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1.  CAC NH NGHA  

1 .  Khi  nim vect 

 

 

 

 

 

 

 
 

 
Hnh 1 .1  

 

 

Cc mi tn trong hnh 1 .1  biu din hng chuyn ng ca t v my bay.  

Cho on thng AB.  Nu ta chn im A  lm im u,  im B  lm im 
cui  th on thng AB  c hng t A  n B.  Khi  ta ni AB  l mt on 
thng c hng.  

 

 

 

nh ngha 

Vect l mt on thng c hng.  
 

 

 

Vect c im u A,  im cui B  c k 

hiu l 


AB  v c l "vect AB".   v 

vect 


AB  ta v on thng AB  v nh du 
mi tn  u mt B  (h.1 .2a).   

Vect cn c k hiu l 


a ,  


b ,  


x ,  


y ,  . . .  

khi khng cn ch r im u v im cui 
ca n (h.1 .2b).   

 

 

1   Vi  hai  im A,  B  phn bit ta c c bao nhiu vect c im u  v im cui  l  
A  hoc B.  

Hnh 1.2 
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2.   Vect cng phng,  vect cng hng 

ng thng i qua im u v im cui ca mt vect c gi l gi 
ca vect .  

 

2   Hy nhn xt v v  tr tng i  ca cc gi ca cc cp vect sau :  


AB  v 


CD ,  


PQ  v 


RS ,  


EF  v 


PQ  (h.1 .3).  

 

 

 
 

 

nh ngha 

Hai vect c gi l cng phng nu gi ca chng song 

song hoc trng nhau.  
 

 

 

Trn hnh 1 .3,  hai vect 


AB  v 


CD  cng phng v c cng hng i t 

tri sang phi.  Ta ni 


AB  v 


CD  l hai vect cng hng.  Hai vect 


PQ  v 


RS  cng phng nhng c hng ngc nhau. Ta ni hai vect 


PQ  v 


RS  

l hai vect ngc hng.  

Nh vy,  nu hai vect cng phng th chng ch c th cng hng hoc 
ngc hng.  

Nhn xt.  Ba im phn bit A,  B,  C  thng hng khi v ch khi hai vect 


AB  

v 


AC  cng phng.  

Tht vy,  nu hai vect 


AB  v 


AC  cng phng th hai ng thng AB  v 
AC  song song hoc trng nhau.  V chng c chung im A  nn chng phi 
trng nhau.  Vy ba im A,  B,  C  thng hng.  
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Ngc li,  nu ba im A,  B,  C  thng hng th hai vect 


AB  v 


AC  c gi 
trng nhau nn chng cng phng.  

 

3   Khng nh sau  ng hay sai  :  
 Nu ba im phn bit A ,  B,  C thng hng th hai  vect 



AB  v 


BC  cng hng.  
 

 

3.   Hai  vect bng nhau 

Mi vect c mt  di,   l khong cch gia im u v im cui ca 

vect .   di ca 


AB  c k hiu l 


AB ,  nh vy 


AB  = AB.   

Vect c  di bng 1  gi l vect n v.  

Hai vect 


a  v 


b  c gi l bng nhau  nu chng cng hng v c cng 

 di,  k hiu 


a  = 


b .  

Ch .  Khi cho trc vect 


a  v im O,  th ta lun tm c mt im A  

duy nht sao cho =

 

OA a .  
 

4   Gi  O  l tm hnh  lc g ic u  ABCDEF.  Hy ch ra cc vect bng vect 


OA .  
 

 

 

4.   Vect -  khng 
Ta bit rng mi vect c mt im u v mt im cui v hon ton c 
xc nh khi bit im u v im cui ca n.  

By gi vi mt im A  bt k ta quy c c mt vect c bit m im u 

v im cui u l A.  Vect ny c k hiu l 


AA  v gi l vect - khng.  

Vect 


AA  nm trn mi ng thng i qua A,  v vy ta quy c  
vect -  khng cng phng, cng hng vi mi vect.  Ta cng quy c 

rng 


AA  = 0.  Do  c th coi mi vect -  khng u bng nhau.  Ta k 

hiu vect -  khng l 


0 .  Nh vy = =

  

0 AA BB  = . . .  vi mi im A,  B. . .  
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Cu hi  v bi  tp 

1.   Cho ba vect 
  

, ,a b c  u khc vect 


0 .  Cc khng nh sau ng hay sai ?  

a)  Nu hai vect 
 

,a b  cng phng vi 


c  th 


a  v 


b  cng phng.  

b) Nu 
 

,a b  cng ngc hng vi 


c  th 


a  v 


b  cng hng.  

2.   Trong hnh 1 .4,  h]y ch ra cc vect cng phng, cng hng, ngc hng 
v cc vect bng nhau.  
 

 

 

 
 

 

Hnh 1 .4 

 

 

3.   Cho t gic ABCD.   Chng minh rng t gic  l hnh bnh hnh khi v ch 

khi =

 

AB DC .  

4.   Cho lc gic u ABCDEF  c tm O.  

a)  Tm cc vect khc 


0  v cng phng vi 


OA  ;  

b) Tm cc vect bng vect 


AB .  
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2.  TONG VA HIEU CUA HAI VECT 
 

1 .   Tng ca hai vect  
 

 
 

 

 

 

 

Hnh 1 .5 

 

Trn hnh 1 .5,  hai ngi i dc hai bn b knh v cng ko mt con thuyn 

vi hai lc 


1F  v 


2F .  Hai lc 


1F  v 


2F  to nn hp lc 


F  l tng ca hai 

lc 


1F  v 


2F ,  lm thuyn chuyn ng.  

 

 

nh ngha 

Cho hai vect 


a  v 


b .  Ly mt im A tu ,  v =

 

AB a  v 

=

 

BC b .  Vect 


AC  c gi l tng ca hai vect  


a  v 


b .  

Ta k hiu tng ca hai vect 


a  v 


b  l 


a  +  


b .  Vy 

= +

  

AC a b  (h.1 .6).  

Php ton tm tng ca hai vect cn c gi l php cng vect.  
 

 
 

                               Hnh 1 .6 
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2.   Quy tc hnh bnh hnh 

Nu ABCD l hnh bnh hnh th 

  

AB + AD = AC .  

 

 

 

 

 

Hnh 1 .7 

Trn hnh 1 .5,  hp lc ca hai lc 


1F  v 


2F  l lc 


F  c xc nh bng 

quy tc hnh bnh hnh.  

3.   Tnh cht ca php cng cc vect 
 

Vi ba vect 


a ,  


b ,  


c  ty  ta c 


a  + 


b  = 


b  + 


a  (tnh cht giao hon) ;  

(


a  + 


b ) + 


c  = 


a  + (


b  + 


c )  (tnh cht kt hp) ;  

+ = + =

    

0 0a a a  (tnh cht ca vect -  khng).  
 

 

 

Hnh 1 .8  minh ho cho cc tnh cht trn.  

 

1   Hy kim tra cc tnh cht ca php cng trn  hnh 1 .8.  
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4.   Hiu ca hai  vect 

 
 

a)  Vect i  

2   V hnh  bnh  hnh ABCD.  Hy nhn xt v  di  v hng ca hai  vect 


AB  

v 


.CD  

Cho vect 


a .  Vect c cng  di v ngc hng vi 


a  c gi l vect 

i  ca vect 


a ,  k hiu l 


a .  

Mi vect u c vect i,  chng hn vect i ca AB


 l BA


,  ngha l 

 =

 

AB BA .  

c bit,  vect i ca vect 


0  l vect 


0 .  
 

 

V d 1 .  Nu D,  E,  F ln lt l trung im ca cc cnh BC,  CA,  AB  ca 
tam gic ABC (h.1 .9),  khi  ta c 

= 

 

EF DC ,  

= 

 

BD EF ,  

= 

 

EA EC .  

 

 

 

Hnh 1.9 

3   Cho + =

  

0AB BC .   Hy chng t 


BC  l vect i  ca 


AB .  

 

b)  nh ngha hiu ca hai vect 

Cho hai vect 


a  v 


b .  Ta gi hiu ca hai vect  


a  v 


b  l 

vect 


a +  (


b ),  k hiu 


a    


b .  
 

 

Nh vy  

 = + 

   

( )a b a b .  
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T nh ngha hiu ca hai vect, suy ra  

Vi ba im O,  A,  B tu  ta c = 

  

AB OB OA  (h.1 .10).  
 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 1 .10 

 

4   Hy gii  thch v sao hiu ca hai  vect 


OB  v 


OA  l vect 


AB .  

 

 

 Ch .  1) Php ton tm hiu ca hai vect cn c gi l php tr vect.  

2) Vi ba im ty  A,  B,  C  ta lun c :  

+ =

  

AB BC AC  (quy tc ba im) ;  

 =

  

AB AC CB  (quy tc tr).  

Thc cht hai quy tc trn c suy ra t php cng vect. 
 

V d 2.  Vi bn im bt k A,  B,  C,  D  ta lun c  + = +

   

AB CD AD CB .  

Tht vy,  ly mt im O  ty  ta c 

+ =  + 

     

AB CD OB OA OD OC  =  + 

   

OD OA OB OC  = +

 

AD CB .  
 

 

5.   p dng 

a)  im I l trung im ca on thng AB khi v ch khi  + =

  

0IA IB .  

b)  im G l trng tm ca tam gic ABC khi v ch khi + + =

   

0GA GB GC .  
 

Chng minh 

b)  Trng tm G ca tam gic ABC  nm 
trn trung tuyn AI.  Ly D  l im i 
xng vi G qua I.  Khi  BGCD  l 
hnh bnh hnh v G l trung im ca 

on thng AD.  Suy ra + =

  

GB GC GD  

v + =

  

0GA GD .  Ta c  

+ + = + =

     

0GA GB GC GA GD .   
Hnh 1 .11  
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Ngc li,  gi s + + =

   
0GA GB GC .  V hnh bnh hnh BGCD  c I l giao 

im ca hai ng cho.  Khi  + =

  
GB GC GD ,  suy ra + =

  
0GA GD  nn 

G l trung im ca on thng AD.  Do  ba im A,  G,  I thng hng,   
GA  = 2GI,  im G nm gia A  v I.  Vy G l trng tm ca tam gic ABC.  

Cu hi  v  bi  tp 

1.   Cho on thng AB  v im M nm gia A  v B  sao cho AM > MB.  V cc 

vect +

 
MA MB  v 

 
MA MB .  

2.   Cho hnh bnh hnh ABCD  v mt im M ty .  Chng minh rng 

+ = +

   
MA MC MB MD .  

3.   Chng minh rng i vi t gic ABCD  bt k ta lun c 

a)  + + + =

    
0AB BC CD DA  ;    b)   = 

   
AB AD CB CD .  

4.   Cho tam gic ABC.  Bn ngoi ca tam gic v cc hnh bnh hnh ABIJ,  

BCPQ,  CARS.  Chng minh rng + + =

   
0RJ IQ PS .  

5.   Cho tam gic u ABC  cnh bng a.  Tnh  di ca cc vect +

 
AB BC  v 



 
AB BC .  

6.   Cho hnh bnh hnh ABCD  c tm O.  Chng minh rng 

a)   =

  
CO OB BA  ;     b)   =

  
AB BC DB  ;  

c)   = 

   
DA DB OD OC  ;    d)  + =

   
0DA DB DC .  

7.   Cho 

a ,  

b  l hai vect khc 


0 .  Khi no c ng thc 

a)  + = +

   
a b a b  ;     b)  + = 

   
a b a b .  

8.   Cho + =

 
0a b .  So snh  di, phng v hng ca hai vect 


a  v 


b .  

9.   Chng minh rng =

 
AB CD  khi v ch khi trung im ca hai on thng AD  

v BC  trng nhau.  

10. Cho ba lc =

 

1F MA ,  =

 

2F MB  v =

 

3F MC  cng tc ng vo mt vt ti 

im M v vt ng yn.  Cho bit cng  ca 


1F ,  


2F   u l 100 N v 


=

o60AMB .  Tm cng  v hng ca lc 


3F .  
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Thuyn bum chy ngc chiu gi 
 

 

 

 

Thng thng  ngi  ta vn ngh rng gi 
thi  v hng no th  s y thuyn bum 
v hng .  Trong thc t con ngi   
nghin  cu tm cch li  dng sc gi lm 
cho thuyn bum chy ngc chiu  gi.  
Vy ngi  ta  lm nh th no  thc 
hin  c iu  tng chng nh v l   ? 

Ni  mt cch chnh xc th  ngi  ta c th lm cho thuyn  chuyn ng theo mt 

gc nhn,  gn  bng 
1

2
 gc vung i  vi  chiu  gi thi.  Chuyn ng  ny c 

thc hin  theo ng dch  dc nhm ti  hng cn  n ca mc tiu.   

 lm c iu   ta t thuyn theo hng TT' v t bum theo phng BB' 
nh hnh  v.  

Khi   gi thi  tc ng  ln mt 

bum mt lc.  Tng hp lc l lc 


f  
c im t  chnh gia bum.  Lc 


f c phn tch  thnh hai  lc :  lc 


p vung gc vi  cnh bum BB v 

lc 


q theo chiu  dc cnh bum.  Ta 

c = +

  

f p q .  Lc 


q  ny khng y 

bum i  u c v  lc cn ca gi i  
vi  bum khng ng k.  Lc  ch 

cn lc 


p y bum di  mt gc 

vung.  Nh vy khi  c gi thi ,  lun  

lun c mt lc 


p  vung gc vi  mt 

phng BB ca bum.  Lc 


p  ny 

c phn tch thnh lc 


r  vung  

gc vi  sng thuyn v lc 


s dc theo sng thuyn  'TT  hng v mi  thuyn.  Khi  

 ta c = +

  

p s r .  Lc 


r  rt nh so vi  sc cn  rt ln  ca nc,  do thuyn  bum 

c sng thuyn rt su.  Ch cn  lc 


s  hng v pha trc dc theo sng thuyn  
y thuyn  i  mt gc nhn ngc vi  chiu  gi thi.  Bng cch  i  hng thuyn  
theo con ng dch  dc,  thuyn c th i  ti  ch  theo hng ngc chiu  gi m 
khng cn lc y.  

Hnh 1.12 
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3.  TCH CUA VECT VI MOT SO   
 

1  Cho vect 


a    


0 .  Xc nh  di  v hng ca vect 


a  +  


a .  

 

1 .   nh ngha  

Cho s k   0 v vect a


   0


.  Tch ca vect a


 vi s k l 

mt vect,  k hiu l ka


,  cng hng vi a


 nu k >  0,  ngc 

hng vi a


 nu k <  0 v c  di bng k a


.  
 

Ta quy c 0


a  = 


0 ,  k


0  = 


0 .   

Ngi ta cn gi tch ca vect vi mt s l tch ca mt s vi mt vect.  
 

V d 1 .  Cho G l trng tm ca tam gic ABC,  D  v E  ln lt l trung im 
ca BC  v AC.  Khi  ta c (h1 .13)  

= 

 

( 2)GA GD ,  

=

 

3AD GD ,  


=   

 1

2
DE AB .  

 

 

 

 

 Hnh 1 .13 

2.   Tnh cht 
 

 

Vi hai vect 


a  v 


b  bt k,  vi mi s h  v k,  ta c 

k + = +

   

( )a b ka kb  ;  

(h  + k) = +

  

a ha ka  ;  

h =

 

( ) ( )ka hk a  ;  

1 .


a  =  


a ,  (1 ).


a  = 


a .  
 

 

 

 

2 Tm vect i  ca cc vect k


a  v 3


a  P 4


b .  
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3.   Trung im ca on thng v trng tm ca tam gic 
a)  Nu I l trung im ca on thng AB  th vi mi im M ta c 

  

MA+MB = 2MI .  

b)  Nu G l trng tm ca tam gic ABC  th vi mi im M ta c 
   

MA+MB+MC = 3MG .  

3  Hy s dng mc 5 ca 2  chng minh cc khng nh trn.  
 

 

 

4.   iu kin  hai  vect cng phng 

iu kin cn v   hai vect 


a  v 


b  ( 

 

0b ) cng phng l c mt s 

k  =

 

a kb .  

Tht vy,  nu =

 

a kb  th hai vect 


a  v 


b  cng phng.  

Ngc li, gi s 


a  v 


b  cng phng.  Ta ly =





a
k

b
 nu 



a  v 


b  cng 

hng v ly = 





a
k

b
 nu 



a  v 


b  ngc hng.  Khi  ta c =

 

a kb .  

Nhn xt.  Ba im phn bit A,  B,  C  thng hng khi v ch khi c s k khc 0 

 =

 

AB kAC .  

 

5.   Phn tch mt vect theo hai vect khng cng phng 

Cho = =

   

,a OA b OB  l hai vect khng 

cng phng v =

 

x OC  l mt vect ty 
.  K CA '  // OB  v CB' // OA  (h.  1 .14).  

Khi  = = + 

   

x OC OA OB .  V 


'OA  v 


a  l hai vect cng phng nn c s h  

 =

 

'OA ha .  V 


'OB  v 


b  cng phng 

nn c s k  =

 

'OB kb .  

Vy = +

  

x ha kb .  Hnh 1.14 
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Khi  ta ni vect 


x  c phn tch (hay cn c gi l biu th) theo hai vect 

khng cng phng 


a  v 


b .  
 

Mt cch tng qut ngi ta chng minh c mnh  quan trng sau y :  

Cho hai vect 


a  v 


b  khng cng phng.  Khi  mi vect 


x  u phn 

tch c mt cch duy nht theo hai vect 


a  v 


b ,  ngha l c duy nht 

cp s h,  k sao cho = +

  

x ha kb .  

Bi ton sau cho ta cch phn tch trong mt s trng hp c th.  
 

 

 

  Bi ton .  Cho tam gic ABC  vi trng tm G.  Gi I l trung im ca on 

AG v K l im trn cnh AB  sao cho =
1

5
AK AB .  

a)  H]y phn tch 
   

, , ,AI AK CI CK  theo = =

   

,a CA b CB ;  

b) Chng minh ba im C,  I,  K thng hng.  
 

Gii 

a) Gi AD  l trung tuyn ca tam gic ABC  (h.  1 .1 5).  Ta c   

=  = 

    1

2
AD CD CA b a .  

Do   

= = = 

    1 1 1 1

2 3 6 3
AI AG AD b a  ;  

= =  = 

     1 1 1
( ) ( )

5 5 5
AK AB CB CA b a  ;    

= + = +  = +

       1 1 1 2

6 3 6 3
CI CA AI a b a b a  ;  

= + = +  = +

       1 1 1 4

5 5 5 5
CK CA AK a b a b a .  

 

b) T tnh ton trn ta c =

 6

5
CK CI .  Vy ba im C,  I,  K thng hng.  

Hnh 1 .15 
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Cu hi  v bi  tp 

1.   Cho hnh bnh hnh ABCD.  Chng minh rng :  

+ + =

   

2AB AC AD AC .  

2.   Cho AK v BM l hai trung tuyn ca tam gic ABC.  H]y phn tch cc vect 
  

, ,AB BC CA  theo hai vect = =

   

,u AK v BM .  

3.   Trn ng thng cha cnh BC  ca tam gic ABC  ly mt im M sao cho 

=

 

3MB MC .  H]y phn tch vect 


AM  theo hai vect =

 

u AB  v =

 

v AC .  

4.   Gi AM l trung tuyn ca tam gic ABC  v D  l trung im ca on AM.  
Chng minh rng  

a)  + + =

   

2 0DA DB DC  ;  

b) + + =

   

2 4OA OB OC OD ,  vi O  l im tu .  
 

5.   Gi M v N ln lt l trung im cc cnh AB  v CD  ca t gic ABCD.  
Chng minh rng :  

= + = +

    

2MN AC BD BC AD .  

6.   Cho hai im phn bit A  v B.  Tm im K sao cho  

+ =

  

3 2 0KA KB .  

7.   Cho tam gic ABC.  Tm im M sao cho + + =

   

2 0MA MB MC .  

8.   Cho lc gic ABCDEF.  Gi M,  N,  P,  Q,  R,  S ln lt l trung im ca cc 
cnh AB,  BC,  CD,  DE,  EF,  FA.  Chng minh rng hai tam gic MPR  v NQS 
c cng trng tm.  

