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BO GIAO DUC VA DAO TAO

DOAN QUYNH (Téng Chu bién) - VAN NHU CUONG (Chu bién)
PHAM VU KHUE - BUI VAN NGHI

HINHHOC

NANG CAO

(Tdi ban lan thit tam)

NHA XUAT BAN GIAO DUC VIET NAM



NHUNG BIEU HOC SINH CAN CHU Y KHI SU DUNG SACH GIAO KHOA

1. Khi nghe thay c6 gido giang bai, luén ludén c6 SGK truéc mat. Tuy nhién
khoéng viét, vé thém vao SGK, dé nam sau cac ban khac c6 thé ding dugc.

2. V& trinh bay, sach gido khoa c6 hai mang : mang chinh va mang phu.

Mang chinh gém céac dinh nghia, dinh Ii, tinh chat,... va thudng dudc déng
khung ho#c cé duang vién & mép trai. Mang nay dudc in IUi vao trong.

3. Khi gap Cau haéi , can phai suy nghi, tra I6i nhanh va dung.

4. Khi gap Hoat dong ]% cac em phai dung but va gidy nhap dé thuc hién
nhimng yéu cau ma hoat dong doi héi.

Ban quyén thuoc Nha xuat ban Gido duc Viét Nam - Bo Giao duc va Pao tao

01 —2014/CXB/571 - 1062/GD Ma s6 : NH002T4



CHUONG

Mui tén chi huong cho ta
Bay theo 16i 4y &t 1a dén noi !

Vecto 1a mét khai niém toan hoc méi déi véi cac em.

Hoc chuong nay, cac em phai hiéu dugc vecto la gi, thé nao
la t6ng, hiéu cla hai vecto, tich clia mot vecto véi mot s6.
Nhing kién thiic nay rat quan trong, ching 1a co sé dé hoc
mon Hinh hoc clia cé ba l6p 10, 11 va 12.




CAC PINH NGHIiA

1. Vecto la gi ?

Trong Vat 1i, nhitng dai 1 gng nh van tdéc, gia toc, luc,... d gc goi la
dai | ong c6 h ong. D€ xdc dinh cdc dai 1 ong do, ngoai ¢ dong do cua
ching, ta con phai bi€t h 6ng cua ching nia.
Vi du : Mét chiéc tau thuy chuyén déng thang déu véi toc do 20 hdi li mot
gio, hién nay dang o vi tri M. Hoi sau 3 gio nita né sé o ddu ?
Cdc em c6 thé'trd loi cdu hdi dé khong ? Vi sao ?
Hinh 1 12 hai d6 mot vang bién tai mot thoi diém
nao dé. C6 hai tau thuy chuyén dong thang déu ma
van t6c d oc biéu thi bing mii tén. C4dc mii tén %A\N%’\/;/w%
van toc cho ta thdy : Tau A chuyén dong theo -~ ——
h éng Pong, con tau B chuyén dong theo h 6ng -

— — ——

bong Bic. Toc do tau A bang mot nira toc do ~ Y %
tau B (do miii tén clia thu A dii bing mot nira mili o
tén cua tau B).

Hinh 1

Nh vay, cdc dail gng c6h 6ngth dng d oc biéu thi bing nhitng miii tén
d oc goi 1a nhitng VECTO. Vecto 12 mot doan thang nh ng c6 h 6ng. Dé
biéu thi cho h 6ng clia doan thang ta them mot ddu ">" vio mot trong hai
diém mut cta doan thang dé.

Gia st ta c6 doan thang AB (cling c6 thé viét
12 doan thing BA). Néu thém dau "> " vao
diém B thi ta c6 vecto v6i diém ddu 12 A va
diém cuodi 1a B (h. 2a). Néu ta thém dau
"," vio diém A thi ta d oc vecto vdi diém ddu 1a B va di€ém cudi 1a A (h. 2b).
Nh vay, vecto 1a mot doan thang di x4c dinh mot h éng ndo dé trong hai
h 6ng c6 thé c¢6 cha doan thang di cho. H éng clia vecto 1a h éng di tir
diém diu dén diém cudi.

A B
a) b)
Hinh 2

=
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DINH NGHIA
Vecto la mot doan thdng cé h ong, nghia la trong hai diém
miit ciia doan thdng, da chi ré diém nao la diém ddu, diém
nao la diém cudi.
Ki hiéu
Néu vecto c6 diém ddu 1a M va diém cuoi 1a N thi ta ki hiéu vecto do la
MN.
Nhiéu khi d€ thuan tién, ta ciing ki hiéu mot vecto x4c dinh nao d6 bang mot

chitin th dng, v6i miii tén & trén. Chang han vecto a, b, x, y, ...

Vecto-khong

Ta biét rang mdi vecto c6 mot diém dau va mot di€ém cudi ; mdi vecto hoan
toan d oc xdc dinh néu cho biét diém dau va diém cudi clia no.

Bay gi0, v6i méi diém M bat ki, ta quy dc c6 mot vecto ma diém dau 1a M
va diém cuodi cling 1a M. Vecto d6 d gc ki hiéu 12 MM va goi la
vecto-khong (c6 gach noi gitia hai tur).

|| Vecto c¢é diém ddu va diém cuoi trung nhau goi la vecto-khong.

2. Hai vecto cung ph ong, cung h dng

Vi méi vecto AB (khic vecto-khong), d ong thing AB d oc goi 1a gid

clia vecto AB. Con d6i vé6i vecto-khong AA thi moi d ong thing di qua A
déu goi la gid cua no.

M
B P
A/‘/EN
-7F
/’//’/D N
Hinh 3



a) Trén hinh 3, ta c6 cac vecto XB, D_C, EF, m, @3

Hay chud y dén hai vecto AB va DC, ching c6 gid song song v6i nhau. Hai
vecto AB va EF cling c6 gid song song. Con hai vecto DC va EF thi ¢6
gia trung nhau.

Trong cdc tr dng hop do, ta ndi rang : Cic vecto AB, DC, EF ¢6 cung
ph ong, hay don gian la ciing ph ong.

Hai vecto MN va QP c6 gid cat nhau. Ta néi hai vecto d6 khong cing
ph ong. Vay ta c6 dinh nghia

b) Bay gio hay chi y t6i cic cap vecto cung ph ong trén hinh 4.

Hai vecto d oc goi la cung ph ong néu chiing cé gid song
song hodc trung nhau.
RO rang vecto-khong cung ph ong véi moi vecto.

N

=
\ =

0

Hinh 4
Hai vecto AB va CD cung ph ong, va hon th€ cdc mii tén biéu thi AB va
CD c6 cung h 6ng, cu thé 1ah Ong tir trai sang phai.
Trong tr Oong hop nay, ta néi : Hai vecto AB va CD cung h ong.
Hai vecto MN va PQ cung ph ong, tuy nhién ta thdy rang ching khong
cung h 6ng vi vecto MN h 6ng 1én phia trén, con vecto PO thi h 6ng
xuéng phia d &i.
Trong tr Ong hop nay, ta néi : Hai vecto MN va PQ ng och ong.
Nh vay

Néu hai vecto cung ph ong thi hodc chiing cing h dng,
hodc chung ng oc h ong.

CHUY
Ta quy Gc rang vecto-khong cing h 6ng véi moi vecto.



3. Hai vectd bang nhau

Mbi vecto déu c6 mot dé d i, d6 1a khodng céach gitta diém ddu va diém
cuoi cua vecto d6. Do dai cua vecto @ d oc ki hiéu la | a | .

Nh vay, doi véi vecto AB , P_Q ,... taco

[AB| = AB = BA, |PO| = PO = 0P, ...
Theo dinh nghia do dai & trén thi vecto-khong cé do dai bang bao nhiéu ?
D

Ta biét ring hai doan thang goi 12 bing nhau néu
do dai clia ching bang nhau. Trén hinh 5 ta c6 A @
hinh thoi ABCD. Bon canh cua hinh thoi 1a bon
doan thang bing nhau. Bdi vay ta viét 5

AB=AD =DC =BC. Hinh 5

Hai vecto AB va AD trén hinh 5 ciing ¢6 do dai bang nhau, nh ng liéu
chiing ta ¢6 nén néi réing chiing bdng nhau va viét AB = AD hay khong ?
Vi sao vay ?
Con doi véi hai vecto AB va DC thi ¢6 nhdn xét gi vé do dai va h ong
cua chiing ?
Mot céch tu nhién ta dinh nghia hai vecto bang nhau nh sau
DINH NGHIA
Hai vecto d oc goi la bang nhau néu chiing cing h éng va
cung do dai.

Néu hai vecto a va b bang nhau thi ta viét a = b .

CHUY

Theo dinh nghia trén thi cdc vecto-khong déu bang nhau
AA = BB = PP = ... Bdi vay, tit nay cac vecto-khong d oc ki hiéu
chung 1a 0.

1
ﬁHéy vé mot tam giac ABC véi cac trung tuyén AD, BE, CF, rdi chi ra cac bd ba

vectd khac 0 va déi mot bang nhau (cac vecto nay cé diém dau va diém cudi d dc
|ay trong sau diém A, B, C, D, E, F).

N&u G la trong tam tam giac ABC thi c6 thé viét AG = GD hay khéng ? Vi sao ?



(o), 2

/ N\Cho vectd a va mét diém O bat ki. Hay xac dinh diém A sao cho OA = a. C6 bao

1.

nhiéu diém A nh  vay ?

Trong Vat Ii, mot luc th ong d gc biéu thi bdi mot vecto. Do dai clia vecto

biéu thi cho ¢ dng do cua luc,

h 6ng clia vecto biéu thi cho h éng cta luc

tdic dung. Diém ddu cla vecto dat & vat chiu tic dung cla luc (vat dé
th ong d gc xem nh mot diém).

Trén hinh 6, hai ng 06i di doc
hai bén bo kénh va cung kéo
mot khic gb di ng oc dong.
Khi d6 c6 cac luc sau day tac
dung vao khidc gb : hai luc
kéo 1_V1 va 772 cua hai ng 0i,
luc F3 cta dong n 6c, luc
ddy c-si-mét F4 cla n 6¢
lén khic gb va trong luc Fs
cua khic gob.

Hinh 6

Uy-li-am Ha-min-ton (William Hamilton) l1a nha
toan hoc ng oi Ai-len. Ong da viét mot trong
nhitng céng trinh toan hoc dau tién vé vecto.
Ong la ng 6i xay dung khai niém qua-téc-ni-6ng,
modt dai | ong gidng nh vecto, cd nhiéu (ng
dung trong Vat Ii.

Cau héi va bai tép

Vecto khdc v6i doan thang nh

thé nao ?

2. Cic khang dinh sau day c6 ding khong ?

a) Hai vecto cung ph ong v61 mot vecto thit ba thi cung ph ong.



b) Hai vecto cung ph ong véi mdt vecto thit ba khac 0 thi cung ph ong.
¢) Hai vecto cung h éng v6i mot vecto thi ba thi cung h éng.

d) Hai vecto cung h 6ng v6i mot vecto thit ba khac 0 thi cung h 6ng.
e) Hai vectong oc h 6ng v6i mot vecto khac O thi cung h 6ng.

f) Diéu kién can va du dé hai vecto bing nhau 1a chiing c6 do dai bang nhau.

Trong hinh 7 d 6i day, hay chi ra cdc vecto cung ph ong, cic vecto cung
h &ng va cdc vecto bang nhau.

—
)

=
[7)

b

)

=)
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Hinh 7

Goi C 1a trung diém clia doan thing AB. C4c khang dinh sau day diing
hay sai ?

a) AC va BC cung h 6ng ; b) AC vaAB cung h 6ng ;
C)XBVéB_Cng och 6ng; d)|XB|=|B_C|;
e)|AC|=|BC|; f)|AB|=2|BC|.

Cho luc gidc déu ABCDEF. Hiy vé c4c vecto bang vecto AB va c6
a) Cac diem dau 1a B, F, C ; b) Cac diém cudi 1A F, D, C.

TONG CUA HAI VECTO

Chiing ta da biét vecto 12 gi va thé nao 1a hai vecto bang nhau. Tuy cédc
vecto khong phdi 1a nhitng con s&, nh ng ta ciing c6 thé cong hai vecto véi
nhau dé d oc téng cla ching, cling c¢6 thé trir di nhau dé d@ oc hiéu cua
chiing. Hoc sinh cdn nam vitng cdch xdc dinh téng va hiéu cua hai vecto
cling nh cdc tinh chat cua phép cong va phép trir vecto.



1. Pinh nghia téng cua hai vecto A

Hinh 8 mo ta mot vat d ¢c doi sang vi

tri méi sao cho cac diém A, M, ... cla y,
vat d oc doi dén cdc diém A’, M’,... ma A
AA’ = MM’ = .... Khi d6 ta néi rang :
Vatd ogc "tinh tién" theo vecto AA’ . M /
Trén hinh 9, chuyén dong ciia mot vat Hinh 8

d ocmoé ta nh sau :Twvitri (I),néd oc A & c

tinh tién theo vecto AB dé dén vi tri (II). ]
Sau dé né lai d oc tinh tién mot lan nita (1 (1)

theo vecto BC dé dén vi tri (I1).

Vit cé thé d oc tinh tién chi mot lan dé ;
tir vi tri (1) dén vi tri (IIl) hay khong ? (11)
Néu co, thi tinh tién theo vecto nao ? Hinh 9

Nh vay c6 thé néi : Tinh tién theo vecto AC "bang" tinh ti€n theo vecto
AB 16i tinh tién theo vecto BC.

Trong Todn hoc, nhitng diéu trinh bay trén day d ¢c néi mot cdch ngan gon :
Vecto AC la téng ciia hai vecto AB va BC.

Ta di dén dinh nghia (h. 10)

Cho hai vecto a va b. Ldy mot diém A nao dé roi xdc dinh
cdc diém B va C sao cho AB = a, BC = b . Khi dé vecto AC
d oc goi la tong ciia hai vecto a va b. Ki hiéu

AC =a + b.

Phép ldy tong ciia hai vecto d oc goi la phép cong vecto.

B
b

o

a &
Hinh 10
10



1

ﬁHéy vé mot tam giac ABC, roi xac dinh cac vectd téng sau day
a) AB+CB ;
b) AC + BC.

2
%Héy vé hinh binh hanh ABCD véi tam O (O la giao diém hai d dng chéo). Hay viét

vectd AB d 6i dang t8ng cla hai vecto ma cac diém muat cla ching d oc 18y
trong nam diém A, B, C, D, O.

2. Cac tinh chat cua phép cdng vecto

3
Chung ta biét rang phép céng hai s6 c6 tinh chat giao hoan. Déi véi phép cdng hai
vecto, tinh chat d6 cé dung hay khéng ? Hay kiém ching béng hinh vé.

4

%Héy vé cac vectd OA = a, AB = b, BC =c nh trén b B
hinh 11. Trén hinh v& dé A
a) Hay chi ra vecto nao la vectd a + b, va do do, > T
vectd naolavectd (a +b) +c.
b) Hay chi ra vectd ndo la vecto b +¢ va do d6 0 C

vectondo lavectd a + (b +¢). Hinh 11

c) Tu d6 c6 thé rat ra két luan gi ?

Tur cac hoat dong trén, chiing ta suy ra cac tinh chat sau day cua phép cong
vecto (cling giong nh céc tinh chat ctia phép cong cac s06)

1) Tinh chdt giao hodn : a+b =b +a,
2) Tinh chdt kéthop :  (a+b)+c =a+ (b +c¢);

3) Tinh chdt cua vecto-khéong : a + 0 = a.

CHU Y
Do tinh chét 2, céc vecto (a + b) + ¢ va a + (b + ¢) bang nhau,

bdi vay, tir nay ching d oc viét mot cach don gianla a +b + ¢,

va goi 12 téng ciia ba vecto a, b, c.

11



3. Cac quy tac can nhé
Tu dinh nghia tong clia hai vecto ta suy ra hai quy tic sau day

QUY TAC BA DIEM (h.12) M

Véi ba diém bdt ki M, N, P,

ta co P
MN + NP = MP. N
Hinh 12
QUY TAC HINH BINH H NH (h.13) 0) _A
Néu OABC la hinh binh hanh
thi ta co
OA + OC = OB. ¢ B

Hinh 13
a) Hay gidi thich tai sao ta cé quy tdc hinh binh hanh.

b) Hay gidi thich tai sao ta c6 |a + b| < lal + |b|

Bai toan 1. Chitng minh rdng vdi bon diém bdt ki A, B, C, D, ta ¢

AC + BD = AD + BC.
Gidi. Ding quy tic ba diém ta c6 thé viét AC = AD + DC . Boi vay
AC + BD = AD + DC + BD = AD + BD + DC (do tinh chat giao hodn)
= AD + BC (quy tic ba diém d6i v6i B, D, C).

5
ﬁDL‘mg quy tic ba diém, ta ciing c6 thé viét AC = AB + BC . Hay tiép tuc dé c6 mot
cach chiing minh khac cta B itoan 1.

Bai toan 2. Cho tam gidc déu ABC cé canh B p
béng a. Tinh dé dai ciia vecto téng AB + AC .
Gidi. Ta ldy diém D sao cho ABDC 1a hinh binh
hanh (h. 14). Theo quy tac hinh binh hanh ta c6 /.
AB + AC = AD . Hinh 14

12



Vay AB + AC| = |aD| = AD.
Vi ABC la tam gidc déu nén ABDC la hinh thoi va do dai AD bang hai 1an

d ong cao AH cutia tam giac ABC, do d6 AD = 2 x % = a /3.

Tém lai, |AB + AC| = av/3.

Bai toan 3

a) Goi M la trung diém doan thdang AB. Chitng minh rdng MA + MB = 0.
b) Goi G la trong tam tam giac ABC. Chiing minh rdng GA + GB + GC = 0.
Gidi

a) Theo quy tic ba diém, ta c6 MA + AM = MM = 0. Mat khic, vi M 1a
trung diém ctia AB nén AM = MB. Vay

A
MA + MB = 0.
b) (h. 15) Trong tAm G nam trén trung tuyén

CM va GC =2GM. Dé tim téng GA + GB , ta
dung hinh binh hanh AGBC’. Muén vay, ta chi
can lay diém C’ sao cho M 1a trung diém GC". c B

Khi d6 GA + GB = GC’ = CG . Boi vay Hinh 15
GA + GB + GC = CG + GC = CC = 0.
Trong 10i gidi ciia Bai todn 3, ta da ding ddng thiic GC' = CG. Hady gidi

thich tai sao cé ddng thirc dé.

GHI NHO

Néu M la trung diém doan thing AB thi MA + MB = 0 ;
Néu G la trong tam tam gidc ABC thi GA + GB + GC = 0.

CHUY
Quy tic hinh binh hanh th ong d oc 4p dung trong Vat I dé x4c
dinh hop luc cua hai luc cung tac dung 1én mot vat.

13



10.

11.

12.

14

Trén hinh 16, ¢6 hai luc F; va F, ciing
tdc dung vao mot vat tai diém O. Khi do6
c6 thé xem vat chiu tdc dung cta luc

F =F + F, la hop luc cla hai luc

va F, . Luc F d gc xédc dinh theo quy tic
hinh binh hanh. Hinh 16

Cau héi va bai tép

Chiing minh riing néu AB = CD thi AC = BD.

Tit gide ABCD 1a hinh gi néu AB = DC va |AB| = |Bc| 2

Cho bon diém bat ki M, N, P, Q. Chting minh céc dang thic sau
a) P_Q + NP + MN = @ ;

b) NP + MN = Q_P + @ ;

c) MN + P_Q = @ + PN.

Céc hé thic sau day dang hay sai (v6i moi a va b ) ?

a)|a+b|=|a|+|b; b)|a+b|£|a|+|b|.

Cho hinh binh hanh ABCD vé6i tam O. Hay dién vao ché trong (...) dé d oc
dang thifc ding

a)XB+A—D: ............ b)XB+C_D: ............
) AB+OA = ........... d) OA+0C = ...

e) OA+OB+O0OC+O0D = .............
Cho hinh binh hanh ABCD véi tam O. Mbi khang dinh sau day diing hay sai ?

a) [aB + aD| = [BD| : b) AB + BD = BC :
¢) OA+ OB = OC + OD ; d) BD + AC = AD + BC .
Cho tam gidc déu ABC ndi ti€p d ong tron tam O.

a) Hay xdc dinh cdc diém M, N, P sao cho
OM =0A+0B ; ON=0B+0C; OP=0C + OA.
b) Chiing minh ring OA + OB + OC = 0.




13. Cho hai lyc F{ va F, cing c6 diém dit tai O (h.17). Tim ¢ dong do luc
téng hop cuia chiing trong cdc tr dOng hop sau
a) F| va F, déu c6 ¢ ong do 1a 100N, géc hop boi F; va F, bing 120°

(h.17a) ;
b) C ong do ctia F; 1a 40N, cia F, 1a 30N va géc gitta F; va F, bing 90°
(h. 17b).
O 100N Fy
N F,
Q% N 1
S 30N
—> (0] -
F 4N F
a) b)
Hinh 17

HIEU CUA HAI VECTO

1. Vecto déi cia mét vecto

Néu tong ciia hai vecto a va b la vecto-khong, thi ta néi a la

vecto doi ciia b, hodc b la vecto doi ciia a .

Cho doan thing AB. Vecto déi ciia vecto AB la vecto nao ? Phdi chdng
moi vecto cho tr dc déu co vecto doi ?
Vecto doi cua vecto a d oc ki hiéu la —a .
Nh vay a+(-a)=(-a)+a =0.

Ta c6 nhan xét sau day

Vecto doi cua vecto a la vecto ng gc h ong vdi vecto a va
co6 cung do dai voi vecto a .

Bdc biét, vecto doi cua vecto 0 la vecto 0.




Vi du. Gia st ABCD 1a hinh binh hanh (h.18). A B
Khi d6 hai vecto AB va CD ¢6 cung do dai
nh ngng ¢gch 6ng. Boi vay

AB =— CD va CD =-AB. D C
T ong tu, ta co Hinh 18

BC = —-DA va DA = —-BC.

1
%Goi O | tam cla hinh binh h nh ABCD. Hay chi ra cac cap vectd déi nhau m co

diémdaul Ov diémcudil dinh cda hinh binh h nh dé.

2. Hiéu cua hai vecto

PINH NGHIA
Hiéu ciia hai vecto a va b, ki hiéu a — b, la tong cua vecto a
va vecto doi cua vecto b, tic la

a—b=a+ (D).

Phép ldy hiéu cua hai vecto goi la phép trir vecto.

b A

\

Sau day la cach dung hiéu a — b néu da

]l
]l
I
=

cho vecto a va vecto b (h. 19). Lay mot
diém O tuy y 16i v& OA = a va OB = b. 2 O >,
Khid6é BA =a - b.

Hinh 19

Hay gidi thich vi sao ta lai ¢6 BA = a —b (h. 19).

16

Quy tic vé hiéu vecto

Quy tic sau day cho phép ta biéu thi mot vecto bat ki thanh hiéu clia hai
vecto ¢6 chung diém dau.

Néu MN la mot vecto dd cho thi véi diém O bdt ki, ta luon cé
MN = ON - OM.

Bai toan. Cho bon diém bdt ki A, B, C, D. Hdy dung quy tdc vé hiéu vecto
dé chitng minh rdng

XB+C_D=A_D+5B.



Gidi. Lay mot diém O tuy y, theo quy tic vé hiéu vecto, ta c6
AB +CD = OB — OA + OD — OC
AD + CB = OD - OA + OB - OC .

So sanh hai dang thiic trén ta suy ra AB +CD = AD + CB .

ﬁZ (Gidi bai toan trén bang nhiing cach khac)

a) Pang thlic can chiing minh t ong d ong v6i déng thiic AB — AD = CB — CD .
TUr d6 hay néu ra cach chiing minh th( hai cGia bai toan.

b) D&ng thiic can chiing minh ciing t ong d ong véi d&ng thiic AB — CB = AD — CD .
Tu d6 hay néu cach chiing minh th{ ba cla bai toan.

c) Hién nhién ta c6 AB + BC + CD + DA = 0. Hay néu cach chiing minh thirt .
Cau haéi va bai tép
14. Tra 16i cac cau hoi sau day
a) Vecto doi cua vecto —a la vecto nao ?
b) Vecto doi cua vecto 0 1a vecto nao ?
¢) Vecto doi cua vecto a + b 1a vecto nao ?
15. Ching minh cdc ménh dé sau day
ayNeua+b=cthia=c-b, b=c—-a;
b)a-(b+c)=a-b-c ;
c)a—-(b-c)=a-b+c.
16. Cho hinh binh hanh ABCD véi tam O. Mbi khang dinh sau day ding hay sai ?
a)O_A—O_B=XB; b)C_O—a?=E4;
c) AB— AD = AC ; d)AB — AD = BD ;
e) CD - CO = BD - BO.
17. Cho hai diém A, B phan biét.
a) Tim tap hop cac diém O sao cho OA = OB ;
b) Tim tap hop cc diém O sao cho OA = —OB.

18. Cho hinh binh hanh ABCD. Chiing minh ring DA — DB + DC = 0.
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19.

Ching minh réng AB = CD khi va chi khi trung diém chia hai doan thing

AD va BC trung nhau.

20.

Cho sdu di€ém A, B, C, D, E, F. Chiing minh riang
AD + BE + CF = AE + BF + CD = AF + BD + CE.

TICH CUA MOT VECTO VOI MOT SO

Ta da biét thé nao 1a téng cla hai vecto. Bay gid néu ta 1y vecto a cong
v6i chinh né thi ta c6 thé néi két qua 1a hai 1an vecto a, viét1a 2a, va goi
la tich cua s6 2 véi vecto a, hay la tich cta a véi 2.

Trong muc nay ta s€ néi dén tich clia mot vecto vGi mot so thuc bat ki.

1. Pinh nghia tich cia mét vectd véi mot sé

#

18

Xét céac vecto trén hinh 20. Ta hay chu y

dén hai vecto @ va b. Hai vecto d6 c6 3 %
U
cung h 6ng, va do dai vecto b bang hai
lan do dai vecto a, tic I |b| = 2]d] . i
S = <
Trong tr ong hgp d6 ta viét b = 2a va 4
Leox N A 2e N
ndi rang : Vecto b bang 2 nhdn vdi vecto N
a (hodc bang vecto a nhdn voi 2), hodc Hinh 20

vecto' b la tich cua vecto a voi s62.

Lai chd y dén hai vecto ¢ va d. Hai vecto nay ng ¢gc h 6ng, va le] = 2|d|.
Khi d6 ta viét ¢ = (=2)d va néi rang : Vecto ¢ bdang —2 nhdn vdi vecto d
(hodic bang vecto d nhdn vdi =2), hodc vecto ¢ la tich ciia vecto d voi 2.

1
Vé hinh binh h nh ABCD.

a) Xac dinh diém E sao cho AE = 2BC.

b) Xac dinh diém F sao cho AF = (—%)& .



DINH NGHIA

Tich cua vecto a vdi so thuc k la mot vecto, ki hiéu la ka ,
d oc xdc dinh nh sau

1) Néu k > 0 thi vecto ka cing h dng vdi vecto a ;
Néu k < 0 thi vecto ka ng oc h dng vdi vecto a ;
2) Do dai vecto ka bdng |k|.lal.

Phép ldy tich cia mot vecto vdi mot sé goi la phép nhdn vecto
vai 50 (hodc phép nhdn s6 voi vecto).

Nhan xét. Tu dinh nghia ta thady ngay la = a, (—1)a la vecto doi cta a,
tic la (-1)a = —a.

Vi du. Trén hinh 21, ta ¢6 tam gidc ABC v6i M va N lan 1 ot la trung diém
hai canh AB va AC. Khi d6 ta c6 A

w BC =20V MW = LBC: /\
M N

b) BC = (-2) NM ;ﬁN:(—%)FB; /
c)zgzzm;ﬁvz(_lja. B ¢
2 Hinh 21

2. Cac tinh chat cia phép nhan vecto vé6i s6

Dua vao dinh nghia phép nhan vecto véi s6 ta c6 thé chitng minh cdc tinh
chat sau day

/Vo"i hai vecto bdt ki a, b va moi so thuc k, 1, ta cé \
1) k(la) = (kha ;
2) (k+Da=ka+la

3) k(a+b)=ka+kb ; k(a-b)=ka—-kb ;

k4) ka =0 khiva chi khi k=0 hodc a = 0. /

19



]%2 (D€ kiém chimg tinh chat 3 véi k = 3)
a) V& tam giac ABC v&i gia thiét AB =a va BC =b.
b) Xac dinh diém A’ sao cho A'B = 3a va diém C’sao cho BC' = 3b.

