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nhng iu  hc sinh cn ch  khi  s dng sch gio khoa 

1 .  Khi  nghe thy c gio ging bi,  lun lun c SGK trc mt.  Tuy nhin  
khng vit,  v thm vo SGK,   nm sau  cc bn  khc c th dng c.  

2.  V trnh  by,  sch  gio khoa c hai  mng :  mng chnh v mng ph.  

Mng chnh gm cc nh  ngha,  nh  l ,  tnh  cht, . . .  v thng c ng  
khung hoc c ng vin  mp tri .  Mng  ny c in  l i  vo trong.  

3.  Khi  gp Cu hi  ? ,  cn phi  suy ngh,  tr li  nhanh v ng.  

4.  Khi  gp Hot ng ,  cc em phi  dng bt v giy nhp  thc hin  
nhng yu  cu  m hot ng i  hi .  
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1 .  Vect l g  ?  

Trong Vt l,  nhng i l ng nh  vn tc,  gia tc,  lc, . . .   c gi l 
i l ng c h ng.   xc nh cc i l ng ,  ngoi c ng  ca 
chng,  ta cn phi bit h ng ca chng na.  

V d :  Mt chic tu thu chuyn ng thng u vi tc  20  hi l mt 

gi,  hin nay ang  v tr M.  Hi sau 3  gi na n s  u ?  

?1  Cc em c th tr li cu hi  khng ?  V sao ?  

Hnh 1  l hi  mt vng bin ti mt thi im 
no .  C hai tu thu chuyn ng thng u m 
vn tc  c biu th bng mi tn.  Cc mi tn 
vn tc cho ta thy :  Tu A  chuyn ng theo 
h ng ng,  cn tu B  chuyn ng theo h ng 

ng  Bc.  Tc  tu A  bng mt na tc  
tu B  (do mi tn ca tu A  di bng mt na mi 
tn ca tu B).  

Nh  vy,  cc i l ng c h ng th ng  c biu th bng nhng mi tn 
 c gi l nhng VECT.  Vect l mt on thng nh ng c h ng.   
biu th cho h ng ca on thng ta thm mt du "   "  vo mt trong hai 
im mt ca on thng .  
Gi s ta c on thng AB  (cng c th vit 
l on thng BA) .  Nu thm du "    "  vo 
im B  th ta c vect vi im u l A  v 
im cui l B  (h.  2a).  Nu ta thm du 
"   "  vo im A  th ta  c vect vi im u l B  v im cui l A  (h.  2b).  
Nh  vy,  vect l mt on thng  xc nh mt h ng no  trong hai 
h ng c th c ca on thng  cho.  H ng ca vect l h ng i t 
im u n im cui.  

 

 

 

 

 

 

Hnh 1  

 
 

Hnh 2  

A

B

1  
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nh ngha 

Vect l mt on thng c h ng,  ngha l trong hai im 
mt ca on thng,   ch r im no l im u,  im 
no l im cui.  

K hiu 

Nu vect c im u l M v im cui l N  th ta k hiu vect  l 

.MN


 

Nhiu khi  thun tin, ta cng k hiu mt vect xc nh no  bng mt 

ch in th ng, vi mi tn  trn.  Chng hn vect ,a  ,b  ,x  ,y  . . .  .  

Vect-khng 

Ta bit rng mi vect c mt im u v mt im cui ;  mi vect hon 
ton  c xc nh nu cho bit im u v im cui ca n.  

By gi,  vi mi im M bt k,  ta quy c c mt vect m im u l M  

v im cui cng l M.  Vect   c k hiu l MM


 v gi l 
vect-khng  (c gch ni gia hai t).  

Vect c im u v im cui trng nhau gi l vect-khng.  

2.  Hai  vect cng  ph ng,  cng  h ng  

Vi mi vect AB


 (khc vect-khng),   ng thng AB   c gi l gi  

ca vect .AB


 Cn i vi vect-khng AA


 th mi  ng thng i qua A  
u gi l gi ca n.   

 

 

 

 
 
 

 

Hnh 3  
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a)  Trn hnh 3 ,  ta c cc vect ,AB


 ,DC


 ,EF


 ,MN


 .QP


 

Hy ch  n hai vect AB


 v DC


,  chng c gi song song vi nhau.  Hai 

vect AB


 v EF


 cng c gi song song.  Cn hai vect DC


 v EF


 th c 
gi trng nhau.  

Trong cc tr ng hp ,  ta ni rng :  Cc vect ,AB


 ,DC


 EF


 c cng 

ph ng,  hay n gin l cng ph ng.  

Hai vect MN


 v QP


 c gi ct nhau.  Ta ni hai vect  khng cng 

ph ng.  Vy ta c nh ngha 

Hai vect  c gi l  cng ph ng  nu chng c gi song 
song hoc trng nhau.  

R rng vect-khng cng ph ng vi mi vect.  

b)  By gi hy ch  ti cc cp vect cng ph ng trn hnh 4.  

 

 

 

 

 

 

Hnh 4  

Hai vect AB


 v CD


 cng ph ng,  v hn th cc mi tn biu th AB


 v 

CD


c cng h ng,  c th l h ng t tri sang phi.  

Trong tr ng hp ny,  ta ni :  Hai vect AB


 v CD


 cng h ng.  

Hai vect MN


 v PQ


 cng ph ng,  tuy nhin ta thy rng chng khng 

cng h ng v vect MN


 h ng ln pha trn,  cn vect PQ


 th h ng 

xung pha d i.  

Trong tr ng hp ny,  ta ni :  Hai vect MN


 v PQ


 ng c h ng.  

Nh  vy 

Nu hai vect cng ph ng th hoc chng cng h ng,  
hoc chng ng c h ng.  

  Ch   

Ta quy c rng vect-khng cng h ng vi mi vect.  
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3.  Hai  vect bng  nhau  

Mi vect u c mt  d i,   l khong cch gia im u v im 

cui ca vect .   di ca vect a   c k hiu l a .  

Nh  vy,  i vi vect AB


,  PQ


, . . .  ta c 

,AB AB BA= =



 ,PQ PQ QP= =



 . . .  

? 2  Theo nh ngha  di  trn th vect-khng c  di bng bao nhiu ?  

Ta bit rng hai on thng gi l bng nhau nu 
 di ca chng bng nhau.  Trn hnh 5  ta c 
hnh thoi ABCD .  Bn cnh ca hnh thoi l bn 
on thng bng nhau.  Bi vy ta vit 

AB  =  AD  =  DC  =  BC.  

? 3  Hai vect AB


 v AD


 trn hnh 5  cng c  di bng nhau,  nh ng liu 

chng ta c nn ni rng chng bng nhau v vit AB AD=

 

 hay khng ?  
V sao vy ?  

Cn i vi hai vect AB


 v DC


 th c nhn xt g v  di v h ng 
ca chng ?   

Mt cch t nhin ta nh ngha hai vect bng nhau nh  sau 

nh ngha 

Hai vect  c gi l bng nhau  nu chng cng h ng v 
cng  di.  

Nu hai vect a  v b  bng nhau th ta vit a b= .  

    Ch  

Theo nh ngha trn th cc vect-khng u bng nhau :  

. . .AA BB PP= = =

  

.  Bi vy, t nay cc vect-khng  c k hiu 

chung l 0.  

1  

Hy v mt tam gic ABC  vi  cc trung  tuyn  AD ,  BE,  CF,  ri  ch ra  cc b ba 

vect khc 0  v  i  mt bng  nhau  (cc vect ny c im u  v  im cui   c 
ly trong  su  im A ,  B,  C,  D ,  E,  F) .  

Nu  G l  trng  tm tam gic ABC  th  c th vit AG GD=

 

 hay khng  ?  V sao ?  

  

 

 

 

Hnh 5  
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2 

Cho vect a  v  mt im  O  bt k.  Hy xc nh  im  A  sao cho  .OA a=



 C bao 

nhiu  im  A  nh  vy ?   

Trong Vt l,  mt lc th ng  c biu th bi mt vect.   di ca vect 
biu th cho c ng  ca lc,  h ng ca vect biu th cho h ng ca lc 
tc dng.  im u ca vect t  vt chu tc dng ca lc (vt  
th ng  c xem nh  mt im).  

Trn hnh 6,  hai  ng i i  dc  
hai  bn b knh v cng ko 
mt khc g  i  ng c dng.  
Khi   c  cc  lc  sau y tc  
dng vo khc  g  :  hai  lc  

ko 1F


 v 2F


 ca hai  ng i,  

lc  3F


 ca dng n c,  lc  

y c-si-mt 4F


 ca n c 

ln khc  g  v trng lc  5F


 

ca khc g.  

 

 

Uy-l i -am  Ha-min-tn  (Wi l l iam Hami l ton)  l  nh  
ton  hc ng i  Ai-len.  ng   vit mt trong  
nhng  cng  trnh  ton  hc u  tin  v vect.  
ng l  ng i  xy dng khi  nim qua-tc-ni-ng,  
mt i  l ng  g ing  nh  vect,  c nh iu  ng  
dng  trong  Vt l .  

 

Wil l iam  Hami l ton  
(1 805 - 1 865)  

Cu hi  v bi  tp  

1.  Vect khc vi on thng nh  th no ?  

2.  Cc khng nh sau y c ng khng ?  

a)  Hai vect cng ph ng vi mt vect th ba th cng ph ng.  

 

 

 

 

 

 

 

Hnh 6 
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b)  Hai vect cng ph ng vi mt vect th ba khc 0  th cng ph ng.  

c)  Hai vect cng h ng vi mt vect th ba th cng h ng.  

d)  Hai  vect cng h ng vi  mt vect th ba khc  0  th  cng h ng.  

e)  Hai vect ng c h ng vi mt vect khc 0  th cng h ng.  

f)  iu kin cn v   hai vect bng nhau l chng c  di bng nhau.  

3.  Trong hnh 7  d i y,  hy ch ra cc vect cng ph ng,  cc vect cng 
h ng v cc vect bng nhau.  

 
 
 

 

 

 

 Hnh 7 

4.  Gi C  l trung im ca on thng AB.  Cc khng nh sau y ng 
hay sai ?  

a)  AC


 v BC


 cng h ng ;      b)  AC


 v AB


 cng h ng ;  

c)  AB


 v BC


 ng c h ng ;      d)  | AB


|  =  | BC


|  ;  

e)  | AC


|  =  | BC


|  ;           f)  | AB


|  =  2 | BC


| .  

5.  Cho lc gic u ABCDEF.  Hy v cc vect bng vect AB


 v c 

a)  Cc im u l B,  F,  C  ;      b)  Cc im cui l F,  D ,  C.  

 
  

Chng ta  bit vect l g v th no l hai vect bng nhau.  Tuy cc 
vect khng phi l nhng con s,  nh ng ta cng c th cng hai vect vi 
nhau   c tng ca chng,  cng c th tr i nhau   c hiu ca 
chng.  Hc sinh cn nm vng cch xc nh tng v hiu ca hai vect 
cng nh  cc tnh cht ca php cng v php tr vect.  

2 



 1 0 

Hnh 8 

Hnh 9 

1 .  nh  ngha tng ca hai  vect 

Hnh 8  m t mt vt  c di sang v  
tr mi sao cho cc im A ,  M,  . . .  ca 
vt  c di n cc im A',  M', . . .  m 

. . .AA' MM'= =

 

.  Khi  ta ni rng :  

Vt  c " tnh tin"  theo vect AA'


.   

?1  Trn hnh 9, chuyn ng ca mt vt 

 c m t nh  sau : T v tr (I), n  c 

tnh tin theo vect AB


  n v tr (II).  
Sau  n li  c tnh tin mt ln na 

theo vect BC


  n v tr (III).   

Vt c th  c tnh tin ch mt ln  
t v tr (I)  n v tr (III)  hay khng ?  
Nu c,  th tnh tin theo vect no ?   

Nh  vy c th ni :  Tnh tin theo vect AC


 "bng"  tnh tin theo vect 

AB


 ri tnh tin theo vect BC


.   

Trong Ton hc,  nhng iu trnh by trn y  c ni mt cch ngn gn :  

Vect AC


 l tng ca hai vect AB


 v  BC


.   

Ta i n nh ngha (h.  1 0)  

Cho hai vect a  v b .  Ly mt im A no  ri xc nh 

cc im B v C sao cho AB a=



,  BC b=



.  Khi  vect AC


 

 c gi l tng ca hai vect a  v .b  K hiu 

AC


 =  a  +  .b  

Php ly tng ca hai vect  c gi l php cng vect.  

 
 
 
 
 
 

Hnh 1 0 



 1 1  

1  

Hy v mt tam gic ABC,  ri  xc nh  cc vect tng  sau  y 

a)  AB CB+

 

 ;  

b)  .AC BC+

 

 

2  

Hy v hnh  bnh  hnh  ABCD  vi  tm O  (O  l  g iao im hai   ng  cho).  Hy vit 

vect AB


 d i  dng  tng  ca hai  vect m  cc im mt ca chng   c ly 
trong  nm im A ,  B,  C,  D ,  O .  

2.  Cc tnh  cht ca php cng vect 

3  

Chng  ta bit rng  php cng  hai  s c tnh  cht g iao hon.  i  vi  php cng  hai  
vect,  tnh  cht  c ng  hay khng  ?  Hy kim chng  bng  h nh  v.  

4  

Hy v cc vect ,OA a=



 ,AB b=



 BC c=



 nh  trn 

hnh 1 1 .  Trn  h nh  v   

a)  Hy ch ra vect no l  vect ,a b+  v  do ,  

vect no l  vect ( )a b c+ + .  

b)  Hy ch ra vect no l  vect b c+  v  do  

vect no l  vect ( )a b c+ + .  

c)  T  c th rt ra kt lun  g  ?  

T cc hot ng trn,  chng ta suy ra cc tnh cht sau y ca php cng 
vect (cng ging nh  cc tnh cht ca php cng cc s)  

1 )  Tnh cht giao hon :   a b b a+ = + ;  

2 )  Tnh cht kt hp :       ( ) ( )a b c a b c+ + = + + ;  

3)  Tnh cht ca vect-khng :    0 .a a+ =  

            Ch  

Do tnh cht 2,  cc vect ( )a b c+ +  v ( )a b c+ +  bng nhau,  

bi vy,  t nay chng  c vit mt cch n gin l a b c+ + ,  

v gi l tng ca ba vect ,a  ,b  .c  

 

 

 

 

 

Hnh 1 1  



 1 2 

3.  Cc quy tc cn  nh  

 T nh ngha tng ca hai vect ta suy ra hai quy tc sau y 

Quy tc ba im (h.12)   

Vi ba im bt k M,  N,  P,  
ta c  

  MN


 +  NP


 =  .MP


 

Hnh 1 2  

Quy tc hnh bnh h nh (h.1 3)

Nu OABC l hnh bnh hnh 
th ta c 

   .OA OC OB+ =

  

 
Hnh 1 3  

? 2  a)  Hy gii thch ti sao ta c quy tc hnh bnh hnh.  

b)  Hy gii thch ti sao ta c a b a b+  + .  

Bi ton 1.  Chng minh rng vi bn im bt k A,  B,  C,  D, ta c 

.AC BD AD BC+ = +

   

 

Gii.  Dng quy tc ba im ta c th vit AC AD DC= +

  

.  Bi vy 

  AC BD AD DC BD AD BD DC+ = + + = + +

       

 (do tnh cht giao hon)  

        =  AD BC+

 

 (quy tc ba im i vi B,  D ,  C).   

5 

Dng  quy tc ba im,  ta  cng  c th vit  AC AB BC= +

  

.  Hy tip tc  c mt 
cch  chng  minh  khc ca B i  ton  1 .  

Bi ton 2.  Cho tam gic u ABC c cnh 

bng a.  Tnh  di ca vect tng AB AC+

 

.   

Gii.  Ta ly im D  sao cho  ABDC l hnh bnh 
hnh (h.  1 4).  Theo quy tc hnh bnh hnh ta c 

        AB AC+

 

 =  AD


.             Hnh 1 4  



 1 3  

 

 

 

 
 
 

 

Hnh 1 5 

Vy          AB AC+

 

 =  AD


 =  AD .  

V ABC  l tam gic u nn ABDC  l hnh thoi v  di AD  bng hai ln 

 ng cao AH ca tam gic ABC,  do  AD  =  
3

2 3 .
2

a
a =  

Tm li,  AB AC+

 

 =  3 .a  

Bi ton 3  

a)  Gi M l trung im on thng AB.  Chng minh rng 0.MA MB+ =

 

 

b)  Gi G l trng tm tam gic ABC.  Chng minh rng  0.GA GB GC+ + =

  

 

Gii 

a)  Theo quy tc ba im,  ta c 0.MA AM MM+ = =

  

 Mt khc,  v M l 

trung im ca AB  nn .AM MB=

 

 Vy 

0.MA MB+ =

 

 

b)  (h.  15)  Trng tm G nm trn trung tuyn 

CM v GC =  2GM.   tm tng GA GB+

 

,  ta 
dng hnh bnh hnh AGBC'.  Mun vy,  ta ch 
cn ly im C' sao cho M l trung im GC'.   

Khi  GA GB+

 

 =  GC' CG=

 

.  Bi vy 

0.GA GB GC CG GC CC+ + = + = =

     

 

? 3  Trong li gii ca Bi ton 3,  ta  dng ng thc .GC' CG=

 

 Hy gii 

thch ti sao c ng thc .  

Ghi nh 

Nu  M  l trung im on thng  AB th 0MA MB+ =

 

;  

Nu  G  l trng tm tam gic ABC th 0.GA GB GC+ + =

  

 

            Ch  

Quy tc hnh bnh hnh th ng  c p dng trong Vt l  xc 
nh hp lc ca hai lc cng tc dng ln mt vt.  



 1 4 

 

 

 

 

 

 

Hnh 16 

Trn hnh 16,  c hai lc 1F


 v 2F


 cng 

tc dng vo mt vt ti im O.  Khi  
c th xem vt chu tc dng ca lc 

F


 =  1F


 +  2 ,F


 l hp lc ca hai lc 1F


 

v 2F


.  Lc F


  c xc nh theo quy tc 

hnh bnh hnh.   

Cu hi  v bi  tp  

6.  Chng minh rng nu AB CD=

 

 th AC BD=

 

.  

7.  T gic ABCD l hnh g nu AB DC=

 

 v AB


 =  BC


 ?  