9.   Cho tam gic u ABC  c O  l trng tm v M l mt im tu  trong tam 
gic.  Gi D,  E,  F  ln lt l chn ng vung gc h t M n BC,  AC,  AB.  
Chng minh rng 

+ + =

   3

2
MD ME MF MO .  
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T l vng 
 

 

 

-cl it (Euclide) ,  nh ton  hc ca mi  thi  i   tng  ni  n t l vng trong tc 
phm bt h ca ng  mang tn Nhng  nguyn  tc c bn.  Theo -cl it,  im I 
trn  on AB  c gi  l im chia on AB theo t l vng nu  tho mn   

=
A AB

B A

I

I I
.        (1 )  

 

Hnh 1.16 

t = =
A AB

x
B A

I

I I
 ta c =AB xA

 

I  v =A x B
 

I I .  S x  c gi  l t l vng v 

im I c gi  l im vng ca on  AB.  

 tnh  x,  ta c th t IB  =  1 .  T (1 )  ta c  

   
+

=
1

1

x x

x
 ,  hay   =

2 1 0x x ,  

tc l   
+

= 
1 5

1, 61 803
2

x .  

Vi  t l vng ngi  ta c th to nn  mt hnh ch nht p,  cn  i  v gy hng 
th  cho nhiu  nh hi  ho kin  trc.  V d,  khi  n  tham quan  n  Pc-t-nng  
A-ten (Hi  Lp)  ngi  ta thy kch  thc cc hnh  hnh  hc trong n phn ln  chu  
nh hng ca t l vng.  Nh tm l  hc ngi  c Pht-n (Fichner)   quan st 
v o hng nghn   vt thng  dng  trong i  sng  nh  ca s,  trang  giy vit,  
ba sch. . .  v so snh kch thc gia chiu  di  v chiu  ngang ca chng th thy 
t s gn bng t l vng.  

 

Hnh1.17.   n Pc-t-nng v ng nt kin  trc ca n.  
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 dng im vng I ca on AB  =  a  ta  lm nh sau  :  

V tam gic ABC  vung ti  B,  vi  =

2

a
BC .  ng trn tm C  bn  knh 

2

a
 ct AC  

ti  E.  ng trn  tm A  bn  knh  AE ct AB  ti  I.  

Ta c AC =  
5

2

a
 v AE =  AI =  ( 5 1)

2

a
.  Do  

+
= =


I

5 1

2( 5 1)
2

AB a

aA
.   

 

  
 

 

    Hnh 1 .18          Hnh 1 .19 

 

 

 

S dng im vng I ta c th dng c gc 72o ,  t  dng c ng gic u  
cng nh ngi  sao nm cnh nh sau  :  

Ta dng ng trn tm I bn knh  IA  ct trung  trc ca IB  ti  F ta c 

= 36oFAB  v = 72oABF  (h.1 . 1 8).  

Mt ng  gic u  ni  tip ng trn trn c hai  nh  l in  tip l F v  im xuyn  
tm i  A '  ca A.  T  ta dng  c ngay ba nh cn li  ca ng  gic u.  

Cn lu   rng trn  ngi  sao nm cnh trong hnh  1 . 1 9 th  t s =
I

I I

A AK

K A
 chnh  l 

t l vng.  Ngi  sao vng nm cnh  ca Quc k nc ta c dng theo t s ny.  
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4.  HE TRUC TOA O 

 

 

 

 
Vi mi cp s ch kinh  v v  ngi ta xc nh c mt im trnTri t.  

 

 

 

1 .   Trc v  di  i s trn trc 

a)  Trc to  (hay gi tt l trc) l mt ng thng trn  ] xc nh 

mt im O  gi l im gc  v mt vect n v 


e .  

Ta k hiu trc  l (O ;  


e ) (h.1 .20) 
 

 

 

 
 

Hnh 1.20 

b)  Cho M l mt im tu  trn trc (O ;  


e ).  Khi  c duy nht mt s k 

sao cho =

 

OM ke .  Ta gi s k  l to  ca im M i vi trc e  cho.  
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c)  Cho hai im A  v B  trn trc (O ;  


e ).  Khi  c duy nht s a  sao cho 

=

 

AB ae .  Ta gi s a   l  di i s ca vect 


AB  i vi trc e  cho  

v k hiu a  =  AB .  

Nhn xt.  Nu 


AB  cng hng vi 


e  th AB  = AB,  cn nu 


AB  ngc 

hng vi 


e  th AB  = AB.  

Nu hai im A  v B trn trc (O ;  


e )  c to  ln lt l a  v b th AB  = b   a.  

2.   H trc to  

Trong mc ny ta s xy dng khi nim h trc to   xc nh v tr ca 
im  v ca vect trn mt phng.  

1   Hy tm cch xc nh v  tr qun  xe v qun m trn bn c vua (h.1 .21 )  

 

Hnh 1.21  

a)  nh ngha 

H trc to   
 

( ; , )O i j  gm hai trc 


( ; )O i  v 


( ; )O j  

vung gc vi nhau.  im gc O chung ca hai trc gi l gc 

to .  Trc 


( ; )O i  c gi l trc honh  v k hiu l Ox,  

trc 


( ; )O j  c gi l trc tung v k hiu l Oy.  Cc vect 


i v 


j  l cc vect n v trn Ox v Oy v 


i  =  


j  =  1 .  H 

trc to  
 

( ; , )O i j  cn c k hiu l Oxy (h.1 .22) 
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a)                b)  

Hnh 1 .22 

 

 

Mt phng m trn  ] cho mt h trc to  Oxy  c gi l mt phng 
to  Oxy  hay gi tt l mt phng Oxy.  

b)  To  ca vect 

2 Hy phn tch  cc vect 


a ,  


b  theo hai  vect 


i  v 


j  trong hnh (h.1 .23)  

 

 
 

Hnh 1.23 

 

Trong mt phng Oxy  cho mt vect 


u  tu .  V 


OA  = 


u  v gi 1A ,  2A  

ln lt l hnh chiu vung gc ca A  ln Ox  v Oy  (h.1 .24).  Ta c 

= +

  

1 2OA OA OA  v cp s duy nht (x ;  y)   =

 

1OA xi ,  =

 

2OA y j .  Nh 

vy = +

  

u xi y j .  
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Cp s (x ;  y)  duy nht  c gi l to 

 ca vect 


u  i vi h to  Oxy  v 

vit 


u  = (x ;  y) hoc 


u (x ;  y).  S th nht x 
gi l honh ,  s th hai y  gi l tung  

ca vect 


u .   

Nh vy  
 

  


u  =  (x ;  y)  = +

  

u xi y j  

 

 
 

 

 

Nhn xt.  T nh ngha to  ca vect,  ta thy hai vect bng nhau khi 
v ch khi chng c honh  bng nhau v tung  bng nhau.  

Nu 


u  =  (x ;  y)  ,  


'u  = (x'  ;  y')  th 
 

= 
=  

= 

 

'
x x

u u
y y

 

 

Nh vy, mi vect c hon ton xc nh khi bit to  ca n.  
 

 

 

c)  To  ca mt im 

Trong mt phng to  Oxy  cho mt im M tu .  To  ca vect 


OM  
i vi h trc Oxy  c gi l to   ca im M i vi h trc  
(h.1 .25).  

Nh vy, cp s (x ;  y) l to  ca im M 

khi v ch khi 


OM  = (x ;  y).  Khi  ta vit 
M(x ;  y) hoc M = (x ;  y).  S x c gi l 
honh , cn s y  c gi l tung  ca 
im M.  Honh  ca im M cn c k 

hiu l Mx ,  tung  ca im M cn c k 

hiu l My .   

 

M = (x ;  y)   = +

  

OM xi y j  

 

Ch  rng, nu 1MM Ox ,  2MM Oy  th x = 1OM ,  y  = 2OM .  

Hnh 1 .25 

Hnh 1 .24 
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3  Tm to  ca cc im A,  B,  C trong hnh 1 .26.  Cho ba im D(2 ;  3),  E(0 ;  4),  
F(3 ;  0).  Hy v cc im D,  E,  F trn  mt phng Oxy.  

 

 
 

Hnh 1.26 

 

 

 

d) Lin h gia to  ca im v to  ca vect trong mt phng 

Cho hai im A(x
A 
;  y

A
) v B(x

B 
;  y

B
).  Ta c 

 

 

=  


( ; )B A B AAB x x y y .  

 

4 Hy chng minh cng thc trn.  
 

 

 

3.   To  ca cc vect 
 
u+v ,  

 
u v ,  k


u  

Ta c cc cng thc sau :  
 

 

     Cho  

u  = (u1  ;  u2) ,  =



1 2( ; )v v v .  Khi  :  

      +

 
u v  =  (u1  + v1  ;  u2  + v2)  ;  

      

 
u v  =  (u1    v1  ;  u2    v2) ;  

ku

 = (ku1  ;  ku2  ),  k   .  
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V d 1 .  Cho 


a  =  (1  ;  2),  


b  = (3  ;  4),  


c  = (5  ;  1 ).  Tm to  vect 

= + 

   

2u a b c .   

Ta c 


2a  = (2 ;  4), +

 

2a b  = (5  ;  0),  + 

  

2a b c  = (0 ;  1 ).  

Vy 


u  =  (0 ;  1 ).  
 

V d 2.  Cho 


a  = (1  ;  1 ),  


b  = (2 ;  1 ).  H]y phn tch vect 


c  = (4 ;  1 ) theo 


a  v 


b .   

Gi s = +

  

c ka hb  = (k + 2h  ;  k + h)  

Ta c 
+ =


 + = 

2 4

1

k h

k h
   

=


=

2

1 .

k

h
 

Vy = +

  

2c a b .  
 

 

Nhn xt.  Hai vect 


u  =  (u1; u2  )  ,  


v  =  (v1 ; v2  )  vi 

 

0v  cng phng khi 

v ch khi c mt s k sao cho u1  =  kv1  v u2  =  kv2 .  
 

 

4.  To  trung im ca on thng. To  ca trng tm tam gic 

a)  Cho on thng AB  c A( Ax ;  Ay ),  B( Bx ;  By ).  Ta d dng chng minh 

c to  trung im I( Ix ;  Iy )  ca on thng AB  l :  

 

           
+ +

= =,
2 2

A B A B
I I

x x y y
x y .  

 

 

 

5.  Gi  G  l trng tm ca tam gic ABC.  Hy phn tch vect 


OG  theo ba vect 


OA ,  


OB  v 


OC .  T  hy tnh  to  ca G  theo to  ca A ,  B  v C.  

 

 

b)  Cho tam gic ABC  c A( Ax ;  Ay ),  B( Bx ;  By ),  C( Cx ;  Cy ).  Khi  to  

ca trng tm G( Gx ;  Gy )  ca tam gic ABC  c tnh theo cng thc :  
 

          
+ + + +

= =,
3 3

A B C A B C
G G

x x x y y y
x y .  
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V d.  Cho A(2 ;  0)  ,  B(0 ;  4)  ,  C(1  ;  3).  Tm to  trung im I ca on 
thng AB  v to  ca trng tm G ca tam gic ABC.  

Ta c  xI = 
+

=
2 0

1
2

,     yI =  
+

=
0 4

2
2

 ;  

  xG =  
+ +2 0 1

3
 =  1 ,    yG = 

+ +
=

0 4 3 7

3 3
.   

 

 

 

 

Cu hi  v  bi  tp 

1.   Trn trc (O ;  


e ) cho cc im A, B,  M,  N c to  ln lt l 1 ,  2,  3 ,  2.  

a)  H]y v trc v biu din cc im ] cho trn trc;  

b) Tnh  di i s ca 


AB  v 


MN .  T  suy ra hai vect 


AB  v 


MN  
ngc hng.  

2.   Trong mt phng to  cc mnh  sau ng hay sai ?  

a)  


a  =  ( 3  ;  0)  v 


i  = (1  ;  0)  l hai vect ngc hng;  

b) 


a  = (3  ;  4)  v 


b  = ( 3  ;  4) l hai vect i nhau;  

c)  


a  =  (5  ;  3)  v 


b  =  (3  ;  5)  l hai vect i nhau;  

d) Hai vect bng nhau khi v ch khi chng c honh  bng nhau v tung 
 bng nhau.  

3.  Tm  to  ca cc vect sau :  

a)  =

 

2a i  ;     b)  = 

 

3b j  ;  

c)  = 

  

3 4c i j  ;     d)  = +

  

0, 2 3d i j .  

4.   Trong mt phng Oxy.  Cc khng nh sau ng hay sai ?  

a)  To  ca im A  l to  ca vect 


OA  ;  

b) im A  nm trn trc honh th c tung  bng 0 ;  

c)  im A  nm trn trc tung th c honh  bng 0 ;  

d) Honh  v tung  ca im A  bng nhau khi v ch khi A  nm trn 
ng phn gic ca gc phn t th nht.  
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5.   Trong mt phng to  Oxy  cho im M(x0  ;  y0).  

a)  Tm  to  ca im A  i xng vi M qua trc Ox ;  

b)  Tm to  ca im B i xng vi M qua trc Oy ;  

c)  Tm to  im C  i xng vi M qua gc O.  

6.   Cho hnh bnh hnh ABCD  c A(1  ;  2), B(3  ;  2), C(4 ;  1).  Tm to  nh D.  

7.   Cc im A (4 ;  1 ),  B (2 ;  4)  v C (2 ;  2) ln lt l trung im cc cnh 
BC,  CA  v AB  ca tam gic ABC.  Tnh to  cc nh ca tam gic ABC.  
Chng minh rng trng tm ca cc tam gic ABC  v A B C  trng nhau.  

8.   Cho 


a  = (2 ;  2) ,  


b  =  (1  ;  4).  H]y phn tch  vect 


c  = (5  ;  0)  theo hai vect 


a  v 


b .  
 

 

 

n tp chng I 

I.  Cu hi v bi tp 

1.  Cho lc gic u ABCDEF c tm O.  H]y ch ra cc vect bng 


AB  c im 
u v im cui l O  hoc cc nh ca lc gic.  

2.  Cho hai vect 


a  v 


b  u khc 


0 .  Cc khng nh sau ng hay sai ?  

a)  Hai vect 


a  v 


b  cng hng th cng phng ;  

b) Hai vect 


b  v k


b  cng phng ;  

c)  Hai vect 


a  v (2)


a  cng hng ;  

d) Hai vect 


a  v 


b  ngc hng vi vect th ba khc 


0  th cng phng.  

3.  T gic ABCD  l hnh g nu =

 

AB DC  v =

 

AB BC .  

4.  Chng minh rng +  +

   

a b a b .  

5.  Cho tam gic u ABC  ni tip trong ng trn tm O.  H]y xc nh cc 
im M,  N,  P  sao cho 

a)   = +

  

OM OA OB  ;  b)  = +

  

ON OB OC  ;   c)  = +

  

OP OC OA .  

6.   Cho tam gic u ABC  c cnh bng a.  Tnh 

a)  +

 

AB AC  ;   b)  

 

AB AC .  
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7.  Cho su im M,  N,  P,  Q,  R,  S bt k.  Chng minh rng  

   + + = + +

     

MP NQ RS MS NP RQ .  

8.   Cho tam gic OAB.  Gi M v N ln lt l trung im ca OA  v OB.  Tm 
cc s m,  n  sao cho 

a)  = +

  

OM mOA nOB  ;    b)  = +

  

AN mOA nOB  ;  

c)  = +

  

MN mOA nOB  ;    d)  = +

  

MB mOA nOB .  

9.   Chng minh rng nu G v G  ln lt l trng tm ca cc tam gic ABC  v 

A B C  th = + +

   

3 ' ' ' 'GG AA BB CC .  

10.   Trong mt phng to  Oxy,  cc khng nh sau ng hay sai ?  

a)  Hai vect i nhau th chng c honh  i nhau ;   

b) Vect 

 

0a  cng phng vi vect 


i  nu 


a  c honh  bng 0 ;  

c)  Vect 


a  c honh  bng 0 th cng phng vi vect 


j .  

11.   Cho 


a  =  (2 ;  1 ),  


b  = (3  ;  4),  


c  = (7 ;  2).  

a)  Tm to  ca vect = + 

   

3 2 4u a b c  ;  

b) Tm to  vect 


x  sao cho + = 

   

x a b c  ;  

c)  Tm cc s k v h  sao cho = +

  

c ka hb .  

12.   Cho = 

  1
5

2
u i j ,  = 

  

4v mi j .  

Tm m   


u  v 


v  cng phng.  

13.   Trong cc khng nh sau khng nh no l ng ?  

a)  im A  nm trn trc honh th c honh  bng 0 ;  

b) P  l trung im ca on thng AB  khi v ch khi honh  ca P  bng 
trung bnh cng cc honh  ca A  v B ;  

c)  Nu t gic ABCD  l hnh bnh hnh th trung bnh cng cc to  tng 
ng ca A  v C  bng trung bnh cng cc to  tng ng ca B  v D.  

 

II. Cu hi trc nghim 

1. Cho t gic ABCD.  S cc vect khc 


0  c im u v im cui l nh 
ca t gic bng :  

(A) 4 ;   (B) 6 ;    (C) 8  ;    (D) 12.  
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2.   Cho lc gic u ABCDEF  c tm O.  S cc vect khc 


0  cng phng vi 


OC  c im u v im cui l nh ca lc gic bng :  

(A) 4 ;   (B)  6 ;    (C) 7 ;    (D) 8.  
 

3.   Cho lc gic u ABCDEF  c tm O.  S cc vect bng vect 


OC  c im 
u v im cui l nh ca lc gic bng :  

(A) 2 ;   (B) 3  ;    (C) 4 ;    (D) 6.  

4.   Cho hnh ch nht ABCD  c AB  =  3,  BC  = 4.   di ca vect 


AC  l :  

(A) 5  ;   (B)  6 ;    (C) 7 ;    (D) 9.  

5.   Cho ba im phn bit A,  B,  C.  ng thc no sau y l ng ?  

(A)  =

  

CA BA BC  ;    (B)  + =

  

AB AC BC  ;  

(C) + =

  

AB CA CB  ;    (D)  =

  

AB BC CA .  

6.   Cho hai im phn bit A  v B.   iu kin  im I l trung im ca on 
thng AB   l :  

(A) IA  =  IB ;     (B) =

 

I IA B  ;    

(C) = 

 

I IA B  ;     (D) =

 

I IA B .  

7.   Cho tam gic ABC  c G l trng tm, I l trung im ca on thng BC.  
ng thc no sau y l ng ?  

(A) =

 

2 IGA G  ;      (B) = 

 1

3
I IG A  ;   

(C) + =

  

2GB GC GI  ;    (D) + =

  

GB GC GA .  

8.   Cho hnh bnh hnh ABCD.  ng thc no sau y l ng ?  

(A) + =

  

2AC BD BC  ;    (B) + =

  

AC BC AB  ;  

(C)  =

  

2AC BD CD  ;    (D)  =

  

AC AD CD .  

9.   Trong mt phng to  Oxy  cho hnh bnh hnh OABC, C  nm trn Ox.  
Khng nh no sau y l ng ?  

(A) 


AB  c tung  khc 0 ;   (B) A  v B  c tung  khc nhau ;   

(C) C  c honh  bng 0 ;   (D) + A C Bx x x  = 0.  
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10.   Cho 


u  =  (3  ;  2),  


v  = (1  ;  6).  Khng nh no sau y l ng ?  

(A) +

 

u v  v 


a  = ( 4 ;  4)  ngc hng ;  

(B) 


u  v 


v  cng phng ;  

(C) 

 

u v  v 


b  = (6 ;  24) cng hng ;  

(D) 2 +

 

u v  v 


v  cng phng.  

11.   Cho tam gic ABC  c A(3  ;  5),  B(1  ;  2),  C(5 ;  2).  Trng tm ca tam gic ABC  
l :  

(A) G1(3  ;  4)  ;     (B) G2(4 ;  0)  ;  

(C) G3( 2  ;  3)  ;     (D) G4(3  ;  3).  

12.   Cho bn im A(1  ;  1 ),  B(2 ;  1 ),  C(4 ;  3),  D(3  ;  5).  Chn mnh  ng :  

(A) T gic ABCD  l hnh bnh hnh ;  

(B) im G(2 ;  
5

3
)  l trng tm ca tam gic BCD ;  

(C) =

 

AB CD  ;  

(D) 


AC ,  


AD  cng phng.  

13.   Trong mt phng Oxy  cho bn im A( 5  ;  2),  B( 5  ;  3),  C(3  ;  3),  D(3  ;  2).  
Khng nh no sau y l ng ?  

(A) 


AB  v 


CD  cng hng ;   (B)  T gic ABCD  l hnh ch nht ;  

(C) im I( 1  ;  1 )  l trung im AC ;  (D) + =

  

OA OB OC .  

14.   Cho tam gic ABC.  t =

 

a BC ,  =

 

b AC .  

Cc cp vect no sau y cng phng ?  

(A) +

 

2a b  v +

 

2a b  ;    (B) 

 

2a b  v 

 

2a b  ;  

(C) +

 

5a b  v  

 

10 2a b  ;   (D) +

 

a b  v 

 

a b .  