¢) C6 nhan xét gi vé hai vectos AC va A'C'?

d) Hay két thuc viéc chiing minh tinh chat 3 bang cach dung quy tac ba diém.
CHUY
1) Do tinh chat 1, ta c6 (=k)a = (=1.k)a = (-1)(ka) = —(ka). Bbi vay

ca hai vecto (—k)a va —(ka) déu c6 thé viét don gidn 1a —ka.

m R s M o 1 a2 s O
2) Vecto — a c0 thé viét la — . Chang han 3 a co the viét la 3
n n

Bai toan 1. Chiing minh rang diém I la trung diém cua doan thang AB khi
va chi khi véi diém M bdt ki, ta c6 MA + MB = 2MI.

Gidi. (h. 22) Vé6i diém M bat ki, ta c6

A
MA = MI + IA,
- _ _ i
MB = MI + IB. M
Nh va
b .Y_ B - 3
MA + MB = 2MI + IA + IB. Hinh 22

Ta biét réng 7 12 trung diém clia AB khi va chi khi JA + IB = 0. Tir d6 suy ra
diéu phai chiing minh.

Bai toan 2. Cho tam gidc ABC vdi trong tam G. Chitng minh rdng voi diém

M bdt ki, ta cé
M

MA + MB + MC = 3MG .
]@% 3 (D6 gidi Bai toan 2) (h. 23) A
a) T ong tu Bai toan 1, hay bidu thi cac vects MA, MB
va MC qua vecto MG va tiing vecto GA, GB, GC .

S J— J— B
b) Tinh téng MA + MB + MC. Véi cha y rang G la trong C

tam tam giac ABC, hay suy ra diéu phai chiing minh. Hinh 23

20



3. Diéu kién dé hai vecto ciing ph ong

Ta da biét rang néu b = ka thi hai vecto a va b cliing ph ong. Diéu ng ¢c
lai c6 ding hay khong ?

Q)

=

ol
=y

=i

Hinh 24
Xem hinh 24. Hay tim cdc sé k, m, n, p, q sao cho b=ka ; ¢ =ma ;
b=nc; x=pu;y=qu.

Mot cdch téng quat ta c6

Vecto b cing ph ong voi vecto a (a # 0) khi va chi khi

c6 s6' k sao cho b = ka .

Trong phdt biéu & trén, tai sao phdi cé diéu kién a # 0 ?

Piéu kién dé ba diém thing hang

Diéu kién cdn va dii dé ba diém phdn biét A, B, C thdng
hang la ¢6 s6'k sao cho AB = kAC.

Chitng minh. Ba diém A, B, C théng hang khi va chi khi hai vecto AB va
AC cing ph ong. Bdi vay theo trén ta phai c6 AB = kAC.
Bai toan 3. Cho tam giac ABC c6 truc tam H, trong tam G va tdm d ong
tron ngoai tiép O.
a) Goi I la trung diém ciia BC. Chitng minh AH = 20I.
b) Chirng minh OH = OA + OB + OC.
c¢) Chitng minh ba diém O, G, H thdng hang.
21



22

Gidi (h. 25)
a) D& thdy AH = 20l néu tam gidc ABC vuong.

Néu tam gidc ABC khong vuong, goi D 1a diém d6i xing cha A qua O.
Khi do
BH /| DC (vi cung vuong géc véi AC),
BD // CH (vi cung vuong goéc vé6i AB).
Suy ra BDCH 1a hinh binh hanh, do d6
I 1a trung diém cua HD. Tix d6

AH = 20I.

b) Ta c6
OB + OC =201 = AH

nén Hinh 25
OA + OB + OC = OA + AH = OH.
c) Ta da biét OA + OB + OC = 30G . Vay OH = 30G.
Suy ra ba diém O, G, H thang hang.
D 0Ong thing di qua ba diém nay goi 1 d ong thdng O-le cia tam gidc ABC.

Bi€u thi mét vecto qua hai vecto khéng cliing ph ong

Cho hai vecto @ va b . Néu vecto ¢ c6 thé viét d 6i dang ¢ = ma + nb,
v6i m va n 1a hai s6 thuc nao d6, thi ta néi rang : Vecto ¢ biéu thi d oc
qua hai vecto a va b .

Mot cau hoi dat ra l1a : Néu da cho hai vecto khong cung ph ong a va b
thi phdi chdng moi vecto déu cé thé biéu thi d oc qua hai vecto dé ?

Ta c6 dinh i sau day

DINH LIi

Cho hai vecto khong cung ph ong a va b . Khi dé moi
vecto x déu cé thé biéu thi d oc mét cach duy nhdt qua

hai vecto a va b, nghia la cé duy nhdt cdp s6 m va n sao

cho x =ma+nb.




21.

22.

Chitng minh

lw

T mot diém O nao d6, ta v& cic vecto
OA =a, OB = b, OX = x (h.26).

Néu diém X nim trén d ong thing OA
thi ta ¢6 s6 m sao cho OX = mOA . A’ X

W
ml

Vay ta cé
x =ma + 0b (lac nay n =0). il

T ong tu, néu diém X nam trén d ong 0

: b B B
théng OB thi ta c6 b
x = 0a + nb (ltc nay m=0). Hinh 26

Néu diém X khong nam trén OA va OB thi ta c6 thé 1ay diém A’ trén OA va
diém B’ trén OB sao cho OA’XB’ 1a hinh binh hanh. Khi d6 ta c6

0X = O—A’+@’, va do do6 co6 céac s6 m, n sao cho OX = mOA + nO_B,hay
X = ma + nb.

Bay gio néu con c¢6 hai s6 m’ va n’ sao cho x = ma + nb =m’a +n'b, thi

(m—-ma=m —n)b.

Cas N n—n
Khi d6, néu m = m’ thi a =

b , tic l1a hai vecto a va b cung ph ong,

’

m—m
trai voi gia thiét, vay m = m’. Chiing minh t ong tu ta cling cé n=n’.
Céu hdi va bai tap

Cho tam gidc vuong can OAB v6i OA = OB = a. Hay dung c4c vecto sau
day va tinh d6 dai ctia chiing

O—A+O—B; O—A—O—B; 30—A+40—B;
2L 04 +2508 : 154 -3 0B
4 4 7

Cho tam gidc OAB. Goi M, N lan 1 ot la trung diém hai canh OA va OB.
Hay tim c4c s6 m va n thich hop trong mdi dang thitc sau day

OM =mOA +nOB ; MN =mOA +nOB;
AN =mOA +nOB; MB =mOA + nOB.
23



23.

24.

25.

26.

27.

28.

24

Goi M va N lan1 ot Ia trung diém céc doan thang AB va CD. Chiing minh ring
2MN = AC + BD = AD + BC.

Cho tam giac ABC va diém G. Ching minh rang

a) Néu GA + GB + GC = 0 thi G 1a trong tam tam gidc ABC ;

b) Néu ¢6 diém O sao cho OG = %(5A +OB+0C) thi G Ia trong tam
tam gidac ABC.
Goi G 1a trong tam tam gidc ABC. Diat a = GA va b = GB. Hay biéu thi
mbi vecto AB, GC, BC, CA qua cic vecto a va b .
Chitng minh rang néu G va G’ lan 1 ot 1a trong tAm tam gidc ABC va tam
giac A'B'C’ thi

3GG'= AA' + BB' + CC".
Tu d6 hay suy ra diéu kién can va dli d€ hai tam gidc ABC va A’B'C’ ¢c6
trong tam trung nhau.

Cho luc gidc ABCDEF. Goi P, Q, R, S, T, U lan1 ot Ia trung diém cac canh
AB, BC, CD, DE, EF, FA. Chitng minh riang hai tam gidc PRT va QSU cé
trong tdm trung nhau.

Cho tit gidc ABCD. Chiing minh rang
a) C6 mot diém G duy nhat sao cho GA + GB + GC + GD = 0. Piém G

nh thé goi la trong tdm ciia bon diém A, B, C, D. Tuy nhién, ng 0i ta van
quen goi G 1a trong tdm cua tit gidc ABCD.

b) Trong tam G Ia trung diém clia mdi doan thang n6i cac trung diém hai
canh d6i clia t gidc, n6 ciing 13 trung diém cta doan thang n6i trung diém
hai d ong chéo cua tir giac.

c¢) Trong tam G nam trén céc doan thang néi mot dinh cla ti gidc va trong
tam cua tam gidc tao bdi ba dinh con lai.



TRUC TOA PO VA HE TRUC TOA PO

16p 7, ching ta da 1am quen vdi truc va hé truc toa do Dé-cac vuong goc.
Trong phan nay, ching ta s€ néi ki hon vé cac khai niém dé.

1. Truc toa do

Truc toa do (con goi la truc, hay truc sé) la mot d ong thdng
trén dé da xdc dinh mot diém O va mot vecto i ¢6 do dai
bang 1.

\

&
—

x’ (0] i

~
"

Hinh 27
biém O goi 1a géc toa do, vecto i goi 12 vecto don vi cua truc toa do.
Truc toa do nh vay d oc ki hiéu 1a (O; i). Ta lay diém I sao cho ol =i,
tia OI con d@ oc ki hiéu 1a Ox, tia d6i ctia Ox 1a Ox’. Khi d6 truc (O; i) con
goi la truc x’Ox hay truc Ox (h. 27).
Toa dé ciia vecto va cia diém trén truc
Cho vecto u nam trén truc (O; i). Khi d6 c6 s6 a xdc dinh dé€ u = ai. SO

anh thé& goi la toa do cua vecto u doi véi truc (0;1).

Cho diém M nim trén truc (O; ). Khi d6 ¢6 s6 m xdc dinh dé OM = mi .
S6 m nh thé goi 12 toa do ciia diém M doi véi truc (O; i) (cling 1 toa do

clia vecto OM).

1
%Tré\n truc Ox cho hai diém A va B 1an | ot c6 toa d6 1a a va b. Tim toa d6 clia vecto
AB va vecto BA. Tim toa d6 trung diém clia doan thdng AB.
25



Do dai dai s6 cua vecto trén truc
Néu hai diém A, B nam trén truc Ox thi toa do cla vecto AB d oc ki hiéu
12 AB va goila doé d i dai so6 cla vecto AB trén truc Ox.
Nh vay
AB=ABi.
Tir dinh nghia trén ta suy ra cdc khang dinh sau day : Trén truc so,
1) Hai vecto AB va CD bing nhau khi va chi khi AB = CD
(hién nhién) ;
2) Hé thic AB+BC =AC t ong d ong vGi hé thic
AB + BC = AC (hé thic Sa-10).
That vay, AB+BC=AC < ABi +BCi = AC i

@(Ejt%)i =ACi < AB+ BC = AC.

2. Hé truc toa do

26

Trén hinh 28, ta c6 mot hé truc toa do vuong I4
goéc. N6 bao gom hai truc toa do Ox va Oy
vuong goc véi nhau. )\
: .. : JL .
Vecto don vi trén truc Ox la i, vecto don vi ol o
1
trén truc Oy la j.
biém O goi la géc toa dé. Truc Ox goi 12 truc
ho nh, truc Oy goi 1a truc tung. Hinh 28

Hé truc toa do vuong goéc nh trén con goi don gian la hé truc toa dé va
th ong d oc ki hiéula Oxy hay (O ;1i,j).
CHUY

Khi trong mat phang di cho (hay di chon) mot hé truc toa do, ta
s& goi mat phang d6 14 mdt phdng toa do.



3. Toa do cla vecto doi véi hé truc toa do

2
Z%Quan sat hinh 29. Hay biéu thi v

méi vectd a, b, u, v qua hai
vecto i,j d 6i dang xi +yj 7
véi x, y 1a hai s6 thuc nao dé. /57
<7
J
o7 X
1
V) N
Hinh 29
DINH NGHIA

Doi véi hé truc toa do (O ;i,j), néu a =xi +yj thi cdp sé
(x;y)d oc goi la toa do cua vecto a, ki hiéu la a = (x ; y)

hay a(x;y). SO thir nhdt x goi la ho nh do, so thir hai y goi la

tung do cua vecto a.

a) Tim toa do cua cdc vecto a, b, u, v trén hinh 29.
b) Doi vdi hé truc toa do (O ; i,j), hdy chi ra toa do cua cdc vecto 0, i, j,
1
i+j,2j—i,§i—3j,\/§i+0,l4j.

Nhdn xét. Tt dinh nghia toa do cla vecto, ta thay hai vecto bang nhau khi
va chi khi chiing ¢6 cung toa do, nghia la

X
a(x; y) =b(x';y") @{ ,
y=y.
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4. Biéu thirc toa do cua cac phép toan vecto

Trong muc nay ta n6i vé biéu thitc toa do clia cdc phép todn vecto sau :
phép cong, phép trlr vecto va phép nhan vecto véi so.

3
%Cho haivecto a =(-3;2) v b =(4;)5).

a) Hay biéu thi cac vecto a, b qua haivectd i, j .

b) Timtoaddclacacvectdc c =a+b ;d=4a ;u=4a->.

Mot céch téng quat, ta c6

/Cho a=;y)vab =x";y"). Khido \
l)a+b=x+x5y+y);a-b=x-x";59y-Y)

2) ka = (kx ; ky) voi ke R ;

3)Vecto b ciung ph ong vdi vecto a # 0 khi va chi khi ¢é6 s

k k sao cho x" =kx,y" =ky. j

Moéi cdp vecto sau cé cung ph ong khong ?

) a=0:5vab=(1:7); b) u = (2003:0) va v = (1:0)
e=@;-8 va f=(-0,5;:1); d)m=K2:3)van=03:2).

5. Toa d6 cta diém
Trong mat phing toa do Oxy, mdi diém M d gc x4c dinh hoan toan boi
vecto OM . Do vay, néu biét toa do cua vecto OM thi diém M s& d oc xdc
dinh. Vi 1€ d6 ng 0i ta dinh nghia

Trong mdt phdng toa do Oxy, toa do clia vecto oM d oc
goi la toa dé ciia diém M.

Nh vay, cap s6 (x ; y) 1a toa do ctia diém M khi va chi khi OM = (x ; y).
Khi d6 ta viét M(x ; y) hoac M = (x ; y).

S6 x goi la ho nh do cua diém M, s6 y goi 1a tung do cua diém M.
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Nhdn xét. (h. 30) Goi H, K lan 1 ¢t l1a hinh chiéu ctia 4

M trén Ox va Oy. Khi d6, nu M = (x ; y) thi I M

OM = xi +yj = OH + OK. Suy ra i
xi = OH hay x = OH ; o H X
yj = OK hayy= OK. Hinh 30

4 vA

Trén hinh 31 B

a) Toa do6 clia mbi diém O, A, B, C, D béng

bao nhiéu ? C

b) Hay tim diém E c6 toa do (4 ; —4). A 7 -

¢) Tim toa d6 clia vecto AB . o7 X

D
Téng quat, ta c6 Hinh 31

Vi hai diém M(x,,; yy,) va N(xy; yy) thi

MN = (xy = Xy 5 Yy — Yu) -

Hay gidi thich vi sao c6 két qud trén.
CHUY
Dé thuén tién, ta th ong dung ki hiéu (x,, ; y,,) d€ chi toa do

cua diém M.

6. Toa dé trung diém cha doan thing va toa dé clia trong tam tam giac

5
ﬁﬁong mat phang toa dd Oxy, cho hai diém M(xy, ; yu), N(xXy ; Yy)- Goi P 1 trung
diém cla doan thdng MN.
a) Hay biéu thj vects OP qua hai vectd OM v ON .
b) Tur d6 hay tim toa d6 diém P theo toa dd claM v N.

Vay ta c6
Néu P la trung diém ciia doan thang MN thi
o= Xw N Y TN
P 2 > JP 2

29



%
%

29.

30

6

Tim toa d6 diém M’ d6i xting véi diém M(7 ; =3) qua diém A(1 ; 1).
7

Trong mat phéng toa dé Oxy, cho tam giac ABC v6i trong tam G.
a) Hay viét hé thic gilia cac vects OA, OB,0C v OG .

b) T&r d6 suy ra toa do cla G theo toa dé cla A, B, C.

Vay ta c6

Néu G la trong tdm ciia tam gidc ABC thi

_)CA+)CB+XC‘ _yA+yB+yC
X¢ =——— —— s Yo = ———————-
3 3

Vi du. Trong mdt phdng toa do Oxy, cho cdc diém A2 ; 0), B0 ; 4), C(1 ; 3).
a) Chitng minh A, B, C la ba dinh cua mot tam gidc.

b) Tim toa do cua trong tam tam gidc ABC.

2. Y NE _2 4 AD A
Giai. a) Ta ¢c6 AB=(-2;4) va AC =(—1;3). Do 7 # g nén AB, AC
khong cuing ph ong, suy ra A, B, C khong thiang hang va chiing 12 ba dinh
cua mot tam gidc.

X4+ Xxp + Xo 24+0+1 ayA+yB+yC

b) Ta co = =1
3 3 3 3

~0+4+3

7
3

, . X 7
Vay toa do cua trong tam tam gidc ABC la (1 ; Ej

Cau héi va bai tép
Trong mat phang toa do, mdi ménh dé sau ding hay sai ?

a) Hai vecto a(26;9) va b(9; 26) bang nhau.

b) Hai vecto bang nhau khi va chi khi ching ¢6 hoanh do bing nhau va
tung do bang nhau.
c¢) Hai vecto d6i nhau thi ching c6 hoanh d¢ déi nhau.

d) Vecto a cung ph ong véi vecto i néu a c6 hoanh do bang 0.

e) Vecto a c¢6 hoanh do bang 0 thi n6 cung ph ong véi vecto j.



30.

31.

32.

33.

34.

3S.

36.

Tim toa do cha céc vecto sau trong mat phing toa do

a=-i; b=5j; c=30 —4j ;

d=%(j—i); e =0,15i +1,3j ; f=mni —(cos24°)j .

Choa=2;1),b=3;4), c=(;2).
a) Tim toa do cua vecto u = 2a — 3b + c.
b) Tim toa d0 ctua vecto x saocho x +a =b —c.

c¢) Timcacso k,[dé ¢c =ka +1b.
Chou:%i -5j ,v=ki —4j.
Tim céc gid tri cha k dé hai vecto u, v cling ph ong.

Trong cdc ménh dé sau, ménh dé nao ding ?

a) Toa do cua diém A bang toa do cuia vecto OA , v6i O 1a gdc toa do.
b) Hoanh do ctia mot diém bang 0 thi diém d6 nam trén truc hoanh.
c¢) biém A ndm trén truc tung thi A c6 hoanh do bang 0.

d) P 1a trung diém ctia doan thang AB khi va chi khi hoanh do diém P bing

trung binh cong cac hoanh do cta hai diém A, B.

e) Tt gidc ABCD la hinh binh hanh khi va chi khi x4 + xo = xg + xp
YatYc =YBt)ID-

Trong mit phang toa do, cho ba diém A(=3 ; 4), B(1 ; 1), C(9 ; -5).
a) Chitng minh ba diém A, B, C thang hang.

b) Tim toa do diém D sao cho A 1a trung diém ctia BD.

¢) Tim toa do diém E trén truc Ox sao cho A, B, E thang hang.

Cho diém M(x ; y). Tim toa do ctia cdc diém

a) M doi xing v6i M qua truc Ox ;

b) M, d6i xung v6i M qua truc Oy ;

c) M5 doi xing véi M qua goc toa do O.

Trong mat phang toa do, cho ba diém A(— 4 ; 1), B(2;4), C2; - 2).
a) Tim toa do cta trong tdm tam giac ABC.

b) Tim toa do diém D sao cho C Ia trong tam tam gidc ABD.

¢) Tim toa do diém E sao cho ABCE 1a hinh binh hanh.

va
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ON TAP CHUONG 1

| - Tém tat nhitng ki€n thirc can nhé
1. Vecto

— Vecto khic 0 12 mot doan thang c6 h éng. Vecto-khong cé diém dau
va diém cu6i tring nhau. Vecto-khong c6 do dai bang 0, c6 ph ong va
h 6ngtuyy.
— Hai vecto bang nhau néu ching c6 cung h éng va cung do dai.
2. Téng va hiéu cac vecto
— Quy tdc ba diém : Véi ba diém M, N, P bat ki, ta c6
MN + NP = MP.
— Quy tdc hinh binh hanh : Néu OABC 1a hinh binh hanh thi
OA + OC = OB.

— Quy tdc vé hiéu vecto : Cho vectd MN . Véi diém O bat ki, ta c6
MN =ON - OM .
3. Tich cua mot vecto voi mot so

—Néu b =ka (a #0) thi |p| = kl.la| va

b cung h 6ng v6i a khi k>0,
b ng och 6ng v6i a khi k<O.
— Céc tinh chat
1) k(la) = (kD)a ;

2y (k+Da=ka+la ;
3) k(a + b) =ka + kb ;
4) ka =0 < k=0hoac a = 0.
— Piém [ la trung diém doan thang AB khi va chi khi vé6i diém O bat ki, ta c6
Ol = -(0A + 0B).
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— Diém G la trong tam tam gidc ABC khi va chi khi vé6i diém O bat ki, ta c6

G:%(O_A+O_B+O_C).

4. Toa do cua vecto va cia diém
— Doi v6i hé truc (O ; i, j) hay Oxy
Du=(;b)y<u=ai +bj ;
2) M = (x;y) & OM = (x; y).
—Néu A=(x;y), B=(x";y") thi AB = (x'=x; 9= y).
—Néuu=(x;y)vav=_(x";y" thi
Du+v=x+x5y+y);

2) ku = (kx; ky).

Il - Cau héi tu kiém tra

1. Hay néi rd vecto khdc doan thing nh  thé nao.

2. Néu hai vecto AB va CD bing nhau va c6 gid khong tring nhau thi bén dinh
A, B, C, D c6 1a bon dinh cia mot hinh binh hanh hay khong ?

3. Neéu c6 nhiéu vecto thi xac dinh tdng ctia ching nh  thé nao ?

4. Hiéu hai vecto d ¢c dinh nghia qua khai niém téng hai vecto nh thé nao ?

5. Cho hai diém A, B phan biét. Vi mot diém O bat ki, méi dang thitc sau
day ding hay sai ?
a)A_B=0_A—0—B; b)al—O—B:ELX;
c) OA + OB = —BA ; d) OA + BO = -AB.

6. C6 thé dung phép nhan vecto v6i mot s6 dé dinh nghia vecto doi clia mot

vecto hay khong ?

7. Cho hai vecto a va b khong cung ph ong. Trong cac vecto ¢, d, u, v, X,
y sau day, hay chi ra cac vecto cing h 6ng va cac vectong oc h 6ng
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c:la+%b, d=—a+lb, u=3a+4b ;
2 3 3
1 1

v=3a-b; xX=——a—--b; y =-9a + 3b.
4 3

Hai vecto ¢ va d c6 cung ph ong hay khong ? Tai sao ?

8. Cho tam gidc ABC véi trung tuyén AM va trong tam G. Mdi khang dinh sau
day dung hay sai ?

a) AM = 2AG b)A_ngﬂ/I; C>VG:%5A;
d)E:%(KBH&—C); e) GB = AG + BG .

9. Cho biét toa do hai diém A va B. Lam thé nao dé

a) Tim toa do cla vecto AB ?
b) Tim toa do trung diém cta doan thing AB ?

10. Cho biét toa do ba dinh cha mot tam gidc. Lam thé nao dé tim toa do cla
trong tam tam gidc do ?

Il - Bai tap
1. Cho tam gidc ABC. Hay xéc dinh céc vecto
AB+BC; CB+BA; AB+CA; BA+CB:;
BA+CA; CB-CA; AB-CB; BC-AB.
2. Cho ba diém O, A, B khong thang hang. Tim diéu kién cin va di dé vecto
OA + OB c6 gid 1a d ong phan gidc cia géc AOB.
3. Goi O 1a tam cua hinh binh hanh ABCD. Chiing minh ring véi diém M bat

ki, ta co

0

i@ + MB + MC + MD).
4. Cho tam gidc ABC.

a) Tim cdc diém M va N sao cho
MA- MB + MC =0 va 2NA + NB + NC =0,
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b) V6i cic diém M, N & cau a), tim cdc s6 p va ¢ sao cho

MN = pAB + gAC.
5. Cho doan thing AB va diém I sao cho2JA + 3IB = 0.
a) Tim s6 k sao cho Al = kAB.
b) Chitng minh ring véi moi diém M, ta c6

Ml = 2MA+2MB.
5 5

6. Trong mat phang toa do Oxy, cho ba diém A(-1; 3), B(4 ; 2), C(3; 5).
a) Chitng minh ring ba diém A, B, C khong thang hang.

b) Tim toa do diém D sao cho AD = —3BC..

¢) Tim toa do diém E sao cho O la trong tam tam gidc ABE.

IV - Bai tap trdc nghiém

1. Cho tam gidc ABC. Goi A’, B, C’'1an 1 ot Ia trung diém cta cdc canh BC,

CA, AB. Vecto A’B’ cung h éng véi vecto nao trong cac vecto sau day ?
(A) AB ; (B) AC’ ;
(C) BA ; (D) C'B.

2. Cho ba diém M, N, P thiang hang, trong d6 diém N nim gifta hai diém M
va P. Khi d6 cac cap vecto nao sau day cung h 6ng ?

(A) MN va PN ; (B) MN va MP ;
(C) MP va PN ; (D) NM va NP.
3. Cho hinh chit nhat ABCD. Trong céc dang thitc d 6i day, dang thitc nao diing ?
(A) AB=CD ; (B) BC=DA .
(C) AC=BD ; (D) AD=BC .

4. Cho tam gidc déu ABC véi d ong cao AH. Dang thitc nao d 6i day ding ?
(A) HB=HC ; (B) AC=2HC ;

ﬁ‘B_C
2

©) || = : (D) AB=AC.
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10.

11.

36

Cho diém B nam giita hai diém A va C v6i AB = 2a, CB = 5a. Do dai vecto
AC bing bao nhiéu ?

(A) Ta; (B) 3a;

(©) 57“; (D) 104°.

Cho bén diém A, B, C, D. Dang thitc nao d 6i day ding ?

(A) AB + CD = AC + BD ; (B) AB + CD = AD + BC ;
(C) AB+CD =AD + CB ; (D) AB + CD = DA + BC.

Cho sdu diém A, B, C, D, E, F. Déng thic nao d 61 day ding ?
(A) KB+C_D+FA+§C+EF+ZTE:_O;

(B) AB + CD + FA + BC + EF + DE = AF ;

© XB+C_D+FA+§C+EF+D_E:E;

(D) AB + CD + FA + BC + EF + DE = AD .

Cho hinh thang ABCD v6i hai canh ddy 1a AB = 3a va CD = 6a. Khi d6
‘XB+ C_D‘ bang bao nhiéu ?

(A) 9a ; (B) 3a ;
(C)-3a; (D) 0.
. Cho hinh vuong ABCD c6 canh bing a. Khi d6 gid tri | AC + BD | bing
bao nhiéu?
(A) 2a2 ; (B) 2a ;
©)a; (D) 0.
Cho ba diém bat ki A, B, C. Pang thitc ndo d 6i day diing ?
(A) AB=CB - CA; (B) BC = AB - AC;
(C) AC-CB=BA ; (D) CA—CB = AB.
Cho tam gidc déu ABC c6 canh bang a. Gia tri |XB - EA| béang bao nhiéu ?
(A) 2a; B)a;
©) aV3 ; 22



12.

13.

14.

15.

16.

17.

18.

Cho hai tam gidc ABC va A'B'C’ lan 1 ot c6 trong tam la G va G’. Dang
thitc nao d 6i day la sai ?

(A) 3GG’ = AA’ + BB’ + CC’ ; (B) 3GG’ = AB’ + BC' + CA’ ;
(C) 3GG’ = AC’ + BA’ + CB’ ; (D) 3GG' = A’A + BB’ + CC".

Cho diém B nam giita hai diém A va C, v6i AB = 2a, AC = 6a. Dang thiic
nao d ¢6i day dang ?

(A) BC = AB : (B) BC = —2AB ;
(C) BC = 4AB ; (D) BC = -2BA.

Cho ba diém phan biét A, B, C. Néu AB=-3AC thi déng thic nao d 6i
day ding ?

(A) BC = 4AC ; (B) BC = —4AC ;
(C) BC =2AC ; (D) BC = —2AC.

Diéu kién nao d 6i day 1a cdn va da dé diém O 12 trung diém clia doan
thang AB ?

(A) OA =OB; (B) OA = OB ;
(C) AO = BO (D) OA + OB = 0.

Néu G 1a trong tam tam gidc ABC thi ding thitc ndo d 6i day diing ?

(A)E:AB+AC; (B)A—G:AB+AC;
2 3
© E:—3(ABZ+ Ac) (o) G - 2148 £ 4C)

Goi AM 1a trung tuyén cla tam gidc ABC, va I 1a trung diém clia AM.
Dang thitc ndo sau day 12 ding ?