8.  Cho bn im bt k M,  N,  P,  Q .  Chng minh cc ng thc sau 

a)  PQ NP MN MQ+ + =

   

 ;  

b)  NP MN QP+ = +

  

MQ


 ;  

c)  .MN PQ MQ PN+ = +

   

 

9.  Cc h thc sau y ng hay sai (vi mi a  v b )  ?  

a)  a b a b+ = +  ;         b)  +  + .a b a b  

10.  Cho hnh bnh hnh ABCD  vi tm O .  Hy in vo ch trng (. . . )    c 
ng thc ng 

a)  AB AD+

 

 =  . . . . . . . . . . . .         b)  AB CD+

 

 =  . . . . . . . . . . . .   

c)  AB OA+

 

 =  . . . . . . . . . . . . .         d)  OA OC+

 

 =  . . . . . . . . . . . .  

e)  OA OB OC OD+ + +

   

 =  . . . . . . . . . . . . . . . .  

11.  Cho hnh bnh hnh ABCD  vi tm O.  Mi khng nh sau y ng hay sai ?  

a)  AB AD+

 

 =  BD


 ;         b)  AB BD BC+ =

  

 ;   

c)  OA OB OC OD+ = +

   

 ;       d)  BD AC AD BC+ = +

   

.   

12.  Cho tam gic u ABC  ni tip  ng trn tm O .  

a)  Hy xc nh cc im M,  N,  P  sao cho 

OM OA OB= +

  

 ;    ON OB OC= +

  

 ;    .OP OC OA= +

  

 

b)  Chng minh rng 0.OA OB OC+ + =
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13.  Cho hai lc 1F


 v 2F


 cng c im t ti O  (h.1 7).  Tm c ng  lc 

tng hp ca chng trong cc tr ng hp sau 

a)  1F


 v 2F


 u c c ng  l 100N, gc hp bi 1F


 v 2F


 bng 120
o 

(h.  17a) ;  

b) C ng  ca 1F


 l 40N, ca 2F


 l 30N v gc gia 1F


 v 2F


 bng 90
o 

(h.  17b).  

 

 

 
 

 

 

Hnh 1 7  

 

  

1 .   Vect i  ca mt vect 

Nu tng ca hai vect a  v b  l vect-khng,  th ta ni a  l 

vect i ca ,b  hoc b  l vect i ca a .   

?1  Cho on thng AB.  Vect i ca vect AB


 l vect no ?  Phi chng 

mi vect cho tr c u c vect i ?  

Vect i ca vect a   c k hiu l a .  

Nh  vy        ( ) ( )+  =  +a a a a  =  0 .  

Ta c nhn xt sau y   

Vect i ca vect a  l vect ng c h ng vi vect a  v 
c cng  di vi vect a .  

c bit,  vect i ca vect 0  l vect 0 .   

3 
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V d. Gi s ABCD  l hnh bnh hnh (h.18).  

Khi  hai vect AB


 v CD


 c cng  di 
nh ng ng c h ng.  Bi vy  

  AB


 =    CD


 v CD


 =   AB


.   

T ng t,  ta c                  Hnh 1 8  

  BC DA= 

 

 v DA BC= 

 

.  

1   

Gi O  l  tm ca hnh bnh h nh ABCD.  Hy ch ra cc cp vect i  nhau m  c 
im u l  O  v  im cui  l  nh  ca hnh bnh h nh .  

2.   H iu  ca hai  vect  

nh ngha 

Hiu  ca hai vect  a  v ,b  k hiu ,a b  l tng ca vect a  

v vect i ca vect ,b  tc l 

( ). = + a b a b  

Php ly hiu ca hai vect gi l php tr vect.  

Sau y l cch dng hiu a    b  nu  

cho vect a  v vect b  (h.  19).   Ly mt 

im O  tu  ri v =



OA a  v .OB b=



 

Khi  BA


 =  a    b .   

? 2  Hy gii thch v sao ta li c  BA


 =  a b  (h.  1 9) .      

Quy tc v hiu vect 

Quy tc sau y cho php ta biu th mt vect bt k thnh hiu ca hai 
vect c chung im u.  

Nu MN


 l mt vect  cho th vi im O bt k,  ta lun c 

.MN ON OM= 

  

 

Bi ton.  Cho bn im bt k A ,  B,  C,  D.  Hy dng quy tc v hiu vect 
 chng minh rng 

.AB CD AD CB+ = +

   

 

Hnh 1 9  
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Gii.  Ly mt im O  tu  ,  theo quy tc v hiu vect,  ta c 

AB CD OB OA OD OC+ =  + 

     

 

AD CB OD OA OB OC+ =  + 

     

.   

So snh hai ng thc trn ta suy ra AB CD AD CB+ = +

   

.   

2  (Gii bi ton trn bng nhng cch khc)   

a)  ng  thc cn  chng  minh  t ng   ng  vi  ng  thc AB AD CB CD = 

   

.  

T  hy nu  ra cch  chng  minh  th hai  ca b i  ton.  

 b)  ng thc cn chng minh cng t ng  ng vi  ng thc AB CB AD CD = 

   

.  
T  hy nu  cch  chng  minh  th ba ca b i  ton.   

c)  H in  nhin  ta c 0AB BC CD DA+ + + =

   

.  Hy nu  cch  chng  minh  th t .  

Cu hi  v bi  tp 

14.  Tr li cc cu hi sau y 

a)  Vect i ca vect  a  l vect no ?  

b)  Vect i ca vect 0  l vect no ?  

c)  Vect i ca vect +a b  l vect no ?  

15.  Chng minh cc mnh  sau y 

a)  Nu a b c+ =  th ,a c b=   b c a=   ;  

b)  ( )a b c a b c + =    ;  

c)  ( ) .a b c a b c  =  +  

16.  Cho hnh bnh hnh ABCD  vi tm O.  Mi khng nh sau y ng hay sai ?  

a)  OA OB AB =

  

 ;         b)  CO OB BA =

  

 ;  

c)  AB AD AC =

  

 ;        d) AB AD BD =

  

 ;  

e)  .CD CO BD BO = 

   

  

17.  Cho hai im A ,  B  phn bit.  

a)  Tm tp hp cc im O  sao cho OA OB=

 

 ;  

b)  Tm tp hp cc im O  sao cho .OA OB= 

 

 

18.  Cho hnh bnh hnh ABCD.  Chng minh rng 0DA DB DC + =

  

.  
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19.  Chng minh rng AB CD=
 

 khi v ch khi trung im ca hai on thng 
AD  v BC  trng nhau.   

20.  Cho su im A ,  B,  C,  D ,  E,  F.  Chng minh rng 

AD BE CF AE BF CD+ + = + +
     

 =  AF BD+ +
 

CE


.  

 
 
Ta  bit th no l tng ca hai vect.  By gi nu ta ly vect a  cng 
vi chnh n th ta c th ni kt qu l hai ln vect a ,  vit l 2a ,  v gi 
l tch ca s 2 vi vect a ,  hay l tch ca a  vi 2.  

Trong mc ny ta s ni n tch ca mt vect vi mt s thc bt k.  

1 .   nh  ngha tch  ca mt vect vi  mt s 

Xt cc vect trn hnh 20.  Ta hy ch  

n hai vect a  v b .  Hai vect  c 

cng h ng, v  di vect b  bng hai 

ln  di  vect a ,  tc l 2b a= .  

Trong tr ng hp  ta vit b  =  2a  v 

ni rng :  Vect b  bng 2  nhn vi vect 
a  (hoc bng vect a  nhn vi 2),  hoc 

vect b  l tch ca vect a  vi s 2.  

Li ch  n hai vect c  v d .  Hai vect ny ng c h ng, v 2c d= .  

Khi  ta vit c  =  (2) d  v ni rng :  Vect c  bng  2  nhn vi vect d  

(hoc bng vect d  nhn vi 2),  hoc vect c  l tch ca vect d  vi 2.  

1   

V hnh  bnh  h nh  ABCD .   

a)  Xc nh  im E  sao cho 2AE BC=
 

.  

b)  Xc nh  im F  sao cho 
1

2
AF CA

 
=  

 

 

.  

 

 

 

 

 

 
Hnh 20 
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nh ngha 

Tch ca vect a  vi s thc k l mt vect,  k hiu l ka ,  

 c xc nh nh  sau 

1 )  Nu k    0  th vect ka  cng h ng vi vect a  ;  

     Nu k <  0  th vect ka  ng c h ng vi vect a  ;  

2 )   di vect ka  bng .k a .  

Php ly tch ca mt vect vi mt s gi l php nhn vect 

vi s (hoc php nhn s vi vect).  

Nhn xt.  T nh ngha ta thy ngay 1 ,a a=  ( 1) a  l vect i ca a ,  

tc l ( 1) .a a =   

V d.  Trn hnh 21 ,  ta c tam gic ABC  vi M  v N  ln l t l trung im 
hai cnh AB  v AC.  Khi  ta c  

a)  BC


 =  2MN


 ;  MN


 =
1

2
BC


 ;  

b)  BC


 =  (2)NM


 ;  MN


 =  
1

2

 
 

 
CB


 ;   

c)  2AB MB=
 

 ;  AN


 =  
1

2

 
 

 
CA


.         

2.   Cc tnh  cht ca php nhn  vect vi  s 

Da vo nh ngha php nhn vect vi s ta c th chng minh cc tnh 
cht sau y 

Vi hai vect bt k a ,  b  v mi s thc k,  l,  ta c 

1 )  ( ) ( )k l a kl a=  ;  

2)  ( )k l a k a l a+ = +  ;  

3)  ( )k a b k a k b+ = +  ;  ( )k a b k a k b =   ;  

4)  0k a =  khi v ch khi k  =  0  hoc 0.a =  

Hnh 21  
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2  ( kim chng tnh cht 3 vi k =  3 )  

a)  V tam gic ABC  vi  g i thit AB a=



 v  BC b=



.  

b)  Xc nh  im A' sao cho ' 3A B a=



 v  im C' sao cho ' 3 .BC b=



 

c)  C nhn  xt g  v hai  vect AC


 v  ' 'A C


?   

d)  Hy kt thc vic chng  minh  tnh  cht 3  bng  cch  dng  quy tc ba im.  

            Ch  

1) Do tnh cht 1 , ta c ( ) ( 1 . ) ( 1)( ) ( ).k a k a ka ka =  =  =   Bi vy 

c hai vect ( )k a  v ( )ka  u c th vit n gin l .ka   

2) Vect 
m

n
a  c th vit l 

ma

n
.  Chng hn 

1

3
a  c th vit l 

3

a
.  

Bi ton 1.  Chng minh rng im I l trung im ca on thng AB khi 

v ch khi vi im M bt k,  ta c 2 .MA MB MI+ =

  

  

Gii.  (h.  22)  Vi im M bt k,  ta c 

   MA MI IA= +

  

,   

   MB MI IB= +

  

.   

Nh  vy 

 MA MB+ =

 

 2MI


 +  IA IB+

 

.              Hnh 22  

Ta bit rng I l trung im ca AB   khi v ch khi 0IA IB+ =

 

.  T  suy ra 
iu phi chng minh.   

Bi ton 2.  Cho tam gic ABC  vi trng tm G.  Chng minh rng vi im 
M bt k,  ta c 

3MA MB MC MG+ + =

   

.   

3  ( gii Bi ton 2)  (h.  23)   

a)  T ng  t B i  ton  1 ,  hy biu  th   cc vect MA


,  MB


 

v  MC


 qua vect MG


 v  tng  vect GA


,  GB


,  GC


.   

b)  Tnh  tng  MA


 +  MB


 +  .MC


 Vi  ch   rng  G l  trng  
tm tam gic ABC,  hy suy ra iu  phi  chng  minh.   

 

 

 

 

Hnh 23  
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3.  iu  kin   hai  vect cng  ph ng  

Ta  bit rng nu b  =  ka  th hai vect a  v b  cng ph ng.  iu ng c 
li c ng hay khng ?   

 

 
 
 

  

 

 

Hnh 24  

?1  Xem hnh 24.  Hy tm cc s k,  m,  n,  p,  q sao cho b ka=  ;  c ma=  ;  

b nc=  ;  =x pu  ;  =y qu .   

Mt cch tng qut ta c 

Vect b  cng ph ng vi vect a  ( 0)a   khi v ch khi 

c s k sao cho b ka= .  

? 2  Trong pht biu  trn,  ti sao phi c iu kin 0a   ?  

iu kin  ba im thng hng  

iu kin cn v   ba im phn bit A ,  B,  C thng 

hng l c s k sao cho .AB kAC=

 

 

Chng minh.  Ba im A ,  B,  C  thng hng khi v ch khi hai vect AB


 v 

AC


 cng ph ng.  Bi vy theo trn ta phi c .AB kAC=

 

 

Bi ton 3.  Cho tam gic ABC c trc tm H,  trng tm G v tm  ng 
trn ngoi tip O.  

a)  Gi I l trung im ca BC.  Chng minh 2 .AH OI=

 

 

b)  Chng minh .OH OA OB OC= + +

   

 

c)  Chng minh ba im O,  G,  H thng hng.  
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Gii  (h.  25)  

a)  D thy 2AH OI=

 

 nu tam gic ABC vung.  

Nu tam gic ABC  khng vung,  gi D  l im i xng ca A  qua O .  
Khi  

 BH // DC  (v cng vung gc vi AC),  

 BD // CH (v cng vung gc vi AB).  

Suy ra BDCH l hnh bnh hnh,  do  
I l trung im ca HD .  T  

         2 .AH OI=

 

 

b)  Ta c 

   2OB OC OI AH+ = =

   

 

        

nn                        Hnh 25  

   .OA OB OC OA AH OH+ + = + =

     

 

c)  Ta  bit 3OA OB OC OG+ + =

   

.  Vy 3 .OH OG=

 

 

Suy ra ba im O,  G,  H thng hng.  

 ng thng i qua ba im ny gi l  ng thng -le  ca tam gic ABC.  

4.   Biu  th  mt vect qua hai  vect khng cng ph ng 

Cho hai vect a  v b .  Nu vect c  c th vit d i dng c m a n b= + ,  

vi m  v n  l hai s thc no ,  th ta ni rng :  Vect c  biu th  c 

qua hai vect a  v b .  

Mt cu hi t ra l :  Nu  cho hai vect khng cng ph ng a  v b  
th phi chng mi vect u c th biu th  c qua hai vect  ?  

Ta c nh l sau y 

nh l 

Cho hai vect khng cng ph ng a  v b .  Khi  mi 
vect x  u c th biu th  c mt cch duy nht qua 

hai vect a  v ,b  ngha l c duy nht cp s m v n sao 

cho .x m a n b= +  
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Chng minh   

T mt im O  no ,  ta v cc vect 

,OA a=



 ,OB b=



 OX x=



 (h.  26).  

Nu im X nm trn  ng thng OA  

th ta c s m  sao cho OX mOA=

 

.  

Vy ta c 

   0x ma b= +  (lc ny n  =  0).  

T ng t,  nu im X nm trn  ng 
thng OB  th ta c 

   0x a nb= +  (lc ny m  = 0).            Hnh 26  

Nu im X khng nm trn OA  v OB  th ta c th ly im A' trn OA  v 
im B' trn OB sao cho OA'XB' l hnh bnh hnh.  Khi  ta c 

,OX OA' OB'= +

  

 v do  c cc s m,  n  sao cho OX mOA nOB= +

  

,  hay 

.x ma nb= +  

By gi nu cn c hai s m' v n' sao cho = + = +x ma nb m' a n'b ,  th 

( ) ( )m m' a n' n b =  .  

Khi ,  nu m    m' th 
n' n

a b
m m'


=



,  tc l hai vect a  v b  cng ph ng,  

tri vi gi thit,  vy m  =  m'.  Chng minh t ng t ta cng c n  =  n'.   

Cu hi  v bi  tp  

21.   Cho tam gic vung cn OAB  vi OA  =  OB  =  a.  Hy dng cc vect sau 
y v tnh  di ca chng 

    OA



 +  OB


;    OA



   OB


 ;     3 OA


 +  4OB


;   

    
21

4
OA



 +  2,5 OB


 ;     
1 1

4
OA



   
3

7
 .OB



 

22.  Cho tam gic OAB.  Gi M,  N  ln l t l trung im hai cnh OA  v OB.  
Hy tm cc s m  v n  thch hp trong mi ng thc sau y 

OM



 =  mOA



 +  n OB


 ;    MN



 =  mOA



 +  n OB


;   

AN



 =  mOA



 +  n OB


;    MB



 =  mOA



 +  n .OB
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23.  Gi M v N ln l t l trung im cc on thng AB v CD.  Chng minh rng 

2MN


 =  AC


 +  BD


 =  AD


 +  .BC


 

24.  Cho tam gic ABC  v im G.  Chng minh rng 

a)  Nu 0GA GB GC+ + =
  

 th G l trng tm tam gic ABC  ;  

b)  Nu c im O  sao cho ( )1

3
OG OA OB OC= + +
   

 th G  l trng tm 

tam gic ABC.   

25.  Gi G  l trng tm tam gic ABC.  t a GA=


 v .b GB=


 Hy biu th 

mi vect AB


,  GC


,  BC


,  CA


 qua cc vect a  v b .  

26.  Chng minh rng nu G  v G' ln l t l trng tm tam gic ABC v tam 

gic A'B'C' th  

3 ' ' ' 'GG AA BB CC= + +
   

.  

T  hy suy ra iu kin cn v   hai tam gic ABC  v A'B'C' c 

trng tm trng nhau.  

27.  Cho lc gic ABCDEF.  Gi P,  Q,  R,  S,  T,  U ln l t l trung im cc cnh 

AB,  BC,  CD ,  DE,  EF,  FA .  Chng minh rng hai tam gic PRT  v QSU c 

trng tm trng nhau.   

28.  Cho t gic ABCD .  Chng minh rng 

a)  C mt im G  duy nht sao cho 0GA GB GC GD+ + + =
   

.  im G  

nh  th gi l trng tm  ca bn im  A,  B,  C,  D.  Tuy nhin,  ng i ta vn 

quen gi G  l trng tm ca t gic ABCD .  

b)  Trng tm G l trung im ca mi on thng ni cc trung im hai 

cnh i ca t gic,  n cng l trung im ca on thng ni trung im 

hai  ng cho ca t gic.  

c)  Trng tm G nm trn cc on thng ni mt nh ca t gic v trng 

tm ca tam gic to bi ba nh cn li.  
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 lp 7,  chng ta  lm quen vi trc v h trc to  -cc vung gc.  