15.   Trong mt phng to  Oxy  cho hnh vung ABCD  c gc O  l tm ca hnh 
vung v cc cnh ca n song song vi cc trc to .  Khng nh no sau 
y l ng ?  

(A) +

 

OA OB  = AB ;    (B)  

 

OA OB  v 


DC  cng hng ;  

(C) = A Cx x  v =A Cy y  ;   (D) = B Cx x  v = C By y .  
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16.   Cho M(3  ;  4).  K MM1  vung gc vi Ox,  MM2  vung gc vi Oy.  Khng 

nh no sau y l ng ?  

(A) 1OM  =  3  ;       (B) 2OM  =  4 ;   

(C) 

 

1 2OM OM  c to  ( 3 ;  4) ;   (D) +

 

1 2OM OM  c to  (3 ; 4). 

17.  Trong mt phng to  Oxy  cho A(2 ;  3),  B(4 ;  7).  To  trung im I ca 
on thng AB  l 

(A) (6 ;  4) ;      (B) (2 ;  1 0)  ;    

(C) (3  ;  2)  ;      (D) (8  ;  21).  

18.   Trong mt phng to  Oxy  cho A(5 ;  2),  B(10 ;  8).  To  ca vect 


AB  l 

(A) (15 ;  10)  ;      (B) (2 ;  4)  ;    

(C) (5  ;  6) ;      (D) (50 ;  16).  

19.   Cho tam gic ABC c B(9 ;  7), C(11  ;  1), M v N ln lt l trung im ca AB  

v AC.  To  ca vect 


MN  l 

(A) (2 ;  8) ;      (B)  (1  ;  4) ;   

(C) (10 ;  6)  ;      (D) (5  ;  3).  

20.   Trong mt phng to  Oxy  cho bn im A(3  ;  2),  B(7  ;  1 ),  C(0 ;  1 ),  

D(8  ;  5).  

Khng nh no sau y l ng ?  

(A) 


AB  v 


CD  i nhau ;  

(B) 


AB  v 


CD  cng phng nhng ngc hng ;  

(C) 


AB  v 


CD  cng phng v cng hng ;  

(D) A,  B,  C,  D  thng hng.  

21.   Cho ba im A(1  ;  5),  B(5  ;  5),  C(1  ;  1 1 ).  Khng nh no sau y l ng ?  

(A) A,  B,  C  thng hng ;     

(B) 


AB  v 


AC  cng phng ;  

(C) 


AB  v 


AC  khng cng phng ;    

(D) 


AC  v 


BC  cng phng.  
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22.   Cho 


a  =  (3  ;  4),  


b  = (1  ;  2).  To  ca vect +

 

a b  l 

(A) (4 ;  6) ;  (B) (2 ;  2) ;  (C) (4 ;  6) ;    (D) (3  ;  8).  

23.   Cho 


a  =  (1  ;  2),  


b  = (5  ;  7).  To  ca vect 

 

a b  l 

(A) (6 ;  9) ;  (B) (4 ;  5) ;  (C) (6 ;  9)  ;   (D) (5 ;  14).  

24.   Cho 


a  =  (5 ;  0),  


b  = (4 ;  x).  Hai vect 


a  v 


b  cng phng nu s x l 

(A) 5 ;   (B) 4 ;    (C) 0 ;     (D) 1 .  

25.   Cho 


a  =  (x ;  2),  


b  = (5 ;  1 ),  


c  =  (x ;  7).  Vect = +

  

2 3c a b  nu 

(A) x  = 15 ;  (B) x =  3  ;   (C) x = 1 5  ;   (D) x = 5.  

26.   Cho A(1  ;  1 ),  B(2 ;  2),  C(7 ;  7).  Khng nh no ng ?  

(A) G(2 ;  2)  l trng tm ca tam gic ABC  ;  

(B) im B   gia hai im A  v C  ;  

(C) im A   gia hai im B  v C  ;  

(D) Hai vect 


AB  v 


AC  cng hng.  

27.   Cc im M(2 ;  3),  N(0 ;  4),  P(1  ;  6) ln lt l trung im cc cnh BC,  
CA,  AB  ca tam gic ABC.  To  nh A  ca tam gic l :  

(A) (1  ;  5) ;  (B) (3  ;  1 ) ;  (C) (2 ;  7) ;   (D) (1  ;  10).  

28.   Cho tam gic ABC  c trng tm l gc to  O,  hai nh A  v B  c to  l 
A(2 ;  2),  B(3  ;  5).  To  ca nh C  l :  

(A) (1  ;  7) ;  (B)(2 ;  2) ;  (C) (3  ;  5) ;   (D) (1  ;  7).  

29.   Khng nh no trong cc khng nh sau l ng ?  

(A) Hai vect 


a  =  (5 ;  0)  v 


b  =  (4 ;  0)  cng hng ;  

(B) Vect 


c  = (7  ;  3)  l vect i ca 


d  = (7;  3)  ;  

(C) Hai vect 


u  =  (4 ;  2)  v 


v  =  (8  ;  3)  cng phng ;  

(D) Hai vect 


a  =  (6 ;  3)  v 


b  = (2 ;  1 )  ngc hng.  

30. Trong h trc (O ;  


i ,  


j ),  to  ca vect 


i  + 


j  l :  

(A) (0 ;  1 )  ;  (B) (1  ;  1 )  ;  (C) (1  ;  0)  ;   (D) (1  ;  1 ).  
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   Tm hiu v vect 

 
 

 

 

 

Vic nghin  cu  vect v cc php ton trn  cc vect bt ngun t nhu  cu  ca 
c hc v vt l .  Trc th k XIX ngi  ta dng to   xc nh  vect v quy cc 
php ton  trn  cc vect v cc php ton  trn  to  ca chng.  Ch vo gia th 
k XIX,  ngi  ta mi  xy dng c cc php ton trc tip trn cc vect nh 

chng ta  nghin  cu trong chng I.  Cc nh ton  hc Ha-min-tn   

(W. Hamilton),  Grat-sman (H.  Grassmann)  v Gip (J.  Gibbs)  l nhng ngi  u  
tin nghin cu  mt cch c h thng v vect.  Thut ng Vect cng c a 
ra t cc cng trnh  y.  Vector theo ting  La-tinh  c ngha l Vt mang.  n  u 
th k XX vect c hiu  l phn t ca mt tp hp no  m trn   cho 
cc php ton thch  hp  tr thnh  mt cu  trc gi  l khng  gian vect.  Nh 

ton  hc Vy (Weyl)   xy dng  hnh  hc -cl i t da vo khng gian  vect theo h 
tin  v c nhiu  ngi  tip nhn mt cch thch th.  i  tng c bn  c 
a ra trong h tin   ny l im  v vect.  Vic xy dng ny cho php ta c th 
m rng  s chiu  ca khng gian  mt cch d dng v c th s dng cc cng c  
ca l  thuyt tp hp v nh x.  ng thi  hnh  hc c th s dng nhng cu trc 
i  s  pht trin  theo cc phng hng mi .  

Vo nhng nm gia th k XX,  trong xu  hng hin  i  ho chng trnh  ph 
thng,  nhiu  nh ton  hc trn th gii   vn  ng a vic ging dy vect vo 

trng  ph thng.    nc ta,  vect v to  cng  c a vo ging dy  
trng ph thng cng  vi  mt chng trnh  ton hin  i  nhm i  mi   nng  
cao cht lng gio dc cho ph  hp vi  xu  th chung  ca th gii .  
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TCH VO HNG CUA HAI VECT 
VA NG DUNG  

 

 

 

 

 

 

 Gi tr  lng gic ca mt  gc  vi 0

o       180

o
 

 Gi tr  lng gic ca mt gc bt k t 0o n 1 80o  

 Tch v hng ca hai  vect v ng dng 

 Cc h thc lng trong tam gic v gii  tam gic 
 

 

 

 

 

 

 

 

 

 

 

Trong chng ny chng ta s nghin cu thm mt 

php ton mi  v vect,  l  php nhn v hng 

ca hai  vect.  Php nhn ny cho kt qu l  mt 

s, s  gi  l  tch v hng ca hai vect.   c 

th xc nh tch v hng ca hai  vect ta cn n 

khi  nim gi tr lng gic ca mt gc  bt k vi 

0o       180o l  m rng ca khi  nim t s lng 

gic ca mt gc nhn   bit  lp 9.  

 

 

 

CHNG  II 
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1.  GIA TR LNG GIAC CUA MOT GOC BAT 
K 
T 0o  EN 180o 

1   Tam gic ABC vung ti  A  c gc nhn ABC  =  .  Hy nhc li  nh ngha cc t s 
lng gic ca gc nhn   hc  lp 9.  

 

 

 

 

 

 

                Hnh 2.1  

2  Trong mt phng to  Oxy,  na ng trn tm O  nm pha trn  trc honh bn  
knh  R =  1  c gi  l na ng trn n v (h.2.2).  Nu cho trc mt gc nhn  
th ta c th xc nh  mt im M duy nht trn  na ng trn n v  sao cho  

xOM  =  .  Gi s im M c to  (x0  ;  y0) .  

 Hy chng t rng sin  = y0 ,  cos  = x0,  tan  = 0

0

y

x
,  cot  = 0

0

x

y
.  

 

 

 

 

 

 
 

 

 

 

                             Hnh 2.2 

M rng khi nim t s lng gic i vi gc nhn cho nhng gc  bt k 

vi 0o       1 80o,  ta c nh ngha sau y :  
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1 .   nh ngha 

Vi mi gc  ( 0o        1 80o)  ta xc 
nh mt im M trn na ng trn n 

v (h.2.3)  sao cho xOM  =   v gi s 

im M c to  M(x0  ;  y0).  Khi  ta 

nh ngha :  

  sin ca gc   l y0,  k hiu sin  = y0  ;  

  csin ca gc  l x0,  k hiu cos  = x0 ;  

  tang ca gc   l 0

0

y

x
 (x0   0),  k hiu tan  = 

0

0

y

x
 ;  

  ctang ca gc  l 0

0

x

y
 (y0   0),  k hiu cot = 

0

0

x

y
.  

Cc s sin,  cos,  tan,  cot  c gi l cc gi tr lng gic ca gc .  
 

 

V d.  Tm cc gi tr lng gic ca gc 1 35o.  

Ly im M trn na ng trn n v sao cho xOM  = 1 35o.  Khi  ta c 

yOM  = 45o.  T  ta suy ra to  ca im M l 
2 2

;
2 2

 
- 

 
 (h.2.4).  

Vy  o 2
sin135

2
=  ;   = 

o 2
cos135

2
 

 tan o135 =  1  ;   cot o135 =  1 .  
 

 Ch .     Nu   l gc t th cos < 0,  tan  <  0,  cot < 0.  

   tan ch xc nh khi  
o90 , 

  cot ch xc nh khi  
o0  

  v  
o180 .  

 

 

 

 

 

 

 

 

 

 

Hnh 2.3 

Hnh 2.4 
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2.   Tnh cht  

Trn hnh 2.5  ta c dy cung NM song song vi trc Ox  v nu xOM  =   

th xON  =  180o    .  Ta c = = 0M Ny y y ,  =  = 0M Nx x x .  Do   

   sin  =  sin (180o    ) 

   cos =    cos  (180o    )  

   tan  =   tan (180o    )  

   cot  =   cot (180o    ).  

 
 

3.   Gi tr  lng gic ca cc gc c bit 

Gi tr lng gic ca cc gc bt k c th tm thy trn bng s hoc trn 
my tnh b ti.  

Sau y l gi tr lng gic ca mt s gc c bit m chng ta cn ghi nh.   
 

Bng gi tr  lng gic ca cc gc c bit 

 
Gi tr  
lng gic 

0o 30o  45o  60o  90o  1 80o  

sin  0 
1

2
 

2

2
 

3

2
 1  0 

cos  1  
3

2
 

2

2
 

1

2
 0 1  

tan  0 
1

3
 1  3    0 

cot   3  1  
1

3
 0   

 

 

 

Trong bng,  k hiu " "   ch gi tr lng gic khng xc nh.  

Hnh 2.5 
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 Ch .  T gi tr lng gic ca cc gc c bit Z cho trong bng v tnh 
cht trn,  ta c th suy ra gi tr lng gic ca mt s gc c bit khc.  

Chng hn :  

o o o o 3
sin120 sin(180 60 ) sin 60

2
=  = =  

o o o o 2
cos135 cos(180 45 ) cos 45

2
=  =  =  .  

 

3 Tm cc gi tr  lng  gic ca cc gc o120 ,  o150 .  

 

 

4.   Gc gia hai  vect 

a) nh ngha 

Cho hai vect a


 v b


 u khc vect 0


.  T mt im O bt 

k ta v =OA a
 

 v =OB b
 

.  Gc AOB  vi s o t 0o  n 

180o  c gi l gc gia hai vect a


 v b


.  Ta k hiu gc 

gia hai vect a


 v b


 l ( a


,  b


)  (h.2.6).  Nu ( a


,  b


) =  90o  

th ta ni rng a


 v b


 vung gc vi nhau,  k hiu l a


  b


 

hoc b


   a


.   
 

 

 

b)  Ch .  T nh ngha ta c (


a ,  


b )  = (


b ,  


a ).  

 

 

 

 

 

 

 

Hnh 2.6 

 

4  Khi  no gc gia hai  vect bng 0o  ?  Khi  no gc gia hai  vect bng 1 80o  ?  
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c)  V d.  Cho tam gic ABC  vung ti A  v c gc  o50B =  (h.2.7).  Khi  :  

o( , ) 50BA BC =

 

 ,  o( , ) 130AB BC =

 

,  

o( , ) 40CA CB =

 

,  o( , ) 40AC BC =

 

,  

o( , ) 140AC CB =

 

,  o( , ) 90AC BA =

 

.   

 

 

 
 

 

 

5.   S dng my tnh b ti   tnh gi tr  lng gic ca mt gc 

Ta c th s dng cc loi my tnh b ti  tnh gi tr lng gic ca mt 
gc,  chng hn i vi my CASIO fx   500MS cch thc hin nh sau :  

 

a)  Tnh cc gi tr lng gic ca gc  

Sau khi m my n phm MODE  nhiu ln  mn hnh hin ln dng 

ch ng vi cc s sau y :  
 

   Deg  Rad  Gra 

     1     2    3  
 

 

Sau  n phm 1   xc nh n v o gc l ""  v tnh gi tr lng 

gic ca gc.  

  Tnh sin,  cos v tan.  
 

V d 1 .  Tnh sin 63o  52'  41 '' .  

n lin tip cc phm sau y :  

sin  63  , , ,o  52 , , ,o  41  , , ,o  =    

Ta c kt qu l :  sin 63o  52'  41 ''    0,  897859012.  

 tnh cos v tan  ta cng lm nh trn, ch thay vic n phm sin  

bng phm cos  hay tan .  

Hnh 2.7 
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b)  Xc nh  ln ca gc khi bit gi tr lng gic ca gc  

Sau khi m my v chn n v o gc,   tnh gc x khi bit cc gi tr 
lng gic ca gc  ta lm nh v d sau.  

 

V d 2.  Tm x  bit sinx =  0,3502.  

Ta n lin tip cc phm sau y :  

SHIFT  sin  0.3502 =  SHIFT  , , ,o  

v c kt qu l :  o20 29 ' 58 ''x  .  

Mun tm x khi bit cosx,  tanx ta lm tng t nh trn, ch thay phm sin   

bng phm cos ,  tan .  

 

 

 

Cu hi  v bi  tp 

1. Chng minh rng trong tam gic ABC  ta c :  

a)  sin A  = sin(B  + C);    b)  cos A  =  cos(B  + C).  

2.   Cho AOB  l tam gic cn ti O  c OA  =  a  v c cc ng cao OH v AK.  

Gi s =AOH .  Tnh AK v OK theo a  v .  

3.   Chng minh rng :  

a)  =
o osin105 sin 75  ;  

b)  = 
o ocos170 cos10  ;  

c)  = 
o ocos122 cos 58 .  

4.   Chng minh rng vi  mi gc  (  
o o0 180 ) ta u c  + =

2 2cos sin 1 .  

5.   Cho gc x,  vi =
1

cos
3

x .  Tnh gi tr ca biu thc :  = +
2 23 sin cosP x x .  

6.  Cho hnh vung ABCD.  Tnh :  

cos( ,AC BA

 

),  sin( ,AC BD

 

),  cos( ,AB CD

 

).  
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2.  TCH VO HNG CUA HAI VECT 

 

 

 

 

Trong vt l,  ta bit rng nu c mt lc 


F  tc ng ln mt vt ti im O  v 
lm cho vt  di chuyn mt quZng 

ng s  = OO' th cng A  ca lc 


F  
c tnh theo cng thc :  

A  =  . cosF OO 
 

   (h.2.8)   

trong  


F  l cng  ca lc 


F  tnh bng Niutn (vit tt l N),  


'OO  l 

 di ca vect 


'OO  tnh bng mt (m),   l gc gia hai vect 


'OO  v 


F ,  

cn cng A  c tnh bng Jun (vit tt l J).  

Trong ton hc,  gi tr A  ca biu thc trn (khng k n v o) c gi l 

tch v hng ca hai vect 


F  v 


'OO .   
 

1 .   nh ngha 

Cho hai vect a  v b  u khc vect 0 .  Tch v hng ca a  

v b  l mt s, k hiu l .a b , c xc nh bi cng thc sau : 
 

     .a b  = . cos( , )a b a b .  

 

 

 

Trng hp t nht mt trong hai vect a  v b  bng vect 0  ta quy c  

.a b  = 0.  
 

 

 Ch  

a)  Vi a  v b  khc vect 0  ta c .a b  =  0   a b .  

b)  Khi a  = b  tch v hng a . a  c k hiu l 
2

a  v s ny c gi l 

bnh phng v hng ca vect a .  

Ta c 
22 o. cos 0a a a a= = .  

Hnh 2.8 
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V d.  Cho tam gic u ABC  c cnh bng a  v c chiu cao AH.  Khi  ta 

c (h.2.9)  

o 21
. . . cos 60

2
AB AC a a a= =

 

,  

o 21
. . . cos120

2
AC CB a a a= = 

 

,  

o3
. . . cos 90 0

2

a
AH BC a= =

 

.   

 
        Hnh 2.9 

2.   Cc tnh cht ca tch v hng 

Ngi ta chng minh c cc tnh cht sau y ca tch v hng :  
 

 

Vi ba vect a ,  b ,  c  bt k v mi s k ta c :  

  a . b  = b . a  (tnh cht giao hon) ;  

  a .( b  + c )  = a . b  + a . c  (tnh cht phn phi)  ;  

  (k a ). b  = k( a . b )  = a .(kb )  ;  

  
2

0a ,  
2
a  = 0   a  =  0 .  

 

 

 

 

 

 

Nhn xt.  T cc tnh cht ca tch v hng ca hai vect ta suy ra :  
 

 

+ = + +
2 22( ) 2 .a b a a b b  ;  

 =  +
2 22( ) 2 .a b a a b b  ;  

+  = 
2 2

( ).( )a b a b a b .  

 

 

 

 

1   Cho hai  vect a  v b  u khc vect 0 .  Khi  no th tch  v hng ca hai  vect  
l s dng ? L s m ? Bng 0 ? 
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ng dng.  Mt xe gong chuyn ng t A  n B  di tc dng ca lc 


F .  

Lc 


F  to vi hng chuyn ng mt gc ,  tc l (
 

,F AB )  =  (h.2.10).  

 

Hnh 2.10 

Lc 


F  c phn tch thnh hai thnh phn 


1F  v 


2F  trong  


1F  vung 

gc vi 


AB ,  cn 


2F  l hnh chiu ca 


F  ln ng thng AB.  Ta c 

= +

  

1 2F F F .  Cng A  ca  lc 


F  l  A  = 1 2. ( ).F AB F F AB= +

    

 = 

= 1 2. .F AB F AB+

   

 = 2 .F AB
 

.  

Nh vy lc thnh phn 


1F  khng lm cho xe gong chuyn ng nn 

khng sinh cng.  Ch c thnh phn 


2F  ca lc 


F  sinh cng lm cho xe 

gong chuyn ng t A  n B.   

Cng thc A  =  


F .


AB  l cng thc tnh cng ca lc 


F  lm vt di chuyn 

t A  n B  m ta Z bit trong vt l.  
 

3.   Biu thc to  ca tch v hng 

Trn mt phng to  (O  ;  i ,  j ),  cho hai vect a  = (a1  ;  a2),  b  = (b1  ;  b2).  