(A)IA+IB+IC=0 ; B)—IA+IB+IC=0;
(C)IA+IB-IC=0; (D) 2IA+IB +IC = 0.

Trong mat phang toa do Oxy cho hai diém A(-1 ; 4) va B(3 ; -5). Khi d6
toa do clia vecto BA 1a cap s0 nao ?
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19.

20.

21.

22,

23

38

(A)2Z;-1D; B)(=4:9);
©“:;-9; (D) (4:9).

Trong mit phiang toa do Oxy cho hai diém A(0 ; 5) va B(2 ; —7). Toa do
trung diém cta doan thang AB 12 cap s6 nao ?

(A)(2;-2); B)(=2;12);
O (=1:;6); (D) (1;-1).

Trong mat phang toa do Oxy cho hai diém M(8 ; — 1) va N(3; 2). Néu P 1a
diém doi xting v6i diém M qua diém N thi toa do ctia P 1a cip s6 nao ?

111
A)(-2:5) ; B) | —; —|;
(A) (=2:5) ; ()(2,2j,

(©) (13;-3); (D) (11;-1).

Trong mat phang toa do Oxy cho ba diém A(5 ; —2), B(0 ; 3) va C(-=5; - 1).
Khi d6 trong tam tam gidc ABC c6 toa do 1a cap s nao ?

(A)(L;-1) 3 (B)(0:0);

(©) 0 11); (D) (10 ; 0).

Trong mat phing toa do Oxy cho tam gidc ABC véi trong tam G. Biét ring
A=(-1;4),B=(2;5),G=(0;7). Hoi toa do dinh C la cap s6 nao ?

(A) (2;12); (B) (= 1512);

(OXCER (D) (15 12).

. Trong mat phéng toa do Oxy cho bon diém A3 ; 1), B2 ; 2), C(1 ; 6),
D(1 ; — 6). Hoi diém G(2 ; — 1) 1a trong tAm ciia tam gidc ndo sau day ?
(A) Tam giac ABC ; (B) Tam giac ABD ;

(C) Tam gidc ACD ; (D) Tam giac BCD.



CHUONG

R

T'icH vo HUONG
CUA HAI VECTO
VA UNG DUNG

Ngoai tich clia mét vecto voi mét s, con c¢b tich vé hudng
clia hai vecto, tic la phép nhan vé hudng hai vecto véi nhau.
Két qua clia phép nhan nay cho ta mét s6, vi vay nguoi ta
goi tich dd la tich vé hudng.

Chuong nay trinh bay cac tinh chat co ban cta tich vo hudng
va nhimng Ung dung clia ching. dac biét la nhing hé thic
quan trong trong tam giac : dinh Ii cdsin, dinh Ii sin, céng
thitc trung tuyén, cac céng thuc tinh dién tich tam giac, ...

Hoc sinh phai biét van dung cac kién thitc co ban néu trén
dé giai mét s6 bai toan hinh hoc va bai toan thuc té.




GIA TRI LUONG GIAC CUA
MOT GOC BAT KI (tu 0° d¢én 180°)

O 16p 9, cdc em da biét vé cdc gid tri vA
1 ong gidc (ti s6 1 gng giac) : sin, cosin,
tang, cotang cua mot géoc nhon « va ki
hiéu la sina, cosa, tana, cotc. H

i
i

Trén hinh 32 c6 mot hé toa do Oxy va mot a0 -

nita d ong tron tam O bén kinh R = 1, ! 0 LA

nam phia trén truc Ox. Ta goi nd la

nia d ong tron don vi.

Hinh 32

Néu cho tr 6c mot géc nhon « thi ta ¢6 thé xdc dinh mot diém M duy nhat

trén nira d Ong tron don vi sao cho MOx = a.

1
%Gié st (x;y)| toadod cta diém M (h. 32). Hay chiing to réng

. X
sina =y ; cosa = x; tana = X ; cota = —.
X

Bay gio ching ta mo rong dinh nghia gid tri | ong giac cho géc « bat ki
(0° < @ <180°). Ta lam diéu d6 bing cdch vin ding nira & dng tron don vi
nh trén.

1. Pinh nghia

Véi méi géc a (0° < a <180°), ta xdc dinh diém M trén nita

d ong tron don vi sao cho MOx = a. Gid sit diém M cé toa
do (x ;y). Khi do

Tung doé y ciia diém M goi la sin ciia géc a, ki hiéu la sina ;

Hoanh d¢ x cia diém M goi la césin cua géc a, ki hiéu
la cosa ;
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Tis6 2 (vdi x #0) goi la tang ciia géc a, ki hiéu la tana ;
X

Cac s0 sina, cosa, tana, cota goi la cac gid tri l ong gidc cua goc c.

Tiso — (voiy #0) goi la cétang cua géc a, ki hiéu la cota.
y

L y sina X cosa
Nh vy sina =y, cosa = x, tana = — = , cotax = — = ——.
X cosa y sina
Vidu 1. Tim cdc gid tri | ong gidc cia géc 135°.
Gidi. (h. 33) Ta ldy diém M trén nira y “1
d ong tron don vi sao cho u
MOx =135°. Khi d6 hién nhien NC
L N\d5
MOy = 45°. Tt d6 suy ra toa do cla ! 135" .
diém M 1a -l 0 b
L2 2 Hinh 33
M=|—; —|.
. 2 2
Vay sin135° :% . cos135° = —% - tan135° = —1 ; cot135° = —1.
Tim cdc gid tri | ong gidc ciia cdc géc 0°, 180°, 90°.
Vi cdc goc anao thi sina <0 ? Vi cac géc a nao thi cosa <0 ?
7%2 (h. 34)
s 2 2 Y Y ‘
Lay hai diém M va M’ trén nlta d dng tron y‘1
daon vi sao cho MM’ // Ox. o I
a) Tim su lién hé gilta hai gé6c ¢ = MOx va
o
a’ = M'Ox. a .
-1 o 1 X

b) Hay so sanh cac gia tri | dng giac cla hai
géc ava a’.

Hinh 34
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Tur d6 ta suy ra cac tinh chat sau day

ﬁ\]é'u hai géc bu nhau thi sin cua chiing bang nhau, co‘h
cosin, tang va cotang cua chiing doi nhau ; nghia la

sin(180° — @) = sina ;
cos(180° — ) = —cosa ;

tan(180° — @) = —tana (a #90°);

K cot(180° — ) = —cote (0° < a < 180°). J

Vidu 2. Tim cdc gid tri | ong gidc ciia géc 150°.

Gidi. Goc 150° b v6i g6c 30° nén

V3

b

sin150° = sin30° :% : cos150° = —cos30° = —

J3

tan150° = —tan30° = —? ; cot150° = —cot30° = —\/5.

2. Gia tri|l ong giac cua mét sé goéc dac biét

42

Sau day la gid tri 1 gng gidc cia mot s6 goc dac biét ma ta nén nhd (trong
bang d 6i day, kxd 1a viét tt cha nhom tr khong xdc dinh). Gia tri 1 gng
gidc cha céc gbc bat ki ¢6 thé tim thdy trong bang s6 hoic bing mdy tinh
bo tii.

Goe | 0% | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
. 1 V2| B V3| 2 1
sin 0 — -= - 1 - = — 0
2 2 2 2 2 2
cos 1 ﬁ ﬁ 1 0 1 _Q _ﬁ -1
2 2 2 2 2 2
tan | 0 ? 1 3| kxd | =3 | -1 —? 0
cot | kxd | 3 | 1 ? 0 _73 1|3 | kxd




Em co6 biét ?

CAC TU 8IN, CO&IN, TANC, COTANG

T xa x a, do nhu cau do dac thién van, nhiéu nha toan hoc da lap bang dé dai day
cung cing bdi cung tron (ban kinh cho tr éc) c6 s6 do 1°, 2°, 3°, ..., 180°, trong d6
cb Hip-pac (Hipparque) 8 thé ki tht Il tr 8¢ cdng nguyén, Pté-le-mé (Ptolemey) & thé
ki th{r 1l sau cong nguyén, v.v... D6 1a nguén géc cla khai niém sin. Qua nhiéu giai
doan lich st tir "jiva" (ti€ng n, c6 nghia la "day cung") d dc dién dich, phién am, déi
dan thanh tr sinus bdi cac nha thién van, toan hoc nh - An Bat-ta-ni (Al Battani) G thé
ki thir X, Gié-ra Cré-mon (Gérard Crémone) & thé ki thi XII, v.v...

Khai niém tang, coétang ndy sinh tir viéc khdo sat bong clia vat thdng ding trén
nén ndm ngang dé tim gid trong ngay. TU xa x a, ng Oi ta cling da 1ap bang cac
"béng" (tlic bang tang, coétang).

DPé&n thé ki tht XVI méi xuat hién ki hiéu sin, tang (Té-mat Phin (Thomas Finck))
va dau thé ki tht XVII méi xuat hién ki hiéu cosin, cotang dé chi sin, tang cla
géc phu (Et-maon Gan-to (Edmund Gunter)). Cac ki hiéu nay dan dan d dc chap
nhan va s dung phd cap.

Cau haéi va bai tép
Tinh gia tri ding cla cdc bi€u thitc sau (khong dung may tinh bo tdi hoac
bang s0)
a) (2sin30° + cos135° — 3tan150°)(cos180° — cot 60°) ;
b) sin%90° + cos>120° + cos> 0° — tanZ 60° + cot> 135°.
Don gian cac biéu thitc
a) sin100° + sin80° + cos16° + cos164° ;
b) 25in(180° — &) cot o — cos(180° — &) tan ax cot(180° — ) véi 0° < o < 90°.
Chitng minh cdc hé thic sau

a) sin2a+cosza:1;

b) 1+ tan” & = (a0 # 90°) ;
cos” a

o) 1+cot’a = 12 (0° < a < 180°).
sin” «
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TicH VO HUONG CUA HAI VECTO

1. Goc gilra hai vecto
Cho hai vecto a va b déu khac vecto 0.
Tir mot diém O nao do, ta vé cdc vecto OA = a
va OB = b (h.35). Khi d6
S6" do cua géc AOB d oc goi la
56 do cua géc giita hai vecto a
va b, hodc don gian la géc gitia

hai vecto a va b.

N

A
d
d
0
b
B
Hinh 35

Trong tr ong hop cé it nhat mot trong hai vecto a hoac b 1a vecto O thi ta

xem géc giita hai vecto d6 1a tuy y (tir 0° dén 180°).

RO rang cach xac dinh géc gitta hai vecto khong phu thudc vao viéc chon

diém O ; cho nén géc giita hai vecto a va b d oc ki hiéu la (a, b).

Néu (a, b) = 90° thi ta néi rdng hai vecto a va b vuong géc

voi nhau, ki hiéula a L b.

Khi nao géc giita hai vecto bdng 0° ? Bing 180° ?

1
Cho tam gidc ABC vuéng tai A v c6 B =50 (h. 36).

Tinh cac gbéc
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2. Dinh nghia tich vé h éng cuda hai vecto

Trong Vat i, ta c6 khai niém "cong
sinh boi mot luc".
Gié str mot luc khong déi F tdc dung

lén mot vat 1am cho vat d6 di chuyén
tir diém O dén diém O’ (h. 37). l—
(o)

Khi dé luc F dasinhra mot cong A

. N . Hinh 37
tinh theo cong thuc -

A= |77|.|00’ cosQ,

00"
l1a do dai vecto OO’ tinh bang mét (ki hiéu 1a m), ¢ 1a géc gitta hai vecto
F va 00’. Cong A d gc tinh bang Jun (ki hiéu 1a J). Nh vay J = N. m.

trong d6 |F| 1a ¢ ong do ctia luc F tinh bing Niuton (ki hiéu 1a N),

Trong Todn hoc, gid tri A trong biéu thic trén (khong ké don vi do) d oc

goi la tich vo h dng cla hai vecto F va 00'.
Tich vo h ong cua hai vecto a va b la mot s6, ki hiéu la
a.b,d ocxdc dinh boi
a.b = |a|.|b|c0s(a, b).
Vi du 1. Cho tam gidc déu ABC c6 canh a va trong A
tdm G (h. 38). Tinh cdc tich vo h ong sau ddy

AB.AC : AC.CB: AG.AB :

GB.GC ; BG.GA; GA.BC. G

Gidi. Theo dinh nghia, ta c6
o 1 ’ B C
AB.AC = a.a.cos60° = Sa . Hinh 38

AC.CB = a.a.cos120° = —%az ;

A1
3 2

AG .AB = a?-a-cos%o =a =—a°

45



a2

cos120° = —— ;
6

s
Q
a
[
Q

.a

2
cos60° = L .
6

o]
Q
X
I
Q

.a

w|§, w‘@

GA .BC .a.cos90° = 0.

Il
Q

|
|
o = B b

Trong tr ong hop nao thi tich vé h dng ciia hai vecto a va b bang 0 ?

Binh ph ong vo h éng
Véi vecto a tuy y, tich vo h 6ng a.a d gc ki hiéu la (a)2 hay don gian
hon 12 a2 va goi la binh ph ong vé h dong cta vecto a.
Tur dinh nghia cua tich vo h éng ta c6
a® =lal.lal.cos0° = |a|2.

Vay

Binh ph ong vo h dng cua mot vecto bang binh ph ong do
dai cua vecto do.

Héc-man  Grat-xo-man  (Hermann  Grassmann
1808 - 1877), nha toan hoc Dlc, |a cha dé cua tich

v6 h &éng clia hai vecto ma 6ng da ki hiéu la u »m v.
Chinh viéc nghién ctu thuy triéu dan éng dén céac
khao sat vé vecto.

3. Tinh chat cua tich vé h éng

Vi hai so thuc a va b, ta cé ab = ba. Vdy vdi hai vecto a va b, ta cé tinh
chdt t ong tu hay khong ?
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DINH LIi

ﬁa’i ba vecto a, b, ¢ tuy y va moi sé thuc k, ta cé \

l)a.b=>b.a (tinh chdt giao hodn) ;
2)ab=0<alb;

3)(ka).b = a.(kb) =k(a.b);

4) a(b+c)=a.b+ a.c (tinh chdt phdn phoi doi voi
phép cong) ;

a(b-c)=a.b—a.c (tinh chdt phdn phoi doi voi
K phép tru). /

Ta c6 thé dé dang ching minh d oc cac tinh chat 1, 2, 3. Tinh chat 4 d oc
thtra nhan, khong chirng minh.

Dung cdc tinh chat ctia tich vo h 6éng, ta ¢6 thé chitng minh céc hé thiic sau

(a+b)* =a*>+b>+2ab ; (1)
(a—b) =a* +b% - 2ab : )

2
(a+b)(a—->b)= a? - b2 = |a|2 - |b| . (3)

Sau day ta chitng minh hé thic 3. Theo tinh chat phan phoi, ta c6
(a+b)(a—b)=a.la—-b)+b.(a—-Db)
2
=a’>—ab+ba-b>=a*>-b> :|a|2 —|b| .

2
Hay chdng minh cac hé thic (1) v (2).

Ta biét rang voi hai s6 thuc bdt ki a va b, luén cé (ab)? = a°*b>. Vay voi

hai vecto bdt ki a va b, dang thirc (a.b)? =a*.b* ¢6 diing khong ? Viét
thé nao maoi diing ?

Bai toan 1. Cho tir giac ABCD.
a) Chitng minh rdang
AB? + CD? = BC? + AD* + 2CA.BD.
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b) Tw cdu a), hdy chitng minh rdang : Piéu kién can va du dé tir gidc cé
hai d ong chéo vuong géc la téng binh ph ong cdc cdp canh doi dién
bang nhau.

Gidi. (h. 39) B
a) Taco
AB% + CD? — BC? - AD?
— (CB — CA)?> + CD? — CB? — (CD - CA)?
— 2CB.CA +2CD.CA
= 2CA.(CD — CB) = 2CA. BD. D
Hinh 39

Tir d6 suy ra di€u phai chiing minh.
b) Tur a) ta c6 ngay :

CA LBD < CA.BD =0 < AB? + CD? = BC? + AD?.
Bai toan 2. Cho doan thdang AB c6 dé dai 2a va sé K. Tim tdp hop cdc
diém M sao cho MA.MB = k*.
Gidi. (h. 40) Goi O la trung diém doan thang AB, ta ¢
MA.MB = (MO + OA).(MO + OB)

= (MO + OA).(MO - OA)

2 2
=MO -0A

= MO?* - 0A% = MO? - 42, Hinh 40
Do dé6

MA.MB = k* & MO* —d* = k* & MO? = k> + d°.
Vay tap hop cdc diém M 1a d ong tron tam O, ban kinh R = Vk® + a°.

Bai toan 3. Cho hai vecto O_A, OB. Goi B’ la hinh chiéu ciia B trén d ong
thang OA. Chimg minh rdng



Chitng minh. Néu AOB < 90° (h. 41a)thi 5
OA.OB = OA.OB.COSXO\B

= OA.OB’
— ’ o < >
= gA.Oj.COSO 0 B A B 0 A
= 0A.OB'. a) b)

Hinh 41

Con néu AOB > 90° (h. 41b) thi
OA.OB = OA.OB.cos AOB = —OA.OB.cos BOB

= ~OA.OB’ = OA.OB'.cos180° = OA.OB..
Vecto OB’ goi la hinh chiéu ciia vecto OB ménd ong thdang OA.

Cong thitc OA.OB = OA.OB’ goi la cong thitc hinh chiéu.

3
Z%Héy phat biéu bang Ii két luan ctia B i toan 3.

Bai toan 4. Cho d ong tron (O ; R) va diém M c6 dinh. Mot d ong thdang A
thay doi, luon di qua M, cdat d ong tron dé tai hai diém A va B. Chiing
minh rang

MA.MB = MO* —R*.
Chitng minh. (h. 42) V& d ong kinh BC clia d ong tron (O ; R). Ta c6 MA 1a
hinh chiéu cia MC trén d Ong thing MB. Theo cong thic hinh chiéu, ta c6

M A B AWB

Hinh 42

MA.MB = MC .MB = (MO + OC).(MO + OB)

S )
— (MO - OB).(MO + OB)= MO - OB
—d® —R® (v6i d = MO).
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CHU Y
1) Gié tri khong ddi MA . MB = d*> — R? néi trong Bai todn 4 goi la
ph ong tich ca diém M doi v6i d ong tron (0) va ki hieu 127

[ Prujoy= MA.MB =d" -R* (d:MO).]

2) (h. 43) Khi diém M nam ngoai
d ong tron (0), MT 1a tié€p tuyén ctua
d ong tron d6 (T 1a ti€p diém), thi

—2
'J/M/(O) = MT = MT2 Hinh 43

4. Biéu thirc toa dé cua tich vé h éng

Tronghétoadd (O, i,j),choa=(x;y) v b=(x";y").Tinh

2 2 )

a)i,j,1.j; b) a.b ; c)a d) cos(a,b).

Cac hé thic quan trong

ﬁho hai vecto a = (x; y) va b = (x'; y'). Khi d6 \

1) a.b =xx+yy';

2) |a| = \/xz + y2 :

3) cos(a, b) =

xx'+ yy'

2 +y2\/x.2+y.2
Q@ic biét:a L b < xx"+yy =0. J

%%25
Chohaivecto a =(1;2)v b=(-1;m).

a) Timmdé a v b vudng gbc véi nhau.

(a;tO,b;tO).

b) Timdod ictaa v b.Timmdé lal=pl.
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HE QUA
Trong mdt phdng toa do, khodng cdch giita hai diém M (a5 ym)
va N(xy;yy) la

[ MN = |AZV| = \/(XN —XM)Z + (N —}’M)2 }

Vi du 2. Trong mdt phdng toa do, cho hai diém M(=2 ; 2) va N(4 ; 1).
a) Tim trén truc Ox diém P cdch déu hai diém M, N.

b) Tinh césin cua goc MON.
Gidi
a) Vi P thuoc truc Ox nén P c6 toa do (p ; 0). Khi dé
MP = NP <& MP> =NP?> & (p+2)2 +2%2 = (p -4 + 1%

Tur d6 tad oc ph ong trinh 12p =9, suy ra p =%.Vay P=(%;0).

b) Tacé OM = (-2;2) va ON = (4;1). Vay

— — -2.4+2.1 3
cos MON = cos(OM, ON) = =— .
J8 .17 J34

Cau héi va bai tép
Trong tr ong hgp nao tich vo h éng a.b cb gid tri d ong, c6 gia tri am,
bang 0 ?
Cho tam gidc ABC. Téng (AB, BC) + (BC, CA) + (CA, AB) ¢6 thé nhan gid
tri ndo trong céc gia tri sau : 90° ; 180° ; 270° ; 360° ?
Cho tam giac ABC vuong 6 A va B =30°. Tinh gid tri ctia cdc biéu thic sau

a) cos(AB, BC) + sin(BA, BC) + tan@ :

b) sin(AB, AC) + cos(BC, BA) + cos(CA, BA).
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10.

11.

12.

13.

14.

52

Cho bon diém bat ki A, B, C, D. Chitng minh ring

DA.BC + DB.CA + DC.AB = 0.
T d6 suy ra mot cach ching minh dinh Ii : "Ba d ong cao cua mot tam
gidc dong quy".
Ching minh rang diéu kién can va du dé tam gidc ABC vuong tai A 1a
BA.BC = AB.
Cho tam gidc ABC véi ba d ong trung tuyén AD, BE, CF. Chiing minh rang
BC.AD + CA. BE + AB.CF = 0.

Cho hai diém M, N nam trén d ong tron d Ong kinh AB = 2R. Goi I 1a giao
diém ctia hai d ong thing AM va BN.
a) Ching minh ring AM.AI = AB.Al ; BN.BI = BA.BI .

b) Tinh AM.AI + BN .BI theo R.

Cho hai d ong thing a va b cit nhau tai M. Trén a c6 hai diém A va B, trén
b ¢6 hai diém C va D déu khiac M sao cho MA.MB = MC.MD . Chiing
minh ring bon diém A, B, C, D cing ndm trén mot d ong tron.

Cho doan thang AB c6 dinh, AB = 2a va mot s6 K. Tim tap hop cac diém M
sao cho MA® — MB* = i*.

Trong mit phang toa do, cho u =%i —5jvav==ki—4j.

a) Tim cac gid trictakdé u L v ;

b) Tim cdc gid tri cta k dé |ul = v

Trong mat phéang toa do, cho tam gidc ABC c6 cdc dinh A(—4 ; 1), B2 ; 4),
C2;-2).

a) Tinh chu vi va dién tich cua tam giac do.

b) Tim toa do cua trong tam G, truc tam H va tam [ cia d Ong tron ngoai
tié€p tam gidc ABC. Tt d6 hdy kiém tra tinh chat thang hang ctia ba diém
1,G, H.



HE THUC LUGNG TRONG TAM GIAC

Ta biét rang moOt tam gidc hoan toan d oc xdc dinh néu biét ba canh, hoic hai
canh va géc xen giita, hoac mot canh va hai géc ké ; nghia 1a s6 do céc canh,
cac goc con lai cia tam gidc nay hoan toan xac dinh. Nh vay, gilta cac yéu to6
clia tam giac c6 nhitng mai lién hé nao d6, ma ta s€ goi chung 1a cac hé thirc
I ong trong tam gidc. Trong muc nay ta s€ lam quen vGi mot s6 hé thirc do.

1. Dinh li cosin trong tam giac

Néu ABC la tam giac vuong tai A (h. 44) thi theo

dinh 1i Py-ta-go ta c6 4
BC? = AC? + AB?
—2 —2 —2
hay BC = AC + AB . (*) B C

C6 thé chiing minh ngan gon dang thic (*) nh  sau Hinh 44
—2 — — 5 —2 —2 2 2
BC =(AC - AB)" = AC + AB —-2AC.AB=AC + AB .
Trong chitng minh trén, gid thiét géc A vuéng d oc sit dung nh thé nao ?
Bay gio ta hay xét mot tam giac ABC tuy y.
G 1
/ Q Hay lam t ong tu nh ching minh trén, réi dat BC = a, CA = b, AB = ¢, dé di dén
cong thiic
a® = b* +c® —2bccos A.
Nh vaytad oc dinh li sau day, goi 1a dinh li césin trong tam giac.

DINH LI

Trong tam gidac ABC,voi BC =a, CA=b,AB=c, ta c6
a* = b* + ¢ —2bccos A :
b? = a® + ¢* — 2accos B ;

c2 = a2 + b2 — 2abcosC.
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2
Tu dinh Ii trén, hay phat biéu bang I8i cong thic tinh mét canh clia tam giac theo hai
canh con lai v cdsin clia gbc xen gitta hai canh dé.

Khi ABC la tam gidc vuong, chdng han A = 90°, dinh i césin tré thanh

54

%

dinh li quen thuoc nao ?

3
T dinh Ii cdsin hay viét cong thic tinh gia tri cos A, cosB, cosC theo a, b, c.

Tur hoat dong nay ta c6 hé qua sau day trong tam giac ABC

HE QUA
/ b2 +02 —a2 \
COSA=—————;
2bc
2 2 2
cosB = u ;
2ac
2 2 2
+b° -
cosC = a ¢

N . Y

Vi du 1. Hai chiéc tau thuy cing xudt phdt tir mot vi tri A, di thdng theo

hai h éng tao vdi nhau géc 60°. Tau B chay vdi téc do 20 hdi li mot gio.
Tau C chay vdi toc do 15 hdi li mot gio. Sau 2 gio, hai tau cdch nhau bao
nhiéu hai li ? (1 hai li = 1,852 km).

Gidi. (h. 45) Sau 2 gid tau B di d oc 40 hai 1i, tau C di d oc 30 hai li. Vay
tam gidc ABC c6 AB =40, AC =30, A = 60°.
p dung dinh Ii cosin vao tam giac ABC, ta co
a* = b2 + c2 —2bccos A
= 30% + 40% — 2.30.40.cos 60°
=900 + 1600 — 1200 = 1300.

Vay BC = +/1300 = 36 (hai 1i). A
Sau 2 gio, hai tau cach nhau khoang 36 hai Ii. Hinh 45




Vidu 2. Cdc canh cua tam gidac ABC laa="17, b=24, c=23.Tinh goc A.

Gidi. (h. 46) Theo hé qua cua dinh Ii cosin ta c6

B
2. 2 2 23
2bc A 24
2 2 2 ¢
2D =T 0.9565. Hinh 46
22403

Tirdétad gc A ~ 16°58..
CHU Y
Néu sir dung mdy tinh bo tii (MTBT) dé tinh géc A khi biét

cosA =0,9565, ta c6 thé ]am nh sau
1) P6i v6i MTBT CASIO fx-220 hodc fc-500A thi 4n

0.9565 [SHIFT| [cos| [SHIFT] [ --]. Kétqua: A ~16°58".

2) boi v6i MTBT CASIO fx-500MS thi an

0.9565 [=] [ +»|. Ket qua: A ~ 16°58..
[SHIFT] [cos] q

Ngoai ra, c6 thé dung mot s6 loai MTBT khac dé tinh toan, nh
CANON, SHARP hoac cac MTBT c6 chiic nang t ong d ong.

2. Pinh li sin trong tam giac

#

A
Cho tam giac ABC ¢6 BC =a, CA=b, AB =c
noi ti€p d ong tron (O ; R). 5
Néu gbc A vuong (h. 47) thi a = 2R va dé thay c “0 B
a=2RsinA, b=2RsinB, c =2RsinC. (1)
Bay gio xét tr ong hop goc A khong vuong. Ta
ching minh cédc cong thic (1) van ddng.
Hinh 47

4 (D€ chung minh cac céng thire (1))

Goi (O ; R)1ad dng tron ngoai tiép tam giac ABC, vé d dng kinh BA’ clia d dng tron.
Hay ching té sin BAC = sin BA'C trong ca hai tr dng hgp : Géc BAC 1a gbc nhon
(h. 48a), 1a gbc ti (h. 48b). Tir d6 hay két thic chiing minh.
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A
a) b)
Hinh 48
Tu d6 ta c6 dinh Ii
Voi moi tam gidac ABC, ta co
a b c
= =2R,

sin A sin B sinC

trong dé R la ban kinh d ong tron ngoai tiép tam gidc ABC.

Vi du 3. Twr hai vi tri A va B cua mét toa nha, ng oi ta quan sdt dinh C
cua ngon nii (h. 49). Biét rang do cao AB bdang 70 m, ph ong nhin AC
tao véi ph ong ndm ngang géc 30°, ph ong nhin BC tao vdi ph ong ndm

ngang géc 15°30'. Hdi ngon niii dé cao bao nhiéu mét so vdi mdt ddt ?
Gidi. (h. 49) Tur gia thiét, ta suy ra tam giac ABC c6

CAB =60°, ABC = 105°30', ¢ = 70.