Trong phn ny,  chng ta s ni k hn v cc khi nim .  

1 .   Trc to  

Trc to   (cn gi l trc,  hay trc s)  l mt  ng thng 

trn   xc nh mt im O v mt vect i  c  di 

bng 1 .  

 

 

Hnh 27 

im O  gi l gc to ,  vect i  gi l vect n v  ca trc to .  

Trc to  nh  vy  c k hiu l ( ; )O i .  Ta ly im I sao cho ,OI i=



 

tia OI cn  c k hiu l Ox,  tia i ca Ox  l Ox'.  Khi  trc ( ; )O i  cn 

gi l trc x'Ox  hay trc Ox  (h.  27).  

To  ca vect v ca im trn trc 

Cho vect u  nm trn trc ( ; )O i .  Khi  c s a  xc nh  .u ai=  S 

a  nh  th gi l to  ca vect u  i vi trc  ( ; )O i .  

Cho im M  nm trn trc ( ; )O i .  Khi  c s m  xc nh  .OM mi=



 

S m  nh  th gi l to  ca im M  i vi trc  ( ; )O i  (cng l to  

ca vect ).OM


 

1  

Trn  trc Ox cho hai  im A  v  B  ln  l t c to  l  a  v  b.  Tm to  ca vect 

AB


 v  vect BA


.  Tm to  trung  im ca on  thng  AB.  

5 
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 di i  s ca vect trn trc 

Nu hai im A ,  B  nm trn trc Ox  th to  ca vect AB


  c k hiu 

l AB  v gi l  d i i s ca vect AB


 trn trc Ox.  

Nh  vy 

.AB AB i=



 

T nh ngha trn ta suy ra cc khng nh sau y :  Trn trc s,  

1 )  Hai vect AB


 v CD


 bng nhau khi v ch khi AB CD=  

(hin nhin)  ;  

2)  H thc AB BC AC+ =

  

 t ng  ng vi h thc 

AB BC AC+ =  (h thc Sa-l).  

Tht vy,         AB BC AC+ =

  

   AB i BC i AC i+ =  

        ( )AB BC i AC i+ =    .AB BC AC+ =  

2.  H trc to  

Trn hnh 28,  ta c mt h trc to  vung 

gc.  N bao gm hai trc to  Ox  v Oy  

vung gc vi nhau.  

Vect n v trn trc Ox  l ,i  vect n v 

trn trc Oy  l .j  

im O  gi l gc to .  Trc Ox  gi l trc 

ho nh,  trc Oy  gi l trc tung.  

H trc to  vung gc nh  trn cn gi n gin l h trc to   v 

th ng  c k hiu l Oxy  hay ( ; , )O i j .  

  Ch   

Khi trong mt phng  cho (hay  chn)  mt h trc to ,  ta 

s gi mt phng  l  mt phng to .   

 

 

 

 

 

 

 

Hnh 28 
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3.  To  ca vect i  vi  h trc to   

2  

Quan  st hnh  29.  Hy biu  th  

mi  vect ,a  ,b  ,u  v  qua hai  

vect ,i j  d i  dng  x i y j+  

vi  x,  y  l  hai  s thc no .  

 

 

 

 

 

                  Hnh 29 

nh ngha 

i vi h trc to  ( ; , )O i j ,  nu a x i y j= +  th cp s 

(x ;  y)   c gi l to  ca vect ,a  k hiu l a  =  (x  ;  y)  

hay a (x  ;  y) .  S th nht x gi l ho nh ,  s th hai y gi l 

tung   ca vect a .  

?1  a)  Tm to  ca cc vect , , ,a b u v  trn hnh 29.   

b)  i vi h trc to  ( ; , )O i j ,  hy ch ra to  ca cc vect 0 ,  i ,  j ,  

i j+ ,  2 j i ,  
1

3
3
i j ,  3 0,14i j+ .  

Nhn xt.  T nh ngha to  ca vect,  ta thy hai vect bng nhau khi 

v ch khi chng c cng to ,  ngha l 

( ; ) ( ; )
.

x x'
a x y b x' y'

y y'

=
=  

=
 



 28  

4.   Biu  thc to  ca cc php ton  vect 

Trong mc ny ta ni v biu thc to  ca cc php ton vect sau :  
php cng,  php tr vect v php nhn vect vi s.  

3 

Cho hai  vect ( 3 ; 2)a =   v  (4 ; 5)b = .  

a)  Hy biu  th   cc vect ,a b  qua hai  vect ,i j .  

b)  Tm to  ca cc vect c a b= +  ;  4d a=  ;  4u a b=  .  

Mt cch tng qut,  ta c 

Cho a  =  (x  ;  y)  v b  =  (x' ;  y') .  Khi  

1 )  ( ; ')a b x x' y y+ = + + ;  ( ; )a b x x' y y' =    ;  

2 )  ( ; )ka kx ky=  vi  k      ;  

3) Vect b  cng ph ng vi vect 0a   khi v ch khi c s 

k sao cho x' =  kx,  y' =  ky.  

? 2  Mi cp vect sau c cng ph ng khng ?  

a)  (0 ; 5)a =  v ( 1 ; 7)b =   ;     b)  (2003 ; 0)u =  v (1 ; 0)v =  ;  

c)  (4 ; 8)e =   v ( 0, 5 ; 1)f =   ;    d)  ( 2 ; 3)m =  v (3 ; 2 )n = .  

5.   To  ca im 

Trong mt phng to  Oxy,  mi im M  c xc nh hon ton bi 

vect OM


.  Do vy,  nu bit to  ca vect OM


 th im M s  c xc 

nh.  V l  ng i ta nh ngha 

Trong mt phng to  Oxy,  to  ca vect OM


  c 

gi l to  ca im  M.  

Nh  vy,  cp s (x  ;  y)  l to  ca im M  khi v ch khi OM


 =  (x  ;  y) .  

Khi  ta vit M(x  ;  y)  hoc M  =  (x  ;  y).  

S x gi l  ho nh   ca im M,  s y  gi l tung   ca im M.  
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Nhn xt.  (h.  30)  Gi H,  K ln l t l hnh chiu ca 
M trn Ox v Oy.  Khi , nu M =  (x ;  y) th 

.OM xi y j OH OK= + = +

  

 Suy ra 

     x i OH=



 hay x OH=  ;  

     y j OK=



 hay y  =  .OK          Hnh 30 

4 
Trn  hnh  31   

a) To  ca mi im O,  A, B, C, D  bng 
bao nhiu ? 

b)  Hy tm  im E  c to  (4 ;  4) .  

c) Tm to  ca vect AB


.   

 

 

Tng qut,  ta c 

Vi hai im ( ; )M MM x y  v ( ; )N NN x y  th 

=  



( ; )N M N MMN x x y y .  

? 3  Hy gii thch v sao c kt qu trn.  

  Ch   

 thun tin,  ta th ng dng k hiu ( ; )M Mx y   ch to  

ca im M.  

6.  To  trung im ca on thng v to  ca trng tm tam gic 

5  

Trong  mt phng  to  Oxy,  cho hai  im M(xM  ;  yM) ,  N(xN  ;  yN) .  Gi  P  l  trung  

im ca on  thng  MN.  

a)  Hy biu  th   vect OP


 qua hai  vect OM


 v  ON


.  

b)  T  hy tm to  im P  theo to  ca M  v  N.  

Vy ta c 

Nu P l trung im ca on thng MN th 
+

=

2
M N

P

x x
x  ;  

+

= .
2

M N
P

y y
y  

 

 

 

 

 

 

 
 

Hnh 31  
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6 

Tm to  im M' i  xng vi  im M(7 ;  3)  qua im A(1  ;  1 ).  

7  

Trong  mt phng  to   Oxy,  cho tam gic ABC  vi  trng  tm G.  

a)  Hy vit h thc g ia cc vect , ,OA OB OC
  

 v  OG


.  

b)  T  suy ra to  ca G theo to  ca A ,  B,  C.  

Vy ta c 

Nu G l trng tm ca tam gic ABC th 
+ +

=
3

A B C
G

x x x
x  ;  

+ +
= .

3
A B C

G

y y y
y  

V d.  Trong mt phng to  Oxy,  cho  cc im A(2 ;  0),  B(0 ;  4),  C(1  ;  3).  

a)  Chng minh A ,  B,  C l ba nh ca mt tam gic.  

b)  Tm to  ca trng tm tam gic ABC.  

Gii.  a) Ta c ( 2 ; 4)AB = 


 v ( 1 ; 3)AC = 


.  Do 
2 4

1 3





 nn ,AB AC

 

 

khng cng ph ng,  suy ra A ,  B,  C  khng thng hng v chng l ba nh 
ca mt tam gic.  

b) Ta c  
+ +

=
3

A B Cx x x
 
2 0 1

1
3

+ +
=  v 

+ +
=

3
A B Cy y y 0 4 3 7

.
3 3

+ +
=  

Vy to  ca trng tm tam gic ABC  l 
7 .1 ;
3

 
 
 

 

Cu hi  v bi  tp 

29.  Trong mt phng to ,  mi mnh  sau ng hay sai ?  

a)  Hai vect (26 ; 9)a  v (9 ; 26)b bng nhau.  

b)  Hai vect bng nhau khi v ch khi chng c honh  bng nhau v 
tung  bng nhau.  

c)  Hai vect i nhau th chng c honh  i nhau.  

d)  Vect a  cng ph ng vi vect i  nu a  c honh  bng 0.  

e)  Vect a  c honh  bng 0 th n cng ph ng vi vect .j  
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30.  Tm to  ca cc vect sau trong mt phng to  

    a i=   ;       5b j=  ;       3 4c i j=   ;  

   
1
( )

2
d j i=   ;    0, 15 1, 3e i j= +  ;    =  

o(cos 24 )f i j  .  

31.  Cho a  =  (2 ;  1 ),  (3 ; 4), (7 ; 2)b c= = .  

a)  Tm to  ca vect 2 3u a b c=  + .  

b)  Tm to  ca vect x  sao cho x a b c+ =  .  

c)  Tm cc s k,  l   c k a l b= + .  

32.  Cho 
1

5
2

u i j=   ,  4v ki j=  .  

Tm cc gi tr ca k   hai vect ,u v  cng ph ng.  

33.  Trong cc mnh  sau,  mnh  no ng ?  

a)  To  ca im A  bng to  ca vect OA


,  vi O  l gc to .  

b)  Honh  ca mt im bng 0 th im  nm trn trc honh.  

c)  im A  nm trn trc tung th A  c honh  bng 0.  

d)  P  l trung im ca on thng AB khi v ch khi honh  im P  bng 
trung bnh cng cc honh  ca hai im A ,  B.  

e)  T gic ABCD l hnh bnh hnh khi v ch khi A C B Dx x x x+ = +  v 

A C B Dy y y y+ = + .  

34.  Trong mt phng to ,  cho ba im A(3  ;  4),  B(1  ;  1 ),  C(9 ;  5).  

a)  Chng minh ba im A,  B,  C  thng hng.  

b)  Tm to  im D  sao cho A  l trung im ca BD .  

c)  Tm to  im E  trn trc Ox  sao cho A ,  B,  E  thng hng.  

35.  Cho im M(x  ;  y) .  Tm to  ca cc im 

a)  M1  i xng vi M  qua trc Ox  ;  

b)  M2  i xng vi M  qua trc Oy  ;  

c)  M3  i xng vi M  qua gc to  O .  

36.  Trong mt phng to ,  cho ba im A(  4  ;  1 ) ,  B(2 ;  4),  C(2 ;    2).  

a)  Tm to  ca trng tm tam gic ABC.  

b)  Tm to  im D  sao cho C  l trng tm tam gic ABD .  

c)  Tm to  im E  sao cho ABCE  l hnh bnh hnh.  
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I  - Tm tt nhng kin  thc cn  nh 

1.   Vect  

  Vect khc 0  l mt on thng c h ng.  Vect-khng c im u 
v im cui trng nhau.  Vect-khng c  di bng 0,  c ph ng v 
h ng tu .  

  Hai vect bng nhau nu chng c cng h ng v cng  di.  

2.   Tng v hiu cc vect  

  Quy tc ba im :  Vi ba im M,  N,  P bt k,  ta c 

MN NP MP+ =

  

.  

  Quy tc hnh bnh hnh :  Nu OABC  l hnh bnh hnh th  

.OA OC OB+ =

  

 

  Quy tc v hiu vect :  Cho vect MN


.  Vi im O  bt k,  ta c 

MN ON OM= 

  

.  

3.  Tch ca mt vect vi mt s 

  Nu b ka=  ( 0)a   th  .b k a=  v 

        b  cng h ng vi a  khi k   0,  

        b  ng c h ng vi a  khi k < 0.  

  Cc tnh cht 

 1 )  ( ) ( )k la kl a=  ;  

 2)  ( )k l a ka la+ = +  ;  

 3 )  ( )k a b ka kb+ = +  ;  

 4)  0ka =    k =  0  hoc 0.a =  

  im I l trung im on thng AB  khi v ch khi vi im O  bt k,  ta c  

1
( )

2
OI OA OB= +

  

.  
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 im G l trng tm tam gic ABC  khi v ch khi vi im O  bt k,  ta c 

1
( ).

3
OG OA OB OC= + +

   

 

4.   To  ca vect v ca im 

 i vi h trc (O  ;  ,i j )  hay Oxy  

 1 )  ( ; )u a b u ai bj=  = +  ;  

 2)  ( ; ) ( ; ).M x y OM x y=  =



 

 Nu ( ; )A x y= ,  ( ' ; ')B x y=  th ( ' ; ' ).AB x x y y=  



 

 Nu ( ; )=u x y  v ( ' ; ')=v x y  th 

 1 )  ( ' ; ')+ = + +u v x x y y  ;  

 2)  ( ; ).=ku kx ky  

I I  - Cu  hi  t kim tra 

1.  Hy ni r vect khc on thng nh  th no.  

2.   Nu hai vect AB


 v CD


 bng nhau v c gi khng trng nhau th bn nh 

A,  B,  C,  D  c l bn nh ca mt hnh bnh hnh hay khng ?   

3.   Nu c nhiu vect th xc nh tng ca chng nh  th no ?  

4.   Hiu hai vect  c nh ngha qua khi nim tng hai vect nh  th no ?  

5.   Cho hai im A ,  B  phn bit.  Vi mt im O  bt k,  mi ng thc sau 

y ng hay sai ?  

a)  AB OA OB= 

  

 ;          b)  OA OB BA =

  

 ;  

c)  OA OB BA+ = 

  

 ;         d)  OA BO AB+ = 

  

.  

6.  C th dng php nhn vect vi mt s  nh ngha vect i ca mt 

vect hay khng ?  

7.  Cho hai vect a  v b  khng cng ph ng.  Trong cc vect ,c  ,d  ,u  ,v  ,x  

y  sau y,  hy ch ra cc vect cng h ng v cc vect ng c h ng 
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1 2

2 3
c a b= +  ;     

1

3
d a b=  +  ;        3 4u a b= +  ;  

3v a b=   ;       
1 1

4 3
x a b=    ;       9 3 .y a b=  +  

Hai vect c  v d  c cng ph ng hay khng ?  Ti sao ?  

8.  Cho tam gic ABC vi trung tuyn AM  v trng tm G.  Mi khng nh sau 
y ng hay sai ?  

a)  2AM AG=

 

 ;       b)
2

3
AG AM=

 

;      c)  
1

2
MG GA=

 

 ;   

d)  
2
( )

3
AG AB AC= +

  

 ;    e)  GB AG BG= +

  

.  

9.  Cho bit to  hai im A  v B.  Lm th no  

a)  Tm to  ca vect AB


 ?  

b)  Tm to  trung im ca on thng AB  ?  

10.   Cho bit to  ba nh ca mt tam gic.  Lm th no  tm to  ca 
trng tm tam gic  ?  

I I I  - Bi  tp 

1.  Cho tam gic  ABC.  Hy xc nh cc vect 

   AB BC+

 

 ;   CB BA+

 

 ;   AB CA+

 

 ;    BA CB+

 

 ;  

   BA CA+

 

 ;   CB CA

 

 ;   AB CB

 

 ;    .BC AB

 

 

2.  Cho ba im O,  A ,  B  khng thng hng.  Tm iu kin cn v   vect 

OA OB+

 

 c gi l  ng phn gic ca gc AOB.  

3.  Gi O  l tm ca hnh bnh hnh ABCD .  Chng minh rng vi im M  bt 
k,  ta c 

 MO


 =  
1

4
( )MA MB MC MD+ + +

   

.  

4.  Cho tam gic ABC.  

a)  Tm cc im M  v N  sao cho 

0MA MB MC + =

  

 v 2 0.NA NB NC+ + =
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b) Vi cc im M,  N  cu a), tm cc s p  v q  sao cho 

.MN pAB qAC= +

  

 

5.  Cho on thng AB  v im I sao cho 2 3 0IA IB+ =

 

.  

a)  Tm s k  sao cho AI kAB=

 

.  

b)  Chng minh rng vi mi im M,  ta c 

2 3

5 5
MI MA MB= +

  

.  

6.  Trong mt phng to  Oxy,  cho ba im A(1  ;  3),  B(4 ;  2),  C(3  ;  5 ) .  

a)  Chng minh rng ba im A ,  B,  C  khng thng hng.  

b)  Tm to  im D  sao cho 3AD BC= 

 

.  

c)  Tm to  im E  sao cho O  l trng tm tam gic ABE.  

IV - Bi  tp trc nghim 

1.  Cho tam gic ABC.  Gi A',  B',  C' ln l t l trung im ca cc cnh BC,  

CA ,  AB.  Vect A'B'


 cng h ng vi vect no trong cc vect sau y ?  

(A)  AB


 ;             (B)  AC'


 ;  

(C)  BA


 ;             (D)  'C B


.  

2.  Cho ba im  M,  N,  P  thng hng,  trong  im N  nm gia hai im M  
v P.  Khi  cc cp vect no sau y cng h ng ?  

(A)  MN


 v PN


 ;          (B)  MN


 v MP


 ;  

(C)  MP


 v PN


 ;          (D)  NM


 v NP


.  

3.  Cho hnh ch nht ABCD.  Trong cc ng thc d i y, ng thc no ng ? 

(A)  AB CD=

 

 ;           (B)  BC DA=

 

.  