Khi  tch v hng a . b  l :  
 

 

    a . b   = a1b1  + a2b2.  
 

Tht vy  a . b  = +1 2( )a i a j . +1 2( )b i b j  

=  + + +

2 2
1 1 2 2 1 2 2 1. . . .a b i a b j a b i j a b j i .  

V =

2 2
i j = 1  v =. .i j j i  = 0 nn suy ra :  

a . b  = a1b1  + a2b2.  
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Nhn xt.  Hai vect 


a  =  (a1  ;  a2),  


b  = (b1  ;  b2)  u khc vect 


0  vung gc 

vi nhau khi v ch khi  

a1b1  + a2b2 = 0.  

 

 

 

2  Trn mt phng to  Oxy cho ba im A(2 ;  4),  B(1  ;  2),  C(6 ;  2).  Chng minh rng  



 

AB AC .  
 

4.   ng dng 

a)  di ca vect 

 di ca vect 


a  = (a1  ;  a2)  c tnh theo cng thc :  

 

 

       = +



2 2
1 2a a a .  

 

 

Tht vy,  ta c  = = = + = +

   2 2 2 2
1 1 2 2 1 2.a a a a a a a a a a .  

Do   = +



2 2
1 2a a a .  

 

 

 

b)  Gc gia hai vect 

T nh ngha tch v hng ca hai vect ta suy ra nu =



1 2( ; )a a a  v 

=



1 2( ; )b b b  u khc 


0  th ta c :  

 

cos
+

= =

+ +

 

 

 

1 1 2 2

2 2 2 2
1 2 1 2

.
( , )

. .

a b a ba b
a b

a b a a b b

.  

 

 

 

 

V d.  Cho 


OM  = (2 ;  1 ),  


ON  = (3  ;  1).  

Ta c cos
 +

= = = = 

 

 

 

. 6 1 2
cos( , )

25. 10.

OM ON
MON OM ON

OM ON

.  

Vy o( , ) 135OM ON =

 

.  
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c)  Khong cch gia hai im 

Khong cch gia hai im A(x
A 
; y

A
) v B(x

B 
; y

B
) c tnh theo cng thc :  

 

 

      AB  =   + 
2 2( ) ( )B A B Ax x y y .  

 

 

Tht vy,  v  =  



( ; )B A B AAB x x y y  nn ta c  

      AB  = =  + 



2 2( ) ( )B A B AAB x x y y .  
 

 

V d.  Cho hai im M(2 ;  2)  v N(1  ;  1 ).  Khi  


MN  = (3  ;  1 ) v khong 

cch MN l :  = +  =



2 23 ( 1) 10MN .  
 

 

 

 

 

Cu hi  v  bi  tp 

1.   Cho tam gic vung cn ABC c AB  =  AC  = a.  Tnh cc tch v hng 
 

.AB AC ,  
 

.AC CB .   

2.  Cho ba im O,  A,  B  thng hng v bit OA  =  a,  OB  = b.  Tnh tch v hng 
 

.OA OB  trong hai trng hp :  

a)  im O  nm ngoi on AB  ;  

b)  im O  nm trong on AB  .  

3.   Cho na ng trn tm O  c ng knh AB  = 2R.  Gi M v N l hai im 
thuc na ng trn sao cho hai dy cung AM v BN ct nhau ti I.  

a)  Chng minh =

   

. .I IA AM A AB  v =

   

. .I IB BN B BA  ;  

b)  HZy dng kt qu cu a)  tnh +

   

. .I IA AM B BN  theo R.  

4.   Trn mt phng Oxy,  cho hai im A(1  ;  3),  B(4 ;  2).  

a)  Tm to  im D  nm trn trc Ox sao cho DA  =  DB  ;  

b)  Tnh chu vi tam gic OAB  ;  

c)  Chng t OA  vung gc vi AB  v t  tnh din tch tam gic OAB.  
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5.   Trn mt phng Oxy  hZy tnh gc gia hai vect a  v b  trong cc trng 
hp sau :  

a)  a  =  (2 ;  3),  b  = (6 ;  4) ;  

b) a  = (3  ;  2),  b  =  (5  ;  1 )  ;  

c)  a  =  ( 2 ;  2 3 ),  b  = (3  ;  3 ).  

6.   Trn mt phng to  Oxy  cho bn im A(7 ;  3), B(8 ;  4), C(1  ;  5),  D(0 ;  2).  

Chng minh rng t gic ABCD  l hnh vung.  

7.   Trn mt phng Oxy  cho im A( 2 ;  1 ).  Gi B  l im i xng vi im A  
qua gc to  O.  Tm to  ca im C  c tung  bng 2 sao cho tam gic 
ABC  vung  C.  

 

 

 
 

 

 

3.  CAC HE THC LNG TRONG TAM GIAC 
VA GIAI TAM GIAC 

 

 

 

 

 

 

Chng ta bit rng mt tam gic c hon ton xc nh nu bit mt s 
yu t,  chng hn bit ba cnh,  hoc hai cnh v gc xen gia hai cnh .  

Nh vy gia cc cnh v cc gc ca mt tam gic c mt mi lin h xc 
nh no  m ta s gi l cc h thc lng trong tam gic.  Trong phn 
ny chng ta s nghin cu nhng h thc  v cc ng dng ca chng.  

i vi tam gic ABC  ta thng k hiu :  a  = BC,  b  = CA,  c  = AB.  
 

 

 

1   Tam gic ABC vung ti  A  c ng cao AH =  h  v c BC =  a,  CA  =  b,  AB  =  c.  Gi  
BH =  c' v CH =  b' (h.2.1 1 ).  Hy in vo cc  trng trong cc h thc sau  y  
c cc h thc lng trong tam gic vung :   
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 = +
2 2
a b  . . .  

 = 
2

b a  . . .  

 = 
2

c a  . . .  

 = 
2

h b  . . .  

 ah  =  b    . . .  

 = +
2 2

1 1 1

. . . b c

 

 sinB  =  cosC  =  
. . .

a
;  sinC  =  cosB  =  

. . .

a
 

 tanB  =  cotC =  
. . .

c
;  cotB  =  tanC  =  

. . .

b
.  

Trc tin ta tm hiu hai h thc lng c bn trong tam gic bt k l nh 
l csin v nh l sin.  

1 .   nh l csin 

a)  Bi ton.  Trong tam gic ABC  

cho bit hai cnh AB,  AC  v gc A,  
hZy tnh cnh BC  (hnh 2.12).  

Gii 

Ta c  ( )= = 
   222

BC BC AC AB  

=  + 
   2 2

2 .AC AB AC AB  

= + 
   2 22 2 . cosBC AC AB AC AB A .   

Vy ta c = + 2 2 2 2 . . cosBC AC AB AC AB A  

    nn  BC  =  + 2 2 2 . . cosAC AB AC AB A .  

Hnh 2.11  

Hnh 2.12 
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T kt qu ca bi ton trn ta suy ra nh l sau y :   

b)  nh l csin 

Trong tam gic ABC bt k vi BC =  a,  CA =  b,  AB =  c ta c :  
 

a2  =  b2  +  c2    2bc cosA  ;  

b2  =  a2  +  c2    2ac cosB  ;  

c2  =  a2  +  b2    2ab cosC.  
 

 

 

2  Hy pht biu nh l  csin  bng li.  

3  Khi  ABC l tam gic vung,  nh  l  csin  tr thnh nh  l  quen thuc no ? 

T nh l csin ta suy ra :  

H qu 
 

+ 
=

+ 
=

+ 
=

2 2 2

2 2 2

2 2 2

cos ;
2

cos ;
2

cos .
2

b c a
A

bc

a c b
B

ac

a b c
C

ab

 

 

c)  p dng.  Tnh  di ng trung tuyn ca tam gic.  

Cho tam gic ABC  c cc cnh BC  =  a,  CA  = b  v AB  = c.  Gi am ,  bm  v 

cm  l  di cc ng trung tuyn ln lt v t cc nh A,  B  v C  ca 

tam gic.  Ta c :  
 

+ 
=

2 2 2
2 2( )

4
a

b c a
m  ;  

+ 
=

2 2 2
2 2( )

4
b

a c b
m  ;  

+ 
=

2 2 2
2 2( )

4
c

a b c
m .  Hnh 2.13 
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Tht vy, gi M l trung im ca cnh BC,  p dng nh l csin vo tam 
gic AMB  ta c :   


= +   

2
2 2 2 . . cos

2 2a

a a
m c c B  = +

2
2

4

a
c    ac  cos B  

V cosB  = 
+ 

2 2 2

2

a c b

ac
 nn ta suy ra :  

= + 

2
2 2

4a

a
m c ac .

+ 
2 2 2

2

a c b

ac
 = 

+ 
2 2 22( )

4

b c a
.  

Chng minh tng t ta c :  

+ 
=

2 2 2
2 2( )

4b

a c b
m  

+ 
=

2 2 2
2 2( )

4c

a b c
m .  

4 Cho tam gic ABC c a  =  7  cm,  b  =  8  cm v c =  6 cm.  Hy tnh  di  ng trung  

tuyn 
a

m  ca tam gic ABC  cho.  

d) V d 

V d 1 .  Cho tam gic ABC  c cc cnh AC  = 10 cm, BC  =  16 cm v gc  

C  =  o110 .  Tnh cnh AB  v cc gc A,  B  ca tam gic .  
 

Gii 

t BC  = a,  CA  = b,  AB  =  c.  

Theo nh l csin ta c :  

c
2   =  a2  + b2    2ab  cos C  

  =  162  + 102    2.16.10.cos110o  

c
2    465,44.  

Vy   465, 44c 21 ,6 (cm).   
 

 

 

 

 

 

 

 

 Hnh 2.14 
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Theo h qu nh l csin ta c :  

   cos A  = 
+  + 

 

2 2 2 2 2 210 (21, 6) 16

2 2.10.(21, 6)

b c a

bc
 0,7188.  

Suy ra  A  44o2 ,    =  + 
o o180 ( ) 25 58 'B A C .  

 

V d 2.   Hai lc 1f


 v 2f


 cho trc cng tc dng ln mt vt v to thnh 

gc nhn ( )1 2,f f =
 

.  HZy lp cng thc tnh cng  ca hp lc s .  

Gii 

t =
 

1AB f ,  =
 

2AD f  v v hnh 

bnh hnh ABCD  (h.2.15).  

Khi  1 2AC AB AD f f s= + = + =
    

.  

Vy = = +
  

1 2s AC f f .  

Theo nh l csin i vi tam gic ABC  ta c  

   = + 
2 2 2 2 . . cosAC AB BC AB BC B ,  

hay   
2 2 2 o

1 2 1 22 . . cos(180 )s f f f f = +  
   

.  

Do    
2 2

1 2 1 22 . . coss f f f f = + +
   

.  

 

 

 

2.   nh l sin 

5  Cho tam gic ABC vung  A  ni  tip trong ng trn bn knh  R v c BC =  a,  

CA  =  b,  AB  =  c.  Chng minh h thc :  

= =
sin sin sin

a b c

A B C
 = 2R.  

 

 

i vi tam gic ABC  bt k ta cng c h thc trn.  H thc ny c gi l 

nh l sin trong tam gic.  

 

Hnh 2.15 
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a)  nh l sin 

Trong tam gic ABC  bt k vi BC =  a,  CA =  b,  AB =  c v R 

l bn knh ng trn ngoi tip,  ta c :  
 

 

= =

sin sin sin

a b c

A B C
= 2R.  

 

 

 

 

Chng minh.  Ta chng minh h thc 
sin

a

A
 = 2R.  Xt hai trng hp :  

  Nu gc A  nhn,  ta v ng knh BD  ca ng trn ngoi tip tam gic 

ABC  v khi  v tam gic BCD  vung ti C  nn ta c BC  =  BD . sinD  hay  
a  = 2R. sinD  (h.2.16a).  

Ta c =BAC BDC  v  l hai gc ni tip cng chn cung BC .  Do   

a  = 2R. sin A  hay 
sin

a

A
 = 2R.  

 

 

  
a)      b)  

Hnh 2.16 

 

 

 

  Nu gc A  t, ta cng v ng knh BD  ca ng trn tm O  ngoi tip tam 

gic ABC  (h.2.16b).  T gic ABDC ni tip ng trn tm O  nn 

 o180D A=  .  Do  sinD  = sin( o180 A ).  Ta cng c BC = BD. sinD  hay  
a  = BD. sin A .  

Vy a  = 2R sin A  hay 
sin

a

A
 =  2R.  
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Cc ng thc 
sin

b

B
 =  2R  v 

sin

c

C
 = 2R  c chng minh tng t.  

Vy ta c 
sin

a

A
 = 

sin

b

B
 = 

sin

c

C
 =  2R.  

 

 

6  Cho tam gic u ABC c cnh bng a.  Hy tnh  bn knh  ng trn ngoi  tip tam 

gic .  

 

 

 

b)  V d.  Cho tam gic ABC  c B  = 20o,  C  = 31 o  v cnh b  =  210 cm.  Tnh 

A ,  cc cnh cn li v bn knh R  ca ng trn ngoi tip tam gic .  

Gii 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 2.17 

 

 

 

Ta c A  =  o o o180 (20 31 ) + ,  do  A  =  o129  (h.2.1 7).  

Mt khc theo nh l sin ta c :    
sin

a

A
 = 

sin

b

B
 = 

sin

c

C
 = 2R           (1 )  

T (1 ) suy ra   a  =   
o

o

sin 210. sin129

sin sin 20

b A

B
=    477,2 (cm).  

c  = =
b C

B

o

o

sin 210. sin 31

sin sin 20
  316,2 (cm).  

R  = =
a

A o

477, 2

2 sin 2. sin129
  307, 02 (cm).  
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3.   Cng thc tnh din tch tam gic  

Ta k hiu ,a bh h  v ch  l cc ng cao ca tam gic ABC  ln lt v t 

cc nh A,  B,  C  v S l din tch tam gic .  

7 Hy vit cc cng thc tnh din tch tam gic theo mt cnh v ng cao tng ng.  

 

 

Cho tam gic ABC  c cc cnh BC  = a,  CA  = b,  AB  = c.  

Gi R  v r  ln lt l bn knh ng trn ngoi tip, ni tip tam gic v  

p  = 
+ +

2

a b c
 l na chu vi ca tam gic.  

Din tch S ca tam gic ABC  c tnh theo mt trong cc cng thc sau 
 

 

 S =  = =
1 1 1

sin sin sin
2 2 2
ab C bc A ca B  ;    (1 )  

 S =  
4

abc

R
 ;         (2)  

 S =  pr ;         (3)  

 S =    ( )( )( )p p a p b p c   (cng thc H-rng).  (4)  

     
 

Ta chng minh cng thc (1 ).  

Ta Z bit S = 
1

2 aah  vi ha  = AH = ACsinC  =  bsinC  (k c C  nhn, t hay 

vung) (h.2.18).  
 

 
 

Hnh 2.18 
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Do  S = 
1

sin
2
ab C .   

Cc cng thc S =  
1

sin
2
bc A  v S = 

1
sin

2
ca B  c chng minh tng t.  

 

8  Da vo cng thc (1 )  v nh  l  sin,  hy chng minh S =  
4

abc

R
.  

9  Chng minh cng thc S  =  pr   (h.2.1 9).  

 

 
 

Hnh 2.19 

 

Ta tha nhn cng thc H-rng.  

V d 1 .  Tam gic ABC  c cc cnh a  = 1 3  m, b  =  14 m v c  =  15  m.  

a)  Tnh din tch tam gic ABC  ;  

b)  Tnh bn knh ng trn ni tip v ngoi tip tam gic ABC.  

Gii 

a) Ta c p  = 
1

2
(13  + 14 + 1 5)  = 21 .  Theo cng thc H-rng ta c :  

S =   21(21 13)(21 14)(21 15)  = 84 (m
2
).  

b) p dng cng thc S = pr ta c r = =

84

21

S

p
 =  4.    

Vy ng trn ni tip tam gic ABC  c bn knh l r =  4 m.  

T cng thc S = 
4

abc

R
.   

Ta c  R  =  =

13.14.15

4 336

abc

S
 = 8,125 (m).  
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V d 2.  Tam gic ABC  c cnh a  = 2 3 ,  cnh b  =  2 v = 30oC .  Tnh cnh 

c,  gc A  v din tch tam gic .  
 

 

Gii 

Theo nh l csin ta c 

= + 
2 2 2 2 cosc a b ab C  =  12 + 4   2.

3
2 3.2.

2
 = 4.  

Vy c  = 2 v tam gic ABC  c AB  = AC  =  2.  Ta suy ra =B C  = o30 .  

Do  A  = o120 .  

Ta c S = 
1

2
acsinB  =  

1

2
. =

1
2 3.2. 3

2
 (n v din tch).  

 

 

4.   Gii tam gic v ng dng vo vic o c 

a) Gii tam gic 

Gii tam gic l tm mt s yu t ca tam gic khi cho bit cc yu t  khc.  

 
 

Hnh 2.20.  Gic k dng   ngm v o c.  

 

 

 

Mun gii tam gic ta thng s dng cc h thc Z c nu ln trong 

nh l csin,  nh l sin v cc cng thc tnh din tch tam gic.  
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V d 1 .  Cho tam gic ABC   bit cnh a  = 17,4 m, B  = o44 30  v o64C = .  

Tnh gc A  v cc cnh b,  c.  
 

Gii 

Ta c A  =  o180    ( B  + C )  = o180    (44o30  + o64 ) = 71 o30 .  

Theo nh l sin ta c  = =
sin sin sin

a b c

A B C
,  

do   b  = 
sin 17, 4.0, 7009

sin 0, 9483

a B

A
   12,9 (m),  

  c  = 
sin 17, 4.0,8988

sin 0, 9483

a C

A
   1 6,5  (m).  

 

 

 

 

V d 2.  Cho tam gic ABC  c cnh a  = 49,4cm, b  = 26,4cm v C  =  47o20 .  

Tnh cnh c,  A  v B .  
 

Gii 

Theo nh l csin ta c  

  c
2  = +

2 2
a b    2ab  cosC  

  (49,4)2  + (26,4)2    2.49,4.26,4.0,6777   1 369,66.  

Vy c    1 369, 66    37 (cm).  

Ta c cosA  = 
+  + 

  

2 2 2 697 1370 2440
0,191

2 2.26, 4.37

b c a

bc
.  

Nh vy A  l gc t v ta c A    1 01o .  

Do  B  = o180    ( A  + C )      + =
o o o o180 (101 47 20 ) 31 40 .  

Vy B    31  o  40  
 

 

V d 3.  Cho tam gic ABC  c cnh a  = 24 cm, b  =  1 3  cm v c  = 15  cm.  

Tnh din tch S ca tam gic v bn knh r ca ng trn ni tip.  
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Gii 

Theo nh l csin ta c 

cosA  =  
+  + 

=
2 2 2 169 225 576

2 2.13.15

b c a

bc
    0,4667,  

nh vy A  l gc t v ta tnh c A    1 17o49   sinA    0,88.  

Ta c S = 
1

2
bcsinA    

1

2
.13.1 5.0,88 = 85,8  ( 2cm ).  

p dng cng thc S = pr ta c r = 
S

p
.  V p  = 

+ +24 13 15

2
 =  26 nn 

85,8
3, 3

26
r  =  (cm).  

 

 

b)  ng dng vo vic o c 

 Bi ton 1 .  o chiu cao ca mt ci thp m khng th n c chn thp.  

Gi s CD  = h  l chiu cao ca thp trong  C l chn thp. Chn hai im A,  

B trn mt t sao cho ba im A, B v C thng hng. Ta o khong cch AB v 

cc gc CAD , CBD .  Chng hn ta o c AB = 24 m, o63CAD = = ,  
o48CBD = = .  Khi  chiu cao h  ca thp c tnh nh sau :  

 

 
 

 

Hnh 2.21  
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p dng nh l sin vo tam gic ABD  ta c 

 

=

sin sin

AD AB

D
.  

Ta c   = D  +   nn D  =   =  =o o o63 48 15 .  

Do  AD  =  


 
= 



AB
o

o

sin 24 sin 48
68, 91

sin( ) sin15
.  

Trong tam gic vung ACD  ta c h  =  CD  =  ADsin    61 ,4 (m) .  
 

 

 

 Bi ton 2.  Tnh khong cch t mt a im trn b sng n mt gc 

cy trn mt c lao  gia sng.  

 o khong cch t mt im A  trn b sng n gc cy C  trn c lao 

gia sng, ngi ta chn mt im B  cng  trn b vi A  sao cho t A  v B  

c th nhn thy im C.  Ta o khong cch AB,  gc CAB  v CBA .  Chng 

hn ta o c AB  = 40 m, o45CAB = = ,  o70CBA = = .  