C =180° - (A + B) = 180° - 165°30' = 14°30..

Theo dinh i sin ta c6
b c

sin B sinC’
hay
b 70

sin105°30" sin14°30'

Hinh 49

. (6] '
Do dé AC = b = 295105300160 4 (m).
sin14°30’
Goi CH la khoang céach tut C dén mat dat. Tam gidc vuong ACH c6 canh
CH d6i dién véi goc 30° nén



_AC _269.4
2

Vay ngon ndi cao khoang 135 m.

CH =134,7 (m).

CHUY
. (0] '
Néu sir dung MTBT dé tinh biéu thiic b = 20510530 s a6
sin14°30’
thé 1am nh sau
1) D6i v6i MTBT CASIO £¢-220 hodc fe-500A thi dn

70 [x] 105 [+ 30 [ - [sin] [0 [£] [Ic.] 14
[=]. Két qua: b ~269.4.
2) D6i v6i MTBT CASIO fx-500MS thi in

70 [x] [sin] 105 [ ] 30 [ -] [¢] [sin] 14 [ ] 30 [ -] [=].

Kétqua: b ~2694.

299 299 299 299

30

Vi du 4. Cho tam gidc ABC c¢6 a=4,b =5, ¢c =6. Chitng minh rang
sinA — 2sinB + sinC = 0.
Gidi. Goi R 1a ban kinh cua d ong tron ngoai ti€p tam gidc ABC.

Tu dinh I sin, ta c6

sinA:i, sinBzi, sinC:L-
2R 2R 2R

Vay sinA —2sinB +sinC = L(a —2b+c¢) = L(4 —-10+6) =0.
2R 2R

Binh Ii coésin trong tam giac con d dc goi la dinh Ii
An Ka-si (AL Kashi) — tén cla nha thién van hoc va
toan hoc Trung , mét trong nhiing nha bac hoc 16n
cudi cung clia tr dng phai Xa-mac-kan (Samarkand)
dau thé ki XV.

{

AL Kashi
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3. Téng binh ph ong hai canh va dé dai d &ng trung tuyén ctia tam giac

Bai toan 1. Cho ba diém A, B, C, trong d6 BC = a > 0. A
Goi I 1a trung diém cua BC, bi€t Al = m (h. 50). Hay

tinh AB% + AC? theo a va m.

Néu m :% thi ¢6 thé thdy ngay AB®> + AC* bdng

B 1 C
Hinh 50

bao nhiéu hay khong ?

]%5 (D& gidi B i toan 1)

— == = = = —2 =2
Hay viét AB = Al + IB, AC = Al + IC r6itinh AB + AC dé di dén két qua

a2

AB? + AC? =2m* + TR
Bai toan 2. Cho hai diém phan biét P, Q. Tim tap M
hop céc diém M sao cho MP? + MQ2 = kz, trong do
k 1a s6 cho tr dc.

H dng ddn. (h. 51) Goi [ 1a trung diém cua PQ va
dat PQ = a. Theo Bai toan 1, ta c6

2 P I 0
MP? + MQ? = 2MI? + R Hinh 51

2
Vay MP? + MQ? = k? khi va chi khi 2MI° + “7 = k% hay

2 Ko a?
MI© = ———. (*)
2 4

6
%TU (*) hay suy ra IGi gidi cGa B itoan 2.

Bai toan 3. Cho tam gidc ABC. Goi m,, m;, m. 1a do dai cic d ong trung
tuyén lan 1 ¢t ung véi cac canh BC = a, CA = b, AB = ¢. Chiing minh céc
cong thic sau day, goi 1a cong thitc trung tuyén

2 b + c? a? 2 a + c? b? 2 a® +b>
mg = —— mjy = —— omi = — .
2 4 2 4 2 4

Gidi. Tu két qua cua Bai todn 1, ta suy ra ngay céc cong thic can ching minh.
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4. Dién tich tam giac

Vé6i tam gidc ABC, ta ki hiéu h,, hy, h,. 1a do dai cac d ong cao lan 1 ot
ting v6i cac canh BC, CA, AB ; R, r lan 1 ¢t 1a ban kinh d ong tron ngoai
e i . a+b+c ., . .

t1€p, no1 t1€p tam giac ; p = T l1a ntra chu vi tam giac.

Ta c6 thé tinh dién tich S ctia tam gidc ABC bing cac cong thic sau day

(" s=Lan,=Lon, ~Lon ) )

S = labsinC = lacsinB = lbcsinA ; 2)
2 2 2
abc

S=—1: 3
4R )

S=pr;

)
\_ S = -ap-bip-o. ONy

(Cong thtic (5) goi la cong thitcc Hé-rong).

7 (h. 52)

Hay tinh h, trong tam gidc AHB theo canh ¢ va géc B, roi thay vao cong thic
1 2 e . P 2 . b > &

S = Eaha dé d dc cong thic (2) (cha y xét ca hai tr ong hdp H nam trong, H nam

ngoai doan BC).

Hinh 52

8
%TU cong thlc (2) va dinh |i sin, hay suy ra coéng thac (3).
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]%9 (h. 53)
Goi (O ; r) la d dong tron noi ti€p tam giac

ABC. P& y ring S |a téng dién tich cac tam
giac OBC, OCA, OAB. Hay ap dung céng
thic (1) dé suy ra cong thiic (4).

Chitng minh cong thiic Hé-rong

Taco S = %bcsinA, suy ra

§? = ibzcz(l —cos? A)

1 55 (b + ¢ — a*)?
=—b°c”|1-
4 4[92c2

%(2196‘ + b2+ 2= a®)2be - b* - * + a?)

%[(b + 0)2 — az)}[az —(b- c)z}

_btct+abt+c-aa-b+ca+b-c
2 2 2 2

=p(p —a)(p —b)(p —c).
Vay  S=+p(p-a)p-b)p-c)

Ng 0i ta goi tam gidc c6 do dai cac canh la ba s6 nguyén lién ti€p va co

dién tich bang mot s6 nguyén 1a tam gidc Hé-rong. Cac tam giac c6 do dai
cidc canh nh sau

3:4:5,

13 ;14 ; 15,

51;52;53,

la nhitng tam gidc Hé-rong.

10
%Héy tinh dién tich cta ba tam giac Hé-réng & trén.
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5. Giai tam giac va uing dung thuc té
Giai tam gidc la tinh cdc canh va cdc goc cua tam gidc dua trén mot so
diéu kién cho tr Gc.

Vi du 5. Cho tam gidc ABC. Biét a =17,4 ; B = 44°30' ; C = 64°. Tinh
goc A va cdc canh b, ¢ ciia tam gidc do.
Gidi. (h. 54)

Ta c6

A =180°— (B + CO)

= 180° — (44°30" + 64°) = 71°30..

Theo dinh 1i sin ta c6

asinB _ 17,4.sin 44°30"
sin A sin71°30"

b= ~ 12,9

asinC _ 17,4.sin 64°
sin A sin 71°30"

~ 16,5.

Vi du 6. Cho tam gidic ABC. Biét a = 494
b =264 ; C = 47°20". Tinh hai géc A, B va
canh c. B

Gidi. (h. 55) Hinh 55

26,4

494 4790

Theo dinh 1i cosin ta co
2 = a® + b® —2abcosC = (49,4)% + (26,4)*> — 2.49,4.26,4.c0s47°20'
~ 1369,58.

Vay ¢ = 4/1369,58 = 37,0.

2,2 2 B
cosA — b” +c a_ 696,96 + 1369,58 — 2440,36 ~—0.1913.
2bc 2.26,4.37

Diing bang s6 hoic MTBT, timd oc A ~ 101°2". Tir d6
B ~ 180° — (101°2' + 47°20") = 31°38..
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Vi du 7. Cho tam gidc ABC. Biét a =24 ; b = 13 ; ¢ = 15. Tinh cdc géc

A, B, C. A
Gidi. (h. 56) 15 13
Theo hé qua cua dinh 1i cosin, ta c6 B 24 c
b? +c? - a®
coSA = ————— Hinh 56
2bc
_169+225-576 7 ~ _ 0.4667.
2.13.15 15

Vay A =~ 117°49.

. a b .
Vi - = — nén
sinA sinB

b.sinA _ 13.5in117°49'  13.5in62°11'

~ 0,4791.
a 24 24

sinB =

Vi canh AC ngéan nhat nén géc B nhon. Suy ra

B ~28°38'; C ~180° — (117°49' + 28°38') = 33°33".

Vi du 8. D ong ddy cao thé néi thang tir
vi tri A dén vi tri B dai 10 km, tir vi tri A
dén vi tri C dai 8 km, géc tao boi hai
d ong day trén bdng 75°. Tinh khodng
cdach twvi tri Bdén vi tri C (h. 57).

Gidi. p dung dinh 1i cosin vao tam gidc
ABC, taco

Hinh 57

a® = b* + ¢* - 2bc.cos A
~ 8% +10% —2.8.10.cos 75° = 123.
Suy ra a=11 (km).
Vay khoang cédch tit B dén C xap xi 11 km.



Vidu 9. (h. 58) Mot ng oi ngoi trén tau
hod di tir ga A dén ga B. Khi tau dé ¢ ga A,
qua ong nhom ng oi dé nhin thdy mot
thap C. H ong nhin tix ng oi do dén thdp

tao véi h éng di ciia tau mot géc 60°. Khi
tau dé & ga B, ng oi dé nhin lai van thay A% ssusmsah 50 p
thap C, h ong nhin tix ng oi dé dén thdp Hinh 58
tao voi h ong ng oc voi h ong di cua tau
mot géc 45°. Biét rdng doan d ong tau néi thing ga A vdi ga B dai 8 km.
Hoi khodng cdch tir ga A dén thdp C la bao nhiéu ?
Gidi. Xét tam gidc ABC. Ta c6

C =180° — (60° +45°%) = 75°.

c

Ap dung dinh If sin vao tam gidc ABC, ta d oc _b =—.
sinB sinC

sin45°
sin75°

Vay khoang céch tir ga A dén thap C xap xi 6 km.

Suy ra b = 8. ~ 6 (km).

Em c6 bict ?

CIAI TAM CIAC VA MfT MAU

Ngay sau Cach mang 1789 & Phap, ng Gi ta quyét dinh xay dung mét hé do
| dng phé cap, trong d6 cé do d6 dai.

Vé d6 dai, ng i ta lay d6 dai vong kinh tuyén ctia Trai DAt lam co s ("d 6i chan mai

ng &i déu cé kinh tuyén"). Ng §i ta coi vong kinh tuyén Trai D4t dai 40000 km, tlc

4x107 mét, vay mot mét Ia L? cla mét phan t dé dai vong kinh tuyén. Bang
10

cach nao c6 d oc mot mét dé lam mau ?
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16.
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Céac nha thién van Pi-e Mé-sanh (Pierre 5 i
Méchain) va Giang BDo-lam-bro (Jean s Mailli
Delambre) d dc giao nhiém vu do d6 dai '

; H . X 4 " Visulcourl
cung kinh tuyén néi hai thanh phd Bon-kec
(Dunkerque & B&c Phap) va Bac-xo-lo-na
(Barcelona, Tay Ban Nha). Cac ph ong Amee }'-.__,_‘
phap thién van thdi d6 da cho biét hai Bavonvillers

thanh phd dé c6 cung kinh dd va co vi do Villers et
khac nhau 10,8 do. i
Trén mét dat, viec do gbc dé hon do d6 dai S orda
nén ng Oi ta xét day tam giac sdp xé&p ké
nhau doc theo kinh tuyén di qua hai thanh
phé néi trén (mbi tam giac cé dinh la cac dia
diém dé xac dinh vi tri nh  dinh lau dai, néc No.\’m\

Arvillers

nha thd v.v...). Trong 7 ndm lao dong kién
nhan miét mai, Mé-sanh, Bd-lam-bro dung
khoang 500000 phép do dé gidi hang tram
tam giac s3p x&p nh thé. Sau d6, qua
nhiéu thang kiém nghiém do dac, tinh toan
bdi moét hoi ddong gdbm nhiéu nha bac hoc
tén tudi (trong d6 c6 cac nha toan hoc
Phap La-pla-xo (Laplace), Lo-giang-dro
(Lfagendre), La-grang-gio (Lagrange) v.v...), $' Maitin
két qua cudi cung da d dc céng nhan vao du Tertre
ndm 1799 va da c6 mau mét mét bang T
bach kim dat tai Vién do | dng Pa-ri (Paris)
(mau moét mét "cho moi thdi dai", "cho moi
dan toc"). 1P
Ngay nay, dung cac ph ong phap cla Invatides ) ,
Vat Ii hién dai, ta c6 thé xac dinh don vi do Panhéon |-
doé dai chinh xac hon nhiéu. <

Clermon

S (hr ||op|’\t

S——ARNaauaK

BQ“(‘ AL BIAC

Cau héi va bai tép
Tam gidc ABC c6a=12,b =13, c=15. Tinh cosA va goc A.

Cho tam giac ABC c6 AB=5,AC =8, A = 60°. Két qua nao trong cac két
qua sau la do dai canh BC ?

a) V129 b) 7;
¢) 49 ; d) V/69.



17.

18.

19.

20.

21.

22.

23.

Hinh 59 v& mot hé n ¢ nam & \/
goc tao bai hai con d ong. Bon
ban An, C ong, Tri, Buc du dodn A

khoang cach tit B dén C nh sau
An: 5 km

C ong: 6km
Tri: 7 km
briic : 5,5 km. Hinh 59

Biét rang khoang cach tir A dén B 1a 3 km, khoang céch tir A dén C 1a 4 km,
g6c BAC 1a 120°.

Hoi du dodn cua ban nao sat véi thuc t€ nhat ?
Cho tam gidc ABC. Chitng minh c4c khang dinh sau
a) G6c A nhon khi va chi khi a® < b° + ¢
. N T
b) G6c A tu khi vachikhia™ > b" + ¢”;
2 N SN ” .2 2 2
¢) Goc A vuong khi vachi khia™ =b" + ¢".
Tam gidc ABC c6 A = 60°, B = 45°, b = 4. Tinh hai canh a va c.

Cho tam gidc ABC c6 A = 60°, a = 6. Tinh bén
kinh @ ong tron ngoai ti€p tam giac.

Ching minh rang néu ba goc cua tam gidc ABC
thoa man hé thic sin A = 2sin B.cosC thi ABC
la tam gidc can.

Hinh 60 v& mot chiéc tau thuy dang neo dau & vi
tri C trén bién va hai ng &i & cdc vi tri quan sat
A va B céch nhau 500 m. Ho do d oc goc CAB
bing 87° va géc CBA bang 62°.

Tinh cac khoang cach AC va BC. Hinh 60

Goi H 1a truc tam cta tam gidc khong vuéng ABC. Chiing minh rang ban kinh
céc d ong tron ngoai ti€p cac tam gidc ABC, HBC, HCA, HAB béng nhau.
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35.

36.
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Tam giac ABC c6a=7,b =38, c=06. Tinh m,.

Tam gidc ABC c6 a=5,b =4, c=3.Lay diém D d6i xtng véi B qua C.
Tinh d¢ dai AD.

Cho hinh binh hanh ABCD ¢6 AB=4,BC =5, BD =7. Tinh AC.

Ching minh réng trong mot hinh binh hanh, téng binh ph ong cdc canh
bang tong binh ph ong cta hai d ong chéo.

Chitng minh ring tam gidc ABC vuong & A khi va chi khi 5m> = m3 + m?.

Tam gidc ABC c6b=6,12;¢c=535; A = 84°. Tinh dién tich tam gidc doé.

Cho tit gidc ABCD. Goi M, N lan 1 ot 1a trung diém ctia AC va BD. Chiing
minh rdng

AB? + BC? + cD? + DA% = AC? + BD? + 4MN?.

Goi S la dién tich va R la ban kinh d ong tron ngoai ti€p tam gidc ABC.
Ching minh rang

S = 2R? sin Asin BsinC.

Chitng minh riang dién tich ciia mot ti gidc biang nira tich hai d ong chéo
va sin cua goc hop badi hai d ong chéo do.

Giai tam giac ABC, biét

a)c=14, A =60°, B =40°; b)b=45 A =30°, C =75°;
c)c=35 A =40, C =120°; d)a=137,5, B =83°, C =57°.
Giai tam giac ABC, biét

a)a=63,b=63, C =54°; b)b=32,c=45 A =87°;
c)a=7,b=23,C =130

Giai tam giac ABC, biét

a)a=14,b=18,c=20; b)a=6,b=73,c=48;
ca=4,b=5,c=17.

Biét hai luc ciing tdc dung vio mot vat va tao véi nhau géc 40°. C ong do
cia hai luc d6 1a 3N va 4N. Tinh ¢ dng do cia luc téng hgp.



37. Tuvitri A ng 0i ta quan st mot cay cao (h. 61).

C

—

B

Hinh 61
Biét AH =4 m, HB=20m, BAC = 45°. Tinh chiéu cao clia cay.

38. Trén n6c modt toa nha c6 mot cdt ang-ten cao 5 m. Tu vi tri quan sit A
cao 7 m so v6i mat dat, c6 thé nhin thdy dinh B va chan C cta cot ang-ten d 6i

géc 50° va 40° so v6i ph ong nim ngang. Tinh chiéu cao cia toa nha (h. 62).

Hinh 62
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ON TAP CHUGNG II

| - Tém tat nhirng kién thirc can nhé
1. Giatril ong giac cua mot géc
— Vé6i mbi goc a (0° < o <180°), ta xdc dinh diém M trén nira d ong tron

don vi sao cho MOx = a. Gié sit di€m M c6 toa do (x ; y). Khi d6

sina =Y, cosa = X,
sina cosa , .

tana = (cosa # 0), cota=— (sina # 0).
cosa sina

— Hai g6c bu nhau c6 sin bang nhau ; con cdsin, tang, cétang ciua ching
do6i nhau.

2. Tich vo h éng cua hai vecto
— Tich vo h 6ng cua hai vecto a va b la
a.b =lal. |b| . cos(a, b).

— Céc tinh chat
)a.b=>b.a,;
2)(ka). b =k(a.b);
3a.(b+c)=a.b+a.c;
HYalbosab=0;
5) a2 = |a|2.

— Biéu thtc toa do cha tich vo h 6ng va khoang cach giita hai diém
I)Néua=(x;y), b=(x";y) thi

a.b=xx"+y';

2)Neu M = (xy 3 yy)» N = (xy 5 yy) thi

MN = \/(xN )+ Oy =)
3. Dinh li cosin trong tam giac
a2 = b2 + C2 — 2bccos A.
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4. Dinh li sin trong tam giac

a_ _ b __c _9R.
sin A sin B sinC

5. Cong thitc trung tuyén cua tam giac

) b + 2 a?
my = - —.
2 4
6. Cac cong thic tinh dién tich tam giac

1 1 . abc
S = Eaha = EabsmC TR Jp(p —a)(p —b)(p - o).

Il - Cau héi tu kiém tra
1. Phat biéu dinh nghia tich vo h 6ng cha hai vecto. Khi nao thi tich vo
h éng cua hai vecto 1a s6 d ong, 1a s6 4m, bang 0 ?

2. Dé giai tam gidc ta th ong dung dinh Ii cosin trong nhing tr dng hop nao ?
Dung dinh 1i sin trong nhitng tr ong hop nao ?

3. Cho biét do dai ba canh clia tam gidc. Lam thé nao dé tinh
a) Cac goc cua tam giac ?
b) Cac @ ong cao cta tam giac ?
¢) Ban kinh d@ ong tron ngoai ti€p va noi ti€p tam giac ?
d) Dién tich tam giac ?

4. Trong mat phang toa do, biét toa do ba dinh ctia tam gidc, lam thé nao dé
tim chu vi, dién tich, toa do truc tam, tam d Ong tron ngoai ti€p tam giac ?

Il - Bai tap

1. Chtng minh cac cong thic sau
wab=20a ol bl b an=las s lasf)

2. Goi G la trong tam tam gidc ABC.
a) Chitng minh ring v6i moi diém M, ta luon c6
MA® + MB” + MC*= 3MG” + GA” + GB® + GC".
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b) Tim tap hop cdc diém M sao cho MA® + MB* + MC* = k*, trong d6 k 1a
mot so cho tr éc.

Cho hinh binh hanh ABCD. Tim tap hop céc diém M sao cho
MA® + MB* + MC* + MD* = I,
trong d6 k 1a mot s6 cho tr dc.

Trén hinh 63 c6 v€ hai tam gidc vuong can B’
ABC va AB’C’ ¢6 chung dinh A. Goi I va J I
lan 1 ot 13 trung diém cita hai doan thang
BB’ va CC’. Ching minh rang 5
a)Al 1L CC’,AJ L BB’ n
b) BC' 1 B'C. A N
Cho hinh vuong ABCD canh a. Goi N la trung J
diém cua CD, M 1a diém trén AC sao cho C
Hinh 63

AM = lAC.
4

a) Tinh cac canh cua tam giac BMN.

b) C6 nhan xét gi vé tam gidc BMN ? Tinh dién tich tam gidc do6.
¢) Goi I 1a giao diém ctia BN va AC. Tinh CI.

d) Tinh ban kinh @ ong tron ngoai ti€p tam giac BDN.

Trong mat phalmg toa do,cho e =(4;1) va ? =(1:4).

a) Tim goc giita cic vecto e va ?

b) Tim m dé vecto a = e + mf vuodng goc véi truc hoanh.

¢) Tim n dé vecto b = ne + }‘ tao vdi vecto i + j mot goc 45°.

Cho tam gidc ABC. Chitng minh ring diéu kién cidn va da dé hai trung
tuyén ké tir B va C vudng gdc v46i nhau la

b +c? =54
Trong cac tam giac c6 hai canh 1a @ va b, tim tam giac c6 dién tich 16n nhat.

Cho tam gidc ABC ¢6 a = 12, b = 16, ¢ = 20. Tinh dién tich S, chiéu cao A,
cac ban kinh R, r ciia d ong tron ngoai ti€p, noi ti€p tam giac do.



10. Cho tam gidc ABC. Chiing minh rang

b2+ - P
a) cotA = T (S Ia dién tich tam gidc ABC) ;
2 2 2
b) cotA + cotB + cotC = %.

11. Cho hai d ong tron (O ; R) va (O’ ; R’ cit nhau tai hai diém A va B. Trén
d ong thang AB, l1dy diém C & ngoai hai d ong tron va ké hai tiép tuyén CE,
CF dén hai d ong tron d6 (E, F 1a céc ti€p diém). Chiing minh ring CE = CF.

12. Cho d ong tron (O ; R) va mot diém P c6 dinh & bén trong d ong tron do.
Hai day cung thay déi AB va CD luo6n di qua P va vuong géc vé6i nhau.

a) Chiing minh ring AB® + CD” khong déi.

b) Ching minh ring PA*+ PB> + PC*>+ PD* khong phu thuoc vao vi tri
ctia diém P.

IV - Bai tap trdc nghiém

1. Gid tri cos45° + sin45° bing bao nhiéu ?

(A) 13 (B) V2 ; ©) 3 (D) 0.
2. Trong cic dang thiic sau, dang thitc ndo ding ?

(A) sin(180° — &) = —cosa ; (B) sin(180° — &) = —sina ;

(C) sin(180° — @) = sin« ; (D) sin(180° — &) = cosa.
3. Trong c4c dang thitc sau, dang thitc nao sai ?

(A) sin0° + cos0° =0 ; (B) sin90° + cos90° =1 ;

341

2

(C) sin180° + cos180° = —1 ; (D) sin60° + cos60° =
4. Trong cac hé thic sau, hé thic nao khong ding ?
(A) (sina + coso:)2 =1+ 2sinacosa ;

(B) (sina —cosoz)2 =1-2sinacosa ;
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() cos* & — sin* & = cos® & — sin® & ;
(D) cos*a +sinta = 1.

Cho O la tam d ong tron ngoai ti€p tam gidc déu MNP. G6c nao sau day
bing 120° ?

(A) (MN, NP) ; (B) (MO, ON) ;

(C) (MN, OP) ; (D) (MN, MP).

Cho M, N, P, O 1a b6n diém tuy y. Trong céc hé thiic sau, hé thitc nao sai ?
(A) MN.(NP + PQ) = MN.NP + MN.PQ :

(B) MP.MN = —MN.MP ;

(C) MN.PQ = PQ.MN ;

(D) (MN - PQ).(MN + PQ) = MN* - PQ.

Trong cdc hé thic sau, hé thic nao ding ?

; (B)\/aizzlal;

(A) |a.b| = lal.lp
© \/cTz =a; (D) a = *lal.

Trong mat phang toa do, cho a = (3 ; 4), b = (4 ; —3). K&t luan nao sau
day la sai ?

(A) a.b=0; (B)a Lb ;
(©) |a.b|=0; D) lal.Io| = 0.

Trong mit phing toa do, cho a = (9 ; 3). Vecto nao sau day khong vuong
goc voi vecto a ?

(A)v(1;-3); B)v(2;-6);

(©) v(l;3); (D) v(=133).

Tam gidc ABC c6 a = 14, b = 18, ¢ = 20. Két qua nao sau day 1a gin ding nhit ?
(A) B ~42°50' ; (B) B ~60°56';

(C) B ~ 119°04'; (D) B ~90°.



11.

12.

13.

14.

15.

16.

Néu tam giac MNP c¢c6 MP =5, PN = 8 va MPN = 120° thi do dai canh
MN (l1am tron dén chit s6 thap phan thi nhat) 1a

(A)11,4; (B) 12,4 ;

©7,0; (D) 12,0.

Cho tam gidc MPQ vuong tai P. Trén canh MQ 1ay hai diém E, F sao cho
cdc goc MPE, EPF, FPQ bang nhau.

bat MP =g, PO =m, PE =x, PF =y (h. 64). M
Trong cac hé thic sau, hé thic nao ding ?
E
(A) ME =EF =FQ; q
Y F

(B) ME* = ¢ + x* — xq ; y

2 2 2
(OMF =q"+y —yq; P m 0

2 2 2 N
D)YMQ™ =q +m™ —2qgm. Hinh 64

Tam gidc ABC c6 BC = 10, A = 30°. B4n kinh d ong tron ngoai ti€p tam
gidc ABC bang bao nhiéu ?

(A5 (B) 10;
© 2. (D) 10V3 .
J3
Tam gidc v6i ba canh 12 5, 12 va 13 ¢6 dién tich bang bao nhiéu ?
(A) 30 ; (B) 2042 ;
(C) 1043 ; (D) 20.

Tam gidc ABC c¢6 ba canh la 6, 10, 8. Ban kinh d ong tron noi ti€p tam
gidc d6 bang bao nhiéu ?

(A3 (B) 4

©2; (D) 1.

Tam gidc ABC c6 B = 60°, C = 45°, AB=5. Hoi canh AC bing bao nhiéu ?
(A) 5V3 ; (B) 52 ;

(© # ; (D) 10,
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CHUONG

uj daosao .\'liflc\ QuidaosaoHod  Quj dao Tréi Dit
\ 1 /

Quf dao sao Thién Yirng

Quy dao sao Hii Virong

Quj dao sao Diém Yuong

Pruone pHAP TOA PO
TRONG MAT PHANG

Bang céqh dua vao mat phéng mot hé truc toa dd, mdi
vecto, moi diém trén mat phang dé déu dugc xac dinh
bdi toa do cla nd. Khi dé ching ta c6 thé chuyén nhiéu
bai toan hinh hoc sang bai toan dai s6 va nguoc lai, tir
két qua cla dai s6 suy ra duoc mét sd tinh chat va mai
quan hé gilita cac hinh hinh hoc.

Yéu cau d6i véi cac em khi hoc chuong nay 1a

- L&p duoc phuong trinh dudng thén_g, dudng tron, dudng
conic khi biét cac yéu t6 xac dinh méi dudng.

- Tlr phuong trinh clia cac duodng, thdy dugc cac tinh chat
va quan hé gilra cac dudng.

- Nhé va véan dung dugc cac biéu thic toa dd vao viéc
tinh khodng cach, tinh géc.




PHUONG TRiINH TONG QUAT
S CUA PUONG THANG

1. Ph ong trinh t67ng quat cidad éng thﬁng

Trén hinh 65, ta c6 cdc vecto ny, ny, ny khéc 0 '3
ma gid cua ching déu vuong goc v6i d ong
thang A. Khi do, ta goi n;, ny, n3 12 nhiing N
’ 5 ﬁ) /19
vecto phdp tuyén cua A. A !
DINH NGHIA [ 6

Vecto n khdc 0, c¢é gid vuoéng géc véi d ong thang A goi la
vecto phdp tuyén ciia d ong thdng A.

Moéi d ong thdng cé bao nhiéu vecto phdp tuyén ? Chiing lién hé véi nhau
nh thé nao ?

