xc n hng 
phn trm).  

H ng dn.  I1 ,  I2  v I3  l nghim 
ca h ph ng trnh  

1 2 3

1 1 2 2

2 2 3 3

0

0.

I I I

R I R I U

R I R I

  =


+ =
  =

 

 

 

Gii  h ph ng trnh bc nht 
bng my tnh Casio fx  - 500MS 

 
My tnh  CASIO fx - 500MS c th gip ta tm nghim ng  hoc nghim gn ng 
(vi  chn  ch s thp phn)  ca h ph ng  trnh  bc nht vi  cc h s bng s.  

1 .  H hai  ph ng trnh bc nht hai  n 

 gii  h ph ng trnh   

    1 1 1

2 2 2 ,

a x b y c

a x b y c

+ =


+ =
 

Hnh 3.3
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ta phi  vo ch ng trnh t ng ng bng cch n lin tip cc phm MODE  MODE  

1  2 .  Sau  ,  nhp tng h s 1 1, ,a b 1 2, ,c a 2 2,b c  bng cch n  phm t ng ng 

vi  mi  h s  v phm = .  

V d 1 .  Gii  h ph ng trnh  

     
3 11

5 4 10.

x y

x y

+ =


 = 
 

Ta n  ln  l t cc phm sau  :  

MODE MODE 1  2  3  =  1  =  1 1  =  5  =  ( )  4 =  ( )  1 0 =  

Khi  ,  trn mn hnh xut hin x =  2.  n  tip phm = ,  trn mn hnh xut hin y  =  5.  

Nh  vy,  h ph ng trnh  c nghim duy nht l (x ;  y)  =  (2  ;  5).   

V d  2.  Gii  h ph ng trnh   

     
2 5 3

3 4 8.

x y

x y

 =


+ =
 

Ta n  ln  l t cc phm sau  :  

MODE MODE 1  2  2 =  ( )  5  =  3  =  3  =  4 =  8  =  

Khi  ,  trn  mn hnh  xut hin  x =  2.260 869 565 .   tm gi tr  ca x d i  dng phn 

s,  ta n  tip hai  phm SHIFT d / c ,  ta  c x =  
52

.
23

 n  tip phm = ,  trn  mn 

hnh  xut hin  y  =  0.304 347 826.  Khi  n  tip hai  phm SHIFT d / c ,  ta  c y  =  
7

.
23

 

Nh  vy,  h ph ng trnh  c nghim duy nht l 
52 7

( ; ) ;
23 23

x y
 

=  
 

 v nghim gn 

ng vi  chn  ch s thp phn ca h ph ng trnh   l 

    
2, 260 869 565

0, 304 347 826.

x

y





               

V d  3.   Gii  h ph ng trnh   

    
5 2 3 7

5, 43 15.

x y

x y

 + =

 + =

 

Ta n  ln  l t cc phm sau  :  

MODE MODE 1  2  5  =  2   3  =  7  =  ( )  1  =  5 ,43  =  1 5  =  

Khi  ,  trn  mn hnh  xut hin  x =  0.455 722 15 .  n  tip phm = ,  trn  mn hnh 

xut hin  y  =  2.678 504 208.  Nh  vy,  h ph ng trnh  c nghim duy nht v nghim 
gn  ng vi  chn  ch s thp phn  ca h ph ng trnh   l 

    
0, 455 72215

2,678 504 208.

x

y
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Ch  rng h ph ng trnh  trn  khng c nghim hu  t.  Do ,  sau  khi  c gi tr  
gn  ng x   0,455 722 15  (hoc  y    2,678 504 208),  nu  ta n  tip hai  phm 

SHIFT d / c  th  trn  mn hnh  vn ch c gi tr  gn  ng  m thi.  

V d  4.  Gii  h ph ng trnh   

    
4 3 8

3
2 5.

2

x y

x y

+ =


  =

 

Ta n  ln  l t cc phm sau  :  

MODE MODE 1  2  4 =  3  =  8  =  ( )  2 = ( )  3  /b ca  2 = 5 =  

Khi  ,  trn  mn hnh  xut hin  Math ERROR.  iu   c ngha l h ph ng trnh 
v nghim hoc v nh.   

 xo Math ERROR,  ta n  phm AC .  

2.  H ba ph ng trnh bc nht ba n 

 gii  h ph ng trnh   

    
1 1 1 1

2 2 2 2

3 3 3 3 ,

a x b y c z d

a x b y c z d

a x b y c z d

+ + =


+ + =
 + + =

 

ta phi  vo ch ng  trnh  t ng ng bng cch n l in  tip cc phm 
MODE MODE 1 3 .  Sau  ,  vic nhp tng h s a1 ,  b1 ,  c1 ,  d1 ,  a2,  b2,  c2,  d2,  a3,  

b3,  c3,  d3  cng ging nh  i  vi  h ph ng trnh  bc nht hai  n.  

Hy gii  h ph ng trnh sau v i  chiu kt qu thu   c vi  p s :  

    

2 5 3 7

3 4 8 9

2 4 3.

x y z

x y z

x y z

 + =


+  =
  +  =

 

     p s :  (x ;  y  ;  z)  =  
3 17 74
; ; .

5 7 35

 
  

 
            

Luyn tp 

36.   Cho mt h hai ph ng trnh hai n.  Bit rng ph ng trnh th hai trong h 
v nghim.  Hy chn khng nh ng trong cc khng nh sau :  

(A) H  cho nghim ng vi mi gi tr ca cc n ;  

(B) H  cho v nghim ;  

(C)  Tp nghim ca h  cho trng vi tp nghim ca ph ng trnh th nht ;  

(D) C ba khng nh trn u sai.  
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37.   Tm nghim gn ng ca cc h ph ng trnh sau (chnh xc n hng 
phn trm,  c th dng my tnh b ti)  :  

a)  
3 1

5 2 3 ;

x y

x y

  =


+ =
    b)  

4 ( 3 1) 1

( 3 1) 3 5.

x y

x y

 +  =


+ + =
 

38.   Mt ming t hnh ch nht c chu vi 2p  (mt).  Nu m rng ming t  
 bng cch tng mt cnh thm 3  m v cnh kia thm 2 m th din tch 

ming t tng thm 246 m2.  Tnh cc kch th c ca ming t  (bin lun 
theo p).  

39.   Gii v bin lun cc h ph ng trnh :  

a)  
1

3 2 3 ;

x my

mx my m

+ =


 = +
  b)  

4

2 ( 1) .

mx y m

x m y m

+ = 


+  =
  

40.   Vi gi tr no ca a  th mi h ph ng trnh sau c nghim ? 

a)  
( 1) 1

( 1) 2 ;

a x y a

x a y

+  = +


+  =
   b)  

( 2) 3 3 9

( 4) 2.

a x y a

x a y

+ + = +


+ + =
 

41.   Tm tt c cc cp s nguyn (a ;  b)  sao cho h ph ng trnh sau v nghim :  

      
2

6 4.

ax y

x by

+ =


+ =
 

42.   Cho hai  ng thng 1( )d  :  x +  my  =  3  v 2( )d  :  mx +  4y  =  6.  Vi gi tr no 

ca m  th :  
a)  Hai  ng thng ct nhau ?  

b)  Hai  ng thng song song vi nhau ?  

c)  Hai  ng thng trng nhau ? 

43.   Gii h ph ng trnh (c th dng my tnh b ti  kim tra kt qu) 

 + =


+  =
  + + =

7

1

3.

x y z

x y z

x y z

 

44.   Bi ton my bm n c 

  Mt gia nh mun mua mt chic my bm n c.  C hai loi vi cng l u 
l ng n c bm  c trong mt gi ;  loi th nht gi 1 ,5  triu ng, loi th 
hai gi 2 triu ng.  Tuy nhin,  nu dng my bm loi th nht th mi gi 
tin in phi tr l 1200 ng, trong khi dng my bm loi th hai th ch 
phi tr 1000 ng cho mi gi bm.  
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K hiu f(x)  v g(x)  ln l t l s tin (tnh bng nghn ng) phi tr khi s 
dng my bm loi th nht v loi th hai trong x gi (bao gm tin in v 
tin mua my bm).  

a)  Hy biu din f(x)  v g(x)  d i dng cc biu thc ca x.  

b)  V  th ca hai hm s y  =  f(x)  v y  =  g(x)  trn cng mt mt phng 

to .  

c)  Xc nh to  giao im ca hai  th y.  Hy phn tch  ngha kinh t 
ca giao im .  

 

 

Mt s v d v  
h ph ng trnh bc hai hai n  

 
 
 gii mt h ph ng trnh bc hai vi hai n, ta cng th ng dng cc 
ph ng php quen thuc nh  ph ng php th, ph ng php cng i s v 
ph ng php t n ph.  Tt nhin, vic chn ph ng php no ph thuc vo 
cc ph ng trnh c th.  Sau y l mt s v d n gin.  

V d 1. Gii h ph ng trnh 

   (I)   2 2

2 5

2 2 5

+ =


+  =

x y

x y xy .
 

Cch gii.  Dng ph ng php th,  tnh x theo y  t ph ng trnh th nht ri 

th vo ph ng trnh th hai,  ta  c 

   (Ia)   2

5 2

10 30 20 0

= 


 + =

x y

y y .
 

H1  Gii tip h (Ia)  ri suy ra nghim ca h (I) .  

V d 2. Gii h ph ng trnh 

   (II)   
2 2 4

2

 + + =


+ + =

x xy y

xy x y .
 

5
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Cch gii.  Ta c nhn xt rng v tri ca mi ph ng trnh trong h  cho l 
mt biu thc i xng i vi x v y  (ngha l :  Khi thay th x bi y  v y  bi x 
th biu thc khng thay i).   Trong tr ng hp ny, ta dng cch t n ph 

    S =  x +  y   v  P  =  xy.  

Khi ,  x
2  +  xy  +  y2  =  (x +  y)2    xy  =  S2    P.   

Do ,  t h (II),  ta c h ph ng trnh (n l S v P)   

    
  =
 + =

2 4
2

S P

S P .
 

D thy h ny c hai nghim l  { 3
5

S

P

= 
=

 v  { 2
0

S

P .

=
=

     

Do   

  (II)       (IIa)  { 3
5

x y

xy

+ = 
=

   hoc (IIb)  { 2
0

x y

xy .

+ =
=

   

H2  Gii hai h ph ng trnh (IIa)  v (IIb)  ri kt lun v nghim ca  (II).  

V d 3. Gii h ph ng trnh 

   (III)   
2

2

2

2

  =


 =

x x y

y y x.
    

Cch gii.  Ta c nhn xt :  Trong h (III),  nu thay th ng thi x bi  y  v y 
bi x th ph ng trnh th nht bin thnh ph ng trnh th hai v ng c li,  
ph ng trnh th hai bin thnh ph ng trnh th nht.  

i vi h ph ng trnh c tnh cht ,  ta th ng gii bng cch tr tng v 
hai ph ng trnh trong h.  C th,  i vi h (III)  ta tr tng v hai ph ng 
trnh trong h v  c 

 (x2    y2)    2(x   y)  =  (x   y)      (x   y)(x +  y    1 )  =  0 

                 x    y  =  0  hoc x +  y    1  =  0.  

Do  

(III)      (IIIa)  2

0

2

x y

x x y

 =
  =

  hoc   (IIIb) 2

1 0

2

+  =
  =

x y

x x y.
 

Ta ch cn phi gii hai h (IIIa)  v (IIIb) m ta  bit cch gii.  

H3  Gii cc h ph ng trnh (IIIa)  v (IIIb)  ri suy ra nghim ca h (III).  
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Ch  

1 ) Cc h ph ng trnh c tnh cht nh  trong hai v d 2 v 3   c 
gi chung l h ph ng trnh i xng (i vi hai n).  

2)  Nu mt h ph ng trnh i xng c nghim l  (a  ;  b)  th n 
cng c nghim l  (b  ;  a).  Nhn xt ny rt hu ch khi gp cc bi 
ton v h ph ng trnh i xng.  

H4  Cho h ph ng trnh 
2

2

2 5

2 5 .

x y x

y x y

 + =


+ =
 Bit rng h  cho c bn nghim v hai 

trong bn nghim  l (2 ;  2)  v 
3 3 3 3

;
2 2

 + 
  
 

.  Tm cc nghim cn li m khng 

cn bin i h ph ng trnh.  Hy nu r cch tm.  

Cu hi  v  b i  tp 

45.  Gii cc h ph ng trnh :  

a) 
2 2

2

164 ;

x y

x y

 =


+ =
     b)  

2 25 7

2 1

  + =


+ =

x xy y

x y .
 

46.  Gii cc h ph ng trnh :  

a)  
2 2 8

5 ;

x y x y

xy x y

 + + + =


+ + =
     b)  

2 2 2

1 ;

x y x y

xy x y

 +  + =


+  = 
    c)  

2

2

3 2

3 2

  =


 =

x x y

y y x.
 

47.  Tm quan h gia S v P   h ph ng trnh sau c nghim :  

    
+ =


=

x y S

xy P.
  

(S v P  l hai s cho tr c).  

48.   Gii cc h ph ng trnh :  

a)  
2 2 208

96 ;

x y

xy

 + =


=
      b)  

2 2 55

24

  =


=

x y

xy .
   

49.  Tm hm s bc hai y  =  f(x)  tho mn ng thi cc iu kin sau :  

 1 )  Parabol y  =  f(x)  ct trc tung ti im (0 ;  4).  

 2)  f(2)  =  6.  

 3)  Ph ng trnh f(x)  =  0 c hai nghim v hiu gia nghim ln v nghim nh 
bng 5.  
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Cu hi  v  bi  tp n tp ch ng III   

50.    Ph ng trnh dng ax +  b  =  0 c th c nghim trong cc tr ng hp no ?  

51.   Gi s ba ph ng trnh f(x)g(x)  =  0,  f(x)  =  0 v g(x)  =  0 (vi cng tp xc 

nh) c cc tp nghim ln l t l S,  S1  v S2.  Hy chn kt lun ng trong 
hai kt lun sau :  

a)  S =  S1    S2  ;       b)  S =  S1    S2.  

52.   H ph ng trnh dng 
' ' '

ax by c

a x b y c

+ =


+ =
 (a2  +  b2    0 v a'2  +  b'2    0)  c th c 

nghim trong cc tr ng hp no ?  

p dng.  Tm a  h ph ng trnh 
2

1

ax y a

x ay

 + =


+ =
 c nghim.  

53.   Bit rng ph ng trnh bc hai ax2  +  bx +  c  =  0 c mt nghim kp x0.  Hy 
chn mnh  ng trong cc mnh  sau :  

(A) Tam thc bc hai f(x)  =  ax2  +  bx +  c  lun c th vit d i dng bnh 
ph ng ca mt nh thc bc nht ;  

(B) Parabol y  =  ax2  +  bx +  c  lun c nh thuc trc honh ;  

(C) Ph ng trnh cx2  +  bx +  a  =  0 lun c mt nghim kp l 
0

1 .
x

 

54.   Gii v bin lun ph ng trnh m(mx   1 )  =  x +  1 .  

55.   Cho ph ng trnh p(x +  1 )    2x =  p2  +  p    4.  Tm cc gi tr ca p   :  

a)  Ph ng trnh  nhn 1  l nghim ;   

b)  Ph ng trnh  c nghim ;  

c)  Ph ng trnh  v nghim.  

56.   Ba cnh ca mt tam gic vung c  di l ba s t nhin lin tip.  Tm ba 
s .  

57.   Cho ph ng trnh (m    1 )x2  +  2x   1  =  0.  

a)  Gii v bin lun ph ng trnh  cho.  

b)  Tm cc gi tr ca m  sao cho ph ng trnh  c hai nghim tri du.  

c)  Tm cc gi tr ca m  sao cho tng cc bnh ph ng hai nghim ca ph ng 
trnh  bng 1 .  
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58.   Vi gi tr no ca a  th hai ph ng trnh sau c nghim chung ?  

x
2  +  x +  a  =  0  v  x2  +  ax +  1  =  0.  

59.   Cho cc ph ng trnh :   

 x
2  +  3x   m  +  1  =  0,        (1 )      2x2    x +  1    2p  =  0.          (2)  

a)  Bin lun s nghim ca mi ph ng trnh  cho bng  th.  

b)  Kim tra li kt qu trn bng php tnh.  

60.   Gii cc h ph ng trnh :  

a)  
2 2

2 2

7

3 ;

x y xy

x y xy

 + + =


+  =
    b)  

2

2 2

2( ) 1

0.

x y xy

x y xy

 +  =


+ =
 

61.   Gii v bin lun cc h ph ng trnh :  

a)  
3 1

2 ( 1) 3 ;

mx y m

x m y

+ = 


+  =
    b)  

5 ( 2)

( 3) ( 3) 2 .

x a y a

a x a y a

+  =


+ + + =
 

62.   Gii v bin lun cc h ph ng trnh :  

a)  
4

;

x y

xy m

+ =


=
     b)  

2 2

3 2 1

.

x y

x y m

 =


+ =
 

63.   Tm  a,  b  v c   parabol y  =  ax2  +  bx +  c  c nh l im I(1  ;  4) v i qua 

im M(2 ;  3).  Hy v parabol nhn  c.  

64.   Cho tam gic ABC  c BC  =  a,  CA  =  b  v AB  =  c.  Ly mt im M  gia B 

v  C.  Qua M,  ta k cc  ng thng ME v MF ln l t song song vi cc 

cnh AC  v AB  (E   AB,  F    AC).  Hi phi ly im M cch B  bao nhiu  

ME +  MF =  l (l l  di cho tr c) ?  Bin lun theo l,  a,  b  v c.  
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1.    n tp v b sung tnh cht ca bt ng thc 

Gi s a  v b  l hai s thc.  Cc mnh  "a  > b",  "a  < b",  "a    b",   "a   b"  

 c gi l nhng bt ng thc.   

Cng nh  cc mnh  lgic khc,  mt bt ng thc c th ng hoc sai.  

Chng minh mt bt ng thc l chng minh bt ng thc  ng.  

D i y l mt s tnh cht  bit ca bt ng thc.  

a  > b   v  b  > c    a  > c 

a  > b    a  +  c  > b  +  c 

Nu c  > 0 th a  > b    ac  > bc.  

Nu c  < 0 th a  > b    ac  < bc.  

T  ta c cc h qu sau :  

a  > b   v  c  > d   a  +  c  > b  +  d ;  

a  +  c  > b  a  > b    c ;  

a  > b    0  v  c  > d   0   ac  > bd ;  

a  > b    0  v  n N*    an  > bn  ;  

a  > b    0    a  > b  ;  

a  > b    3 a  > 3 .b  
 
V d 1. Khng dng bng s hoc my tnh, hy so snh hai s 2  + 3  v 3.  

Gii.  Gi s  2  +  3   3 .  Do hai v ca bt ng thc  u d ng nn  

 2  +  3   3    ( 2  +  3 )2   9    5  +  2 6  9 

                           2 6   4  6   2   6  4,  v l.         

Vy  2  +  3  > 3.   

1
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Nu A,  B  l nhng biu thc cha bin th "A  > B"  l mt mnh  cha bin.  
Chng minh bt ng thc A  > B  (vi iu kin no  ca cc bin),  ngha l 
chng minh mnh  cha bin A  > B  ng vi tt c cc gi tr ca cc bin 
(tho mn iu kin ).  

T nay,  ta quy c :  Khi ni ta c bt ng thc A  > B  (trong  A  v B  l 
nhng biu thc cha bin) m khng nu iu kin i vi cc bin th ta 

hiu rng bt ng thc  xy ra vi mi gi tr ca bin thuc R.  

V d 2.  Chng minh rng 2 2( 1).x x>   

Gii.  
2 2( 1)x x>       2 2 2x x>     2 2 2 0x x + >  

         2 2 1 1 0x x + + >    2( 1) 1 0.x  + >   

Hin nhin 2( 1) 1 0x  + >  vi mi x nn ta c bt ng thc cn chng minh.  

V d 3.  Chng minh rng nu a,  b,  c  l  di ba cnh ca mt tam gic th   

(b  +  c   a)(c  +  a   b)(a  +  b   c)   abc.  

Gii.  Ta c cc bt ng thc hin nhin sau :  

                                 a2    a
2
  (b   c)

2
 =  (a   b  +  c)(a  +  b    c)  

                                 b2    b
2
  (c   a)

2
 =  (b    c  +  a)(b  +  c    a)  

                                 c2    c
2
  (a   b)

2
 =  (c   a  +  b)(c  +  a    b).  

Do a,  b,  c  l  di ba cnh ca mt tam gic nn tt c cc v ca cc bt 
ng thc trn u d ng.  Nhn cc v t ng ng ca ba bt ng thc trn,  

ta   c     

   a
2
b
2
c
2    (b  +  c    a)

2
(c  +  a    b)

2
(a  +  b    c)

2
.  

Ly cn bc hai ca hai v,  ta  c bt ng thc cn chng minh.   

2.  Bt ng thc v gi tr tuyt i 

T nh ngha gi tr tuyt i,  ta suy ra cc tnh cht sau y.  

a   a    | a |  vi mi a    R.  

| x |  < a   a  < x < a  (vi a  > 0).  

| x |  > a   x < a  hoc x > a (vi a  > 0).  
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Sau y l hai bt ng thc quan trng khc v gi tr tuyt i (vit d i 

dng  bt ng thc kp).  

  | a |    | b |    | a  +  b |    | a |  +  | b |  (vi mi a,  b    R).  

Ta chng minh bt ng thc +a b   a  +  .b  Tht vy 

               a b+   a  +  b    (a  +  b)2   a
2
 +  2 ab  +  b2   

                                     a2 + 2ab + b2  a
2
 + 2 ab  + b2   ab  ab .  

Bt ng thc cui cng lun ng nn ta c bt ng thc cn chng minh.  

H1  S dng bt ng thc va chng minh v ng thc ( )a a b b= + +    

chng minh bt ng thc .a b a b  +    

3.   Bt ng thc gia trung bnh cng v trung bnh nhn(1)  

a) i vi hai s khng m 

Ta  bit  
2

a b+
 l trung bnh cng ca hai s a  v b.  Khi a  v b  khng m 

th ab  gi l trung bnh nhn ca chng.  Ta c nh l sau y.  

nh l 

Vi mi a    0,  b   0 ta c  

    
2

a b+
   .ab  

ng thc xy ra khi v ch khi a  =  b.  

 

Ni cch khc,  trung bnh cng ca hai s khng m ln hn hoc bng trung 

bnh nhn ca chng.  Trung bnh cng ca hai s khng m bng trung bnh 

nhn ca chng khi v ch khi hai s  bng nhau.  

    

(1 )  Ng i ta cn gi l bt ng thc C-si (Augustin-Louis Cauchy, 1789  1857).  
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Chng minh.  Vi a    0,  b    0,  ta c  

2

a b+
   ab  =  

1

2
(a  +  b    2 )ab  =  

1

2
( a    2)b    0.   

Do   

    
2

a b+
   ab .  

ng thc xy ra khi v ch khi ( a    2)b  =  0,  tc l a  =  b.   

H2  Trong hnh 4.1,  cho AH =  a,  BH =  b.  Hy tnh 

cc on OD  v HC  theo a  v b.  T  suy ra bt 
ng thc gia trung bnh cng v trung bnh nhn 
ca a  v  b.  

V d 4.  Chng minh rng nu a,  b,  c  l ba s 
d ng bt k th  

a b

c

+
 +  

b c

a

+
 +  

c a

b

+
   6.   

Gii.  Ta c                   Hnh 4.1    

  
a b

c

+
 +  

b c

a

+
 +  

c a

b

+
 =  

a

c
 +  

b

c
 +  

b

a
 +  

c

a
+  

c

b
 +  

a

b
 

              =  
a b

b a

 
+ 

 
+

b c

c b

 
+ 

 
 +  

c a

a c

 
+ 

 
 

       2 .
a b

b a
 +  2 .

b c

c b
 +  2 .

c a

a c
 =  6.                      

H qu 

Nu hai s d ng thay i nh ng c tng khng i th tch ca 

chng ln nht khi v ch khi hai s  bng nhau.  

Nu hai s d ng thay i nh ng c tch khng i th tng ca 

chng nh nht khi v ch khi hai s  bng nhau.  

Chng minh.  Gi s hai s d ng x v y  c tng x +  y  =  S khng i.  Khi ,   

2

S
 =  

2

x y+
   xy  nn  xy   

2

4

S
.  ng thc xy ra khi v ch khi x =  y.  

Do ,  tch xy  t gi tr ln nht bng 
2

4

S
 khi v ch khi x =  y.    
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Gi s hai s d ng x v y  c tch xy  =  P  khng i.  Khi   

   
2

x y+
  xy  =  P  nn  x +  y   2 .P  

ng thc xy ra khi v ch khi x =  y.  Do ,  tng  x +  y  t gi tr nh nht 

bng 2 P  khi v ch khi x =  y.    

ng dng  

 Trong tt c cc hnh ch nht c cng chu vi,  hnh vung c din 
tch ln nht.  

Trong tt c cc hnh ch nht c cng din tch,  hnh vung c 
chu vi nh nht.   

V d 5. Tm gi tr nh nht ca hm s f(x)  =  x +  
3

x
 vi x > 0.  

Gii.  Do x > 0 nn ta c  f(x)  =  x +  
3

x
  2

3
.x
x
 =  2 3  v 

              f(x)  =  2 3    x =  
3

x
   x =  3 .  

Vy gi tr nh nht ca hm s f(x)  =  x +  
3

x
 vi x > 0 l f( 3 )  =  2 3.  

b) i vi ba s khng m 

Ta  bit  
3

a b c+ +
 l trung bnh cng ca ba s a,  b,  c.  Ta gi 3 abc  l 

trung bnh nhn ca ba s .  Ng i ta cng chng minh  c kt qu t ng 

t nh l trn cho tr ng hp ba s khng m.  

Vi mi a    0,  b   0,  c    0,  ta c  

   
3

+ +a b c
   3 .abc  

ng thc xy ra khi v ch khi a  =  b  =  c.  

Ni cch khc,  trung bnh cng ca ba s khng m ln hn hoc bng trung 

bnh nhn ca chng.  Trung bnh cng ca ba s khng m bng trung bnh 

nhn ca chng khi v ch khi ba s  bng nhau.  
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V d 6.  Chng minh rng nu a,  b,  c  l ba s d ng th  

(a  +  b  +  c)  
1 1 1

a b c

 
+ + 

 
  9.  

Khi no xy ra ng thc ?  

Gii.   V   a,  b,  c  l ba s d ng nn 

a  +  b  +  c    3 3
abc  (ng thc xy ra khi v ch khi a  =  b  =  c)  v 

1 1 1

a b c
+ +   3 3

1

abc
 

1 1 1
.

a b c

 
= = 

 
ng thc xay ra khi va ch khi  

Do   (a  +  b  +  c)  
1 1 1

a b c

 
+ + 

 
  3 3

abc .3 3
1

abc
 =  9.  

ng thc xy ra khi v ch khi 1 1 1
.

= =



= =

a b c

a b c

 

Vy ng thc xy ra khi v ch khi a  =  b  =  c.   

H3  Pht biu kt qu t ng t h qu  phn a)  cho tr ng hp ba s d ng.  

Cu hi  v  b i  tp 

1.    Chng minh rng, nu a b>  v 0ab >  th 
1 1

.
a b

<  

2.    Chng minh rng na chu vi ca mt tam gic ln hn  di mi cnh ca tam 

gic .  

3.    Chng minh rng 2 2 2
a b c ab bc ca+ +  + +  vi mi s thc , , .a b c  

ng thc xy ra khi v ch khi .a b c= =  

4.    Hy so snh cc kt qu sau y :  

  a) +2000 2005  v +2002 2003  (khng dng bng s hoc my tnh) ;  

  b)  2 4a a+ + +  v 6 ( 0).a a a+ +    
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5.    Chng minh rng, nu a  > 0 v b  > 0 th 
1 1 4

.
a b a b
+ 

+

 

6.    Chng minh rng, nu 0a   v 0b   th 3 3 ( ).a b ab a b+  +  ng thc 

xy ra khi no ?  

7.    a)  Chng minh rng 2 2 0a ab b+ +   vi mi s thc a,  b.  

b)  Chng minh rng vi hai s thc a,  b  tu  , ta c 4 4 3 3 .a b a b ab+  +  

8.    Chng minh rng, nu a,  b,  c  l  di cc cnh ca mt tam gic th  

2 2 2 2( ).a b c ab bc ca+ + < + +  

9.    Chng minh rng, nu a    0 v b    0 th 

2 2 3 3

.
2 2 2

+ + +
 

a b a b a b
 

10.   a)  Chng minh rng, nu x   y    0 th .
1 1

x y

x y


+ +
 

b) Chng minh rng i vi hai s tu  a, b,  ta c 
| | | | | |

.
1 | | 1 | | 1 | |


 +

+  + +

a b a b

a b a b
  

11.   Chng minh rng :  

  a)  Nu a,  b  l hai s cng du th 2
a b

b a
+   ;  

  b)  Nu a,  b  l hai s tri du th 2.
a b

b a
+    

12.   Tm gi tr ln nht v gi tr nh nht ca hm s ( ) ( 3)(5 )f x x x= +   vi 

3 5.x    

13.   Tm gi tr nh nht ca hm s 
2

( )
1

f x x
x

= +


 vi 1 .x >  
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bt ng thc bu-nhi-a-cp-xki (1 )  

 

1 .  Bt ng thc Bu-nhi-a-cp-xki  i  vi  hai  cp s thc 

Vi  hai  cp s thc (a,b)  v (x,y)  ta c 

   (ax +  by)
2    (a2  +  b2)(x2  +  y2).  

ng thc xy ra khi  v ch khi  ay  =  bx.  

Chng minh.   

D dng chng  minh  ng thc sau  :  

 (ax +  by)2  +  (ay    bx)2  = (a2  +  b2)(x2  +  y2).  

Mt khc,  do (ay   bx)2    0 nn 

 (ax +  by)
2  + (ay   bx)

2
   (ax +  by)

2.  

T  suy ra bt ng thc cn chng minh.  

ng thc xy ra khi  v ch khi  ay    bx = 0, tc l ay  =  bx.  

Ch .  Khi  xy   0, iu  kin  ay  =  bx  cn  c vit d i  dng 
a

x
 =  .

b

y
  

2.  Bt ng thc Bu-nhi-a-cp-xki  i  vi  hai  b ba s thc 

C th chng minh kt qu sau  :  

Vi  hai  b ba s thc  (a1 ,  a2,  a3), ( b1 ,  b2,  b3),  ta c 

   (a1b1  +  a2b2  +  a3b3)
2    ( 2

1a  +  2
2a  +  2

3a )(
2
1b  +  2

2b  +  2
3b ).  

Nu b1  b2  b3   0 th  ng thc xy ra khi  v ch khi  1

1

a

b
 =  2

2

a

b
 =  3

3

.
a

b
 

V d.  Chng minh  rng  nu  a2  +  2b2  +  9c2  =  3  th   a  +  2b  +  9c    6.  

Gii.  Ta c  (a  +  2b  +  9c)2  =  (a.1  +  2 b. 2  +  3c.3)2    

  [a
2  +  ( 2 b)

2  +  (3c)2]  [12  +  2( 2 )  +  32]  =  1 2  (a2  +  2b2  +  9c2)  =  36.  

V vy   a  +  2b  +  9c    6.   

    

(1 )  Viktor Yakovlevich Bunyakovsky (1804   1 889),  nh ton hc Nga.  
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Luyn tp

14.   Chng minh rng nu a,  b,  c  l ba s d ng th 

4 4 4

3 .
a b c

abc
b c a

+ +   

15.   Mt khch hng n mt ca hng bn hoa qu mua 2 kg cam  yu cu 

cn hai ln.  Ln u,  ng i bn hng t qu cn 1  kg ln a cn bn phi 

v t cam ln a cn bn tri cho n khi cn thng bng v ln sau,  t 

qu cn 1  kg ln a cn bn tri v t cam ln a cn bn phi cho n khi 

cn thng bng.  Nu ci cn a  khng chnh xc (do hai cnh tay n 

di,  ngn khc nhau)  nh ng qu cn l ng 1 kg th khch hng c mua 

 c ng 2 kg cam hay khng ?  V sao ?  

16.   Chng minh rng vi mi s nguyn d ng n,  ta c :  

  a)  
1 1 1 1

. . . 1
1 .2 2.3 3.4 ( 1)n n

+ + + + <
+

 ;  

  H ng dn.  Vit 
1 1

1 ;
1 .2 2

=   
1 1 1

, . . .
2.3 2 3

=   

  b)  
2 2 2 2

1 1 1 1
.. . 2.

1 2 3 n
+ + + + <  

17.   Tm gi tr ln nht v gi tr nh nht ca biu thc  

1 4 .A x x=  +   

18.   Chng minh rng vi mi s thc a,  b  v c,  ta c 

2 2 2 2( ) 3( ).a b c a b c+ +  + +  

19.   Chng minh rng nu a, b, c, d l bn s khng m th 
4

.
4

a b c d
abcd

+ + + 
 

 
 

20.   Chng minh rng :  

  a)  Nu 2 2 1x y+ =  th 2x y+   ;   b)  Nu 4x   3y   =  1 5  th 2 2 9.x y+   
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1. Khi nim bt ph ng trnh mt n 

nh ngha 

Cho hai hm s y =  f(x)  v y =  g(x) c tp xc nh ln l t l Df 

v Dg.  t D  =  Df   Dg.  

Mnh  cha bin c mt trong cc dng f(x) <  g(x),   

f(x) >  g(x),  f(x)  g(x),  f(x)  g(x)  c gi l bt ph ng trnh  

mt n  ;  x gi l n s (hay n)  v D  gi l tp xc nh  ca 

bt ph ng trnh .  

S x0    D  gi l mt nghim  ca bt ph ng trnh f(x) <  g(x) 

nu f(x0)  <  g(x0)  l mnh  ng.  

 
Khi nim "nghim" cng  c nh ngha t ng t cho cc bt ph ng trnh dng 

   f(x)  > g(x),  f(x)   g(x)  v  f(x)    g(x).  

Gii mt bt ph ng trnh  l tm tt c cc nghim (hay tm  tp nghim)  ca 

bt ph ng trnh .  

Ch  

Trong thc hnh, ta khng cn vit r tp xc nh D ca bt 

ph ng trnh m ch cn nu iu kin  x   D.  iu kin  gi 

l iu kin xc nh ca bt ph ng trnh,  gi tt l iu kin ca 
bt ph ng trnh.  