(C)  AC BD=

 

 ;           (D)  AD BC=

 

.  

4.  Cho tam gic u ABC vi  ng cao AH.  ng thc no d i y ng ?  

(A)  HB HC=

 

 ;           (B)  2AC HC=

 

 ;  

(C)  
3

2
AH BC=

 

 ;        (D)  AB AC=

 

.  
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5.   Cho im B  nm gia hai im A  v C  vi AB =  2a,  CB  =  5a.   di vect 

AC



 bng bao nhiu ?  

(A)  7a  ;             (B)  3a  ;  

(C)  
5

2

a
 ;             (D)  210a .  

6.   Cho bn im A ,  B,  C,  D .  ng thc no d i y ng ?  

(A)  AB CD AC BD+ = +

   

 ;      (B)  AB CD AD BC+ = +

   

 ;  

(C)  AB CD AD CB+ = +

   

 ;      (D)  AB CD DA BC+ = +

   

.  

7.   Cho su im A ,  B,  C,  D ,  E,  F.  ng thc no d i y ng ?  

(A)  0AB CD FA BC EF DE+ + + + + =

      

 ;  

(B)  AB CD FA BC EF DE AF+ + + + + =

      

 ;  

(C)  AB CD FA BC EF DE AE+ + + + + =

      

 ;  

(D)  AB CD FA BC EF DE AD+ + + + + =

      

.  

8.   Cho hnh thang ABCD  vi hai cnh y l AB  =  3a  v CD  =  6a.  Khi  

+

 

AB CD  bng bao nhiu ?  

(A)  9a  ;               (B)  3a  ;  

(C)  3a  ;               (D)  0.  

9.  Cho hnh vung ABCD  c cnh bng a.  Khi  gi tr AC BD+

 

 bng 

bao nhiu?  

(A)  2 2a  ;             (B)  2a  ;  

(C)  a  ;              (D)  0.  

10.   Cho ba im bt k A ,  B,  C.  ng thc no d i y ng ?  

(A)  AB CB CA= 

  

;         (B)  BC AB AC= 

  

 ;  

(C)  AC CB BA =

  

 ;         (D)  CA CB AB =

  

.  

11.   Cho tam gic u ABC  c cnh bng a.  Gi tr AB CA

 

 bng bao nhiu ?  

(A)  2a  ;              (B)  a  ;  

(C)  3a  ;            (D)  
3

2

a
.  
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12.   Cho hai tam gic ABC  v A'B'C' ln l t c trng tm l G  v G'.  ng 
thc no d i y l sai  ?  

(A)  3GG' AA' BB' CC'= + +
   

 ;     (B)  3GG' AB' BC' CA'= + +
   

 ;  

(C)  3GG' AC' BA' CB'= + +
   

 ;     (D)  3GG' A'A BB' CC'= + +
   

.  

13.   Cho im B  nm gia hai im A  v C,  vi AB =  2a,  AC =  6a.  ng thc 
no d i y ng ?  

(A)  BC AB=
 

 ;          (B)  2BC AB= 
 

 ;  

(C)  4BC AB=
 

 ;          (D)  2BC BA= 
 

.  

14.   Cho ba im phn bit A ,  B,  C.  Nu 3AB AC=
 

 th ng thc no d i 

y ng ?  

(A)  4BC AC=
 

 ;          (B)  4BC AC= 
 

 ;  

(C)  2BC AC=
 

 ;          (D)  2BC AC= 
 

.  

15.   iu kin no d i y l cn v   im O  l trung im ca on 
thng AB  ?  

(A)  OA =  OB ;           (B)  OA OB=
 

 ;  

(C)  AO BO=
 

 ;          (D)  0OA OB+ =
 

.  

16.   Nu G  l trng tm tam gic ABC  th ng thc no d i y ng ?  

(A)  
2

AB AC
AG

+
=

 



 ;        (B)  
3

AB AC
AG

+
=

 



 ;  

(C)  
( )3

2

AB AC
AG

+
=

 



 ;       (D)  
( )2

3

AB AC
AG

+
=

 



.  

17.   Gi AM  l trung tuyn ca tam gic ABC,  v I l trung im ca AM.  
ng thc no sau y l ng ?  

(A)  0IA IB IC+ + =
  

 ;        (B)  0IA IB IC + + =
  

 ;  

(C)  0IA IB IC+  =
  

 ;        (D)  2 0IA IB IC+ + =
  

.  

18.   Trong mt phng to  Oxy  cho hai im A(1  ;  4)  v B(3  ;  5).  Khi  

to  ca vect BA


 l cp s no ?  
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(A)  (2 ;    1 )  ;           (B)  (  4  ;  9)  ;  

(C)  (4 ;    9)  ;           (D)  (4 ;  9).  

19.   Trong mt phng to  Oxy  cho hai im A(0 ;  5)  v B(2 ;  7).  To  
trung im ca on thng AB  l cp s no ?  

(A)  (2 ;    2)  ;           (B)  (  2  ;  1 2)  ;  

(C)  (  1  ;  6)  ;           (D)  (1  ;    1 ) .  

20.   Trong mt phng to  Oxy  cho hai im M(8  ;    1 )  v N(3  ;  2).  Nu P  l 
im i xng vi im M  qua im N  th to  ca P  l cp s no ?  

(A)  (2 ;  5)   ;           (B)  
1 1 1

;
2 2

 
 
 

 ;  

(C)  (1 3  ;  3)  ;           (D)  (1 1  ;    1 ).  

21.   Trong mt phng to  Oxy  cho ba im A(5  ;    2),  B(0 ;  3)  v C(  5 ;    1 ).  
Khi  trng tm tam gic ABC  c to  l cp s no ?  

(A)  (1  ;    1 )   ;           (B)  (0 ;  0)  ;  

(C)  (0 ;  1 1 )  ;            (D)  (1 0 ;  0).  

22.   Trong mt phng to  Oxy  cho tam gic ABC  vi trng tm G.  Bit rng 

A =  (  1  ;  4),  B  =  (2 ;  5),  G =  (0 ;  7).   Hi to  nh C  l cp s no ?  

(A)  (2 ;  1 2)  ;           (B)  (  1  ;  1 2)  ;  

(C)  (3  ;  1 )  ;            (D)  (1  ;  1 2).  

23.  Trong mt phng to  Oxy  cho bn im A(3  ;  1 ) ,  B(2 ;  2),  C(1  ;  6),  

D(1  ;    6) .  Hi im G(2 ;    1 )  l trng tm ca tam gic no sau y ?  

(A)  Tam gic ABC  ;         (B)  Tam gic ABD  ;    

(C)  Tam gic ACD  ;         (D)  Tam gic BCD .  
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( t n

 

 lp 9,  cc em  bit v cc gi tr  
l ng gic (t s l ng gic)  :  sin,  csin,  

tang,  ctang ca mt gc nhn   v k 

hiu l sin ,  cos ,  tan ,  cot .  

Trn hnh 32 c mt h to  Oxy  v mt 

na  ng trn tm O  bn knh R =  1 ,  

nm pha trn trc Ox.  Ta gi n l 
na  ng trn n v.   

Nu cho tr c mt gc nhn   th ta c th xc nh mt im M  duy nht 

trn na  ng trn n v sao cho .MOx =  

1  

Gi s (x ;  y)  l  to  ca im M  (h.  32).  Hy chng  t rng  

sin y =  ;   cos x =  ;    tan
y

x
 =  ;    .cot

x

y
 =  

By gi chng ta m rng nh ngha gi tr  l ng gic  cho gc   bt k 
o o(0 180 )  .  Ta lm iu  bng cch vn dng na  ng trn n v 

nh  trn.  

1 .  nh  ngha 

Vi mi gc   o o(0 180 ),   ta xc nh im M trn na 

 ng trn n v sao cho .MOx =  Gi s im M  c to 

 (x ;  y) .  Khi  

Tung  y ca im M gi l  sin  ca gc ,  k hiu l sin  ;  

Honh  x ca im M gi l csin  ca gc ,  k hiu 
l cos  ;  

 

 

 

 

 

Hnh 32  

1  
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T s 
y

x
 (vi x   0)  gi l tang  ca gc ,  k hiu l tan  ;  

T s 
x

y
 (vi y    0)  gi l ctang  ca gc ,  k hiu l cot .  

Cc s sin,  cos,  tan,  cot  gi l cc gi tr l ng gic  ca gc .  

Nh  vy sin ,y =  cos ,x =  
sin

tan ,
cos

y

x





= =  

cos
cot .

sin

x

y





= =  

V d 1.  Tm cc gi tr l ng gic ca gc o135 .  

Gii.  (h.  33)  Ta ly im M  trn na 

 ng trn n v sao cho 

o135 .MOx =  Khi  hin nhin 

o45 .MOy =  T  suy ra to  ca 

im M  l 

2 2
; .

2 2
M

 
=   

 
 

Vy o 2
sin135

2
=  ;  o 2

cos135
2

=   ;  otan135 1=   ;  ocot135 1 .=   

?1  Tm cc gi tr l ng gic ca cc gc o0 ,  o180 ,  o90 .  

?2  Vi cc gc   no th sin 0 <  ?  Vi cc gc   no th cos 0 <  ?  

2  (h .  34)  

Ly hai  im  M  v  M' trn  na  ng  trn  

n  v  sao cho  MM' // Ox.  

a)  Tm  s l in  h gia hai  gc  MOx =  v  

= .' M'Ox  

b)  Hy so snh  cc g i tr  l ng  gic ca hai  

gc   v  '.  

 

 

 
 

 

Hnh 33  
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T  ta suy ra cc tnh cht sau y 

Nu hai gc b nhau th sin ca chng bng nhau,  cn 
csin,  tang v ctang ca chng i nhau ;  ngha l 

     osin(180 ) =  sin  ;  

    ocos(180 ) =  cos  ;  

    otan(180 ) =  tan    ( o90  )  ;  

    ocot(180 ) =  cot   ( o o0 180< < ).  

V d 2.   Tm cc  gi tr l ng gic ca gc 150
o
.  

Gii.  Gc 1 50
o 
b vi gc 30

o  
nn 

o o 1
sin150 sin 30

2
= =  ;        o o 3

cos150 cos 30
2

=  =   ;  

o o 3
tan150 tan 30

3
=  =   ;      o ocot150 cot 30 3=  =  .  

2.  Gi tr  l ng  gic ca mt s gc c bit 

Sau y l gi tr l ng gic ca mt s gc c bit m ta nn nh (trong 
bng d i y,  kx l vit tt ca nhm t khng xc nh).  Gi tr  l ng 
gic ca cc gc bt k c th tm thy trong bng s hoc bng my tnh 
b ti.  

Gc  0
o 

30
o 

45
o 

60
o 

90
o 

120
o 

135
o 

150
o 

180
o 

sin 0 
1

2
 2

2

3

2
 1  

3

2
 

2

2

1

2
 0 

cos  1  
3

2
 

2

2

1

2
 0 

1

2
 2

2


3

2
  1  

tan 0 
3

3
 1  3  kx  3 1  

3

3
  0  

cot kx 3  1  
3

3
 0 

3

3
 1   3  kx 
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Em  c  b i t  ?  

T xa x a,  do nhu  cu  o c thin  vn,  nhiu  nh  ton hc  lp bng  di  dy 

cung cng bi  cung  trn (bn knh  cho tr c)  c s o 1 o,  2o,  3o,  . . . ,  1 80o,  trong  
c H ip-pac (Hipparque)   th k th I I  tr c cng nguyn,  Pt-l-m (Ptolemey)  th 
k th I I  sau  cng nguyn,  v.v. . .   l  ngun gc ca khi  n im sin.  Qua nhiu giai  

on  l ch  s,  t "j iva" (ting n,  c ngha l  "dy cung")   c din  dch,  phin  m,  i  
dn thnh t sinus bi  cc nh  th in  vn,  ton hc nh  An Bat-ta-ni  (Al  Battani)   th 
k th X,  Gi-ra Cr-mn (Grard  Crmone)  th k th XI I ,  v.v. . .  

Khi  n im tang,  ctang  ny sinh  t vic kho st bng  ca vt thng  ng  trn  
nn  nm ngang   tm  g i trong  ngy.  T xa x a,  ng i  ta  cng   lp bng  cc 
"bng"  (tc bng  tang,  ctang).  

n  th k th XVI  mi  xut h in  k h iu  s in ,  tang  (T-mat Ph in  (Thomas Finck))  
v  u  th k th XVI I  mi  xut h in  k h iu  csin ,  ctang   ch sin ,  tang  ca  
gc ph  (Et-mn  Gn-t (Edmund  Gunter)) .  Cc k h iu  ny dn  dn   c chp 
nhn  v  s dng  ph cp.   

Cu hi  v bi  tp 

1.   Tnh gi tr ng ca cc biu thc sau (khng dng my tnh b ti hoc 
bng s)  

a)  o o o o o(2 sin 30 cos135 3 tan150 )(cos180 cot 60 )+    ;  

b)  2 o 2 o 2 o 2 o 2 osin 90 cos 120 cos 0 tan 60 cot 135 .+ +  +  

2.   n gin cc biu thc 

a)  o o o osin100 sin80 cos16 cos164+ + +  ;  

b) o o o2sin(180 ) cot cos(180 ) tan cot(180 )         vi  o o0 90 .< <  

3.   Chng minh cc h thc sau  

a)  2 2sin cos 1 + =  ;  

b) 2
2

1
1 tan

cos




+ =    o( 90 )   ;  

c) 2
2

1
1 cot

sin




+ =    o o(0 180 )< < .  
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1 .   Gc gia hai  vect  

Cho hai vect a  v b  u khc vect 0 .   

T mt im O  no , ta v cc vect OA


 =  a  

v OB


 =  b  (h.  35).  Khi   

S o ca gc AOB   c gi l 

s o ca gc gia hai vect a  

v b ,  hoc n gin l gc gia 

hai vect a  v b .  

Trong tr ng hp c t nht mt trong hai vect a  hoc b  l vect 0  th ta 

xem gc gia hai vect  l tu  (t 0
o
 n 1 80

o
).   

R rng cch xc nh gc gia hai vect khng ph thuc vo vic chn 

im O  ;  cho nn gc gia hai vect a  v b   c k hiu l ( , ).a b  

Nu ( , )a b  =  90
o  th ta ni rng hai vect a  v b  vung gc 

vi nhau,  k hiu l a b .  

?1  Khi no gc gia hai vect bng 0
o   ?  Bng 1 80

o   ?   

1  

Cho tam gic ABC  vung  ti  A  v  c  
o50B =  (h.  36).   

Tnh  cc gc 

    ( , )BA BC
 

 ;   ( , )AB BC
 

 ;  

    ( , )CA CB
 

 ;   ( , )AC BC
 

 ;  

    ( , )AC CB
 

 ;  ( , ).AC BA
 

                       Hnh 36
 

 

 

 

 

 

 

 

Hnh 35  
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2.   nh  ngha tch  v h ng ca hai  vect   

Trong Vt l,  ta c khi nim "cng 
sinh bi mt lc" .  

Gi s mt lc khng i F


 tc dng 
ln mt vt lm cho vt  di chuyn 
t im O  n im O' (h.  37).  

Khi  lc F


  sinh ra mt cng  A  
tnh theo cng thc 

. cosA F OO' =
 

,  

trong  F


 l c ng  ca lc F


 tnh bng Niutn (k hiu l N),  OO'


 

l  di vect OO'


 tnh bng mt (k hiu l m),    l gc gia hai vect 

F


 v OO'


.  Cng A   c tnh bng Jun (k hiu l J).  Nh  vy J =  N.  m.  

Trong Ton hc,  gi tr A  trong biu thc trn (khng k n v o)   c 

gi l tch v h ng  ca hai vect F


 v OO'


.  

Tch v h ng ca hai vect a  v  b  l mt s,  k hiu l 

a . b ,   c xc nh bi 

( ). . cos , .a b a b a b=  

V d 1.  Cho tam gic u ABC c cnh a v trng 

tm G (h.  38).  Tnh cc tch v h ng sau y  

AB


. AC


 ;    AC


. CB


 ;    AG


. AB


 ;  

GB


. GC


 ;    BG


. GA


 ;     GA


. BC


.  

Gii.  Theo nh ngha,  ta c  

   AB


. AC


 o 21
. . cos 60

2
a a a= =  ;              Hnh 38  

   AC


. CB


 o 21
. . cos120

2
a a a= =   ;   

   AG


. AB


 = = =o 2 23 3 3 1. . .cos 30
3 3 2 2

a a a a  ;   

 
 

 
 
 

 

Hnh 37 
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   GB


. GC


 =  
3

3
a .

2
o3

cos120
3 6

a
a =   ;  

   BG


. GA


 =  
3

3
a .

2
o3

cos 60
3 6

a
a =  ;  

   GA


. BC


 =  o3
. . cos 90 0.

3
a a =  

?2  Trong tr ng hp no th tch v h ng ca hai vect a  v  b  bng 0  ?   

Bnh ph ng v h ng  

Vi vect a  tu ,  tch v h ng a . a   c k hiu l 2( )a  hay n gin 

hn l 2a  v gi l bnh ph ng v h ng  ca vect a .  

T nh ngha ca tch v h ng ta c 

22 o. . cos 0 .a a a a= =  

Vy 

Bnh ph ng v h ng ca mt vect bng bnh ph ng  

di ca vect .  

 

 

Hc-man Grat-x-man (Hermann Grassmann 
1 808 - 1 877),  nh  ton  hc c,  l  cha   ca tch  

v h ng  ca hai  vect m  ng   k h iu  l  .u v.  

Chnh  vic nghin  cu  thu triu  dn  ng  n  cc 
kho st v  vect.  

 

3.   Tnh  cht ca tch  v h ng 

?3  Vi hai s thc a v  b,  ta c ab =  ba.  Vy vi hai vect a  v  b ,  ta c tnh 

cht t ng t hay khng ?   
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nh l 

Vi ba vect a ,  ,b  c  tu  v mi s thc k,  ta c 

1 )  a . b  =  b . a        (tnh cht giao hon)  ;  

2)  . 0a b =    a b  ;  

3)  (k a ). b  =  .( )a kb  =  k( a . b )  ;   

4)  a . ( b  +  c )  =  a . b  +  a . c    (tnh cht phn phi i vi 
             php cng)  ;  

    a .( b    c )  =  a . b    a . c    (tnh cht phn phi i vi 
             php tr).  