 
 

Hnh 2.22 

 

 

Khi  khong cch AC  c tnh nh sau :  

p dng nh l sin vo tam gic ABC,  ta c 

     =
sin sin

AC AB

B C
   (h.2.22).  
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V  sinC  = sin  +( )  nn AC  =  
o

o

sin 40. sin 70

sin( ) sin115

AB 

 
= 

+
 41 ,47 (m).  

Vy AC    41 ,47(m).  
 

 

 

Cu hi  v bi  tp 

1.   Cho tam gic ABC  vung ti A,  = o58B  v cnh a  =  72 cm.  Tnh C ,  cnh b,  

cnh c v ng cao ah .  

2.   Cho tam gic ABC  bit cc cnh a  =  52,1  cm, b  = 85  cm v c  = 54 cm.  Tnh 

cc gc A ,  B  v C .  

3.   Cho tam gic ABC  c = o120A ,  cnh b  = 8  cm v c = 5  cm.  Tnh cnh a,   v 

cc gc B ,  C  ca tam gic .  

4.  Tnh din tch S ca tam gic c s o cc cnh ln lt l 7,  9 v 12.  

5. Tam gic ABC  c = o120A .  Tnh cnh BC  cho bit cnh AC  = m  v  

AB  =  n.  

6.   Tam gic ABC  c cc cnh a  =  8  cm, b  = 10 cm v c  = 1 3  cm.  

a) Tam gic  c gc t khng ?  

b) Tnh  di trung tuyn MA  ca tam gic ABC  .  

7.   Tnh gc ln nht ca tam gic ABC  bit  

a)  Cc cnh a  = 3  cm, b  = 4 cm v c  = 6 cm;  

b) Cc cnh a  = 40 cm, b  = 1 3  cm v c  = 37 cm.  

8.   Cho tam gic ABC  bit cnh a  = 137,5  cm,  = o83B  v  = o57C .  Tnh gc 

A,  bn knh R  ca ng trn ngoi tip,  cnh b  v c  ca tam gic.  

9.   Cho hnh bnh hnh ABCD  c AB  =  a,  BC  =  b,  BD  = m  v AC  = n.  Chng 

minh rng + = +2 2 2 22( )m n a b .  



 60 

10.  Hai chic tu thu P  v Q  cch nhau 300 m.  T P  v Q  thng hng vi chn A  

ca thp hi ng AB   trn b bin ngi ta nhn chiu cao AB  ca thp di 

cc gc =
o35BPA  v =

o48BQA .  Tnh chiu cao ca thp.  

11.   Mun o chiu cao ca Thp Chm Por Klong Garai  Ninh Thun (h.2.23),  
ngi ta ly hai im A  v B  trn mt t c khong cch AB  = 12 m cng 
thng hng vi chn C  ca thp  t hai gic k (h.2.24).  Chn ca gic k 

c chiu cao h  =  1 ,3  m.  Gi D  l nh thp v hai im 1 1,A B  cng thng 

hng vi 1C  thuc chiu cao CD  ca thp.  Ngi ta o c =
o

1 1 49DA C  v 

=
o

1 1 35DB C .  Tnh chiu cao CD  ca thp .  
 

 

 

 

Hnh 2.23                  Hnh 2.24 
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Ngi ta  o khong cch 

gia Tri t v Mt Trng nh th no ? 
 

 

 

 

 

 

 

Loi  ngi   bit c khong cch gia 
Tri  t v Mt Trng cch y khong  
hai  ngn nm vi  mt  chnh xc tuyt 
vi  l vo khong 384 000 km.  Sau  
khong  cch gia Tri  t v Mt Trng  
 c xc lp mt cch chc chn vo 
nm 1 751  do mt nh thin vn  ngi  
Php l Gi-dep La-lng  (Joseph 
Lalande,  1 732-1 807)  v mt nh ton  
hc ngi  Php l N i-c-la La-cay 
(Nicolas Lacaille,  1 71 3-1 762).  Hai  ng  
phi  hp t chc ng  hai  a im rt 
xa nhau,  mt ngi   Bec-l in  gi  l im 
A,  cn  ngi  kia  Mi  Ho Vng (Bonne-
Esprance)  mt mi  t  cc nam chu  
Phi,  gi  l im B  (h.  2.25).  Gi  C l mt 
im trn  Mt Trng.  T A  v B  ngi  ta  
o v tnh c cc gc A,  B  v cnh AB  
ca tam gic ABC.  

 

Trong mt phng  (ABC) ,  gi  tia Ax l 
ng chn tri  v t nh  A  v tia By l  
ng chn tri  v t nh B.  K hiu  

 = CAx ,   = CBy .  

Gi  O  l tm Tri  t,  ta c :  

u =  = =
1

2
xAB yBA AOB .   

Tam gic ABC c  =  + =  +,A u B u .  

V bit  di  cung AB  nn  ta tnh  c gc AOB  v do  tnh  c  di  cnh  
AB.  Tam gic ABC c xc nh  v bit "gc - cnh  - gc" ca tam gic  .  T   
ta c th tnh c chiu  cao CH ca tam gic ABC  l khong cch  cn tm.  Ngi  
ta nhn  thy rng  khong cch ny gn bng mi  ln  di  xch  o ca 
Tri  t (  1 0   40 000 km).  

Hnh 2.25 
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n tp chng II 

i. cu hi v bi tp 

1.   HZy nhc li nh ngha gi tr lng gic ca mt gc   vi  
o o0 180 .  

Ti sao khi   l cc gc nhn th gi tr lng gic ny li chnh l cc t s 
lng gic Z c hc  lp 9 ?  

2.   Ti sao hai gc b nhau li c sin bng nhau v csin i nhau ?  

3.   Nhc li nh ngha tch v hng ca hai vect a  v b .  Tch v hng ny 

vi a  v b khng i t gi tr ln nht v nh nht khi no ?  

4.   Trong mt phng Oxy  cho vect a  = ( 3  ;  1 )  v vect b  = (2 ;  2),  hZy tnh 

tch v hng .a b .  

5.   HZy nhc li nh l csin trong tam gic.  T cc h thc ny hZy tnh cos A ,  

cos B  v cosC theo cc cnh ca tam gic.  

6.   T h thc a2  = b2  + c2   2bc cos A  trong tam gic, hZy suy ra nh l Py-ta-go.  

7.   Chng minh rng vi mi tam gic ABC,  ta c a  = 2R sin ,A  b  = 2R sin ,B   

c  =  2R Csin ,  trong  R l bn knh ng trn ngoi tip tam gic.  

8.   Cho tam gic ABC.  Chng minh rng :  

a)  Gc A  nhn khi v ch khi a2  < b2  + c2  ;  

b) Gc A  t khi v ch khi  a2  > b2  + c2  ;  

c)  Gc A  vung khi v ch khi  a2  = b2  + c2.  

9.   Cho tam gic ABC  c  = o60 ,A  BC  = 6.  Tnh bn knh ng trn ngoi tip 

tam gic .  

10.   Cho tam gic ABC  c a  = 12, b  = 16, c  = 20.  Tnh din tch S ca tam gic, 

chiu cao h
a
 ,  cc bn knh R,  r ca cc ng trn ngoi tip, ni tip tam 

gic v ng trung tuyn m
a
 ca tam gic.  

11 .   Trong tp hp cc tam gic c hai cnh l a  v b,  tm tam gic c din tch 
ln nht.  
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II.  Cu hi trc nghim 

1.  Trong cc ng thc sau y ng thc no l ng ?  

(A) = o 3
sin150

2
 ;     (B) cos150o  = 

3

2
 ;  

(C) tan150o  =  
1

3
 ;     (D) cot150o  = 3 .  

2.   Cho   v   l hai gc khc nhau v b nhau.  Trong cc ng thc sau y, 
ng thc no sai ?  

(A) sin = sin    ;     (B)  cos =  cos   ;  

(C) tan   =  tan    ;     (D) cot =  cot .  

3.   Cho  l gc t.  iu khng nh no sau y l ng ? 

(A) sin  < 0 ;      (B)  cos  > 0 ;  

(C) tan  <  0 ;      (D) cot > 0 .  

4.   Trong cc khng nh sau y,  khng nh no sai ?  

(A) cos45o  = sin 45o  ;     (B) cos45o  =  sin 135o ;  

(C) cos30o  = sin 120o  ;     (D) sin60o  = cos 120o  .  

5.   Cho hai gc nhn   v   trong   < .  Khng nh no sau y l sai ?  

(A) cos   < cos   ;     (B) sin  < sin    ;  

(C) o90 + =    cos sin =  ;   (D) tan +  tan   > 0 .   

6.   Tam gic ABC  vung  A  v c gc  = o30B .  Khng nh no sau y l sai ? 

(A) =
1

cos
3

B  ;      (B)  =
3

sin
2

C  ;  

(C) =
1

cos
2

C  ;      (D) =
1

sin
2

B .  

7.   Tam gic u ABC  c ng cao AH.  Khng nh  no sau y l ng ?  

(A) sin =
3

2
BAH  ;     (B) cos =

1

3
BAH  ;  

(C) sin =
3

2
ABC  ;     (D) sin =

1

2
AHC .  
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8.   iu khng nh no sau y l ng ?  

(A) sin = sin(180o   )  ;    (B) cos =  cos(180o   )  ;  

(C) tan  =  tan(180o    ) ;    (D) cot  = cot(180o   ).   

9.   Tm khng nh sai trong cc khng nh sau y :  

(A) cos35o  > cos10o  ;     (B) sin60o  < sin80o  ;  

(C) tan45o  < tan60o  ;     (D) cos45o  = sin45o  .  

10.   Tam gic ABC  vung  A  v c gc  = o50B .  H thc no sau y l sai ?  

(A) ( ) =
 

o, 1 30AB BC  ;     (B)  ( ) =
 

o, 40BC AC ;  

(C) ( ) =
 

o, 50AB CB  ;     (D) ( ) =
 

o, 120AC CB .  
 

11.   Cho 

a  v 


b  l hai vect cng hng v u khc vect  


0 .  Trong cc kt qu  

sau y,  hZy chn kt qu ng.  

(A) =
   
. .a b a b  ;      (B)  

 
.a b  = 0 ;  

(C) 
 
.a b  =  1  ;      (D) = 

   
. .a b a b .  

12.   Cho tam gic ABC  vung cn ti A  c AB  = AC  = 30 cm.  Hai ng trung 
tuyn BF v CE ct nhau ti G.  Din tch tam gic GFC  l :  

(A) 50 cm2  ;      (B)  50 2  cm2  ;  

(C) 75  cm2  ;      (D) 15 105  cm2.  

13.   Cho tam gic ABC  vung ti A  c AB  = 5  cm, BC  = 13  cm.  Gi gc =ABC  

v =ACB .  HZy chn kt lun ng khi so snh  v   :  

(A)   >  ;      (B)     <   ;  

(C)    =   ;      (D)   .  

14.   Cho gc = o30xOy .  Gi A  v B  l hai im di ng ln lt trn Ox v Oy  

sao cho AB  = 1 .   di ln nht ca on OB  bng :  

(A) 1 ,5  ;   (B) 3  ;   (C) 2 2  ;   (D) 2.  
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15.   Cho tam gic ABC  c BC  = a  ,  CA  = b  ,  AB = c.  Mnh   no sau y l ng ? 

(A) Nu b2  + c2   a2  > 0 th gc A  nhn ;  

(B) Nu b2  + c2   a2  > 0 th gc A  t ;  

(C) Nu b2  + c2   a2   < 0 th gc A  nhn ;  

(D) Nu b2  + c2   a2   < 0 th gc A  vung.  

16.   ng trn tm O  c bn knh R = 1 5  cm.  Gi P  l mt im cch tm O  mt 
khong PO  = 9 cm.  Dy cung i qua P  v vung gc vi PO  c  di l :  

(A) 22 cm ;  (B) 23  cm ;   (C) 24 cm ;   (D) 25 cm.  

17.   Cho tam gic ABC  c AB  = 8  cm, AC = 18  cm v c din tch bng  64 cm2.  
Gi tr sinA  l :  

(A) 
3

2
 ;   (B) 

3

8
 ;    (C) 

4

5
 ;   (D) 

8

9
 .  

18.   Cho hai gc nhn   v   ph nhau.  H thc no sau y l sai ?  

(A) sin  =  cos   ;    (B) cos  = sin   ;  

(C) tan  = cot   ;    (D) cot  = tan .  

19.   Bt ng thc no di y l ng ?  

(A) osin 90  < sin150o  ;    (B) sin 90o15  < sin 90o30  ;  

(C) cos 90o30  > cos 100o  ;   (D) cos 1 50o  > cos 120o.  

20.   Cho tam gic ABC  vung ti A.  Khng nh no sau y l sai ?  

(A) <
   

. .AB AC BA BC  ;    (B) <
   

. .AC CB AC BC  ;  

(C) <
   

. .AB BC CA CB  ;    (D) <
   

. .AC BC BC AB .  

21.   Cho tam gic ABC  c AB = 4 cm, BC  = 7  cm, CA  = 9 cm.  Gi tr cosA  l :  

(A) 
2

3
 ;   (B) 

1

3
 ;    (C) 

2

3
 ;   (D) 

1

2
.  

22.   Cho hai im A  = (1 ;  2) v B  = (3;  4).  Gi tr ca 
 2
AB  l :  

(A) 4 ;   (B) 4 2  ;   (C) 6 2 ;   (D) 8  .  
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23.   Cho hai vect a  = (4 ;  3) v b  = (1  ;  7).  Gc gia hai vect a  v b  l :  

(A) 90o  ;      (B)  60o  ;    

(C) 45o  ;      (D) 30o.  

24.   Cho hai im M = (1  ;  2) v N = ( 3 ;  4) .  Khong cch gia hai im M v N l :  

(A) 4 ;      (B) 6 ;     

(C) 3 6  ;      (D) 2 13 .  

25.   Tam gic ABC  c A  =  ( 1  ;  1 )  ;  B  =  (1  ;  3)  v C  =  (1  ;  1 ).  

Trong cc cch pht biu sau y,  hZy chn cch pht biu ng.  

(A) ABC   l tam gic c ba cnh bng nhau ;  

(B) ABC   l tam gic c ba gc u nhn ;  

(C) ABC   l tam gic cn ti B  (c BA  = BC)  ;  

(D) ABC   l tam gic vung cn ti A.  

26.   Cho tam gic ABC  c A  = (10 ;  5),  B  = (3  ;  2) v C  = (6 ;  5).  Khng nh no 
sau y l ng ?  

(A) ABC   l tam gic u ;  

(B) ABC   l tam gic vung cn ti B ;  

(C) ABC   l tam gic vung cn ti A ;  

(D) ABC   l tam gic c gc t ti A.  

27.   Tam gic ABC  vung cn ti A  v ni tip trong ng trn tm O  bn knh R.  

Gi r l bn knh ng trn ni tip tam gic ABC.  Khi  t s 
R

r
 bng :  

(A) +1 2  ;     (B)  
+2 2

2
 ;  

(C) 
2 1

2
 ;     (D) 

+1 2

2
.  

28.   Tam gic ABC  c AB  = 9  cm, AC  = 12 cm v  BC  =  1 5  cm.  Khi  ng 
trung tuyn AM ca tam gic c  di l :  

(A) 8  cm ;     (B)  10 cm ;  

(C) 9 cm ;      (D) 7,5  cm.  
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29.   Tam gic ABC  c BC  = a,  CA  = b,  AB  = c  v c din tch S.  Nu tng cnh 
BC  ln 2 ln ng thi  tng cnh CA  ln 3  ln v gi nguyn  ln ca gc 

C  th khi  din tch ca tam gic mi c to nn bng :  

(A) 2S ;   (B) 3S ;   (C) 4S ;   (D) 6S.  

30.   Cho tam gic DEF c DE = DF = 10 cm v EF = 12 cm. Gi I l trung im ca 
cnh EF.  on thng DI c  di l :  

(A) 6,5  cm ;  (B) 7  cm ;   (C) 8  cm ;   (D) 4 cm.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

Ngi tm ra sao Hi Vng (Neptune)   
ch nh cc php tnh v qu o cc hnh tinh 
 

 

 

Nh thin  vn hc U-banh L-ve-ri- 

(Urbain Leverrier,  1 81 1 -1 877)  sinh  ra 

trong mt gia nh  cng  chc nh ti  

vng  Noc-mng-i  nc Php.  ng  hc 

 trng Bch khoa v c gi li  tip 

tc s nghip nghin cu  khoa hc v 

ging dy  .  ng   say sa thch  th  

tnh ton  chuyn ng  ca cc sao chi  

v ca cc hnh tinh,  nht l sao Thu 

(Mercure).  Vi  nhng  thnh tch  nghin  

cu  khoa hc xut sc v thin  vn  hc,  

ng c nhn  danh  hiu  Vin  s Hn  

lm Php khi  ng  trn 34 tui .  

Vo thi  k by gi,  cc nh thin  vn  

ang tranh lun si  ni  v iu  b mt 
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ca sao Thin  Vng (Uranus)  v  hnh tinh  ny khng phc tng theo nhng  nh  

lut v chuyn ng ca cc hnh tinh  do Gi-han K-ple (Johannes Kepler,  

1 571 -1 630)  nu  ra v khng theo ng nh  lut vn vt hp dn  ca I -sc N iu-tn 

(Isaac Newton,  1 642-1 727).  iu  b n  l v  tr ca sao Thin  Vng trn bu  tri  

khng bao gi ph  hp vi  nhng  tin  on da vo cc php tnh ca cc nh 

thin  vn thi  by gi.  Nh thin  vn  hc tr tui  L-ve-ri- mun nghin  cu  tm  

hiu  iu  b n  ny v t t cu  hi  ti  sao sao Thin Vng li  khng tun  theo 

nhng quy lut chuyn ng ca cc thin  th.  Mt s nh thin  vn thi  by gi 

 d on rng  con ng i  ca sao Thin Vng b  sc ht ca sao Mc 

(Jupiter)  hay sao Th (Saturne)  quy nhiu.  Khi   ring  L-ve-ri-  nu ln  mt 

gi thuyt ht sc to bo,  da vo cc php tnh  m ng  thc hin.  ng cho 

rng  sao Thin Vng  khng ngoan ngon theo tin  on ca cc nh thin  vn 

c l do b  nh  hng bi  mt hnh tinh  khc cha c bit n  xa Mt Tri  hn  

sao Thin Vng.  Hnh tinh  ny  tc ng ln  sao Thin Vng lm cho n c 

nhng nhiu  lon  kh c th quan st c.  L-ve-ri-  kin  nhn  tnh  ton  lm 

vic trong phng  sut hai  tun l in,  vi  bit bao cng  thc,  nhn  vo ai  cng cm 

thy chng mt.  Cui  cng ch da vo thun tu cc php tnh,  L-ve-ri- xc 

nhn   rng  c s hin  din ca mt hnh  tinh  cha bit tn.  Vo thi  gian  ,   

Php v  i  Thin vn Pa-ri  khng   mnh,  nn  khng th nhn  c hnh tinh  .  

Ngay sau ,  L-ve-ri- phi  nh nh thin  vn  Gan (Galle)   i  quan st Bec-l in  

xem xt h.  Ngy 23 thng  9 nm 1 846,  Gan  hng knh  thin  vn  v khu  vc 

bu tri   c L-ve-ri- ch nh  v vui  mng tm thy mt hnh tinh   cha c 

tn  trn  danh mc.  Nh vy sc mnh ca ti  nng con ngi  li  c th hin  mt 

cch xut sc qua vic khm ph ra hnh  tinh  mi  ny.  Mi  ngi  u thn phc,  

chc mng cuc khm ph thnh cng  tt p ny v cho rng L-ve-ri-  pht 

hin  ra mt hnh tinh  mi  ch nh vo u chic bt ch ca mnh (! ).  y l mt 

bi  ton  rt kh,  n khng  ging bi  ton  tm ngy,  gi,  a im xut hin  nht 

thc,  nguyt thc v  cc chi  tit ch bit phng chng  thng  qua cc nhiu  lon,  do 

tc ng ca mt vt cha bit,  ngi  ta cn phi  tm qu o v khi  lng ca 

hnh  tinh  ,  cn  xc nh  c khong cch ca n ti  Mt Tri  v cc hnh  tinh  

khc v.v. . .  Hnh  tinh  mi  ny c t tn l  sao Hi  Vng (Neptune) .  Cng vo 

thi  im  nh thin  vn  hc ngi  Anh  l A-am (Adam)  cng pht h in  ra hnh 

tinh  v ngi  ny khng bit n  cng trnh  ca ngi  kia.  Tuy vy,  L-ve-ri- 

vn  c xem l ngi  u  tin  pht hin  ra sao Hi  Vng v sau  ng c 

nhn hc v  Gio s i  hc Xoc-bon ng thi  c nhn Huy chng Bc u 

bi  tinh.  Nm 1 853 U-banh  L-ve-ri- c Hong  Na-p-l-ng (Napolon)   

Tam phong chc Gim c i  quan st Pa-ri .  ng mt nm 1 877.  Cc nh thin 

vn  hc trn th gii   nh gi cao pht minh quan trng ny ca L-ve-ri-.  