H1  Biu din tp nghim ca mi bt ph ng trnh sau bi cc k hiu khong 

hoc on :   

a)    0,5x >  2  ;    b)  x    1 .  

2
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D i y, chng ta ch ni ti bt ph ng trnh dng f(x) <  g(x).  i vi cc bt 

ph ng trnh dng f(x) >  g(x), f(x)   g(x) v f(x)   g(x), ta cng c cc kt qu 

t ng t.  

2.  Bt ph ng trnh t ng  ng  

nh ngha 

Hai bt ph ng trnh (cng n)  c gi l t ng  ng  nu 
chng c cng tp nghim.   

Nu f1(x)  < g1(x)  t ng  ng vi f2(x)  < g2(x)  th ta vit 

  f1(x)  < g1(x)     f2(x)  < g2(x).  

H2  Cc khng nh sau y ng hay sai ? V sao ? 

a)  x +  2x   >  2x     x >  0  ;  

b)  2( 1 ) 1x      x   1    1 .  

Ch  

Khi mun nhn mnh hai bt ph ng trnh c cng tp xc nh D  

(hay c cng iu kin xc nh m ta cng k hiu l D)  v t ng 
 ng vi nhau, ta ni :  

  Hai bt ph ng trnh t ng  ng trn D,  hoc  

  Vi iu kin D,  hai bt ph ng trnh l t ng  ng vi nhau.  

V d 1. Vi iu kin x > 2,  ta c 
1

1
2x
>


   1  > x   2.   

3.  Bin i t ng  ng cc bt ph ng trnh 

Cng nh  vi ph ng trnh,  y chng ta quan tm n cc php bin i 

khng lm thay i tp nghim ca bt ph ng trnh.  Ta gi chng l cc php 

bin i t ng  ng.  Php bin i t ng  ng bin mt bt ph ng trnh 

thnh mt bt ph ng trnh t ng  ng vi n.  Chng hn, vic thc hin cc 

php bin i ng nht  mi v ca mt bt ph ng trnh v gi nguyn tp 

xc nh ca n l mt php bin i t ng  ng.  
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D i y l nh l v mt s php bin i t ng  ng th ng dng.  Cc hm 
s ni trong nh l ny u  c cho bi biu thc.  

nh l 

Cho bt ph ng trnh f(x)  < g(x)  c tp xc nh D,  y  =  h(x)  
l mt hm s xc nh trn  D.   

Khi ,  trn D,  bt ph ng trnh f(x)  < g(x)  t ng  ng vi 

mi bt ph ng trnh :  

1 ) f(x)  +  h(x)  < g(x)  +  h(x)  ;  

2)  f(x)h(x)  < g(x)h(x)  nu h(x)  >  0  vi mi x   D  ;  

3) f(x)h(x)  > g(x)h(x)  nu h(x)  <  0  vi mi x   D.  

Chng minh.  Sau y, ta ch chng minh kt lun 3).  Cc kt lun khc cng 
 c chng minh t ng t.  

Nu x0  thuc D   th 0( ),f x  0( )g x  v 0( )h x  l cc gi tr xc nh bng s,  

hn na, v h(x)  lun m nn 0( )h x  < 0.  Do ,  p dng tnh cht ca bt 

ng thc s,  ta c  

0 0( ) ( )f x g x<    0 0 0 0( ) ( ) ( ) ( ).f x h x g x h x>  

T  suy ra rng hai bt ph ng trnh c cng tp nghim, ngha l chng 
t ng  ng vi nhau.   

V d 2  

a)  Bt ph ng trnh 2x >   t ng  ng vi bt ph ng trnh  

2 .x x x >    

b)  Bt ph ng trnh x > 2 khng t ng  ng vi bt ph ng trnh  

                                               2 .x x x >      

H3  Chng minh cc khng nh trong v d 2.   

H4  Cc khng nh sau y ng hay sai ? V sao ? 

a)  x +  
1

x
 < 1  +  

1

x
   x < 1  ;  b)  

( 1)
2

1

x x

x






   x   2.  
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H qu  

Cho bt ph ng trnh ( ) ( )f x g x<  c tp xc nh D.  

1 )  Quy tc nng ln lu tha bc ba 

f(x)  < g(x)    [f(x)]3  < [g(x)]3.  

2)  Quy tc nng ln lu tha bc hai 

Nu f(x)  v  g(x) khng m vi mi x thuc D  th 

f(x)  < g(x)    [f(x)]2  < [g(x)]2.  

T ng t, ta cng c quy tc nng ln lu tha bc l v nng ln lu tha bc chn. 

H5  Gii bt ph ng trnh sau y (bng cch bnh ph ng hai v),  gii thch r cc 

php bin i t ng  ng  thc hin : 

     | x +  1 |    | x | .  

Cu hi  v  b i  tp 

21.   Mt bn lp lun nh  sau :  Do hai v ca bt ph ng trnh 1x   < | x |  

lun khng m nn bnh ph ng hai v,  ta  c bt ph ng trnh t ng  ng 

x   1  < x2.  Theo em, lp lun trn c ng khng ? V sao ? 

22.   Tm iu kin xc nh ri suy ra tp nghim ca mi bt ph ng trnh sau :  

  a)  x x>   ;      b)  3 1 3x x < +   ;  

  c)  
1 1

2
3 3

x
x x

+  +
 

 ;    d)  
2 .

2 2

x

x x
<

 
 

23.   Trong hai bt ph ng trnh sau y, bt ph ng trnh no t ng  ng vi bt 

ph ng trnh 2x   1    0 :  

2x   1  +  
1

3x 
   

1

3x 
   v   2x   1    

1 1 .
3 3x x
 

+ +
 

24.   Trong bn cp bt ph ng trnh sau y,  hy chn ra cc cp bt ph ng trnh 

t ng  ng (nu c) :   

  a)  x   2 > 0 v x2(x   2)  < 0 ;   b)  x   2 < 0 v x2(x   2)  > 0 ;  

  c)  x   2   0 v x2(x   2)    0 ;   d)  x   2  0 v x2(x   2)    0.  
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Tr c y,  chng ta  lm quen vi bt ph ng trnh bc nht mt n.   l 

bt ph ng trnh c mt trong cc dng ax +  b  < 0,  ax +  b    0,  ax +  b  > 0, 

ax +  b    0,  trong  a  v b  l hai s cho tr c vi a    0,  x l n.  

H1  Cho bt ph ng trnh mx   m(m  +  1 ).  

a) Gii bt ph ng trnh vi m  =  2.  

b)  Gii bt ph ng trnh vi 2m =  .  

Nh  vy, nu a  v b  l nhng biu thc cha tham s th tp nghim ca bt 
ph ng trnh ph thuc vo tham s .  Vic tm tp nghim ca mt bt 
ph ng trnh tu theo cc gi tr ca tham s gi l gii v bin lun  bt 
ph ng trnh .  

D i y,  chng ta ch yu ni v cch gii v bin lun bt ph ng trnh 

dng ax +  b  < 0.  i vi cc bt ph ng trnh dng cn li,  cch gii cng 
t ng t.  

1.  Gii v bin lun bt ph ng trnh dng ax  +  b  <  0  

Kt qu gii v bin lun bt ph ng trnh  

     0ax b+ <             (1 )  
 c nu trong bng sau y.  
     

1 )  Nu a  > 0 th (1 )    x < 
b

a
 .  Vy tp nghim ca (1 )  l ; .

b
S

a

 
=   
 

 

2)  Nu a  < 0 th (1 )    x > 
b

a
 .  Vy tp nghim ca (1 )  l ; .

b
S

a

 
=  +  
 

 

3)  Nu a  =  0 th (1 )    0x < b.  Do  :  

   Bt ph ng trnh (1 )  v nghim (S =  )  nu b    0 ;  

   Bt ph ng trnh (1 )  nghim ng vi mi x (S =  R)  nu b  < 0.  

3
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Ch  

Vic biu din cc tp nghim trn trc s s rt c ch sau ny.  

Chng hn, phn khng b gch  trn hnh 4.2 biu din tp 

nghim ca (1 )  vi a > 0.  

 
 

 

Hnh 4.2  

V d 1. Gii v bin lun bt ph ng trnh     

     mx +  1  > x +  m2.              (2)  

Gii.  Bt ph ng trnh (2)  t ng  ng vi  

   (m    1 )x > m2    1 .              (3)  

Ta c 

1 )  Nu m  > 1  th m    1  > 0 nn (3)    x > 
2 1

1

m

m




   x > m  +  1 .  

2)  Nu m  < 1  th m    1  < 0 nn (3)    x < 
2 1

1

m

m




   x < m  +  1 .  

3) Nu m  =  1  th bt ph ng trnh tr thnh 0x > 0 nn n v nghim. 

Kt lun :    Nu m  > 1  th tp nghim ca (2)  l S =  (m  +  1  ;  +).  

    Nu m  < 1  th tp nghim ca (2)  l S =  (  ;  m  +  1 ).  

    Nu m  =  1  th tp nghim ca (2)  l S =  .                         

H2  T kt qu trn,  hy suy ra tp nghim ca bt ph ng trnh  

    mx +  1    x +  m2.  

V d 2.  Gii v bin lun bt ph ng trnh  

   2mx    x  +  4m    3 .                                            (4)  

Gii.  Bt ph ng trnh (4)  t ng  ng vi  

   (2m    1 )x   4m    3 .                   (5)  
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1 )  Nu m  > 
1

2
 th 2m    1  > 0 nn (5)    x   

4 3
.

2 1

m

m




  

2)  Nu m < 
1

2
 th 2m    1  < 0 nn (5)    x   

4 3
.

2 1

m

m




 

3)  Nu m =  
1

2
 th (5)  tr thnh 0x   1 ,  bi vy n nghim ng vi mi x.  

Kt lun :    Nu m  > 
1

2
 th tp nghim ca (4) l S =  

4 3
; .

2 1

m

m

 
+   

 

    Nu m  < 
1

2
 th tp nghim ca (4)  l S =  

4 3
; .
2 1

m

m

 
  

 

    Nu m  =  
1

2
 th tp nghim ca (4)  l S =  R.             

2.  Gii h bt ph ng trnh bc nht mt n 

T ng t nh  h ph ng trnh, tp nghim ca mt h bt ph ng trnh l 

giao ca tt c cc tp nghim ca cc bt ph ng trnh trong h.   

Do ,  

Mun gii h bt ph ng trnh mt n,  ta gii tng bt ph ng 

trnh ca h ri ly giao ca cc tp nghim thu  c.  

V d 3. Gii h bt ph ng trnh  

  (I)   

3 5 0

2 3 0

1 0.

x

x

x

 


+ 
 + >

      

(6)

(7)

(8)

 

Gii.  Gii ln l t tng bt ph ng trnh ca h, ta  c :  

Tp nghim ca (6)  l 
1

5
;
3

 
=   

S  ;  

Tp nghim ca (7) l 
2

3
;

2

 
=  +  

S  ;  

Tp nghim ca (8)  l  S3  =  (1  ;  +).  
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Vy tp nghim ca h bt ph ng trnh  cho l 

    S =  S1    S2    S3  =  
5

1 ; .
3

   
             

Ta cng c th trnh by li gii v d 3  nh  sau :  

      

5

3

3

2

1

x

x

x





  


> 

    1  < x   
5
.

3
 

Tp nghim ca h bt ph ng trnh  cho l  

   
5

1 ; .
3

S
 =   

               

Ch  

 d xc nh tp nghim S,  ta biu din cc tp nghim trn trc 
s bng cch gch i cc im (phn) khng thuc tp nghim ca 
tng bt ph ng trnh trong h,  phn cn li s biu din tp 
nghim cn tm (h.4.3).  

 

 

  Hnh 4.3  

H3  Tm cc gi tr ca x  ng thi xy ra hai ng thc :  

   | 3x +  2 |  =  3x +  2  v | 2x   5 |  =  5   2x.  

H ng dn.  | A |  =  A    A    0 v | B |  =  B    B    0.  

V d 4. Vi gi tr no ca m  th h bt ph ng trnh sau c nghim ? 

     
0

3 0.

x m

x

+ 

 + <

 
(9)

(10)
 

Gii.  Ta c (9)    x   m.  Tp nghim ca (9)  l (  ;  m] .  

     (10)    x > 3 .  Tp nghim ca (10) l (3  ;  +).  

Vy tp nghim ca h l S =  (  ;  m]    (3  ;  +).  H c nghim khi v 

ch khi S   ,  tc l 3  < m  hay m  < 3.   

(I)       
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Cu hi  v  b i  tp 
25.  Gii cc bt ph ng trnh :  

  a)  
2

1 3
3

x
x x

+
 + > +  ;    b)  

3 5 2
1

2 3

x x
x

+ +
  +  ;  

  c)  (1 2 ) 3 2 2x <   ;    d)  2 2( 3 ) ( 3 ) 2.x x+   +  

26.   Gii v bin lun cc bt ph ng trnh :  

  a)  m(x   m)    x   1  ;     b)  mx +  6 > 2x +  3m  ;  
  c)  (x +  1 )k +  x < 3x +  4 ;     d)  (a  +  1 )x +  a  +  3    4x +  1 .  

27.   Gii cc h bt ph ng trnh :  

  a)  
5 2 4 5

5 4 2 ;

x x

x x

 > +


 < +
    b)  

2 1 3 4

5 3 8 9.

x x

x x

+ > +


+  
 

  Luyn tp 

28.  Gii v bin lun cc bt ph ng trnh :  

 a)  m(x   m)  > 2(4   x)  ;     b)  3x +  m2    m(x +  3)  ;  

 c)  k(x   1 )  +  4x   5  ;     d)  b(x   1 )    2   x.  

29.  Gii cc h bt ph ng trnh :  

 a)  

5 2
4

3

6 5
3 1 ;

13

x
x

x
x

+
 


 < +



   b)  
( )

( )

2 2

3 3 2

1 5 3

2 6 7 5 ;

x x x

x x x x

  > + +

 + < +  

 

 c)  

4 5
3

7

3 8
2 5 ;

4

x
x

x
x


< +


+ > 



    d)  

1 2 3

3 5

5 3
3.

2

x x

x x

x
x

  
 < +


  

 

30.  Tm cc gi tr ca m   mi h bt ph ng trnh sau c nghim :  

 a)  
3 2 4 5

3 2 0 ;

x x

x m

 >  +


+ + <
    b)  

2 0

1 .

x

m x

 


+ >
 

31.  Tm cc gi tr ca m   mi h bt ph ng trnh sau v nghim :  

 a)  
2 7 8 1

2 5 0 ;

x x

x m

+ < 

 + + 

   b)  
( )2 23 7 1

2 5 8.

x x x

m x

   + +
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1. Nh thc bc nht v du ca n  

Nhiu bi ton dn n vic xt xem mt biu thc f(x)   cho nhn gi tr m 

(hoc d ng) vi nhng gi tr no ca x.  Ta gi vic lm  l xt du ca 

biu thc  f(x).  D i y,  ta s tm hiu v nh thc bc nht v du ca n.  

a) Nh thc bc nht  

nh ngha 

Nh thc bc nht (i vi x) l biu thc dng ax + b, trong  a v 

b l hai s cho tr c vi a   0.  

Ta  bit,  ph ng trnh ax +  b  =  0 (a    0)  c mt nghim duy nht x0  =  
b

a
 .  

Nghim  cng  c gi l nghim ca nh thc bc nht f(x)  =  ax +  b.  N 

c vai tr rt quan trng trong vic xt du ca nh thc bc nht f(x).  

b) Du ca nh thc bc nht  

t x0  =  
b

a
 ,  ta vit nh thc bc nht f(x)  =  ax +  b  nh  sau  

f(x)  =  ax +  b  =  
b

a x
a

 
+ 

 
 =  a(x   x0).  

Khi x > x0  th x   x0  > 0 nn du ca a(x   x0)  trng vi du ca a.  

Khi x < x0  th x   x0  < 0 nn du ca a(x   x0)  tri vi du ca a.  

4
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T  ta c        

nh l (v du ca nh thc bc nht)   

Nh thc bc nht f(x)  =  ax +  b cng du vi h s a khi x ln 
hn nghim v tri du vi h s a khi x nh hn nghim ca n.   

Kt qu ca nh l ny  c tm tt trong bng sau 

x                                 x0                              +  

f(x)  =  ax +  b          tri du vi a        0     cng du vi a  

Chng hn nh thc f(x) =  x +  1 ,5 

c  h s a  = 1  v nghim x0  =  1 ,5.  
Do  , du ca n  c cho trong 
bng  sau 

x   1 ,5 +

x +  1 ,5   + 0   

Nh thc  cho d ng khi x < 1 ,5  
v m khi x > 1 ,5.  

 H1 Hy gii thch bng  th (h.4.4)  cc kt qu ca nh l trn.  

2.  Mt s ng dng  

a) Gii bt ph ng trnh tch 

Ta xt cc bt ph ng trnh c th  a v mt trong cc dng P(x) > 0, P(x)   0, 

P(x)    0,  P(x)  < 0 vi P(x)  l tch ca nhng nh thc bc nht.  

V d 1.  Gii bt ph ng trnh  

     (x   3)(x +  1 )(2   3x)  > 0.  (1 )  

Cch gii.    gii bt ph ng trnh (1 ),  ta lp bng xt du v tri ca (1 ).  

t P(x)  =  (x   3)(x +  1 )(2   3x).  

  Gii ph ng trnh P(x)  =  0,  ta  c 

(x  3)(x +  1 )(2   3x) =  0   x =  3  hoc x =  1  hoc x =  2 .
3

 

Hnh 4.4
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  Sp xp cc gi tr tm  c ca x theo  th t tng :  1 , 2
3
, 3.  Ba s ny chia 

trc s thnh bn khong. Ta xc nh du ca P(x) trn tng khong bng cch 
lp bng sau y gi l bng xt du ca  P(x).   

x    1   
2

3
  3   +  

x  3           0 +   

x + 1     0 +   +   +   

2  3x  +   +  0       

P(x)  +  0   0 +  0    

Trong bng xt du, hng trn cng ghi li bn khong  c xt ca trc s, 

ba hng tip theo ghi du ca cc nhn t bc nht trn mi khong (da vo 

nh l v du ca nh thc bc nht)  ;  hng cui ghi du ca P(x)  trn mi 

khong bng cch ly "tch"  ca cc du cng ct  ba hng trn.  

Da vo bng xt du, ta c tp nghim ca bt ph ng trnh (1 )  l 

  S =  (  ;  1 )    
2
; 3 .

3

 
 
 

              

b) Gii bt ph ng trnh cha n  mu 

 y,  ta ch xt cc bt ph ng trnh c th  a v mt trong cc dng  

( )

( )

P x

Q x
 < 0,  

( )
0

( )

P x

Q x
 ,  

( )
0,

( )

P x

Q x
  

( )
0,

( )

P x

Q x
>  trong  P(x)  v Q(x)  l tch ca 

nhng nh thc bc nht.   gii cc bt ph ng trnh nh  vy,  ta lp bng xt 

du ca phn thc 
( )

.
( )

P x

Q x
 Khi lp bng xt du,  nh rng phi ghi tt c cc 

nghim ca hai a thc P(x)  v Q(x)  ln trc s.  Trong hng cui,  ti nhng 

im m Q(x)  =  0,  ta dng k hiu | |   ch ti  bt ph ng trnh  cho 
khng xc nh.  

V d 2. Gii bt ph ng trnh  

     
3 5 .
2 2 1x x


 

  (2)  
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Gii.  Ta c 

  (2)    
3 5

2 2 1x x


 
   0  

     
3(2 1) 5( 2)

( 2)(2 1)

x x

x x

  
 

   0  

     
7

( 2)(2 1)

x

x x

+
 

   0.             (3)  

Bng xt du v tri ca (3)  :  

x   7  
1

2
  2  +  

x + 7     0 +   +   +   

x  2          0 +   

2x   1       0 +   +   

V tri    0 +  | |    | |  +   

T  suy ra tp nghim ca (2)  l S =  (  ;  7]    
1
; 2

2

 
  

.    

c) Gii ph ng trnh, bt ph ng trnh cha n trong du gi tr tuyt i 

Mt trong nhng cch gii ph ng trnh hay bt ph ng trnh cha n trong 
du gi tr tuyt i l s dng nh ngha  kh du gi tr tuyt i.  Ta 
th ng phi xt ph ng trnh hay bt ph ng trnh trong nhiu khong (on, 
na khong) khc nhau, trn  mi biu thc nm trong du gi tr tuyt i 
u c mt du xc nh.  Sau y l mt v d n gin.  

V d 3. Gii bt ph ng trnh  

   | 2x   1 |  < 3x +  5 .                       (4)  
Gii 

1 ) Vi x < 
1

2
,  ta c 

  (4)   1 2 3 5x x < +    5 4x >     
4 .
5

x >   

Kt hp vi iu kin x < 
1

2
,  ta  c 

4 1
.

5 2
x < <  Vy tp cc nghim tho 

mn iu kin ang xt l khong 
4 1
; .

5 2
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2)  Vi x   
1

2
,  ta c 

       (4)    2 1 3 5x x < +    6.x >   

Kt hp vi iu kin x   
1

2
,  ta  c x   

1

2
.  Vy tp cc nghim tho mn 

iu kin ang xt l na khong 
1

; .
2

 
+   

 

Tm li,  tp nghim ca bt ph ng trnh (4)  l  

   S =  
4 1 1 4
; ; ; .

5 2 2 5

     
  + =  +        

             

Cu hi  v  b i  tp 

32.   Lp bng xt du ca cc biu thc :  

  a)  
4 3

2 1

x

x


+

 ;      b)  
2

1
3 2

x

x





 ;  

  c)  x(x   2)2(3    x)  ;     d)  
2( 3) .

( 5)(1 )

x x

x x


 

 

33.   Phn tch cc a thc sau thnh nhn t bc nht ri xt du :  

  a)  2 6x x + +  ;      b)  22 (2 3 ) 3.x x + +  

34.  Gii cc bt ph ng trnh :  

  a)  
(3 )( 2)

1

x x

x

 
+

   0 ;     b)  
3 5

1 2 1x x


 +
 ;  

  c)  | 2x   2 |  +  | 2   x |  > 3x   2 ;   d)  ( 2 3 ) 1 3 2.x +  +  

35.  Gii cc h bt ph ng trnh :  

  a)  
( 3)( 2 ) 0

4 3
3 ;

2

x x

x
x

   >

 

< +


   b)  

2 1

2 1 3

1 .

x x

x

 
 

 <
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Luyn tp 

36.   Gii v bin lun cc bt ph ng trnh :  

  a)  mx +  4 > 2x +  m2 
;     b)  2mx +  1    x +  4m2

 ;  

  c)  x(m
2
   1 )  < m4

   1  ;     d)  2(m  +  1 )x   (m  +  1 )2  (x   1 ).  

37.   Gii cc bt ph ng trnh :  

  a)  ( 3 2)( 1)(4 5) 0x x x + +  >  ;   b)  
3 2

0
(3 1)( 4)

x

x x


<

 
 ;  

  c)  
3 1

2
2 1

x

x

 +
 

+
 ;     d)  

2 2

3 1 2 1

x x

x x

+ 


+ 
.  

38.   Gii v bin lun cc bt ph ng trnh :  

  a)  (2x   2 )(x    m)  > 0 ;    b)  
3

0.
2 1




 +
x

x m

 

39.   Tm nghim nguyn ca mi h bt ph ng trnh sau :  

  a)  

5
6 4 7

7

8 3
2 25 ;

2

x x

x

x


+ > +


+ < +



    b)  

1
15 2 2

3

3 14 .2( 4)
2

x x

x

x


 > +


  <



 

40.   Gii cc ph ng trnh v bt ph ng trnh :  

  a)  | x +  1 |  +  | x   1 |  =  4 ;     b)  
2 1 1 .

( 1)( 2) 2

x

x x


>

+ 
 

41.   Gii v bin lun cc h bt ph ng trnh :  

  a)  
( 5 )( 7 2 ) 0

0 ;

x x

x m

   >


 
   b)  

2 5

1 2 1

0.

x x

x m


<

 
  

 

 

 



 1 28  

1.  Bt ph ng trnh bc nht hai n  

a) Bt ph ng trnh bc nht hai n v min nghim ca n 

nh ngha 

Bt ph ng trnh bc nht hai n  l bt ph ng trnh c mt 

trong cc dng 

ax +  by  +  c  < 0,  ax +  by  +  c  > 0,  ax +  by  +  c    0,  ax +  by  +  c    0,  

trong  a,  b v c l nhng s cho tr c sao cho 2 2a b+    0 ;   

x v y l cc n.  

Mi cp s (x0  ;  y0)  sao cho ax0 +  by0  +  c  < 0 gi l mt nghim  

ca bt ph ng trnh ax +  by +  c  < 0.  

 
Nghim ca cc bt ph ng trnh dng ax +  by  +  c  > 0,  ax +  by  +  c    0 v  

ax +  by  +  c    0  c nh ngha t ng t.  

Nh  vy trong mt phng to ,  mi nghim ca bt ph ng trnh bc nht 

hai n  c biu din bi mt im v tp nghim ca n  c biu din 

bi mt tp hp im.  Ta gi tp hp im y l min nghim  ca bt 

ph ng trnh.   

D i y,  chng ta s thy min nghim ca bt ph ng trnh bc nht hai n 

l mt na mt phng.  

b) Cch xc nh min nghim ca bt ph ng trnh bc nht hai n 

Vic xc nh min nghim ca mt bt ph ng trnh bc nht hai n (hay 

biu din hnh hc tp nghim ca n) trong mt phng to  da trn nh l 

 c tha nhn sau y.   

5
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nh l 

Trong mt phng to ,   ng thng (d)  :  ax +  by  +  c  =  0 chia 

mt phng thnh hai na mt phng.  Mt trong hai na mt 

phng y (khng k b (d))  gm cc im c to  tho mn 

bt ph ng trnh ax +  by  +  c  > 0,  na mt phng cn li (khng 

k b (d))  gm cc im c to  tho mn bt ph ng trnh 

ax +  by  +  c  < 0.  

T nh l,  ta suy ra 

Nu (x0  ;  y0)  l mt nghim ca bt ph ng trnh  ax  +  by  +  c  >  0 

(hay  ax  +  by  +  c  <  0)  th na mt phng (khng k b (d))  cha 

im M(x0  ;  y0)  chnh l min nghim ca bt ph ng trnh y.   

Vy  xc nh min nghim ca bt ph ng trnh ax +  by  +  c  < 0,  ta lm 

nh  sau :  

  V  ng thng (d)  :  ax +  by  +  c  =  0 ;  

  Xt mt im M(x0  ;  y0)  khng nm trn  (d).  

Nu  ax0  +  by0  +  c  < 0  th na mt phng (khng k b (d))  cha 

im  M l min nghim ca bt ph ng trnh ax +  by  +  c  < 0.  

Nu  ax0  +  by0  +  c  > 0 th na mt phng (khng k b (d))  khng 

cha im  M l min nghim ca bt ph ng trnh ax +  by +   c  < 0.  

Ch  

i vi cc bt ph ng trnh dng ax + by  + c   0 hoc ax + by  + c   0 

th min nghim l na mt phng k c b.  
 

V d 1. Xc nh min nghim ca bt ph ng trnh 3x +  y    0.  

Gii.  Trn mt phng to ,   ng thng (d)  :  3x +  y  =  0 chia mt phng 

thnh hai  na mt phng.  
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Hnh 4.6 

Hnh 4.5 

Chn mt im bt k khng thuc  ng thng 
,  chng hn im M(0 ;  1 ).  Ta thy  (0 ;  1 )  
khng phi l nghim ca bt ph ng trnh  
cho.  Vy min nghim cn tm l na mt phng 
b (d) khng cha im M(0 ;  1 ).  (Trn hnh 4.5,  
min nghim l na mt phng khng b  gch).   

H1  Xc nh min nghim ca bt ph ng trnh x +  y  >  0.       

2.  H bt ph ng trnh bc nht hai n 

D i y l mt v d v h bt ph ng trnh bc nht hai n  

   (I)  

3 3 0

2 3 6 0

2 4 0.

x y

x y

x y

 + >

 +  <

 + + >

 

Trong mt phng to ,  ta gi tp hp cc im c to  tho mn mi bt 
ph ng trnh trong h l min nghim ca h.  Vy min nghim ca h l 
giao cc min nghim ca cc bt ph ng trnh trong h.   

 xc nh min nghim ca h,  ta dng ph ng php biu din hnh hc  
nh  sau :  

  Vi mi bt ph ng trnh trong h,  ta xc nh min nghim ca 
n v gch b min cn li.  

  Sau khi lm nh  trn ln l t i vi tt c cc bt ph ng trnh 
trong h trn cng mt mt phng to ,  min cn li khng b 
gch chnh l min nghim ca h bt ph ng trnh  cho.  

V d 2. Xc nh min nghim ca h bt ph ng trnh (I).  

Gii.  Tr c ht,  ta v ba  ng thng :  

  (d1)  :  3x   y  +  3  =  0 ;  

  (d2)  :  2x +  3y    6  =  0 ;  

  (d3)  :  2x +  y  +  4 =  0.  

Th trc tip ta thy (0 ;  0)  l nghim ca c ba 
bt ph ng trnh.  iu  c ngha l gc to  
thuc c ba min nghim ca ba bt ph ng 
trnh ca h (I).  Sau khi gch b cc min khng 
thch hp, min khng b gch trn hnh 4.6 
(khng k bin) l min nghim ca h (I).         
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H2  Xc nh min nghim ca h bt ph ng trnh 

    

3 0

2 5 0

5 2 10 0.

 >


 + <
 + + >

y x

x y

x y

 

3.  Mt v d p dng vo bi ton kinh t 

Vn  tm min nghim ca h bt ph ng trnh bc nht c lin quan cht 

ch n Quy hoch tuyn tnh.   l mt ngnh ton hc c nhiu ng dng 

trong i sng v kinh t.  Sau y l mt v d n gin.  

Bi ton 

Ng i ta d nh dng hai loi nguyn liu  chit xut t nht 140 kg cht A  

v 9 kg cht B.  T mi tn nguyn liu loi I gi 4 triu ng, c th chit 

xut  c 20 kg cht A  v 0,6 kg cht B.   T mi tn nguyn liu loi II gi 3  

triu ng, c th chit xut  c 10 kg cht A  v 1 ,5  kg cht B.  Hi phi 

dng bao nhiu tn nguyn liu mi loi  chi ph mua nguyn liu l t nht,  

bit rng c s cung cp nguyn liu ch c th cung cp khng qu 10 tn 

nguyn liu loi I v khng qu 9 tn nguyn liu loi II ?  

Phn tch bi ton.  Nu s dng x tn nguyn liu loi I v y  tn nguyn liu 

loi II th theo gi thit,  c th chit xut  c (20x +  1 0y)  kg cht A  v  

(0,6x +1 ,5y)  kg cht B.  Theo gi thit,  x v y  phi tho mn cc iu kin :   

0   x   1 0 v 0   y    9  ;  

20x +  1 0y    1 40,  hay 2x +  y    1 4 ;  

0,6x +  1 ,5y    9,  hay 2x +  5y    30.  

Tng s tin mua nguyn liu l T(x ;  y)  =  4x +  3y.   

Bi ton  cho tr thnh :  Tm cc s x v y  tho mn h bt ph ng trnh 

(II)  

0 10

0 9

2 14

2 5 30,

x

y

x y

x y

 
  


+ 
 + 

 

sao cho T(x ;  y)  =  4x +  3y  c gi tr nh nht.  
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Bi ton ny dn n hai bi ton nh sau :  

Bi ton 1 .  Xc nh tp hp (S)  cc im c to  (x ;  y)  tho mn h (II).  

Bi ton 2.  Trong tt c cc im thuc (S),  tm im (x ;  y)  sao cho T(x ;  y)  

c gi tr nh nht.  

 Vic gii bi ton 1  chnh l vic xc nh min nghim ca h bt ph ng 

trnh (II)  m ta  lp  c.   

H3  Kim tra li rng min nghim 

(S)  ca h (II)  l min t gic ABCD  
trn hnh 4.7 (k c bin).  

  gii bi ton 2,  ta tha nhn 

rng biu thc T(x ;  y) c gi tr 

nh nht v gi tr y t  c ti 

mt trong cc nh ca t gic 

ABCD  (xem bi c thm trang 

133).  Bng cch tm to  cc 

nh A, B,  C,  D  ri so snh cc gi 

tr t ng ng ca T(x ;  y), ta  c 

T(5  ;  4) =  32 l gi tr nh nht.   

Vy  chi ph nguyn liu t nht,  cn s dng 5  tn nguyn liu loi I v 

4 tn nguyn liu loi II (khi ,  chi ph tng cng l 32 triu ng).   

Cu hi  v  b i  tp 

42.   Xc nh min nghim ca mi bt ph ng trnh hai n :  

  a)  x   2 +  2(y    1 )  > 2x +  4 ;    b)  2x  2 y  +  2   2   0.  

43.   Xc nh min nghim ca mi h bt ph ng trnh hai n :  

  a)  

1 0
2 3

2( 1) 4 ;
2

x y

y
x


+  >


  + <


     b)  

4 5 20 0

0

3 .5
3

x y

y

x
y

 + >
 >


  + >


 

Hnh 4.7 
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44.   Mt gia nh cn t nht 900 n v prtin v 400 n v lipit trong thc n 

mi ngy.  Mi kilgam tht b cha 800 n v prtin v 200 n v lipit.  

Mi kilgam tht ln (heo) cha 600 n v prtin v 400 n v lipit.  Bit 

rng gia nh ny ch mua nhiu nht l 1 ,6 kg tht b v 1 ,1  kg tht ln ;  gi 

tin 1  kg tht b l 45 nghn ng, 1  kg tht ln l 35 nghn ng.  Gi s 

gia nh  mua x kilgam tht b v y  kilgam tht ln.  

  a)  Vit cc bt ph ng trnh biu th cc iu kin ca bi ton thnh mt h 

bt ph ng trnh ri xc nh min nghim (S)  ca h .  

  b)  Gi T (nghn ng) l s tin phi tr cho x kilgam tht b v y  kilgam 

tht ln.  Hy biu din T theo x v y.  

  c)   cu a),  ta thy (S)  l mt min a gic.  Bit rng T c gi tr nh nht ti 

0 0( ; )x y  vi 0 0( ; )x y  l to  ca mt trong cc nh ca (S).  Hi gia nh 

 phi mua bao nhiu kilgam tht mi loi  chi ph l t nht ?  