Cho diém I va vecto n # 0. Cé bao nhiéu d ong thdng di qua I va nhdn n
la vecto phdp tuyén ?
Bai toan
Trong mdt phdng toa do, cho diém
I(xqy 5 y9) va vecto n(a; b) #0.Goi A A
la d ong thdng di qua I, cé vecto phdp
tuyén la n. Tim diéu kién ciia x va y dé M
diém M(x ; y) nam trén A.

Gidi. (h. 66) / \

Ppiém M nim trén A khi va chi khi 0 >
IM 1L n , hay
IM.n =0. (*) Hinh 66
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Ta c6 IM =(Xx—Xx09;Y—Yyg) van=_(a;b)nén(*)t ongd ong vii
a(x — xp) +b(y —yg) = 0. (1)
Pay chinh 12 diéu kién can va da dé M(x ; y) nim trén A.

Bién d6i (1) vé dang ax + by —axy —byg =0 va diat —axy —byg=c, tad oc
ph ong trinh

ax+by+c=0 (a® +b> #0)

va goi 12 ph ong trinh tong qudt ctia d Sng thang A.

Tom lai,

Trong mdt phdng toa do, moi d ong thang déu cé ph ong trinh
tong qudt dang

ax + by +c=0,v6i a> +b> #0.

Ng oc lai, ta c6 thé chiing minh d oc rang : M6i ph ong trinh dang

ax+ by +c =0, v6i @ +b* %0
déu 1a ph ong trinh tdng quat ciia mot d ong thang x4c dinh, nhan n = (a ; b)
la vecto phap tuyén.
MJéi ph ong trinh sau cé phdi la ph ong trinh tong qudt cia d ong thdng
khong ? Hay chi ra mot vecto phdp tuyén ciia d ong thang do :
Tx-5=0; mx+@m+1y-3=0; kx—2ky+1=0,
1
Cho d dng thng A c6 ph ong trinh t8ng quat la 3x — 2y + 1 = 0.
a) Hay chi ra mot vectd phap tuyén cia d dng thang A.
b) Trong cac diém sau day, diém nao thudc A, diém nao khong thudc A ?
1 1 1
M(:;1), N(-1;-1), P|O;—|, O2:;3), E|——;—|.
A P
Vi du. Cho tam gidc cé6 ba dinh A = (-1 ;-1),B=(-1;3),C=2; -4).
Viét ph ong trinh toéng quat cua d ong cao ké tir A.
Gidi. D ong cao cin tim 12 d ong thing di qua A va nhan BC la mot vecto
phap tuyén. Ta co BC = 3;-7)vaA=(-1;-1)nén theo (1), ph ong trinh
téng quat ciad ong cao d61a3(x+1)—7(y+1)=0hay 3x -7y — 4 =0.



Ciac dang dac biét cia ph ong trinh téng quat

2
%Cho d dng thdng A : ax + by + ¢ = 0. Em ¢ nhan xét gi vé vi tri t ong d&i clia A va
cac tructoa dd khia=0?Khib=0?Khic=07?

GHI NHO
D ong thdng by + ¢ = 0 song song hodc tring véi truc Ox (h. 67a).
D ong thdng ax + ¢ = 0 song song hodc triing véi truc Oy (h. 67b).
D ong thdng ax + by = 0 di qua goc toa do (h. 67¢).

YA y A

(0] X (0] X
a) b) c)
Hinh 67

yA

3
%Cho hai diém A(a ; 0) va B(0 ; b), véi ab # 0 (h. 68). L/
a) Hay viét ph ong trinh t6ng quat clia d dng thdng A ;
diqua A va B.
b) Chimng t6 réng ph ong trinh t6ng quat clia A t ong
d dng v6i ph ong trinh
RS A )
a b

GHI NHO
D ong thang cé ph ong trinh

22 1w@=0,b%0) 2)
a b

di qua hai diém A(a ; 0) va B(O ; b).
Ph ong trinh dang (2) & oc goi 12 ph ong trinh d ong thdng theo
doan chan.

Viét ph ong trinh tong qudt ciia d ong thdng di qua A(~1 ; 0) va B(0 ; 2).

=V

A(a;O) o

Hinh 68

CHUY
Xét d@ ong thang A c¢6 ph ong trinh téng quat ax + by + ¢ = 0.
Néu b # 0 thi ph ong trinh trén d a d ¢c vé dang

y=kx+m 3)
véi k=-2 m=—5. Khidé k 1a hé s6 géc cia d ong thing A

va (3) goi l1a ph ong trinh cua A theo hé so goc.
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nghia hinh hoc cua hé sé géc (h. 69)

yA
Xétd ong thang A : y = kx + m. ’\
Vé6i k # 0, goi M 1a giao diém cta A vé6i truc Ox
va Mt la tia cha A nam phia trén Ox. Khi d6, néu
a la géc hop boi hai tia Mt va Mx thi hé s6 goéc a
clia d ong thing A bing tang cla goéc a, tic 1a 0 M\ A E
k = tana.

Khi k = 0 thi A la d ong thang song song hoac Hinh 69

trung voi truc Ox.
Moéi d ong thang sau ddy c6 hé s6 géc bdang bao nhiéu ? Hay chi ra géc o
t ong itng voi hé so goc do.
a) A\ :2x+2y-1=0;
b)Ay: B3x—y+5=0.

2. Vitrit ong déi cGia haid 8ng thang
Trong mat phang toa do, cho hai d ong thing A;, A, c6 ph ong trinh
Ay ax+byy+c; =0,
Ay arx+byy+cy=0.

Vi s6 diém chung clia hai d ong thiang bing s6 nghiém ctia hé gom hai
ph ong trinh trén, nén tir két qua cta dai so6 ta c6

a) Hai d Ong thang A, A, cat nhau khi va chi khi

@ b =0 ;
a b
b) Hai d ong thang A;, A, song song khi va chi khi
ar b >
] T O | S
a b by ¢
a ¢ a
hodc L L :
a b ¢ @

c) Hai d ong thang A, A, tring nhau khi va chi khi

a bl b g | q

=0.

a by | o |0 a
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Trong tr ong hop a,, by, ¢5 déu khac 0, ta co

4 u b N\
Ap, Ay cdt nhau < “L = ZL .
a b
a _b g
A]//Az@ —_— = —F —
a b o
_ a b ¢
A]:Az@ —:b—:—.
C
Y %) ) 2 )

N ? 74 - a 7z 2 & N A . , P 2 N
Tuw it 1é thic I bﬁ’ cO thé noi givé vi trit ong doi cua Ay va Ay ?
) 2

Xét vi tri t ong doi ciia hai d ong thdang Ay, A, trong méi tr ong hop sau
a)Al:\/Ex—Sy+5:O va Az:x+3y—\/—=0;
b)Ay:x-3y+2=0 va Ay: -2x+6y+3=0;
c)A;:0,7x+12y-5=0 va A,:1,4x+24y-10=0.

Céu hdi va bai tap
1. Trong cic ménh dé sau, ménh dé nao ding ?
a) D ong thang song song véi truc Ox c6 ph ong trinh y = m (m # 0) ;
b) D ong thang c6 ph ong trinh x = m*+ 1 song song Vv6i truc Oy ;
c) Ph ong trinh y = kx + b 12 ph ong trinh clia d ong thang ;
d) Moi d ong thang déu c6 ph ong trinh dang y = kx + b ;
e) D ong thing di qua hai diém A(a ; 0) va B(0 ; b) c6 ph ong trinh

Ty,
a b
2. Viét ph ong trinh téng quat cua
a) D ong thang Ox ;
b) D ong thang Oy ;
c) D ong thang di qua M(xy ; yp) va song song vdi Ox ;
d) D ong thing di qua M(xg ; yp) va vuong goc vé6i Ox ;

e) b ong thang OM, véi M(xy ; yo) khac diém O.
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3. Cho tam gidc ABC c6 ph ong trinh ciac d ong thang AB, BC, CA la
AB:2x -3y-1=0;
BC:x+3y+7=0;
CA:5x—-2y+1=0.
Viét ph ong trinh tong quét ctia d Ong cao ké tir dinh B.
4. Cho hai diém P(4 ; 0), Q(0 ; -2).

a) Viét ph ong trinh tdng qudt ctia d ong thing di qua diém A3 ; 2) va
song song v6i d ong thang PQ ;

b) Viét ph ong trinh tdng qudt clia d ong trung truc ctia doan thang PQ.
5. Chod ong thing d c6 ph ong trinh x —y = 0 va diém M(2 ; 1).

a) Viét ph ong trinh tdng quét cia d ong thing d6i xiing véi d ong thang d
qua diém M.

b) Tim hinh chiéu clia diém M trén d ong thang d.

6. Xétvitrit ong d6i cha méi cip d ong thiang sau va tim giao diém (néu cé)
ctia ching

a)2x—-5y+3=0vadsx+2y-3=0;
b)x-3y+4=0va0,5x-1,59y+4=0;
c)10x+2y—-3=0vasdx+y—-1,5=0.

PHUONG TRINH THAM SO CUA
PUCONG THANG

S

R u
1. Vecto chi ph ong cua d dng thang /‘/

Trén hinh 70, vecto u; khac 0, co gid la

) A u
d ong thang A ; vecto u, khac 0, co gia 5 2.
X
song song voi A. Khi do6 ta goi uy, u, la pd
cdc vecto chi ph ong ctia d ong thang A. Hinh 70
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DINH NGHIA

Vecto u khdc 0, cé gid song song hodc tring véi d ong thing A
d oc goi la vecto chi ph ong ciia A.

Vecto chi ph ong va vecto phdp tuyén ciia mot d ong thang quan hé voi
nhau nh  thé nao ?
Vi sao vecto u = (b ; — a) la mot vecto chi ph ong ciia d ong thang cé

ph ong trinh ax + by + ¢ =017

2. Ph ong trinh tham sé cia d dng théng

Bai toan. Trong mdt phdng toa do Oxy, cho d ong thing A di qua diém
I(xg ; yo) va cé vecto chi ph ong u = (a ; b). Hay tim diéu kién ciia x va 'y

dé diém M(x ; y) ndm trén A.

y A
%1 (DE gidi bai toan)
Piém M n&m trén A khi va chi khi vects IM cung
ph ong vGi vectd u (h. 71), tiic la c6 s6  sao cho
IM =tu.
P 0 X

Hay viét toa d6 cla IM va cla ru réi so sanh

cac toa do6 clia hai vectd nay. Hinh 71

Tur hoat dong trén suy ra : Diéu kién can va du dé M(x ; y) thuoc A 1a cé
s0 t sao cho

X =Xy + at
0 (@® + b% #0). (1)
y y0+bt

Heé (1) d ¢c goi la ph ong trinh tham s6 ctia d Ong thang A, v6i tham s z.

CHUY

V6i mbi gid tri chia tham s6 7, ta tinh d gc x va y tir hé (1), tic 1a
c6 d gc diém M(x ; y) ndm trén A. Ng oc lai, néu diém M(x ; y)
nam trén A thi c6 mot s6 7 sao cho x, y thoa man hé (1).
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Cho d ong thdang A ¢6 ph ong trinh tham s

X=2+t
y=1-2t.
a) Hay chi ra mot vecto chi ph ong cua A.

b) Tim cdc diém cua A ting voi cdc gid tri t=0,t=—4,t=5.

c¢) Diém nao trong cdc diém sau thuéc A ?
M(1;3), N(1;-5), P(0; 1), 00 5).

2
%Cho d dng thang d c6 ph ong trinh t8ng quat 2x — 3y — 6 = 0.

82

a) Hay tim toa d6 cia mot diém thudc d va viét ph ong trinh tham sé ciia d.

x=2+15
b) Hé 2 cb phai la ph ong trinh tham sé cla d khéng ?
y=——+t
3

c) Tim toa dd cia diém M thudc d sao cho OM =2.

CHUY
R | X =x9 tat | R ) ;
Trong ph ong trinh tham so6 cua d ong thang, n€u
y=yy+bt
a# 0, b # 0 thi bang cdch khir tham s6 7 tir hai ph ong trinh trén,
ta di dén

x_"()=y_by0 (@a#0,b+0). 2)

a
Ph ong trinh (2) & oc goi 12 ph ong trinh chinh tdc clia @ dng thang.
Trong tr ong hop @ = 0 hoac b = 0 thi d ong thang khong c6
ph ong trinh chinh tac.

Vi du. Viét ph ong trinh tham s6, ph ong trinh chinh tdc (néu cé) va

ph ong trinh tong qudt cia d ong thdng trong moi tr ong hop sau

a) Pi qua diém A(1 ; 1) va song song vdi truc hoanh ;

b) Bi qua diém B(2 ; —1) va song song vdi truc tung ;

¢) i qua diém C(2 ; 1) va vuéng géc véi d omg thang d : 5Sx —Ty +2 = 0.



Gidi

a) b ong thang can tim c6 vecto chi ph ong i = (1 ; 0) va di qua A nén né cé
x=1+1 .

ph ong trinh tham s6 la { . va ph ong trinh tong quatlay — 1 = 0.
y =

D ong thang d6 khong c6 ph ong trinh chinh tac.

b) D Ong thang cin tim c6 vecto chi ph ong j = (0 ; 1) nén khong c6
ph ong trinh chinh tic. Do d ong thing d6 di qua B nén nd c6 ph ong

trinh tham so6 12 { - | va ph ong trinh téng qudt 1a x — 2 = 0.
y=-1+1¢

¢) Vecto phap tuyén n = (5 ; —=7) clia d cling 1a mot vecto chi ph ong cla

d ong thing A can tim (do A L d). Do d6 ph ong trinh tham s6 clia A

\{x:2+5t x =2 y_l

a =

va ph ong trinh chinh tac cua A 1a
y=1-7t 5 7
T ph ong trinh chinh tic (hodac tham s6) cua A, ta suy ra d gc ph ong
trinh téng quét cha Ala 7x + 5y — 19 = 0.

3

Viét ph ong trinh tham s, ph ong trinh chinh tic (néu c6) va ph ong trinh téng
quat clia d ong thang di qua hai diém M(—4 ; 3) va N(1 ; -2).

Cau héi va bai tép
. , x=1+1t .. , . .
7. Cho d ong thang A : { hy Hoi trong cdc ménh dé sau, ménh dé
y=—za

nao sai ?

a) Diém A(-1 ; —4) thudc A.

b) Diém B(8 ; 14) khong thuoc A, diém C(8 ; —14) thuoc A.

¢) A ¢6 vecto phap tuyén n = (1; 2).

d) A c6 vecto chi ph ong u = (1;-2).

-8 y+14

e) Ph ong trinh al 3 1a ph ong trinh chinh tic cta A.

f) Ph ong trinh XT_I = 12 1a ph ong trinh chinh tic cta A.
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10.

11.

12.
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Cho d ong thiang A : ax + by + ¢ = 0. Trong cdc ménh dé sau, ménh dé
nao ding ?

a) Vecto n = (a ; b) 1a vecto phép tuyén cta A.

b) A ¢6 vecto chi ph ong u =(-b; a).

¢) A c6 vecto chi ph ong u = (kb ; ka) véi k # 0.

d) A ¢6 vecto chi ph ong u = (5b ; —5a).

e) D ong thing vuong gbc véi A cé vecto chi ph ong u = (a ; b).

Hay viét ph ong trinh tham s6, ph ong trinh chinh tic (n€u c6) va ph ong
trinh téng qudt cta d ong thang di qua hai diém A va B trong méi tr ong
hop sau
a)A=(-3;0),B=(0:5);
b)A=(4;1), B=(4;2);
)A=(4;1),B=(1;4).

x—-2 y+3

Cho diém A(-5 ; 2) va d ong thang A : =

. Hay viét ph ong

trinh d ong thang
a) bi qua A va song song v6i A ;
b) Di qua A va vuong goéc véi A.

Xét vi tri t ong doi cia mdi cap d ong thang sau day va tim toa do giao
diém (néu c6) clia ching

x=4-2t . x =8+ 6t
a) va
y=5+t y=4-3t";

v >
y =-3+2t 2 3

=5+t —
b){x N x—4 y+7

x=5+t

C){ va x+y-4=0.
y=-1-1t

Tim hinh chi€u vuong géc cua diém P(3 ; -2) trén d ong thang A trong

mdi tr ong hop sau

xX=t
a)A:{
y=1;



a2l
3 -4

c)A:5x-12y+10=0.

13. Trén d ong thing A : x —y + 2 = 0, tim diém M cich déu hai diém E(0 ; 4)
vaF(4;-9).

14. Cho hinh binh hanh c6 toa do mot dinh 1a (4 ; —1). Bi€t ph ong trinh cac

d ong thang chita hai canh 12 x — 3y = 0 va 2x + 5y + 6 = 0. Tim toa do ba
dinh con lai cta hinh binh hanh d6.

KHOANG CACH VA GOC

1. Khoang cach tir mot diém dén mét d dng thang
Bai toan 1. Trong mdt phdng toa do, cho d ong thang A c¢é ph ong trinh tong
quadt ax + by + ¢ = 0. Hay tinh khodng cdach dM ; A) tix diém M(x,, ; y,,)
den A.
Gidi. (h. 72) Goi M’ 12 hinh chiéu ctia M trén A vt M
thi do dai doan M'M chinh 1a khoang cach tu
M dén A. M’

Hién nhién M'M cung ph ong vdi vecto phéap

Q
/
=V

tuyén n(a ; b) cua A, vay c6 s6 k sao cho

MM = kn. 2

M = (1)

Hinh 72

dM ;N =M'M=|k|.| n|=|k| Na® + b )
Mat khac, n€u goi (x"; y’) la toa do ctia M’ thi tir (1) ta c6

{xM -x'=ka {x':xM — ka
' hay | |
yu =y =kb Y =Yy —kb.

Tu do suy ra
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Vi M’ nam trén A nén a(x,, — ka) + b(y,, — kb) + ¢ = 0. T d6 suy ra
axy + by, +c

k=
c12+b2

. Thay gia tri cua k vao (2) tad oc

|axM + by, + c|
\/a2 + b?

dM ; A) =

1

%Héy tinh khoang cach tir diém M dén d ong thng A trong méi tr dng hop sau
a)yM(13;14)vaA:4x-3y+15=0;

x=7-2t

byM(5;-1)vaA:
s a7

Vi tri ciia hai diém doi véi mot d ong thang

Cho d ong thang A : ax + by + ¢ = 0 va diém M(x,, ; y,). Néu M’ 1a hinh
chi€u (vudng goc) cua M trén A thi theo 16i giai cua Bai toan 1, ta co

ax, + by, +c¢
a’ +b*

<

'M =kn,trong d6 k =

T ong tu néu cé diém N(x, ; yy) v6i N’ 12 hinh chi€u clia N trén A thi ta
cling c6

N'N = k'n,trong d6 k' = 4XN ;—byN2+c_
a +b

C6 nhdn xét gi vé vi tri ciia hai diém M, N doi véi A khi k va k' cung ddu ?
Khi k va k' khdc ddu ?
Ta c6 két qua sau
Cho d ong thdang A : ax + by + ¢ = 0 va hai diém M(xy; ; yy),
N(xy ; yy) khong nam trén A. Khi do
Hai diém M, N nam cung phia doi véi A khi va chi khi
(axpy + byy +c)axy +byy +¢) >0
Hai diém M, N nam khdc phia doi véi A khi va chi khi

(ax,; + by, +c)axy +byy +¢)<0.
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2
ﬁCho tam giac ABC c6 cac dinh1a A =(1;0),B=2; -3),C=(-2;4)va
d dng thdng A :x — 2y + 1 = 0. Xét xem A cét canh nao cla tam giéc.

Ta c6 thé 4p dung cong thic tinh khodng cdch dé€ viét ph ong trinh ciac d ong

phan giac.

Bai toan 2. Cho hai d ong thdng cdt nhau, cé ph ong trinh
Ajrax+by+c;=0 va Ay:arx+byy+cy=0.

Chitng minh rdang ph ong trinh hai d ong phdn gidc cia cdc géc tao bdi
hai d ong thdng dé cé dang
ajx + by + ¢ L X+ byy + ¢y

ﬂa12+b12 B \/a%vtbzz

A

A |
i
Hay giai Bai toan 2, v8i cha y rang diém M thudc M
mét trong hai d dng phan giac khi va chi khi nd :
cach déu hai d dng thdng A, va A, (h. 73). < i
2 1
Vi du. Cho tam gidac ABC voi Hinh 73

=0.

A=(%;3),B=(1;2),C=(—4;3).

Viét ph ong trinh d ong phdn gidc trong cia goc A.

Gidi. Dé thiy cdc d ong thang AB va AC c6 ph ong trinh
AB: 4x-3y+2=0va AC: y-3=0.
Cac d@ ong phan giac trong va phan gidc ngoai cua goéc A c6 ph ong trinh
4x—§y+2+yz3 ~ 0 hoiic 4x—§y+2_y;3 _
hay : 4x +2y -13 =0 (d ong phan giidc d;)

0;

4x -8y + 17 =0 (d ong phan giic d,).

Do hai diém B, C ndm cung phia doi v6i d ong phan gidc ngoai va nim
khac phia d6i v6i d ong phan gidc trong clia géc A nén ta chi can xét vi tri
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cua B, C d6i v6i mot trong hai d ong, ching han d,. Thay toa do cta B, C
lan 1 ot vao v€ trdi cuad, tad gc
4-16+17=5>0 va -16-24+17=-23<0,
tic 1a B, C nam khac phia doi véi d,.
Vay ph ong trinh @ ong phan gidc trong ciua goc A la
dy: 4x-8y+17=0.

2. Géc giira hai d dng thang

DINH NGHIA

Hai d ong thang a va b cdt nhau tao thanh bon géc. S6° do nhd
nhdt cua cdac géc dé d gc goi la s6 do cua goc giita hai d ong
thdng a va b, hay don gidn la géc giita a va b.

Khi a song song hodc trung voi b, ta quy 0c goc giita ching

bdng 0°. a

Trén hinh 74, géc giita hai d ong thdng a
va b bang bao nhiéu ? Hdy so sanh géc dé
vOi goc giita hai vecto u, v va goc giita hai
vecto u', v.

CHUY Hinh 74
Géc giita hai d dng thing a va b d oc ki hieu 1 (a, b), hay don
gian 12 (a, b). Géc nay khong v ot qua 90° nén ta c6
(a, b) = (u,v)néu (u,v)<90°,
(a, b) = 180° — (u,v) néu (u,v) > 90°,
trong d6 u, v 1an1 ot la vecto chi ph ong cta a va b.
%4
Cho biét ph ong trinh clia hai d dng thdng Ava A'lan | ot la
x=7-2t . x=1+t
va
y=5-t y=2+3t"
Tim toa d6 vecto chi ph ong cta hai d dng thdng va tim géc hdp bdi hai d dng
théng dé.
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Bai toan 3
a) Tim cosin ciia géc giita hai d ong thang Ay va A, ldn 1 ot cho bdi cdc
ph ong trinh
ax+byy+cy=0 va ayx+by+c,=0.
b) Tim diéu kién dé hai d ong thang A; va A, vuong géc véi nhau.

c) Tim diéu kién dé hai d ong thing y = kx + b va 'y = k'x + b’ vuong géc
voi nhau.

]% 5 (D€ gidi Bai toan 3)
Viét toa do hai vecto chi ph ong u; cla A va u, cla A,.

Hay chiing t6 réng cos(A;, Ay) = [cos(uy, uy)|. T d6 di dén cac két qua sau day
|6116l2 + b1b2|

\/Cll + bl \/dz + b2
vecto phap tuyén clia A, A,.
b) Al 1 Az = alaz + b1b2 =0.

a) cos(Ay, Ay) =

= |cos(ny, ny)|, trong d6 ny, ny Ian | ot la

c) p dung cau b) hdy chiing minh rang diéu kién can va dd dé hai d ong thing
y=kx+bvay=kx+ b vudng géc la kk’' =

6
ﬁﬂm géc gilta hai d &ng thdng A, va A, trong méi tr dng hgp sau

x=13+1¢ x=5=-2¢
a)A;: Ay
y=-24+2t y=T+1t";
b)A;:x=5; Ay:2x+y-14=0;
YA TEA Ay :2x+3y—1=0
c : D 2x -1=0.
Py =—4+3¢ 2 Y

Céu hdi va bai tap
15. Trong cdc ménh dé sau, ménh dé nao ding ?

a) Cosin clia goéc gifta hai d ong thang a va b bang cosin clia géc giita hai
vecto chi ph ong cua ching.
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16.

17.

18.

19.

20.
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b) Néu hai & ong thang A vd A' lan 1 ot c6 ph ong trinh px + y + m = 0 va
x+py+n=0thi

2lp|

p2+1

cos(A, A" =

c¢) Trong tam gidc ABC ta c6
COSA = COS(XB, A_C).

d) Néu ¢ l1a géc giita hai d ong thang chia hai canh AB, AC clia tam gidc
ABC thi
AB* + AC* - BC?

2AB.AC

cosQ =

e) Hai diém (7 ; 6) va (=1 ; 2) nam vé hai phia cia d ong thing y = x.

Cho ba diém A(4 ; —1), B(-3 ; 2), C(1 ; 6). Tinh géc BAC va gbc giita hai
d ong thang AB, AC.

Viét ph ong trinh d ong thing song song va cich d ong thang ax + by + ¢ = 0
mot khoang bang 4 cho tr 6.

Cho ba diém A(3 ; 0), B(-5 ; 4) va P(10 ; 2). Viét ph ong trinh d Ong
thang di qua P dong thoi cdch déu A va B.

Cho diém M(2 ; 3). Viét ph ong trinh d ong thang cit hai truc toa do & A
va B sao cho ABM la tam gidc vuong can tai dinh M.

Cho hai d Ong thang
Aj:ix+2y-3=0,
Ay :3x-y+2=0.
Viét ph ong trinh d ong thang A di qua diém P(3 ; 1) va cat A;, A, lan

1 gt & A, B sao cho A tao v6i A; va A, mot tam gidc can c6 canh ddy la AB.



PUGCGNG TRON

1. Ph ong trinh d ong tron
Trén mat phing toa do, cho d ong tron (€)co
tam /(x; ; yo) va ban kinh R (h. 75).

Piém M(x ; y) thuoc d Ong tron (¢ )khi va chi
khi IM = R, hay la

[ (=30 + (v — yp)° = R ] )

Ta goi ph ong trinh (1) 1a ph ong trinh cua Hinh 75
d ong tron (€).

), 1
J&Cho hai diém P(-2 ; 3) va 02 ; -3).
a) Hay viét ph ang trinh d &ng tron tam P va di qua Q.

b) Hay viét ph ong trinh @ dng tron d &ng kinh PQ.

2. Nhan dang ph ong trinh d dng tron
Bién do6i ph ong trinh (1) vé dang
2,2 2 .2 p2
X"+ Yy = 2xpx = 2ygy + x5 +yg— R =0,
ta thdy mdi d ong tron trong mat phang toa do déu c6 ph ong trinh dang
4+ 92+ 2ax + 2by + ¢ = 0. 2)

Ng oc lai, phai chang méi ph ong trinh dang (2) véi a, b, ¢ tuy y, déu la
ph ong trinh cia mot d ong tron ?

Ta bién déi ph ong trinh (2) vé dang
(x+a) +@+bY’=d+b—c.
Néu goi 7 12 diém c6 toa do (—a ; —b), con (x ; y) 1a toa do clia diém M thi

v€ trdi ctia dang thiic trén chinh Ia IM*. Bai vay ta di dén két luan
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Ph ong trinh P y2 + 2ax + 2by + ¢ = 0, voi diéu kién

@+ b > ¢, la ph ong trinh cua d ong tron tdm I(—a ; —b),

bdn kinh R = \Na* + b* — c.

2
]% Khi a® + b* < ¢, hay tim tap hop cac diém M cb toa d6 (x ; y) thod man ph ong trinh (2).

Trong cdac ph ong trinh sau, ph ong trinh nao la ph ong trinh d ong tron ?
) +y —0,14x+5V2y-7=0;  b)3x>+3y> +2003x - 17y=0;
)X+ —2x—6y+103=0; D +2y -2k +5y+2=0;
e)x2+y2—2xy+3x—5y—1:0.

Vi du. Viét ph ong trinh d ong tron di qua ba diém M(1 ; 2), N(5 ; 2)
va P(1; =3).

Gidi. Goi I(x ; y) va R 1a tam va ban kinh ctia d ong tron di qua ba diém
M, N, P.