 69 

 

 

 

PHNG PHAP TOA O 
TRONG MAT PHANG 

 

 

 

 

 

 

 

 Phng trnh ng thng 
 Phng trnh ng trn 
 Phng trnh ng elip 

 

 

 

 

Trong chng ny chng ta s dng phng 

php to   tm hiu v ng thng, 

ng trn v ng el ip.  

 

 

 

 

 

ng thng   ng trn            ng el ip 

 

 

     Hnh 3.1  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHNG  III 
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1.  PHNG TRNH NG THANG 

 

 

 

 

1 .   Vect ch phng ca ng thng 
 

1   Trong mt phng Oxy cho ng thng   l  th  ca hm s y =  
1
2
x.  

 a)  Tm tung  ca hai  im M0  v M nm trn ,  c honh  ln  lt l 2 v 6.  

 b) Cho vect u  = (2 ;  1 ).  Hy chng t 


0M M  cng phng vi u .  

 
 

 

Hnh 3.2 

 

nh ngha 

Vect u  c gi l vect ch phng ca ng thng   nu 

u    0  v gi ca u  song song hoc trng vi .  
 

 

 

 

Nhn xt 

 Nu u  l mt vect ch phng ca ng thng   th ku  (k   0)  cng l 

mt vect ch phng ca .  Do  mt ng thng c v s vect 
ch phng.  

 

 Mt ng thng hon ton c xc nh nu bit mt im v mt vect 
ch phng ca ng thng .  
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2.   Phng trnh tham s ca ng thng 
a)  nh ngha 

Trong mt phng Oxy  cho ng thng   i qua im M0(x0 ;  y0)  v nhn 

=u (u ; u )
1 2

 lm vect ch phng.  Vi mi im M(x ;  y)  bt k trong mt 

phng,  ta c M M
0



 =  (x    x0 ;  y    y0).  Khi  

M       M M
0



 cng phng vi u    M M tu=
0



 

 

  
x x tu

y y tu

 =

 =

0 1

0 2

 

          0 1

0 2

x x tu

y y tu

= +


= +
 (1 )  

  

 

 

 

 Hnh 3.3 

H phng trnh (1 ) c gi l phng trnh tham s ca ng thng ,  
trong  t l tham s.  

Cho t mt gi tr c th th ta xc nh c mt im trn ng thng .  

2   Hy tm mt im c to  xc nh  v mt vect ch phng ca ng thng c 
phng trnh  tham s 

  
= 


= +

5 6

2 8 .

x t

y t
 

b)  Lin h gia vect ch phng v h s gc ca ng thng 

Cho ng thng   c phng trnh tham s 

        
x x tu

y y tu .

= +


= +

0 1

0 2

      

Nu u1    0 th t phng trnh tham s ca   ta c 

        

x x
t

u

y y tu


=



 =

0

1

0 2
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suy ra  y    y0  =  
u

(x x )
u


2

0
1

.   

t  k = 
u

u
2

1

 ta c y    y0  =  k(x   x0).  

 
Hnh 3.4 

Gi A  l giao im ca   vi trc honh, Av  l tia thuc    v na mt 

phng to  pha trn (cha tia Oy).  t  =  xAv ,  ta thy k = tan.  S k 
chnh l h s gc ca ng thng   m ta R bit  lp 9.  

Nh vy nu ng thng   c vect ch phng =u (u ; u )
1 2

 vi u
1

0  th 

  c h s gc k =  
u

u
2

1

.  

3 Tnh h s gc ca ng thng d c vect ch phng l =  ;( 1 3 )u .   

 

 

 

V d.  Vit phng trnh tham s ca ng thng d i qua hai im A(2 ;  3)  
v B(3  ;  1 ).  Tnh h s gc ca d.  

Gii 

V d i qua A  v B  nn d c vect ch phng AB


 = (1  ;  2) 

Phng trnh tham s ca d l 
2

3 2

x t

y t .

= +


= -

 

H s gc ca d l k =  2

1

2

1

u

u


=  =  2.  
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3.   Vect php tuyn ca ng thng 
 

 

4 Cho ng thng   c phng trnh 
=  +


= +

5 2

4 3

x t

y t
 v vect  n  =  (3 ;  2).  Hy 

chng t n  vung gc vi  vect ch phng ca .  
 

nh ngha 

Vect n  c gi l vect php tuyn  ca ng thng   nu 

 0n  v n  vung gc vi vect ch phng ca .  
 

 

 

 

Nhn xt 

  Nu n  l mt vect php tuyn ca ng thng   th  kn  (k    0)  cng 

l mt vect php tuyn ca .  Do  mt ng thng c v s vect 
php tuyn.  

  Mt ng thng hon ton c xc nh nu bit mt im v mt vect 
php tuyn ca n.  

 

 

 

4.   Phng trnh tng qut ca ng thng 
 

Trong mt phng to  Oxy  cho ng 
thng   i qua im M0(x0 ;  y0)  v nhn 

n (a ;  b)  lm vect php tuyn.   

Vi mi im M(x ;  y)  bt k thuc mt 

phng,  ta c :  M M
0



 = (x   x0 ;  y    y0).  

 

Khi  :  M(x ;  y)       n    M M
0



 

  a(x    x0)  + b(y    y0)  = 0 

  ax + by  + (ax0    by0) = 0 

  ax + by  + c  = 0 

vi c  =  ax0    by0.  
 

 

 

 

Hnh 3.5 
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a) nh ngha 
 

Phng trnh ax +  by +  c =  0 vi a v b khng ng thi bng 
0, c gi l phng trnh tng qut ca ng thng.  

 

 

 

 

Nhn xt.  Nu ng thng   c phng trnh l ax  +  by  + c  =  0 th   c 

vect php tuyn l n  = (a ;  b)  v c vect ch phng l u  = ( b ;  a).  

5   Hy chng minh nhn xt trn.  
 

 

 

b)  V d.  Lp phng trnh tng qut ca ng thng   i qua hai im  
A(2 ;  2)  v B(4 ;  3).  

Gii 

ng thng   i qua hai im A,  B nn c vect ch phng l AB


 = (2 ;  1 ).  

T  suy ra   c vect php tuyn l n  =  ( 1  ;  2).  Vy ng thng   c 
phng trnh tng qut l :  

   ( 1 ).(x   2)  + 2(y   2) = 0 

hay   x   2y  + 2 = 0.  

 

6 Hy tm to  ca vect ch phng ca ng thng c phng trnh  :  
3x +  4y +  5 =  0.  

 

 

 

 

c)  Cc trng hp c bit 

Cho ng thng   c phng trnh 
tng qut  ax + by  + c  = 0             (1 ) 

  Nu a  = 0 phng trnh (1 ) tr thnh 

by  + c  = 0 hay y  = 
c

b
.  

Khi  ng thng   vung gc vi 

trc Oy  ti im 


  
0

c
;

b
 (h.3.6).   

Hnh 3.6 
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 Nu b  = 0 phng trnh (1 )  tr thnh ax  + c  = 0 hay x = 
c

a
 .  

Khi  ng thng   vung gc vi trc Ox  

ti im 


  
0

c
;

a
 (h.3.7).  

 

 
 

 

 

 

 

 

 

 

 Nu c  = 0 phng trnh (1 )  tr thnh ax +  by  = 0.  

Khi  ng thng   i qua gc to  O  (h.3.8).  

 

 

 

 

 

 

 

 Nu a,  b,  c  u khc 0 ta c th a phng trnh (1 )  v dng 

   
x y

a b
+

0 0

 =  1      (2)    

vi  a0  = 
c

a
  ,  b0  =  

c

b
 .  

 

 

 

 

 

 

 

 
                                            Hnh 3.9 

 

 

Phng trnh (2)  c gi l phng trnh ng thng theo on chn,  

ng thng ny ct Ox v Oy  ln lt ti M(a0 ;  0) v N(0 ;  b0) (h.3.9).  

Hnh 3.7 

Hnh 3.8 
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7   Trong mt phng Oxy,  hy v cc ng thng c phng trnh  sau  y :  

d1  :  x K 2y =  0 ;  

d2  :  x =  2 ;  

d3  :  y +  1  =  0 ;  

d4  :  +
8 4
x y

 =  1 .  

 

 

 

 

5.   V  tr tng i  ca hai  ng thng 

Xt hai ng thng 1  v 2  c phng trnh tng qut ln lt l 

a1x + b1y  +  c1  =  0  v a2x  + b2y  + c2  = 0.     

To  giao im ca 1  v 2  l nghim ca h phng trnh :  

1 1 1

2 2 2

0

0

a x b y c

a x b y c .

+ + =


+ + =
    (I)  

Ta c cc trng hp sau :  

a)  H (I)  c mt nghim ( x ; y
0 0

),  khi  1  ct 2  ti im M (x ; y )
0 0 0

.  

b) H (I)  c v s nghim, khi  1  trng vi 2.  

c)  H (I)  v nghim, khi  1  v 2  khng c im chung, hay 1  song 

song vi 2.  
 

 

V d.  Cho ng thng d c phng trnh x   y  + 1  = 0,  xt v tr tng i 
ca d vi mi ng thng sau :  

1  :  2x + y    4 = 0 ;  

2  :  x   y    1  = 0 ;   

3  :  2x 2y  + 2 = 0.   
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Gii 

a) Xt d v 1 ,  h phng trnh 

  
x y

x y

 + =


+  =

1 0

2 4 0
  

c nghim (1  ;  2).  

Vy d ct 1  ti M(1  ;  2)  (h.3.10).   

 

 

 

 

 

 

 

 

b)  Xt d v 2 ,  h phng trnh  

  
x y

x y

 + =


  =

1 0

1 0
 v nghim.   

Vy d // 2 (h.3.11 ).  

 

 

 

 

 

 

 

 

 

 

 

 

 

c)  Xt d v 3 ,  h phng trnh 

  
1 0

2 2 2 0

x y

x y

 + =


 + =
 
(1)

(2)
 

c v s nghim (v cc h s 
ca (1 )  v (2) t l).  

Vy d   3  (h.3.12).  

 

 

 

8   Xt v  tr tng i  ca ng thng    :  x K 2y +  1  =  0 vi  mi  ng thng sau :  

d1  :  3x +  6y   3 =  0 ;  

d2  :  y =  K 2x ;  

d3  :  2x +  5 =  4y.  

Hnh 3.11  

Hnh 3.12 

Hnh 3.10 
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6.   Gc gia hai  ng thng 

9 Cho hnh ch nht ABCD  c tm I v cc cnh AB  =  1 ,  AD = 3 .  Tnh  s o cc 

gc IA D  v ID C .  

 

Hnh 3.13 

Hai ng thng 1  v 2  ct nhau to thnh bn gc.  Nu 1  khng vung gc 

vi 2  th gc nhn trong s bn gc  c gi l gc gia hai ng thng 

1  v 2.  Nu 1  vung gc vi 2  th ta ni gc gia 1  v 2  bng 90
o.   

Trng hp 1  v 2  song song hoc trng nhau th ta quy c gc gia 1  v 

2  bng 0
o.  Nh vy gc gia hai ng thng lun b hn hoc bng 90o.  

Gc gia hai ng thng 1  v 2  c k hiu l 
( ), 
1 2

 hoc (1 , 2).  

Cho hai ng thng 

1  :  a1x  + b1y  + c1  = 0,  

2  :  a2x  + b2y  + c2  = 0.  

t   =  ( ), 
1 2

 th ta thy   bng hoc b vi gc gia n
1



 v n
2



 trong  

n
1



,  n
2



 ln lt l vect php tuyn ca 1  v 2.  V cos     0 nn ta suy ra 

cos  =  ( )1 2
cos n , n
 

 = 
n . n

n n

1 2

1 2

 

  .  

Vy   
 

 

cos  = 
a a b b

a b a b

+

+ +

1 2 1 2

2 2 2 2
1 1 2 2

.  

 

Hnh 3.14 
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 Ch  

  1    2    n
1



   n
2



   a1a2  + b1b2  = 0.  

  Nu 1  v 2  c phng trnh y  = k1x  + m1  v y  =  k2x + m2  th 
 

 

  1    2     k1 .k2  =  1 .  
 

 

7.   Cng thc tnh khong cch t mt im n mt ng thng 

 Trong mt phng Oxy cho ng thng   c phng trnh  
ax +  by +  c =  0 v im 0 0 0( ; )M x y .  Khong cch  t im 

0M  n ng thng ,  k hiu l d 0( , )M , c tnh bi 

cng thc 
 

 

   
+ +

=

+

0 0
0

2 2
( , )

ax by c
d M

a b
.  

 

 

 

 

Chng minh 

Phng trnh tham s ca ng thng m  i 

qua M (x ; y )
0 0 0

 v vung gc vi  ng 

thng   l :  

x x ta

y y tb

= +


= +

0

0

 

trong  n (a;  b) l vect php tuyn ca .  

Giao im H ca ng thng m  v   ng vi gi tr ca tham s l nghim 

H
t  ca phng trnh :   

a (x ta) b(y tb) c+ + + + =
0 0

0 .  

Ta c  
+ +

= 

+

0 0
2 2H

ax by c
t

a b
.  

Vy im  H =  + +
0 0H H

(x t a; y t b) .  

Hnh 3.15 
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T  suy ra d(M
0
,  )  = M H

0
 = 

H H
( x x ) (y y ) + 

2 2
0 0

 

= +
2 2 2

H
(a b )t  = 

ax by c

a b

+ +

+

0 0

2 2
.  

1 0  Tnh khong cch t cc im M(2 ;  1 )  v O(0 ;  0)  n ng thng   c phng 
trnh 3x   2y   1  =  0.  

Cu hi  v bi  tp 

1.   Lp phng trnh tham s ca ng thng d trong mi trng hp sau :  

a)  d i qua im M(2 ;  1 )  v c vect ch phng u  = (3  ;  4);  

b) d i qua im M(2 ;  3)  v c vect php tuyn l n  =  (5  ;  1 ).  

2.   Lp phng trnh tng qut ca ng thng   trong mi trng hp sau :  
a)    i qua M(5 ;  8) v c h s gc k =  3;  

b)   i qua hai im A(2 ;  1 )  v B(4 ;  5).  

3.   Cho tam gic ABC,  bit A(1  ;  4),  B(3  ;  1 ) v C(6 ;  2).  
a)   Lp phng trnh tng qut ca cc ng thng AB,  BC  v CA  ;  

b)  Lp phng trnh tng qut ca ng cao AH v trung tuyn AM.  

4.   Vit phng trnh tng qut ca ng thng i qua im M(4 ;  0)  v  
im N(0 ;  1 ).  

5.   Xt v tr tng i ca cc cp ng thng 1d  v 2d  sau y :  

a)   1d :  4x    1 0y  +  1  = 0   v  2d  :  x + y  + 2 = 0 ;  

b) 1d :  1 2x    6y  +  10 = 0  v  
= +


= +

2
5

:
3 2 ;

x t
d

y t
 

c)  1d  :  8x  + 10y    1 2 = 0 v   
=  +


= 

2
6 5

:
6 4 .

x t
d

y t
 

6.   Cho ng thng d c phng trnh tham s 
= +


= +

2 2

3 .

x t

y t
 

Tm im M thuc d v cch im A(0 ;  1 )  mt khong bng 5.  
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7.   Tm s o ca gc gia hai ng thng d1  v d2  ln lt c phng trnh 

  1d  :  4x   2y  + 6 = 0  v  2d  :  x    3y  + 1  = 0.  

8.   Tm khong cch t mt im n ng thng trong cc trng hp sau :  

a)  A(3  ;  5),      :  4x  + 3y  + 1  = 0 ;  

b) B(1  ;  2),     d :  3x   4y    26 = 0 ;  

c)  C(1  ;  2),    m  :  3x  + 4y    1 1  = 0.  

9.   Tm bn knh ca ng trn tm C(2 ;  2) tip xc vi ng thng  

  :  5x  + 1 2y    10 = 0.  

 

 

2.  PHNG TRNH NG TRON 

 

1 .   Phng trnh ng trn c tm v bn knh cho trc 
 

 
 

Hnh 3.16 

 

Trong mt phng Oxy  cho ng trn (C) tm I (a ;  b),  bn knh R  (h.3.16).   

Ta c 

 M(x ;  y)    (C)     IM = R  

  ( x a) (y b) R +  =
2 2  

  (x   a)2  + (y    b)2  = R2  .        
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Phng trnh (x   a)2  + (y    b)2  = R2  c gi l phng trnh ng trn 
tm I(a;  b)  bn knh R.  

Chng hn,  phng trnh ng trn tm I(2 ;  3) bn knh R  = 5  l :  

       (x    2)2  + (y  + 3)2  =  25.  

 Ch .  Phng trnh ng trn c tm l gc to  O  v c bn knh R  l :  

       x2  + y2  = R2 .  
 

1  Cho hai  im A(3 ;  K4)  v B(K3 ;  4) .  

 Vit phng trnh ng trn (C)  nhn AB  lm ng knh.  

2.   Nhn xt 

Phng trnh ng trn  (x   a)2  + (y    b)2  =  R2  c th c vit di dng 

x2  + y2    2ax   2by  + c  = 0,  trong  c  = a2  + b2    R2.  

Ngc li, phng trnh x2  + y2    2ax   2by  + c  = 0 l phng trnh ca 

ng trn (C)  khi v ch khi a2  +  b2   c  > 0.  Khi  ng trn (C)  c tm 

I(a ;  b)  v bn knh R  =  a b c+ 
2 2 .  

2  Hy cho bit phng  trnh  no trong  cc phng  trnh  sau  y l  phng  trnh  
ng  trn  :  

2x2  +  y2  K 8x +  2y K 1  =  0 ;    

x2  +  y2  +  2x K 4y K 4 =  0  ;   

x2  +  y2  K 2x K 6y +  20 =  0 ;   

x2  +  y2  +  6x +  2y +  1 0 =  0.  
 

 

3.   Phng trnh tip tuyn ca ng trn 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 3.17 
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Cho im M0(x0 ;  y0) nm trn ng trn (C) tm I(a ;  b).  Gi   l tip 

tuyn vi (C)  ti M0  .  

Ta c M0 thuc   v vect IM0



 = (x0   a ;  y0   b) l vect php tuyn ca  .  

Do    c phng trnh l :  
 

   (x0   a)(x   x0  )  + (y0   b)(y   y0  )  = 0           (2)  
 

 

Phng trnh (2) l phng trnh tip tuyn ca ng trn (x  a)2 + (y   b)2 = R2 
ti im M0  nm trn ng trn.  

 

 

V d.  Vit phng trnh tip tuyn ti im M(3  ;  4)  thuc ng trn 

      (C)  :  (x  1 )2  + (y   2)2  = 8.  

Gii 

(C)  c tm I(1  ;  2),  vy phng trnh tip tuyn vi (C)  ti M(3  ;  4)  l :  

     (3   1 )(x   3)  + (4  2)(y   4)  = 0 

      2x + 2y   1 4 = 0 

      x + y   7  = 0.  
 

 

 

 

 

Cu hi  v bi  tp 

 

 

1.   Tm tm v bn knh ca cc ng trn sau :  

a)  x2  + y2   2x   2y   2 = 0 ;  

b) 1 6x2  + 16y2  + 16x   8y   1 1  = 0 ;  

c)  x2  + y2   4x  +  6y   3  = 0.  

2.   Lp phng trnh ng trn (C )  trong cc trng hp sau :  

a)  (C )  c tm I( 2 ;  3)  v i qua M(2 ;  3)  ;  

b)  (C ) c tm I( 1  ;  2)  v tip xc vi ng thng x  2y  + 7  = 0 ;  

c)  (C )  c ng knh AB  vi A =  (1  ;  1 )  v B =  (7 ;  5).  
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3.   Lp phng trnh ng trn i qua ba im 

a) A(1  ;  2),   B(5  ;  2),   C(1  ;  3)  ;  

b) M( 2 ;  4),   N(5  ;  5),   P(6 ;  2).  