Ta c th d dng chng minh  c cc tnh cht 1 ,  2,  3.  Tnh cht 4  c 
tha nhn,  khng chng minh.  

Dng cc tnh cht ca tch v h ng,  ta c th chng minh cc h thc sau  

                2 2 2( )a + b = a + b + 2a.b  ;       (1 )  

       2 2 2( ) 2 .a b a b a b = +   ;       (2)  

       
222 2( ).( ) .a b a b a b a b+  =  =      (3)  

Sau y ta chng minh h thc 3 .  Theo tnh cht phn phi,  ta c  

222 2 2 2

( ).( ) .( ) .( )

. . .

a b a b a a b b a b

a a b b a b a b a b

+  =  + 

=  +  =  = 

 

2 

Hy chng  minh  cc h thc (1 )  v  (2) .  

? 4  Ta bit rng vi hai s thc bt k a v b,  lun c 2 2 2( ) .ab a b=  Vy vi 

hai vect bt k a  v ,b  ng thc 2 2 2( . ) .a b a b=  c ng khng ?  Vit 

th no mi ng ?  

Bi ton 1.  Cho t gic ABCD.  

a)  Chng minh rng 

2 2 2 2 2 . .AB CD BC AD CA BD+ = + +
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b)  T cu a),  hy chng minh rng :  iu kin cn v   t gic c 
hai  ng cho vung gc l tng bnh ph ng cc cp cnh i din 
bng nhau.  

Gii.  (h.  39)  

a)  Ta c 

  2 2 2 2AB CD BC AD+     

=  2 2 2 2( ) ( )CB CA CD CB CD CA +   

   

 

2 . 2 .CB CA CD CA=  +

   

 

2 .( ) 2 . .CA CD CB CA BD=  =

    

 

T  suy ra iu phi chng minh.  

b)  T a)  ta c ngay :  

CA    BD    . 0CA BD =

 

   2 2 2 2 .AB CD BC AD+ = +  

Bi ton 2.  Cho on thng AB c  di 2a v s k
2
.  Tm tp hp cc 

im M sao cho 2. .MA MB k=
 

 

Gii.  (h.  40)  Gi O  l trung im on thng AB,  ta c 

   .MA MB
 

 =  ( ) . ( )MO OA MO OB+ +

   

  

       ( ) . ( )MO OA MO OA= + 

   

 

       
2 2

MO OA= 

 

  

       =  2 2 2 2 .MO OA MO a =          Hnh 40  

Do  

2.MA MB k=
 

   2 2 2MO a k =    2 2 2 .MO k a= +  

Vy tp hp cc im M  l  ng trn tm O,  bn knh 2 2 .R k a= +  

Bi ton 3.  Cho hai vect ,OA OB
 

.  Gi B' l hnh chiu ca B trn  ng 

thng OA.  Chng minh rng 

. .OA OB OA OB'=

   

.   

 

 

 

 

 
 
 

Hnh 39 
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Chng minh.  Nu  o90AOB <  (h.  41a)  th 

  .OA OB =

 

 . . cosOA OB AOB  

    .OA OB'=  

    o. . cos 0OA OB'=   

 . .OA OB'=

 

  

Cn nu  o90AOB   (h.  41b)  th        

   . . . cosOA OB OA OB AOB=

 

 . . cosOA OB B'OB=   

     o. . . cos180 . .OA OB' OA OB' OA OB'=  = =

 

 

Vect OB'


 gi l hnh chiu  ca vect OB


 trn  ng thng OA.  

Cng thc . .OA OB OA OB'=

   

 gi l cng thc hnh chiu.  

3 

Hy pht biu  bng  li  kt lun  ca B i  ton  3.   

Bi ton 4.  Cho  ng trn  (O ;  R)  v im M c nh.  Mt  ng thng   
thay i,  lun i qua M,  ct  ng trn  ti hai im A  v B.  Chng 
minh rng 

MA


. MB


 =  2MO    R
2
 .  

Chng minh.  (h.  42)  V  ng knh BC  ca  ng trn (O  ;  R).  Ta c MA


 l 

hnh chiu ca MC


 trn  ng thng MB.  Theo cng thc hnh chiu, ta c   

 

 

        
 

       

Hnh 42  

    MA


. MB


 =  MC


. MB


 =  ( MO


 + OC


) . (MO


 + OB


)   

      =  (MO


   OB


). (MO


 +  OB


)  =  
2 2

MO OB

 

  

           =  d
2
   R

2
 (vi d =  MO).  

a)  b)  
Hnh 41  
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    Ch  

1) Gi tr khng i MA


. 2 2
MB d R= 


 ni trong Bi ton 4 gi l 

ph ng tch  ca im M i vi  ng trn (O)  v k hiu l P M/(O)  

      PM/(O)  =  MA


. MB


 =  d
2
   R

2    (d =  MO).  

2)  (h.  43)  Khi im M  nm ngoi 

 ng trn (O),  MT  l tip tuyn ca 

 ng trn  (T  l tip im),  th 

     PM/(O)  =  
2

MT


 =  MT
2
.        Hnh 43  

4.  Biu  thc to  ca tch  v h ng 

4 

Trong  h to  (O ;  ,i j ) ,  cho ( ; )a x y=  v  ( ' ; ')b x y= .  Tnh  

a)  
2 2
, , .i j i j  ;     b)  .a b  ;     c)  2

a  ;     d )  ( )cos ,a b .  

Cc h thc quan trng  

Cho hai vect ( ; )a x y=  v ( ' ; ')b x y= .  Khi  

1 )  . ' ' ;a b xx yy= +  

2 )  
2 2

a x y= + ;  

3)  
2 2 2 2

' '
cos( , )

' '

xx yy
a b

x y x y

+
=

+ +

  ( )0, 0a b  .  

c bit :  a b    xx' +  yy' =  0.  

5 

Cho hai  vect (1 ; 2)a =  v  ( 1 ; )b m=  .  

a)  Tm m   a  v  b  vung  gc vi  nhau.  

b)  Tm   d i  ca a  v  b .  Tm m   a b= .  
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H qu 

Trong mt phng to ,  khong cch gia hai im ( ; )M MM x y  

v ( ; )N NN x y  l 

  2 2( ) ( )N M N MMN MN x x y y= =  + 


.  

V d 2.  Trong mt phng to ,  cho hai im M(2 ;  2)  v N(4 ;  1 ).  

a)  Tm trn trc Ox im P cch u hai im M,  N.  

b)  Tnh csin ca gc MON.  

Gii 

a)  V P  thuc trc Ox  nn P  c to  (p ;  0).  Khi   

2 2 2 2 2 2( 2) 2 ( 4) 1 .MP NP MP NP p p=  =  + + =  +  

T  ta  c ph ng trnh 1 2p =  9,  suy ra 
3

4
p = .  Vy 

3
; 0 .

4
P

 
=  
 

 

b)  Ta c ( 2 ; 2)OM = 


 v (4 ; 1)ON =


.  Vy 

 2 . 4 2.1 3
cos cos( , ) .

8 . 17 34
MON OM ON

 +
= = = 

 

 

Cu hi  v bi  tp 

4.   Trong tr ng hp no tch v h ng .a b  c gi tr  d ng,  c gi tr m,  

bng 0 ?  

5.   Cho tam gic ABC.  Tng ( , ) ( , )AB BC BC CA+ +
   

( , )CA AB
 

 c th nhn gi 

tr no trong cc gi tr sau :  90
o
 ;  1 80

o
 ;  270

o
 ;  360

o 
?  

6.   Cho tam gic ABC vung  A  v B  =  30
o
.  Tnh gi tr ca cc biu thc sau 

a)  
( , )

cos( , ) sin( , ) tan
2

AC CB
AB BC BA BC+ +

 
   

 ;  

b)  sin( , ) cos( , )AB AC BC BA+
   

 +  cos( , )CA BA
 

.  
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7.   Cho bn im bt k A ,  B,  C,  D .  Chng minh rng 

. . . 0DA BC DB CA DC AB+ + =

     

.  

T  suy ra mt cch chng minh nh l :  "Ba  ng cao ca mt tam 

gic ng quy" .  

8.   Chng minh rng iu kin cn v   tam gic ABC  vung ti A  l 

.BA BC =

 

 AB
2
.  

9.   Cho tam gic ABC  vi ba  ng trung tuyn AD,  BE,  CF.  Chng minh rng 

 . .BC AD CA+

  

. 0BE AB CF+ =

  

.   

10.  Cho hai im M,  N  nm trn  ng trn  ng knh AB =  2R.  Gi I l giao 
im ca hai  ng thng AM  v BN.  

a)  Chng minh rng . .AM AI AB AI=

   

 ;  . .BN BI BA BI=

   

.  

b)  Tnh . .AM AI BN BI+

   

 theo R.  

11.  Cho hai  ng thng a v  b  ct nhau ti M.  Trn a c hai im A  v  B,  trn 

b  c hai im C v  D  u khc M  sao cho .MA MB
 

 =  .MC MD
 

.  Chng 

minh rng bn im A,  B,  C,  D  cng nm trn mt  ng trn.   

12.  Cho on thng AB  c nh, AB =  2a  v mt s k
2
.  Tm tp hp cc im M 

sao cho MA
2
   MB

2
 =  k

2
.  

13.  Trong mt phng to ,  cho 
1

5
2

= u i j  v 4v k i j=  .  

a)  Tm cc gi tr ca k   u v  ;  

b)  Tm cc gi tr ca k   =u v .  

14.  Trong mt phng to ,  cho tam gic ABC  c cc nh A(4 ;  1 ),  B(2 ;  4) ,  

C(2 ;  2).  

a)  Tnh chu vi v din tch ca tam gic .  

b)  Tm to  ca trng tm G,  trc tm H  v tm I  ca  ng trn ngoi 
tip tam gic ABC.  T  hy kim tra tnh cht thng hng ca ba im 
I,  G,  H.  



 53  

 

 
 

Ta bit rng mt tam gic hon ton  c xc nh nu bit ba cnh, hoc hai 
cnh v gc xen gia,  hoc mt cnh v hai gc k ;  ngha l s o cc cnh, 
cc gc cn li ca tam gic ny hon ton xc nh.  Nh  vy,  gia cc yu t 
ca tam gic c nhng mi lin h no ,  m ta s gi chng l cc h thc 
l ng trong tam gic.  Trong mc ny ta s lm quen vi mt s h thc .   

1 .   nh  l  csin  trong tam gic 

Nu ABC  l tam gic vung ti A  (h.  44)  th theo 
nh l Py-ta-go ta c 

    2 2 2BC AC AB= +   

hay   
2

BC


 =  
2

AC


 +  
2

AB


.      (*)  

C th chng minh ngn gn ng thc (*)  nh  sau      Hnh 44  
2 2 2 2 22( ) 2 . .BC AC AB AC AB AC AB AC AB=  = +  = +

        

 

?1  Trong chng minh trn,  gi thit gc A  vung  c s dng nh  th no ?  

By gi ta hy xt mt tam gic ABC tu .   

1  

Hy lm t ng  t nh  chng  minh  trn,  ri  t BC  =  a,  CA  =  b,  AB  =  c,   i  n  
cng  thc 

2 2 2 2 cos .a b c bc A= +   

Nh  vy ta  c nh l sau y, gi l nh l csin  trong tam gic.  

nh l 

     Trong tam gic ABC,  vi BC =  a,  CA =  b,  AB =  c,  ta c 

          2 2 2 2 cosa b c bc A= +   ;  

          2 2 2 2 cosb a c ac B= +   ;  

          2 2 2 2 cos .c a b ab C= +   

3 
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2  

T nh  l  trn,  hy pht biu  bng li  cng thc tnh  mt cnh ca tam gic theo hai  
cnh cn  li  v  csin  ca gc xen gia hai  cnh  .  

? 2  Khi ABC  l tam gic vung,  chng hn A  =  90o,  nh l csin tr thnh 

nh l quen thuc no ?  

3  

T nh  l  csin  hy vit cng  thc tnh  g i  tr  cos ,A  cos ,B  cosC  theo a,  b,  c.  

T hot ng ny ta c h qu sau y trong tam gic ABC 

H qu 

      
2 2 2

cos
2

b c a
A

bc

+ 
=  ;  

      

2 2 2

cos
2

a c b
B

ac

+ 
=  ;  

      
2 2 2

.cos
2

a b c
C

ab

+ 
=  

V d 1.  Hai chic tu thu cng xut pht t mt v tr A,  i thng theo 

hai h ng to vi nhau gc  60
o
.  Tu B chy vi tc  20  hi l mt gi.  

Tu C chy vi tc  15  hi l mt gi.  Sau 2  gi,  hai tu cch nhau bao 

nhiu hi l ?  (1  hi l   1 ,852 km).  

Gii.  (h.  45)  Sau 2  gi tu B  i  c 40 hi l,  tu C  i  c 30 hi l.  Vy 

tam gic ABC  c AB =  40,  AC =  30,  A  =  60
o
.   

p dng nh l csin vo tam gic ABC,  ta c 

  2 2 2 2 cosa b c bc A= +   

 2 2 o30 40 2.30.40. cos 60= +   

  =  900 +  1 600   1 200 =  1 300.  

Vy BC  =  1300    36 (hi l) .  

Sau 2 gi,  hai tu cch nhau khong 36 hi l.           Hnh 45 
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V d 2.   Cc cnh ca tam gic ABC  l a =  7 ,  b =  24,  c  =  23 .  Tnh gc A.   

Gii.  (h.  46)  Theo h qu ca nh l csin ta c 

  
2 2 2

cos
2

b c a
A

bc

+ 
=   

 =  
2 2 224 23 7

2.24.23

+ 
   0,9565 .         Hnh 46  

T  ta  c A    1 6
o
58'.   

    Ch   

Nu s dng my tnh b ti (MTBT)  tnh gc A  khi bit 

cos A  =  0,9565,  ta c th lm nh  sau 

1 )  i vi MTBT CASIO fx-220 hoc fx-500A th n 

0.9565  SHIFT  cos  SHIFT  , , , .  Kt qu :  A    1 6
o
58'.  

2)  i vi MTBT CASIO fx-500MS th n 

SHIFT  cos  0.9565  =  , , , .  Kt qu :  A    1 6
o
58'.  

Ngoi ra,  c th dng mt s loi MTBT khc  tnh ton,  nh  
CANON, SHARP hoc cc MTBT c chc nng t ng  ng.  

2.  nh  l  sin  trong  tam gic 

Cho tam gic ABC c BC =  a,  CA  =  b,  AB  =  c 

ni tip  ng trn (O  ;  R).  

Nu gc A  vung (h.  47)  th a  =  2R  v d thy 

 2 sina R A= ,   2 sinb R B= ,  2 sinc R C= .   (1 )  

By gi xt tr ng hp gc A  khng vung.  Ta 
chng minh cc cng thc (1 )  vn ng.  

4  ( chng minh cc cng thc (1))  

Gi  (O  ;  R)  l   ng trn ngoi  tip tam gic ABC,  v  ng knh BA' ca  ng trn.  

Hy chng t  sin sinBAC BA'C=  trong c hai  tr ng hp :  Gc BAC  l  gc nhn 

(h.  48a),  l  gc t  (h.  48b).  T  hy kt thc chng minh.  

 

 

 

 

 

 

 

Hnh 47 
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a)            b)  

Hnh 48 

T  ta c nh l  

Vi mi tam gic ABC,  ta c 

sin

a

A
 =  

sin

b

B
 =  

sin

c

C
 =  2R, 

trong   R l bn knh  ng trn ngoi tip tam gic ABC.  

V d 3.  T hai v tr A  v B ca mt to nh,  ng i ta quan st nh C 
ca ngn ni (h.  49).  Bit rng  cao  AB  bng 70 m,  ph ng nhn  AC  

to vi ph ng nm ngang gc  30
o
,  ph ng nhn  BC  to vi ph ng nm 

ngang gc  1 5
o
30'.  Hi ngn ni  cao bao nhiu mt so  vi mt t ?  

Gii.  (h.  49)  T gi thit,  ta suy ra tam gic ABC  c  

CAB  =  60
o
,  ABC  =  105

o
30',  c  =  70.  

C  =  1 80
o
   ( )A B+  =  180

o
   1 65

o
30'  =  1 4

o
30'.  

Theo nh l sin ta c 

   
sin sin

b c

B C
= ,  

hay  

 
o o

70
.

sin105 30 ' sin14 30 '

b
=  

Do  = =

o

o

70. sin105 30 '

sin14 30 '
AC b    269,4 (m).          

Gi CH l khong cch t C  n mt t.  Tam gic vung ACH c cnh 

CH i din vi gc 30
o
 nn 

Hnh 49
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CH =  
2

AC
   

269, 4

2
 =  134,7  (m) .  

Vy ngn ni cao khong 1 35  m.  

    Ch   

Nu s dng MTBT  tnh biu thc 
o

o

70. sin105 30 '

sin14 30 '
b =  th ta c 

th lm nh  sau 

1 )  i vi MTBT CASIO fx-220 hoc fx-500A th n 

70   [(. . .  105 , , ,  30 , , ,  sin  . . .)]    [(. . .  14 , , ,  30 , , ,  

sin  . . .)]  = .  Kt qu :  b     269,4.  

2)  i vi MTBT CASIO fx-500MS th n 

70   sin  1 05  , , ,  30 , , ,    sin  1 4 , , ,  30 , , ,  = .  

Kt qu :  b     269,4.  

V d 4.  Cho tam gic ABC c a =  4,  b =  5,  c =  6.  Chng minh rng 

sin 2 sin sin 0.A B C + =  

Gii.  Gi R  l bn knh ca  ng trn ngoi tip tam gic ABC.  

T nh l sin,  ta c 

sin ,
2

a
A

R
=     sin ,

2

b
B

R
=    .sin

2

c
C

R
=  

Vy    
1 1

sin 2 sin sin ( 2 ) (4 10 6) 0.
2 2

A B C a b c
R R

 + =  + =  + =  

 
 

nh  l  csin  trong  tam gic cn   c gi  l  nh  l  
An  Ka-si  (AL Kashi)    tn  ca nh  th in  vn  hc v  

ton  hc Trung  ,  mt trong  nhng nh  bc hc ln  
cui  cng  ca tr ng  phi  Xa-mc-kan  (Samarkand)  
u  th k XV.  