Tir diéu kién IM = IN = IP ta c6 hé ph ong trinh
{(x—l)z +( =27 = (=57 +(y - 2)°
-2+ -2 =(x-D>+(y+3)>%
Dé dang tim d oc nghiém cuahélax=3;y=-0,5. Vay/=(3;-0,5).
Khi d6 R* = IM* = 10,25. Ph ong trinh d dng tron cdn tim 1a
(x—3)* + (v + 0,57 = 10,25.
Cé6 thé gidi bai todn bdng cdch khdc.
Gia st ph ong trinh d ong tron c6 dang
x2+y2+2ax+2by+c:O.
Do M, N, P thuoc d dng tron nén ta c6 hé ph ong trinh v6i ba 4n s6 a, b, ¢
542a+4b+c =0 1

29+10a+4b+c=0 (29
10+2a-6b+c=0. (3"
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3.

Ph

Tu (1') va (2') suy ra 24 + 8a =0, do d6 a = — 3. Tu (1') va (3') suy ra
-5+ 10b=0,do d6 b=0,5. Thay a va b vira tim d oc vao (1') ta c6

c=-5+6-2=—1.

Vay ph ong trinh d ong tron can tim la P y2 —-6x+y—-1=0.

ong trinh tiép tuyén cia d dng tron
Bai toan 1. Viét ph ong trinh tiép tuyén cua d ong tron
(@) : + 1)+ -2)7=5,

biét réing tiép tuyén dé di qua diem M(J5 —1; 1) .

Gidi. D ong tron (€) c6 tam I(~1 ; 2) va ban kinh R= /5 .
b ong thang A di qua M c6 ph ong trinh

ax =5+ D)+ by —1) = 0 (véid* + b = 0).
Khoang cich tir I(—1 ; 2) t6i d ong thang A 1a
la(-1 =5+ 1)+ b2 - 1| _|-5a+ )

\/a2+b2 _\/a2+b2 .

Dé A 1a ti€p tuyén ctia d Ong tron, diéu kién cdn va du la khoang cdch
d(I ; A) bang bén kinh ctia d ong tron, tic 1a

dl ; A) =

|—\/§d+b| _J5
Va® + b?
hay |—\5a + b| = V542 + 5p% .
Tit 6 b(2b + J5a) =0, suy ra b = 0 hodc 2b + /5 a = 0.
Néu b =0, tac6 thé chona=1vad oc tiép tuyén
A :ix—=~5+1=0.
Néu 2b + +/5a =0, ta c6 thé chQna:Z,b:—x/g va d oc tiép tuyén
Ay :2x—~5y+2-+/5=0.
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Dé viét ph ong trinh tiép tuyén ctia d Ong tron, ta th Ong dung diéu kién sau
D ong thdng tiép xiic voi d ong tron khi va chi khi khodng cdch tir tam
d ong tron dén d ong thdang bdng bdn kinh ciia d ong tron.
Tuy nhién, dé viét ph ong trinh tiép tuyén ctia d Ong tron tai diém M cho
tr &c thudc d ong tron, ta ¢ cach giai don gian hon.
Bai toan 2. Cho d ong tron

X2 +y2 -2x+4y-20=0
va diem M(4 ; 2).
a) Chiing tJ rang diém M nam trén d ong tron dd cho.
b) Viét ph ong trinh tiép tuyén ciia d ong tron tai diém M.

Gidi. (h. 76)

a) Thay toa do (4 ; 2) cua M vao v€ trdi cua

ph ong trinh @ ong tron, ta d oc /%M\
1y /)

42 122 _24442-20=0. 0
-2

Vay M nam trén d ong tron.

b) b ong tron c6 tam I = (1 ; -2). Ti€p tuyén clia
d ong tron tai M 1a d ong thang di qua M va

Hinh 76

nhan MI 1am vecto phép tuyén.

Vi MI = (-3 ;-4) nén ph ong trinh cua tiép tuyén la
Bx—4) —4(y-2)=0

hay 3x+4y-20=0.

3
ﬁVié’t ph dng trinh d dng th&ng di qua goc toa d6 va tiép xtc véi d dng tron
(%):x2+y2—3x+y=0.

%4
Viét ph ang trinh ti€p tuyén ctia d dng tron (x — 2)? + (y + 3)2 =1, biét tiép tuyén
d6 song song véi d ong thdng A: 3x —y +2=0.
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21.

22.

23.

24.
25.

26.

Céu héi va bdi tép
Cho ph ong trinh
Ceyaprtr(p-1y=0. (1)
Hoi trong cdc ménh dé sau, ménh dé nao ding ?
a) (1) 1a ph ong trinh cia mot d& ong tron.
b) (1) 1a ph ong trinh cia mot d ong tron di qua goc toa do.

¢) (1) 1a ph ong trinh cia mot d ong tron cé tam J(p ; p — 1).

d) (1) 1a ph ong trinh ctia d dng tron cé tam J(—g - pT_lj va ban kinh

R= %szz —2p +1.

Viét ph ong trinh @ ong tron (¢) trong mdi tr dng hop sau

a) (‘¢) c6 tam I(1 ; 3) va di qua difm A(3; 1) ;

b) (€¢) c6 tam I(=2 ; 0) va tiép xiic v6i d ong thing A : 2x +y — 1 =0.
Tim tam va ban kinh cua d Ong tron cho bdi moi ph ong trinh sau

A X 4y —2x—2y-2=0;

b)x2+y2—4x—6y+2:O;

c)2x2+2y2—5x—4y+1 +m”=0.

Viét ph ong trinh d Ong tron di qua ba diém M(1 ; -2), N(1; 2), P(5; 2).

a) Viét ph ong trinh d Ong tron ti€p xidc véi hai truc toa do va di qua diém
2; 1.

b) Viét ph ong trinh d ong tron di qua hai diém (1 ; 1), (1 ; 4) va tiép xiic
véi truc Ox.

Tim toa do céc giao diém clia d ong thing

x=1+2¢
A
y=-2+t

vad ongtron (€): (x —1)* + (y - 2)% = 16.
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27. Viét ph ong trinh ti€p tuyén clia d ong tron P y2 =4 trong moéi tr ong
hop sau

a) Tiép tuyén song song v6i d ong thang 3x —y +17=0;
b) Tiép tuyén vuong géc véi d ong thing x +2y —5=0;
c) Tiép tuyén di qua diém (2 ; -2).
28. Xétvitrit ong doi clia d ong thing A va d ong tron (‘€) sau day
A:3x+y+m=0,
(€): > +y* —dx+2y+1=0.
29. Tim toa do céc giao di€ém clia hai d Ong tron sau day
(€): X" +y* +2x+2y—1=0,

(%'):x2+y2—2x+2y—7:0.

§ PUCONG ELIP

b ong elip lIa mot d ong quen thudc véi chiing ta va th ong gap trong
thuc t&, chang han :

— Béng ctia mot d ong tron in trén mat dat bang phang d 6i 4nh sdng mat
troi th ong la mot d ong elip (h. 77).

Hinh 77 Hinh 78
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— Ta d6 mot it n 6c mau vao mot coc thuy
tinh hinh tru. Néu dat ding coc n 6c¢ trén mat
ban nam ngang thi mat thodng cta n dc¢ trong
coc 1la mot hinh tron, giéi han bdi mot d ong
tron. Néu ta nghiéng coc n 6c di thi mat
thoang cua n &¢ d gc gidi han bdi mot d ong
elip (h. 78).

— Quy dao cua Trai Dat khi quay quanh Mat Hinh 79

Troi la mot d ong elip. Cac nha thién van hoc

da ph4t hién ra ring, trong hé Mat Troi, m6i hanh tinh déu chuyén dong
theo mot quy dao la d ong elip (h. 79).

1. Pinh nghia d dng elip

]%1 (V& d ong elip)

Em hay déng Ién mat mét bang gb hai chiéc dinh tai
hai diém F, va F, (h. 80).
Lay mot vong day kin khéng dan héi, c6 do dai 16n hon
hai 1an khodng cach F|F,. Quang sgi day vao hai
chiéc dinh, dat dau but chi vao trong vong day rdi cang
ra dé vong day trd thanh moét tam giac. Hay di chuyén
dau bat chi sao cho day ludn luén cang va ap sat mat
g6. Khi d6 dau but chi s& vach ra moét & dng ma ta goi
la d ang elip.

Hinh 80

Trong cdch vé d ong elip o trén, goi vi tri dau biit chi la M. Khi M thay

doi, c6 nhdn xét gi vé chu vi tam gidgc MFF,, va vé tong MF | + MF, ?

DINH NGHIA

Cho hai diém c6 dinh F| va F,, véi F1F,=2c¢ (¢ > 0).
D ong elip (con goi la elip) la tdp hop cdc diém M sao cho
MF{+ MF, =2a, trong dé a la s6 cho tr dc lon hon c.

Hai diém F va F, goi la cdc tiéu diém cuia elip. Khodng cdch

2c d oc goi la tiéu cu cua elip.
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2. Ph

Voi cach chon hé truc toa do nh vdy, hdy cho

%

98

ong trinh chinh tic cua elip

Cho elip (E) nh trong dinh nghia trén. Ta chon hé YA Y
truc toa do Oxy c6 goc 1 trung diém ctia doan thang /‘ 7\
F1F5. Truc Oy la d ong trung truc cua F(F, va F,

nim trén tia Ox (h. 81). K0 /F/ x

. A Lo g N Hinh 81
biét toa d¢ cua hai tiéu diéem Fyva F,. "

2
Gia sit diém M(x ; y) ndm trén elip (E). Hay tinh MF? — MF} r6i st dung dinh
nghia MF, + MF, = 2a dé tinh MF, — MF,. Tu d6 suy ra
ME =a+< v ME =a-
a a
Céc doan thang MF, MF, d oc goi la ban kinh qua tiéu cia diém M.

Bay gio ta lap ph ong trinh cua elip (E) d6i v6i hé truc toa do da chon
nh trén.

Ta co
cx ex
MF =a+— = ()c+c)2+y2 hay(a+—) =(x+c)2+y2.
a a
2
Rit gon diang thic trén ta d oc 1——2 x2+y2 =a’-¢? , hay
a
X2 y? 2 2 . 2 2 .2
— t = =1.Via —c¢">0néntacodthe data” —c" =b" (v6i b > 0)
a a” —c
vad oc
2 2
Z+i=1 @>b>0. (1)
a b

Ng oc lai, c6 thé chitng minh d oc ring : Néu diém M c6 toa do (x ; y)
thod man (1) thi ME, = a + =, MF, = a—--> ,do d6 MF,+ MF, = 2a, tic
a a

la M thuoc elip (E).
Ph ong trinh (1) goi 1a ph ong trinh chinh tdc cla elip da cho.



Vi du 1. Cho ba diém F1(—/5 ; 0), Fy(\/5 ; 0) va I(0 ; 3).
a) Hay viét ph ong trinh chinh tdc cua elip c6 tiéu diém la F,, F, va di qua I.

b) Khi M chay trén elip dé, khodng cdch MF| cé gid tri nho nhdt va gid tri
[6n nhdt bang bao nhiéu ?
Gidi

X2 2
a) Elip c6 ph ong trinh chinh tac — + y—z = 1. Diém /(0 ; 3) ndm trén elip

a b

2 2
da cho nén —+t—== 1, suy ra b~ = 9. Theo gia thiét, tiéu cu cua elip do
a b

1a2c=FFy=25.Vayc=+5.Dodéa’ =b* +c*=9+5= 14.

2 2

Vay elip can tim ¢6 ph ong trinh chinh tac Ia )16—4 + 2 =1,

9

b) Theo cong thiic vé do dai ban kinh qua tiéu, ta c6 MF| = a + < wn
a

ca ca .
—a<x<anéna-—<MF <a+— hay a-—c<MF <a+c Do do
a a

MF | c6 gia tri nhd nhét 1a @ — ¢ = 14 — /5 khi x = — a va c6 gid tri 16n
nhat 1a a + ¢ = V14 + /5 khix = a.

Vi du 2. Viét ph ong trinh chinh tdc cia elip di qua hai diém M(0 ; 1) va

(15

1; 7} Xdc dinh toa do cdc tiéu diém ciia elip do.

2 2

Gidi. Ph ong trinh chinh tac cua elip ¢6 dang 22 —1véi asb>o0.

az b2
NE)

Elip di qua M(0 ; 1) nén iz =1 hay b* = 1. Elip d6 di qua N(l;Tj
b

A

nén Lz + % =1, suy ra a® = 4. Vay elip can tim ¢ ph ong trinh chinh
a 4b

tac 12

2

N 2
CR. AR
4 1
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Tacod ¢ =a’> —b> =4 —1=3. Vay toa do cdc tiéu diém ctia elip d6 1a

F=-V3:0vak =(3:0.

3. Hinh dang cua elip
a) Tinh déi xing cua elip
Cho elip ¢6 ph ong trinh (1) va mét diém M(xg ; yo) nam trén elip. Hoi
cdc diém sau ddy cé ndm trén elip khong ?
My (=g 5 o), Ma(xg 5 =yo), M3(—xg 3 =Yo)-
Tu do suy ra
Elip co ph ong trinh (1) nhdn cdc truc toa dé lam cdc truc
doi xiing va goc toa do lam tam doi xiing.
b) Hinh chit nhat co so
Elip v6i ph ong trinh chinh tic (1), cét truc Ox tai hai diém A va A,, cit
truc Oy tai hai di€ém B; va B,. Bon diém d6 goi 1a cdc dinh cla elip. Truc
Ox d oc goi la truc lon, truc Oy d@ oc goi la truc bé (hay truc nho). Ng i
ta cling goi doan A;A, la truc 16n, i
doan BB, la truc bé. Do dai truc
16n 1a 2a, do dai truc bé 1a 2b. P B b 0

V& qua A| va A, hai d Ong thing /
Al Ay

song song VOl truc tung, vé€ qua B

—a 0 a ;
va B, hai d ong thing song song
v6i truc hoanh. Bon d ong thing Iy i T
dé tao thanh hinh chit nhat PORS. ‘
Ta goi hinh chit nhat d6 1a hinh
Hinh 82

chit nhdt co so cua elip (h. 82).

Néu xét diém M(x ; y) ndam trén elip cé ph ong trinh chinh tac (1) thi gid
tri nho nhdt va lon nhdt ciia x la bao nhiéu ? Gid tri nho nhdt va lon nhdt
cua y la bao nhiéu ?

Tu do suy ra
Moi diém ciia elip néu khong phdi la dinh déu nam trong hinh chir
nhdt co sé cua né. Bon dinh cua elip la trung diém cdc canh ciia
hinh chit nhdt co so.
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¢) Tam sai cuaa elip
T1 50 giita tiéu cw va do dai truc lon cuia elip goi la tdm sai

? . \ z A \ e \ C‘
cua elip va d oc ki hiéu la e, titc la e = —.
a

2 2
~ N - b a —c
Rorangla0<e < 1. Hon nita, do — = —— =4/1 — % neén
a a

— Néu tam sai e cang bé (tic 1a cang gan 0)
thi b cang gan a va hinh chit nhat co s&
cang gan v6i hinh vuong, do d6 d ong elip
cang "béo" ;

— Néu tam sai e cang 16n (tdc 1a cang gan 1) thi

, oD S _ )
ti sO — cang gan t61 0 va hinh chit nhat co so
a

Hinh 83

cang "det", do d6 d ong elip cang "gay" (h. 83).

Vi du 3. Mot d ong hdm xuyén qua niii ¢é chiéu réong la 20 m, mdt cdt
ditng ciia d ong ham cé dang niia elip nh  hinh 84. Biét rdang tam sai ciia
d ong elip la e = 0,5. Hdy tim chiéu cao ciia d ong ham do.

Gidi. Goi chiéu cao cta d dong ham 1a b. J’T

Nira truc 16n cua elip 1a a = 10 m. Elip ¢6 2
ntra tiéu cu 1a ¢ = a.e = 5 (m). :

it

Chiéu cao ctia ham 1a

b=va*-c* ~100-25 ~ 8,7 (m). o

Hinh 84

=

d) Elip va phép cod ong tron

Bai toan. Trong mdt phdng toa do, cho d ong tron (€) cé ph ong trinh

2

X erz:a2

va mot s6'k (0 < k < 1). Véi méi diém M(x ; y) trén (‘€), ldy
diém M'(x"; y") sao cho x" = xva y' = ky. Tim tdp hop cdc diém M’.

Gidi. Th x'=x,y ' =kysuyrax=x",y = y? Piém M thuoc d ong tron (€)

khi va chi khi x* + y* = a2, tifc la
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30.

102

2 2 2 y
x'2+y—2=a2c>—2+ Y 2:1 G) M(x;y)
k a (ka) ) wd)
Dit b = ka, ta d oc tap hop céc diém M’ 1a 2
elip (E) ¢6 ph ong trinh chinh tac 0 : -
X2 y2
— + ) =1.
a b

Ng 0i ta ndi : Phép co vé truc hoanh theo hé
s6 k bién d ong tron (¢) thanh elip (E).

Hinh 85. Phép co vé truc
hoanh theo hé s6 k =% bién

d ong tron (€) thanh elip (E).

Em co6 biét ?

Nha thién van hoc ng di Blic Ké-ple (J. Kepler) da chiing minh rang : M6i hanh

tinh trong hé Mat Troi déu chuyén déng theo quy dao la mét d dng elip ma tdm

Mat Troi la mot tiéu dié’m.

 Tam sai cla cac quy dao clia 8 hanh tinh da quen thudc
trong hé Mat Troi nh  sau :

Sao Kim: e~0,0068 TraiDat: e ~0,0167
Sao Méc: e=~0,0484 SaoHaiV ong: e~0,0082
Sao Thuy : e ~0,2056 Sao ThiénV adng : e ~ 0,0460
Sao Th8: e ~0,0543

Sao Hod : e ~0,0934.

Trong cac hanh tinh trén thi Sao Kim, Trai Pat va Sao

(1571 - 1630) Hai V ong c6 quy dao gan giéng d dng tron hon.
Ngoai ra, ching ta cling biét rang Mat Trang quay quanh Trai D4t theo quy dao
la mot & dng elip ma tam Trai Dat 1a mét tiéu diém. Tam sai cla quy dao nay la
e ~ 0,0549.

Céu hdi va bai tap

2 2
Cho elip (E) ¢6 ph ong trinh chinh tic x_2 + y_2 = 1. Hoi trong cac ménh
a b

dé sau, ménh dé nao ding ?



31.

32.

33.

34.

3S.

a) Tiéu cu cua (E) la 2c¢, trong d6 ? =a* - b2,

b) (E) ¢6 do dai truc 16n bang 2a, do dai truc bé bang 2b.

PN . C
¢) (E) c6 tam sai e = ——.
a

d) Toa do céc tiéu diém cua (E) 1a K =(c;0), F, =(c;0).
e) biém (b ; 0) 1a mot dinh ctia (E).

Tim toa do cac tiéu diém, cac dinh, do dai truc 16n, do dai truc bé clia moi
elip c6 ph ong trinh sau
2 2 2 2

a)’z‘—5+y—=1; b+ =1 ) x> +4y? = 4.

4 9 4
Viét ph ong trinh chinh tic cta d ong elip (E) trong mdi tr dng hop sau

a) (E) c6 do dai truc 16n bang 8 va tam sai e = - ;

b) (E) ¢6 do dai truc bé bang 8 va tiéu cu bang 4 ;

¢) (E) c6 mot tiéu diém 1a FG3 ;0)vadi qua diém M(l ; g]

2
X

2

. Y
Choelip(E): — +—=1.

p (E) o T 1
a) Tinh do dai day cung clia (E) di qua mot tiéu diém va vuong goc véi truc
tieu (doan thang noi hai diém cua elip goi 1a ddy cung cta elip, truc chita
céc tieu di€ém goi 12 truc tiéu cha elip).
b) Tim trén (E) diém M sao cho MF| = 2MF,, trong d6 F, F, lan 1 ot 1a
cdc tieu di€ém clia (E) ndm bén trdi va bén phai truc tung.
V¢ tinh nhan tao diu tién d gc Lién X6 (cii) phong tir Trai Dat nam 1957.
Quy dao ctia vé tinh d6 1a mot d ong elip nhan tam cta Trai Pat 1a mot
tieu diém. Ng 0i ta do d gc vé tinh cdch bé mat Trdi D4t gan nhat 1a
583 dam va xa nhat 1a 1342 dam (1 dam =~ 1,609 km). Tim tam sai ciia quy
dao d6 biét ban kinh cua Trai Dat xap xi 4000 dam.
Trong mat phang toa do Oxy, cho diém A chay trén truc Ox, diém B chay
trén truc Oy nh ng do dai doan AB bing a khong doi. Tim tap hop céc
diém M thuoc doan AB sao cho MB = 2MA.
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PUGCGNG HYPEBOL

D ong hypebol ciing 1a mot d dong quen thudc déi véi chiing ta, chang han
— Do thi cua ham s6 y = — lamot d ong hypebol (h. 86a) ;

X
— Quan sdt vung sang hat 1én biic t ong tir mot dén ban ; viing sdng nay
c6 hai mang, mdéi mang d ¢gc gidi han bdi mot phan cia mot d ong
hypepol (h. 86b).

VA

a) b)
Hinh 86

1. DPinh nghia d &ng hypepol

DINH NGHIA

Cho hai diém co dinh F|, F, c6 M
khoang cach F\F, =2c (¢ >0). D ong
hypebol (con goi la hypebol) la tdp hop
cdc diém M sao cho |MFl — MF2| = 2a,
trong dé a la sé'd ong cho tr dc nho

hon ¢ (h. 87).

. g0 C s en .2 Hinh 87
Hai diéem F,, F, goi la cdc tiéu diém

cua hypebol. Khodng cdch FF,=2c goi la tiéu cw cua hypebol.
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C6 thé vé hypebol nh sau (h. 88) : LAy mét th &c thAng c6 mép AB va moét sdi day
khong dan hai c6 chiéu dai / nhé hon chiéu dai ABcla th 6cval> AB — F(F,. Béng
hai chiéc dinh Ién mat mét bang gb tai £}, F,. Dinh mot dau day vao diém A va dau
day kia vao F,. Dat th ¢ sao cho diém Btrung véi F; va 18y dau but chi ti sat sgi
day vao th dc thang sao cho sgi day ludn bj cang réi cho th 8¢ quay quanh F, mép

th &c ludn ap sat mat gb. Khi d6, dau but chi C sé vach nén mét d dng cong. Ta sé
chiing t& d dng cong d6 |a mét phan clia d dng hypebol. That vay, ta cd

CF, —CF, =(CF; +CA) — (CF, + CA) = AB —1 khong déi.

Hinh 88

2. Ph ong trinh chinh tic ctia hypebol
Cho hypebol (H) nh trong dinh nghia trén.
Ta chon hé truc toa do Oxy c6 goc la trung
diém cta doan thang FF,, truc Oy la d ong
trung tryc cta FF, va F, nam trén tia Ox.

Khidé Fy =(-c;0), F, =(c;0) (h. 89).

]%1 Hinh 89
Gia sit diém M(x ; y) n&m trén hypebol (H). Hay tinh bidu thirc MF? — MF} va sk
dung gia thiét |MFI — MF2| =2a désuyra

cX
a__
a

MEF, =|a + <] va MF, =

Céc doan thing MF,, MF, d ¢c goi 1a bdn kinh qua tiéu cia diém M.
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3. Hin

%

106

Bay gio ta s€ 1ap ph ong trinh cua hypebol (H) d6i v6i hé toa do da chon.
Ta c6

MF, = \/(x+c)2 er2 =

a

a+g| hay (x+c)2+y2 :(a+ﬂj .
a

2
p 2 p A c
Rit gon dang thic trén ta d oc [1——2]x2+y2 =a® - ? hay
a
X2 y2 2 2 2 2 2
5+t 2=1.Chli}’/r'§1nga —c¢"<0Onéntacothé dita” —c" =-b

a a —cC

hay b” = > — a®> (v6i b > 0), vata d oc

2 2
x—z—y—2=1(a>0,b>0). (1)
a b

Ng oc lai, c6 thé chitng minh d o¢c ring : Néu diém M c6 toa do (x ; y) thoa

man (1) thi MF, = |a + |, MF, = |a — | va do d6 |MF, - MB| = 2a, tic

1a M thuoc hypebol (H).

Ph ong trinh (1) & ¢c goi 1a ph ong trinh chinh tdc cia hypebol.

h dang cta hypebol

2

Tu ph ong trinh chinh tc (1) cGa hypebol, hay giai thich vi sao né cé cac tinh
chat sau

a) Goc toa do O l1a tam d6i xing cla hypebol. Ox, Oy la hai truc d6i ximg clia hypebol.
b) Hypebol cét truc Ox tai hai diém va khong cét truc Oy.

Ngoai ra, doi v6i hypebol ¢6 ph ong trinh chinh tic (1), ta con c6 cdc
khai niém sau day

Truc Ox (chita hai tieu diém) goi 1a truc thue, truc Oy goi 1a truc do cia
hypebol. Hai giao diém clia hypebol vé6i truc Ox goi 1a hai dinh cta hypebol.
Ng 0i ta cling goi doan thing ndi hai dinh ctia hypebol 1a truc thuc. Khoang
cach 2a giita hai dinh goi 1a dé dai truc thuc, 2b goi 1a do dai truc do.



Hypebol gém hai phan ndm hai bén truc 4o, mdi phan goi 1a mot nhanh
cua hypebol.

Ta ciling goi, giong nh Vi elip, ti s6 giita tiéu cu va do dai truc thuc la

. o PN . 4x C PR A £
tam sai cua hypebol, ki hiéu 1a e, tiic la — = e. Chi y rang ta luon c6 e > 1.
a

Vi du. Cho hypebol (H) :

9 4
Xdc dinh toa do cdc dinh, cdc tiéu diém va tinh tdm sai, do dai truc thuc,
do dai truc do cua (H).

Gidi. Hypebol (H) c6 a> =9, b =4néna=3,b=2,c> =d" + b° = 13,
¢ =13 . Vay hypebol (H) c6 céc tieu diém F = (—/13 ; 0), F, =(+/13 ; 0);

J13

cac dinh A; = (-3 ; 0), A, = (3; 0); tam sai e :T ; do dai truc thuc

2a = 6 ; do dai truc ao 2b =4.

Hinh chit nhat tao béi cdc d ong thang x = + q,
y = £ b goi 1a hinh chit nhdt co sé clta hypebol
c6 ph ong trinh (1) (h. 90). Hai d ong thang
chtra hai @ ong chéo ctia hinh chit nhat co s& goi
la hai d ong tiém cdn cua hypebol. Ph ong trinh
hai d ong tiém can do6 la

y=4%

3
2 )
1

Cho hypebol (H) : T

X.

b
a Hinh 90

= 1. Lay diém M(x, ; yo) trén (H) v6i xy > 0, y, > 0.

4

bdng ———.
J5(x0 + 2y0)

Chimg t6 réng khodng cach ti M dén d dng tiém can y = %

Nhan xét gi vé khodng cach d6 khi x tang dan ?

Nh vay, khi diém M trén hypebol cang xa goc toa do thi khoang cach tir
diém d6 dén mot trong hai d ong tiém can cang nho di, diéu do ciing cé
nghia 1a diém M ngay cang gin sit d ong tiém can do (diéu nay gii thich

y nghia cta tir "tiém can").
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Em co6 biét ?

Hai & ong tron khéong déng tam (O ; R) va (O’ ; R") c6 diém chung M thi hién nhién
MO — MO’| =R - R, nén khi gilt O, 0’ ¢6 dinh va cho R, R’ thay d&i sao cho
IR — Rl = 2a khéng d&i (a > 0) thi cac giao diém M cling nam trén mét hypebol véi
tieu diémla 0 va 0"

Hinh 91 minh hoa nhiing hypebol nh thé vGi cac gia tri khac nhau cla a.

2S5 Q
SIS S
ode ‘\vg%%k%

S VAVA‘“‘

)

Se
LRSS

K ANEORKRKOAA
RSN
e
2/ \S |/
W)
SRR
A S RLLIXRIT]

‘ Q ) %
RO SS 2R
O 0.,‘%,1»( </

Hinh 91

Céu hdi va bai tap
xZ 2
36. Cho hypebol (H) c6 ph ong trinh chinh tic = _y_2 =1. Hoi trong cac
a b
ménh dé sau, ménh dé nao ding ?

a) Tiéu cu cua (H) l1a 2¢, trong d6 c=a+ b
b) (H) ¢6 do dai truc thuc bang 2a, do dai truc ao bang 2b.

c¢) Ph ong trinh hai d ong tiém can cta (H)1la y = £—x.

a
b
d) Tam sai cha (H) 1a e = < > 1.

a
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37.

38.

39.

40.

41.

Tim toa do céc tiéu diém, cdc dinh ; do dai truc thuc, truc 4o va ph ong
trinh cdc @ ong tiém can ciia mdi hypebol c6 ph ong trinh sau
s )’2 s )’2 2 2
Q) ——>—=1; by ——=—=1; c) x“ —9y° =0,
" 9 16 ) g

Cho d ong tron (¢) tam Fy, ban kinh R va mot diém F, & ngoai (€).