       
     

 

mt ph ng php tm cc tr ca biu thc 
P(x ;  y)  =  ax +  by trn mt min a gic li  

B i ton :  Tm gi tr nh nht hay ln nht ca biu thc P(x ;  y)  =  ax +  by  (b    0) 

trn mt min a gic phng li (k c bin) .  

Bi  ton  c ngha l :  

Cho biu  thc P(x ;  y)  =  ax +  by  (b    0) v mt min a gic li  (S),  k c bin,  trong 

mt phng to  Oxy.  Hy tm gi tr  nh nht (hay ln nht) ca P(x ;  y)  vi  (x ;  y)  l  

to  ca cc im thuc (S).  

Cch gii.  Ta lun c th gi thit rng b  >  0,  bi  v  nu  b  <  0  th  ta c th nhn c 

hai  v vi  1  v bi  ton tm gi tr  nh nht (hay ln  nht)  ca P(x ;  y)  s tr thnh 

bi  ton tm gi tr  ln  nht (hay nh nht)  ca P(x ;  y)  =  ax +  b'y,  trong  b'  =  b  >  0.  
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Tp cc im (x ;  y)   P(x ;  y)  nhn gi tr  p  l 

 ng thng ax + by  =  p,  hay y  =  .
a p
x

b b
 +   ng 

thng ny c h s gc bng 
a

b
  v ct trc tung 

ti  im  M(0  ;  m)  vi  m  =  
p

b
 (h.4.8).  K hiu   ng 

thng ny l ( ).md  V b  >  0 nn vic tm gi tr  

nh nht (hay ln nht) ca P(x ;  y)  =  p  vi   
(x ;  y)    (S)  quy v vic tm gi tr  nh nht 

(hay ln  nht)  ca m  =  
p

b
,  tc l tm im M  

v  tr thp nht (hay cao nht)  trn  trc tung sao 
cho  ng thng ( )md  c t nht mt im chung 

vi  (S).  

T ,  ch   rng ( )md  c h s gc bng 
a

b
  khng i.  Ta i  n cch  lm sau  :  

 Khi  tm gi tr  nh nht ca P(x ;  y),  ta cho  ng thng ( )md  chuyn ng song 

song vi  chnh  n t mt v  tr no   pha d i  min  (S)  v i  ln  cho n khi  ( )md  

ln  u  tin  i  qua mt im 0 0( ; )x y  no  ca (S).  Khi  ,  m  t gi tr  nh nht 

v t ng ng vi  n l gi tr  nh nht ca P(x ;  y).   l  

   P 0 0( ; )x y  =  0 0 .ax by+  

 Khi  tm gi tr  ln  nht ca P(x ;  y),  ta cho  ng thng ( )md  vi  h s gc 
a

b
  

chuyn ng song song vi  chnh n t mt v  tr no   pha trn  min  (S)  v i  

xung cho n khi  ( )md  ln  u  tin  i  qua mt im 0 0( ; )x y  no  ca (S).  Khi  

,  m  t gi tr  ln  nht v t ng  ng vi  n l gi tr  ln  nht ca P(x ;  y).   l  

   P 0 0( ; )x y  =  0 0 .ax by+  

Ch  

Qua cch lm trn,  ta thy rng  P(x ;  y)  t gi tr  nh nht (hay ln  nht)  

ti  mt nh  no  ca a gic (S).  

p dng  cch  lm trn vo bi  ton  2 nu  trong 5,  ta thy khi  ( )md  i  qua nh  

A(5  ;  4)  th m  nh nht.  iu   c ngha l T(x ;  y)  t gi tr  nh nht khi  x =  5  v  

y  =  4.  Khi  ,  T(5  ;  4)  =  32.   

Hnh 4.8 



 1 35  

Luyn tp 

45.   Xc nh min nghim ca cc bt ph ng trnh hai n :  

  a)  x +  3  +  2(2y  +  5)  < 2(1    x)  ;    b)  (1 3 ) (1 3 ) 2.x y+     

46.   Xc nh min nghim ca cc h bt ph ng trnh hai n :  

  a)  

0

3 3

5 ;

x y

x y

x y

 >


  
 + >

     b)  

3 2 6 0

3
2( 1) 4

2
0.

x y

y
x

x

  



 + 




 

47.  Gi (S)  l tp hp cc im trong mt phng to  c to  tho mn h  

2 2

2 2

5

0.

x y

x y

x y

x

 
  


+ 
 

 

  a) Hy xc nh (S)  thy rng  l mt min tam gic.  

  b) Trong (S), hy tm im c to  (x ;  y) lm cho biu thc f(x ;  y) =  y  x c gi 
tr nh nht, bit rng f(x ;  y) c gi tr nh nht ti mt trong cc nh ca (S).  

48.   Bi ton vitamin 

  Mt nh khoa hc nghin cu v tc ng phi hp ca vitamin A  v vitamin B  
i vi c th con ng i.  Kt qu nh  sau :  

  i)  Mt ng i c th tip nhn  c mi ngy khng qu 600 n v vitamin A  
v khng qu 500 n v vitamin B.  

  ii)  Mt ng i mi ngy cn t 400 n 1000 n v vitamin c A  ln B.  

iii)  Do tc ng phi hp ca hai loi vitamin, mi ngy, s n v vitamin B  

khng t hn 1
2
 s n v vitamin A  nh ng khng nhiu hn ba ln s n v 

vitamin A.  

Gi s x v y  ln l t l s n v vitamin A  v B  m bn dng mi ngy.  

a)  Gi c  (ng) l s tin vitamin m bn phi tr mi ngy.  Hy vit ph ng 
trnh biu din c  d i dng mt biu thc ca x v y,  nu gi mt n v 
vitamin A  l 9 ng v gi mt n v vitamin B  l 7,5  ng.  
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b)  Vit cc bt ph ng trnh biu th cc iu kin i),  ii),  v iii)  thnh mt h 

bt ph ng trnh ri xc nh min nghim (S)  ca h bt ph ng trnh .  

c)  Tm ph ng n dng hai loi vitamin A  v B  tho mn cc iu kin trn  

s tin phi tr l t nht,  bit rng c  t gi tr nh nht ti mt trong cc nh 

ca min nghim (S).  

 

 

vi nt v lch s Quy hoch tuyn tnh  

T thi  c i ,  khi  thc hin  cc cng vic ca mnh,  
loi  ng i   lun  h ng ti  cch lm tt nht trong 
cc cch  lm c th  c (tm ph ng n  ti  u  trong  
cc ph ng n).  Khi  ton hc pht trin,  ng i  ta  
m hnh  ho ton hc cc vic cn lm,  ngha l biu  
th  cc mc tiu  cn  t  c,  cc yu  cu  hay cc 
iu  kin  cn tho mn bng ngn  ng ton hc  
tm li  g ii  ti  u  cho n.  T ,  hnh  thnh nn cc bi  
ton ti  u.  

Quy hoch tuyn tnh l  l nh  vc ton  hc nghin  cu  
cc bi  ton  ti  u  vi  hu  hn  bin  (n),  trong  ,  
mc tiu  v cc iu  kin  rng  buc  c biu  th   
bng  cc hm s,  cc ph ng  trnh  hay bt ph ng  
trnh  tuyn  tnh  (bc nht).  

C th ni,  ng i  u  tin  quan  tm n Quy hoch tuyn tnh  l L.  V. Kan-to-r-vich  
(Leonid  Vitalyevich  Kantorovich,  1 91 2  1 986).  Trong cun "Cc ph ng php ton  
hc trong t chc v k hoch  ho sn xut" (NXB i  hc Quc gia L-nin-grt,  
1 939),  ng  nu  bt vai  tr ca mt lp bi  ton Quy hoch tuyn tnh  v  xut 
thut ton  s b  gii  chng.  Tuy nhin,  Quy hoch tuyn tnh  ch  c nhiu  
ng i  bit n vo nm 1 947,  khi  G.B.  an-dich  (George Bernard  Dantzig,  1 91 4  
2005)  cng b thut ton  n hnh   gii  cc bi  ton Quy hoch tuyn tnh.  Cng 
nm ,  T.  C.  Kup-man (Tjal l ing  Charles Koopmans,  1 91 0  1 985)   ch ra rng 
Quy hoch tuyn tnh  l cng c  tuyt vi   phn tch  l  thuyt kinh  t c in.  

Nm 1 975,  Kan-to-r-vich  v Kup-man   c Vin Hn lm Hong gia Thu in  
trao gii  th ng N-ben v khoa hc kinh  t.  

Ngy nay,  trong  thi  i  my tnh  in  t,  Quy hoch tuyn tnh  vn   c tip tc 
nghin  cu nhm tm ra cc thut ton tt hn.  

 

Kup-man,  an-dich v  
Kan-to-r-vich  

Lc-xm-bua nm 1976.  

Em

cob i  t
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1.   Tam thc bc hai 

nh ngha 

Tam thc bc hai (i vi x)  l biu thc dng ax2  +  bx +  c,  

trong  a,  b,  c l nhng s cho tr c vi a    0.  

Theo nh ngha trn,  cc biu thc 

  f(x)  =   2 22 3 1, ( ) 5x x g x x + + =    v 21
( )

2
h x x=  

l nhng tam thc bc hai.  

Nghim ca ph ng trnh bc hai ax2  +  bx +  c  =  0 cng  c gi l nghim 

ca tam thc bc hai   f(x)  =  ax2  +  bx +  c.  

Cc biu thc 2 4b ac =  v '  =  b'2    ac  vi b  =  2b'  theo th t cng  c 

gi l bit thc v bit thc thu gn ca tam thc bc hai  f(x) =  ax2  +  bx +  c.  

Trong 4, ta  xt du ca nh thc bc nht v p dng  gii mt s bt 

ph ng trnh.  Trong bi ny v cc bi tip theo ca ch ng, ta s xt du ca 

tam thc bc hai v p dng n  gii cc bt ph ng trnh v ph ng trnh 

bc hai cng nh  mt s ph ng trnh v bt ph ng trnh khc.  

2.  Du ca tam thc bc hai 

Ta s quan st  th ca hm s bc hai  suy ra nh l v du ca tam thc 

bc hai f(x)   =   ax2  +  bx +  c.  

Du ca f(x)  ph thuc vo du ca bit thc   v h s a.  

6
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Trong tng tr ng hp, du ca f(x)   c nu trong cc bng sau :  

1 )    < 0 (tam thc bc hai v nghim) 
 

a  > 0 a  < 0 Kt lun 

  
 
         x 
 

                        +   
 

    f(x) Cng du vi a  

 
 
 
 
 
 
 
  x                               +  
 

f(x)                +  

 
 
 
 
 
 
 
 x                         +  
 

f(x)                  

(af(x) > 0 vi mi  x   R).  

 

2)    =  0 
 

=  
 

0tam thc bc hai c nghim kp
2

b
x

a
  

a  > 0 a  < 0 Kt lun 

  

x               x0             +  

f(x) 
 Cng du  
 vi a  

Cng du 
vi  a  

 
 
 
 
 
 

  x                   x0             +  
 
   f(x)       +         0       +  

 
 
 
 
 
 

  x                x0           +  
 
 f(x)                 0       

(af(x) > 0 vi mi x   x0).  

 

3)    > 0 (tam thc bc hai c hai nghim x1  v x2  (x1  < x2)) 

 

a  > 0 a  < 0 Kt lun 

 

x            x1                  x2         +  

f(x)
Cng du 
vi a  

Khc du 
vi a  

Cng 
du vi a  

 
 
 
 
 
 

  x             x1      x2        +  

  f(x)       +     0     0    +  

 
 
 
 
 
 

   x           x1      x2       +  

  f(x)            0  +    0     

(af(x) < 0 vi mi x (x1  ;  x2), af(x) > 0
vi mi x  (  ;  x1)   (x2  ;  +)).  

0 

0 0 
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Cc kt qu trn  c pht biu trong nh l sau y.  

nh l (v du ca tam thc bc hai)  

Cho tam thc bc hai f(x)  =  ax2  +  bx +  c (a    0).  

Nu   < 0 th f(x)  cng du vi h s a vi mi x   R.  

Nu  = 0  th f(x)  cng du vi h s a vi mi .
2

b
x

a
   

Nu  > 0  th f(x)  c hai nghim x1  v x2  (x1  < x2).  Khi ,  f(x)  

tri du vi h s a vi mi x nm trong khong (x1  ;  x2)  (tc l 

vi x1  < x < x2),  v  f(x)  cng du vi h s a vi mi x nm 

ngoi on [x1  ;  x2]  (tc l vi  x < x1  hoc  x > x2).   

Ch  

Cng nh  khi gii ph ng trnh bc hai,  khi xt du tam thc bc 

hai,  ta c th dng bit thc thu gn '  thay cho   v cng  c cc 
kt qu t ng t.  

V d 1.   f(x)  =  2x2    x +  1  > 0 vi mi x   R  v tam thc f(x)  c   =    7  < 0 

v a  =  2 > 0.   

V d 2.  Xt du ca tam thc bc hai 2( ) 3 8 2.f x x x=  +  

Gii.  V a  =  3  > 0 v f(x)  c hai nghim 1
4 10

,
3

x


=  2
4 10

3
x

+
=  

(d thy x1  < x2) nn f(x) > 0 (cng du vi a) khi x   ( ;  x1)   (x2 ;  +),  v  

f(x)  < 0 (tri du vi  a)  khi x   (x1  ;  x2).    

Cng c th ghi kt qu trn trong bng xt du ca f(x)  nh  sau :  

x                  x1                   x2                 +  

f(x)  =  3x2    8x +  2           +          0               0        +  

H1  Xt du ca cc tam thc bc hai sau :  

a)  2( ) 2 5 7f x x x=  + +  ;     b)  2( ) 2 5 7g x x x=  +   ;  c)  2( ) 9 12 4.h x x x=  +  
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Nhn xt 

T nh l v du ca tam thc bc hai,  ta thy ch c mt tr ng hp duy nht 

trong  du ca tam thc khng thay i (lun m hoc lun d ng),   l 

khi   < 0.  Lc ,  du ca tam thc trng vi du ca h s a.  Do ,  ta c 

x   R,  ax2  +  bx +  c  > 0   
0

0

a >

 <

 

x   R,  ax2  +  bx +  c  < 0   
0

0.

a <

 <

 

V d 3.  Vi nhng gi tr no ca m  th a thc f(x) = (2  m)x2  2x + 1  

lun d ng ? 

Gii.  Vi m  =  2 th f(x)  =  2x +  1  ly c nhng gi tr m (chng hn 

(1) 1).f =   Do ,  gi tr m  =  2 khng tho mn iu kin i hi.  

Vi m    2,   f(x)  l tam thc bc hai vi bit thc thu gn '  =  m    1 .  Do  

  x,  f(x)  > 0   
2 0

' 1 0

a m

m

=  >

 =  <

   
2

1

m

m

<


<
   m  < 1 .  

Vy vi m  < 1  th a thc f(x)  lun d ng.               

H2  Vi nhng gi tr no ca m,  a thc 2( ) ( 1) (2 1) 1f x m x m x m=  + + + + m vi 

mi x thuc R  ? 

Cu hi  v  b i  tp 

49.   Xt du cc tam thc bc hai sau :  

  a)  3x2    2x +  1  ;       b)  x2  +  4x   1  ;  

  c)  x2    3x  +  
3

4
 ;      d)  (1 22 )x    2x +  1+ 2.  

50.   Tm cc gi tr ca m   mi biu thc sau lun d ng :  

  a)  (m2  +  2)x2    2(m  +  1 )x +  1  ;  b) (m  +  2)x2  +  2(m  +  2)x +  m  +  3 .  
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51.   Tm cc gi tr ca m   mi biu thc sau lun m :  

  a)  x2  +  2m 2 x   2m2    1  ;  b) (m    2)x2    2(m    3)x +  m    1 .  

52.   Chng minh nh l v du ca tam thc bc hai.  

  H ng dn.  Vi cc tr ng hp   < 0 v   =  0,  s dng h thc  bit  

f(x)  =  
2

22 4

b
a x

a a

  
+   

   

 hay af(x)  =  
2

2
2

.
2 4

b
a x

a a

  
+   

   

 

  Tr ng hp   > 0,  s dng h thc  bit 

f(x)  =  a(x   x1)(x   x2)    hay   af(x)  =  a
2(x   x1)(x   x2),  

   trong   x1  v x2  l hai nghim ca tam thc bc hai f(x).  

 

 

1.  nh ngha v cch gii 

Bt ph ng trnh bc hai (n x)  l bt ph ng trnh c mt 

trong cc dng f(x) > 0, f(x) < 0, f(x)   0, f(x)   0,  trong  f(x)  l 

mt tam thc bc hai.  

Cch gii.   gii bt ph ng trnh bc hai,  ta p dng nh l v du ca tam 

thc bc hai.  

V d 1. Gii bt ph ng trnh 

    22 3 1 0.x x + >             (1 )  

7
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Gii.  Tam thc bc hai 22 3 1x x +  c hai nghim 1
1

2
x =  v 2 1x =  v c 

h s a  =  2 > 0 nn  

   22 3 1 0x x + >    
1

2
x <  hoc 1 .x >  

Vy tp nghim ca (1 )  l ( )1; (1 ; ).
2

  +   

Ta biu din tp nghim ca (1 )  trn trc s (h.4.9).    

 

Hnh 4.9 

H1  Tm tp nghim ca cc bt ph ng trnh sau  : 

a)  2 5 4 0x x+ + <  ;      b)  23 2 3 1x x + <  ;   c)  27
4 5 .

3
x x   

2.  Bt ph ng trnh tch v bt ph ng trnh cha n  mu thc 

V d 2. Gii bt ph ng trnh 

   
2

2

2 3 2
0.

5 6

x x

x x

+ 


 +
 

Gii.  Ta xt du ca biu thc  

    f(x)  =   
2

2

2 3 2
.

5 6

x x

x x

+ 

 +
 

T thc l tam thc bc hai c hai nghim 2 v 
1

2
.  

Mu thc l tam thc bc hai c hai nghim 2 v 3.  

Du ca f(x)   c cho trong bng sau 

x           2              
1

2
                   2                  3                +  

2x2+  3x 2        +      0               0         +                     +                  +  

x
2    5x +  6        +                +                  +           0                 0       +  

f(x)         +      0               0         +                                       +  
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Tp nghim ca bt ph ng trnh  cho l  

    (    ;    2]    
 

 

1
; 2

2
   (3  ;  +).             

H2  Gii bt ph ng trnh 

2(4 2 )( 7 12) 0.x x x + + <  

V d 3. Gii bt ph ng trnh  

    
2

2

2 16 27
2.

7 10

x x

x x

 +


 +
 

Gii.  Bt ph ng trnh  cho t ng  ng vi  

    
 +

 
 +

2

2

2 16 27
2 0.

7 10

x x

x x
           (1 )  

Ta c 

(1 )    
( )2 2

2

2 16 27 2 7 10
0

7 10

x x x x

x x

 +   +


 +
   

2

2 7
0.

7 10

x

x x

 +


 +
 

Du ca f(x)  =  
2

2 7

7 10

x

x x

 +

 +
  c cho trong bng sau y.  

x                 2                     
7

2
                         5                    +  

2x +  7            +                  +             0                                              

x
2
   7x +  1 0           +        0                                                  0        +          

f(x)            +                               0           +                            

Tp nghim ca bt ph ng trnh  cho l  

    
 
  

7
2 ;

2
   (5  ;  +).               

3.  H bt ph ng trnh bc hai 

V d 4.  Gii h bt ph ng trnh 

    (I)  
2

2

3 7 2 0

2 3 0.

x x

x x

  + >

 + + >
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Cch gii.  Mun gii h bt ph ng trnh bc hai mt n, ta gii ring tng 
bt ph ng trnh ca h ri ly giao ca cc tp nghim tm  c.  

Bt ph ng trnh th nht c tp nghim 1
1

; (2 ; ).
3

S
 

=   + 
 

 

Bt ph ng trnh th hai c tp nghim 2
3

1 ; .
2

S
 

=  
 

 

Mun tm S1    S2  ,  ta c th biu din cc tp ny trn trc s bng cch ln 

l t gch b cc phn khng thuc S1  v cc phn khng thuc S2.  Phn cn 

li khng b gch l S  =  S1    S2  (h.4.10).  

 
 
 

Hnh 4.10 

T  suy ra tp nghim ca h l S =  
1

1 ; .
3

 
 

 
   

Trong thc hnh, bi gii v d 4 th ng  c trnh by nh  sau.  

Gii.  Ta c 

(I)    


< >


  < <


1
hoc 2

3

3
1

2

x x

x

          
1 .1
3

x < <  

Tp nghim ca bt ph ng trnh  cho l khong 
1

1 ; .
3

 
 

 
   

H3  Gii h bt ph ng trnh 

    
+ >


 + 

2

2 1 5

2 9 7 0.

x

x x
 

V d 5. Tm cc gi tr ca m   bt ph ng trnh sau v nghim 

   2( 2) 2( 1) 2 0.m x m x m + + + >  

Gii.  t f(x)  =  (m    2)x2  +  2(m  + 1)x +  2m.  

Bt ph ng trnh  cho v nghim khi v ch khi f(x)    0  vi mi x   R.  
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Vi  m  = 2, ta c f(x) =  6x + 4.  Khi ,  f(x)   0  x   
2

3
 .  

Gi tr m = 2 khng tho mn iu kin i hi.  

Vi  m    2,  ta c f(x)    0 vi mi x   R  khi v ch khi  
' 0,

2 0.m

 


 <
 

Thay '  =  (m  +  1 )2    2m(m    2)  =  m2  +  6m  +  1  vo h trn,  ta c 

2 6 1 0

2 0

m m

m

 + + 


 <
   

3 10 hoc 3 10

2

m m

m

    +


<
   3 10.m    

Vy bt ph ng trnh  cho v nghim khi v ch khi  

    3 10.m                  

Cu hi  v  b i  tp 

53.   Gii cc bt ph ng trnh sau :  

  a)  5x2  +  4x + 12 < 0 ;     b)  16x2  +  40x + 25 < 0 ;  

  c)  3x2    4x +  4   0 ;     d)  x2    x   6   0.  

54.   Gii cc bt ph ng trnh sau :  

  a)  
2

2

9 14
0

5 4

x x

x x

 +
>

 +
;     b)  

2

2

2 7 7
1

3 10

x x

x x

 + +
 

 
 ;  

  c)  (2x +  1 )(x2  +  x   30)    0 ;    d)  x4    3x2    0.  

55.   Tm cc gi tr ca m   mi ph ng trnh sau c nghim :   

  a)  (m    5)x2    4mx +  m    2 =  0 ;  

  b)  (m  +  1 )x2  +  2(m  1)x +  2m    3  =  0.  

56.   Gii cc h bt ph ng trnh :  

  a)  
 + + >


+  <

2

2

2 9 7 0

6 0 ;

x x

x x
    b)  

   

 +  <

2

2

4 5 6 0

4 12 5 0 ;

x x

x x
 

  c)  
  + 

  + 

2

2

2 5 4 0

3 10 0 ;

x x

x x
    d)  

2

2

2 6 0

3 10 3 0.

x x

x x

 +  >


 + >
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Luyn tp  

57.   Tm cc gi tr ca m   ph ng trnh sau c nghim 

2 ( 2) 2 3 0.x m x m+   + =  

58.   Chng minh rng cc ph ng trnh sau v nghim d m  ly bt k gi tr no :  

  a)  x2    2(m  + 1)x +  2m2  +  m  + 3  =  0 ;   b)  (m2  + 1 )x2  + 2(m  +  2)x +  6 =  0.  

59.   Tm cc gi tr ca m   bt ph ng trnh  

(m    1 )x2    2(m  +  1 )x +  3(m    2)  > 0 

  nghim ng vi mi x   R.  

60.   Gii cc bt ph ng trnh sau :   

  a)  
4 2

2
0

5 6

x x

x x




+ +
 ;     b)  

2 2

1 1 .
5 4 7 10x x x x

<
 +  +

 

61.   Tm tp xc nh ca mi hm s sau :  

  a)  y  =  ( ) ( )2 5 1 2x x+  ;    b)  
2

2

5 4 .
2 3 1

x x
y

x x

+ +
=

+ +
 

62.   Gii cc h bt ph ng trnh :  

  a)  
 


 + 

2

4 3  < 3  + 4

7 10 0 ;

x x

x x

    b)  
 +  >


+  

2

2

2 9 7 0

6 0 ;

x x

x x

 

  c)  
2

2

9 0

( 1)(3 7 4) 0.

x

x x x

  <


 + + 
 

63.   Tm cc gi tr ca a  sao cho vi mi x,  ta lun c 

1    
2

2

5

2 3 2

x x a

x x

+ +

 +
 < 7.  

64.   Tm cc gi tr ca m   h bt ph ng trnh sau c nghim :  

2 2 15 0

( 1) 3.

x x

m x

 +  <


+ 
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1 3.x >  +

 

1.   Ph ng trnh v bt ph ng trnh cha n trong du gi tr tuyt i 

V d 1. Gii bt ph ng trnh 2 3 2 0.x x x +  >  

Gii.  Tr c ht,  ta b du gi tr tuyt i.  

Nu 3x   2   0 th x2    x +  | 3x   2 |  =  x2    x +  (3x   2)  =  x2  +  2x   2 ;  

Nu 3x   2 < 0 th x2    x +  | 3x   2 |  =  x2    x   (3x   2) =  x2    4x +  2.  

Do ,  bt ph ng trnh  cho t ng  ng vi :  

  (I)  
2

3 2 0

2 2 0

x

x x

 


+  >
 hoc (II)  

2

3 2 0

4 2 0.

x

x x

 <


 + >
 

Ni cch khc,  tp nghim ca bt ph ng trnh  cho l hp cc tp nghim 

ca hai h bt ph ng trnh (I)  v (II).  

Ta c 

             
2

3
x      

            x < 1    3  hoc x > 1  +  3  

               
2

3
x <  

           2 2x <   hoc 2 2x > +  

Tp nghim ca bt ph ng trnh l ( ; 2 2 ) ( 1 3 ; ).    + +             

H1  Gii ph ng trnh 2 8 15 3.x x x + =   

(I)




 



(II)




 



2 2.x < 

8
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2.  Ph ng trnh v bt ph ng trnh cha n trong du cn bc hai 

Khi gii ph ng trnh hoc bt ph ng trnh cha n trong du cn bc hai,  ta 
thc hin mt s php bin i t ng  ng   a n v mt ph ng trnh 
hoc bt ph ng trnh khng cn cha n trong du cn bc hai.  Trong qu 
trnh bin i cn l u   :  

  Nu cc iu kin xc nh ca ph ng trnh hoc bt ph ng 
trnh v nu iu kin ca nghim (nu c) ;  

  Ch bnh ph ng hai v ca ph ng trnh hoc bt ph ng trnh 
khi c hai v u khng m.  

Gp cc iu kin  vi ph ng trnh hoc bt ph ng trnh mi 
nhn  c,  ta c mt h ph ng trnh hoc bt ph ng trnh t ng 
 ng vi ph ng trnh hoc bt ph ng trnh  cho (tc l 
ph ng trnh hoc bt ph ng trnh  cho v h thu  c c cng 
tp nghim).  

 y,  ta ch xt mt s v d n gin.  

V d 2. Gii ph ng trnh  23 24 22 2 1 .x x x+ + = +  

Phn tch.  iu kin xc nh ca ph ng trnh  cho l   

   3x2  +  24x + 22   0.              (1 )  

D thy nghim ca ph ng trnh  cho phi tho mn iu kin 

   2x +  1    0.              (2)  

Vi cc iu kin (1 )  v (2),  ph ng trnh  cho t ng  ng vi 
ph ng trnh 

   3x2  +  24x + 22 =  (2x +  1 )2.             (3)  

Hin nhin (3)  ko theo (1 ).  Do ,  nghim ca ph ng trnh  cho l 
nghim ca ph ng trnh (3) tho mn bt ph ng trnh (2).  Ni mt cch 
khc,  ph ng trnh  cho t ng  ng vi h gm bt ph ng trnh (2)  v 
ph ng trnh (3).  

Sau y l bi gii v d 2.  

Gii.  Ph ng trnh  cho t ng  ng vi h 

  (I)  
2 2

2 1 0,

3 24 22 (2 1) .

x

x x x

+ 


+ + = +
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Ta c 

  (I)    
2

1
,

2

20 21 0

x

x x


 


   =

   

1
,

2

1 hoc 21

x

x x


 


 =  =

   x =  21 .  

Nghim ca ph ng trnh  cho l x =  21 .   

H2   Gii ph ng trnh + + = +2 56 80 20.x x x  

V d 3. Gii bt ph ng trnh 2 3 10 2.x x x  <    

Phn tch.  iu kin xc nh ca bt ph ng trnh  cho l  

    x
2
   3x   1 0   0.                                (1 )  

D thy nghim ca bt ph ng trnh  cho phi tho mn iu kin 

    x   2 > 0.                                           (2)  

Vi hai iu kin (1 )  v (2),  bt ph ng trnh  cho t ng  ng vi bt 

ph ng trnh 

    x
2
   3x   1 0 < (x   2)2.           (3)  

Nh  vy,  bt ph ng trnh  cho t ng  ng vi h gm ba bt ph ng 

trnh (1 ),  (2)  v (3).  

Sau y l bi gii v d 3.  

Gii.  Bt ph ng trnh  cho t ng  ng vi h  

   (I)  

2

2 2

3 10 0

2 0

3 10 ( 2) .

x x

x

x x x

   


 >


  < 

 

Ta c 

(I)    

  


>
 <

2 hoc x 5

2

14

x

x

x

         5    x < 14.  

Tp nghim ca bt ph ng trnh  cho l [5  ;  14).    

H3   Gii bt ph ng trnh 2 2 15 3.x x x  <   
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V d 4. Gii bt ph ng trnh  2 4 3.x x x >     

Phn tch.  iu kin xc nh ca bt ph ng trnh  cho l  

             x
2    4x   0.                               (1 )  

 kh du cn cha n,  ta xt hai tr ng hp :  

Tr ng hp 1   

               x   3  < 0.                                       (2)  

Hin nhin,  nghim chung ca (1 )  v (2)  l nghim ca bt ph ng trnh  
cho.  Ni mt cch khc, trong tr ng hp ny,  bt ph ng trnh  cho t ng 
 ng vi h gm hai bt ph ng trnh (1) v (2).  

Tr ng hp 2  

                x   3    0.                                          (3)  

Vi cc iu kin (1 )  v (3),  bt ph ng trnh  cho t ng  ng vi bt 
ph ng trnh 

        x2    4x > (x   3)2.                             (4)  

Hin nhin (4)  ko theo (1 ).  Do ,  nghim chung ca hai bt ph ng trnh 
(3)  v (4)  l nghim ca bt ph ng trnh  cho.  Ni cch khc,  trong tr ng 
hp ny,  bt ph ng trnh  cho t ng  ng vi h gm hai bt ph ng 
trnh (3)  v (4).  
Sau y l bi gii v d 4.  

Gii.  Bt ph ng trnh  cho t ng  ng vi 

  (I)  
  


 <

2 4 0

3 0

x x

x
 hoc (II)  

2 2

3 0

4 ( 3) .

x

x x x

 


 > 
 

Ta c 

(I)    
0 hoc 4

3

x x

x

 


<
      x   0.  

(II)    
3

2 9

x

x




>
      

3

9

2

x

x





>

        
9 .
2

x >  

Nghim ca bt ph ng trnh  cho l  

    x   0 v 
9 .
2

x >  

Tp nghim ca bt ph ng trnh  cho l (  ;  0]    
9

; .
2

 
+ 

 
   

H4  Gii bt ph ng trnh 2 1 2.x x > +  
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Cu hi  v  b i  tp  

65.  Gii cc ph ng trnh v bt ph ng trnh sau :  

a)  2 25 4 6 5x x x x + = + +  ;   b)  | x   1 |  =  2x   1  ;  

c)  2 1 2 5x x x +   +  ;    d)  2 2 1x x x   .  

66.  Gii cc ph ng trnh sau :  

a)  22 4 1 1x x x+  = +  ;    b)  ( )24 101 64 2 10x x x+ + = +  ;  

c)  2 22 2 4 3x x x x+ =   +  ;    d)  ( ) ( ) 21 2 3 4.x x x x+ + = +   

H ng dn.  c) t y  =  2 2x x+ ,  y    0,  ta  c ph ng trnh y  =    2y
2
 +  3 .  

d)  V (x + 1)(x +  2)  =  x
2
 + 3x + 2 nn t y  =  2 3 2x x+ + ,  y    0,  ta  c 

ph ng trnh y  =  y
2
   6.  

67.  Gii cc bt ph ng trnh :  

a)  2 6 1x x x+  <   ;    b)  2 1 2 3x x    ;  

c)  22 1 1x x >   ;     d)  2 5 14 2 1 .x x x     

68.  Tm tp xc nh ca mi hm s sau :  

a)  y  =  2 3 4 8x x x+   +  ;    b)  
2 1

2 1 2

x x
y

x x

+ +
=

  
 ;  

c)  
2 2

1 1

7 5 2 5
y

x x x x
= 

 + + +
 ;  d)  2 5 14 3.y x x x=    +  
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Xt du phn thc hu t 

bng ph ng php khong  

Biu thc c dng 
( )

( )

P x

Q x
,  trong  P(x)  v Q(x)  l nhng a thc,   c gi  l mt 

phn thc hu t.  

Ng i  ta chng minh  c rng :  Nu cc a thc P(x)  v Q(x)  c cc nghim 

x1 ,  x2, . . . ,  xn  i  mt khc nhau v x1  <   x2  <  . . .  <  xn  th trn  mi  khong  

(  ;  x1 ),  (x1  ;  x2) , . . . ,(xn    1 ;  xn),  (xn  ;  +),  

phn thc 
( )

( )

P x

Q x
 g i mt du khng i.  

p dng  iu  khng nh trn,  mun xc nh  du ca 
( )

( )

P x

Q x
 trn  mi  khong  

nu,  ta ch cn tnh  gi tr  ca phn  thc ti  mt im no  ca khong.  

Ph ng php  c s dng  xt du phn thc hu  t trong cc v d  sau  y 
 c gi  l  ph ng php khong.  

V d 1 .  Xt du  ca phn thc hu t 

    ( )
3 2

2

2 3 2 3

12

x x x
f x

x x

+  
=

 
.  

Gii.  T thc  

       2x
3
 +  3x

2
   2x   3  =  2x(x

2
   1 )  +  3(x

2
   1)  =  (2x +  3)(x +  1)(x   1)  

c cc nghim l 
3

2
 ,  1  v 1 .  