 
 

  AL Kashi  
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3.   Tng bnh ph ng hai  cnh v  di   ng trung tuyn ca tam gic  

Bi ton 1.  Cho ba im A,  B,  C,  trong  BC  =  a  > 0.  
Gi I l trung im ca BC,  bit AI =  m  (h.  50) .  Hy 

tnh 2 2AB AC+  theo a  v m.  

? 3  Nu 
2

a
m =  th c th thy ngay 2 2AB AC+  bng 

bao nhiu hay khng ?  

5 ( gii  B i  ton  1 )  

Hy vit ,AB AI IB= +

  

 AC AI IC= +

  

 ri  tnh  
2 2

AB AC+

 

  i  n  kt qu 

2
2 2 22 .

2

a
AB AC m+ = +  

Bi ton 2.  Cho hai im phn bit P,  Q.  Tm tp 

hp cc im M  sao cho 2 2 2 ,MP MQ k+ =  trong  

k  l s cho tr c.  

H ng dn.  (h.  51 )  Gi I l trung im ca PQ  v 
t PQ  =  a.  Theo Bi ton 1 ,  ta c 

2
2 2 22 .

2

a
MP MQ MI+ = +  

Vy 2 2 2MP MQ k+ =  khi v ch khi 
2

2 22
2

a
MI k+ =  hay  

           
2 2

2

2 4

k a
MI =  .          (*)  

6  

T (*)  hy suy ra li  g ii  ca B i  ton  2.  

Bi ton 3.  Cho tam gic ABC.  Gi ma,  mb,  mc  l  di cc  ng trung 

tuyn ln l t ng vi cc cnh BC =  a,  CA  =  b,  AB  =  c.  Chng minh cc 
cng thc sau y,  gi l cng thc trung tuyn  

2 2 2
2

2 4a
b c a

m
+

=   ;    
2 2 2

2

2 4b
a c b

m
+

=   ;    
2 2 2

2 .
2 4c

a b c
m

+
=   

Gii.  T kt qu ca Bi ton 1 ,  ta suy ra ngay cc cng thc cn chng minh.  

 

 

 

 

 

 

Hnh 50 

 

 

 

 

 

 
Hnh 51  
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4.   Din  tch  tam gic 

Vi tam gic ABC,  ta k hiu ha,  hb,  hc  l  di cc  ng cao ln l t 

ng vi cc cnh BC,  CA,  AB ;  R,  r  ln l t l bn knh  ng trn ngoi 

tip,  ni tip tam gic ;  p =  
2

a b c+ +
 l na chu vi tam gic.  

Ta c th tnh din tch S  ca tam gic ABC  bng cc cng thc sau y 

  
1 1 1

2 2 2a b cS a h b h c h= = =  ;                          (1 )   

  
1 1 1

sin sin sin
2 2 2

S ab C ac B bc A= = =  ;            (2)  

  
4

abc
S

R
=  ;                                                          (3)   

   S =  pr ;                  (4)   

  ( )( )( )S p p a p b p c=    .                            (5)   

(Cng thc (5)  gi l cng thc H-rng).  

7  (h .  52)   

Hy tnh  ha  trong  tam gic AHB  theo cnh  c  v  gc B,  ri  thay vo cng  thc 

1

2
aS ah=    c cng  thc (2)  (ch   xt c hai  tr ng  hp H nm trong,  H nm 

ngo i  on  BC) .   

 

 

 

 

 

Hnh 52  

8  

T cng  thc (2)  v  nh  l  sin ,  hy suy ra  cng  thc (3).  
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9  (h .  53)  

Gi  (O  ;  r)  l   ng trn ni  tip tam gic 

ABC.    rng  S  l  tng  d in  tch  cc tam 

gic OBC,  OCA ,  OAB.  Hy p dng  cng  
thc (1 )   suy ra cng  thc (4).  

 Chng minh cng thc H-rng  

Ta c    
1

sin
2

S bc A= ,  suy ra 

   2 2 2 21
(1 s )

4
S b c co A=   

    
2 2 2 2

2 2
2 2

1 ( )
1

4 4

b c a
b c

b c

 + 
=  

  
        

        =  2 2 2 2 2 21
(2 )(2 )

16
bc b c a bc b c a+ +    +  

        =  2 2 2 21
( ) ) ( )

16
b c a a b c   +   

   
 

       =  . . .
2 2 2 2

b c a b c a a b c a b c+ + +   + + 
 

        =  p(p   a)(p   b)(p   c) .  

Vy    ( )( )( ) .S p p a p b p c=     

 Ng i ta gi tam gic c  di cc cnh l ba s nguyn lin tip v c 

din tch bng mt s nguyn l  tam gic H-rng.  Cc tam gic c  di 

cc cnh nh  sau  

3  ;  4  ;  5 ,   

1 3  ;  1 4 ;  1 5,   

51  ;  52 ;  53 ,  

. . . . . . . . . . . . . . . . . .  

l nhng tam gic H-rng.  

1 0  

Hy tnh  d in  tch  ca ba tam g ic H-rng   trn.  

Hnh 53
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5.   Gii  tam gic v ng  dng  thc t  

Gii tam gic l tnh cc cnh v cc gc ca tam gic da trn mt s 

iu kin cho tr c.  

V d 5.  Cho tam gic ABC.  Bit a =  17,4 ;  B  =  44
o
30'  ;  C  =  64

o
.  Tnh 

gc A  v cc cnh b,  c  ca tam gic .  

Gii.  (h.  54)  

Ta c 

     A  =  180
o 
  ( )B C+  

      =  1 80
o
   (44

o
30'  +  64

o
)  =  71

o
30'.  

Theo nh l sin ta c              Hnh 54  

    b =  
. sin

sin

a B

A
 =  

o

o

17, 4. sin 44 30 '

sin 71 30 '
   1 2,9  

    c =  
. sin

sin

a C

A
 =  

o

o

17, 4. sin 64

sin 71 30 '
   1 6,5.         

V d 6.  Cho tam gic ABC.  Bit a = 49,4 ;  

b =  26,4 ;  C  =  47
o
20'.  Tnh hai gc A,  B  v 

cnh  c.  

Gii.  (h.  55)                  Hnh 55  

Theo nh l csin ta c           

2 2 2 2 2 o2 cos (49, 4) (26, 4) 2 . 49, 4 . 26, 4 . cos 47 20 'c a b ab C= +  = +   

                1 369,58.  

Vy c    1 369, 58    37,0.  

  
2 2 2

cos
2

b c a
A

bc

+ 
=   

696, 96 1369, 58 2440, 36

2 . 26, 4 . 37

+ 
     0,1 913.  

Dng bng s hoc MTBT,  tm  c A    1 01
o
2'.  T  

B    1 80
o
   (1 01

o
2'  +  47

o
20')  =  31

o
38'.  
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V d 7.  Cho tam gic ABC.  Bit a =  24 ;  b  =  1 3  ;  c  =  1 5.  Tnh cc gc 

A ,  B,  C.  

Gii.  (h.  56)  

Theo h qu ca nh l csin,  ta c 

   
2 2 2

cos
2

b c a
A

bc

+ 
=             Hnh 56  

 =  
169 225 576 7

0, 4667.
2.13.15 15

+ 
=     

Vy     A    1 1 7
o
49'.  

V      
sin sin

a b

A B
=   nn  

   
. sin

sin
b A

B
a

=   
o13. sin117 49 '

24
 =  

o13.sin62 11 '

24
   0,4791 .  

V cnh AC  ngn nht nn gc B  nhn.  Suy ra 

B    28
o
38'  ;  C    1 80

o
   (1 1 7

o
49'  +  28

o
38')  =  33

o
33 '.  

V d 8.   ng dy cao th ni thng t 

v tr A  n v tr B di 10 km,  t v tr A 

n v tr C di 8  km,  gc to bi hai 

 ng dy trn bng 75
o
.  Tnh khong 

cch t v tr B n v tr C (h.  57).  

Gii.   p dng nh l csin vo tam gic 

ABC,  ta c  

        2 2 2 2 . cosa b c bc A= +           
Hnh 57

 

       2 2 o8 10 2.8.10. cos 75 123. +    

Suy ra       a    1 1  (km).  

Vy khong cch t B  n C  xp x 1 1  km.  
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V d 9.  (h.  58)  Mt ng i ngi trn tu 

ho i t ga A  n ga B.  Khi tu   ga A,  

qua ng nhm ng i  nhn thy mt 

thp C.  H ng nhn t ng i  n thp 

to vi h ng i ca tu mt gc 60
o
.  Khi 

tu   ga B,  ng i  nhn li vn thy 

thp C,  h ng nhn t ng i  n thp 

to vi h ng ng c vi h ng i ca tu 

mt gc 45
o
.  Bit rng on  ng tu ni thng ga A  vi ga B di 8  km.  

Hi khong cch t ga A  n thp C l bao nhiu ?  

Gii.  Xt tam gic ABC.  Ta c  

C  =  1 80
o    (60o  +  45o)  =  75o.  

p dng nh l sin vo tam gic ABC,  ta  c 
sin sin

b c

B C
= .  

Suy ra 
o

o

sin45
8.

sin 75
b =    6  (km).  

Vy khong cch t ga A  n thp C  xp x 6  km.  

 

 

Ngay sau  Cch  mng  1 789  Php,  ng i  ta  quyt nh  xy dng  mt h o 
l ng  ph cp,  trong   c o  d i .  

V  di ,  ng i  ta ly  di  vng kinh  tuyn ca Tri  t lm c s ("d i  chn mi  
ng i  u  c kinh  tuyn").  Ng i  ta  coi  vng  kinh  tuyn  Tri  t d i  40000 km ,  tc 


74 1 0  mt,  vy mt mt l  

7

1

1 0
 ca mt phn  t   d i  vng  kinh  tuyn.  Bng  

cch  no c  c mt mt  lm mu ?  

 

 

 

 

 

 

Hnh 58 
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Cc nh  thin  vn Pi-e M-sanh (Pierre 
Mchain)  v  Ging  -lam-br (Jean  
Delambre)   c g iao nhim v  o  d i  
cung  kinh  tuyn  ni  hai  thnh  ph n-kec 
(Dunkerque  Bc Php)  v  Bc-x-lo-na 
(Barcelona,  Ty Ban Nha).  Cc ph ng  
php th in  vn  thi    cho bit hai  
thnh  ph  c cng  kinh   v  c v  
khc nhau  1 0,8  .  

Trn mt t,  vic o gc d hn  o  di  
nn  ng i  ta xt dy tam gic sp xp k 
nhau dc theo kinh  tuyn i  qua hai  thnh 
ph ni  trn (mi  tam gic c nh l  cc a 
im d xc nh  v  tr nh  nh lu  i ,  nc 
nh  th v.v. . . ).  Trong 7  nm lao ng kin  
nhn mit mi ,  M-sanh,  -lam-br dng 
khong 500000  php o  gii  hng trm 
tam gic sp xp nh  th.  Sau  ,  qua 
nhiu  thng kim nghim o c,  tnh  ton  
bi  mt hi  ng gm nhiu  nh  bc hc 
tn  tui  (trong  c cc nh  ton hc 
Php La-pla-x (Laplace),  L-ging-r 
(Legendre),  La-grng-gi (Lagrange)  v.v. . . ),  
kt qu cui  cng    c cng nhn vo 
nm 1 799 v   c mu  mt mt bng  
bch  kim t ti  Vin  o l ng  Pa-ri  (Paris)  
(mu  mt mt "cho mi  thi  i",  "cho mi  
dn  tc").  

Ngy nay,  dng  cc ph ng  php ca 
Vt l  h in  i ,  ta  c th xc nh  n  v  o 
 d i  chnh  xc hn  nhiu.  

Cu hi  v bi  tp 

15.  Tam gic ABC  c a  =  1 2,  b  =  1 3 ,  c  =  1 5.  Tnh cos A  v gc A .  

16.  Cho tam gic ABC c AB =  5,  AC =  8,  A  =  60
o
.  Kt qu no trong cc kt 

qu sau l  di cnh BC  ?  

a)  129   ;             b)  7  ;  

c)  49 ;               d)  69 .   
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17.  Hnh 59 v mt h n c nm  
gc to bi hai con  ng.  Bn 
bn An, C ng, Tr,  c d on 
khong cch t B  n C  nh  sau 

An :    5  km  

C ng :   6  km    

Tr :    7  km   

c :    5 ,5  km.  

Bit rng khong cch t A  n B  l 3  km,  khong cch t A  n C l 4 km,  

gc BAC  l 1 20
o
.   

Hi d on ca bn no st vi thc t nht ?   

18.  Cho tam gic ABC.  Chng minh cc khng nh sau  

a)  Gc A  nhn khi v ch khi a
2
 <  b

2
 +  c

2  ;  

b)  Gc A  t khi v ch khi a
2
 >  b

2
 +  c

2
 ;  

c)  Gc A  vung khi v ch khi a
2
 =  b

2
 +  c

2
.  

19.  Tam gic ABC  c o60A = ,  o45 ,B =  b  =  4.  Tnh hai cnh a  v c.  

20.  Cho tam gic  ABC c o60 ,A =  a =  6.  Tnh bn 

knh  ng trn ngoi tip tam gic.  

21.  Chng minh rng nu ba gc ca tam gic ABC  
tho mn h thc sin 2 sin . cosA B C=  th ABC  
l tam gic cn.  

22.  Hnh 60 v mt chic tu thu ang neo u  v 
tr C  trn bin v hai ng i  cc v tr quan st 
A  v B  cch nhau 500 m.  H o  c gc CAB  

bng 87
o 
v gc CBA  bng 62

o
.   

Tnh cc khong cch AC  v BC.  

23.  Gi H l trc tm ca tam gic khng vung ABC.  Chng minh rng bn knh 
cc  ng trn ngoi tip cc tam gic ABC, HBC,  HCA, HAB  bng nhau.  

Hnh 59

 

 

 

 

 

 

 

 

 

Hnh  60 
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24.  Tam gic ABC  c a =  7 ,  b  =  8 ,  c  =  6.  Tnh ma.  

25.  Tam gic ABC  c a =  5 ,  b  =  4,  c  =  3 .  Ly im D  i xng vi B  qua C.  

Tnh  di AD .   

26.  Cho hnh bnh hnh ABCD  c  AB =  4,  BC =  5 ,  BD =  7 .  Tnh AC.  

27.  Chng minh rng trong mt hnh bnh hnh,  tng bnh ph ng cc cnh 
bng tng bnh ph ng ca hai  ng cho.  

28.  Chng minh rng tam gic ABC  vung  A  khi v ch khi 2 2 25 .a b cm m m= +  

29.  Tam gic ABC  c b =  6,12 ;  c =  5 ,35  ;  A  =  84
o
.  Tnh din tch tam gic .   

30.  Cho t gic ABCD .  Gi M, N  ln l t l trung im ca AC v BD .  Chng 
minh rng 

2 2 2 2 2 2 24AB BC CD DA AC BD MN+ + + = + + .  

31.  Gi S  l din tch v R  l bn knh  ng trn ngoi tip tam gic ABC.  
Chng minh rng 

22 sin sin sin .S R A B C=  

32.  Chng minh rng din tch ca mt t gic bng na tch hai  ng cho 
v sin ca gc hp bi hai  ng cho .  

33.  Gii tam gic ABC,  bit 

a)  c =  1 4,  A  =  60
o
,  B  =  40

o
 ;      b)  b =  4,5,  A  =  30

o
,  C  =  75

o
 ;  

c)  c =  35,  A  =  40
o
,  C  =  1 20

o
 ;     d)  a  =  1 37,5,  B  =  83

o
,  C  =  57

o
.  

34.  Gii tam gic ABC,  bit          

a)  a =  6,3 ,  b =  6,3 ,  C  =  54
o
 ;      b)  b  =  32,  c  =  45,  A  =  87

o
 ;  

c)  a =  7,  b  =  23 ,  C  =  1 30
o
.  

35.  Gii tam gic ABC,  bit 

a)  a =  1 4,  b  =  1 8,  c  =  20 ;       b)  a =  6,  b  =  7 ,3 ,  c  =  4,8  ;   

c)  a =  4,  b  =  5 ,  c  =  7 .  

36.  Bit hai lc cng tc dng vo mt vt v to vi nhau gc 40
o
.  C ng  

ca hai lc  l 3N v 4N.  Tnh c ng  ca lc tng hp.  
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37.  T v tr A  ng i ta quan st mt cy cao (h.  61 ).  

 

 

 

 

 

 
 

 

 

Hnh 61  

Bit AH =  4 m,  HB =  20 m, BAC  = 45
o
.  Tnh chiu cao ca cy.  

38.  Trn nc mt to nh c mt ct ng-ten cao 5  m.  T v tr quan st A 

cao 7 m  so vi mt t, c th nhn thy nh B v chn C  ca ct ng-ten d i 

gc 50
o
 v 40

o
 so vi ph ng nm ngang.  Tnh chiu cao ca to nh (h.  62).  

 

 

 

 

 

 
 

 

 

Hnh 62  
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I  - Tm tt nhng kin  thc cn  nh 

1.  Gi tr  l ng gic ca mt gc 

  Vi mi gc    
o o(0 180 ) ,  ta xc nh im M trn na  ng trn 

n v sao cho  = .MOx   Gi s im M c to  (x ;  y).  Khi  

sin ,y =             cos ,x =  

sin
tan

cos





=  (cos 0),         

cos
cot

sin





=  (sin 0).   

  Hai gc b nhau c sin  bng nhau ;  cn csin,  tang,  ctang  ca chng 
i nhau.  

2.  Tch v h ng ca hai  vect 

  Tch v h ng ca hai vect a  v b  l 

. . . cos( , ).a b a b a b=  

  Cc tnh cht  

1 )  a . b  =  b . a  ;  

2)  (k a ).  b  =  k( a . b )  ;  

3 )  a .  ( b  +  c )  =  a . b  +  a . c  ;  

4)  a    b    a . b  =  0  ;  

5)  
22 .a a=  

  Biu thc to  ca tch v h ng v khong cch gia hai im 

    1 )  Nu ( ; )a x y= ,  = ( ; )b x' y'  th 

= +.a b xx' yy'  ;  

   2)  Nu ( ; )M MM x y= ,  ( ; )N NN x y=  th 

2 2( ) ( )N M N MMN x x y y=  +  .  

3.  nh l csin trong tam gic 

2 2 2 2 cos .a b c bc A= +   
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4.  nh l sin trong tam gic 

 
sin

a

A
 =  

sin

b

B
 =  

sin

c

C
 =  2R.  