Chiting minh rang tap hop tam cdc d ong tron di qua F,, tiép xiic v6i (€) 1a
mot d ong hypebol. Viét ph ong trinh chinh tac clia hypebol do.

Viét ph ong trinh chinh tic cta hypebol (H) trong mdi tr dng hop sau

a) (H) c6 mot tieu diém 1a (5 ; 0) va do dai truc thuc bing 8 ;

. . . 2
b) (H) c6 tiéu cu bang 243 ,motd ongtiémcanla y = Ex ;

¢) (H) c6 tam sai e = /5 va di qua diém (\/ﬁ 6).

Chiing minh ring tich cdc khoang cdch tir mot diém bat ki thudc hypebol
dén hai d Ong tiém can clia n6 1a mot s6 khong déi.

Trong mat phing toa do cho hai diém Fl(—\/_; ~J2) va Fz(\/i; J2).

P . N ez aes N NP . 1
Chiing minh rang véi moi diém M(x ; y) nam trén do thi ham s6 y = —, ta
X

déu co

2 2
MF12=(x+l+\/§j ; MF22=[x+l—\/§j.
X

X

Tu do suy ra |MFl - MF2| = 24/2.

PUCONG PARABOL

Trong thuc té ta cling th ong gap d ong parabol, chang han :
— D6 thi clia ham s6 y —ax® + bx+c (v6ia#0)lamotd ong parabol ;

— Céc tia n Gc phun ra tir voi phun n &c (th ong gap & cac v on hoa hay
khi t 6i cay) la nhitng d Ong parabol ;

— D ong di cta vién dan dai bac 1a mot d ong parabol.
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1. DPinh nghia d &ng parabol

Cho mot diém F co dinh va mot d ong

thang A c6 dinh khong di qua F. Tdp hop M

cdac diém M cdch déu F va A d oc goi la

d ong parabol (hay parabol) (h. 92). F
Piém F d oc goi la tiéu diém ciia parabol.

D ong thing A d oc goi la d ong chudn A

cua parabol. Hinh 92
Khodng cach te F dén A d oc goi la tham so tiéu cuia parabol.

Ta c6 thé vé parabol véi tieu diém F
va d dng chudn A nh sau (h. 93) :
Lay mét éke ABC (vudng 8 A) va mot
doan day khéng dan héi, c6 dé dai
bang AB. Binh mét dau day vao diém
F, dau kia vao dinh B cla éke. Dat
éke sao cho canh AC nam trén A, 1y
dau buat chi ép sat sgi day vao canh
AB va gili cang sgi day roi cho canh
AC clia éke tr gt trén A. Khi d6 dau
M cla but chi sé vach nén mét phan
clia parabol (vi ta luén c6 MF = MA).

Day

Hinh 93

2. Ph ong trinh chinh tic cta parabol

Cho parabol véi tiéu diém F va d ong chuén A. yA

K& FP vuong géc véi A (P € A). bat FP = p (tham
sO tiéu). Ta chon hé truc toa do Oxy sao cho O la
trung diém cha FP va diém F nam trén tia Ox (h. 94).

M(x;y)

PIONFEZ .0 *
Nh vay ta céF=(£;Oj,P=(—£;O) va ph ong
’ 2 2 -

trinh ctia d ong thing A 1a x + g =0.Diém M(x ; y) Hinh 94

nam trén parabol da cho khi va chi khi khoang cach MF bang khoang cach
tr M t6i A, tic 1a
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X+ =

D
2

-]

Binh ph ong hai vé€ clia dang thic dé réi rit gon , ta d oc

[ ¥2 =2px (p>0). ] ()

Ph ong trinh (1) goi 1a ph ong trinh chinh tac cua parabol.

Ttr ph ong trinh chinh tc cla parabol, hdy ching t6 nhitng tinh chat sau day
/V:'\ cla parabol
a) Parabol nam vé bén phai cla truc tung.
b) Ox la truc déi xumg cla parabol.
c) Parabol cat truc Ox tai diém O va d6 ciing 1a diém duy nhéat ctia Oy thudc
parabol. Géc toa d6 O d dc goi la dinh cta parabol.

Vi du. Viét ph ong trinh chinh tdc ciia parabol di qua diém M(2 ; 5).
Gidi. Ph ong trinh chinh tac cta parabol c¢6 dang y2 = 2px. Thay toa do cla
2
M vao ph ong trinh ta d gc 25 = 2.p.2, suy ra p = 75 Tu do ta d oc
N P ~ .2 25
ph ong trinh chinh tac cua parabol da cho 1a y™ = 7)(.
CHU Y
mon Dai s6, ching ta da goi do thi clia ham s6 bac hai
y= ax® + bx + ¢

lamotd ong parabol.

S6 di ta goi nh  thé vi d6 thi d6 ciing thoa mén 74
dinh nghia ctia d Ong parabol ma ta vira trinh
bay & trén.
2 A L s - 2 . y = ax?
Chang han, do thi ham s6 y = ax” (a # 0) la M
: 1 F
parabol c6 tiéu diém F(O ; —) va d ong 0 >
4a 77
1 A
chuédn A c6 ph ong trinh y + — = 0 (h. 95).
4a Hinh 95
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Cau héi va bai tép
42. Trong cdc ménh dé sau, ménh d¢ nao ding ?
a) y2 = —2x1a ph ong trinh chinh tac clia parabol.
b)y= “la ph ong trinh chinh tac clia parabol.
c¢) Parabol (P) : y2 = 2x c6 tiéu diém F(0,5 ; 0) va c6 d ong chudn
A:x+0,5=0.
d) Parabol y2 = 2px (p > 0) c6 tieu diém F(p ; 0) va c6 d ong chuin
A:x+p=0.
43. Viét ph ong trinh chinh tic ctia parabol (P) trong mdi tr dong hop sau
a) (P) cé tieu diém F(3;0) ;
b) (P) di qua diém M(1 ; -1) ;

¢) (P) c6 tham s6 tieu 1 p = %

44. Cho parabol y2 = 2px. Tim d6 dai day cung cua parabol vuong goc véi truc
déi xitng tai tieu diém ctia parabol (day cung ctia parabol 13 doan thing néi
hai diém ctia parabol).

45. Cho day cung AB di qua tiéu diém cla parabol (P). Chiing minh ring
khodng céch tir trung diém I cia day AB dén d ong chudn cta (P) bang

1 .
EAB. Tir d6 c6 nhan xét gi vé d ong tron d ong kinh AB ?

46. Trong mat phing toa do Oxy cho diém F(1 ; —2). Tim hé thifc giita x, y dé
diém M(x ; y) cdch déu diém F va truc hoanh.

BA PUONG CONIC

Khong phai chi parabol méi c6 d ong chuin, d 6i day chiing ta s& thay ring
elip va hypebol ciing c6 d dng chuin. T ong tu dinh nghia cha parabol, ta
ciing c6 thé dinh nghia elip va hypebol dua vao d dng chuin va tiéu di€ém
cta chung.
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1. D 8ng chuan cua elip

2 2
Cho elip c6 ph ong trinh chinh tic —+2- =1 (a > b > 0). Khi d6 d ong
a b
2 . a N N 2 YA
thang Ay : x +— =0 goi la d ong chudn
e

cua elip, tng véi tiéu diém F{(—c; 0) ;

/ R,
D ong thiang A, : x —£=Ogoi A —7 Q £
e
d ong chudn cla elip, ting véi tiéu diém
Fa(c ; 0) (h. 96).

\

A A,

NS
=Y

Hinh 96
Tinh chat

Vi moi diém M cua elip, ta luon cé
MHK _ MF, B
d(M; A d(M; Ay)

e (e<1).

Chitng minh
Véi M(x ; y) thuoc elip, ta c6

: a+ex +
MF,:a+ix:a+exvéd(M;A1):x+£:| |:a ex.
a e e e
ME,
Suyra —1 — =¢
d(M; Ay)
MEF:
Ching minh t ong tu ta cling c6 —2 -
d(M; Ay)
YA

2. D &ng chuan cla hypebol

Ta ciing dinh nghia d ong chudn ciia hypebol v
t ong tu nh doi véi elip (h. 97). Cho hypebol

RN

2 2 F 0] Fy x
(H) c6 ph ong trinh x—z—y—zz 1. Cac d ong / ’
a b
hz a N a i 13 Al Ly
tangAl.x+z—0vaA2.x—;—0g01a T
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cidc d ong chudn cta (H) 1an 1 ot Gng véi cic tieu diém F(—c ; 0) va
F2(C 5 0)

Ta cling dé dang chiing minh d g¢c tinh chét sau

V&i moi diém M ndm trén (H), ta luon cé
ME  MP
d(M; A d(M; Ay)

=e (e>1).

Tir nhitng két qua trén, ta nhan thay rdng ba d ong elip, hypebol, parabol
déu c6 thé d oc dinh nghia dua trén tiéu diém va d Ong chuidn. Ba d ong
do c6 tén chung la d ong conic.

3. DPinh nghiad dng cénic
Cho diém F c6 dinh va d ong thdng A c6 dinh khong di qua F.

. i e , . MF . .
Tdp hop cdac diéem M sao cho ti s6 ————— bang mot so
d(M; A)
d ong e chotr ocd oc goilad ong cénic.
Piém F goi la tiéu diém, A goi la d ong chudn va e goi la
tdm sai ciia d ong conic.

Tur dinh nghia trén, k&t hop véi tinh chat cta elip, parabol, hypebol, ta c6

Elip la d ong conic c6 tdam sai e <1 ;
Parabol la d ong conic co tdm sai e =1 ;
Hypebol la d ong conic co tdm sai e > 1.

Cau héi va bai tép
47. Xéac dinh tiéu diém va d ong chudn cua cdc d Ong conic sau
2 2 2 2

2 X Y X Yy
a =14x; b) —+—=1; c) ———-=1.
)y * )10 7 )14 1

48. Cho d ong thang A:x+y—1=0vadiém F(1; 1). Viét ph ong trinh cta
d ong conic nhan F 12 tieu diém va A la d ong chuin trong mdi tr dng hop
sau day

A . R . R ) 1
a) Tamsaie=1; b)Tamsale:x/E; c)Tamsale:E.
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ON TAP CHUONG III

| - Tém tat nhitng ki€n thirc can nhé
1. Cac dinh nghia

a) n 1a mot vecto phdp tuyén clia d ong thang A néu n = 0 va gia cta n

vuong goéc voi A.

u la vecto chi ph ong clia d dng thang A néu u # 0 va gid cla u song

song hodc trung véi A.

b) Elip : Tap cdc diém M thoa man MF |+ MF, =2a (F{F,=2c¢,0<c<a).
Hypebol : Tap cac diém M thod man IMF,— MF,| = 2a (FF,=2c, ¢ > a > 0).
Parabol : Tap céc diém M thod man MF = d(M ; A) (d(F ; A)=p >0).

D ong conic : Tap cac diém M thoa man _ME =e>0
M; A)
Néu e < 1 thi d ong conic la elip.
Néu e = 1 thi d@ Ong conic la parabol.
Néu e > 1 thi d ong conic la hypebol.
2. Ph ong trinh cacd ong
a) Ph ong trinh d ong thdng
— Dang tong quat
ax+by+c=0 (a2 +b% o~ 0), n(a; b) 1a mot vecto phap tuyén.
— Dang tham s6
{x:xo ra (@ +b* #0),
y=Yyy+bt
— Dang chinh tac

X—XO .

Y70 (420,bh%0)
a b

dang tham s6 va dang chinh tic, d ong thang di qua diém (xp 5 yg) va
c6 vecto chi ph ong u = (a; b).
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b) Ph ong trinh d ong tron
— b ong tron tam I(x; ; ), ban kinh R ¢6 ph ong trinh
(x - xo)2 +(y— yo)2 - R
— Ph ong trinhx2+y2+ 2ax + 2by + ¢ = 0, v6i A +b—c> 0, la ph ong
trinh d ong tron c6 tam I (— a ; — b) va ban kinh R = a® + b* — c.
c) Ph ong trinh chinh tdc cua ba d ong cénic va cdc yéu to'lién quan

2 2

—Elip: = +2-=1(a>b>0), " =a" — b’. Cic tiéu diém F(~c ;0),

QN| =
®N|z

. , . ) c . . a
F,(c ;0) ; truc 16n 2a, truc bé 2b ; tam sai ¢ = — < 1, d ong chuan x = £—.
a e

2 2
— Hypebol : - —2-=1(a > 0, b > 0), > =a” +b”. Cic tieu diém
a b

F(=c;0), F(c;0) ; truc thuc 2a, truc 4o 2b ; tam sai e = < >1, d ong

a
2 a .. R b
chuan x =+—, tiémcan y = +

—X.
e a

— Parabol : y2 = 2px (p > 0). Tiéu diém F(g ; 0), tam sai e = 1, d Ong

chuén x = - 2.
2

3. Khoang cach va goc
a) Khoang céch tr diém M(x, ; y,) dén d ong thang A : ax+ by +c=01a
|ax0 + byg + c|
Ja? + 12

b) B ong thing A : ax + by + ¢ = 0 tiép xiic véi d ong tron (I ; R) khi va
chi khi

dM ; A) =

d( ; A) =R.
c) Géc gifta hai d ong thang
Al . a1x+b1y+cl :0,
Az : a2x+b2y+62 =0
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d oc xac dinh bdi
|aay + bybs|

cos(Ay, Ay) = .
\/a12 +b12 .\/a% +1922

Il - Cau héi tu kiém tra

1.

Cho biét toa do clia hai diém A va B. Lam thé nao dé

a) Viét ph ong trinh d ong thang di qua A, B ?

b) Viét ph ong trinh d dng thing di qua diém C(xj ; yp) va vuong goc
v6i AB ?

c¢) Viét ph ong trinh ti€p tuyén cua d ong tron (x — )co)2 +(y - yo)2 = R?,
biét ti€p tuyén do song song vé6i AB ?

Cho biét toa do ba dinh clia mot tam gidc. Lam thé nao dé

a) Tim toa do tam va tinh ban kinh ciia d ong tron ngoai ti€p tam giac ?

b) Tim toa do truc tam tam giac ?

c¢) Tim toa d6 tam d ong tron noi ti€p tam giac ?

Hay chi ra mot vecto phap tuyén va mot vecto chi ph ong ctia d dng thang
A néu A c6 ph ong trinh nh sau

a)ax+by+c=0 (@ +b> #0) ;
X = XxXn + at

b) 0 @ +b* #0);
y=y0+bt

o X-a_y-b (m#0, n#0).
m n

Lam thé ndo dé chitng minh hai d ong thing vuong goéc véi nhau hoic
song song v4i nhau, néu bi€t ph ong trinh cua ching ?

C6 thé viét ph ong trinh ciia mot d ong tron khi biét nhitng diéu kién nao
(néu mot s6 tr ong hgp th ong gap) ?

C6 thé viét ph ong trinh chinh tic cha elip, hypebol, parabol khi biét
nhitng diéu kién nao (néu mot s6 tr dng hop th dng gap) ?
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Cho ph ong trinh
ax® + by2 =1. (D

a) V6i diéu kién nao cta a va b thi (1) 1a ph ong trinh cia mot d ong tron ?

b) Véi diéu kién nao ctia a va b thi (1) 1a ph ong trinh chinh tac cta elip ?
Cua hypebol ?

Bai tap
Xét vi tri t ong doi clia cdc d ong thang A, va A, trong méi tr dng hgp sau
a)A;:3x-2y+1=0 va Ay:2x+3y-5=0;

x=4+2t R x=7-4t
b) Ay : va Ay '
y=—-1+t¢t y=5-2t";

x=3+4t R

C)A;: va Ay:S5x+4y-T7=0.
y=-2-5t

Cho d ong thing A : 3x — 4y + 2 = 0.

a) Vi€t ph ong trinh cua A d i dang tham s06.

b) Viét ph ong trinh ctia A d 6i dang ph ong trinh theo doan chén.

c¢) Tinh khoang céch tir mdi diém M(3 ; 5), N(—4 ; 0), P(2 ; 1) t6i A va xét

xem d Ong thang A cét canh nao ctia tam gidc MNP.

d) Tinh cdc géc hop bdi A va moi truc toa do.

Cho d ongthing d: x — y + 2 =0 va diém A(2 ; 0).

a) V6i diéu kién ndo ctia x va y thi diém M(x ; y) thudc nlra mat phing c6

bo 1a d va chita goc toa do O ? Chitng minh diém A nim trong nlta mat

phang dé.

b) Tim diém d6i xiing v6i diém O qua d ong thang d.

¢) Tim diém M trén d sao cho chu vi tam gidc OMA nh nhat.

Cho d ong thang A : ax + by + ¢ = 0 va diém I(x, ; y). Viét ph ong trinh

d ong thiang A' d6i xiting v6i d ong thang A qua .

Mot hinh binh hanh c¢é hai canh nim trén hai d ong thang x + 3y — 6 =0

va 2x — 5y — 1 = 0. Biét hinh binh hanh dé6 c6 tam do6i xtng 1a /(3 ; 5). Hay

viét ph ong trinh hai canh con lai cua hinh binh hanh dé.



10.

11.

12.

Cho ph ong trinh

i eme—2m+1)y+1=0. (1)
a) V§i gia tri nao cua m thi (1) la ph ong trinh d ong tron ?
b) Tim tap hgp tam cua cic d ong tron ndi & cau a).

a) Biét d ong tron (€) c6 ph ong trinh x* + y* + 2ax + 2by + ¢ = 0. Chiing

minh rdng ph ong tich cta diém M(x, ; yo) d6i v6i d ong tron (¢) bang

xg +yg + 2ax, + 2by, +c.

b) Chitng minh ring néu hai d ong tron khong déng tam thi tap hop céc
diém c6 cung ph ong tich d6i vé6i hai d ong tron 12 mot d ong thing (goi
12 truc ddng ph ong clia hai d@ ong tron).

Cho hai d ong tron c6 ph ong trinh P y2 + 2a1x + 2b1y + ¢y =0 va

&+ y2 + 2ayx + 2byy + ¢, = 0. Gia sl chiing cét nhau & hai diém M, N.
Viét ph ong trinh d ong thang MN.
Cho d ong tron (€) : x> +y* = 4 va diém A(=2 ; 3).
a) Viét ph ong trinh cac ti€p tuyén cta (‘€) ké tir A.
b) Tinh céc khoang cach tir A dén hai ti€p diém cia hai ti€p tuyén noéi &
cau a) va khoang céch gitta hai ti€p diém do.
2 2 2 2
Cho elip (E) : %HT: 1 va hypebol (H) : x——yj = 1.

a) Tim toa do cac tieu diém cua (E) va (H).

b) Vé phac elip (E) va hypebol (H) trong cing mdt hé truc toa do.
¢) Tim toa do cac giao diém cta (E) va (H).

2 2
Cho d ong thing A: 2x —y —m = 0 va elip (E) : x?+y7= 1.
a) VGi gi4 tri nao ctia m thi A cét (E) tai hai diém phan biét ?
b) Vi gia tri ndo cha m thi A cit (E) tai mot diém duy nhat ?
2 2

. X y
Choelip(£): —+—=1.
p (E) YR

a) X4c dinh toa do hai tiéu diém va céc dinh cua (E).
b) Viét ph ong trinh chinh tic cta hypebol (H) nhan céc tiéu diém clia (E)
lam dinh va c6 hai tiéu diém 1a hai dinh cta elip (E).
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c) V& phac elip (E) va hypebol (H) néi ¢ cau b) trong cing mot hé truc
toa do.

d) Viét ph ong trinh ctia d Ong tron di qua cic giao diém cha hai d ong
conic noi trén.

Cho parabol (P) : y2 = 2px. V6i mdi diém M trén (P) (M khéc O), goi M’ 1a
hinh chi€u cta M trén Oy va I 1a trung diém cua doan OM’. Ching minh
rang d ong thang IM cit parabol di cho tai mot diém duy nhat.

Cho parabol (P) : y2 = %x. Goi M, N la hai diém di dong trén (P) sao cho
OM 1 ON (M, N 17<h6ng trung v6i O). Chiing minh ring d Ong thing MN
luon di qua mot diém co dinh.

Bai tap trac nghiém

b ong thang 2x + y — 1 = 0 ¢ vecto phdp tuyén 1a vecto nao ?
(A)n=02;-1); B)n=(1;-1);

O n=02;1); (D) n=(1:2).

b ong trung truc cua doan thfmg ABv6i A =(-3;2), B=(-3;3) c6 vecto
phép tuyén la vecto nao ?

(A) n=(655); B)n=(0;1);
O n=(=3:5); (D) n=(=1;0).
Ph ong trinh ndo 12 ph ong trinh tham s6 clia d ong thing x—y +3=07?
x=t x=3
(A) (B)
y=3+1; y=t;
xX=2+t xX=t
© (D)
y=1+1¢; y=3-1t
g 9 2 x:_1+2t
Vecto nao 1a vecto phdp tuyén cua d ong thang c6 ph ong trinh 3 0
y=3-1t 1
(A)n=@2;-1); B)n=(1:2);
O n=>1;-2); (D) n=(1;2).
b ong thang ndo khong cat d ong thang 2x +3y —1=0?
(A)2x+3y+1=0; B)x-2y+5=0;
O 2x-3y+3=0; (D)4x -6y —-2=0.
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10.

11.

12.

D ong thing ndo song song véi d ong thang x — 3y +4=07?

x=1+¢ 1y
A B
(){y=2+3f; (){y:2+31;
x=loa x=1-3
¢ D
(){y:2+t; (){y=2—t_
D ong thing nio song song véi d ong thing 4%~ > '
) ) = * & y=-1+2t?
x=5+1¢ 54t
A B
(){y=2t; (){y:_zt;
x=5-2 x=5+4¢
¢ D
D oOng thang ndo vuong goc v6i d ong thang 4x -3y +1=07?
x =4t ‘=4
A B
(){}’:—3—31‘; (){y=—3+3t;
Y= x =8t
¢ D
(){y=—3—3t; (){y=—3+t.
D ong thing ndo vuong géc véi d ong thang 4~ ~ L 1!
) ) °f * ¢ y=-1+2t?
(A)2x+y+1=0; B)x+2y+1=0;
(C)4x—-2y+1=0; (D)xirl:y;rl

Khoang céch tir diém O(0 ; 0) dén d ong thang 4x — 3y —5 = 0 bing
bao nhiéu ?
(A)O; B)1;
1

©)-5; (D) 5
Ph ong trinh nao la ph ong trinh ciia @ ong tron c6 tam / (-3 ; 4) va ban
kinhR=27
(A) (x+3)°+ (-4 - 4=0; (B) (x=3) + (-4’ = 4;
O +3)7+(+4)°=4; (D) (x+3)°+ (-4’ =2.
Ph ong trinh x> + y* — 2x + 4y + 1 = 0 1a ph ong trinh ctia d dng tron nao ?
(A) b ongtron c6 tam (-1 ; 2), bin kinh R =1 ;
(B) b ong tron c6 tam (1 ; -2), bAin kinh R =2 ;
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14.

15.

16.

17.
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(C)D ongtroncotam (2 ; —4), ban kinh R =2 ;
(D) b ong tron c6 tam (1 ; -2), ban kinh R = 1.

2 2
Cip diém nao 12 céc tiéu diém cua elip (E) : 5 + yj =17?
(A)Fi,=(&1;0); B)Fi,=&3;0);
OF,=0;x1); D) Fi,=(01;%2).
x2 y2

Elip (E) : 3 + il 1 c6 tam sai bang bao nhiéu ?

3 5
A)e=—; Be=—;
(A) 5 (B) 3

2 5
Ce=—; D)e=—.
© 3 (D) 3
Cho elip c6 céc tiéu diém F (=3 ; 0), F2(3 ; 0) va di qua A(-5 ; 0). Diém

M(x ; y) thuoc elip da cho c6 cac ban kinh qua tiéu la bao nhiéu ?

(A) MF, = 5+§x,MF2: 5—§x ;

(B) MF, = 5+%x,MF2= 5—%)( :

(CO)MF, =3+ 5x, MF, =-3 - 5x;
(D)MF, =5 +4x, MF, =5 — 4x.

2 2
Elip (E) : = + 25 =1,v6i p > ¢ >0, ¢6 tiéu cy 1a bao nhiéu ?
I
Ap+q; B) p*-q";
©p-q: (D) 2yp* - ¢* .
x2 y2
Ph ong trinh S 5= 1 1a ph ong trinh chinh tac ctia d dng nao ?
a b

(A) Elip véi truc 16n bang 2a, truc bé bang 2b ;

(B) Hypebol vdi truc 16n bang 2a, truc bé bang 2b ;

(C) Hypebol véi truc hoanh bang 2a, truc tung bang 2b ;
(D) Hypebol véi truc thuc bang 2a, truc do bang 2b.



18.

19.

20.

21.

22.

23.

24.

2 2

Cap diém nao la cdc tiéu diém clia hypebol % - y? =12?
(A)(£4:0); (B) (£ 14 ;0);
(©) (£2:0); (D) (0; £14).

Cap d ong thang ndo 13 cdc d ong tiém can cta hypebol )16_6 —

5
A)y==x—x;
(A)y 2"

25
COy=ft—x;
(O T

2

4
Byy=t—x;
(B)y 5

16
D)y=+—x.
D)y 25x

X2

Cap d ong thang ndo 13 cic d ong chudn cta hypebol — —

Ay x=2L;
q

2

(OF -, S—

2, .2
qg +p

2

2
q

B x=2L;
p

2

(D) x=+——L

2
q *tp

2
Y19

2
p

> .

2

2
y

25

b ong tron nao ngoai ti€p hinh chit nhat co s& ctia hypebol )16_6 -

(A) x> +y2 =25
©) X +y° =16

B) x> +y =7;
(D)x2+y2:9.

R S N oA R 2 2
Diém nao la tiéu diém cua parabol y~ = 5x ?

(A)F(5;0);

5
© F(iz, Oj ;

5. .
wr{2)

5
D) F(Z,Oj.

D Ong thang nao 1a d ong chudn ctia parabol y2 =4x?

(A)x=4;
O x==x1;

Conic c6 tim sai e =

(A) Hypebol;
(C) Elip ;

1
V2

ad ongnao?

B)yx=-2;
(D) x=-1.

(B) Parabol ;
(D) b ong tron.

Y

9

=17

=17
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B i doc thém

Vi BA DUONG CONIC

!

1. T¥ xa x a, ng Oi Hi Lap ching minh d dc rang giao tuyén clla mat nén tron
xoay va mot mat phing khong di qua dinh clia mat nén 1a & dng tron hodc d dng
conic (elip, hypebol, parabol) (h. 98). Ti€ng Anh, ti cone c6 nghia Ia mat nén, do
do co tir "d ong cénic".

<€

b oOng tron Elip Parabol Hypebol
Hinh 98

Ngay tir dau thai ki A-Iéch-xang-da-ri (thdi c():Hi Lap), ng &i ta da biét kha day da
vé cac d dng coénic qua bd sach gém 8 quyén cla A-p6-16-ni-ut (262 - 190 tr ¢
Cong nguyén). Cuéi thoi ki d6, nha toan hoc Hi-pa-chi-a (370 - 415 sau Céng
nguyén) da cong bd tac pham "Vé cac d dng conic clia A-po-16-ni-ut".
Phai rat 1au sau dé, dén thé ki XVII, ng Oi ta méi tim thay nhiing &ing dung quan
trong clla cac d ang d6 trong su phat trién clia khoa hoc va ki thuat.
2. Ba d 6ng conic con c6 nhiéu tinh chat chung. Tinh chat quang hoc la mot vi
du : M6t tia sang phat ra to mét tiéu diém cla elip (hay hypebol) sau khi dap vao
elip (hay hypebol) sé& bi h&t lai theo moét tia (tia phan xa) nam trén d dng théng di
qua tiéu diém th( hai cta elip (hay hypebol) (h. 99).

Hinh 99 Hinh 100



Véi parabol, tia sang phat ra tir tiéu diém (tia t6i) chi€u d&n mot diém clia parabol sé bi
hét lai (tia phan xa) theo mét tia song song (hoc triing) véi truc clia parabol (h. 100).
Tinh chat nay c6 nhiéu (ing dung, chéng han :

Deén pha : Bé mat clia dén pha la mét mat tron xoay sinh bdi mét cung parabol
quay quanh truc ctia nd, béng dén d dc dat & vi tri tiéu diém clia parabol d6 (h. 101).

Hinh 101

May vién vong vé tuyén ciing c6 dang nh dén pha (h. 102). Diém thu va phat
tin hiéu clia may d oc dat & vi tri tiéu diém cha parabol.