Mu  thc l tam thc bc hai  c cc nghim l 3  v 4.  

Ta vit phn  thc d i  dng 

    ( ) ( ) ( ) ( )
( ) ( )

2 3 1 1

3 4

x x x
f x

x x

+ + 
=

+ 
 

v sp xp cc nghim ca t thc v mu thc ca f(x)  theo th t tng dn  

    3 ,  
3

2
 ,  1 ,  1 ,  4.  

Cc nghim ny chia R  thnh su  khong 

(  ;  3),  
3

3 ; ,
2

 
  

 
 

3
; 1 ,

2

 
  

 
 (1  ;  1 ),  (1  ;  4)  v (4  ;  +).  
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Ta xc nh  du  ca  f(x)  trn  mi  khong  nu.  

Ta c f(0)  =  
1

4
 >  0,  do  f(x)  >  0  trn  khong (1  ;  1 ).  Khi  x qua im 1 ,  ch c nh  

thc x   1  i  du,  cc nh  thc khc u  gi nguyn du;  do  f(x)  i  du.  V vy,  

f(x)  <  0  trn  khong  (1  ;  4).  Khi  x qua im 1 ,  ch c nh  thc x +  1  i  du,  do  f(x)  

i  du.  V vy f(x)  <  0  trn  khong 
3

; 1 .
2

 
  

 
 Du ca f(x)  trn  cc khong cn li  

 c xc nh  mt cch  t ng  t v ta  c bng xt du sau :   

x               3              
3

2
             1             1             4              +  

f(x)                    | |         +        0                0      +      0            | |        +  

V d 2.  Xt du biu  thc 

   P(x)  =  (x2  +  2x +  1 )(2x   1 )(x2    5x +  4).  

Gii.  Tam thc bc hai  x2  +  2x +  1  =  (x +  1 )2  c nghim kp x =  1 .  Nghim ca nh  

thc bc nht 2x   1  l 
1

2
.  Nghim ca tam thc bc hai  x2    5x +  4  l  1  v 4.  Ta vit 

biu  thc  cho d i  dng 

   P(x)  =  (x +  1 )2(2x   1 )(x   1)(x   4).  

Cc nghim ca P(x)  sp xp theo th t tng dn l  

    1 ,  
1

2
,  1  v 4.  

Cc nghim ny chia R  thnh  nm khong 

   (  ;  1 ),  
1

1 ; ,
2

 
 

 
 

1
; 1 ,

2

 
 
 

 (1  ;  4)  v (4 ;  +).  

Ta xc nh  du  ca P(x)  trn  mi  khong  nu.  

Ta c P(0)  =  4 < 0.  Do  f(x)  < 0 trn  khong (1  ;  
1

2
).  Khi  x qua im 

1

2
,  ch c nh  

thc 2x   1  i  du.  Do  P(x)  i  du v ta c P(x)  >  0  trn  khong  
1

; 1 .
2

 
 
 

 T ng 

t,  P(x)  m trn  khong (1  ;  4)  v d ng trn  khong (4 ;  +).   

Nhn t (x +  1 )2 bng 0  ti  im x =  1 ,  nh ng lun d ng  vi  mi  x   1  nn khi  x 

qua im 1 ,  P(x)  khng i du.  Do ,  P(x)  < 0 trn khong (  ;  1 ).  Ta c bng xt 
du sau  :    

x               1                
1

2
                1                     4             +  

P(x)                    0                0      +          0                    0        +  
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Luyn tp  

69.   Gii cc ph ng trnh v bt ph ng trnh sau :  

  a)  
2 2

2
1

x

x


=

+
 ;     b)  

3 4
3

2

x

x

+



 ;  

  c)  
2 3

1
3

x

x





 ;      d)  2 3 4 3 .x x+ =   

70.  Gii cc bt ph ng trnh sau :  

  a)  2 25 4 6 5x x x x +  + + ;   b)  24 4 2 1 5.x x x+  +   

71.  Gii cc ph ng trnh sau :  

  a)  ( )25 6 4 2 1x x x  =  ;   b)  2 23 12 3 .x x x x+ + = +  

72.  Gii cc bt ph ng trnh sau :  

  a)  2 6 8 2 3x x x+ +  +  ;   b)  
2

2 4
1

3 10

x

x x


>

 
 ;  

  c)  ( ) ( ) 26 2 32 34 48.x x x x    +   

  H ng dn.  c)  t y  =  ( ) ( ) 22 32 34 64x x x x  =  + .     

73.  Gii cc bt ph ng trnh sau :  

  a)  2 12 1x x x     ;    b)  2 4 12 2 3x x x  > +  ;  

  c)  
5

1 .
1

x

x

+
<


     

74.  Tm cc gi tr ca m  sao cho ph ng trnh  

x
4
 +  (1    2m)x

2
 + m

2 
 1  =  0 

  a)  V nghim ;  

  b)  C hai nghim phn bit ;  

  c)  C bn nghim phn bit.  

75.  Tm cc gi tr ca a  sao cho ph ng trnh  

(a    1 )x
4
   ax

2
 + a

2
   1  =  0 

  c ba nghim phn bit.  
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Cu hi  v  bi  tp n tp ch ng IV  

76.  Chng minh cc bt ng thc :  

a)  1a b ab+ < +  vi | a |  < 1 ,  | b |  < 1  ;  

b)  
1 1 1 1

.. .
1 2 2 2n n n
+ + + 

+ +
 vi mi n    N* ;  

c) 
1 1 1

a b a b

a b a b

+
 +

+ + + +
 vi mi a    0,  b    0.  Khi no ng thc xy ra ? 

77.  Chng minh cc bt ng thc sau:  

a) a b c ab bc ca+ +  + + vi a    0, b    0, c    0.  Khi no c ng thc ? 

b) ( )2 2 2 2 2 2+ +  + +a b b c c a abc a b c  vi mi a,  b,  c    R.  Khi no c 

ng thc ? 

78.  Tm gi tr nh nht ca cc hm s sau :  

   a)  = +
1

( )f x x
x

 ;     b)  
2

2

2 .( )
1

x
g x

x

+
=

+
 

79.  Tm cc gi tr ca tham s m  sao cho h bt ph ng trnh sau c nghim 

2 4

7 1 3 13

6 2 2 3

1 .

x
x

m x m x


 > 


 +  

 

80.  Vi cc gi tr no ca m,  bt ph ng trnh ( ) ( )2 1 3 1 0m x m x+ + + + >  

 nghim ng vi mi x   [1  ;  2]  ?  

81.  Gii v bin lun cc bt  ph ng trnh sau :   

  a)  ( )2 1 3 2 3a x a x+ >  +  ;   b)  ( )2 22 9 3 4 0.x m x m m+  + + +    

82.  Gii cc bt ph ng trnh sau :  

   a)  
2

2
0

9 20

x

x x


>

 +
 ;     b)  

2

2

2 10 14
1 .

3 2

x x

x x

 +


 +
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83.  Tm cc gi tr ca m  sao cho R  l tp nghim ca mi bt ph ng trnh sau  :  

  a)  (m    4)x2    (m    6)x  +  m    5    0  ;   

  b)  (m2    1 )x2  +  2(m  +  1 )x  + 3  > 0.  

84.  Gii cc ph ng trnh sau :  

 a)  2 2 3 2 2x x x  = +  ;    b)  ( )2 4 2 3x x =  .  

85.  Gii cc bt ph ng trnh sau :  

 a)  2 4 12 4x x x    ;   b)  ( ) 2 22 4 4x x x +    ;  

 c)  ( )2 8 2 1x x x  +  ;    d)  ( ) 23 6 3 .x x x x+     

86.  Vi cc gi tr no ca a,  cc h bt ph ng trnh sau c nghim ?  

a)
2 5 6 0

4 0 ;

x x

ax

  + <


+ <
    b)  

2

4 1 7 2,

2 1 0.

x x

x ax

+ < 


 + 
 

Trong cc bi tp t 87 n 89,  mi bi c bn ph ng n tr li,  trong  
ch c mt ph ng n tr li ng,  hy chn ph ng n .  

87.  a)  Tam thc bc hai ( )= +   2( ) 1 3 8 5 3f x x x  :  

 (A)  D ng vi mi  x    R ;        (B)  m vi mi x    R  ;  

 (C)  m vi mi x    ( )2 3 ; 1 2 3  + ;      (D)  m vi mi x    (  ;  1 ) .  

 b)  Tam thc bc hai ( ) ( )=  +   +2( ) 1 2 5 4 2 3 2 6f x x x  :  

 (A)  D ng vi mi x    R  ;   (B)  D ng vi mi x    ( )3 ; 2  ;  

 (C)  D ng vi mi x    ( )4 ; 2  ;  (D)  m vi mi  x    R.  

 c)  Tp xc nh ca hm s ( ) ( ) ( )22 5 15 7 5 25 10 5f x x x=  +  +   l 

 (A)  R  ;       (B)  (  ;  1 )  ;      (C)  [5  ;  1 ]  ;   (D)  [5  ;  5 ] .  

88.  a)  Tp nghim ca bt ph ng trnh 

( ) ( ) ( )23 2 2 2 3 2 4 6 2 2 3 0x x   +    

 l 

 (A)  2 ; 3 2    ;        (B)  (   ;  1 ]  ;  (C)  [1  ;  +)  ;         (D)  [1  ;  3 2 ] .  
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 b) Tp nghim ca bt ph ng trnh  ( ) 22 7 3 14 4 7 0x x+ +     l 

 (A)  R  ;       (B)  (  ;  7 ]    [2 ;  +  )  ;   

 (C)   [ 2 2 ;  5]  ;     (D)  (  ;    7 ]    [1  ;  +) .  

 c)  Tp nghim ca bt ph ng trnh  

( ) ( )
( )

3

2

1 1
0

1 2 2 2 2

x x

x x

 


+ + + +
 

 l 

 (A)  ( )1 2 ; 2    ;     (B)  ( 1 2 ; 1    ;    

 (C)  ( )1 2 ; 2      { 1 }  ;    (D)  [1  ;  +).  

89.  a)  Nghim ca ph ng trnh ( )2 10 5 2 1x x x+  =  l 

 (A)  x  =  
3

4
 ;     (B)  3 6x =   ;    

 (C)  3 6x = +  ;     (D)  1 3 6x = +  v x2  =  2.  

 b)  Tp nghim ca bt ph ng trnh ( ) ( ) ( )4 6 2 1x x x+   +  l  

 (A)  [2 ;  5 ]  ;   (B)  
109 3

; 6
5

 
 
 

 ;         (C)  [1  ;  6]  ;   (D)  [0 ;  7] .  

 c)  Tp nghim ca bt ph ng trnh ( ) ( )2 2 5 3x x x  >   l  

 (A)  [100 ;  2]  ;      (B)  (  ;  1 ]  ;    

 (C) (  ;  2]    [6 ;  +)  ;     (D)  (   ;  2]    ( )4 5 ;+ +  .  
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1.   Thng k l g ?   

Nhng thng tin d i dng s liu rt ph bin trong khoa hc v i sng.  

Khi c mt t bo,  nghe mt bn tin trn truyn hnh,. . .  chng ta th ng bt 

gp nhng con s thng k.  

Thng k  l khoa hc v cc ph ng php thu thp,  t chc,  trnh by,  phn 

tch v x l s liu.  

Thng k gip ta phn tch cc s liu mt cch khch quan v rt ra cc tri 

thc,  thng tin cha ng trong cc s liu .  Trn c s ny,  chng ta mi 

c th  a ra  c nhng d bo v quyt nh ng n.  V th,  thng k cn 

thit cho mi lc l ng lao ng, c bit rt cn cho cc nh qun l,  hoch 

nh chnh sch.  Ngay t u th k XX, nh khoa hc ng i Anh,  Oen 

(H.G.Well)   d bo nh  sau :  "Trong mt t ng lai khng xa,  kin thc 

thng k v t  duy thng k s tr thnh mt yu t khng th thiu  c 

trong hc vn ph thng ca mi cng dn,  ging nh  l kh nng bit c 

bit vit vy".  

2.  Mu s liu 

  lp 7,  ta  lm quen vi khi nim du hiu,  n v iu tra v gi tr ca 

du hiu.  

V d.  iu tra v s hc sinh trong mi lp hc  cp Trung hc ph 

thng (THPT) ca H Ni,  ng i iu tra n mt s lp hc v ghi li s s 

ca mi lp .  Sau y l mt on trch t s cng tc ca ng i iu tra :  

1
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STT Lp S hc sinh 

1  

2 

3  

4 

5  

6 

7  

8  

9 

10 

10A  

1 0B  

1 0C  

1 0D  

1 0E  

1 1A  

1 1B  

1 1C  

1 1D  

1 1E  

47 

55  

48  

50 

50 

45  

53  

48  

54 

55  

Trong v d trn,  du hiu  X l s hc sinh ca mi lp,  n v iu tra  l mt 

lp hc cp THPT ca H Ni,  gi tr ca du hiu X (k hiu x)   lp 10A  l 

47,   lp 10B  l 55,  . . .  

Mt tp con hu hn cc n v iu tra  c gi l mt mu.  S 

phn t ca mt mu  c gi l kch th c mu.  Cc gi tr ca 

du hiu thu  c trn mu  c gi l mt mu s liu (mi gi tr 

nh  th cn gi l mt s liu ca mu).   

Nu cc s liu trong mu  c vit thnh dy hay thnh bng th ta cn gi mu 

s liu  l dy s liu  hay bng s liu.  

Trong v d trn, chng ta c mt mu l cc lp { 10A  ;  10B ;  10C ;  ...  ;  11D  ;  11E}  

v mu s liu l { 47 ;  55 ;  48 ;  . . .  ;  54 ;  55} ,  kch th c mu bng 10.  

 Nu thc hin iu tra trn mi n v iu tra th  l iu tra ton b.  

Nu ch iu tra trn mt mu th  l iu tra mu.  

H1  Ng i iu tra phi kim nh cht l ng cc hp sa ca mt nh my ch 

bin sa bng cch m hp sa  kim tra.  C th iu tra ton b hay khng ?  

 iu tra ton b i khi khng kh thi v s l ng cc n v iu tra qu 

ln hoc v khi mun iu tra th phi ph hu n v iu tra.  Chng ta 

th ng ch iu tra mu v phn tch x l mu s liu thu  c.  
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Cu hi  v  b i  tp 

1.   iu tra s con trong mi gia nh  huyn A,  ng i ta chn ra 80 gia nh, 

thng k s con ca cc gia nh  v thu  c mu s liu sau :  

2 

2 

5  

3  

4 

3  

3  

1

4 

2 

2 

5  

4 

4 

2 

6

3  

5  

7  

2 

4 

1  

3  

5

2 

2 

3  

1  

4 

4 

4 

2

0 

1  

4 

2 

2 

4 

5  

1

2 

2 

2 

4 

5  

2 

6 

1

2 

2 

2 

4 

1  

4 

2 

2

3  

2 

2 

3  

4 

4 

5  

4

4 

3  

3  

4 

4 

4 

1  

3

5  

2 

2 

3  

3  

2 

4 

1 .

a)  Du hiu v n v iu tra  y l g ?  Kch th c mu l bao nhiu ?  

b)  Hy vit cc gi tr khc nhau trong mu s liu trn.  

2.   iu tra v in nng tiu th trong mt thng (tnh theo kW.h) ca 30 gia 

nh  mt khu ph A,  ng i ta thu  c mu s liu sau :  

165  

100 

40

85 

100 

70

65 

100 

84

65 

90 

59

70 

53  

75

50 

70 

57

45 

141  

133

100 

42 

45

45 

50 

65

100 

150 

75.

Cng hi t ng t nh  trong bi tp 1 .  

 

1.   Bng phn b tn s -  tn sut 

V d 1.  Khi iu tra v nng sut ca mt ging la mi,  iu tra vin ghi li 
nng sut (t/ha) ca ging la  trn 120 tha rung c cng din tch 1ha.  
Xem xt mu s liu ny,  iu tra vin nhn thy :  

2
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  1 0 tha rung cng c nng sut 30 ;  

  20 tha rung cng c nng sut 32 ;  

  30 tha rung cng c nng sut 34 ;  

  1 5  tha rung cng c nng sut 36 ;  

  1 0 tha rung cng c nng sut 38  ;  

  1 0 tha rung cng c nng sut 40 ;  

  5  tha rung cng c nng sut 42 ;  

  20 tha rung cng c nng sut 44.    

Trong mu s liu trn ch c tm gi tr khc nhau l :  30 ;  32 ;  34 ;  36 ;  38  ;  
40 ;  42 ;  44.  Mi gi tr ny xut hin mt s ln trong mu s liu.          

S ln xut hin ca mi gi tr trong mu s liu  c gi l  
tn s ca gi tr .  

Ta c th trnh by gn gng mu s liu trn trong bng phn b tn s (gi 
tt l bng tn s)  sau y.  

Gi tr (x) 30 32 34 36 38 40 42 44  

Tn s (n) 10 20 30 15 10 10 5 20 N =  1 20 

Bng 1  

Nu mun bit trong 120 tha rung, c bao nhiu phn trm tha rung c 
nng sut 30,  32,  . . .  ta s phi tnh thm tn sut ca mi gi tr.  

Tn sut fi ca gi tr xi l t s gia tn s ni v kch th c mu  N 

.ii

n
f

N
=   

Ng i ta th ng vit tn sut d i dng phn trm.  

B sung thm mt hng tn sut vo bng 1 ,  ta nhn  c bng phn b tn 
s -  tn sut (gi tt l bng tn s -  tn sut)  sau y.  

Gi tr  30 32 34 36 38 40 42 44  

Tn s 10 20 30 15  10 10 5  20 N =  1 20 

Tn sut %  8,3  16,7 25,0 12,5 8,3  8,3  4,2 16,7  

Bng 2  

Ch  

a) Trn hng tn s,  ng i ta th ng dnh mt   ghi kch th c 
mu N.  Kch th c mu N bng tng cc tn s.  
b)  C th vit bng tn s -  tn sut dng "ngang"  (nh  bng 2)  
thnh bng "dc"  (chuyn hng thnh ct nh  bng 3).  
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H1  Thng k im thi mn Ton trong k thi va qua ca 400  em hc sinh cho ta 

bng sau y.  

im bi  thi  Tn s Tn sut (%)  

0 
1  
2 
3  
4 
5  
6 
7  
8  
9 
10 

. . .  
1 5  
43  
53  
85  
. . .  
55  
33  
18  
10 
10 

1 ,50 
 3 ,75  
10,75  
13,25  
21 ,25  
18,00 
. . .  
. . .  
. . .  
. . .  
. . .  

 N =  400  

           Bng 3  

in tip cc s vo cc ch trng (. . . )   ct tn s v ct tn sut trong bng 3.  

2.  Bng phn b tn s -  tn sut ghp lp 

V d 2.  Chn 36 hc sinh nam ca mt tr ng THPT v o chiu cao ca h,  
ta thu  c mu s liu sau (n v :  cm).  

 1 60 161  161  162 162 162 163  163  163  164 164 164 164  
 1 65  165  165  165  165  166 166 166 166 167 167 168 168  
 1 68  168 169 169 170 171  171  172 172 174.     

 trnh by mu s liu (theo mt tiu ch no )  c gn gng, sc tch,  

nht l khi c nhiu s liu,  ta thc hin vic ghp s liu thnh cc lp.   
y,  ta ghp cc s liu trn thnh nm lp theo cc on c  di bng 
nhau.  Lp th nht gm cc hc sinh c chiu cao nm trong on [160 ;162] ,  
lp th hai gm cc hc sinh c chiu cao nm trong on [163  ;165] ,  . . .  .  Khi 
,  ta s c mt bng nh  sau :  

Lp Tn s 

[160 ;  162]  
[163  ;  165]  
[166 ;  168]  
[169 ;  1 71 ]  
[172 ;  1 74]  

6 
12 
10 
5  
3  

 N =  36 

Bng 4 
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Trong bng 4,  tn s ca mi lp  l s hc sinh trong lp .  

Bng 4  c gi l bng phn b tn s ghp lp  (gi tt l bng tn s 
ghp  lp).  

B sung mt ct tn sut vo bng 4,  ta nhn  c bng 5  sau 

Lp Tn s Tn sut (%)

[160 ;  162]  
[163  ;  165]  
[166 ;  168]  
[169 ;  1 71 ]  
[172 ;  1 74]

6 
12 
10 
5  
3  

16,7 
33,3  
. . .  
. . .  
. . .  

 N =  36  

Bng 5 

Bng 5   c gi l bng phn b tn s - tn sut ghp lp  (gi tt l bng 
tn s -  tn sut ghp lp).  

H2  Hy in cc s vo ch trng (. . . )   ct tn sut trong bng 5.   

Trong nhiu tr ng hp, ta ghp lp theo cc na khong sao cho mt bn 
phi ca mt na khong cng l mt bn tri ca na khong tip theo.  
Chng hn, trong v d 2,  ta c th ghp cc s liu thnh nm lp vi cc 
na khong [159,5  ;  162,5)  ;  [162,5;  165,5)  ;  . . .  .  Ta c bng sau 

Lp Tn s Tn sut (%)

[159,5  ;  162,5)  
[162,5  ;  165,5)  
[165,5  ;  168,5)  
[168,5  ;  1 71 ,5)  
[171 ,5  ;  1 74,5)

6 
12 
10 
5  
3  

16,7 
33,3  
27,8  
. . .  
. . .  

 N =  36  

Bng 6 

3.  Biu  

Tc ng c nhng cu :  "Trm nghe khng bng mt thy"  ;  "Mt hnh nh 
gi tr hn ngn li ni".   trnh by mu s liu mt cch trc quan sinh 
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ng, d nh v gy n t ng, ng i ta s dng biu .  Sau y l mt s 
biu  thng dng nht.  

a) Biu  tn s, tn sut hnh ct  

Biu  hnh ct l mt cch th hin 
rt tt bng phn b tn s (hay tn 
sut)  ghp lp.   

V d 3.  Xt bng phn b tn s (bng 4)  
chiu cao ca 36 hc sinh trong v d 2.  
Hnh 5.1  l biu  tn s hnh ct th 
hin bng 4 vi cch v nh  sau :   
V hai  ng thng vung gc.   

Trn  ng thng nm ngang (dng lm 
trc s),  ta nh du cc on xc nh 
lp, bt u t on [160 ;  162]  cho ti 
on [172 ;  1 74] .  

Ti mi on, ta dng ln mt ct hnh 
ch nht vi y l on , cn chiu 
cao bng tn s ca lp m on  
xc nh.   

Hnh thu  c  l biu  tn s 
hnh  ct.                

 i vi cch ghp lp nh   bng 6,  ta 
th hin bng phn b tn s bng biu 
 hnh ct nh  hnh 5.2.  Trong tr ng 
hp ny gia cc ct khng c "khe h".  

Chng ta cng c th dng biu  hnh 
ct  th hin bng tn sut ghp lp 
gi l biu  tn sut hnh ct.  Trong 
tr ng hp ny,  ct hnh ch nht s c 
chiu cao bng tn sut (tnh theo %).   

H3  Hy v biu  tn sut hnh ct th hin bng 5.   

b)  ng gp khc tn s, tn sut 
Bng phn b tn s ghp lp cng c khi  c th hin bng mt biu  

khc gi l  ng gp khc tn s.  

Hnh 5.2  

Hnh 5.1  
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V d 4.  Xt bng phn b tn s trong v d 2 (bng 4).   ng gp khc tn 

s th hin bng 4  c v nh  sau (h.5.3)  :  

Ta v hai  ng thng vung gc.  Trn  ng thng nm ngang (dng lm 

trc s),  ta nh du cc im A1 ,  A2,  A3,  A4,  A5,    Ai  l trung im ca 

on (hoc na khong) xc nh lp th i  (i = 1 , 2, ..., 5).  Ti mi im Ai, ta 

dng on thng AiMi vung gc vi  ng thng nm ngang v c  di bng tn 

s ca lp th i ;  c th l A1M1  = 6, ..., A5M5  = 3.  V cc on thng M1M2,  

M2M3,  M3M4,  M4M5,  ta  c mt  ng gp khc.   l  ng gp khc 

tn s th hin bng 4.                   

 

 

 

 

 

 

 

 

 

 

 

Hnh 5.3  

  Nu  di on thng AiMi   c ly bng tn sut ca lp th i  th khi v 

cc on thng M1M2,  M2M3,  . . . ,  M4M5,  ta  c mt  ng gp khc gi l  
 ng gp khc tn sut.  

H4  Hy in cc s vo ch trng trong bng 6 ri v  ng gp khc tn sut 

th hin bng .   

c)  Biu  tn sut hnh qut 

Biu  hnh qut rt thch hp cho vic th hin bng phn b tn sut ghp 
lp.  Hnh trn  c chia thnh nhng hnh qut.  Mi lp  c t ng ng vi 
mt hnh qut m din tch ca n t l vi tn sut ca lp .  
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V d 5.  Hnh 5.4 l biu  tn 

sut hnh qut th hin bng 5.  

Cch v nh  sau :  Lp th nht 

[160 ;  162]  chim 6 1

36 6
=    16,7% 

ca kch th c mu.  Do ,  hnh 

qut t ng ng s chim 1

6
 hnh 

trn.  S o gc ca hnh qut ny 

l 1
6
 ca 360o,  tc l 60o.  Ta dng 

th c o gc  dng hnh qut ni trn.  T ng t,  ta dng hnh qut cho cc 

lp cn li.  Hnh  thu  c gi l biu  tn sut hnh qut th hin bng 5.  

Ch   

Cc biu  hnh ct v biu  hnh qut  c s dng khng ch 

nhm minh ho bng hnh nh bng phn b tn s -  tn sut ghp 

lp m cn  c s dng rng ri trong vic minh ho cc s liu 

thng k  cc tnh hung khc.  Xem cc biu  d i y trch ra 

t Thi bo kinh t Vit Nam  1 6-12-2002.  
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Cu hi  v  b i  tp 

3.    Trong mt gii bng  hc sinh,  ng i ta t chc mt cuc thi d on kt 

qu ca 25  trn ng ch  nht.  Sau y l s phiu d on ng ca 25  

trn m ban t chc nhn  c :  

 54 75  121  142 154 159 171  189 203  211  225 247 251  

 259 264 278 290 305 315 322 355 367 388 450 490.   

Hy lp bng tn s -  tn sut ghp lp gm su lp :  lp u tin l on 

[50 ;  1 24] ,  lp th hai l on [125 ;  199] ,  . . .  ( di mi on l 74).  

4.    Mt trm kim sot giao thng ghi tc  (km/h) ca 30 chic xe  t i qua 

trm nh  sau :  

 53  47 59 66 36 69 83  77 42 57 51  60 78 63 46 

 63  42  5 5  63  48  75  60  5 8  8 0  44  5 9  60  75  49  63 .  

Hy lp bng tn s -  tn sut ghp lp (chnh xc n hng phn nghn)  

gm su lp :  lp u tin l on [36 ;  43] ,  lp th hai l on [44 ;  51 ] ,  . . .  

( di mi on l 7).  

5.    iu tra v s a CD  ca 80 gia nh, iu tra vin thu  c bng tn s -  

tn sut sau :  

Lp Tn s Tn sut 
(%) 

[1  ;  1 0]  5  6,25  
[11  ;  20]  29 . . .  
[21  ;  30]  21  . . .  
[31  ;  40]  16 . . .  
[41  ;  50]  7  . . .  
[51  ;  60]  2 . . .  

 N =  80  

a)  in cc s vo ch trng (. . .)   ct tn sut.  

b)  V biu  tn s hnh ct.  

c)  V biu  tn sut hnh ct.  

d)  V biu  tn sut hnh qut.  
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Luyn tp 

6.   Doanh thu ca 50 ca hng ca mt cng ti trong mt thng nh  sau (n v :  

triu ng) 

120 121 129 114 95 88 109 147 118 148 128 71 93 67 62

57 103 135 97 166 83 114 66 156 88 64 49 101 79 120

75 1 13 155 48 104 112 79 87 88 141 5 5 1 23 1 5 2 60  8 3

1 44  8 4 95 90 27 .   

a)  Du hiu,  n v iu tra  y l g ?  

b)  Lp bng tn s -  tn sut ghp lp gm by lp :  lp u tin l na 

khong [26,5  ;  48,5),  lp tip theo l na khong [48,5  ;  70,5),  . . .  ( di mi 

na khong l 22).  

c)  V biu  tn s hnh ct.  

7.    Mt cuc iu tra 50 nh nhip nh nghip d  vi cu hi :  "Trong thng 

tr c anh (ch)  s dng ht bao nhiu cun phim ?"  cho kt qu nh  sau :  

5  3  3  1 4 3 4 3 6 8 4 5 3 4 2 4 7 

6 5  9 6 6 6 7 0 11 3 12 4 7 14 0 2 4 

4 3  5  15 0 10 4 5 2 3 5 1 8 1  2 12.   

a)  Du hiu,  n v iu tra  y l g ?  

b)  Lp bng tn s ghp lp,  vi lp u tin l on [0 ;  2] ,  lp tip theo l 

on  [3  ;  5] ,  . . . ,  lp cui cng l on [15  ;  1 7]  ( di mi on l 2).  

c)  V biu  tn s hnh ct.  

8.    Mt th  vin thng k s ng i n c sch vo bui ti trong 30 ngy ca 

thng va qua nh  sau :  

 8 5  8 1  65  58  47  3 0  5 1  92  85  42  55  3 7  3 1  82  63  

 3 3  44  93  77  57  44  74  63  67  46  73  52  53  47  3 5 .  

a)  Lp bng tn s -  tn sut ghp lp (chnh xc n hng phn trm),  vi lp 

u tin l on [25  ;  34] , lp tip theo l on [35  ;  44] , . .. ,  lp cui cng l 

on [85  ; 94]  ( di mi on l 9).  

b)  V biu  tn sut hnh ct.  
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 nhanh chng nm bt  c nhng thng tin quan trng cha ng trong 
mu s liu,  ta  a ra mt vi ch s gi l cc s c tr ng ca mu s liu.  

1.  S trung bnh 

 Gi s ta c mt mu s liu kch th c N l x1 ,  x2,  . . . ,  xN.   lp d i,   
ta  bit s trung bnh  (hay s trung bnh cng) ca mu s liu ny,  k hiu 
l x ,   c tnh bi cng thc 

    1 2 . . .
.Nx x x

x
N

+ + +
=                  (1 )  

 cho gn, ta k hiu tng x1  +  x2  +  . . .  +  xN l 
1

N

i
i

x
=

 v c l "tng ca cc xi  

vi  i chy t 1  n N".  Vi k hiu ny,  cng thc (1 )   c vit gn l 

     
1

1 N

i
i

x x
N

=

=  .  

 Gi s mu s liu  c cho d i dng mt bng phn b tn s (bng 7)  :  

Gi tr 1 2x x    . . .     mx  

Tn s 1 2n n    . . .     mn N 

Bng 7 

Khi ,  cng thc tnh s trung bnh (1 )  tr thnh 

    1 1 2 2

1

. . . 1
,

m
m m

i i
i

n x n x n x
x n x

N N
=

+ + +
= =                            (2)  

trong  ni  l tn s ca s liu xi,  (i  =  1 ,  2,  . . . ,  m),  
1

.
m

i
i

n N
=

=  

 Gi s mu s liu kch th c N  c cho d i dng bng tn s ghp lp. Cc 

s liu  c chia thnh m lp ng vi m on (bng 7a) hoc m lp ng vi 

3
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m na khong (bng 7b).  Ta gi trung im xi  ca on (hay na khong) ng 

vi lp th i  l  gi tr i din  ca lp .  

Lp Gi tr i din Tn s 

[a1  ;  a2]  x1  n1  
[a3  ;  a4]  x2  n2  

M  M  M  
[a2m    1  ;  a2m]  xm  nm  

  
1

m

i
i

N n
=

=  

Bng 7a 

Lp Gi tr i din Tn s 

[a1  ;  a2)  x1  n1  
[a2  ;  a3)  x2  n2  

M  M  M  
[am  ;  am  +1)  xm  nm  

  
1

m

i
i

N n
=

=  

Bng 7b 

Khi ,  s trung bnh ca mu s liu ny  c tnh xp x theo cng thc 

1

1 m

i i
i

x n x
N

=

  .  

V d 1.  Mt nh thc vt hc o chiu di ca 74 l cy v thu  c bng tn 
s sau (n v :  mm) :  

Lp Gi tr i din Tn s

[5,45  ;  5,85) 5,65  5  
[5,85  ;  6,25) 6,05  9 
[6,25  ;  6,65) 6,45  15  
[6,65  ;  7,05) 6,85  19 
[7,05  ;  7,45) 7,25  16 
[7,45  ;  7,85) 7,65  8  
[7,85  ;  8,25) 8,05  2 

  N  =  74
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Khi ,  chiu di trung bnh ca 74 l ny xp x l 

           
5 . 5, 65 9 . 6, 05 .. . 8 . 7, 65 2 . 8, 05

6,80
74

x
+ + + +

  (mm).   

 ngha ca s trung bnh 

S trung bnh ca mu s liu  c dng lm i din cho cc s 

liu ca mu.  N l mt s c tr ng quan trng ca mu s liu.  

Chng hn, nu bit rng thi gian trung bnh  iu tr khi bnh A  i vi 
bnh nhn nam l 5,3  ngy, i vi bnh nhn n l 6,2 ngy th ta c th cho 
rng ni chung vi bnh A  th bnh nhn nam chng bnh phc hn so vi 

bnh nhn  n.  

Tuy nhin,  khi cc s liu trong mu c s chnh lch rt ln i vi nhau th 
s trung bnh ch a i din tt cho cc s liu trong mu.  

V d 2. Mt nhm 11  hc sinh tham gia mt k thi.  S im thi ca 1 1  hc 
sinh   c sp xp t thp n cao nh  sau (thang im 100) :  

   0 ;  0 ;  63  ;  65  ;  69 ;  70 ;  72 ;  78  ;  81  ;  85  ;  89.  

S trung bnh l 

   
0 0 63 .. . 85 89

61, 09.
11

+ + + + +
  

Quan st dy im trn,  ta thy hu ht cc em (9 em) trong nhm c s im 
v t s trung bnh.  Nh  vy,  s trung bnh ny khng phn nh ng trnh  
trung bnh ca nhm.  Trong tr ng hp ny,  c mt s c tr ng khc thch 
hp hn  l s trung v.    

2.  S trung v 

Gi s ta c mt mu s liu kch th c N  c sp xp theo th 

t khng gim.  Nu N l mt s l th s liu ng th 
1

2

N +
 

(s liu ng chnh gia) gi l s trung v.  Nu N l mt s 

chn,  ta ly trung bnh cng ca hai s liu ng th 
2

N
 v 

1
2

N
+  lm s trung v.  