4.   Lp phng trnh ng trn tip xc vi hai trc to  Ox,  Oy  v i qua 
im M(2 ;  1 ).  

5.   Lp phng trnh ca ng trn tip xc vi cc trc to  v c tm  trn 
ng thng 4x  2y   8  = 0.  

6.   Cho ng trn (C )  c phng trnh  

    x
2  +  y2   4x + 8y   5  = 0.  

a)  Tm to  tm v bn knh ca (C )  ;  

b) Vit phng trnh tip tuyn vi (C ) i qua im A( 1  ;  0)  ;  

c)  Vit phng trnh tip tuyn vi (C )  vung gc vi  ng thng 

    3x   4y  + 5  = 0.   
 

 

 

 

 

3.  PHNG TRNH NG ELIP 

1 .   nh ngha ng elip 

 
 

Hnh 3.18 
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1   Quan st mt nc trong cc nc cm nghing (h.3.1 8a).  Hy cho bit ng c 
nh du bi mi tn c phi  l ng trn hay khng ? 

2  Hy cho bit bng ca mt ng trn trn  mt mt phng (h.3.1 8b)  c phi  l mt 
ng trn hay khng ?  

 

 

 

ng hai chic inh c nh ti hai im F
1
 v F

2
 (h.3.19).  Ly mt vng 

dy kn khng n hi c  di ln hn 2 F F
1 2

.  Qung vng dy  qua hai 

chic inh v ko cng ti mt im M no .  t u bt ch ti im M 
ri di chuyn sao cho dy lun cng.  u bt ch vch nn mt ng m ta 
gi l ng elip.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 3.19 

 

 

nh ngha 
 

Cho hai im c nh 1F ,  2F v mt  di khng i 2a ln 

hn 1 2F F .  Elip l tp hp cc im M trong mt phng sao cho  

+ =1 2 2F M F M a .  
 

Cc im 1F  v 2F  gi l cc tiu im  ca elip.   di 

1 2F F  =  2c gi l tiu c ca elip.   
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2.   Phng trnh chnh tc ca elip 
 

 

 
 

 

Hnh 3.20 

 

Cho elip (E)  c cc tiu im F
1
 v F

2
.  im M thuc elip khi v ch khi 

FM F M+
1 2

 = 2a.  Chn h trc to  Oxy sao cho F
1
 = (c ;  0) v F

2
 = (c ;  0).  

Khi  ngi ta chng minh c :  

M(x ;  y)    (E)    
x y

a b
+ =

2 2

2 2
1   (1 )  

trong  b a c= 
2 2 2 .  

Phng trnh (1 )  gi l phng trnh chnh tc  ca elip.  
 

 

3 Trong phng trnh (1 )  hy gii  thch v sao ta lun  t c 2 2 2b a c=  .  

 

 

 

 

3.   Hnh dng ca elip 

Xt elip (E) c phng trnh (1 )  :  

a)  Nu im M(x ;  y)  thuc (E) th 

cc im M
1
(x ;  y),  M

2
(x ;  y) v 

M
3
(x ;  y) cng thuc (E)  (h.3.21).   

Vy (E)  c cc trc i xng l Ox,  

Oy  v c tm i xng l gc O.  

Hnh 3.21  
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b)  Thay y  = 0 vo (1 )  ta c x  = a ,  suy ra (E)  ct Ox  ti hai im A
1
(a ;  0)  

v A
2
(a ;  0).  Tng t thay x = 0 vo (1 ) ta c y  = b , vy (E) ct Oy  ti hai 

im B
1
(0 ;  b) v B

2
(0 ;  b).  

Cc im A
1
,  A

2
,  B

1
v B

2
 gi l cc nh  ca elip.  

on thng A A
1 2

 gi l trc ln, on thng B B
1 2

 gi l trc nh ca elip.  

 

V d.  Elip (E) :  + =

2 2

1
9 1

x y
 c cc nh l 

1
3 0A ( ; ),

2
3 0A ( ; ),  

1
0 1B ( ; ),  

B ( ; )
2
0 1  v 

1 2
A A  = 6 l trc ln cn 

1 2
B B  = 2 l trc nh.  

 

4 Hy xc nh to  cc tiu  im v v hnh elip trong v d trn.  

 

4.   Lin h gia ng trn v ng elip 

a)  T h thc b2  = a2    c2  ta thy nu tiu c ca elip cng nh th b  cng 
gn bng a,  tc l trc nh ca elip cng gn bng trc ln.  Lc  elip c 
dng gn nh ng trn.  

b)  Trong mt phng Oxy  cho ng trn (C )  c phng trnh  

    x y a+ =
2 2 2 .  

Vi mi im M(x ;  y)  thuc ng trn ta xt im M (x  ;  y )  sao cho 

    

x' x

b
y' y

a

=



=

  (vi 0 < b  < a)  (h.3.22) 

th tp hp cc im M'  c to  
tho mRn phng trnh 

x' y'

a b
+ =

2 2

2 2
1  l mt elip (E).  

Khi  ta ni ng trn (C)  c 
co thnh elip (E).   

Hnh 3.22 
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Cu hi  v bi  tp 

1.   Xc nh  di cc trc, to  cc tiu im, to  cc nh ca cc elip c 
phng trnh sau :  

a)  + =
x y
2 2

1
25 9

 ;    

b)  + =x y
2 24 9 1  ;    

c)  + =x y
2 24 9 36 .  

2.   Lp phng trnh chnh tc ca elip,  bit  

a)   di trc ln v trc nh ln lt l 8  v 6 ;  

b)  di trc ln bng 10 v tiu c bng 6.  

3.   Lp phng trnh chnh tc ca elip trong cc trng hp sau :  

a)  Elip i qua cc im M(0 ;  3)  v N


  

12
3 ;

5
 ;  

b) Elip c mt tiu im l F1 ( 3 ; 0)  v im M


 
 

3
1 ;

2
 nm trn elip.  

4.    ct mt bng hiu qung co hnh elip c trc ln l 80 cm v trc nh l 

40 cm t mt tm vn p hnh ch nht c kch thc 80 cm   40 cm, ngi 
ta v hnh elip  ln tm vn p nh hnh 3.19.  Hi phi ghim hai ci inh 
cch cc mp tm vn p bao nhiu v ly vng dy c  di l bao nhiu ?  

5.   Cho hai ng trn F R1 1 1( ; )C  v F R2 2 2( ; )C .  1C  nm trong 2C  v 

F F1 2 .  ng trn C  thay i lun tip xc ngoi vi 1C  v tip xc trong 

vi 2C .  HRy chng t rng tm M ca ng trn C  di ng trn mt elip.  
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Ba ng cnic 
v qu o ca tu v tr 

 

 

 

 

 

 

 

Hnh 3.23 

 

 

 

1 .  Khi  ct mt mt nn trn xoay bi  mt mt phng  khng i  qua nh v khng 

vung gc vi  trc ca mt nn,  ngi  ta nhn thy ngoi  ng el ip ra,  c th 

cn hai  loi  ng khc na l parabol  v hypebol  (h.3.23).  Cc ng ni  trn  

thng c gi  l ba ng cnic (do gc ting Hi  Lp Konos ngha l mt nn).  

 

2.  Di  y l vi  v d  v hnh nh  ca ba ng cnic trong i  sng  hng ngy :  

 Bng ca mt qu bng  trn  mt sn thng c hnh  el ip (h.3.24).   

 

 

 

 

Hnh 3.24 
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 Tia nc t vi  phun   cng vin  thng l ng parabol  (h.3.25).  

 

 

Hnh 3.25 

 

 

 

 Bng ca n ng  in  trn  tng c th l ng hypebol  (h.3.26).  

 

 
 

 

Hnh 3.26 

 

 

 

3.  Tu  v  tr  c phng ln  t Tri  t lun bay theo nhng qu o,  qu o 
ny thng l ng trn,  el ip,  parabol  hoc hypebol.  Hnh  dng  ca qu o 
ph  thuc vo vn tc ca tu  v  tr  (h.3.27).  Ta c bng tng ng gia tc  
v qu o nh sau.  
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Tc  
0

V  ca tu  v  tr  Hnh  dng qu o tu  v tr  

7,9 km/s ng trn 

7,9 km/s < 
0

V < 1 1 ,2  km/s el ip 

1 1 ,2 km/s Mt phn  ca parabol  

0
V  >  1 1 ,2 km/s Mt phn  ca hypebol  

 

 

 

 

Ngoi  ra ngi  ta cn  tnh  c cc tc  v  tr  tng qut,  ngha l tc  ca cc 

thin  th chuyn ng i  vi  cc thin  th khc di  tc dng ca lc hp dn  

tng h.  V d   phng mt tu  v  tr  thot l i  c Mt Trng tr v Tri  t th  

cn  to cho tu  mt tc  ban u  l 2,38 km/s.  

 

 

 

 

 

Hnh 3.27 
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Gi-han K-ple v quy lut 
chuyn ng ca cc hnh tinh 

 

 
Hnh 3.28 

Gi-han K-ple (Johannes Kepler,  1 571  - 1 630)  l nh thin  vn ngi  c.  ng  l 
mt trong nhng  ngi   t nn  mng cho khoa hc t nhin.  K-ple sinh  ra   
Vu-tem-be (Wurtemberg)  trong mt gia nh  ngho,  1 5 tui  theo hc trng dng.  
Nm 1 593 ng tt nghip Hc vin  Thin  vn  v Ton hc vo loi  xut sc v tr 
thnh  gio s trung hc.  Nm 1 600 ng  n Pra-ha v cng lm vic vi  nh thin  
vn  ni  ting Ti-c Bra.  

K-ple ni  ting nh pht minh ra cc nh  lut chuyn  ng  ca cc hnh  tinh:  

1 .  Cc hnh tinh  chuyn ng quanh Mt Tri  theo cc qu o l cc ng el ip 
m Mt Tri  l mt tiu  im.  

2.  on thng ni  t Mt Tri  n hnh tinh qut c nhng din tch bng nhau 
trong nhng khong thi  gian bng nhau.  Chng hn nu xem Mt Tri  l tiu im 

F v nu trong cng mt khong thi  gian t,  mt hnh tinh di  chuyn t M1  n M2  

hoc t 
1

M   n 
2

M   th din tch hai  hnh 
1 2

FM M  v 
1 2

FM M   bng nhau (h.3.28).  

3.  Nu  gi  T1 ,  T2  ln  lt l thi  gian   hai  hnh tinh  bt k bay ht mt vng 

quanh Mt Tri  v gi  a1 ,  a2  ln  lt l  di  na trc ln  ca el ip qu o ca 
hai  hnh tinh  trn th  ta lun  c  

=

2 2
1 2
3 3
1 2

T T

a a
.  

Cc nh lut ni  trn  ngy nay trong  thin  vn  gi  l ba nh  lut K-ple.  
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n tp chng III 

I. cu hi v bi tp 
 

1.   Cho hnh ch nht ABCD.  Bit cc nh A(5 ;  1 ),  C(0 ;  6)  v phng trnh  
CD  :  x + 2y 12 = 0.  Tm phng trnh cc ng thng cha cc cnh cn li.  

2.   Cho A(1  ;  2),  B(3  ;  1 ) v C(4 ;  2).  Tm tp hp cc im M sao cho 

+ =
2 2 2

MA MB MC .  

3.   Tm tp hp cc im cch u hai ng thng 

1 :  5x  + 3y   3  = 0 v 2  :  5x  + 3y  + 7  = 0.  

4.   Cho ng thng :  x   y  + 2 = 0 v hai im O(0 ;  0),  A(2 ;  0).  

a)  Tm im i xng ca O  qua  ;  

b) Tm im M trn  sao cho  di  ng gp khc OMA  ngn nht.  

5.   Cho ba im  A(4 ;  3),  B(2 ;  7)  v C(3 ;  8).  

a)   Tm to  ca trng tm G v trc tm H ca tam gic ABC  ;  

b)  Gi T  l tm ca ng trn ngoi tip tam gic ABC.  Chng minh T,  G v 
H thng hng ;  

c)   Vit phng trnh ng trn ngoi tip tam gic ABC.  

6.   Lp phng trnh hai ng phn gic ca cc gc to bi hai ng thng  

3x   4y  + 12 = 0    v     12x  + 5y    7  = 0.  

7.   Cho ng trn (C )  c tm I(1  ;  2)  v bn knh bng 3.  Chng minh rng tp 

hp cc im M m t  ta v c hai tip tuyn vi (C )  to vi nhau mt 

gc 60  l mt ng trn.  HRy vit phng trnh ng trn .  
 

8.   Tm gc gia hai ng thng 1  v 2  trong cc trng hp sau :  

a)  1  :  2x  + y    4 = 0  v   2  :  5x    2y  + 3  = 0 ;  

b) 1 :  y  = 2x  + 4 v   2  :  = +
1 3

2 2
y x .  

9.   Cho elip (E)  :  +

2 2

16 9

x y
 = 1 .  

Tm to  cc nh,  cc tiu im v v elip .  
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10.   Ta bit rng Mt Trng chuyn ng quanh Tri t theo mt qu o l mt 
elip m Tri t l mt tiu im.  Elip  c chiu di trc ln v trc nh 
ln lt l 769 266 km v 768  106 km. Tnh khong cch ngn nht v 
khong cch di nht t Tri t n Mt Trng, bit rng cc khong cch 
 t c khi Tri t v Mt Trng nm trn trc ln ca elip.  
 

 

 

ii.  cu hi trc nghim  
 

1.   Cho tam gic ABC  c to  cc nh l A(1  ;  2),  B(3  ;  1 )  v C(5  ;  4).  Phng 
trnh no sau y l phng trnh ng cao ca tam gic v t A  ?  

(A) 2x  + 3y    8  = 0 ;     (B)  3x  2y    5  = 0 ;  

(C) 5x   6y  + 7  = 0 ;     (D) 3x   2y  + 5  = 0.  

2.   Cho tam gic ABC  vi cc nh l A(1  ;  1 ),  B(4 ;  7)  v C(3  ;  2),  M l trung 
im ca on thng AB.  Phng trnh tham s ca trung tuyn CM l :  

(A) = +


=  +

3

2 4 ;

x t

y t
    (B)  = +


=  

3

2 4 ;

x t

y t
      

(C) = 


= +

3

4 2 ;

x t

y t
       (D) = +


=  +

3 3

2 4 .

x t

y t
 

3.   Cho phng trnh tham s ca ng thng d :  
= +


=  

5

9 2 .

x t

y t
  

 Trong cc phng trnh sau,  phng trnh no l phng trnh tng qut ca 
(d)  ?  

(A) 2x  +  y   1  = 0 ;     (B) 2x  + 3y  + 1  = 0 ;  
(C) x  +  2y  + 2 = 0 ;     (D) x +  2y   2 = 0.  
 

4.   ng thng i qua im M(1 ;  0)  v song song vi ng thng 
d :  4x +  2y  + 1  = 0 c phng trnh tng qut l :  

(A) 4x  + 2y  + 3  = 0 ;     (B)  2x  + y  + 4 = 0 ;  
(C) 2x + y   2 = 0 ;     (D) x  2y  + 3  = 0.  

5.   Cho ng thng d c phng trnh tng qut :  3x  + 5y  +  2006 = 0.  Tm mnh 
 sai trong cc mnh  sau :  

(A) (d) c vect php tuyn n  = (3  ;  5)  ;  

(B) (d)  c vect ch phng a  = (5  ;  3) ;  

(C) (d)  c h s gc k = 
5

3
 ;  

(D) (d)  song song vi ng thng 3x  + 5y  = 0.  
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6.   Bn knh ca ng trn tm I(0 ;  2)  v tip xc vi ng thng  
  :  3x   4y   23  = 0 l :  

(A) 1 5  ;    (B) 5  ;                           (C) 
3

5
 ;   (D) 3.  

7.   Cho hai ng thng 

d
1
 :  2x + y  + 4  m  = 0 v  

d
2
 :  (m  + 3)x  + y   2m   1  = 0.  

d
1
 song song vi 2d  khi :  

(A) m  = 1  ;  (B) m  =  1  ;                  C) m  = 2 ;   (D) m  = 3.  

8.  Cho (d
1
)  :  x + 2y  + 4 = 0 v  (d

2
)  :  2x  y  + 6 = 0.  S o ca gc gia hai 

ng thng d
1
 v d

2
 l :  

(A) 30o ;   (B) 60o ;                         (C) 45o ;   (D) 90o.  

9.   Cho hai ng thng 
1
 :  x  + y  + 5  = 0  v 

2
 :  y  = 10.  Gc gia 

1
 v 

2
 l :  

(A) 45o  ;   (B)  30o ;                          (C) 88o57'52''  ;   (D) 1 o13'8'' .  

10.   Khong cch t im M(0;  3)  n ng thng 

  :  xcos  + ysin  + 3(2  sin)  = 0 l :  

(A) 6  ;   (B) 6 ;                           (C) 3sin  ;         (D) 
 +

3

sin cos
.  

11.   Phng trnh no sau y l phng trnh ng trn ?  

(A) x2  + 2y2   4x   8y  + 1  = 0 ;   (B) 4x2  + y2   1 0x  6y   2 = 0 ;  

(C) x2  + y2   2x   8y  + 20 = 0 ;   (D) x2  +  y2   4x + 6y   1 2 = 0.  

12.   Cho ng trn (C)  :  x2  + y2  + 2x + 4y   20 = 0.  

Tm mnh  sai trong cc mnh  sau :  

(A) (C)  c tm I(1  ;  2)  ;    (B) (C) c bn knh R  = 5  ;  

(C) (C)  i qua im M(2 ;  2)  ;   (D) (C)  khng i qua im A(1  ;  1 ).  

13.   Phng trnh tip tuyn ti im M(3;  4)  vi ng trn  

(C)  :  x2  +  y2   2x  4y   3  = 0 l :  

(A) x  + y   7  = 0 ;    (B) x  + y  + 7  = 0 ;  

(C) x   y   7  = 0 ;    (D) x  + y   3  = 0.  
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14.   Cho ng trn (C) :  x2  + y2   4x  2y  = 0 v ng thng   :  x + 2y  + 1  = 0.  

Tm mnh  ng trong cc mnh  sau :  

(A)   i qua tm ca (C)  ;   (B)    ct (C)  ti hai im ;  
(C)   tip xc vi (C)  ;    (D)   khng c im chung vi (C).  

15.  ng trn (C)  :  x2  + y2   x + y   1  = 0 c tm I v bn knh R  l :  

(A) I(1  ;  1 ),  R  =  1  ;    (B)  


  

1 1
;

2 2
I ,  =

6

2
R  ;  

(C) 


  

1 1
;

2 2
I ,  =

6

2
R  ;   (D) I(1  ;  1 ),  R  = 6 .  

16.   Vi gi tr no ca m  th phng trnh sau y l phng trnh ca ng trn 

x
2  + y2    2(m  + 2)x  + 4my  + 1 9m   6 = 0 ?  

(A) 1  < m  < 2 ;     (B) 2   m    1  ;  
(C) m  < 1  hoc m  > 2 ;    (D) m  < 2 hoc m  > 1 .  

17.   ng thng   :  4x + 3y  + m  = 0 tip xc vi ng trn (C) :  x2  + y2  = 1  khi :  

(A) m  = 3  ;   (B) m  =  5  ;                    (C) m  = 1  ;   (D) m  = 0.  

18.   Cho hai im A(1  ;  1 )  v B(7 ;  5).  Phng trnh ng trn ng knh AB  l :  

(A) x2  + y2  + 8x + 6y  +  12 = 0 ;     (B) x2  + y2    8x   6y  + 12 = 0 ;  

(C) x2  + y2    8x   6y   12 = 0 ;    (D) x2  + y2  +  8x  +  6y    12 = 0.   

19.   ng trn i qua ba im A(0 ;  2),  B(2 ;  0)  v C(2 ;  0)  c phng trnh l :  

(A)  x2  + y2  = 8  ;      (B)  x2  + y2  +  2x +  4 = 0 ;  

(C) x2  + y2    2x   8  = 0 ;    (D) x2  + y2    4 = 0.  

20.   Cho im M(0 ;  4) v ng trn (C) c phng trnh  x2  + y2   8x  6y  + 21  = 0.  

Tm pht biu ng trong cc pht biu sau :  

(A) M nm ngoi (C)  ;    (B) M nm trn (C)  ;  
(C) M nm trong (C)  ;    (D) M trng vi tm ca (C).  

21.   Cho elip (E)  :  +

2 2

25 9

x y
 = 1  v cho cc mnh  :  

(I)  (E)  c cc tiu im F
1
(4 ;  0)  v F

2
(4 ;  0)  ;  

(II)  (E)  c t s 
c

a
 = 

4

5
 ;  
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(III)  (E)  c nh A
1
( 5  ;  0)  ;    (IV) (E)  c  di trc nh bng 3.  