Hinh 102 Hinh 103

Hinh 103 12 mé hinh mét 16 phan (ng hat nhan d dc xay dung 8 Mi. Mat ngoai cla
16 la mat tron xoay tao bSi mot cung clia hypebol quay quanh truc o cla né.

3. Chung ta da biét quy dao cla cac hanh tinh trong hé Mat Trdi la d dng elip. Doi
vGi cac vé tinh nhan tao va cac con tau vi tru, khi phdng 1én, ng &i ta phai tao cho
chuiing ¢6 van téc thich hop dé d dc quy dao 1a elip, hypebol hoac parabol.
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Ngoai ra, ng Gi ta con (ng dung cac tinh chat cla ba d dng cénic trong cac
nganh xay dung, hang khéng, hang hai,... (h. 104).

Hinh 104

BAI TAP ON CUOI NAM

1. Trén hinh 105, ta c6 tam gidc ABC va céc A
hinh vuong AA'B|B, BB'C|C, CC'AA. A
. Loa2 . c’
Chiing minh céc dang thic sau A
a) (AA” + BB").AC =0 ; By
b) (AA’ + BB’ + CC").AC =0 ; B ¢

c) ﬂ’+§’+§”:0;

d) AB1 + BC1 + CA1 = 0.

B C
Hinh 105

2. Cho tam gidc ABC vuong tai A, AB=c, AC =b. B

Goi M 1a diém trén canh BC sao cho CM = 2BM,

N 1a diém trén canh AB sao cho BN = 2AN (h. 106).

a) Biéu thi cic vecto AM va CN theo hai vecto N
AB va AC.

b) Tim hé¢ thic lién hé gitta b va ¢ sao cho A C
AM 1 CN. Hinh 106
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Cho tam gidac ABC v6i AB=4,AC =5, BC =6.
a) Tinh céc géc A, B, C.
b) Tinh d6 dai cac d ong trung tuyén va dién tich tam giac.
¢) Tinh cac ban kinh @ ong tron noi ti€p va ngoai ti€p tam gidc ABC.
Cho tam giac ABC.
B+ -dd

a) Tam gidc ABC c6 tinh chat gi néu a?=—"°" "% 9
b+c—-a

b) Biét 2_1 + i, chiing minh rang 2sinA = sinB + sinC.
a b hc

Trong mit phang toa do Oxy cho hai hinh chit nhat OACB va OA'C'B’ nh

hinh 107. Biét A(a ; 0), A'(a’; 0), B(O ; b), B'(0 ; b") (a, a’, b, b’ 1a nhiing s6

d ong,a#a’,b#b’).

a) Viét ph ong trinh céc d ong thing y A

AB’va A'B.
b) Tim lién hé giita a, b, a’, b’ dé hai B’ ¢
d ong thang AB’ va A’B cat nhau. Khi 3 C

do6 hay tim toa do giao diém I cha hai
d ong thing do.

¢) Chiing minh ring ba diém I, C, C’
thang hang.

><"

o A A’

d) Vé6i diéu kién nao cua a, b, a’, b’
thi C 12 trung diém cta IC’ ?
Trong mat phiang toa do Oxy cho hai diém A(3 ; 4) va B(6 ; 0).

a) Nhan xét gi vé€ tam gidc OAB ? Tinh dién tich cta tam gidc do.

Hinh 107

b) Viét ph ong trinh d ong tron ngoai ti€p tam gidc OAB.
c¢) Viét ph ong trinh d ong phan giac trong tai dinh O cta tam gidc OAB.
d) Viét ph ong trinh d ong tron noi ti€p tam giac OAB.

Trong mat phang toa do, v6i mbi s6 m # 0, xét hai diém M,(— 4 ; m) va

m

a) Viét ph ong trinh d Ong thang M M,.
b) Tinh khodng céch tir g6c toa do O t6i d ong thang M M,.
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c) Chiing to ring d ong thang MM, luon ti€p xdc v6i motd ong tron co dinh.
d) Lay cdc diém A(—4 ; 0), Ay(4 ; 0). Tim toa do giao diém [ cua hai
d ong thang A\M, va A,M,.

e) Chitng minh ring khi m thay déi, / luén luén ndm trén mot elip (E) co
dinh. X4c dinh toa do tiéu diém cua elip do.

2 2

Cho hypebol (H) c¢é ph ong trinh ’16—6 Yo

4
a) Vi€t ph ong trinh cac d ong tiém can cta hypebol (H).
b) Tinh dién tich hinh chit nhat co s& cua hypebol (H).

¢) Chiing minh ring cdc diém M(S : %) va N(8; 2+/3) déu thuoc (H).

d) Viét ph ong trinh d ong thang A di qua M, N va tim céc giao diém P, Q
cua A véi hai d ong tiém can cta hypebol (H).

e) Chitng minh ring cdc trung diém ctia hai doan thang PQ va MN
trung nhau.

Cho parabol (P) c6 ph ong trinh y2 =4x.

a) Xdc dinh toa do tiéu diém F va ph ong trinh d ong chudn d cha (P).

b) B ong thang A c6 ph ong trinh y = m (m # 0) lan 1 ot cat d, Oy va (P)
tai cdc diém K, H, M. Tim toa do cta cdc diém do.

c) Goi I la trung diém cta OH. Vi€t ph ong trinh d ong thing IM va
ching to ring d ong thing IM cat (P) tai mot diém duy nhat.

d) Ching minh rang MI | KF. Tt d6 suy ra MI 1a phan gidc cua géc KMF.



H GNG DAN - PAP SO

Ch ongl

2. a) Sai ; b) bung ; ¢) Sai ; d) Diing ; e) Dung ;
f) Sai. 3. Cic vecto a, d, v, y cung ph ong,
cic vecto b, u cung ph ong. Cic cap vecto
cung h éng :avav ;dvay; b vau.Cic
cdp vec to bing nhau : @ va v ; b va u.
4. a) Sai ; b) bung ; ¢) bing ; d) Sai ; e) Dung ;
f) bung. 7. Hinh thoi. 9. a) Sai ; b) Dung.
11. a) Sai ; b) bung ; ¢) Sai ; d) Ding.
12. M, N, P nam trén d Ong tron (O) sao cho
CM, AN, BP la cic d ong kinh cta (O).
13. a) 100N ; b) 50N. 16. a) Sai ; b) bung ;
¢) Sai ; d) Sai ; e) Ding. 17. a) Tap rong ;
b) Tap gém chi mot trung diém O cua AB.
21. loa+oB = loa-oB = o2 ;

1304 + 40B| = 54 : ‘%Euz,so_B -

54t g 3 - Yeors
4 477 28

22. O_M:%O_A+O&3 : N:——0A+EOB :

AN = —-OA+-0B . MB=-L04+0B
2 2

25. AB=-a+b : GC=-a-b

BC = —a —2b : CA =2a + b.

26. AA'+ BB'+CC'=0. 27. Ching minh
PO+RS+TU =0. 29. b), ¢), e) Ding ;
a), d) Sai. 30. a = (-1 ; 0), b = (0 ; 5),
11

=(3:-4),d=|-=:=|, e =(0,15; 1,3),
¢ =t ) ( 2 2) =t )
f=(m;—cos24°. 3l. a) u = 2 ; -8) ;
b)x=(—6;1);c)k:4,4;l=—0,6.32.k:%.

33. Cdc ménh dé ding 1a a), ¢), e) ; Cac ménh
dé sai 1a b), d). 34. b) D=(7;7) ;

c) E = (% ; Oj. 35. Mi(x,—y), My(=x;Yy),

M5(=x ; — y). 36. a)Trong tam cua tam gidc la
GO;1);0)D=@;-11);¢0) E=(-4;-5).
On tap ch ongl

1. AB+BC = AC CB + BA = CA
AB+CA=CB ; BA+CB=CA ;
BA + CA = BD (D 1a diém d6i xdng cla
C qua diém A) ; CB-CA=AB
AB - CB = AB + BC = AC ; BC — AB = BE
(E 12 diém sao cho ABCE 1a hinh binh hanh).
2. OA = OB. 3. St dung déng thic

OA + OB + OC + OD = 0. 4. a) M 1a dinh cha
hinh binh hanh ABCM ; N 1a trung diém

5 3 3
cua AD. b =—;qg=—-—.5.2a) k==
) P 209773 ) 5

6. a) Ching minh AB va BC khong cung
ph ong;b)D=(2;-6);0) E=(-3:-5).
Bai tap trac nghiém ch ong I

1.(6);2.B);3.D);4.(0);5.(A);6.(C);
7.(A); 8. (B) ;9. (B) ; 10. (A) ; 11. (C) ; 12. (D);
13. (D); 14. (A) ; 15. (D) ; 16. (B) ; 17. (D);
18. (B); 19. (D); 20. (A); 21. (B); 22. (B); 23. (B).

Ch ongll

1. a [%—\E—lj(ug] ) L

4

2. a) 25in80° ; b) cosa. 4. a.b d ong khi hai
vecto a , b khac 0 va goc (a, b) bé hon 90° ;
am khi hai vecto a , b khdc 0 va géc (a, b)
16n hon 90° ; bing 0 khi hai vecto a va b
1+ \/g . 2+ \/§
T :

2
10. a) Chd y ring hinh chi€u cla vecto

AB trén d ong thing Al 1a vecto AM ;
b) AM.Al + BN.BI =4R*. 12. Tap hop cic
diém M 1a d ong thang vuong géc véi OB tai H,

vuong goc. 5. 360°. 6. a) b)

129



O la trung diém cta AB, H nam trén tia OB sao

2
cho OHzi—. 13.2) k=-40;b) k:ig.
a

14. a) Chu vi tam gidc 12 6 + 6+/5 , dién tich
1 1

1a18;b)G=0;1), H=[—;1j, Iz(——;lj.
2 4

15. cosA = %, A ~50°.16. BC = 7. 17. Ban

C ong (BC =37 ~ 6,1 km). 19. a ~ 49 ;

¢~55.20.R~3,5.22. AC ~ 857 m, BC ~ 969 m.
24. m, ~ 6,1. 25. AD ~ 8,5. 26. AC ~ 58.
29.5~163.33.2) C =80%bh~9,1,a~123;
b)B=75a~23c=b=45;c) B =20°,
a~260,b~138;:d) A =40° b ~ 2123,
1794. 34. a) A=B = 63° ¢ ~ 57 ;
b) ax 538, B ~36°%C ~57°;¢)c ~ 280,
A~ 11° B~39° 35 2) A ~ 43°, B ~ 61°,
~ -b)Azss,sts,czm"

~ ~ ~

; C ~102° 36. 6,6 N.

c =

2. Tap hop cic diém M c6 thé 1a d ong tron,
diém G hoic tap rong tuy theo cdc gid tri cua k.

4. Biéu thi cdc vecto qua AB, AB', AC, AC'.

5. )y = W10 ,BN:ﬁ, mn =10

4 2 4

R R . 54°
b) ABMN vubéng can tai M, S=?;
) 10:““/5; HrR= 6 0 @f)~

3 4
1

61056';b)m=—4;c)nz—Z.S.Slénnhfit

khi va chi khi C =90°. 9. § =96 ; h, = 16 ;
R=10;r=4.12.2) AB* + CD* = 8R* — 40P ;
b) PA> + PB* + PC* + PD* = 4R

Bai tap tric nghiém ch ong II
1.(B);2.(C);3.(A);4.(D); 5. (A);6.(B);
7. (B): 8. (D) ; 9. (C) ; 10. (B); 11. (A) ; 12. (O);
13. (B) ; 14. (A); 15. (C); 16. (C).
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Ch onglil

1. C4c ménh d@é ding 1a a), b), ¢) ; Cdc ménh dé
sailad),e).2.a)y=0;b)x=0;¢c)y—y;=0
720 ;d)x—x5=0;e€) ypx — xgy = 0.
3. 2x+5y+33—7:0.4. a)x—-2y+1=0;

b)2x +y-3=0.5.agx -y 2=0;

b) M ’(% %j 6. a) Hai d ong thiang cit nhau
& diém 2.2 ; b) Hai d ong thing son
20 29 g g g

song ; ¢) Hai d ong thing trung nhau. 7. Cic
ménh dé ding 1a b), d), e), f) ; Cdc ménh dé sai
12 a), ¢). 8. Ciac ménh dé diing 1a a), b), d), e).
< x=-3+3t
Ménh dé sai la c). 9. a)
y =5t
x=4

x+3 .
y=1+¢t"

3
Khong c6 ph ong trinh chinh tic ; x — 4 =0 ;
{X=—4+5t x+4 y-1
c ; —— =—

=§;5x—3y+15=0;b){

; ;3x—-5y+17=0.
=143 5

x+5 y2

10.a) — .b)x—-2y+9=0.11. a) Hai

d ong thang song song ; b) Hai d ong thang
cat nhau tai (0 ; —13) ; ¢) Hai d ong thang

67 56

trung nhau. 12. a) 3 ;1) ; b) | —
g ) ( )5 b) [25 25J
o (202,250} o (13, 97
169 169 18 18

14. B = [g,ij ; D o= (ﬂ,—ﬁj ;
1111 11 11

C = —ﬁ;—E . 15. Cic ménh dé b),
11 11

¢), e) ding. Hai ménh dé a) va d) sai.

16. 43°36. 17. ax+by+c+md +b* =0,

ax+by+c—nh a2+b2:O.18.x+2y—14
=0 ;y -2 =20 19. Khong ton tai.
20. A+V2)(x=3)+ (-1 =0 ;
A-vV2)(x=3)+(y-1)=0. 21. a) b) va



d) Piing ; ¢) Sai. 22.2) (v — 1)> + (y = 3)* =8 ;
b) (x+2% +y> =523 a)I(1;1),R=2;

NITRS 1(11],
4
R:i\/33—8m2 v6i diéu kien |ml < 33

8

b) I2 ; 3), R =

U (x=3P7+y=8.25.2) (x— 1)>+ (y -

D’=1;
x - 5 + @ - 5 =25 b (x-3)

(-] =B o [5-3) -2
77y 4 Y7o 4

26.(1;-2) va (% —gj 27.a) 3x—y+ 2410
=0va3x—y— 210 =0;b) 2x—y+ 23/5 =0
va2x—y—235=0;¢)y+2=0vax—2=0.
28. lm + 5| > 24/10 : A va (@) khong cét nhau ;

Im + 5l = 2410 : tigp xdc ; lm+ 3| < 2410 :
cat nhau. 29. _2+ﬁ ; _§’_2+«ﬂ
2 2 20 2

30. a), b) va d) ding ; c) va e) sai. 31. a) Toa do
céc tieu diém Ia (i\/ﬁ ; 0) ; Toa do cdc dinh
la (£5; 0) va (0 ; £2). Do dai truc 16n 2a = 10,
do dai truc bé 1la 2b = 4 ; b) (i\/g ;0),
#3;0)va(0;%2);2a=6,2b=4;c¢) (i\/g ;0),

#2 ; 0) va (0 ; £1), 2a = 4, 2b = 2.
2 2 2 2

32 4 42 -1 b 42X o
16 4 20 16

2 2
C)_+T_1 33. ) MN =|yy —yy|=

o BT [ —ﬂj

wll\J

4 4 4

34. ¢ ~ 0,07647. 35. Tap hop diém M Ia elip

2 2
+—2 _ —1.36. Cic

=) (¢
3 3
ménh dé a), b), d) ding ; c) sai. 37. a) Tiéu diém

Fi(=~/13 ; 0), Fy({/13 ; 0). Do dai truc thuc
2a = 6. Do dai truc 4o 2b = 4. Ph ong trinh

c6 ph ong trinh

cac d ong tiém can y = i%x
F1(=5;0), F5(5; 0). Bo dai truc thuc 2a = 6. Bo

dai truc 40 2b = 8. Ph ong trinh cic d ong tiém

; b) Tiéu diém

cany = i%X . ¢) Hai tieu diém 1a (=10 ; 0)

va (V10 ;0). Do dai truc thuc bing 6, do dai truc
40 bing 2. Ph ong trinh cic d ong tiém can

1 ¥ y2
y:igx. 38. 5 - 2 =1.
g (_ﬁ =]
2
x2 y2 2 y2
39. a) ———= ; T A = 5
) 16 9 12
13 13

c) XT_yT =1.42. a), b) va d) sai ; c) ding.

43.2)y> = 12x;b) Y =x;0) ) =§x.44. 2p.

45. d(I; N) = 1AB b ong tron d ong kinh AB

ti€p xic v6i dong chudin A, 46.

y=-—x +—x—Z. 47. a) Tiéu diém

F(3,5;0),d ong chuin x + 3,5 =0 ; b) Tiéu diém
10
tx+—==0.

J3

0), d ong chuén A, :

Fi(—/3 ; 0), d ong chuén A,

Tieu diém F, (3 ;
v =20 _ 0. ) Tieu diém Fy(—/15 ; 0), d ong

V3
14

chudn A, : x + — = 0. Tiéu diém Fy(+/15 ;0),

J15
14

d ongchudn Ay : x —— =0

Ji5

On tap ch ong III
1. a) A|, Aycat nhau ; b) A;// Ay ; ¢) Aj= A,

2. a) {x=_2+4t byl S0 dM ;A
y=-1+3 _2 l
3 2
=1,8;dN;A)=2;dP;A=0,.8;Acit hai
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canh MP va NP, khong cit canh MN. d) Goi o va
Blan1 ot la géc giita A v6i Ox va Oy, a~36°52';
Lf~538.3.a)x-y+2>0.b0)0'=(2:2);
M= (—%; %) 4. ax+by + c— 2Aaxy+ byy+¢)
=0.5.x+3y-30=0va2x—-5y+39=0.

6.2) m< —% hoac m > 0 ; b) Tap hop tam ctlia
céc d ong tron 1a hai phan cliad ong thang c¢6 ph ong
trinh 2x + y — 1 =0, ting vé6i x < 0 hodc x>%.

8. 2((11 — Clz)x + 2(b1 — bz)y + Cl —Cy = 0.
9.2)x+2=0,5x+12y-26=0;b) AT =AT'=3,

1T' = £ 10. a) (E) c6 hai tiéu diém (-1 ; 0)

Vi3
va (1 ; 0) ; b) (H) c6 hai tiéu diém (-3 ; 0) va
G0 ;o (5:0 v (¥5;0)
11. a) 2J6 <m<2J6 ; b) m=1+26.
12. a) Elip ¢6 céc tieu diém (-4 ; 0), (4 ; 0), cic
dinh (=5;0), (5;0) va (0;-3), (03 3);

2 2
b) -2 =1:d) x2+y2=%.

16 9
Bai tap trac nghiém ch ong III

1. (O); 2. (B); 3. (A); 4. (D); 5. (A); 6. (D); 7. (B);
8. (A); 9. (B); 10. (B) ; 11. (A); 12. (B); 13. (A);
14. (D); 15. (A); 16. (D); 17. (D); 18. (B); 19.
(A); 20. (O); 21. (A); 22. (D); 23. (D); 24. (C).

On tap cudi nam
1. ¢) bat u=AA"+BB'+CC' ta cb
u.A_C=O,u.XB=O,suyrau=0;d)Phan

tich mdi vecto El, BCy, C—Al thanh tdng hai
theo hinh binh hanh.

N=§AB—AC;

vecto quy téc
2. @) AM = S4B+ AC:

b) 36% = 2¢%. 3. ) A~ 83°, B~ 56°, C ~41°.

\46 79 V106
by my = = m =

2 2 2
S—_Sﬁ ’) :g,R:¥,4.a)Tam
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gidc ABC c6 A = 60° ; b) St dung S = %a.h

a

1 1
= Eb.hb = Ec.hc. S.a)AB":b'x+ay—ab'=0,
A'B:bx+a'y—ab=0;b) AB’ va A'B cit nhau
khi %;ﬁi' hay ab’ — ab # 0, giao diém
a

ab
a'b'-ab

I[aa'(b'— b)  bb'(a'- a)j o) = cC'

ab-ab’ a'b-ab
suy ra CI va CC' ciung ph ong, hay ba diém
C, 1, C’ thang hang ; d) a’b’ = 2ab. 6. a) OAB la
tam gidc can tai A, Spap= 12 ; b) (x — 3)* +

2
(y_lj -2 ox- =0 -3

8
2

3 9 16

—— | == . a ——-m|(x+4

[y 2] 4 : (m j( :
By-m=0 ; b) dO;MM)=4 ;
c) D ong thing M;M, luon ti€p xic véi
d ong tron tam O, bin kinh R = 4 ;

4(m* - 16) 16m
d xy=—75—"—7 ; = ;
2 2
m~ + 16 m-~ +16
)C2 yZ
e) I ndm trén elip — + =— = 1. Hai tiéu diém

F(-243:0) va B(2V3;0). 8. a) y =§ va

y:—g :5)32;d) @3 -3)r—6y—20{3+24 =0,

xp=8+233,yp=4+3,x9=5-243,
yQ=_75+\B;e) Goi I va J lan 1 ot Ia

trung diém MN, PQ thi x; = x;. Do I, J

ciing thuoc d ong thing MN nén I = J. 9. a)

F1;0,d:x+1=0;b)K=(-1;m),
2

H=(0;m), Mz[mT ; m] ;c)4x—2my+m2:O;

d) D ong thing IM c6 vecto phip tuyén
n=(4;-2m), KF cung ph ong véi n. Vay
KF 1 IM.



BANG THUAT NGU

B

Ban kinh qua tiéu (d6i véi elip) 98

Ban kinh qua tiéu (d6i véi hypebol) 105

Biéu thi mot vecta theo hai vectd khong
cung ph ong 22

Biéu thiic toa d6 clia cac phép toan
vecto 28

Biéu thlic toa do cda tich vo h dng 50

Binh ph ong vo h &ng clia mot vectd 46

Cc

Coéng thiic Hé-rong 59
Cong thac hinh chiéu 49
Cong thac trung tuyén 58

D

Dién tich tam giac 59

b

Diéu kién dé ba diém thdng hang 21
Diéu kién dé hai vecto cling ph ong 21
Dinh cla elip 100

Dinh cla hypebol 106

Dinh cla parabol 111

Dinh Ii cbsin trong tam giac 53

Dinh Ii sin trong tam giac 55

Do dai cla vecto 7

Db dai dai s6 26

D dng conic 112, 114

D ong chuén cuda elip 113

D dng chuén cla hypebol 113

D dng chuén cla parabol 110
D dng tiém can cta hypebol 107
D dng tron 91

E

Elip (d ong elip) 96

G
Giai tam giac 61
Gia tri | ong giac clia mét goc 41
Goc gilra hai vecto 44
Géc gilta hai d ong thdng 88
G6c toa do 25

H

Hé truc toa d6 25, 26

Hé s6 gbc clia d ong thdng 77

Hiéu cla hai vecto 15, 16

Hinh chit nhat co s& (d6i véi elip) 100
Hinh chi nhéat co sé (d6i véi hypebol) 107
Hoanh d6 27, 40

Hypebol (d dng hypebol) 104

K

Khoang cach tir mét diém
dén moét d ong thdng 85

M
Mat phang toa do 26
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N

Nhanh ctia hypebol 106

P

Parabol (d ong parabol) 109, 110
Ph ong tich clia mét diém

déi véi mot d dng tron 50
Ph ong trinh cac d dng phan giac 87
Ph ong trinh chinh tdc clia d dng thdng 82
Ph ong trinh chinh tac cla elip 98
Ph ang trinh chinh tc cGa hypebol 105, 106
Ph ang trinh chinh tc ctia parabol 110, 111

Ph ong trinh & &ng th&ng theo doan
chan 77

Ph ong trinh @ dng tron 91

Ph ong trinh tham s6 clia d dng thdng 80
Ph ong trinh ti€p tuyén cla d ong tron 93
Ph ong trinh téng quat clia d dng thdng 75

Q

Quy tic ba diém 12
Quy tac hinh binh hanh 12
Quy téc vé hiéu vecto 16

T

Tam giac Hé-réng 60

Tam d6i xing cua elip 100

Tam d6i xing cha hypebol 106

Tam sai clla d dng conic 114

Tam sai cla elip 101

Tam sai cla hypebol 107

Tam sai clia parabol 114

Tham s6 tiéu cla parabol 110

Tich clia mét vecto vG6i mot s6 18, 19
Tich vo h Gng cla hai vectd 39, 44, 45
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Tiéu cu cla elip 97

Tiéu cu cla hypebol 104

Tiéu diém cGia d dng conic 114
Tiéu diém cla elip 97

Tiéu diém cla hypebol 104

Tiéu diém cla parabol 110

Toa d6 ctia mot diém 25, 28

Toa d6 cla vecto 25, 26

Toa d6 cla trong tam tam giac 29
Toa d6 trung diém cla doan thdng 29
Téng hai vecto 9, 10

Tung do 27, 40

Truc 40 106

Truc bé 100

Truc dang ph ong ctia hai d dng tron 119
Truc d6i xing cla elip 100

Truc d6i xiing cta hypebol 106
Truc d6i x(ing cGa parabol 111
Truc hoanh 26

Truc I6n 100

Truc thuc 106

Truc toa d6 25

Truc tung 26

Vecto 3, 4

Vecto bang nhau 7
Vecta chi ph ong 80, 81
Vectd cung h 6ng 5,6
Vecto cung ph ong 5
Vecto d6i 15, 16

Vecto - khéng 5
Vectong dch 6ng 6
Vectd phap tuyén 75
Vecto vuéng géc 44

Vi tri t ong d6i clia hai d dng thang 78



MUC LUC

Trang
Ch ongI-VECTO
1. Cac dinh nghia 4
2. Téng cla hai vecto 9
3. Hiéu cla hai vecto 15
4. Tich cha mot vecto v6i mot s6 18
5. Truc toa d6 va hé truc toa do 25
On tap ch ong | 32
Ch ong Il - TICHVO H ONG CUA HAI VECTO VA UNG DUNG
1. Gia tri | ong giac clia mot goc bat ki (tir 0° dén 180°) 40
2. Tich vé h 4ng cla hai vecto 44
3. Hé thiic | ong trong tam giac 53
Ontap ch ong Il 68
Ch ong lll- PH ONG PHAP TOA BO TRONG MAT PHANG
1. Ph ong trinh téng quat clia d dng thang 75
2. Ph ong trinh tham s6 cGia d dng thang 80
3. Khoang cach va goc 85
4. D 0Ong tron 91
5.D dng elip 96
6. D dng hypebol 104
7. D dng parabol 109
8. Bad dng conic 112
On tap ch ong llI 115
Bai tap 6n cudi nam 126
H 6ng dan - Bap sé 129
Bang thuat nglt 133
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Chiu trach nhiém xuét ban :
Chi tich Hoi déng Thanh vién kiem Téng Gidm déc NGUT NGO TRAN Al
Ph6 Tdng Gidm doc kiemTéng bién tap GS. TS VU VAN HUNG

Bien tap lan du : NGUYEN XUAN BINH - NGUYEN TRONG THIEP
Bién tap tdi ban : DANG MINH THU - HOANG KIM HAO
Bien tap mi thuat, ki thuat : NGUYEN PHUONG YEN
Trinh bay bia va v& hinh : BUI QUANG TUAN
Sira ban in : VUONG THI TRINH
Ché ban : CONG TY CP DICH VU XUAT BAN GIAO DUC HA NOI

HINH HOC 10 NANG cAO
Mai s6 : NH002T4

S6 dang ki KHXB : 01 — 2014/CXB/571 — 1062/GD
In...... cudn (QPinsd: .......... ),kh6 17 24 cm.
In tai Cong ti ¢d phanin .......

In xong va nop luu chiéu thang ... nim .......
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a

HUAN CHUGNG HO CHi MINH

SACH GIAO KHOA LGP 10

1. TOAN HOC 8. TIN HOC 10
e DAI SO 10 e HINH HOC 10 9, CONG NGHE 10
2, VAT LI 10 10. GIAO DUC CONG DAN 10
3. HOA HOC 10 11, GIAO DUC QUOC PHONG - AN NINH 10
4, SINH HOC 10 12, NGOAI NGU
5. NG VAN 10 (tap moét, tap hai) e TIENGANH 10 o TIENG PHAP 10
6. LICH SU' 10 e TIENGNGA10 e TIENG TRUNG QUOC 10
7.DIALI 10

SACH GIAO KHOA LOP 10 - NANG CAO
Ban Khoa hoc Tu nhién : « TOAN HOC (PAI SO 10, HINH HOC 10)
o VAT Li 10 « HOA HOC 10 « SINH HOC 10
Ban Khoa hoc Xa hoi va Nhan van : e NGU VAN 10 (tap mét, tap hai)
o LICHSU 10 « DIALI 10
« NGOAI NGU (TIENG ANH 10, TIENG PHAP 10,
TIENG NGA 10, TIENG TRUNG QUGC 10)

md vach Q

Tem chéng gid Gid: ..........