S trung v  c k hiu l Me.   
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V d 3.  iu tra v s hc sinh trong 28 lp hc,  ta  c mu s liu sau 

(sp xp theo th t tng dn) :  

 38  39 39 40 40 40 40 40 40 41  41  41  42 42 
 43  43  43  43  44 44 44 44 44 45  45  46 47 47 

S liu ng th 14 l 42, ng th 15  l 43.  Do vy, s trung v l 

    Me  =  
42 43

42, 5.
2

+
=              

H1   

a)  Tnh s trung v ca mu s liu trong v d 2.  
b)  Tnh s trung bnh ca mu s liu trong v d 3 v so snh n vi s trung v.   

Ch  

Khi cc s liu trong mu khng c s chnh lch qu ln th s 
trung bnh v s trung v xp x nhau.  

H2  o chiu cao ca 36  hc sinh ca mt tr ng,  ta c mu s liu sau,  sp xp 

theo th t tng (n v : cm) :  

 1 60 1 61  161  162 162 162 163  163  163  164 164 164 

 1 64 165  165 165 165  165  1 66 166 166 166 167 167 

 1 68  1 68  168 168 169 169 1 70 171  171  172 172 174 

Tm s trung v ca mu s liu ny.  

3.  Mt 

Cho mt mu s liu d i dng bng phn b tn s.  Ta  bit gi tr c tn 

s ln nht  c gi l mt ca mu s liu v k hiu l Mo.  

V d 4.  Mt ca hng bn qun o thng k s o s mi nam  bn ra trong 
mt qu theo cc c khc nhau v c  c bng tn s sau 

C o (x)  36 37 38  39 40 41  42 

S o bn  c (n) 13  45  1 10 184 126 40 5  

iu m ca hng quan tm nht l c o no  c khch hng mua nhiu nht.  
Bng thng k trn cho thy c o m khch hng mua nhiu nht l c 39 (tc l 
gi tr 39 c tn s ln nht).  Vy gi tr 39 l mt ca mu s liu ny.              

Ch  

Mt mu s liu c th c mt hay nhiu mt.   
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V d 5.  Mt ca hng bn 6 loi qut vi gi tin l 100, 150, 300,  350,  400, 
500 (n v l nghn ng).  S qut ca hng bn ra trong ma h va qua 
 c thng k trong bng tn s sau 

 

Gi tin (x)  100 150 300 350 400 500 

S qut bn  c (n)  256 353  534 300 534 175  

 
Ta thy mu s liu trn c hai mt l 300 nghn ng v 400 nghn ng.  
 l gi tin ca hai loi qut  c khch hng mua nhiu nht.            

4.  Ph ng sai v  lch chun 

V d 6.  im trung bnh tng mn hc ca hai hc sinh An v Bnh trong 
nm hc va qua  c cho trong bng sau :  

Mn im ca An im ca Bnh 

Ton 

Vt l 

Ho hc 

Sinh hc 

Ng vn 

Lch s 

a l 

Ting Anh 

Th dc 

Cng ngh 

Gio dc cng dn 

8  

7,5  

7,8  

8,3  

7  

8  

8,2 

9 

8  

8,3  

9 

8,5  

9,5  

9,5  

8,5  

5  

5,5  

6 

9 

9 

8,5  

10 

H3  Tnh im trung bnh (khng k h s) ca tt c cc mn hc ca An v ca 

Bnh.  Theo em,  bn no hc kh hn ?  

Nhn vo bng im, ta c ngay nhn xt l An hc u cc mn, cn Bnh th 
khng.  S chnh lch,  bin ng gia cc im ca An th t,  ca Bnh 
th nhiu.  

  o mc  chnh lch gia cc gi tr ca mu s liu so vi s trung 
bnh, ng i ta  a ra hai s c tr ng l ph ng sai  v  lch chun.  
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Gi s ta c mt mu s liu kch th c  N l {x1 ,  . . . ,  xN} .  

Ph ng sai ca mu s liu ny,  k hiu l  s2,   c tnh bi 
cng thc sau  

  2 2

1

1
( ) ,

N

i
i

s x x
N =

=                              (3)  

trong   x  l s trung bnh ca mu s liu.  
Cn bc hai ca ph ng sai  c gi l   lch chun, k hiu l  s.   

    s  =  2

1

1
( ) .

N

i
i

x x
N =

   

 ngha ca ph ng sai v   lch chun 

Trong cng thc (3),  ta thy ph ng sai l trung bnh cng ca bnh ph ng 
khong cch t mi s liu ti s trung bnh.  Nh  vy, ph ng sai v  lch 
chun o mc  phn tn ca cc s liu trong mu quanh s trung bnh.  
Ph ng sai v  lch chun cng ln th  phn tn cng ln.  

Ch  

C th bin i cng thc (3)  thnh 

   

2

2 2
2

1 1

1 1N N

i i
i i

s x x
N N= =

 
=    

 
  .                 (4)  

S dng cng thc (4)  thun tin hn trong tnh ton.  

Tr li v d  trn,  ta hy tnh ph ng sai v  lch chun im cc mn 

hc ca An v Bnh.  Tr c ht,  ta tnh cc tng 
1

N

i
i

x
=
  v 2

1

.
N

i
i

x
=
  

T s liu  ct im ca An,  ta c 

11

1

89,1i
i

x
=

=  ;  
11

2

1

725,11 .i
i

x
=

=  

T s liu  ct im ca Bnh, ta c 

11

1

89i
i

x
=

=  ;   
1 1

2

1

750, 5.i
i

x
=

=  
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Tip theo,  ta th cc kt qu ny vo cng thc (4)   tm s
2.  

Ph ng sai v  lch chun im cc mn hc ca An l 
2

2 725,11 89,1
0, 309

11 11As
 

=   
 

 ;    0, 3091 0, 556.As    

Ph ng sai v  lch chun im cc mn hc ca Bnh l 
2

2 750, 5 89
2, 764

11 11Bs
 

=   
 

 ;   2, 764 1, 663.Bs    

Ta thy mc  "hc lch"  ca Bnh so vi An  c th hin qua vic so snh 
hai ph ng sai :  Ph ng sai im cc mn hc ca Bnh gp gn 9  

(  8,945)  ln ph ng sai im cc mn hc ca An.  iu  ph hp vi 
nhn xt Bnh hc lch hn An.  

Ta cng c th so snh  hc lch ca Bnh v An thng qua vic so snh hai 
 lch chun.    

Vic tnh cc tng 
1

N

i

i

x

=
  v 2

1

N

i

i

x

=
  s nhanh chng nu dng my tnh b ti.  

(Xem bi c thm   c h ng dn chi tit v cch s dng my tnh b 
ti trong tnh ton thng k).  

  Nu s liu  c cho d i dng bng phn b tn s (bng 7)  th ph ng sai 
 c tnh bi cng thc  

    

2

2 2
2

1 1

1 1
.

m m

i i i i

i i

s n x n x
N N= =

 
=    

 
            (5)  

V d 7. Sn l ng la (n v l t)  ca 40 tha rung th nghim c cng 
din tch  c trnh by trong bng tn s sau y.  

Sn l ng (x)  20 21  22 23  24  

Tn s (n)  5 8  1 1  10 6 N =  40 

a)  Tm sn l ng trung bnh ca 40 tha rung.  

b)  Tnh ph ng sai v  lch chun.  

Gii.  Tr c ht,  ta tnh 

5

1

884,i i

i

n x

=

=  
5

2

1

19 598.i i

i

n x

=

=  
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a)  Sn l ng trung bnh ca 40 tha rung l  
884

40
x = =  22,1  (t).  

b)  Theo cng thc (5),  ta c ph ng sai l 
2

2 19 598 884
1, 54.

40 40
s

 
=  = 

 
 

 lch chun l s  =  1, 54 1, 24  (t).                

  Gi s mu s liu  c cho d i dng bng phn b tn s ghp lp.  Cc s 

liu  c chia thnh m  lp ng vi m  on (hoc na khong).  Gi  xi  l gi tr 
i din ca lp th i  (xem bng 7a,  7b).  

Khi ,  ph ng sai ca mu s liu ny c th tnh xp x theo cng thc (5).  

V d 8.  Tnh ph ng sai v  lch chun ca mu s liu cho  v d 1 .  

Gii.  Ta c  

    
7

1

502, 9i i
i

n x
=

= ,  

    
7

2

1

3443, 385.i i
i

n x
=

=  

Vy 
2

2
2

3443, 385 502, 9
0, 347.

74 74
s     

 lch chun l 0, 347 0, 589s    (mm).   

Cu hi  v  b i  tp 

Trong cc bi tp d i y,  yu cu tnh s trung bnh,  s trung v,  ph ng 
sai,   lch chun (chnh xc n hng phn trm).  

9.   C 100 hc sinh tham d k thi hc sinh gii Ton (thang im l 20).  Kt qu 
 c cho trong bng sau y.  

im 9 10 11 12 13 14 15 16 17 18 19  

Tn s 1  1  3  5  8  13  19 24 14 10 2 N =  1 00 

a)  Tnh s trung bnh.  
b)  Tnh s trung v v mt.  Nu  ngha ca chng.  

c)  Tnh ph ng sai v  lch chun.  
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10.   Ng i ta chia 179 c khoai ty thnh chn lp cn c trn khi l ng ca 
chng (n v l gam).  Ta c bng phn b tn s ghp lp sau y.  

Lp Tn s 
[10 ;  19]  1  
[20 ;  29]  14 
[30 ;  39]  21  
[40 ;  49]  73  
[50 ;  59]  42 
[60 ;  69]  13  
[70 ;  79]  9 
[80 ;  89]  4 
[90 ;  99]  2 

 N =  1 79 

Tnh khi l ng trung bnh ca mt c khoai ty.  Tm ph ng sai v  
lch chun.  

11.  Bng sau y trch t s theo di bn hng ca mt ca hng bn xe my.  

S xe bn trong ngy 0 1  2 3  4 5  

Tn s 2 13  15  12 7  3  

a)  Tm s xe trung bnh bn  c trong mt ngy.  
b)  Tm ph ng sai v  lch chun.  

Luyn tp 

Trong cc bi tp d i y,  yu cu tnh s trung bnh,  s trung v,  ph ng 
sai,   lch chun chnh xc n hng phn trm.  

12.   S liu sau y cho ta li (quy trn) hng thng ca mt ca hng trong nm 
2005.  n v l triu ng.  

Thng 1  2 3  4 5  6 7 8  9 10 11  12 

Li 12 15 18 13 13 16 18 14 15 17 20 17 

a) Tm s trung bnh, s trung v.  
b)  Tm ph ng sai v  lch chun.  

13.   Mt ca hng vt liu xy dng thng k s bao xi mng bn ra trong 23  ngy 
cui nm 2005.  Kt qu nh  sau :  

 47 54 43  50 61 36 65 54 50 43 62 59 36 45 45 33 53  67 
 21  45  50 36 58.              
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a) Tm s trung bnh, s trung v.  
b)  Tm ph ng sai v  lch chun.  

14.   S l ng khch n tham quan mt im du lch trong mi thng  c thng 
k trong bng sau y.  

Thng 1  2 3  4 5  6 7  8  9 10 1 1  12 

S khch 430 560 450 550 760 430 525 110 635 450 800 950 

a) Tm s trung bnh, s trung v.  
b)  Tm ph ng sai v  lch chun.  

15.   Trn hai con  ng A  v B,  trm kim sot  ghi li tc  (km/h) ca 30 
chic  t trn mi con  ng nh  sau :  

 Con  ng A : 60 65 70 68 62 75 80 83 82 69 73 75 85 72 67  
  88 90 85 72 63 75 76 85 84 70 61 60 65 73  76.   

  
 Con  ng B : 76 64 58 82 72 70 68  75  63  67 74 70 79  

  80 73  75 71  68 72 73  79 80 63  62 71  70  

  74 69 60 63.           

a)  Tm s trung bnh, s trung v,  ph ng sai v  lch chun ca tc   t 
trn mi con  ng A,  B.  

b)  Theo em th xe chy trn con  ng no an ton hn ? 
 
 

 

 
 

S dng my tnh b ti  trong thng k 

My tnh  b ti  (MTBT) l cng c  h tr rt c lc cho vic hc Thng k.  Nh 
MTBT,  Thng k  tr nn d hc v d ng dng.  

Chng hn,  i  vi  my CASIO fx - 500MS,   tnh  s trung bnh,  ph ng sai  v  
lch chun,  chng ta cn lm trnh  t theo cc b c sau  :  

1 )  u tin,   vo ch  tnh  ton  thng k,  ta n  

     MODE  2  

2)  Gi s mu  s l iu  l 1 2, , . . . , .nx x x   nhp s l iu,  ta n  

    1x   DT   2x   DT  . . .   nx   DT  
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 nhp mu s l iu  ,x x x1 2, , . . . ,
n

 trong   x
i
 c tn  s i ,n  ( 1, 2, . . . , ),i m=  ta n  

  1x  SHIFT  ; 1n  DT  2x  SHIFT ;  2n  DT . . .  

  
m

x  SHIFT ;
m

n  DT  

3)  Nhp d l iu  xong,   tnh  s trung bnh  x ,  ta n  

   SHIFT  S VAR  1  =  

4)   tnh   lch  chun s,  ta n  

   SHIFT  S VAR  2  =  

5)   tnh  ph ng  sai  2
s  (ly bnh  ph ng ca  lch chun),  ta n  tip 

    2
x =  

V d  1 .  Tnh  s trung  bnh,  ph ng sai,   lch  chun im cc mn hc ca An  
v d  6,  3.  

Sau khi  thc hin  b c 1 ,   nhp d l iu,  ta n  

2)  8  DT  7,5  DT  . . .  9  DT  

3)   tnh  trung bnh  ,x  ta n  

   SHIFT  S VAR  1  =  

Kt qu  x  =  8 ,1 ,   l s trung  bnh  cn tm.  

4)   tnh   lch chun s,  ta n  

   SHIFT  S VAR  2  =  

Kt qu s    0,555959449,   l  lch chun cn tm.  

5)   tnh  ph ng  sai  2
,s  ta n  tip 

    2
x  =  

Kt qu s2    0,309090909,   l ph ng sai  cn  tm.   

V d 2.  Tnh s trung bnh,  ph ng sai,   lch chun ca mu s l iu trong v d 7,  3.  

Sau khi  thc hin  b c 1 ,   nhp d l iu,  ta n  

2)  20 SHIFT ; 5 DT 21 SHIFT ; 8 DT . . .  24 SHIFT  ;  6 DT  

3)   tnh  trung  bnh  x ,  ta n   

   SHIFT  S VAR  1  =  

Kt qu  x  =  22,1 ,   l s trung bnh  cn tm.  
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4)   tnh   lch  chun s,  ta n  

   SHIFT  S VAR  2  =  

Kt qu s    1 ,240967365,  l  lch  chun cn tm.  

5)   tnh  ph ng  sai  2 ,s  ta n  tip 

    2x =  

Kt qu s2    1 ,54,   l ph ng sai  cn tm.   

Cu hi  v  bi  tp n tp ch ng V 

16.   Chn ph ng n ng trong bn ph ng n tr li sau y.  

Ng i ta xp s cn nng ca 10 hc sinh theo th t tng dn.  S trung v ca 
mu s liu ny l :  

(A) S cn nng ca hc sinh th nm ;   

(B)  S cn nng ca hc sinh th su ;  

(C) S cn nng trung bnh ca em th nm v th su ;  

(D) Khng phi cc s trn.  

17.   Chn ph ng n ng trong bn ph ng n tr li sau y.  

 lch chun l :  

(A) Bnh ph ng ca ph ng sai ;        (B) Mt na ca ph ng sai ;  

(C) Cn bc hai ca ph ng sai ;          (D) Khng phi l cc cng thc trn.  

Trong cc bi tp t 18 n 21 ,  yu cu tnh s trung bnh,  s trung v,  
ph ng sai,   lch chun chnh xc n hng phn trm.  

18.   Ng i ta phn 400 qu trng thnh nm lp cn c trn khi l ng ca chng 
(n v l gam).  Ta c bng phn b tn s ghp lp sau y.  

Lp Tn s 

[27,5  ;  32,5) 18 
[32,5  ;  37,5) 76 
[37,5  ;  42,5) 200 
[42,5  ;  47,5) 100 
[47,5  ;  52,5) 6 

 N =  400 

a)  Tnh s trung bnh.  
b)  Tnh ph ng sai v  lch chun.  
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19.   Mt ng i li xe th ng xuyn i li gia hai a im A  v B.  Thi gian i 
(tnh bng pht)  c ghi li trong bng phn b tn s ghp lp sau y.  

Lp Tn s 

[40 ;  44]  9 
[45  ;  49]  15  
[50 ;  54]  30 
[55  ;  59]  17 
[60 ;  64]  17 
[65  ;  69]  12 

 N =  1 00 

a)  Tnh thi gian trung bnh m ng i  i t A  n B.  

b)  Tnh ph ng sai v  lch chun.  

20.   Mt nh nghin cu ghi li tui ca 30 bnh nhn mc bnh au mt ht.  Kt 
qu thu  c mu s liu nh  sau :  

 21  17 22 18 20 17 15  13  15 20 15 12 18 17 25 17 21  15 

 12 18 16 23  14 18 19 13  16 19 18  17.       

a)  Lp bng phn b tn s.  

b) Tnh s trung bnh v  lch chun.  

c)  Tnh s trung v v mt.  

21.   Ng i ta tin hnh phng vn mt s ng i v mt b phim mi chiu trn 
truyn hnh.  Ng i iu tra yu cu cho im b phim (thang im l 100).  
Kt qu  c trnh by trong bng phn b tn s ghp lp sau y.  

Lp Tn s 

[50 ;  60) 2 
[60 ;  70) 6 
[70 ;  80) 10 
[80 ;  90) 8  
[90 ;  100) 4 

 N =  30 

a)  Tnh s trung bnh.  

b) Tnh ph ng sai v  lch chun.  
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Ta  c khi nim gc gia hai tia chung gc m ng i ta cn gi l gc hnh 
hc.  Trong bi ny,  ta s xy dng khi nim gc l ng gic lin quan cht 
ch vi gc hnh hc.  

1.  n v o gc v cung trn,  di ca cung trn  

a)   

Ta  bit  ng trn bn knh R  c  di bng 2 R  v c s o bng 360
o
.  

Nu chia  ng trn thnh 360 phn bng nhau th mi cung trn ny c  

di bng 
2

360 180

R R 
=  v c s o 1o,  gc  tm chn mi cung  c s o 

bng 1
o
.  

Vy cung trn bn knh R  c s o a
o
 (0 360)a   th c  di 


.

180

a
. R  

V d 1  

  S o ca 3
4
  ng trn l o o3 . 360 270 .

4
=  

 Cung trn bn knh R  c s o o72 th c  di l 
. 72 2. .
180 5

R
R

 =   

H1  Mt hi l l  di cung trn xch o c s o 
o

1

60

 
 
 

=  1 '.  Bit  di xch o 

l 40 000  km,  hi mt hi l di bao nhiu kilmt ?  

b) Raian 

Mt n v khc  c s dng nhiu trong ton hc,  khoa hc v k thut l 
raian.  N t ra thun li khi tnh  di cung trn.  

1
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Hnh 6.1  

nh ngha  

Cung trn c  di bng bn knh gi l  cung c s o 1  raian, 
gi tt l cung 1  raian.  Gc  tm chn cung 1  raian gi l  gc 
c s o 1  raian,  gi tt l gc 1  raian.  

1  raian cn vit tt l 1  rad.  

H2   hnh dung gc 1  rad ng i ta qun on dy di bng bn knh  ng trn 

quanh  ng trn  (h.6.1).  Hy lm iu trn v o xem gc 1  rad xp x bng bao 
nhiu .  

 Xt cc cung ca  ng trn bn knh R.  V cung 
trn c  di bng R th c s o 1  rad nn :  

  Ton b  ng trn (do c  di bng 2R) c s 

o raian l 
2

2
R

R


=   ;  

  Cung c  di bng l th c s o raian l  

   .
R

 =
l

 

Vy cung trn bn knh R c s o   raian th c  di 

      l =   R 

v khi R  =  1  (tc l trn  ng trn n v)  th  di cung trn bng s o 
raian ca n.  

 By gi, ta xt quan h gia s o raian v s o  ca cng mt cung trn.  

Gi s cung trn c  di l.  Gi   l s o raian v a  l s o  ca cung .  

Khi , theo cc cng thc v  di cung, ta c 

     . ,
180

a
R R


= =l  

suy ra  

                .
180

a
=


 

Vy cung c s o 1  raian th c s o  l 
180 ,


 tc l 

          1  rad =  
o

o180
57 17 ' 45" .

 
  

 

 Cung c s o 1   th c s o raian l ,
180


 tc l 

   o1 rad 0, 0175 rad.
180


=   
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Ch  

V tnh cht t nhin v thng dng ca raian, ng i ta th ng 
khng vit ch raian hay rad sau s o ca cung v gc,  chng hn 

2
  rad cng  c vit l .

2
  

Ghi nh 

Bng chuyn i s o  v s o raian ca mt s cung trn 

 30o 45o 60o 90o 120o 135o 150o 180o  270o  360o  

Raian
6


4


3


2
 2

3
 3

4
 5

6


  3
2
  2  

 

2.  Gc v cung l ng gic 

Khi nim gc v cung l ng gic gn cht vi vic quay quanh mt im 
trong mt phng.  

a)  Khi nim gc l ng gic v s o ca chng  

  kho st vic quay tia Om  quanh im O,  ta cn chn mt chiu quay gi 
l chiu d ng.  Thng th ng, ta chn  l chiu ng c chiu quay ca kim 
ng h (v chiu quay ca kim ng h gi l chiu m)  (h.6.2).  

 
 
 
 
 

 

Hnh 6.2  

Khi ,  nu tia Om  quay theo chiu d ng ng mt vng th ta ni tia Om 

quay gc 360o  (hay 2  rad),  quay ng hai vng th ni n quay gc 720o  

(hay 4  rad),  quay theo chiu m na vng th ni n quay gc 180o  

(hay    rad),  quay theo chiu m ba vng bn phn by (tc 
25

7
 vng) th ni 

n quay gc o25
.360

7
 (hay 

50
rad)

7



. . .  
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 Cho hai tia Ou,  Ov.  Nu tia Om  quay ch theo chiu d ng (hay ch theo 

chiu m) xut pht t tia Ou  n trng vi tia Ov  th ta ni :  Tia  Om qut mt 

gc l ng gic  tia u Ou,  tia cui Ov.  Khi quay nh  th, tia Om  c th gp 

tia Ov  nhiu ln,  mi ln ta  c mt gc l ng gic tia u Ou,  tia cui Ov.  

Do ,  cho hai tia Ou,  Ov  th c v s gc l ng gic (mt h gc l ng gic) 

tia u Ou,  tia cui Ov.  Mi gc l ng gic nh  th u  c k hiu l 

(Ou,  Ov).   

Khi tia Om  quay gc ao  (hay   rad) th ta ni gc l ng gic m tia  qut 

nn c s o  ao  (hay   rad).  

Nh  vy :  

Mi gc l ng gic gc  O   c xc nh bi tia u Ou,  tia cui 

Ov v s o  (hay s o raian) ca n.  

V d 2.  Trn mi hnh 6.3  a),  b)  u c biu din gc l ng gic tia u Ou,  

tia cui Ov  v c s o 150o.  

a)  Gc th hai trn hnh 6.3  a)  c  c do tia Om  quay tip theo chiu d ng 

hai vng na nn c s o 150o  +  2.360o  (=  870o).  

b)  Gc th hai trn hnh 6.3  b)  c  c do tia Om  quay theo chiu m t Ou 

n trng Ov ln u tin nn c s o o o o o o(360 150 ) 150 360 ( 210 ).  =  =   

Nu cho tia Om quay tip mt vng na theo chiu m th  c gc l ng 

gic (Ou,  Ov)  c s o 150o    2.360o  (=  570o).                  

 

 

 

 

 

 

H3  Trn hnh 6.4 c ba gc l ng gic  

(Ou,  Ov) ,  trong  mt gc c s o .
2


  

Hi hai gc l ng gic cn li c s o 

bao nhiu ?   Hnh 6.4  

Hnh 6.3
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Tng qut :  

Nu mt gc l ng gic c s o ao  (hay   rad) th mi gc l ng 

gic cng tia u, tia cui vi n c s o dng o o360a k+  (hay  

 + k2 rad),  k l s nguyn,  mi gc ng vi mt gi tr ca k.  

V d 3.  Gi s gc hnh hc uOv  trn hnh 6.5  

c s o 60o.  Khi  d thy cc gc l ng gic tia 

u Ou, tia cui Ov c s o o o60 360 ,k+  cn 

cc gc l ng gic tia u Ov,  tia cui Ou c s o 
o o60 360k +  (k   Z).                 

Ch  

Khng  c vit ao  +  k2  hay   +  k360o  (v khng cng n v  o).  

b) Khi nim cung l ng gic v s o ca chng 

 V mt  ng trn tm O  bn knh R.  Nu tia Om  ct  ng trn ti M th 

vic cho tia Om  quay quanh O  cng c ngha l cho im M chy trn  ng 

trn .  Chiu quay ca tia Om  cho ta chiu di ng ca im M trn  ng 

trn :  chiu d ng l chiu ng c chiu quay ca kim ng h v chiu m l 

chiu quay ca kim ng h nh   hnh 6.6.   ng trn vi chiu di ng  

 c chn nh  th gi l  ng trn nh h ng.   

 
 

 

 

 

 

Hnh 6.6 

Gi giao ca cc tia Ou,  Ov  ni trn vi  ng trn  l U v V.  Khi tia Om  

qut nn gc l ng gic (Ou,  Ov)  th im M chy trn  ng trn lun theo 

mt chiu t im U n im V.  Ta ni im M vch nn mt cung l ng gic   

Hnh 6.5 
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mt u (im u)  U,  mt cui (im cui)  V,  t ng ng vi gc l ng gic 

(Ou,  Ov).  Vy hai im U v V trn  ng trn nh h ng xc nh v s cung 

l ng gic (h cung l ng gic) mt u U,  mt cui V,  cng  c k hiu l UV.  

 Ta coi s o ca gc l ng gic (Ou,  Ov)  l s o ca cung l ng gic UV  

t ng ng.  T  :   

Trn  ng trn nh h ng,  mi cung l ng gic  c xc nh 

bi mt u,  mt cui v s o ca n.  Nu mt cung l ng gic  

UV c s o  th mi cung l ng gic cng mt u U,  mt cui V 

c s o dng   +  k2  (k   Z) ;  mi cung ng vi mt gi tr ca k.  

Nu    l s o ca cung l ng gic UV  

vch nn bi im M chy trn  ng trn 

theo chiu d ng t U n gp V ln u 

tin th 0     < 2 v   chnh l s o ca 

cung trn (hnh hc) UV  (h.6.7).   

3.  H thc Sa-l  

 Ta  bit,   di i s AB  ca vect AB


 trn  

trc s Ox (vi vect n v i )  l s xc nh bi  

AB


 =  ( AB ) .i  Khi ,  vi ba im tu  A,  B,  C  trn 

trc  s,  t AB


 +  BC


 =  AC


 suy ra ng thc s  

AB  +  BC  =  AC  gi l h thc Sa-l v  di i s.  

Ta tha nhn mt h thc c dng t ng t gi l h thc 

Sa-l v s o ca gc l ng gic  :  

Vi ba tia tu   Ou,  Ov,  Ow,  ta c  

            s(Ou,  Ov) +  s(Ov,  Ow) =  s(Ou,  Ow)  +  k2   (k Z).  

 l mt h thc quan trng trong tnh ton v s o ca gc l ng gic. 

T h thc trn suy ra :  Vi ba tia tu  Ox, Ou,  Ov,  ta c  

   s(Ou,  Ov)  =  s(Ox,  Ov)    s(Ox,  Ou)  +  k2   (k  Z).  

Mi-sen Sa-l

(Michel Chasles 1 793   1 880)  

Hnh 6.7 
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V d 4.  Nu mt gc l ng gic (Ox,  Ou)  c s o 
11

4


  v mt gc l ng 

gic (Ox, Ov) c s o 
3

4


 th mi gc l ng gic (Ou, Ov) c s o 

3
2

2
k


+    

(k   Z).   
 

  i vi cc cung l ng gic,  ta cng c h thc Sa-l :  

Vi ba im tu   U, V,  W trn  ng trn nh h ng,  ta c 

  s UV  +  s VW =  s UW +  k2  (k   Z).  

Cu hi  v  b i  tp 

1.    Trong cc khng nh sau, khng nh no ng, khng nh no sai ?  

a)  S o ca cung trn ph thuc vo bn knh ca n.  

b)   di cung trn t l vi s o ca cung .  

c)   di cung trn t l vi bn knh ca n.  

d)  Nu Ou,  Ov  l hai tia i nhau th s o ca cc gc l ng gic (Ou,  Ov)  

l (2k +  1 ),  k   Z.  

2.    Kim pht v kim gi ca ng h ln nh B u in TP.  H Ni theo th t di 
1 ,75  m v 1 ,26 m.  Hi trong 15  pht,  mi kim pht vch nn cung trn c  
di bao nhiu mt ?  Cng cu hi  cho mi kim gi.  

3.    in vo cc  trng trong bng 

S o  60o  240o    3100o   

S o 
raian 

  
3

4


  

1 6

3


   

68

5


 

4.    a)  i s o  ca cc cung trn sau thnh s o raian (chnh xc n  

hng phn nghn) 21 o30'  v 75o54'.  

b)  i s o raian ca cc cung trn sau ra s o  (chnh xc n pht)  :   

2,5  rad v 
2



 rad (c th dng my tnh b ti,  xem bi c thm).  

5.    Coi kim gi ng h l tia Ou,  kim pht l tia Ov.  Hy tm s o ca cc gc 
l ng gic (Ou,  Ov)  khi ng h ch 3  gi,  ch 4 gi,  ch 9 gi,  ch 10 gi.  
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6.    Chng minh rng :  

a)  Hai gc l ng gic c cng tia u v c s o l 
10

3


 v 

22

3


 th  c cng 

tia cui ;  

b)  Hai gc l ng gic c cng tia u v c s o l 645
o
 v 435

o
 th  c 

cng tia cui.  

7.    Tm s o a
o
,  180 < a    1 80,  ca gc l ng gic c cng tia u v tia cui 

vi gc trn mi hnh sau (h.6.8)  :  

 

 

 

 

Hnh 6.8 

Luyn tp 

8.    Cho ng gic u A0A1A2A3A4  ni tip  ng trn tm O  (cc nh  c sp 
xp theo chiu ng c chiu quay ca kim ng h).  Tnh s o ( v raian) 

ca cc cung l ng gic 0 iA A ,  i jA A  (i,  j =  0,  1 ,  2,  3,  4,  i     j).  

9.    Tm gc l ng gic (Ou,  Ov)  c s o d ng nh nht,  bit mt gc l ng 
gic (Ou,  Ov)  c s o :  

a)  90
o
 ;  b)  1000

o
 ;   c)  

30

7


 ;   d)  

15 .
11


  

10.   Tm s o raian ,      <    ,  ca gc l ng gic c cng tia u,  tia cui 
vi gc trn mi hnh sau (h.6.9)  :  

  

 

 

 

 
Hnh 6.9 

11.   Chng minh rng hai tia Ou  v Ov  vung gc vi nhau khi v ch khi gc 

l ng gic (Ou,  Ov)  c s o (2k +  1 ) ,
2


 k  Z.  



 192 

12.   Kim gi v kim pht ng h bt u cng chy t v tr tia Ox ch s 12 (tc 

lc 0 gi).  Sau khong thi gian t gi (t ly gi tr thc khng m tu ),  kim 

gi n v tr tia Ou,  kim pht n v tr tia Ov.  

a)  Chng minh rng khi quay nh  th,  kim gi qut gc l ng gic (Ox,  Ou)  

c s o ,
6


 t  kim pht qut gc l ng gic (Ox,  Ov)  c s o 2t.  Hy tm 

s o ca gc l ng gic (Ou,  Ov)  theo t.  

b)  Chng minh rng hai tia Ou  v Ov  trng nhau khi v ch khi  t =  
1 2

11

k
vi  

k =  0,  1 ,  2,  3,  . . .  
c)  Chng minh rng trong vng 12 gi (0   t   12), hai tia Ou  v Ov   v tr hai 

tia i nhau khi v ch khi 
6
(2 1)

11
t k= +  vi k =  0,  1 ,  . . .,  10.  

13.  Hi hai gc l ng gic c s o raian 
35

3


 v 

5

m
 (m  l s nguyn) c th 

c cng tia u,  tia cui khng ?  

 
 

Trong mc ny,  ta s m rng cc gi tr l ng gic ca gc hnh hc thnh 
gi tr l ng gic ca gc l ng gic.   l c s  xy dng cc hm s 
l ng gic,  nhng hm s quan trng trong ton hc,  khoa hc v k thut,  
lin quan mt thit n thc tin.  

1.   ng trn l ng gic 

a) nh ngha  

 ng trn l ng gic l mt  ng trn n v (bn knh 
bng 1 ),  nh h ng,  trn  c mt im A gi l im gc.   

Nhc li rng ng i ta lun quy c  trn  ng trn l ng gic,  chiu ng c 
chiu quay ca kim ng h l chiu d ng v chiu quay ca kim ng h l 
chiu m.  

2
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b) T ng ng gia s thc v im trn  ng trn l ng gic 

Cho  ng trn l ng gic tm O,  gc A.  Vi mi s thc ,  hin nhin c 

mt cung l ng gic duy nht AM c s o   (rad),  cng c ngha l c mt 

gc l ng gic duy nht (OA,  OM)  c s o .   Cung v gc l ng gic  

gi tt l cung   v gc   ;  i khi ta cng vit AM =    v (OA,  OM)  =  .   

im  M thuc  ng trn l ng gic sao cho  (OA,  OM)  =    gi 

l  im xc nh bi s  (hay bi cung ,  hay bi gc ).  
im M cn  c gi l im trn  ng trn l ng gic biu 

din cung (gc) l ng gic c s o .  

Ta nhn xt ngay rng :  

ng vi mi s thc   c mt im trn  ng trn l ng gic 

(im xc nh bi s ) t ng t nh  trn trc s.  Tuy nhin,  mi 

im trn  ng trn l ng gic ng vi v s s thc.  Cc s thc 

 c  dng   +  k2,  k   Z.  