Tm mnh  sai trong cc mnh  sau :  

(A) (I)  v (II)  ;      (B) (II)  v (III)  ;  

(C) (I)  v (III)  ;      (D) (IV) v (I).  

22.   Phng trnh chnh tc ca elip c hai nh l ( 3  ;  0),  (3  ;  0)  v hai tiu im 
l ( 1  ;  0),  (1  ;  0) l :  

(A) + =

2 2

1
9 1

x y
 ;      (B)  + =

2 2

1
8 9

x y
 ;  

(C) + =

2 2

1
9 8

x y
 ;      (D) + =

2 2

1
1 9

x y
.  

23.   Cho elip (E)  :  x2  + 4y2  =  1  v cho cc mnh  :  

(I)  (E)  c trc ln bng 1  ;     (II)  (E)  c trc nh bng 4 ;  

(III)  (E)  c tiu im F1


 
 

3
0 ;

2
 ;    (IV) (E)  c tiu c bng 3 .  

Tm mnh  ng trong cc mnh  sau :  

(A) (I)  ;   (B) (II)  v (IV) ;   (C) (I)  v (III) ;  (D) (IV).  

24.  Dy cung ca elip (E)  :  + =

2 2

2 2
1

x y

a b
 (0 < b  < a)  vung gc vi trc ln ti 

tiu im c  di l :  

(A) 
22c

a
 ;    (B)  

22b

a
 ;    (C) 

22a

c
 ;    (D) 

2
a

c
.  

25.   Mt elip c trc ln bng 26, t s =
12

13

c

a
.  Trc nh ca elip bng bao nhiu ? 

(A) 5  ;         (B) 1 0 ;         (C) 12 ;   (D) 24.  

26.   Cho elip (E)  :  4x2  + 9y2  = 36.  Tm mnh  sai trong cc mnh  sau :  

(A) (E)  c trc ln bng 6 ;    (B)  (E) c trc nh bng 4 ;  

(C) (E)  c tiu c bng 5  ;    (D) (E)  c t s 
c

a
 =  

5

3
.  
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27.   Cho ng trn (C)  tm F
1
 bn knh 2a  v 

mt im F
2
  bn trong ca (C).  

 Tp hp tm M ca cc ng trn ( C )  
thay i nhng lun i qua F

2
 v tip xc 

vi (C)  (h.3.29) l ng no sau y ?   

(A) ng thng ;   (B)  ng trn ;  

(C) Elip ;     (D) Parabol.  

28.   Khi cho t thay i,  im M (5cost ;  4sint)  di ng trn ng no sau y ?   

(A) Elip ;     (B) ng thng ;  

(C) Parabol ;    (D)  ng trn.  

29.  Cho elip (E) :  + =
2 2

2 2
1

x y

a b
 (0 < b  < a).  Gi F

1
,  F

2
 l hai tiu im v cho im 

M(0 ;  b).  Gi tr no sau y bng gi tr ca biu thc MF
1
.MF

2
   OM2 ? 

(A) c2   ;   (B) 2a2  ;   (C) 2b2  ;   (D) a2   b2.  

30.   Cho elip (E)  :  + =
2 2

1
16 9

x y
 v ng thng   :  y  + 3  = 0.  

Tch cc khong cch t hai tiu im ca (E)  n ng thng   bng gi tr 
no sau y :  

(A) 16 ;   (B) 9 ;    (C) 81  ;   (D) 7.  
 

 

 

 

n tp cui nm 
 

 

1.   Cho hai vect a  v b  c ( )= = =3, 5, , 120oa b a b .  Vi gi tr no ca m  

th hai vect +a mb  v a mb  vung gc vi nhau ?  

2.   Cho tam gic ABC  v hai im M,  N sao cho =
 

AM AB  ;  =
 

AN AC .  

a)  HRy v M,  N khi   = 
2

3
 ;      =  

2

3
.   

b) HRy tm mi lin h gia   v    MN song song vi BC.  

Hnh 3.29 
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3.   Cho tam gic u ABC  cnh a.  

a)  Cho M l mt im trn ng trn ngoi tip tam gic ABC.  Tnh 

+ +
2 2 2

MA MB MC  theo a  ;  

b) Cho ng thng d tu ,  tm im N trn ng thng d sao cho 

+ +
2 2 2

NA NB NC  nh nht.  

4.   Cho tam gic u ABC  c cnh bng 6 cm.  Mt im M nm trn cnh BC  
sao cho BM = 2 cm.  

a)  Tnh  di ca on thng AM v tnh csin ca gc BAM  ;  

b) Tnh bn knh ng trn ngoi tip tam gic ABM ;  

c)  Tnh  di ng trung tuyn v t nh C  ca tam gic ACM ;  

d) Tnh din tch tam gic ABM.  

5.   Chng minh rng  trong  mi tam gic ABC  ta u c 

a)  a  = cosb C  + cosc B ;  

b) sin A  = sin cosB C   + sin cosC B ;  

c)  = 2 sin sinah R B C .  

6.   Cho cc im A(2 ;  3),  B(9 ;  4),  M(5  ;  y) v P(x ;  2).  

a)  Tm y   tam gic AMB  vung ti M ;  

b) Tm x  ba im A,  P  v B  thng hng.  

7.   Cho tam gic ABC  vi H l trc tm.  Bit phng trnh ca ng thng AB,  
BH v AH ln lt l  4x  + y    1 2 = 0,   5x   4y  15  = 0 v 2x + 2y    9  = 0.  

HRy vit phng trnh hai ng thng cha hai cnh cn li v ng cao 
th ba.  

8.   Lp phng trnh ng trn c tm nm trn ng thng   :  4x + 3y   2 = 0 
v tip xc vi hai ng thng 

1d :  x + y  +  4 = 0      v  2d  :  7x   y  + 4 = 0.  

9.   Cho elip (E)  c phng trnh :  + =

2 2

1
100 36

x y
.  

a)  HRy xc nh to  cc nh, cc tiu im ca elip (E)  v v elip  ;  

b) Qua tiu im ca elip dng ng thng song song vi Oy  v ct elip ti 
hai im M v N.  Tnh  di on MN.  
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Hng dn v p s  

Chng I 

1.    

1.   a)  ng ;    b)  ng.  

2.   a)  Cc vect cng phng :   

     a ,  b  ;  u ,  v  ;   x ,  y ,  


w  v z .  

b)  Cc vect cng hng :   

    a ,  b  ;  x ,  y  v z .  

c)  Cc vect ngc hng :   

    u ,  v  ;   


w ,  x ;   


w ,  y  ;  


w ,  z .  

d)  Cc vect bng nhau :  x ,  y .  

4.   a) Cc vect cng phng vi 


OA  :  


DA ,  


AD ,  


BC ,  


CB ,  


AO ,  


OD ,  


DO ,  


FE ,  


EF .  

b)  Cc vect bng 


AB  :  
  

, ,OC ED FO .  
 

.  

5.   + =

 

AB BC a  ,   =

 

3AB BC a .  

7.   a)  Nu a ,  b  cng hng ;   

 b)  Nu gi ca a  v b  vung gc.  

8.   a ,  b  c cng  di v ngc hng.  

10.   


3F  c   c ng    l   100 3  N ,  n g c  

hng  vi  


ME ,  t rong    E  l    nh  c a  
hnh bnh hnh MAEB.  
 

.  

2.   = 

 2
( )

3
AB u v ;  = +

 2 4

3 3
BC u v  ;  

=  

 4 2

3 3
CA u v .  

3.   =  +

 1 3

2 2
AM u v .  

6.   K l im thuc on AB  m 
2

3

KA

KB
= .  

7.   M l trung im ca trung tuyn CC .  
  

.  

1.   = 3AB ,  5MN =  ;  AB


 v MN


 ngc hng.  

2.  a)  ng   b)  ng  c)  sai   d)  ng.  

3.   a  = (2 ;  0),     b  = (0 ;  3) ,  

 c  = (3  ;  4),   = (0, 2 ; 3 )d .  

4.   a),  b),  c)  u ng, d) sai.  

5.   0 0( ; )A x y  ;   0 0( ; )B x y ;   

  0 0( ; )C x y .  

6.   D(0 ;  5)    

7.   A(8 ;  1 ),   B(4 ;  5),   C(4 ;  7).    

8.   2c a b= + .  
   

n tp chng I 

1.   Cc vect cn tm :  


OC ,  


FO ,  


ED .  

2.   Cc khng nh ng :  a),  b)  v d).  

3.   ABCD  l hnh thoi.  

5.   M,  N ,  P  ln  lt  l  cc  im i  xng  vi  
C,  A,  B  qua tm O.  

6.   a)  + =

 

3AB AC a   b)   =

 

AB AC a .  

8.   a)  m  = 
1

2
,  n  = 0  ;    b)  m  = 1  ,  n  = 

1

2
 ;   

 c)  = 
1

2
m ,  =

1

2
n  ;   d)  = 

1

2
m ,  n = 1 .  

10.   Cc khng nh ng a)  v c).  

11.   a)  = (40 ; 13)u  ;    b)  = (8 ; 7)x  ;    

 c)  k = 2 ,  h  = 1 .  

12.   m  =
2

5
.     

13.   Khng nh ng l c).  

Chng II 

.  

2.   AK = asin2   ;  OK = acos2.    

5.   =
25

9
P .  

6.   = 

  2
cos( , )

2
AC BA  ;  =

 

sin( , ) 1AC BD  ;  

cos( , ) 1AB CD = 

 

.  
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.  

1.   =

 

. 0AB AC  ;   = 

 
2.AC CB a .  

2.   a)  Khi im O  nm ngoi on AB  ta c 

=

 

. .OA OB a b .  
b)  Khi im O  nm gia hai im A  v B  ta c 

= 

 

. .OA OB a b .  

3.  b)  24R .  

4.   a) 
5

; 0
3

D
 
  

 ;    b)  1 0(2 2 )+ ;   

c)  5.  

5.   a) o( , ) 90a b =  ;    b)  o( , ) 45a b =  ;   

 c) o( , ) 150a b = .  

7.   To   im C  cn  tm l  :  C(1  ;  2)  v 

C (1  ;  2).  
  

.  

1.    o32C =  ;  b   61,06 cm  ;   

 c   38,15 cm  ;  32,36ah   cm.  

2.    o36A   ;   o106 28B   ;   o37 32C = .  

3.   a  = 1 1 ,36 cm ;   o37 48B   ;   o22 12C = .  

4.   S = 31 ,3  vdt.  

5.   BC  = + +2 2m n mn .  

6.   a)   o91 47C =  ;     b)  am = 10,89 cm.  

7.   a)  Gc ln nht l  o117 16C   ;    

 b)  Gc ln nht l  o93 41A  .  

8.    o40A =  ;  b  = 212,31  cm ;  c  = 1 79,40 cm 

10.   568,457 m.  

11.   22,772 m.  

n tp chng II 

4.   = . 4a b .   

9.   R  = 2 3 .  

10.   S = 96 ;  = 16ah  ;  R  = 10 ;  r = 4 ;   

  17,09am .  

11.   Din tch S ca tam gic ln nht khi  

  o90C = .  

Chng III 

.   

1.   a)  
= +


= +

2 3

1 4

x t

y t
 ;      b)  

=  +


= 

2

3 5 .

x t

y t
 

2.   a)  3x + y  + 23 = 0 ;     b)  2x + 3y    7  = 0.  

3.   a)  AB  :  5x + 2y    1 3  = 0 ;   

     BC  :  x   y    4 = 0 ;     

              CA  :  2x + 5y    22 = 0.  
 

b) AH :  x + y    5  = 0 ;    AM :  x + y    5  = 0.  
4.   x   4y    4 = 0.  

5.   a)  1d  ct 2d ;         b)  1 2//d d          c) 1 2d d .  

6.   1 (4 ; 4)M ,   
 

  2
24 2

;
5 5

M .  

7.   o45 .  

8.   a)  
28

5
 ;    b)  3  ;    c)  0.   

9.   
44

13
.  

.   

1.   a)  I(1  ;  1 ),  R  = 2 ;   b)  I
 
  
1 1

;
2 4

 ,  R  = 1  ;  

 c)  I(2 ;  3) ,  R  = 4.  

2.   a)  + +  =2 2( 2) ( 3) 52x y  ;     

 b) + +  =2 2 4
( 1) ( 2)

5
x y  ;    

 c)   +  =2 2( 4) ( 3) 13x y .  

3.   a)  +  +  =2 2 6 1 0x y x y ;    

 b) +    =2 2 4 2 20 0x y x y .  

4.    +  =2 2( 1) ( 1) 1x y ;  

   +  =2 2( 5) ( 5) 25x y .  

5.    +  =2 2( 4) ( 4) 16x y ;  

   
 + + =      

2 2
4 4 16

3 3 9
x y .  

6.   a)  I(2 ;  4),  R  = 5  ;   

 b)  3x   4y  + 3  = 0 ;   

 c)  4x + 3y  + 29 = 0,     4x + 3y    21  = 0.  
 



 102 

.   

1.   a)  2a  = 1 0,  2b  = 6 ;     

  1 ( 4 ; 0)F ,  2 (4 ; 0)F ;    

 1 ( 5 ; 0)A ,  2 (5 ; 0)A ;   

   1 (0 ; 3)B ,  2 (0 ; 3)B .  

b)  2a  = 1 ,  2b  = 
2

3
 ;   

 1
5

( ; 0)
6

F ,  2
5

( ; 0)
6

F ;   

 1
1

( ; 0)
2

A ,  2
1
( ; 0)
2

A ,   

 1
1

(0 ; )
3

B ,  2
1

(0 ; )
3

B .  

c) 2a  = 6,  2b  = 4  ;   

1 ( 5 ; 0)F ,  2 ( 5 ; 0)F ;  

1 ( 3 ; 0)A ,  2 (3 ; 0)A ;   

1 (0 ; 2)B ,  2 (0 ; 2)B .  

2.   a)  + =
2 2

1
16 9

x y
 ;    b)  + =

2 2
1

25 16

x y
.  

3.   a)  + =
2 2

1
25 9

x y
 ;    b)  + =

2 2
1

4 1

x y
.  

4.    40 20 3 5,36 (cm);   

 + 80 40 3 149, 28  (cm).  

5.   + = +1 2 1 2MF MF R R .  

n tp chng III 

1.   AB  :  x + 2y    7  = 0 ;   AD  :  2x   y    9   = 0 ;   

 BC  :  2x   y  + 6 = 0.  

2.   + +  =2 2( 6) ( 5) 66x y .  

3.   5x + 3y  + 2 = 0.  

4.   a)  O'(2 ;  2)  ;   b)  


  
2 4
;

3 3
M .  

5.   a)  


  
2

1 ;
3

G ,  H(13  ;  0),   T(5 ;  1 )  ;   

b)  =
 

3TH TG  ;    

c)  + +  =2 2( 5) ( 1) 85x y .  

6.   21x + 77y    1 91  = 0 ;   

 99x   27y  + 121  = 0.  

7.    +  =2 2( 1) ( 2) 36x y .  

8.   a)    =1 2
8

cos( , )
145

 ,   

 
    1 2( , ) 48 21 59o  ;    

 b)    =1 2( , ) 90o .  

9.   1 ( 4 ; 0)A ,  2 (4 ; 0)A  ;   

1 (0 ; 3)B ,  2 (0 ; 3)B ;   

1 ( 7 ; 0)F ,  2 ( 7 ; 0)F .  

10.   363 517 km ;  405  749 km.  
     

n tp cui nm 

1.   m  = 
3

5
.  

2.   b)    = .  

3.   a)  22a  ;   

 b) N l hnh chiu vung gc ca trng tm G 

ca tam gic ABC  ln d.  

4.   a)  AM = 28  cm,   =
5 7

cos
14

BAM  ;  

b) =
2 21

3
R  cm ;     c)  19  cm ;    

d) 23 3 cm .  

6.   a)  y  = 0,  y  = 7 ;     b)  x = 5 .  

7.   AC  :  4x + 5y    20 = 0 ;   

 BC  :  x   y    3  = 0 ;   

 CH :  3x   1 2y    1  = 0.  

8.    + + =2 2( 2) ( 2) 8x y  ;  

 + +  =2 2( 4) ( 6) 18x y .  

9.   a)  1 ( 10 ; 0)A ,  2 (10 ; 0)A  ;  

      1 (0 ; 6)B ,  2 (0 ; 6)B ;   

      1 ( 8 ; 0)F ,  2 (8 ; 0)F  ;   

 b)  
36

5
.  
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Bng thut ng

B 

Bng gi tr  lng gic ca cc gc 
c bit 37 
Biu thc to  ca tch  v hng  43 
Bnh phng v hng ca mt vect 41  

C 

Cng thc H-rng 53 

D 

Din tch tam gic 53 

 

 di  i  s 21  
iu  kin   ba im thng  hng  1 5 
iu kin  hai  vect cng phng 1 5 
nh  ca el ip 87 
nh  l  csin  48 
nh  l  sin  51  
 di  ca vect 6 
ng cnic 89 

E 

El ip (ng el ip)  85 

G 

Gc gia hai  vect 38 
Gc gia hai  ng thng  78 
Gc to  21  
Gii  tam gic 55 
Gi ca vect 5 
Gi tr  lng gic ca mt gc 36 

H 

H trc to  21  
H s gc ca ng thng  72 
H iu  ca hai  vect 1 0 
H thc lng trong  tam gic 46 
Honh  23 

K 

Khong cch t mt im n mt 
ng thng  79 

Khong cch gia hai  im 45 

M 

Mt phng to  22 

N 

Na ng trn  n v  35 

 

 

P 

Phn tch  (biu th)  mt vect theo hai  
vect khng  cng phng 1 5 
Phng trnh  chnh  tc ca el ip 86 
Phng trnh  ng trn  81  
Phng trnh  tip tuyn ca ng trn  83 
Phng trnh  ng thng theo on chn    75 
Phng trnh  tng qut ca ng thng  74 
Phng trnh  tham s ca ng  thng  71  

Q 

Quy tc ba im 1 1  
Quy tc hnh  bnh  hnh  9 

T 

Tm i  xng ca el ip 86 
Tiu  c ca el ip 85 
Tiu  im ca el ip 85 
Tch  ca vect vi  mt s  1 4 
Tnh  cht ca php cng cc vect 9 
Tch  v hng ca hai  vect 41  
To  ca mt im 23 
To  ca vect 22 
To  ca trng tm tam gic 25 
To  trung im ca on thng  25 
Tng ca hai  vect 8 
Trc nh c a el ip 87  
Trc i  xng ca el ip 86 
Trc honh  21  
Trc ln c a el ip 87 
Trc to  20 
Trc tung  21  
Tung  23 
 

V 

Vect 4 
Vect n v  6 
Vect bng nhau  6 
Vect cng hng  5 
Vect cng phng  5 
Vect ch phng c a ng thng 70 
Vect i  1 0 
Vect - khng  6 
Vect ngc hng  5 
Vect php tuyn c a ng thng   73 
V tr tng i  ca hai  ng thng       76 
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MC Lc 
   Trang 

Chng I.   Vect  3  

  1 .  Cc nh  ngha 4  

Cu  hi  v bi  tp 7 

  2.  Tng v h iu  ca hai  vect 8 

Cu  hi  v bi  tp 1 2 

  3.  Tch  ca vect vi  mt s 1 4 

Cu  hi  v bi  tp 1 7 

  4.  H trc to  20 

Cu  hi  v bi  tp 26 

n tp chng I 27 

I.  Cu hi v bi tp 27 

II.  Cu hi trc nghim 28 

Chng II.   tch v hng ca hai  vect v ng dng  34  

  1 .  Gi tr  lng  g ic ca mt gc bt k t 0o  n  1 80o  35 

Cu hi  v bi  tp  40 

  2.  Tch  v hng ca hai  vect 41  

Cu hi  v bi  tp  45 

3.  Cc h thc lng  trong  tam gic v gii  tam gic  46 

Cu hi  v bi  tp  59 

n tp chng II 62 

I.  Cu hi v bi tp 62 

II.  Cu hi trc nghim 63 

Chng III.   Phng php to  trong mt phng  69  

  1 .  Phng trnh  ng thng  70 

Cu hi  v bi  tp  80 

  2.  Phng trnh  ng trn  81  

Cu hi  v bi  tp  83 

  3.  Phng trnh  ng el ip  84 

Cu hi  v bi  tp  88 

n tp chng III 93 

I.  Cu hi v bi tp 93 

II.  Cu hi trc nghim  94 

n tp cui nm  98 

Hng dn  v p s 1 00 

Bng thut ng 1 03 
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