5.  Cng thc trung tuyn ca tam gic 

 m 2
a  =  

2 2

2

b c+
   

2
.

4

a
 

6.  Cc cng thc tnh din tch tam gic 

S =  
1

2
aha  =  

1
sin

2
ab C  =  

4

abc

R
 =  pr =  ( )( )( ) .p p a p b p c    

I I  - Cu  hi  t kim tra 

1.  Pht biu nh ngha tch v h ng ca hai vect.  Khi no th tch v 
h ng ca hai vect l s d ng,  l s m,  bng 0 ?  

2.   gii tam gic ta th ng dng nh l csin trong nhng tr ng hp no ?  
Dng nh l sin trong nhng tr ng hp no ?  

3.  Cho bit  di ba cnh ca tam gic.  Lm th no  tnh 

a)  Cc gc ca tam gic ?  

b)  Cc  ng cao ca tam gic ?  

c)  Bn knh  ng trn ngoi tip v ni tip tam gic ?  

d)  Din tch tam gic ?  

4.  Trong mt phng to ,  bit to  ba nh ca tam gic,  lm th no  
tm chu vi,  din tch,  to  trc tm,  tm  ng trn ngoi tip tam gic ?  

I I I  - Bi  tp 

1.  Chng minh cc cng thc sau 

a)  ( )2 221
.

2
a b a b a b= +    ;    b)  ( )2 21

. .
4

a b a b a b= +    

2.  Gi G l trng tm tam gic ABC.   

a)  Chng minh rng vi mi im M,  ta lun c 

MA
2
 +  MB

2
 +  MC

2  =  3MG
2
 +  GA

2
 +  GB

2
 +  GC

2
.  
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b)  Tm tp hp cc im M  sao cho MA
2
 +  MB

2
 +  MC

2
 =  k

2
,  trong  k  l 

mt s cho tr c.  

3.  Cho hnh bnh hnh ABCD .  Tm tp hp cc im M  sao cho  

                       MA
2  +  MB

2  +  MC
2  +  MD

2  =  k2,  

trong  k  l mt s cho tr c.  

4.  Trn hnh 63  c v hai tam gic vung cn 
ABC  v AB'C' c chung nh A .  Gi I v J 
ln l t l trung im ca hai on thng 
BB' v CC'.  Chng minh rng  

a)  AI   CC',  AJ   BB' ;  

b)  BC'   B'C.  

5.  Cho hnh vung ABCD  cnh a.  Gi N l trung 
im ca CD,  M l im trn AC  sao cho 

1
.

4
AM AC=  

a)  Tnh cc cnh ca tam gic BMN.  

b)  C nhn xt g v tam gic BMN  ?  Tnh din tch tam gic .  

c)  Gi I l giao im ca BN  v AC.  Tnh CI.  

d)  Tnh bn knh  ng trn ngoi tip tam gic BDN.  

6.  Trong mt phng to ,  cho (4 ; 1)e =  v (1 ; 4)f =


.  

a)  Tm gc gia cc vect e  v f


.  

b)  Tm m   vect = +



a e m f  vung gc vi trc honh.  

c)  Tm n   vect = +



b ne f  to vi vect +i j  mt gc o45 .  

7.  Cho tam gic ABC.  Chng minh rng iu kin cn v   hai trung 
tuyn k t B  v C  vung gc vi nhau l 

2 2 25 .b c a+ =  

8.  Trong cc tam gic c hai cnh l a  v b,  tm tam gic c din tch ln nht.   

9.  Cho tam gic ABC  c a  =  1 2,  b =  1 6,  c =  20.  Tnh din tch S,  chiu cao ha,  

cc bn knh R, r ca  ng trn ngoi tip, ni tip tam gic .  

 

 

 

 

 

 

 

 

Hnh 63  
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10.  Cho tam gic ABC.  Chng minh rng 

a)  
2 2 2

cot
4

b c a
A

S

+ 
=  (S  l din tch tam gic ABC)  ;  

b)  
2 2 2

.cot cot cot
4

a b c
A B C

S

+ +
+ + =  

11.  Cho hai  ng trn (O ;  R)  v (O' ;  R')  ct nhau ti hai im A  v B.  Trn 
 ng thng AB, ly im C   ngoi hai  ng trn v k hai tip tuyn CE,  

CF  n hai  ng trn  (E, F  l cc tip im).  Chng minh rng CE =  CF.  

12.  Cho  ng trn (O ;  R)  v mt im P  c nh  bn trong  ng trn .  
Hai dy cung thay i AB  v CD  lun i qua P  v vung gc vi nhau.   

a)  Chng minh rng AB
2  +  CD

2
 khng i.  

b)  Chng minh rng PA
2  +  PB

2
 +  PC

2  +  PD
2
 khng ph thuc vo v tr 

ca im P.  

IV - Bi  tp trc nghim 

1.  Gi tr  +o ocos 45 sin 45  bng bao nhiu ?  

(A)  1  ;       (B)  2  ;     (C)  3  ;      (D)  0.  

2.  Trong cc ng thc sau,  ng thc no ng ?  

(A)  osin(180 ) cos  =   ;      (B)  osin(180 ) sin  =   ;  

(C)  osin(180 ) sin  =  ;      (D)  osin(180 ) cos .  =  

3.  Trong cc ng thc sau,  ng thc no sai  ?  

(A)  o osin0 cos 0 0+ =  ;       (B)  o osin 90 cos 90 1+ =  ;  

(C)  o osin180 cos180 1+ =   ;     (D)  o o 3 1 .sin 60 cos 60
2

+
+ =  

4.  Trong cc h thc sau,  h thc no khng ng  ?  

(A)  2(sin cos ) 1 2 sin cos   + = +  ;  

(B)  2(sin cos ) 1 2 sin cos    =   ;  
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(C)  4 4 2 2cos sin cos sin    =   ;  

(D)  4 4cos sin 1 . + =  

5.  Cho O  l tm  ng trn ngoi tip tam gic u MNP.  Gc no sau y 

bng 120
o
 ?    

(A)  ( , )MN NP
 

 ;          (B)  ( , )MO ON
 

 ;  

(C)  ( , )MN OP
 

 ;          (D)  ( , )MN MP
 

.  

6.  Cho M, N,  P,  Q  l bn im tu .  Trong cc h thc sau,  h thc no sai ?   

(A)  . ( ) . .MN NP PQ MN NP MN PQ+ = +

      

 ;  

(B)  . .MP MN MN MP= 

   

 ;  

(C)  . .MN PQ PQ MN=

   

 ;  

(D)  2 2( ) . ( ) .MN PQ MN PQ MN PQ + = 

   

 

7.  Trong cc h thc sau,  h thc no ng ?  

(A)  . .=a b a b  ;         (B)  2
=a a  ;  

(C)  2
=a a  ;           (D)  .= a a  

8.  Trong mt phng to ,  cho a  =  (3  ;  4),  b  =  (4 ;  3).  Kt lun no sau 
y l sai ?  

(A)  . 0=a b  ;           (B)  a b  ;  

(C)  . 0=a b  ;           (D)  . 0.=a b  

9.  Trong mt phng to ,  cho a  =  (9  ;  3 ).  Vect no sau y khng  vung 

gc  vi vect a  ?  

(A)  v (1  ;  3)  ;           (B)  v (2 ;  6)  ;  

(C)  v (1  ;  3 )  ;           (D)  v (  1  ;  3 ) .  

10.  Tam gic ABC  c a =  14,  b  = 18, c = 20.  Kt qu no sau y l gn ng nht ? 

(A)  B    42
o
50'   ;          (B)  B    60

o
56'  ;  

(C)  B    1 1 9
o
04'  ;          (D)  B    90

o
.  
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11.  Nu tam gic MNP c  MP =  5 ,  PN =  8  v MPN  =  1 20
o
 th  di cnh 

MN  (lm trn n ch s thp phn th nht)  l 

(A)  1 1 ,4  ;             (B)  1 2,4 ;  

(C)  7,0  ;             (D)  1 2,0.   

12.  Cho tam gic MPQ  vung ti P.  Trn cnh MQ  ly hai im E,  F  sao cho 
cc gc MPE,  EPF,  FPQ  bng nhau.    

t MP =  q,  PQ =  m, PE =  x,  PF = y (h.  64).  

Trong cc h thc sau,  h thc no ng ?  

(A)  ME  =  EF =  FQ  ;  

(B)  ME
2
 =  q

2
 +  x

2
   xq  ;  

(C)  MF
2
 =  q

2  
+  y

2  
  yq  ;  

(D)  MQ
2
 =  q

2  
+  m

2  
  2qm.               Hnh 64  

13.  Tam gic ABC  c BC =  1 0,  o30A = .  Bn knh  ng trn ngoi tip tam 
gic ABC  bng bao nhiu ?  

(A)  5  ;              (B)  1 0 ;  

(C)  
10

3
 ;             (D)  10 3 .  

14.  Tam gic vi ba cnh l 5,  1 2 v 1 3  c din tch bng bao nhiu ?  

(A)  30 ;             (B)  20 2  ;  

(C)  10 3  ;            (D)  20.  

15.  Tam gic ABC  c ba cnh l 6,  1 0,  8 .  Bn knh  ng trn ni tip tam 
gic  bng bao nhiu ?  

(A)  3  ;             (B)  4 ;  

(C)  2 ;              (D)  1 .  

16.  Tam gic ABC  c o60 ,B =  o45 ,C =  AB =  5 .  Hi cnh AC  bng bao nhiu ?  

(A)  5 3  ;            (B)  5 2  ;  

(C)  
5 6

2
 ;            (D)  1 0.  
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1 .   Ph ng trnh  tng  qut ca  ng thng 

Trn hnh 65,  ta c cc vect 1 2 3, ,n n n  khc 0  

m gi ca chng u vung gc vi  ng 

thng .  Khi ,  ta gi 1 ,n  2 ,n  3n  l nhng 

vect php tuyn  ca .  

   

nh ngha 

Vect n  khc 0 ,  c gi vung gc vi  ng thng   gi l 

vect php tuyn  ca  ng thng .  

?1  Mi  ng thng c bao nhiu vect php tuyn ?  Chng lin h vi nhau 

nh  th no ?  

? 2  Cho im I v vect  0n .  C bao nhiu  ng thng i qua I v nhn n  

l vect php tuyn ?  

Bi ton 

Trong mt phng to ,  cho im 

0 0( ; )I x y  v vect n (a ;  b)  0 .  Gi   

l  ng thng i qua I,  c vect php 

tuyn l n .  Tm iu kin ca x  v  y  

im M(x ;  y)  nm trn .  

Gii.  (h.  66)  

 im M  nm trn   khi v ch khi 

IM


   n ,  hay 

     IM


. n  =  0.     (*)  

 

 

 

 

 

 

 

Hnh 65  

 

 

 

 

 

 
 
 

Hnh 66 

1  
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Ta c 0 0( ; )IM x x y y=  


 v = ( ; )n a b  nn (*)  t ng  ng vi 

          +  =0 0( ) ( ) 0.a x x b y y           (1 )  

y chnh l iu kin cn v   M(x  ;  y)  nm trn .  

Bin i (1 )  v dng ax +  by   ax0    by0  =  0  v t   ax0    by0  =  c,  ta  c 
ph ng trnh 

ax  +  by  +  c  =  0  2 2( 0)a b+   

v gi l ph ng trnh tng qut ca  ng thng .  

Tm li,  

Trong mt phng to ,  mi  ng thng u c ph ng trnh 
tng qut dng 

ax  +  by  +  c  =  0,  vi 2 2 0.a b+   

Ng c li,  ta c th chng minh  c rng :  Mi ph ng trnh dng 

ax  +  by  +  c  =  0,  vi + 2 2 0a b  

u  l ph ng trnh tng qut ca mt  ng thng xc nh, nhn n  =  (a ;  b)  
l vect php tuyn.  

? 3  Mi ph ng trnh sau c phi l ph ng trnh tng qut ca  ng thng 

khng ?  Hy ch ra mt vect php tuyn ca  ng thng  :  

7x   5  =  0  ;     mx +  (m +  1 )y   3  =  0  ;      + =2 1 0.kx ky  

1   

Cho  ng  thng    c ph ng  trnh  tng  qut l  3x   2y  +  1  =  0.  

a)  Hy ch ra mt vect php tuyn  ca  ng  thng  .  

b)  Trong  cc im sau  y,  im no thuc ,  im no khng  thuc   ?   

M(1  ;  1 ),   N(1  ;  1 ) ,   
1

0 ; ,
2

P
 
 
 

 Q(2 ;  3 ) ,   
 
 

 

1 1
; .

2 4
E  

V d.  Cho tam gic c ba nh  A  =  (1  ;  1 ),  B =  (1  ;  3),  C  =  (2 ;  4).  
Vit ph ng trnh tng qut ca  ng cao k t A .  

Gii.   ng cao cn tm l  ng thng i qua A  v nhn BC


 l mt vect 

php tuyn.  Ta c BC


 =  (3  ;  7)  v A =  (1  ;  1 ) nn  theo (1 ),  ph ng trnh 

tng qut ca  ng cao  l 3(x  +  1 )    7(y +  1 )  =  0  hay 3x   7y   4  =  0.  
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Cc dng c bit ca ph ng trnh tng qut 

2 

Cho  ng thng   :  ax +  by  +  c  =  0.  Em c nhn xt g v v  tr t ng i  ca   v  
cc trc to  khi  a  =  0  ?  Khi  b  =  0  ?  Khi  c  =  0  ?  

Ghi nh 

 ng thng by +  c =  0  song song hoc trng vi trc Ox (h.  67a).  
 ng thng ax +  c =  0  song song hoc trng vi trc Oy  (h.  67b).  

 ng thng ax +  by =  0  i qua gc to  (h.  67c).  

 
 
 
 

 

Hnh 67  

3  

Cho hai  im A(a  ;  0)  v  B(0 ;  b) ,  vi  ab    0  (h.  68).  
a)  Hy vit ph ng  trnh  tng  qut ca  ng  thng    
i  qua A  v  B.  
b)  Chng  t rng  ph ng trnh  tng  qut ca   t ng  
 ng  vi  ph ng  trnh  

1 .
x y

a b
+ =  

Ghi nh 

 ng thng c  ph ng trnh  

        1 ( 0, 0)
x y

a b
a b
+ =         (2)  

i qua hai  im A(a  ;  0)  v  B(0  ;  b) .  
Ph ng trnh dng (2)  c gi l ph ng trnh  ng thng theo 
on chn.  

? 4  Vit ph ng trnh tng qut ca  ng thng i qua A(1  ;  0)  v B(0 ;  2).  

    Ch  

    Xt  ng thng   c ph ng trnh tng qut  ax +  by +  c  =  0.  
Nu b   0  th ph ng trnh trn  a  c v dng 
           y =  kx +  m         (3)  

vi ,
a

k
b

=   .cm
b

=   Khi  k l  h s gc ca  ng thng    

v  (3)  gi l  ph ng trnh ca    theo h s gc.   

 

 

 

 
 
 
 

Hnh 68 
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 ngha hnh hc ca h s gc  (h.  69)  

Xt  ng thng   :  y  =  kx +  m.  

Vi k   0,  gi M  l giao im ca   vi trc Ox  
v Mt  l tia ca   nm pha trn Ox.  Khi ,  nu 
  l gc hp bi hai tia Mt  v Mx  th h s gc 
ca  ng thng   bng tang  ca gc ,  tc l 

tan .k =  

Khi k =  0  th   l  ng thng song song hoc 
trng vi trc Ox.  

? 5  Mi  ng thng sau y c h s gc bng bao nhiu ?  Hy ch ra gc   

t ng ng vi h s gc .  

a)  1  :  2x  +  2y    1  =  0  ;  

b)  2  :   + =3 5 0.x y  

2.   V  tr t ng  i  ca hai   ng thng  

Trong mt phng to ,  cho hai  ng thng 1 ,  2  c ph ng trnh 

1  :  a1x +  b1y +  c1  =  0,  

2  :  a2x +  b2y +  c2  =  0.  

V s im chung ca hai  ng thng bng s nghim ca h gm hai 
ph ng trnh trn,  nn t kt qu ca i s ta c 

a)  Hai  ng thng 1 ,  2  ct nhau khi v ch khi 

 1 1

2 2
0

a b

a b
  ;  

b)  Hai  ng thng 1 ,  2  song song khi v ch khi 

 =
1 1

2 2
0

a b

a b
   v   

1 1

2 2
0,

b c

b c
 

hoc       1 1

2 2
0

a b

a b
=  v   1 1

2 2
0

c a

c a
  ;  

c)  Hai  ng thng 1 ,  2  trng nhau khi v ch khi 

 1 1

2 2

a b

a b
 =  1 1

2 2

b c

b c
 =  1 1

2 2

c a

c a
 =  0.  

 

 

 

 

 

 

Hnh 69 
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Trong tr ng hp a2,  b2,  c2  u khc 0,  ta c 

1 2,   ct nhau   
1 1

2 2

a b

a b
 ;  

1 2//    = 
1 1 1

2 2 2

a b c

a b c
 ;  

1 2     = =
1 1 1

2 2 2

a b c

a b c
.  

?6  T t l thc 1 1

2 2
,

a b

a b
=  c th ni g v v tr t ng i ca 1  v 2  ?  

? 7  Xt v tr t ng i ca hai  ng thng 1 ,  2  trong mi tr ng hp sau 

a)  1  :  2 x   3y +  5  =  0   v  2  :  x +  3y   3  =  0  ;  

b)  1  :  x   3y +  2  =  0    v  2  :   2x +  6y +  3  =  0  ;  

c)  1  :  0,7x +  1 2y    5  =  0   v  2  :  1 ,4x +  24y   1 0 =  0.  

Cu hi  v bi  tp  

1.  Trong cc mnh  sau,  mnh  no ng ?  

a)   ng thng song song vi trc Ox  c ph ng trnh y =  m  (m    0)  ;  

b)   ng thng c ph ng trnh x =  m
2
 +  1  song song vi trc Oy  ;  

c)  Ph ng trnh y =  kx +  b  l ph ng trnh ca  ng thng ;  

d)  Mi  ng thng u c ph ng trnh dng y =  kx +  b  ;  

e)   ng thng i qua hai im A(a  ;  0)  v B(0 ;  b)  c ph ng trnh 

1
x y

a b
+ = .  