H1   thy r hn t ng ng gia s thc v im 

trn  ng trn l ng gic,  hy xt trc s At (gc A)  l 

tip tuyn ca  ng trn l ng gic ti A ,  hnh dung At 

l mt si dy v qun dy  quanh  ng trn l ng 

gic nh   hnh 6.10 : im M1  trn trc At c to    

n trng vi im M trn  ng trn l ng gic tho 

mn s AM =  ,  tc M xc nh bi .  Hi : 

a) Cc im no trn trc s At n trng vi im A  trn 

 ng trn l ng gic ?  

b)  Cc im no trn trc s At n trng vi im A '  trn  ng trn l ng gic (A '  

l im i xng ca A  qua tm O  ca  ng trn)  ? Hai im tu  trong s cc 

im  cch nhau bao nhiu ? 

c)  H to  vung gc gn vi  ng trn l ng gic 

Cho  ng trn l ng gic tm O,  im gc A.  Xt h to  vung gc Oxy  

sao cho tia Ox trng vi tia OA,  gc l ng gic (Ox,  Oy) l gc 
2


 + k2,  k   Z  

(h.6.11 ).  H to    c gi l h to  vung gc gn vi  ng trn 
l ng gic  cho.  

Hnh 6.10  
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Sau ny,  ta lun xt  ng trn l ng gic trong 
h to  vung gc gn vi n.  

H2  Tm to  ca im M trn  ng trn l ng 

gic sao cho cung l ng gic AM c s o 
3

4


 

(h.6.11).  

2.  Gi tr l ng gic sin v csin 

a) Cc nh ngha 

Vi mi gc l ng gic (Ou, Ov) c s o , ly im 

M trn  ng trn l ng gic  (OA, OM) = ,  tc 

l im M xc nh bi s  (h.6.12). Gi to  ca 
M trong h to  gn vi  ng trn  l (x ;  y).   

Honh   x ca  M  c  gi l  

csin  ca gc l ng gic  (Ou,  Ov)  

hay ca    v k hiu   

 cos(Ou,  Ov)  =  cos  =  x.  

Tung  y ca M  c gi l sin  

ca gc l ng gic  (Ou,  Ov) hay 

ca    v k hiu   

 sin(Ou,  Ov)  =  sin  =  y.  

Nu s(Ou,  Ov)  =  ao  th ta cng vit  

   cos(Ou,  Ov)  =  cosao,     

   sin(Ou,  Ov)  =  sinao.  

V d 1  

a) 
1

cos
3 2

 
 = 

 
 ;  

    
3

sin
3 2

 
 =  

 
 (h.6.13).  

b)  sin 225o  =  
2

2
  ;  

    o 2
cos 225

2
=   (h.6.14).                  

Hnh 6.12  

Hnh 6.1 1  

Hnh 6.13  

Hnh 6.14 
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Ch  

Gi i OA=


,  j OB=


 l cc vect n v trn trc honh v trc 

tung (h.6.12).  Khi ,  nu im M thuc  ng trn l ng gic xc 
nh bi s   th  

OM


 =  (cos) i +  (sin) ,j  

tc l M c to  (cos  ;  sin).  

Gi H,  K theo th t l hnh chiu vung gc ca im M trn Ox 

v Oy  th  (cos )=


OH i  v OK


 =  (sin) ,j  tc l  

   cos   = OH  ;  sin = OK .  

Trong l ng gic,  ng i ta cn gi trc Ox l trc csin  v trc Oy 
l trc sin.  

H3  

a)  Tm    sin  =  0.  Khi ,  cos  bng bao nhiu ?  

b)  Tm    cos  =  0.  Khi ,  sin  bng bao nhiu ? 

b) Tnh cht 

1 ) V cc gc l ng gic   +  k2,  k   Z  cng xc nh mt im M trn 

 ng trn l ng gic nn ta c 

cos(  +  k2)  =  cos  ;  sin(  +  k2)  =  sin.  

2)  Vi mi ,  ta lun c  

1    cos    1  ;  1    sin    1 .  

3)  V OH2  +  OK2  =  OM2  =  1  (h.6.12) nn ta c 

cos2  +  sin2  =  1 .  

H4  

a)  Trn  ng trn l ng gic gc A,  xt cung l ng gic AM c s o .  Hi im M 
nm trong na mt phng no th cos  > 0,  trong na mt phng no th  
cos  < 0  ? V hnh minh ho.  Cng cu hi  cho sin.   

b)  Hy xc nh du ca sin3  v cos3.  
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3.  Gi tr l ng gic tang v ctang 

a) Cc nh ngha 

Cho gc l ng gic (Ou,  Ov)  c s o .  

Nu  cos    0 (tc     
2


 +  k,  k   Z)  th t s 

sin

cos




  c gi 

l tang ca gc ,  k hiu l tan  (ng i ta cn dng k hiu  tg).   

Vy  

 tan(Ou,  Ov)  =  tan  =  
sin .
cos




 

Nu sin    0 (tc     k,  k   Z)  th t s 
cos

sin




  c gi l 

ctang ca gc , k hiu l cot  (ng i ta cn dng k hiu  cotg).  

Vy 

cot(Ou,  Ov)  =  cot  =  
cos .
sin




 

Khi s (Ou,  Ov)  =  ao,  ta cng vit 

tan(Ou,  Ov)  =  tanao ;    cot(Ou,  Ov)  =  cotao.  

V d 2. Theo v d 1 ,  ta c 

a)  

 
      = = =       

 

3
sin

3 2tan 3
13

cos
23

;   

b)  


= = =



o
o

o

2
cos 225 2cot225 1 .

2sin 225

2

   

b)  ngha hnh hc 

 Xt trc s At gc A,  tip xc vi  ng trn l ng gic ti im gc A  v 
cng h ng vi trc Oy.  Khi (OA,  OM)  =    sao cho cos    0 th  ng thng 
OM ct trc At ti im T c to  l (1  ;  tan),  tc l 

     tan .AT=  
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Thc vy,  ng thng qua gc O  (khc Oy) 
c ph ng trnh y  =  kx nn n i qua im 

M(cos  ;  sin)  khi v ch khi 
sin .
cos

=k



 

Vy ph ng trnh  ng thng OM l 
sin

.
cos

y x



=  (h.6.15).  R rng, giao im 

T ang xt c honh  x =  1  nn tung  

ca T l 
sin

tan .
cos

y





= =  

V vy,  trc At cn gi l trc tang.  

 Xt trc s Bs gc B  tip xc vi  ng 
trn l ng gic ti B(0 ;  1 ),  cng h ng 
vi Ox (h.6.16).   

Khi (OA,  OM)  =    m sin    0 th  ng 
thng OM ct trc Bs  ti im S c to  
l (cot  ;  1 ),  tc l   

          cot  = BS  

(chng minh t ng t nh  trn).  

V vy,  trc Bs cn gi l trc ctang.     Hnh 6.16  

V d 3. a) tan(45o)  =  1   (h.6.17).     

b)  cot
7

6

 
 
 

= 3    (h.6.18).                          

 

 
 
 
 

 

 
 

    Hnh 6.17          Hnh 6.18            Hnh 6.19 

H5  Cc trc to  Ox,  Oy  chia mt phng thnh bn gc phn t  I,  II,  III,  IV 
(h.6.19).  Hi vi im M nm trong gc phn t  no th  
a)  tan(OA, OM)  > 0  ? 

b)  cot(OA, OM)  < 0  ? 

 

 

 

 

 

 

 

Hnh 6.15 
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c)  Tnh cht 

1 ) T  ngha hnh hc ni trn,  suy ra :  Vi mi k   Z,  ta c

tan(  +  k)  =  tan  ;  cot(  +  k)  =  cot  

(khi cc biu thc c ngha).  

2) T nh ngha tang v ctang, suy ra  

Khi sin.  cos    0 (tc khi     k ,
2
  k   Z),  ta c  

                    cot  =  
1 .

tan
 

3)  T nh ngha tang v ctang v t cng thc sin2  +  cos2  =  1 ,  ta suy ra 

ngay cc cng thc  

Khi cos    0,    1  +  tan2  =  
2

1 .
cos 

 

 

Khi sin    0,             1  +  cot2  =  
2

1 .
sin 

 

4.  Tm gi tr l ng gic ca mt s gc 

 T nh ngha cc gi tr l ng gic ni trn,  ta thy :  Nu gc l ng gic 

(Ou,  Ov)  c s o ,  0         th cc gi tr l ng gic ca n bng cc gi 

tr l ng gic ca gc hnh hc uOv   hc tr c y.  Vy ta c bng sau :  

  0 
6


 

4


 

3


 

2


 

sin  0 
1

2
 

2

2

3

2
1  

cos  1  3

2

2

2

1

2
 0 

tan  0 
1

3
1  3  Khng xc nh 

cot  Khng xc nh 3  1  
1

3
0 
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 Khi bit mt gi tr l ng gic ca gc ,  c th dng cc cng thc l ng 
gic  mc 2,  mc 3  v du ca gi tr l ng gic  tnh ton cc gi tr 

l ng gic cn li ca gc .  

V d 4. Cho ,  3
2




 < < .  Hy tm cos,  nu bit 
4 .sin
5

=   

Gii.  Do 3
2




 < <  nn cos  < 0,  t   

 2 3 .cos 1 sin
5

=   =     

V d 5. Cho ,  0
2




 < < .  Hy tm cos,  sin,  bit 
5 .tan
2

=   

Gii.  Do 0
2




 < <  nn cos  > 0.  Vy t  

   2
2

1 1 4 ,cos
5 91 tan 1
4

= = =

+ +





 

suy ra 2cos
3

 =  v t  5 .sin cos . tan
3

= =      

Ch  

V cho gc l ng gic (Ou,  Ov)  cng c ngha l cho cung l ng 

gic UV  t ng ng trn  ng trn l ng gic tm O,  nn ni v 

cc gi tr l ng gic ca gc (Ou,  Ov)  cng c ngha l ni v cc 

gi tr l ng gic ca cung UV  t ng ng.  

Cu hi  v  b i  tp 

14.   Mi khng nh sau ng hay sai ?  

a)  Nu   m th t nht mt trong cc s cos,  sin  phi m.  

b)  Nu   d ng th sin  =  21 cos  .  

c) Cc im trn  ng trn l ng gic xc nh bi cc s thc sau trng nhau :  

    7 13 71 .; ; v
4 4 4 4
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d)  Ba s sau bng nhau :    

cos
245o ;  ( )sin cos

3 3
   v  sin210o.  

e)  Hai s sau khc nhau :   

( )11 5sin v sin 1505 .
6 6
  +   

g) Cc im ca  ng trn l ng gic ln l t xc nh bi cc s 0 ;  ;
3

 2
;

3


 

;  
2

3


 v 

3


  l cc nh lin tip ca mt lc gic u.  

15.   Tm cc im ca  ng trn l ng gic xc nh bi s   trong mi 
tr ng hp sau :  

a)  2cos 1 sin =   ;    b)  2sin sin =  ;     c)  tan  =  
21 cos .

cos

 


 

16.   Xc nh du ca cc s sau :  

a)  sin 156o ;  cos(80o)  ;  
  

 
17

tan
8

 v tan 556o  ;  

b)  sin
4


 + 

 
 ;  

3
cos

8


  
 

 v tan ,
2

  
 
  bit rng .0

2


< <  

17.  Tnh cc gi tr l ng gic ca cc gc sau :  

a)   (2 1) ;
3

k


+ +         b)  ;k   c)  ;
2

k


+    d)  
4

k


+       (k   Z).  

18.  Tnh cc gi tr l ng gic ca gc   trong mi tr ng hp sau :  

a)  cos  =  
1 ,
4

 sin  < 0 ;   b)  sin  =  
1
,

3
  

3

2 2


 
< <  ;  

c)  tan  =  
1 ,
2

   <   < 0.  

19.   n gin cc biu thc :  

a)  4 2 2sin sin cos  + ;  b)  
2

1 cos 1

1 cossin







+
 (gi s sin    0)  ;  

c)  
2 2

2
2

1 sin cos
cos

cos

 





  (gi s cos    0).  
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Luyn tp 

20.   Tnh cc gi tr l ng gic ca cc gc sau :  

  225o,  225o,  750o,  510o,  
5

,
3


 
11

,
6


 

10
,

3


  

17
.

3


  

21.   Xt gc l ng gic (OA,  OM)  =  ,  trong  M l im khng nm trn cc 

trc to  Ox,  Oy.  Hy lp bng du ca sin,  cos,  tan  theo v tr ca M 

thuc cc gc phn t  I,  II,  III,  IV trong h to  Oxy.  Hi M  trong gc 

phn t  no th :  

a)  sin,  cos  cng du ?    b)  sin,  tan  khc du ?  

22.  Chng minh cc ng thc sau :  

a) cos4    sin4  =  2cos2    1  ;   

b) 1    cot4  =  
2 4

2 1

sin sin 

  (nu sin    0) ;  

c) 
2

2
2

1 sin
1 2 tan

1 sin






+
= +



 (nu sin    1).  

23.  Chng minh cc biu thc sau khng ph thuc   :  

a)  4 2 4 2sin 4 cos cos 4 sin   + + +  ;  

b)  2(sin6  +  cos6)    3(cos4  +  sin4)  ;  

c)  
2 cot 1

tan 1 cot 1



 

+
+

 
 (nu tan    1 ).  
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s dng my tnh b ti   i  s o gc 
v tm gi tr  l ng gic 

C th dng my tnh  b ti   tm gi tr  l ng gic ca gc l ng  gic v i  s o 
 ca cung trn  ra raian v ng c li.  Chng hn,  dng  my tnh  CASIO  
fx   500MS :  

   tnh  sin  
9

4

 
 

 
 th  n  

 MODE  MODE  MODE  2  sin  (  ( ) 9  SHIFT     4  =   

Kt qu l   0,707 106 781  
2

2

 
  

 
.  

   tnh  tan  63o
52'41 ''

 
th n  

 MODE  MODE  MODE  1  tan  63         52        41        =  
Kt qu l 2,039 276 645.  

  i  33o
45 '  ra raian th n   

 MODE  MODE  MODE  2  33        45          SHIFT  DRG  1  =  

Kt qu l 0,589 048 622.  

   i  
3

4
 rad  ra  th n   

 MODE  MODE  MODE  1  (  3    4  )  SHIFT  DRG  2  =   

Kt qu l 42o58'19''  (xp x).  
 

 

 

H  Xt hai im M,  N  thuc  ng trn l ng gic xc nh bi hai gc c lin 

quan nu trong bn tr ng hp 1,  2,  3,  4 d i y.  C nhn xt g v v tr ca hai 

im M,  N i vi h trc to  Oxy  cho mi tr ng hp ? T  gii thch ti sao c 

cc cng thc sau y (ch xt cc gc l ng gic m biu thc trong cng thc 

c ngha).  

3
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1.  Hai gc i nhau      

 (OA,  OM)  =  ,  (OA,  ON)  =    (h.6.20).  

     sin() = sin  

    cos() = cos  

    tan() = tan  

    cot()  = cot.  

           Hnh 6.20 

2.  Hai gc hn km nhau  

(OA,  OM)  =  ,  (OA,  ON)  =    +    (h.6.21 ).  

   sin(  +  )    =   sin  

    cos(  +  )   =   cos  

   tan(  +  )   =   tan  

   cot(  +  )    =   cot.    

         Hnh 6.21  

 

3.  Hai gc b nhau      

(OA,  OM)  =  ,  (OA,  ON)  =        (h.6.22).  

  

    sin(    )    =  sin  

     cos(    )   =  cos  

     tan(    )   =  tan  

    cot(   )   =  cot.  

           Hnh 6.22  
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4.  Hai gc ph nhau       

(OA,  OM)  =  ,  ( , )
2

OA ON


=    (h.6.23).  

     sin
2


 

 = 
 

 cos  

     cos
2


 

 = 
 

 sin  

     tan
2


 

 = 
 

 cot  

     cot
2


 

 = 
 

 tan.            

 
Nhn xt.  Nh cc cng thc trn,  ta c th  a vic tnh gi tr l ng gic 
ca mt gc l ng gic tu  v vic tnh gi tr l ng gic ca gc ,  

0
2




  ,  thm ch .0
4


   

Vy c th dng bng tra cu sin v csin ca cc gc c s o ao  
(0 45)a    tm sin v csin ca cc gc l ng gic tu .  Chng hn  

tm sin(100o),  ta c th tin hnh nh  sau :  

sin(100o)  =    sin100o  =   sin(180o    1 00o)  

        =   sin80o   =   cos(90o    80o)  =   cos10o.  

V d 

a) T cc cng thc trn,  ta d dng suy ra cc cng thc th ng gp sau y 

v hai gc hn km nhau 
2


 (cng c th dng hnh v  nhn nhn cc cng 

thc ny, xem hnh 6.24).  

cos
2


 

+ 
 

 =  cos ( )
2


 

  
 

 =  sin()  =  sin  ;  

sin
2


 

+ 
 

 =  sin ( )
2


 

  
 

   =  cos()  =  cos  ;  

tan
2


 

+ 
 

 =  cot  ;  

cot
2


 

+ = 
 

tan.    

Hnh 6.23  

Hnh 6.24 
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b)  
1 3 13

cos cos cos 3
4 4 4

     
 = =  +   

   
 

          
2 .cos cos

4 4 2

  
=  + =  =  

 
 

c)  o o o o o o o otan10 tan 20 tan 30 tan 40 tan 50 tan 60 tan 70 tan 80  =  

= =o o o o o o o o(tan10 tan 80 ).(tan 20 tan 70 ).(tan 30 tan 60 ).(tan 40 tan 50 ) 1  

(do o o o o otan tan(90 ) tan cot 1a a a a = = ).   

Ch  

Nu s o ca gc hnh hc  uOv  l   (0       )  th s o ca gc 

l ng gic tu  (Ou,  Ov)  bng   +  k2  hoc   +  k2  (k   Z).  Do 

,  t cc cng thc cos()  =  cos  ;  sin()  =  sin,  ta c 

  cos cos( , )uOv Ou Ov= ,  sin sin( , )uOv Ou Ov=  

  vi mt gc l ng gic (Ou,  Ov)  tu .  

Cu hi  v  b i  tp 

24.   Mi khng nh sau ng hay sai ?  

a)  Khi   i du (tc thay   bi )  th cos  v sin  i du cn tan  khng 
i du.  

b)  Vi mi ,  sin2  =  2sin.  

c)  Vi mi ,  sin cos( ) cos sin( ) 0.
2 2

   
    

  +  +  +   =   
   

  

d)  Nu cos    0 th 
cos( 5 ) 5

5.
cos

 

 

 
= =   

e)  2 2 3
cos cos 1 .

8 8

 
+ =   g)  2 .sin cos

10 5
 =  

25.   Tm cc mi lin h gia cc gi tr l ng gic ca cc cung   v     3 .
2
  

26.   Tnh :  

a)  2 o 2 o 2 o 2 osin 10 sin 20 sin 30 .. . sin 80+ + + +  (8  s hng) ;  
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b)  o o o ocos10 cos 20 cos 30 .. . cos180+ + + +  (18  s hng) ;  

c)  o o o ocos 315 sin 330 sin 250 cos160+ +  .  

27.   Dng bng tnh sin,  csin (hoc dng my tnh b ti)   tnh cc gi tr sau 
(chnh xc n hng phn nghn) :  

cos(250o)  ;  sin520o v sin 11 .
10
  

28.  Xt h to  vung gc Oxy  gn vi  ng trn l ng gic.  Kim nghim 

rng im M vi to  ( )4 3
;

5 5
  nm trn  ng trn l ng gic .   

Gi s im M xc nh bi s .  Tm to  cc im xc nh bi cc s :   

      ;    +    ;  
2


     v 

2


 +  .  

29.   Bit tan15o  =  2   3 ,  hy tnh cc gi tr l ng gic ca gc 75o.  

Luyn tp 

30.   Hi cc gc l ng gic c cng tia u v c s o nh  sau :   

2594o ;  646o  ;  2446o  v 74o  
th c cng tia cui khng ? 

31.   Xc nh du ca cc gi tr l ng gic sau :  

cos250o  ;  tan(672o)  ;  tan 31
8
  ;  sin(1050o)  v cos 16 .

5
  

32.  Hy tnh cc gi tr l ng gic ca gc   trong mi tr ng hp sau :  

a) sin  =  4
5
 v cos  < 0 ;   b)  cos  =  8

17
  v 

2


< <   ;  

c)  tan  =  3 v   <   < 3 .
2
   

33.   a)  Tnh ( )  
+ + 

25 25 25sin cos tan
6 3 4

.  

b)  Bit sin (  +  )  =  
1 ,
3

  tnh cos(2    ),  tan(    7)  v ( )3sin
2


 .  
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34.   Chng minh rng :  

a)  
2 2

1 2 sin cos 1 tan

1 tancos sin

  

 

 
=

+
 (khi cc biu thc  c ngha) ;  

b)  tan2    sin2  =  tan2 sin2  ;   c)  2(1  sin)(1+  cos)  =  (1    sin  +  cos)2.  

35.   Bit sin    cos  =  m,  hy tnh sin3    cos3.  

36.   Vi s ,  0 <    < ,
2
  xt im M ca  ng trn l ng gic xc nh bi s 2  

ri xt tam gic vung A'MA  (A'  i xng vi A  qua tm O  ca  ng trn).  

a)  Tnh AM2  bng hai cch khc nhau  suy ra cos2  =  1    2sin2.  

b)  Tnh din tch ca tam gic A 'MA  bng hai cch khc nhau  suy ra 

sin2  =  2sin  cos.  

c)  Chng minh sin 1 2 2 ,
8 2
 =  1cos 2 2

8 2
 = +  ri tnh cc gi tr 

l ng gic ca cc gc  3 5 .v
8 8
   

37.   Trong h to  vung gc Oxy  gn vi mt  ng trn l ng gic,  cho im 

P  c to  (2 ;  3).  

a) Chng t rng im M sao cho 
OP

OM
OP

=







 l giao im ca tia OP  vi 

 ng trn l ng gic .  

b) Tnh to  ca im M v t  suy ra csin, sin ca gc l ng gic (Ox,  OP).  
 
 

 

iu l : 
o

 

 

180 180
sin sin

180 180
 !   

Tht vy,  t 
180

180
x


=

+ 
 th  ta c  

2180
sin sin( ) sin sin

180 180
x x

  
=   =   = 

+  +  
 

            osin sin
180

x
x


= =  (ch   rng  o ).

180

x
x rad


=  

Em

cob i t
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C th th li  iu l  ny nh my tnh  b ti  CASIO fx   500MS bng cch n   

180   SHIFT      ( 180 +  SHIFT    =  SHIFT  STO  A   

ON  MODE  MODE  MODE  1  sin  ALPHA  A  =  

Kt qu l 0,053 864 486. 

n  tip :  

ON  MODE  MODE  MODE  2  sin  ALPHA  A  =   

Cho kt qu 0,053 864 486. 

Cc s  
180

(2 1)
180

y k


= +
+ 

  (k   Z),  

  
360

.
180

z l


=
 

  (l    Z)  

cng  c tnh  cht osin siny y= ,  osin sin .z z=  

 

 

 

 

1.   Cng thc cng 

a) Cng thc cng i vi sin v csin 

Vi mi gc l ng gic ,  ,  ta c 

 cos(    )  =  cos cos  +  sin sin  

   cos(  +  )  =  cos cos    sin sin  

 sin(    )  =  sin cos    cos sin  

   sin(  +  )  =  sin cos  +  cos sin.  

4
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Chng minh 

1 ) Gi s cc im M v N trn  ng trn 

l ng gic theo th t xc nh bi   v   
(h.6.25) th OM



 c to  (cos  ;  sin), 
ON


 c to  (cos  ;  sin ) v tch v h ng   

.OM ON =
 

 cos cos  +  sin sin.          

Mt khc  

 .OM ON =
 

 =. cos cos ,OM ON NOM NOM
 

    

m  bit  
cosNOM =  cos(ON,  OM)  =  cos[(OA,  OM)    (OA,  ON)]  =  cos(    )  

nn suy ra 

cos(    )  =  cos cos  +  sin sin.  
2)  T 1 )  ta suy ra  

cos(  +  )  =  cos[    (  )]  =  cos cos()  +  sin sin()   
              =  cos cos    sin sin.  
3)  Ta c  

sin(    )  =  cos ( ) cos
2 2

   
       =  +        

  

            cos cos sin sin
2 2

   
    

=      
   

 =  sin cos    cos sin.  

4)  Ta c 

sin(  +  )  =  sin[    ()]  =  sin cos()    cos sin()    

         =  sin cos  +  cos sin.  

V d 1. ( )11cos cos cos
12 12 12
  =   =   

   ( ) ( )cos cos cos sin sin
3 4 3 4 3 4
     =   =  +   

    =  1 2 3 2. .
2 2 2 2

 
 + 
 

 =  ( )1 2 6
4

 + .             

H1  Hy kim nghim li cc cng thc cng ni trn vi   tu  v  

a)    =    ;     b)    =  .
2


  

Hnh 6.25  
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b) Cng thc cng i vi tang 

Ta c  

   tan(    )  =  
tan tan

1 tan tan

 
 


+
 

   tan(  +  )  =  
tan tan .
1 tan tan

+

 

 
 

vi mi ,    lm cho cc biu thc c ngha.  

Thc vy  

tan(    )  =  

sin cos cos

sin( ) cos cos
cos cos sincos( )

cos cos

sin

sin

   
   

    
 




=
+

 =  
tan tan ,
1 tan tan


+

 
 

 

tan(  +  )  =  tan[    ()]  =  
tan tan( ) tan tan .
1 tan tan( ) 1 tan tan

  +
=

+  
   

   
 

V d 2. tan
tan tan 3 13 4tan 2 3

12 3 4 1 31 tan tan
3 4

     =  = = =      ++
.            

H2   cc biu thc  cng thc tan(  +  )  ni trn c ngha,  iu kin ca ,    l 

cc gc ,  ,    +    khng c dng 
2


 +  k  (k   Z).  iu  c ng khng ?  

2.  Cng thc nhn i 

Trong cc cng thc cng ni trn,  t   =    th  c cc cng thc sau y 

gi l cc cng thc nhn i.  

    cos2  =  cos2    sin2  

   sin2   =  2sin cos    

   tan2  =  
2

2 tan .
1 tan




 

(Trong cng thc cui     ,
2
 + k      ,

4 2
 + k  k   Z).  
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V d 3 

a) cos2  =  cos2    sin2  =  cos2    (1    cos2)  =  2cos2    1  ;  

    cos2  =  cos2    sin2  =  1    2sin2.  

b)  Vi     
4 2

k
 
+  (k Z)  th cos2    0 v ta c 

 
2 2

2 2

1 sin 2 sin cos 2 sin cos

cos 2 cos sin

    

  

+ + +
=


  

        =  
( )

2
sin cos cos sin .

(cos sin )(cos sin ) cos sin

+ +
=

 + 

   

     
             

 

Ch  

  T trn ta suy ra 

   cos2  =  
1 cos 2

2

+
 ;  sin2  =  

1 cos 2 .
2

 
 

Cc cng thc ny gi l cc cng thc h bc.  (Chng cho php 

bin i cc biu thc ca cos2,  sin2  thnh biu thc ca cos2).  

V d 4. Tnh csin,  sin,  tang ca gc .
12


 

Gii.  Ta c cos2
1 cos

2 36
12 2 4


+

 +
= =  nn 

2 3
cos

12 2

 +
=  ;  

2
1 cos

2 36sin
12 2 4




 
= = nn 

2 3
sin

12 2

 
=  ;  

 
= = 

+

2 3
tan 2 3 .

12 2 3
  

H3  Hy tnh cos4  theo cos.   

H4  n gin biu thc 

   sin  cos cos2  cos4.  
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3.  Cng thc bin i tch thnh tng v bin i tng thnh tch 

a) Cng thc bin i tch thnh tng  

S dng cng thc cng, ta d dng suy ra cc cng thc sau y gi l 
cng thc bin i tch th nh tng.  

   ( ) ( )1
cos cos cos cos

2
      = + +    

   ( ) ( )1
sin sin cos cos

2
      =  +     

   ( ) ( )1
sin cos sin sin

2
      = + +   .  

V d 5. Tnh 
5

.sin sin
24 24

 
 

Gii.  Ta c  
5 1 5 5

sin sin cos cos
24 24 2 24 24 24 24

          =  +          
 

               =  ( )1 1
cos cos 3 2

2 4 6 4

    =  
 

.             

H5  Hy tnh 
7 5

.cos sin
12 12

 
 

b) Cng thc bin i tng thnh tch 

Trong cc cng thc bin i tch thnh tng trn y,  nu t  +   =  x,  

    =  y  ,tc l
2 2

+  = = 
 

x y x y
   th ta suy ra  c cc cng thc sau 

y gi l cng thc bin i tng th nh tch.  

cos cos 2 cos cos
2 2

x y x y
x y

+ 
+ =  

cos cos 2 sin sin
2 2

x y x y
x y

+ 
 =   

sin sin 2 sin cos
2 2

x y x y
x y

+ 
+ =  

.sin sin 2 cos sin
2 2

+ 
 =

x y x y
x y  
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V d 6. Chng minh rng  
1 1

2
3

sin sin
10 10

 =
 

.  

Gii.  Ta c  

1 1 1 3
sin sin

3 3 10 10
sin sin sin sin

10 10 10 10

   =       
 

=  

3 3

1 10 10 10 102 cos sin
3 2 2

sin sin
10 10

      +    
           
   

 =  
1

2 cos sin
3 5 10

sin sin
10 10

 
 

  

=  
cos

52 2,
3

sin
10



=


 
3

do cos sin sin .
5 2 5 10

      =  =  
  

 

Cu hi  v  b i  tp 

38.   Hi mi khng nh sau c ng khng ? 

Vi mi ,  ,  ta c 

a)  cos(  +  )  =  cos  +  cos  ;               b)  sin(    )  =  sin    sin  ;  

c) sin(  +  )  =  sin cos  +  cos sin  ;     d)  cos(   ) =  cos cos   sin sin  ;  

e)  
sin 4

cos 2




= tan2  (khi cc biu thc c ngha) ;  

g)  sin2  =  sin2.   

39.   S dng 75o  =  45o  +  30o,  hy tnh cc gi tr l ng gic ca gc 75o.  
S dng 15o  =  45o    30o,  hy tnh cc gi tr l ng gic ca gc 15o  (i chiu 

vi kt qu bi tp 29).   

40.   Chng minh rng :  

a)  sin  +  cos  =  2 sin
4


 + 

 
 ;  

b)  sin    cos  =  2 sin
4


  

 
 ;  
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c)  tan
4


  

 
 =  

1 tan

1 tan





+

 
3

( , )
2 4

k k 
 

 +   +   ;  

d)  tan
4


 + 

 
 =  

1 tan

1 tan




+


 ( , ).
2 4

k k 
 

 +   +   

41.   a)  Bit sin  =  
1

3
 v     ;

2

  
 

,  hy tnh cc gi tr l ng gic ca gc 2  

v gc .
2


 

b)  S dng 15o  =  
o30 ,

2
 hy kim nghim li kt qu ca bi tp 39.  

42.   Chng minh rng :  

a)  
 

= 
11 5 1

sin cos (2 3 )
12 12 4

;  

b)  
3 5 1 .cos cos cos

7 7 7 8

  
=   (H ng dn.  Nhn hai v vi sin )

7


 ;  

c)  o o o o 1 .sin 6 sin 42 sin 66 sin 78
16

=  (H ng dn.  Nhn hai v vi cos6o).  

43.   Dng cng thc bin i tch thnh tng, chng minh :  

a)  cos75ocos15o  =  sin75osin15o  =  
1

4
 ;  

b)  cos75osin15o  =  
2 3

4


 ;  

c)  sin75ocos15o =  
2 3

4

+
 ;  

d) ( ) ( ) ( )cos sin cos sin cos sin         +  +   = 0, vi mi ,  , .  

44.   n gin cc biu thc sau :  

a)  sin sin
3 3

 
    +     

   
 ;  b)  2 2

cos cos
4 4

 
    +     

   
.  

45.   Chng minh rng :  

  a)  
sin sin

3
cos cos

 
 


= 


 nu 

3
 


+ =  v cos    cos ;  

b)  
cos cos 7

tan 4
sin 7 sin

 


 


=


 (khi cc biu thc c ngha).  
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Luyn tp 

46.   Chng minh rng :   

a)  sin3  =  3sin    4sin3   ;  cos3  =  4cos3    3cos   ;  

b)  
1

sin sin sin sin 3
3 3 4

   
    

 + =   
   

 ;  

       
    

 + =   
   

1
cos cos cos cos 3

3 3 4
.  

ng dng.  Tnh o o osin 20 sin 40 sin 80  v o o otan 20 tan 40 tan 80 .  

47.   Chng minh ri dng my tnh b ti hoc bng s  kim nghim li gn 

ng kt qu :  

a)  cos10ocos50ocos70o  =  sin20osin40osin80o  =  
3

8
 ;  

b)  sin10osin50osin70o  =  cos20ocos40ocos80o  =  
1

8
.  

48.   Chng minh rng 

   
2 4 6 1

cos cos cos
7 7 7 2

  
+ + =  .  

H ng dn.  Nhn v tri vi sin
7


( hoc 

2
sin

7


)  ri s dng cng thc bin 

i tch thnh tng.  

49.   Chng minh  rng, gi tr mi biu thc sau khng ph thuc vo x :  

a)  cos2(  +  x)  +  cos2x   2cos cos x cos (  +  x)  ;  

b)  sin4x sin10x  sin11x sin3x  sin7x sinx.  

50.   Chng minh rng :   

a)  Nu tam gic ABC  c ba gc A,  B,  C  tho mn sin A  =  cos B  +  cos C  th 

tam gic ABC  vung ;  

b)  Nu tam gic ABC  c ba gc A,  B,  C  tho mn sinA  =  2sinBcosC  th 

tam gic ABC  cn.  
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51.   Chng minh rng nu   +   +   =    th :  

a)  sin  +  sin +  sin  =  4 cos cos cos
2 2 2

  
 ;  

b)  cos  +  cos +  cos =  1  +  4 sin sin sin
2 2 2

  
 ;  

c)  sin2  +  sin2 +  sin2 =  4sin sin sin   ;  

d)  cos2  +  cos2 +  cos2 =  1 2cos cos cos.  

52.   a)  Chng minh rng nu  v  khc 
2

k

+   (k   Z)  th  

 
( )sin

tan tan
cos cos

 
 

 

+
+ =  v 

( )sin
.tan tan

cos cos


 =

 
 

 
 

b)  Chng minh rng vi  m cosk    0 (k =  1 ,  2,  3,  4,  5,  6,  7,  8)  v  
sin    0 th  

 
1 1 1 tan8 tan .. . .

cos cos 2 cos 2 cos 3 cos 7 cos8 sin


+ + + =

 
      

 

53.   Bit cos  +  cos =  a,  sin  +  sin =  b  (a,  b l cc hng s v a2  +  b2    0),  
hy  tnh sin(  +  )  theo a  v b.  

54.   Qu o ca mt vt  c nm ln t gc O,  vi vn tc ban u l v  (m/s), 

theo ph ng hp vi trc honh Ox mt gc , 0 <   < 
2


,  l parabol c 

ph ng trnh 

         y  =  2
2 2

(tan ) ,
2 cos

g
x x

v



 +  

trong  g l gia tc trng tr ng (g   9,8  

m/s2)  (gi s lc cn ca khng kh khng 

ng k).  Gi tm xa  ca qu o l 

khong cch t O  n giao im khc O  

ca qu o vi trc Ox (h.6.26).  

a)  Tnh tm xa theo   (v v).    

b) Khi v  khng i,   thay i trong khong 0 ;
2

 
 
 

,  hi vi gi tr   no th 

tm xa ca qu o t gi tr ln nht ? Tnh gi tr ln nht  theo v.  Khi  

v  = 80 m/s,  hy tnh gi tr ln nht  (chnh xc n hng n v).  

Hnh 6.26 
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L ng gic v nh ton hc -le  

 

Nh  mi  khoa hc khc,  L ng gic pht sinh  t nhu  cu  
ca i  sng :  Ngnh Hng hi  i  hi  phi  bit xc nh  
v  tr ca tu  b ngoi  bin  khi,  v  tr ca cc hnh tinh,  
ca cc v sao ;  cuc sng x hi  vi  cc hot ng sn 
xut i  hi  o c rung t,  thit lp bn  . . .  .  Cc nhu  
cu   lm cho mn L ng gic pht sinh  v pht trin.  
Thi  c,  cc nh ton hc Hi  Lp  gp phn  ng k 

vo vic pht trin  mn L ng gic.  L--na - le l ng i  

 xy dng l  thuyt su sc v l ng gic trong cun 
"M u v gii  tch cc i  l ng  v cng b" xut bn 

nm 1 748.  Trong  cng  trnh  ,  - le   cp khi  nim 

raian,  nh ng t "raian" (gn vi  t "radius" c ngha l 
bn knh)  mi  n nm 1 873 mi   c dng chnh  thc ln  u  tin   i  hc  

Ben-pht (Belfast),  Bc Ai- len.  

- le l mt trong  nhng nh ton  hc ln  nht t x a n nay.  ng sinh  ti  Ba- l,  
Thu S.  ng  tin hnh nghin  cu nhiu   ti  khoa hc thuc nhiu l nh  vc 
khc nhau nh  c hc,  m nhc,  thin  vn. . .  Hu  ht mi  ngnh ton hc u mang 

du n  cc kt qu nghin cu ca ng.  - le l ng i  say m,  cn c  trong cng 

vic.  Cui  i  d  b  m  c hai  mt,  ng vn  tip tc hot ng sng to.  Trong cuc 

i  mnh,  - le  vit trn  800 cng trnh  khoa hc.  S cng trnh  ca ng  t ai  
snh  kp.  

Cu hi  v  bi  tp n tp ch ng VI  

55.   Hi mi ng thc sau c ng vi mi s nguyn k khng ? 

a)  sin ( 1)
2

k
k

 
+  =  

 
 ;   b)  cos(k)  =  (1 )k ;  

c)  tan ( 1)
4 2

kk  
+ =  

 
 ;   d)  

2 .sin ( 1)
4 2 2

  
+ =  

 
kk

 

 

 

 

 

 

 

 

 

L--na -le  

(Leonhard Euler,  1 707   1 783)  

Em

cob i  t
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56.   Tnh :  

a)  sin,  cos2,  sin2,  cos
2


 v sin

2


,  bit cos  =  

4

5
 v 

2


<   < 0 ;  

b)  tan
4


  

 
,  bit cos  =  

9

1 1
  v   <   < 

3

2


 ;  

c)  sin4    cos4,  bit cos2  =  
3

5
 ;  

d)  cos(    ),  bit sin    sin  =  
1

3
 v cos    cos  =  

1

2
 ;  

e)  
3 5 7 .sin sin sin sin

16 16 16 16

   
 

57.   Chng minh rng :  

a)  2sin
4


 + 

 
sin

4


  
 

=  cos2  ;  

b)  sin (1  +  cos2)  =  sin2 cos  ;  

c)  
1 sin 2 cos 2

tan
1 sin 2 cos 2

 


 
+ 

=
+ +

 (khi cc biu thc c ngha) ;  

d)  
1 2

tan
tan tan 2


 

 =   (khi cc biu thc c ngha).  

58.   Chng minh rng :  

a)   Nu   +    +    =  k  (k    Z)  v cos cos cos    0  th 

   tan  +  tan  +  tan  =  tan tan tan   ;  

b) Nu 0 <   <   <  <
2


 v tan  =  

1

8
, tan  =  

1

5
,  tan =  

1

2
 th   +    +   =  

4


 ;  

c)  
o o

1 3
4.

sin10 cos10
 =   

59.   Chng minh rng vi mi ,  ,  ,  ta c 

   cos(  +  )sin(    )  +  cos( +  )sin(   )  +  cos(  +  )sin(  )  =  0.  
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Trong cc bi t 60 n 69 hy chn ph ng n tr li ng trong cc 

ph ng n  cho :  

60.   Nu 
1

sin cos
2

 + =  th sin 2  bng :  

(A) 
3

8
 ;   (B)  

3

4
  ;        (C) 

1

2
 ;    (D)  

3 .
4

  

61.   Vi mi ,  
3

sin
2


 
+ 

 
 bng :   

(A) sin  ;   (B)    sin  ;    (C)   cos  ;    (D)  cos.   

62.   
sin cos sin cos

15 10 10 15

2 2
cos cos sin sin

15 5 15 5

   
+

   


 bng :   

(A) 3  ;   (B)  1  ;    (C) 1  ;    (D) 
1 .
2

 

63.   
7

cos cos
12 12

 
 bng :   

(A) 
3

2
 ;    (B)   

3

4
 ;   (C) 

1

2
 ;   (D) 

1
.

4
 

64.   
o o90 270

sin cos
4 4

 bng :   

(A) 
1 2

1
2 2

 ;         (B) 
1 2

1
2 2

  ;       (C) 
1 2

1
2 2

 ;  (D) 2 1 .  

65.   
o o

o o o o

cos80 cos 20

sin 40 cos10 sin10 cos 40
 bng :   

(A) 1  ;    (B)  
3

2
 ;   (C)  1  ;   (D) 

3
.

2
  

66.   Gc l ng gic (Ou,  Ov)  c s o    m uOv  l gc nhn th :  

(A) 0     < 
2


 ;    (B) 

2


     < 

2


 ;   (C)    

2


<     0 ;   

(D) C s nguyn k   2 2 .
2 2

 
 +  < < + k k  
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67.   Gc l ng gic (Ou,  Ov)  c s o    m uOv  l gc t th :  

(A) C s nguyn k   
3

2 2
2 2

k k
 
+  < < +   ;   (B)       <   

2


 ;   

(C) 
2


 <     

3

2


 ;        (D) 

2


 <   < .   

68.   Vi gc l ng gic (OA,  OM)  c s o ,  xt gc l ng gic (OA,  ON)  c s 

o 
2


 (M v N cng nm trn  ng trn l ng gic gc A).  Khi ,  vi mi 

  sao cho M nm trong gc phn t  III ca h to  gn vi  ng trn  
(M khng nm trn cc trc to ),  im N lun :  

(A) Nm trong gc phn t  I ;   

(B) Nm trong gc phn t  II ;   

(C) Nm trong gc phn t  III ;   

(D) Khng nm trong cc gc phn t  I v III.  

69.   Vi gc l ng gic (OA,  OM)  c s o ,  xt gc l ng gic (OA,  ON)  c s 

o 2  (M v N cng nm trn  ng trn l ng gic gc A).  Khi ,  vi mi 

  sao cho M nm trong gc phn t  I ca h to  gn vi  ng trn  (M 
khng nm trn cc trc to ),  im N lun :  

(A) Nm trong gc phn t  I ;   (B) Nm trong gc phn t  II ;   

(C) Nm trong gc phn t  III ;   (D) Khng nm trong gc phn t  IV.  

 

Cu hi v  b i  tp n tp cui nm 

1.   Cho cc tp con A  =  [  1  ;  1 ]  ,  B  =  [a  ;  b)  v C =  (  ;  c]  ca tp s thc R,  

trong  a,  b  (a  < b)  v c  l nhng s thc.  

a)  Tm iu kin ca a  v b   A    B  ;  

b)  Tm iu kin ca c   A    C  =    ;  

c)  Tm phn b ca B  trong R  ;  

d)  Tm iu kin ca a  v b   A    B    .  



 221  

2.    Tm tp xc nh v xt tnh chn -  l ca mi hm s sau :  

a)  f1(x)  =  
2

x

x 
 ;    b)  f2(x)  =  

2

1

7 12

x

x x

+

 +

 ;   

c)  f3(x)  =  
2

2

1

4 9

x

x





 ;    d)  f4(x)  =  1 1x x+   .  

3.    Cho hai  ng thng (d1)  :  y  =  mx   3  v (d2)  :  x +  y  =  m.  

a)  Vi gi tr no ca m  th (d1)  // (d2)  ?  

b)  Vi gi tr no ca m  th (d1)    (d2)  ?  

c)  Tm iu kin ca m  hai  ng thng ct nhau.  

4.    K hiu (H0)  l  th ca hm s y  =  
2 .
x

 

a)  Ti sao (H0)  c tm i xng l gc to  O  ?  

b)  Xc nh php tnh tin bin (H0)  thnh  th (H1)  ca hm s y  =  
2 .
3x

 

Tm to  tm i xng ca (H1).  

c) Xc nh php tnh tin bin (H0) thnh  th (H2) ca hm s y  =  



2 2x

x
 

Tm to  tm i xng ca (H2).  

5.    a)  Lp bng bin thin v v  th (P)  ca hm s y  =  x2  +  x   6.  

b)  Bin lun theo m  s giao im ca (P)  vi  ng thng (d)  :  y  =  2x +  m.  

c)  Khi (d)  v (P)  ct nhau,  gi A  v B  l hai giao im, hy tm to  trung 
im ca on thng AB.  

6.    Cho ph ng trnh  

   2x2  +  (k   9)x +  k2  +  3k +  4 =  0.   (*)  

a)  Tm k,  bit rng (*)  c hai nghim trng nhau.  

b)  Tnh nghim gn ng ca (*)  vi k =   7  (chnh xc n hng  
phn nghn).  

7.    Cho ph ng trnh  2 2( 3 1) 2 3 0.x x+ + + =  

a)  Khng gii ph ng trnh,  tnh gn ng tng cc bnh ph ng hai nghim 
ca ph ng trnh  cho (chnh xc n hng phn trm).  

b) Tm nghim gn ng ca ph ng trnh  (chnh xc n hng phn trm).  
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8.    Bin lun theo tham s m  s nghim v du cc nghim ca mi ph ng 
trnh sau :  

a)  x
2
   4(m  +  3)x +  6(m2

   5m +  6)  =  0 ;    b)  (m    1 )x2    (m    3)x   m    3  =  0.  

9.   Gii v bin lun cc ph ng trnh :  

a)  
3

1
1

mx m

x

 
=

+
 ;       b)  |(m  +  1 )x   3 |  =  |x +  2|  ;       c)  (mx +  1 ) 1x   =  0.  

10.   a)  Lp ph ng trnh bc hai c hai nghim x1  v x2  tho mn cc h thc :  

  x1  +  x2  +  x1x2  =  0  v  m(x1  +  x2)    x1x2  =  3m  +  4.  
b)  Xt du cc nghim ca ph ng trnh  tu theo m.  

11.   Gii v bin lun cc h ph ng trnh :  

a) 
( 3) 2

(3 1) ( 1) 1 ;

m x y m

m x m y

+ + =


+ + + =
  b)  

(2 3) 5 11

( 2) 2 2.

m x y m

m x y m

+ + = 


+ + = 
 

12.   Gii cc h ph ng trnh :  

a)  
2 25 7

2 1 ;

x xy y

x y

  + =


+ =
   b)  

2 2 8

5 ;

x y x y

x y xy

 + + + =


+ + =
    c)  

2 2 2

1 .

x y x y

xy x y

 +  + =


+  = 
 

13.   Chng minh rng :  

a)  
2

2

6

2

a

a

+

+
   4 (a   R)  ;         b)  

2 2 2

2 2 2

a b c a c b

c b ab c a
+ +  + +  (a,  b,  c    R

* 
).  

14.   Tm gi tr nh nht ca cc hm s sau :  

a)  f(x)  =  x +  
2

2x +
 trn khong (2 ;  +)  ;  

b)  g(x)  =  3x2  +  
1

x
 trn khong (0 ;  +).  

15.   Tm gi tr ln nht ca hm s f(x)  =  (2   x)(2x +  1 )  trn khong (0,5  ;  2).  

16.   Gii cc h bt ph ng trnh :  

a)  

2 4 0

1 1 1
;

1 2

x

x x x

  >



+ 
 + +

    b)  

2 3 2 0

0.
1

x x

x

x

 + + <




 +

 

17.   Gii cc ph ng trnh :  

a)  2 8x +  =  3x +  4 ;  b)  |x2  +  5x +  6|  =  3x +  1 3  ;  c)  (x2  +  3x)(x2  +  3x +  4)  =  5 .  
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18.   Gii cc bt ph ng trnh :  

a)  3x2    |5x +  2|  > 0 ;   b)  22 7 5 1x x x+ + > +  ;  

c)  2 4 5 3x x x+   + .  

19.   Trong k thi Ting Anh, im thi ca 32 hc sinh (thang im 100) nh  sau  :  

 68  79 65  85  52 81  55  65  49 42 68  66 56 57 65  72 
 69 60 50 63  74 88  78  95  41  87 61  72 59 47 90 74 

a)  Tnh s trung bnh (chnh xc n hng phn trm).  

b)  Tnh s trung v.  

c)  Hy trnh by mu s liu trn d i dng bng phn b tn s ghp lp vi 

cc na khong [40 ;  50)  ;  [50 ;  60) ;  . . .  ;  [90 ;  100).  

20.   Mt siu th thu thp  c cc s liu sau y v s tin (n v :  nghn ng) 

m mi ng i  mua  y.  

Lp Tn s 

[0 ;  99]  
[100 ;  199]  
[200 ;  299]  
[300 ;  399]  
[400 ;  499]  

20 
80 
70 
30 
10 

 N =  210 

a)  Du hiu v n v iu tra  y l g ?  

b)  Tm s trung bnh,  ph ng sai v  lch chun (chnh xc n hng 

phn trm).  

21.   Tui ca 60 cn b trong mt c quan  c thng k v trnh by trong bng 

phn b tn s ghp lp sau :  

Lp Tn s 

[20 ;  30)  
[30 ;  40) 
[40 ;  50)  
[50 ;  60) 

13  
26 
15  
6 

 N =  60 



 224 

a)  Du hiu v n v iu tra  y l g ?  

b)  Lp bng phn b tn s -  tn sut ghp lp.  

c)  Tm s trung bnh.  

d)  Tm ph ng sai v  lch chun (chnh xc n hng phn trm).  

e)  V biu  tn s hnh ct.  

f)  V biu  tn sut hnh qut.  

22.   a)  Bit 
2

sin
3

 = ,  
3

cos
4

 =   v cc im trn  ng trn l ng gic  

xc nh bi s   v   nm  gc phn t  II.  Hy tnh sin(  + ), cos(  + ), 
sin(    ),  cos(    ).   

b)  Cho 
4

sin 2
5

 =   v 
3

2 4


 
< < .  Hy tnh cc gi tr l ng gic ca .  

23.    Chng minh cc ng thc sau :  

a)  2 2 2
sin sin sin 2

8 8 2
a a a

    +   =   
   

 ;  

b)  2 2 2 2 3
cos cos cos

3 3 2
  

    +  +  =   
   

 ;  

c)  tan tan tan tan 3
3 3

   
     + =   

   
 (khi cc biu thc c ngha).  

ng dng.  Tnh tan10otan50otan110o.  

24.   Chng minh rng :  

a)  2 2 2 2sin( ) sin( ) sin sin cos cos       +  =  =   ;  

b)  
tan tan sin( )

tan tan sin( )

+ +
=

 
   
   

 (khi cc biu thc c ngha).  

25.   Tm cc s C  v   sao cho sin  +  cos  =  Csin(  +  )  vi mi .  
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Ch ng 1  

1.  a) Khng l mnh .  b),  c)  Mnh  sai.  

2. a),  b),  c)   Mnh  ph nh sai.  

4.  P(5) l mnh  ng, P(2) l mnh  sai.  

6.  Mnh  o ng.  17. a)  ng ;  b)  ng ;  
c)  Sai ;   d)  Sai ;  e)  ng ;  g)  Sai.  

19.  a) ng ;  b) ng ;  c) Sai ;  d) ng.  20.  (B).  

21. (A). 22. a) A  = {0 ; 2 ;  
1

2
 }  ; b) B = {2 ;  3 ;  4 ;  5}. 

24.  Khng bng nhau.  25. B   A,  C    A,  C    D.  
27. F    E    C    B    A  ;  F   D    C    B    A  ;  
D    E = F.  29.  a) Sai ;  b) ng ;  c) Sai ;  d) ng. 
30.  A    B  =  [5  ;  2) ;   A    B  =  (3  ;  1 ] .   
31. A = {1  ; 5 ; 7 ;  8 ; 3 ;  6 ; 9}, B = {2 ; 10 ; 3 ; 6 ;  9}. 

32.  A    (B \ C) = { 2 ;  9}  ;  (A    B) \ C  = { 2 ;  9} .  

34.  a)  A  ;    b)  { 0 ;  1  ;  2 ;  3  ;  8  ;  10} .  35. a) Sai ;  
b) ng.  36.  a)  {a  ;  b  ;  c} , {a  ;  b  ;  d} , {b  ;  c  ;  d} , 
{a  ;  c  ;  d}  ;  b)  {a  ;  b} ,  {a ;  c} ,  {a  ;  d} ,  {b  ;  c} ,  
{b  ;  d} ,  { c  ;  d}  ;  c)  {a} , {b} ,  { c} ,  {d} ,  .  

37.  b   2   a    b  +  1 .    38. (D).  39.  A    B  =   

(1  ;  1) ;  A   B = { 0}; CRA  = ( ;  1]   (0 ;  +) ;  

41.  CR(A    B)  =  (  ;  0]    [4 ;  +)  ;  

 CR(A    B)  =  (  ;  1 )    (2 ;  +).  

42. (B).  43.    < 0,0014.   

46.  a) 
3 2 1, 26 ;  3 2 1, 260 .  

b) 3 100 4, 64  ; 3 100 4, 642 . 47.  9, 4608.1012 

(km). 48.  9,9773.106(s).  49.  5,475.1012  ngy.  

50.  (D).  55.  a)  A    B  ;  b)  A\ B  ;  c)  CEA    CEB.  

60.  Nu m  =  5  th A    B  =  { 5} .  Nu m  < 5 th  
A    B = .  Nu m > 5 th A    B = [5  ;  m] .   
61.  2 < m  < 5  th A    B  l mt khong ;    
A    B =  (m  ;  5) nu 2 < m    3  ;  A    B =  (3  ;  5)  
nu 3  < m    4 ;  A    B  =  (3  ;  m  +  1 )  nu  
4 <  m  < 5.  

62.  a)  1 ,2.1013 ;  b)  1 ,6.1022 ;  c)  3.1013.  

Ch ng 2 

1.   a)  R ;   b) R\ { 1  ;  2} ;   c)  [1  ;  2)    (2 ;  +);  

d)  (1  ;  +).  2.  { 2000 ;  2001  ;  2002 ;  2003  ;  
2004 ;  2005}  ;  f(2000) =  3 ,48 ;  f(2001)  =  3,72 ;  
f(2002) =  3 ,24 ;  . . .  ;  f(2005) =  5,20.  4. a) nghch 
bin trn khong (  ;  1) ;  ng bin trn 
khong (1  ;  +).  b)  ng bin trn (  ;  1 )  ;  
nghch bin trn (1  ;  +).  c)  nghch bin trn 
mi khong (  ;  3)  v (3  ;  +).  

5.  a) Hm s chn ;  b) Hm s l ;  c) Hm s l ;   
d) Hm s chn. 6.  a) y = 0,5x + 3 ;   b) y = 0,5x  1  ;   
c)  y  =  0,5(x   2)  ;   d)  y  =  0,5(x +  6).  7.   Khng 
xc nh mt hm s.  8.  a)  C im chung khi 
a    D ;  khng c im chung khi a   D ;  b) C 
khng qu mt im chung ;  c)  Khng l 
 th ca hm s no c.  9.  a)  x   3  ;   
b)    1   x   0 ;  c)  (2 ;  2]  ;  d)  [1  ;  4]  \ { 2 ;  3} .   
10.  a)  [1  ;  +)  ;   b)  f(1 ) =  6,  f(0,5)  =  3 ,  

f(
2

2
) = 4   2  ,  f(1) =  0, f(2) = 3 .  11.  A, B, C 

khng thuc  th ;  D  thuc  th.  12.  a) Nghch 
bin trn (  ;  2)  v (2 ;  +).  b)  Nghch bin 
trn (  ;  3)  ;  ng bin trn (3  ;  +).  c)  ng 
bin trn (  ;  +).  13. b) Nghch bin trn  
(0 ;  +)  v (  ;  0).  14. Khng chn, khng l.  

15.  a) Tnh tin (d)  xung d i 3  n v.   
b)  Tnh tin (d)  sang phi 1 ,5  n v.   

16.  a)  y =
 +2 x

x
;   b)  y  =  

2

3+x
;  c)  y  =

1

3

+

+

x

x
.  

17.  y  =  
1

2
x +  1  v y  =  

1

2
x   1 ;   

  y  =  
2

2
x +  2 v y  =  2 x   2 ;   

  y  =  
1

2
x +  3  v y  =  (

2

2
x   1 ).  

18.  a) [2 ;  3] .  19.  b)  Tnh tin  th ca f1  
sang tri 2,5  n v.  20. Khng.   

H ng dn v  p s 
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21.  a) y  = 1,5x + 2.  22. y  =  x  +  3  ;   y  =   x  3  ;  
y  =  x +  3  v y   =  x   3 .  
23. a) y = 2|  x |  + 3 ; b) y = 2|  x + 1  |  ; c) y = 2|  x  2 |  1. 

25.  a) 
6 nu 0 10

( )
2, 5 35 nu  > 10

 
= 

+

x x
f x

x x
;  

b)  f(8)  =  48  ;  f(10) =  60 ;  f(18) =  80.  

26.  a) 

 + < 


=  +   <
  

5 nu 1

5 1 nu 1 1

5 nu 1

x x

y x x

x x

 

28.  a)  y  =  x2    1  ;   b)  y  =  
3

4
x
2
 +  3 .  

29.  a)  y  =   ( )25
3

9
+x ;   b)  y =  (x   1 )2.  

30.  a)  Tnh tin parabol y  = x2  sang phi 4 n 
v,  ri xung d i 4 n v.  b)  Tnh tin parabol 

y  = 3x2  sang tri 2 n v, ri ln trn 21  n v.  

31.  a)  nh l I(1  ;  8)  ;  trc i xng x =  1 .   
c)  y   0    3    x   1 .  32. b) f(x)   > 0      

1  < x < 3  ;   g(x)  > 0     x <  4  hoc x > 2.   
c)  f(x)  < 0     x <   1   hoc x > 3  ;   g(x)  < 0  
   4 < x < 2.  
33.  Xem bng sau :  

Hm s 

Hm s 
c gi tr 
ln nht / 
nh nht 

khi x =  ?

Gi tr 
ln 
nht

Gi tr 
nh 
nht 

y =  3x2    6x +  7  x =  1   4 

y =  5x2    5x +  3  x =  0,5 4,25  

y =  x2    6x +  9 x =  3   0 

y = 4x2  + 4x 1  x = 0,5  0  

34. a) a  > 0 v  < 0 ;  b) a  < 0 v  < 0  ;  c) a  < 0 
v   > 0.  37. a) f(t) =  4,9t2  +  1 2,2t +  1 ,2 ;   

b)  8,794 (m).  c)  2,58 (giy). 38. a) f(x) = ax2 + bx ;  
43

,
1520

a =   
3483

.
760

b =  b)  186 (m).  39.  a) (B) ; 

b)  (A) ;  c)  (C).  40.   a)  b  =  0,  a    0 tu  ;   
b) b  =  0,  a    0 tu ,  c  tu .   
41.  a) a  < 0 ;   c  > 0 ;  b  < 0 ;  b) a  > 0 ;   c  > 0 ;    

b < 0 ;  c) a > 0 ;  c = 0 ;  b > 0. d) a < 0 ;  c < 0 ;  b > 0. 

42.  a)  (0 ;  1) v (3  ;  2) ;  b) (1  ;  4) v (2 ;  5)  ;  

c)  (3    5  ;  1    2 5 )  v (3  +  5  ;  1  +  2 5 ).  

43.  y  =  x
2
   x +  1 .  

45.  S(x)  =  

3 nu 0 2

5 4 nu 2 6

7 16 nu 6 9

 <


  <
   

x x

x x

x x

 

46.  a) y  =  0,03x
2
   7  ;  b)  Tho mn.  

Ch ng 3 

1.   

Ph ng 
trnh 

iu kin ca 
ph ng trnh 

Tp nghim 

a)  x =  0 { 0}  

b)  x =  2 { 2}  

c)  
x   3 ,  x   3  v 

x   3  
  

d)   x   1  v x   0   

2. a)  x =  2 ;  b)  V nghim ;  c)  x =  6 ;   d)  V 
nghim.  3. a) x =  2 ;  b)  V nghim ;   c)  x =  3  ;  
d)  x  {1  ;  2} .  4.  a)  x =  4 ;  b)  x =  5  ;  c)  x =  0,   
x =  4 ;  d) x =  1 .  5. a) Sai ;  b)  Sai.   

6. a) x =
2

2 3

1



+

m

m
 ;   b) S = R (m = 1), S = {m + 2}   

 (m  1) ;  c) S =  (m  2 ;  3), S = R (m = 2 ;  3)  ;   

d)  x =  
2

m

m
(m    1 ;  2),  S =  R  (m  =  1 ),  S =    

(m  =  2).  
7.  a) (a  =  0,  b    0)  hoc (a    0,    =  0)  ;  
  b)  (a  =  b  =  0,  c    0)  hoc (a    0,    < 0).  

8.  a) x =  
1

3
 (m  =  1 ),  v nghim (m  < 

5

4
),   

 x =  
3 4 5

2( 1)

  +

m

m
(  

5

4
   m    1 )  ;  

b)  x =  2   7  m  (m    7),  v nghim (m  > 7).  

9.  b)  f(x)  =  (x +  4)(1  2x)  ;  

 g(x) = ( ) ( )2 2 1 2  + 
 

x x .  

10.  a) 34 ;  b)  98  ;  c)  706.  11.  (B).   

12.  a) x = 
3

2

+

+

m

m
 (m   2), v nghim (m  = 2) ;  
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b) x =  
1

3

+m
 (m    1 ),  mi x (m  =  1 )  ;  

c)  x  = 
5 1

3 1

+

+

m

m
 (m  

1

3
), v nghim  (m  =  

1

3
)  ;   

d)  x =  
3

2+m
 (m      2),  v nghim  

(m  =  2),  S =  R  (m  =  2).  

13. a) p  = 0 ;  b) p  =  2.  14. a)  x   4,00 ;   x   1 ,60 ;   
b)  x   0,38   ;  x   5,28.  15. 37m, 35m v 12 m.    

16.  a) x =  
12

7
 (m  =  1 ),  x =  

7 1 48

2( 1)

  +


m

m
 

(
1

48
   m    1 ),  v nghim (m  <

1

48
 )  ;  

b)  x = 
1

6
(m = 0),  x = 

3 5 9+  +m m

m
 

(
9

5
    m    0),  v nghim (m  <

9

5
 )  ;  

c)  S ={ 1 ,  
1

1+k
}  (k   1 ),  S =  { 1 }  (k =  1 )  ;  

d)  x =  1  (m  =  0)  ;  x =  4 (m  = 
1

2
)  ;   x = 

2

m
,   

x =  
1

2 1


m
 (m    0 v m  

1

2
).   

17.  Khng c im chung (m  < 3,5),  mt 
im chung (m  =  3,5),  hai im chung  
(m  > 3,5).  18.  m  =  3 .  19. m  =  4.  20. a) V 
nghim ;  b) Hai nghim i nhau ;   c) 4 nghim ;  
d)  3  nghim.  21.  a)  k > 1  ;  b)  k > 0.   
22.  a) x =  2 ;  b) x =  4, x = 7.  23.  a) x   4  (m  =  3) ;  

b)  V nghim (m  =    2),  x =  
4 9

2

+

+

m

m
(m   2,  

m    3).  24. a) S =    (a  =  0)  ;  S =  
1 4
;

 
 

 a a
  

(a    0)  ;  b)  S =    (m    1 )  ;  S =  { 3} (  m  =  2)  ;   
S =  { 1 m m  ;  1+ m m }  (1  < m    2).  

25.  a) x = 
1

2
 (m = 0), x =  

3

2
(m = 2), x =  

1

2m
 

v x =  
3

m
 (m    0,  m    2)  ;  b)  x =  1  (a  =  0),   

x =  4 (a  =  1 ),  x =  2(a  +  1 )  v x =  a  +  1   

(a    0,  a    1 )  ;  c)  x =  
4

1

+



m

m
 (m    1 ,  m    

3

2
)  ;   

v nghim (m  =  1 ,  m  =  
3

2
)  ;  d) x = 0 (k = 3,  

k = 9) ;  x = 0 v x = k  6  (k     3 ,  k   9).  

26.  a) x = 
7

4
 (m = 

1

2
) ;  x = 

1

2
(4  m) v  

x = 
1 2

m

m
(  m  

1

2
)  ;  b)  x =

1

1+m
,  x =  

1

3+m
 

(m    1 , m    3) ;  x =  
1

2
 (m  =  1 ) ;  x =  

1

2
  

(m  =  3) ;  c)  { }11 ;S
m

=   (1  < m  < 0),   

S = { 1 }  (m    1  hoc m    0)  ;  d)  S =    

(a  =  2,  a  = 
1

2
)  ;  x =  

4 5

2




a

a
 (  a    2 ,  a    

1

2
)  ;  

e)  x =  2m  +  2 (m   
5

2
)  ;  S =   (m  =  

5

2
)  ;   

f)  S =   (a    0)  ;  x =  
1

2

a

a
 (a  > 0).   

27.  a)  x = 
3 14

2


 ;  b)  x   {5  ;  2 ;  1 }  ;   

c)   x   
1 1

1 ; ; ; 1
2 2

 
  

 
 

28.  m   {1  ;  
1

2
 ;  1} .  29. a   {2 ;  1  ;  

1

2
 ;  0}. 

30.  (C).  31.  a)
5 19
;

17 17

 
  

 
 ;  b) ( )3 ; 2 2 .   

32.   a) (1  ;  0)  ;  b)  
5

;
2

 
 
 
x x vi x   R*.   

33.  a) 
1

;
1 1

 
   

m

m m
(m    1 ),  S =   

(m  =  1 )  ;  



= 

x

y x
(m  =  1 ) ;  

 b)  
5 5( 1)

;
3 3

+ 
 + + 

a

a a
(a    3) ,  S =    

(a  =  3).  

34.  (x ;  y  ;  z)  =  (4 ;  5  ;  2).  35.  I1    1 ,33  A ;   

I2    0,74 A ;  I3    0,59 A. 36.  (B).  37.  a) x    0,42 ;  
y    0,27 ;  b) x   0,07 ;  y  1 ,73. 38. 240  2p 
(mt) v 3p   240 (mt) vi iu kin 80 < p  < 120. 
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39.  a) (2 ;  
1

m
)  (m    0,  m    3) ;  v nghim 

 (m  =  0)  ;  (3y  +  1  ;  y),  y    R  (m  =  3) ;  

b)  
2 4
;

1 1

 + + 
 + + 

m m

m m
(m    1 , m    2)  ;   

v nghim (m  =  1) ;  



=  2(1 )

x

y x
(m  =  2).  

40.  a)  a    0 ;  b)  a    1 .  41.  7  cp s :  (1  ;  6),   

(1  ;  6),  (6 ;  1 ),  (6 ;  1 ),  (2 ;  3),  (2 ;  3) v 

(3  ;  2).  42. a) m     2 ;  b)  m  =    2 ;  c)  m  =  2.  

43.  (4 ;  2 ;  5).  44. a) f(x)  =  1  500 +  1 ,2x ;   

g(x)  =  2000 +  x ;  c)  M (2500 ;  4500).  

45.  a) (10 ;  8),  (8 ;  10) ;   b)  (1  ;  1 ),  

2 9
;

5 5

 
 

 
. 46. a) (1  ;  2), (2 ;  1) ;  b) (0 ;  1), (1  ; 0) ;   

c) (0 ;  0), (5 ;  5), (1  ;  2), (2 ;  1).  47. S2  4P    0.  

48.  a) (8 ;  12), (12 ;  8), (8 ;  12) v (12 ;  8) ;  

b)  (8  ;  3),  (8 ;  3).  49.  f1(x)  =  x
2
 +  3x   4,   

f2(x)  =
225 155

4
21 21

 + x x .  50.  a    0,  hoc  

a  =  b  =  0.  51. S =  S1    S2.  52. D   0, hoc  

D  = Dx = Dy = 0. p dng : a   1 .   

53.  (B).  54. x =  
1

1m
 (m      1 )  ;  S =    

(m  =  1 )  ;  S = R  (m  =  1 ).  55.  a)  p  =  1 ,  p  =  2 ;  

b)  p  tu  ;  c)  Khng c p.  56.  3  ;  4 ;  5.   
57.  a)  V nghim (m <  0) ;  x =  1  (m  =  0)  ;   

x =  
1

2
 (m =  1 )  ;  x =  

1

1

 



m

m
 (0 < m    1 ).  

b)  m  > 1  ;  c)  m =  2 +  5 .   58.  a =  2.   

59.  a)    (1 )  v nghim (m  < 1 ,25) ;   
mt nghim (m = 1,25) ;  hai nghim (m  > 1,25) ;  

  (2) v nghim (p <
7

16
) ;  mt nghim (p =

7

16
) ;  

hai nghim (p >
7

16
).  60.  a)  S =  { (1  ;  2),  (2 ;  1 ),  

(1  ;  2),  (2 ;  1 )}  ;  b) S = { (1  ; 1), (1 ; 1),  

(0 ;
1

2
), (0 ; 

1

2
),(

1

2
;  0),  (

1

2
;  0)} .   

61.  a) x =
4

3





m

m
,  y = 

1

3m
 (m  3  v m  2) ;  

v nghim (m = 3) ;





= 

2
1

3

x

y x
(m =  2). b) x = y 

=  
3+

a

a
 (a   3, a    7) ;  v nghim (a  = 3) ;  





=  +

7

5

x

y x
  (a  =  7).  62. a)  

2 4

2 4 ,

x m

y m

 =  


= + 
  

2 4

2 4

 = + 


=  

x m

y m
.  b)  V nghim (m  <

1

13
)  ;  

(
3

13
 ;  

2

13
)  (m  =

1

13
)  ;   

  



3 2 13 1

13

m
 ;  

  



2 3 13 1

13

m
 v  

3 2 13 1

13

m + 



 ;  
 + 



2 3 13 1

13

m
 (m  >

1

13
).   

63. a  =  1  ;  b  =  2 ;  c  =  3.  64. +  Khi tam gic 

ABC  cn ti A  v l   AB,  khng c im M no 
trn cnh BC  tho mn iu kin ca bi ton.   

+  Khi tam gic ABC  cn ti A  v l =  AB  th mi 
im M trn cnh BC  u tho mn iu kin 

ca bi ton.  +  Khi tam gic  ABC  khng cn  
A v c  < l < b  hoc c  > l > b th  im M cch B   

mt khong bng
( )



a l c

b c
.   

+  Khi tam gic ABC  khng cn  A  m cc iu 
kin c  < l < b  v c  > l  > b  khng tho mn th 
khng tn ti im M nh  bi ton yu cu.  

 

Ch ng 4 

12.  Gi tr ln nht :  f(1 ) =  16.  Gi tr nh nht :  

f(3) =  f(5) =  0.  

13.  Gi tr nh nht :  (1 2 ) 1 2 2.+ = +f  

17.  Gi tr ln nht :  6 , gi tr nh nht :  3 .  

22.  a) S =  .  b)  S =  [3  ;  +).  c)  S =  [2 ;  3)     

(3 ;  +) ;  d) S = .  23.  2x   1   
1 1

.
3 3


+ +x x
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24.  x  2   0 v x2(x  2)    0.  25.  a)  x < 
4

5
;   

b)  x   5  ;  c)  x > 1   2  ;   d)  x   
3
.

6
 

26.  a)  Nu m  =  1  th S =  R.   Nu m  > 1  th  

S = ( ;  m + 1]. Nu m < 1  th S = [m + 1  ;  +) ;  

b)  Nu m  =  2 th S =  .  Nu m  > 2 th  

S =  (3  ;  +).  Nu m  < 2 th S =  (  ;  3)  ;  

c)  Nu k =  2 th S =  R.  Nu k > 2 th  

S =  
4

; .
2

 
  

k

k
 Nu k < 2 th  

S =  
4

;
2

k

k

 
+  

 ;  d)  Nu a  =  3  th S =  R.   

Nu a > 3  th S = 
2

;
3

a

a

+ 
+   

.  Nu a  < 3  th 

S = 
2

; .
3

+ 
  

a

a
 27.  a) S =   ;  b) S =  (  ;  3).  

28.  a)  Nu m  = 2 th S  =  .  Nu m  > 2 th  

S =  
2 8

; .
2

m

m

 +
+  + 

 Nu m  < 2 th  

S =  
2 8

;
2

m

m

 +
  + 

 ;  b)  Nu m  =  3  th S =  R.  

Nu  m  > 3  th  S =  (  ;  m] .  Nu m  < 3  th  

S =  [m  ;  +)  ;  c)  Nu k =  4 th S =  .  Nu  

k > 4 th S =  
5
; .

4

k

k

+ 
+  + 

 Nu k < 4 th  

S =  
5

;
4

+ 
 + 

k

k
 ;  d)  Nu b  =  1  th S =  R.   

Nu b  >  1  th 
2

; .
1

+ 
=  + 

b
S

b
 Nu b  < 1  

th S =  
2
; .

1

+ 
+   + 

b

b
 29.  a)  x   

5

4
 ;   

b) x < 
4

5
  ;  c) 

26 28

3 5
x < <  ;  d) 

11 5
.

5 2
 <x  

30.  a)  5< m  ;  b)  m  > 1 .  31.  a)  7

3
 m  ;  

b)
72

13
m > .  34.  a)  S =  (1  ;  2]     [3  ;  +)  ;   

b)  S =
1 2

; ; 1
2 11

   
       

;  c)  S =  (  ;  1 )  ;   

d)  S =  [ 5 2 6 3 2  + +  ;  5 2 6 3 2 ]+ + + .  

35.  a) 2 3x< <  ;  b)  
1

1
2

 < <x .  36. a) Nu 

m  =  2 th S =.  Nu m  > 2 th S =  (m  +  2  ;  +).  

Nu m  < 2 th S =  (  ;  m  +  2)  ;  b)  Nu m  =  
1

2
 

th S =  R.  Nu m  > 
1

2
 th S =  [2m  +  1  ;  +).  

Nu m  < 
1

2
 th S =  (  ;  2m  +  1 ]  ;  c)  Nu  

m  =    1  th S =  .  Nu m  <  1  hoc m  > 1  th  

S = ( ; m2
 + 1). Nu 1 < m < 1  th S = (m2

 + 1  ; +) ; 

d)  Nu m  =  1  th S =  R.  Nu m  < 1  hoc  

m > 1  th 
1
; .

1

m
S

m

+ 
= +   

 Nu 1  < m < 1  

th
1

;
1

+ 
=   

m
S

m
.  Nu m  =  1  th S =  .  

37.  a)  S =  (  ;  1 )   
2 3 5

;
3 4

 
  
 

 ;  

b)  
1 3
; (4 ; )

3 2
S

 
=  + 

 
 ;  c)  S =

1
3 ;

2

 
   

.  

d)  
1 1

; 0 ; [8 ; ).
3 2

S
   

=     +     
 

38.  a)  Nu m  =  
2

2
 th 

2 2
; ; .

2 2
S

   
=   +      

   
  Nu m  > 

2

2
 

th ( )2
; ; .

2
S m

 
=   +  
 

 Nu m  <
2

2
 th 

2
( ; ) ;

2
S m

 
=   +  

 
;  b)  Nu m  =  

3 1

2

+
 

th ( ; 3 ) ( 3 ; ).=   +S  Nu m  > 
3 1

2

+
 

th ( ; 3 ] (2 1 ; ).S m=    +  Nu m < 
3 1

2

+
 

th ( ; 2 1) [ 3 ; ).S m=    +   

39.  a)  S =  { 4 ;  5  ;  6 ;  7  ;  8  ;  9 ;  10 ;  1 1}  ;  b) x =  1 .  

40.  a)  S =  {2 ;  2}  ;  b)  S =  (4 ;  1 )   (2 ;  5).  
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41.  a) Nu m 
7

2
 th S = .  Nu

7

2
 < m < 5  

th S =
7
;

2
m

 
   

. Nu m  5  th S = 
7
; 5 .

2

 
  
 

 

b)  Nu m    
1

2
 th S =

1
; 1 (3 ; ).

2
 

 + 
 

 

Nu 
1

2
 < m  < 1  th S =  [m  ;  1 )    (3  ;  +).  

Nu 1    m    3  th S =  (3  ;  +).  

Nu m  > 3  th S =  [m  ;  +).  

44.  b) T =  45x +  35y  (nghn ng) ;  c)  0,6 kg 
tht b v 0,7kg tht ln.  47.  b)  (4 ;  1 ).   
48.  a)  c  =  9x +  7,5y ;  c)  Dng 100 n v 
vitamin A  v 300 n v vitamin B  mi ngy.  

49.  a)  D ng vi mi x   R  ;  b)  m vi mi  

x   (  ; 2 3 )    (2 3 ; )+ +  v d ng 

vi mi x   (2 3 ; 2 3 ) +  ;  c)  D ng vi 

mi x   
3

2
 ;  d)  m vi mi x   (  ;   

3   2 2 )    (1  ;  +)  v d ng vi mi  

x  ( 3 2 2 ; 1)  .  50.  a)
1

2
<m ;  b)  m      2.  

51.  a)  m    R  ;  b)  Khng c gi tr no ca m  

tho mn iu kin i hi.  53.  a)  
6

;
5

 
  

 
 

(2 ; ) + ;  b)    ;  c)  R  ;  d)  [2 ;  3] .    

54. a) (  ;  1 )   (2 ;  4)   (7 ;  +) ;  b) (  ;  2) 

  [1  ;  3]    (5  ;  +) ;  c) 
1

6 ;
2

 
  
 

   [5  ;  +) ;  

d) [ 3 ; 3 ] .  55.  a)  m   
10

3
  hoc m   1  ;  

b) 
1 17 1 17

2 2
m

   +
  .  56. a) (1  ;  2) ;  

b)
3 1
;

4 2
 
 
 

;  c)
5 57 5 57

5 ; ; 2
4 4

      +
    
      

;  

d)  (  ;  2)   (3  ;  +).  57.  m    2   2 3  

hoc m    2 + 2 3 .  59.  m  > 5.  60.  a)  (3  ;  2) 
  [1  ;  1 ]  ;   b) (1  ;  2)    (3  ;  4)    (5  ;  +).  

61.  a)
5 1
;

2 2
 
 
 

;  b)  (  ;  4]    
1
; .

2
 
 + 

 
 

62.  a) [2 ;  5]  ;  b)
137 9

; 2
4

 
   

;   

c)  
 
   
 

4
; 1 [1 ; 3 )

3
 63.

5
1

3
  <a .  

64.  
8

5
< m hoc m  > 0.  65.  a)

1

11
= x ;  

b)
2

3
=x ;  c)  [1  ;  4]  ;  d)

1
;

2
 
 + 
 

.  

66. a) 3 1= x ;  b) x = 16 ;  c) x =  1 2   ;  

d)
3 37

2

 
=x .  67. a)

7
2 ;

3
 


 

 ;  b)  
5

;
2

 
+

 
;  

c) ( ; 1 3 ) ( 1 3 ; ).     + +   

d)  (  ;  2] .  68.  a)  R  ;  b)  (  ;
1

3
 )     

(3  ;  +)  ;  c)  
7 29

0 ;
2

 
  
   

7 29
;

2

 +
+ 

 
 

d)  (  ;  2]    [23  ;  +).  69.  a) 1 5= x ,   

x =  0 v x =  2 ;  b)
1

;
3

 
 

 
;  c)  (  ;  0]     

[2 ;  3)    (3  ;  +)  ;  d)  
1

5
x =  v x =  7.   

70.  a)
1

;
11

 
 + 

 
;  b)  (  ;  2]    [1  ;  +).  

71.  a)  x =  2 ;  b) x =  1  ;  x =  4.  

72.  a)
6

1 ;
3

 
 +   

;  b)  (5  ;  +)  ;   c)  (  ;  0]  

  [34 ;  +).  73.  a)  (  ;  3]    [13  ;  +)  ;   
b)  (  ;  2]  ;  c)  [5 ;  1 )   (1  ;  +).   

74.  a)  m  < 1  hoc 
5

4
>m  ;  b)  1  < m  < 1  

hoc 
5

4
=m  ;  c)  1  < m  < 

5

4
.  75. a  =  1 .   

78.  a)  2 ;  b)  2.  79.  |m|  <
5 2

2
.  80.  0 < m  < 2.  

81.  a)  Nu a  < 1  hoc a  > 2 th tp nghim ca 

bt ph ng trnh l 
2

2
;

3 2a a

 
+ 

 + 
 ;   
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Nu 1  < a < 2 th tp nghim l 
2

2
; ;

3 2a a

 
 

 + 
 

Nu a  =  1  hoc a  =  2 th tp nghim l .   

b)  Nu 7 m  hoc 1m  th tp nghim 

ca bt ph ng trnh l R  ;  Nu 7 < m  < 1  

th tp nghim l 

29 7( 6 7)
;

4

m m m    + 
 
  

 

29 7( 6 7)
;

4

m m m  +  + 
 +
 

.  

82.  a)  (2 ;  4)    (5  ;  +)  ;  b)  (  ;  1 )    (2 ;  3]  

  [4 ;  +).  83.  a)
2 3

4
3

 m ;  b)  m    1  

hoc m  > 2.  84.  a)  x =  1  v x =  5  ;  

b)
4 3

3
=x .  85.  a)  [6 ;  7]  ;  b)  (  ;  0]     

[2 ;  +)  ;  c)
2 13 8

;
3

 
   

;  d)  [4 ;  3]    

[0 ;  1 ] .  86.  a)  
4

3
< a  ;  b)  a  > 1 .  87.  a)  (C) ;   

b)  (B) ;  c)  (D).  88.  a)  (A) ;  b)  (B) ;  c)  (C).   
89.  a)  (C) ;  b)  (B) ;  c)  (D).  

 

 Ch ng 5 

1.   a)  Kch th c mu l 80.  b)  0 ;  1  ;  2 ;  3  ;  4 ;  
5  ;  6 ;  7.  2. a) Kch th c mu l 30.  b)  40 ;  42 ;  
45 ;  50 ;  53  ;  57 ;  59 ;  65  ;  70 ;  75 ;  84 ;  85 ;  90 ;  
100 ;  1 33  ;  141  ;  1 50 ;  1 65.  3. C su lp l cc 
on [50 ;  124] ,   [125  ;  199] ,  [200 ;  274] ,   
[275  ;  349] ,  [350 ;  424]  v [425 ;  499] .  Cc tn 
s t ng ng :  3,  5,  7,  5,  3  v 2.  Cc tn sut 
t ng ng :  12%, 20%, 28%, 20%, 12% v 8%.  

4.   C su lp l [36 ;  43] ,  [44 ;  51 ] ,  [52 ;  59] ,   
[60 ;  67] ,  [68  ;  75]  v [76 ;  83] .  Cc tn s 
t ng ng :  3 ,  6,  6,  8,  3 ,  4.  Cc tn sut t ng 
ng :  10,0%, 20,0%, 20,0%, 26,7%, 10,0%, 13,3%.  
6.   b)  C by lp [26,5  ;  48,5),  [48,5  ;  70,5),  
[70,5  ;  92,5),  [92,5  ;  1 14,5),  [114,5  ;  136,5),  
[136,5  ;  1 58,5),  [158,5  ;  1 80,5).  Cc tn s 
t ng ng :  2,  8,  12, 12, 8,  7,  1 .  7.   b)  C su 

lp [0 ;  2] ,  [3  ;  5] ,  [6 ;  8] ,  [9 ;  1 1 ] ,  [12 ;  1 4] ,  
[15 ;  17]. Cc tn s t ng ng :  10, 23, 10, 3, 3, 1 .  

8.   C by lp :  [25  ;  34] ,  [35  ;  44] ,  [45  ;  54] ,  
[55  ;  64] ,  [65  ;  74] ,  [75  ;  84] ,  [85  ;  94] .  Cc tn 
s t ng ng :  3, 5, 6, 5, 4, 3, 4.  9.  a) x = 15,23 ;   

b) eM = 15,5 ; c) 2
s  3,96 ; s  1,99. 10. x  48,35 g ;  

s
2
  194,64 ; s  13,95 g. 11. a) x  2,35 ; b) s2  1,57, 

s  1,25. 12. a) x  15,67, eM  = 15,5 ; b) s2  5,39 ;  

s  2,32. 13. a) x  48,39 ; eM  = 50. b) s2  121,98 ;  

s  11,04. 14. a) x  554,17 ; eM  = 537,5.  

b)  s2    43 061 ,81  ;  s    207,51 .  15.  a)  Trn con 

 ng A  :  x    73,63  km/h,  eM  =  73  km/h ;   

s
2
   74,77,  s    8,65  km/h.  Trn con  ng B  :  

x  =  70,7  km/h, eM  =  71  km/h ;  s2    38,21 ,  

s    6,18  km/h.  16.  (C).17.  (C).  18.  a) x  40 g ;  

b) s2   17, s  4,12 g. 19.  a)  x   54,7  pht.   

b) 2
s    53,71  ;  s    7,33  pht.   20.  b)  x   1 7,37 ;   

s   3,12 ;  c)  eM  =  1 7,  Mo  =  1 7  v Mo  =  1 8.   

21.  a)  x   77  ;  b)  s2    1 22,67 ;   s    1 1 ,08.  

 

Ch ng 6  

1.  a)  Sai ;  b)  ng ;  c)  ng ;  d)  ng.  2.  Kim 

pht :  .1, 75 2, 75
2


 (m),  Kim gi :  .1, 26

24


 

0,16  (m). 4. Theo th t l (xp x) :  0,375 rad ;  

1 ,325 rad ;  143o14' ;  36o29'.  5.  Theo th t l :  

2
2


+ k ,  

2
2

3


+ k ,  2

2


 + k ,  2

3


 + k  

(k   Z). 7. Theo th t l :  180o, 120o, 60o, 60o. 

8.  s 0

2
2

5
iA A i k


= +   (hay i.72o  +  k360o)  

(i = 0, 1, 2, 3, 4 ; k   Z) ; s i jA A =
2

( ) 2
5

j i k


 +   

(hay (j  i)72o  +  k360o)  (i,  j =  0,  1 ,  2,  3,  4 ;  

i j ;  k   Z).  9.   a)  270, b)  280, c)  
7

2
,  d)  

7

11


.   

10.  Theo th t l 0,  
3

2
 ,  

3


,
3

4


.  13. Khng 

th.  14.  a)  Sai,  b)  Sai,  c)  Sai,   d)  ng, e)  Sai,   
g)  ng.  
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15.  M ( ; )x y , 2 2 1+ =x y v theo th t :  a) x  0,  
b)  y    0,  c)  y    0,  y    1 .  16.  a)  Theo th t :  
d ng, d ng, m, d ng. b) Theo th t :  d ng, 

d ng,  m.  17.  Theo th t l :  a)
1

2
 ,  

3

2
,  

3 ,  
3

3
  ;  b) ( 1) k ,  0,  0,  khng xc nh ;  

c)  0,  ( 1) k ,  khng xc nh,  0 ;  d)  
2

( 1)
2

 k ,  

2
( 1) , 1, 1.

2

k 18.   

b)
2 2

cos
3

 =  ,  
2

tan
4

 =  ;  

c)
2 5

cos
5

 =  ,  
5

sin
5

 =  .  

19.  a) sin ,  b)  0,  c)  tan
2.  21.  M trong gc I,  

III th sin,  cos  cng du,  M trong gc II,  III 
th sin,  tan  khc du.  23. a) 3,  b)  1 ,  c)  1 .  
24.  a) sai, b) sai, c) ng, d) sai, e) ng, g) ng. 

25.
3

cos sin
2

 
 

 = 
 

,
3

sin cos
2

 
 

 = 
 

,   

3
tan cot ,

2

 
 =  

 
  cot tan .

2

3  =  
 
   

26.  a)  4,  b)  1 ,  c)  
1
( 2 1).

2
  27. Theo th t 

l 0,342 ;  0,342 ;  0,309.  28. Theo th t l :  
4 3
;

5 5

 
 
 

,  
4 3
;

5 5

 
 

 
,  

3 4
;

5 5

 
 

 
,

3 4
;

5 5

 
  

 
.  

29.  cos(75o)  = 
3 1

2 2


,  o 3 1
sin( 75 )

2 2

+
 = ,   

tan(75o)  =  ( 3 2), +  cot(75o)  =  3 2.  

30.  C.  31. Theo th t l :  m, d ng,  m, 

d ng, m.  32. a) cos  =
3

5
 ,  

4
tan

3
 =  .  

b)
15

sin
17

 = ,  
15

tan
8

 =  .  

c)
1

cos
2

 =  ,  
3

sin
2

 =  .  

33.  a)  0,   b)
2 2

cos(2 )
3

  =  ,   

2
tan( 7 )

4
   =  ,

3 2 2
sin

2 3


 
 = 

 
.  

35.  2(3 ).
2

m
m  37. b) 

2 3
; ,

13 13

 
=  

 
M  

=
2

cos( , )
13

Ox OP ,
3

sin( , ) .
1 3

Ox OP =   

38.  a) sai,  b)  sai,  c)  ng, d)  sai,  e)  sai,  g)  sai.  

39.  Csin, sin, tang, ctang ca a)  75
o
 theo th 

t l :  
2
( 3 1)

4
 ,  

2
( 3 1)

4
+ ,  2 3+ ,  

2 3 ;  b)  1 5
o
 theo th t l :  ( )2

3 1
4

+  ;  

2
( 3 1)

4
 ;  2 3 , 2 3+ .   

41.  a)  
4 2

sin 2
9

 =  ,  
7

cos 2
9

 = ,  

4 2
tan 2

7
 =  ,  

7 2
cot 2

8
 =  ,   

3 2 2
cos

2 6

 
= ,  

3 2 2
sin

2 6

 +
= ,  

tan 3 2 2
2


= + , cot 3 2 2

2


=  .  

44.  a) sin , b) sin 2 .  46. b)  sin20osin40osin80o  

= 
3

8
,  tan20

o
tan40

o
tan80

o
 =  3.   

49.  a) sin
2  ;  b)  0.  53.  

2 2

2
sin( ) .

ab

a b
 + =

+
 

54.  a) 
2

sin 2
v

x
g

=  ;  b)  
4




= ,  

2

653= 
v

x
g

(m).  

55.  a) ng, b) ng, c)  ng, d) sai.   

56.  a) sin  =
3

5
 ;  cos2  =  

7

25
;  

10
sin

2 10
=


.  

b) 
121 36 10

41


,  c)

3

5
 ,  d)

59

72
,  e)

2

16
.  

60.  (B),  61.  (C),  62.  (B),  63.  (D),  64.  (A),   

65.  (C),  66.  (D),  67.  (A), 68.  (D),  69.  (D).  

a) sin =
15

,
4

 tan 15 = ;  
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 Cu hi v bi tp n tp cui nm   

1.  a)  1a    v 1b >  ;  b)  1c <   ;   

c)  (   ;  a)    [b ;  +) ;  d) a   1 , b > 1   v a < b. 
2. a) Khng chn,  khng l ;  b)  Khng chn 
khng l ;  c)  Hm s chn ;  d)  Hm s l.   

3. a) m  =  1  ;  b)  m  =  1  ;  c)  m   1 .   

4.  a)  V 
2

y
x

=  l hm s l ;  b)  Sang phi 3  

n v,  tm i xng l  (3  ;  0)  ;  c)  xung d i 

2 n v,  tm i xng l (0 ;  2).  5. b) Khng 

c im chung nu 
25

,
4

m <   c 1  im chung 

nu 
25

,
4

m =   c 2 im chung nu 
25

.
4

m >   

c) 
1
; 1

2
m

 
+ 

 
 vi 

25
.

4
m >   6. a) k = 1 , k = 7 ; 

b) 1 0, 276,x   2 5, 547.x   7. a)   22,93  ;   

b)  1 0, 73,x    2 4, 73.x    8. a) V nghim 

nu m  < 0 hoc  m  > 27,  mt nghim d ng 

nu m  =  0 hoc m  =  27,  hai nghim d ng nu  
0 < m  < 2 hoc 3 < m  < 27, hai nghim tri du 
nu 2 < m  < 3,  mt nghim 0 v mt nghim 

d ng nu m  =  2 hoc m  =  3 .  b)  V nghim nu 

3
1 ,

5
m < <  hai nghim tri du nu m  < 3  

hoc m  > 1 ,  hai nghim d ng nu 

3 1m < <   hoc 
3

1,
5

m< <  mt nghim 0 v 

mt nghim d ng nu m  =  3, mt nghim 

d ng nu m  =  1  hoc 
3
.

5
m =  9. a) { }41m

m

+


 

nu m   1  v m   
3
,

2
  v nghim nu m  =  1  

hoc m  =  
3
.

2
  b)  { }5 1

;
2m m +

 nu m   0 v   

m   2, { }12  nu m  =  0,  { }52  nu m  =  2.   

c)  { }1
; 1

m
  nu 1    m  < 0,  { 1 }  nu  m  < 1  

hoc m    0.  

10.  a) 2( 1) (3 4) (3 4) 0m x m x m+  +  + =   

(m   1 ) ;  b)  V nghim nu 
4 8

,
3 7

m < <   

hai nghim m nu 
8

1,
7

m  <   hai nghim 

tri du nu m  < 
4

3
  hoc m  > 1 ,  mt nghim 

x =  0 nu m  =  
4
.

3
   

11.  a) ( ; )x y =
2 3( 1)
;

1 1

+  + 
 
   

m m

m m
 nu m   1 ,  

v s nghim nu m  =  1  ;  b) (x ;  y) = (3  ;  m   4)  
nu m   4, v s nghim nu m  =  4.   

12.  a)  (1  ;  1 ),  
2 9
;

5 5

 
 

 
 ;  b) (2 ;  1), (1  ;  2) ;   

c) (1  ;  0), (0 ;  1).  14.  a) 2( 2 1)  ;  b) 3
3

3 .
4

   

15.  
25

.
8

16.  a) x > 2 ;  b)  2 < x < 1  ;   

17.  a)  
4

9
x =   ;  b)  1 2 2   ;  c)  

3 13
.

2

 
 

18.  a)  (  ;  1 )   
   
 

2 1
;

3 3
   (2 ;  +) ;   

b) 
5

;
2

 
   

   (1  ;  +) ;  c) [1  ;  +).  

19. a) x  = 66,66 ; b) = 65, 5.eM  20. b) x   216,17 

nghn ng ;  s2    9841 ,27 ;  s    99,20.   

21.  b)  x    37,33  ;  d)  s2    81 ,22 ;  s    9,01 .   

22.  a)  
3 5 2 7

cos( )
12


+ =  ,   

6 35
sin( )

12
 

 
+ = ,  

3 5 2 7
cos( )

12
 

+
 = ,  

6 35
sin( )

12
 

 +
 = ,  b)  

2
sin

5
 = ,  

1
cos

5
 =  ,  tan 2 =  ,

1
cot

2
 =  .   

23.  tan10o tan50o tan110o =
3

3
 .  25. 2=C , 

2
4

k


= +   hoc 2= C ,  

3
2

4
k


=  +   (k   Z).  
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Bng tra cu thut ng 
 

 Thut ng  Trang  Thut ng  Trang 

bng bin thin  ca hm s 40 iu  kin  cn 1 1  
bng phn b tn  s 1 62 iu  kin  cn v   1 1  

bng phn b tn  s ghp lp 1 64 iu  kin    1 1  
bng phn  b tn  s -  tn  sut 1 62 iu kin (xc nh)  ca bt ph ng 

trnh  
1 1 3 

bng phn  b tn  s -  tn  sut  
ghp lp 

1 64 iu  kin  (xc nh)  ca ph ng 
trnh  

66 

bng xt du 1 24 iu  tra mu 1 60 

bt ng thc 1 04 iu  tra ton b 1 60 
bt ph ng trnh bc hai  mt n  1 41  nh l  o 1 1  
bt ph ng trnh bc nht hai  n  1 28 nh  l  Vi-t 75 

bt ph ng trnh  bc nht mt n 1 1 7 nh  thc cp hai  90 
bt ph ng trnh  t ng  ng 1 1 4 on [a  ;  b]  1 8 

bin  i  t ng  ng cc ph ng trnh  68  th  ca hm s 36 
bin  i  t ng  ng cc bt  
ph ng trnh 

1 1 4  lch chun 1 75 

bin  s (c lp)  36 i  s 35 

bit thc 72  ng gp khc tn  s 1 66 
bit thc thu  gn 72  ng gp khc tn  sut 1 66 

biu   tn  s hnh  ct 1 65  ng trn  nh h ng 1 88 
biu   tn  sut hnh  ct 1 65  ng trn  n v  1 85,  1 92 

biu   tn  sut hnh  qut 1 66  ng trn  l ng gic 1 92 
biu   Ven 1 7 gi tr  ca hm s f ti  x 35 
chiu  (quay)  m 1 86,  1 88 gii  v bin lun ph ng trnh 71  

chiu (quay)  d ng 1 86,  1 88 giao (ca hai  tp hp)  1 9 
ch s chc (ng tin)  27 gc l ng gic 1 87 

chng minh bng phn chng 1 0 gc  1 93 

cng thc cng i  vi  sin  v csin  208 hm s 35 
cng thc cng i  vi  tang 21 0 hm s bc hai  54 

cng thc h bc 21 1  hm s bc nht 48 
cng thc nhn i  21 0 hm s bc nht trn  tng khong 49 

cos(Ou,  Ov)  1 94 hm s chn  40 
cot(Ou,  Ov)  1 96 hm s cho bng biu thc 36 

cung l ng gic 1 88 hm s ng bin (tng)  38 

cung  1 93 hm s khng i  38 

dng chun ca s gn ng 27 hm s l 40 
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 Thut ng  Trang  Thut ng  Trang 

hm s nghch  bin  (gim)  38 ph ng trnh  bc hai  mt n  72 

h bt ph ng trnh bc nht hai  n  1 30 ph ng trnh  bc nht hai  n 87 

h hai  ph ng trnh  bc nht hai  n  87 ph ng trnh  bc nht mt n  72 

h ph ng trnh  bc nht ba n  92 ph ng trnh  cha n   mu thc 82 

h ph ng trnh  i  xng 1 00 ph ng trnh  h qu 69 

h thc Sa-l 1 89,  1 90 ph ng trnh  mt n  72 

h to  vung gc gn vi   ng 
trn  l ng gic 

1 93 ph ng trnh  nhiu  n  70 

hiu  (ca hai  tp hp)  20 ph ng trnh  t ng  ng  67 

hp (ca hai  tp hp)  1 9 quy hoch tuyn tnh  1 31  

kho st s bin thin ca hm s 39 raian  1 85 

khong (a  ;  b)  1 8 sai  s tuyt i  24 

k h iu   v   7 sai  s t ng i  25 

kch  th c mu 1 60 sin(Ou,  Ov)  1 94 

mu  1 60 s quy trn   26 

mnh  4 s trung bnh  1 72 

mnh  cha bin 7 s trung v  1 72 

mnh  o  5 tam thc bc hai  1 37 

mnh  ko theo 5 tn  s 1 62 

mnh  ph  nh  4 tn  sut 1 62 

mnh  t ng  ng 6 tp con 1 6 

min nghim ca bt ph ng trnh bc 
nht hai  n  

1 28 tp hp 1 5 

min xc nh  ca hm s 35 tp hp bng nhau 1 7 

mt 1 73 tp rng 1 6 

mt u ca cung l ng gic 1 89 tp xc nh  ca hm s 35 

mt cui  ca cung l ng gic 1 89 tan(Ou,  Ov)  1 96 

nghim ca bt ph ng trnh 1 1 3 tham s 71  

nghim ca h ph ng trnh  87 thng k 1 58 

nghim ca nh  thc bc nht 1 22 tia cui  ca gc l ng gic 1 87 

nghim ca ph ng trnh  (mt n)  66 tia u ca gc l ng gic 1 87 

nghim ca ph ng trnh  nhiu  n  70 tnh tin  mt im 42 

nghim ca tam thc bc hai  1 37 tnh tin  mt  th  42 

nghim gn  ng ca ph ng trnh  67 trc csin  1 95 

nghim ngoi  lai  69 trc ctang 1 97 

nh  thc bc nht 1 22 trc sin  1 95 

na khong 1 8 trc tang 1 97 

phn b  (ca A trong E)  1 9 trung bnh  cng 1 06 

ph ng sai  1 74 trung bnh  nhn 1 06 
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Mc lc 

             Trang 

Ch ng 1 .      Mnh   Tp hp  
1 .  Mnh  v mnh  cha bin 4 
2.  p dng mnh  vo suy lun ton hc 10 
3.  Tp hp v cc php ton trn tp hp 15  
4.  S gn ng v sai s 24 
Cu hi v bi tp n tp ch ng 1  31  

Ch ng 2.    Hm s bc nht v bc hai  
1 .  i c ng v hm s 35  
2.  Hm s bc nht  48  
3.   Hm s bc hai  54 
Cu hi v bi tp n tp ch ng 2 63  

Ch ng 3.    Ph ng trnh  v h ph ng trnh  
1 .  i c ng v ph ng trnh 66 
2.  Ph ng trnh bc nht v bc hai mt n 72 
3.  Mt s ph ng trnh quy v ph ng trnh bc nht hoc bc hai 81  
4.  H ph ng trnh bc nht nhiu n 87 
5.  Mt s v d v h ph ng trnh bc hai hai n 98  
Cu hi v bi tp n tp ch ng 3  101  

Ch ng 4.   Bt ng thc v Bt ph ng trnh  
1 .  Bt ng thc v chng minh bt ng thc  104 
2.  i c ng v bt ph ng trnh 1 13  
3.  Bt ph ng trnh v h bt ph ng trnh bc nht mt n 1 17 
4.  Du ca nh thc bc nht 122 
5.  Bt ph ng trnh v h bt ph ng trnh bc nht hai n 128 
6.  Du ca tam thc bc hai 1 37 
7.  Bt ph ng trnh bc hai  1 41  
8.  Mt s ph ng trnh v bt ph ng trnh quy v bc hai 147 
Cu hi v bi tp n tp ch ng 4 1 55  

Ch ng 5.      Thng k 
1 .  Mt vi khi nim m u 159 
2.  Trnh by mt mu s liu 161  
3.  Cc s c tr ng ca mu s liu 170 
Cu hi v bi tp n tp ch ng 5  181  

Ch ng 6.        Gc l ng gic v cng thc l ng gic 
1 .  Gc v cung l ng gic 184 
2.  Gi tr l ng gic ca gc (cung) l ng gic 192 
3.  Gi tr l ng gic ca cc gc (cung) c lin quan c bit 202 
4.  Mt s cng thc l ng gic 208  
Cu hi v bi tp n tp ch ng 6 217 
Cu hi v bi tp n tp cui nm 220 
H ng dn v p s 225 
Bng tra cu thut ng 234 