2.  Vit ph ng trnh tng qut ca 

a)   ng thng Ox  ;  

b)   ng thng Oy  ;  

c)   ng thng i qua 0 0( ; )M x y  v song song vi Ox  ;  

d)   ng thng i qua 0 0( ; )M x y  v vung gc vi Ox  ;  

e)   ng thng OM,  vi 0 0( ; )M x y  khc im O .  
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3.  Cho tam gic ABC  c ph ng trnh cc  ng thng AB,  BC,  CA  l 

 AB :  2x   3y   1  =  0  ;  

 BC :  x +  3y +  7  =  0  ;  

 CA :  5x   2y +  1  =  0.  

Vit ph ng trnh tng qut ca  ng cao k t nh B.  

4.  Cho hai im P(4 ;  0),  Q(0 ;  2) .  

a)  Vit ph ng trnh tng qut ca  ng thng i qua im A(3  ;  2)  v 
song song vi  ng thng PQ  ;  

b)  Vit ph ng trnh tng qut ca  ng trung trc ca on thng PQ.  

5.  Cho  ng thng d c ph ng trnh  x   y  =  0  v im M(2 ;  1 ).  

a)  Vit ph ng trnh tng qut ca  ng thng i xng vi  ng thng d 
qua im M.  

b)  Tm hnh chiu ca im M  trn  ng thng d.  

6.  Xt v tr t ng i ca mi cp  ng thng sau v tm giao im (nu c)  
ca chng 

a)  2x    5y  +  3  =  0  v 5x +  2y   3  =  0  ;  

b)  x   3y +  4  =  0  v 0,5x   1 ,5y +  4  =  0  ;  

c)  1 0x  +  2y   3  =  0  v 5x +  y    1 ,5  =  0.  

 

1 .   Vect ch ph ng ca  ng thng 

Trn hnh 70,  vect 1u  khc 0 ,  c gi l 

 ng thng   ;  vect 2u  khc 0 ,  c gi 

song song vi .  Khi  ta gi 1 ,u  2u  l 

cc vect ch ph ng ca  ng thng .  Hnh 70 

2 
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nh ngha 

Vect u  khc 0 ,  c gi song song hoc trng vi  ng thng   

 c gi l vect ch ph ng  ca .  

?1  Vect ch ph ng v vect php tuyn ca mt  ng thng quan h vi 

nhau nh  th no ?  

? 2  V sao vect u  =  (b ;    a)  l mt vect ch ph ng ca  ng thng c 

ph ng trnh ax +  by +  c  =  0  ?  

2.   Ph ng trnh  tham s ca  ng  thng 

Bi ton.  Trong mt phng to  Oxy,  cho  ng thng   i qua im 

0 0( ; )I x y  v c vect ch ph ng u  =  (a ;  b).  Hy tm iu kin ca x  v  y 

 im M(x  ;  y)  nm trn .  

1  ( gii bi ton)  

im M nm trn   khi  v  ch khi  vect IM


 cng 

ph ng vi  vect u  (h.  71 ),  tc l  c s t sao cho 

IM tu=


.  

Hy vit to  ca IM


 v  ca t u  ri  so snh  

cc to  ca hai  vect ny.  

T hot ng trn suy ra :  iu kin cn v   M(x  ;  y)  thuc   l c 
s t  sao cho  

0 2 2

0
( 0).

x x at
a b

y y bt

= +
+ 

= +
           (1 )  

H (1 )   c gi l ph ng trnh tham  s ca  ng thng ,  vi tham s t.  

  Ch  

Vi mi gi tr ca tham s t,  ta tnh  c x  v y  t h (1 ),  tc l 

c  c im M(x ;  y)  nm trn .  Ng c li,  nu im  M(x  ;  y)  

nm trn   th c mt s  t  sao cho x,  y  tho mn h (1 ).  

Hnh 71  
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? 3  Cho  ng thng   c ph ng trnh tham s 

2

1 2 .

x t

y t

= +


= 
 

a)  Hy ch ra mt vect ch ph ng ca .   

b) Tm cc im ca  ng vi cc gi tr  t = 0,  t =    4,  t =  
1

2
.  

c) im no trong cc im sau thuc  ?  

M(1  ;  3),  N(1  ;  5),  P(0 ;  1 ), Q(0 ;  5).  

2 

Cho  ng  thng  d c ph ng  trnh  tng  qut 2x   3y    6  =  0.  

a)  Hy tm  to  ca mt im thuc d v  vit ph ng  trnh  tham s ca d.  

b)  H 

2 1, 5

2

3

x t

y t

= +



=  +

 c phi  l  ph ng  trnh  tham s ca d khng  ?  

c)  Tm to  ca im M thuc d sao cho OM =  2.  

  Ch  

Trong ph ng trnh tham s 0

0

x x at

y y bt

= +


= +
 ca  ng thng,  nu 

a   0,  b   0  th bng cch kh tham s t  t hai ph ng trnh trn,  
ta i n 

  0 0x x y y

a b

 
=     (a   0,  b    0).      (2)  

Ph ng trnh (2)  c gi l ph ng trnh chnh tc  ca  ng thng.  

Trong tr ng hp a =  0  hoc b =  0 th  ng thng khng c 
ph ng trnh chnh tc.  

V d.  Vit ph ng trnh tham s,  ph ng trnh chnh tc (nu c)  v 
ph ng trnh tng qut ca  ng thng trong mi tr ng hp sau 

a)  i qua im A(1  ;  1 )  v song song vi trc honh ;  

b)  i qua im B(2 ;  1 )  v song song vi trc tung ;  

c)  i qua im  C(2 ;  1 )  v vung gc vi  ng thng  d :  5x   7y +  2  =  0.  
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Gii 

a)  ng thng cn tm c vect ch ph ng i  =  (1  ;  0)  v i qua A  nn n c 

ph ng trnh tham s l 
1

1

x t

y

= +


=
  v ph ng trnh tng qut l y   1  =  0.  

 ng thng  khng c ph ng trnh chnh tc.  

b)   ng thng cn tm c vect ch ph ng j  =  (0 ;  1 )  nn khng c 

ph ng trnh chnh tc.  Do  ng thng  i qua  B nn n c ph ng 

trnh tham s l 
2

1

x

y t

=


=  +
 v ph ng trnh tng qut l x   2  =  0.  

c)  Vect php tuyn n  =  (5  ;  7)  ca d cng l mt vect ch ph ng ca 

 ng  thng    cn tm (do      d) .  Do   ph ng trnh tham s ca   

l 
2 5

1 7

x t

y t

= +


= 
 v ph ng trnh chnh tc ca   l 

2 1 .
5 7

x y 
=


 

T ph ng trnh chnh tc (hoc tham s)  ca ,  ta suy ra  c ph ng 
trnh tng qut ca   l 7x +  5y   1 9  =  0.  

3 

Vit ph ng  trnh  tham s,  ph ng  trnh  chnh  tc (nu  c)  v  ph ng  trnh  tng  
qut ca  ng  thng  i  qua hai  im M(4 ;  3)  v  N(1  ;  2) .  

Cu hi  v bi  tp 

7.  Cho  ng thng   :  
1

2

x t

y t

= +


= 
 .  Hi trong cc mnh  sau,  mnh  

no sai ?  

a)  im A(1  ;  4)  thuc .  

b)  im B(8  ;  1 4)  khng thuc ,  im C(8  ;  14)  thuc .  

c)    c vect php tuyn n  =  (1  ;  2).  

d)    c vect ch ph ng u  =  (1  ;  2).  

e)  Ph ng trnh 
8 14

3 6

x y +
=


 l ph ng trnh chnh tc ca .  

f)  Ph ng trnh 
1

1 2

x y
=


 l ph ng trnh chnh tc ca .  
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8.  Cho  ng thng   :  ax  +  by  +  c  =  0.  Trong cc mnh  sau,  mnh  
no ng ?  

a)  Vect n  =  (a  ;  b)  l vect php tuyn ca .  

b)    c vect ch ph ng u  =  (  b  ;  a) .  

c)    c vect ch ph ng u  =  (kb ;  ka)  vi k    0.  

d)    c vect ch ph ng u  =  (5b  ;    5a).  

e)   ng thng vung gc vi   c vect ch ph ng u  =  (a ;  b) .  

9.  Hy vit ph ng trnh tham s,  ph ng trnh chnh tc (nu c)  v ph ng 
trnh tng qut ca  ng thng i qua hai im A  v B  trong mi tr ng 
hp sau 

a)  A =  (3  ;  0),   B  =  (0 ;  5)  ;  

b)  A =  (4 ;  1 ),   B =  (4 ;  2)  ;  

c)  A =  (4 ;  1 ),   B =  (1  ;  4).  

10.  Cho im A(5  ;  2)  v  ng thng   :  
2 3

1 2

x y +
=


.  Hy vit ph ng 

trnh  ng thng 

a)  i qua A  v song song vi   ;  

b)  i qua A  v vung gc vi .  

11.  Xt v tr t ng i ca mi cp  ng thng sau y v tm to  giao 
im (nu c)  ca chng 

a)  
4 2

5

x t

y t

= 


= +
  v  

8 6 '

4 3 ' ;

x t

y t

= +


= 
 

b)  
5

3 2

x t

y t

= +


=  +
  v  

4 7

2 3

x y +
=  ;  

c)  
5

1

x t

y t

= +


=  
  v  x +  y   4  =  0.  

12.  Tm hnh chiu vung gc ca im P(3  ;  2)  trn  ng thng   trong 
mi tr ng hp sau 

a)    :  
1 ;

x t

y

=


=
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b)    :  
1

3 4

x y
=


 ;  

c)    :  5x   1 2y +  1 0 =  0.  

13.  Trn  ng thng   :  x   y  +  2  =  0,  tm im M  cch u hai im E(0 ;  4)  

v F(4 ;  9).  

14.  Cho hnh bnh hnh c to  mt nh l (4 ;  1 ).  Bit ph ng trnh cc 

 ng thng cha hai cnh l x   3y  =  0  v 2x +  5y +  6  =  0.  Tm to  ba 
nh cn li ca hnh bnh hnh .  

 

 
 

1 .   Khong  cch  t mt im n mt  ng thng 

Bi ton 1.  Trong mt phng to ,  cho  ng thng   c ph ng trnh tng 

qut ax +  by +  c  =  0.  Hy tnh khong cch d(M ;  )  t im M(xM  ;  yM)  

n .  

Gii.  (h.  72)  Gi M' l hnh chiu ca M  trn   
th  di on M'M chnh l khong cch t 

M  n .   

Hin nhin 'M M


 cng ph ng vi vect php 

tuyn ( ; )n a b  ca ,  vy c s k sao cho 

'M M


 =  k n .      (1 )  

T  suy ra 

     d(M ;  )  =  M'M =   k . n  = k . 2 2 .a b+      (2)  

Mt khc,  nu gi (x' ;  y')  l to  ca M' th t (1 )  ta c 

'

'
M

M

x x ka

y y kb

 =


 =
 hay 

'

' .
M

M

x x ka

y y kb

= 


= 
 

 

 

 

 

 

 

 

Hnh 72  

3 
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V M' nm trn   nn a(xM    ka)  +  b(yM    kb)  +  c  =  0.  T  suy ra 

2 2
M Max by c

k
a b

+ +
=

+
.  Thay gi tr ca k  vo (2)  ta  c 

d(M ;  )  =  
2 2

.M Max by c

a b

+ +

+
 

1  

Hy tnh  khong  cch  t im M  n   ng  thng    trong  mi  tr ng  hp sau  

a)  M(13  ;  1 4)  v    :  4x    3y  +  1 5  =  0  ;  

b)  M(5  ;  1 )  v    :  
7 2

4 3 .

x t

y t

= 


=  +
 

V tr ca hai im i vi mt  ng thng 

Cho  ng thng   :  ax +  by +  c  =  0  v im M(xM  ;  yM).  Nu M' l hnh 

chiu (vung gc)  ca M trn   th theo li gii ca Bi ton 1 ,  ta c 

'M M


 =  k n ,  trong  
2 2

.M Max by c
k

a b

+ +
=

+
 

T ng t nu c im N(xN  ;  yN)  vi N' l hnh chiu ca N  trn   th ta 
cng c 

' 'N N k n=


,  trong  k' =  
2 2

.N Nax by c

a b

+ +

+
 

?1  C nhn xt g v v tr ca hai im  M,  N  i vi    khi  k v k' cng du ?  

Khi k  v  k' khc du ?  

Ta c kt qu sau 

Cho  ng thng    :  ax  +  by  +  c  =  0  v hai im  M(xM  ;  yM),  

N(xN  ;  yN)  khng nm trn  .  Khi   

Hai im  M,  N  nm cng pha i vi    khi v ch khi 

( )( ) 0M M N Nax by c ax by c+ + + + >  ;  

Hai im  M,  N nm khc pha i vi    khi v ch khi 

( )( ) 0M M N Nax by c ax by c+ + + + < .  



 

 87  

2 

Cho tam  g ic ABC  c  cc nh  l  A  =  (1  ;  0) ,  B  =  (2  ;  3),  C  =  (2 ;  4)  v  

 ng  thng    :  x   2y  +  1  =  0.  Xt xem   ct cnh  no ca tam gic.  

Ta c th p dng cng thc tnh khong cch  vit ph ng trnh cc  ng 
phn gic.  

Bi ton 2.  Cho hai  ng thng ct nhau,  c ph ng trnh 

1  :  a1x  +  b1y  +  c1  =  0    v   2  :  a2x  +  b2y  +  c2  =  0.  

Chng minh rng ph ng trnh hai  ng phn gic ca cc gc to bi 
hai  ng thng  c dng 

1 1 1 2 2 2

2 2 2 2
1 1 2 2

0.
a x b y c a x b y c

a b a b

+ + + +
 =

+ +
 

3  

Hy gii  Bi  ton 2,  vi  ch   rng  im M thuc 
mt trong  hai   ng  phn  gic khi  v  ch khi  n 

cch u  hai   ng thng 1  v  2  (h.  73).  

V d.  Cho tam gic ABC vi 

A  =  
7
; 3

4

 
 
 

,  B  =  (1  ;  2),  C =  (4 ;  3 ) .   

Vit ph ng trnh  ng phn gic trong ca gc A.  

Gii.   D thy cc  ng thng AB  v AC  c ph ng trnh  

AB :    4x    3y +  2  =  0   v  AC :    y    3  =  0.  

Cc  ng phn gic trong v phn gic ngoi ca gc A  c ph ng trnh  

4 3 2 3
0

5 1

x y y + 
+ =  hoc 

4 3 2 3
0

5 1

x y y + 
 =  ;  

hay :      4x +  2y  1 3  =  0  ( ng phn gic d1 )  

       4x   8y  +  1 7  =  0  ( ng phn gic d2).  

Do hai im B,  C  nm cng pha i vi  ng phn gic ngoi v nm 
khc pha i vi  ng phn gic trong ca gc A  nn ta ch cn xt v tr 
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ca B,  C  i vi mt trong hai  ng,  chng hn d2.  Thay to  ca B,  C  

ln l t vo v tri ca d2  ta  c 

4   1 6 +  1 7  =  5  > 0  v  16   24 +  1 7  =  23  < 0,  

tc l B,  C  nm khc pha i vi d2.  

Vy ph ng trnh  ng phn gic trong ca gc A  l 

d2  :   4x    8y  +  1 7  =  0.  

2.   Gc gia hai   ng thng  

nh ngha 

Hai  ng thng a v b ct nhau to thnh bn gc.  S o nh 
nht ca cc gc   c gi l s o ca gc gia hai  ng 
thng a v b,  hay n gin l gc gia a  v  b.  

Khi a song song hoc trng vi b,  ta quy c gc gia chng 

bng 0
o
.  

? 2  Trn hnh 74,  gc gia hai  ng thng a 

v b bng bao nhiu ?  Hy so snh gc  
vi gc gia hai vect u ,  v  v gc gia hai 
vect ' ,u  .v  

Ch  

Gc gia hai  ng thng a  v b   c k hiu l ( , )a b ,  hay n 

gin l (a,  b).  Gc ny khng v t qu 90
o
 nn ta c 

    (a,  b)  =  ( u , v )  nu ( u , v )    90
o
,
 

    (a,  b)  =  1 80
o
   ( u , v )  nu ( u , v )  > 90

o
,
 

trong  ,u v  ln l t l vect ch ph ng ca a v  b.  

4 

Cho bit ph ng  trnh  ca hai   ng  thng    v  '  ln  l t l  

7 2

5

x t

y t

= 


= 
  v      

1 '

2 3 ' .

x t

y t

= +


= +
 

Tm to  vect ch ph ng  ca hai   ng  thng  v  tm  gc hp bi  hai   ng  
thng  .   
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Bi ton 3 

a) Tm csin ca gc gia hai  ng thng 1  v  2  ln l t cho bi cc 

ph ng trnh 

a1x +  b1y +  c1  =  0   v    a2x +  b2y +  c2  =  0.  

b)  Tm iu kin  hai  ng thng  1  v  2  vung gc vi nhau.  

c)  Tm iu kin  hai  ng thng y  =  kx +  b  v y  =  k'x  +  b' vung gc 
vi nhau.  

5  ( gii Bi ton 3)  

Vit to  hai  vect ch ph ng  1u  ca 1  v  2u  ca 2.  

Hy chng  t rng  1 2 1 2cos( , ) cos( , )u u  = .  T  i  n  cc kt qu sau  y 
 

a)  1 2 1 2
1 2 1 2

2 2 2 2
1 1 2 2

cos( , ) cos( , ) ,
.

a a b b
n n

a b a b

+
  = =

+ +
 trong   1n ,  2n  ln  l t l  

vect php tuyn  ca 1 ,  2.  

b)  1 2      1 2 1 2 0.a a b b+ =  

c)  p  dng  cu  b)  hy chng  minh  rng  iu  kin  cn  v     hai   ng  thng  

y  =  kx +  b  v  y  =  k'x  +  b' vung  gc l  kk' =  1 .  

6   

Tm gc gia hai   ng  thng  1  v  2  trong  mi  tr ng  hp sau  

a)  1  :  
13

2 2

x t

y t

= +


=  +
   2  :  

5 2

7 ;

x t'

y t'

= 


= +
 

b)  1  :  x  =  5  ;       2  :  2x +  y    1 4 =  0  ;  

c)  1  :  
4

4 3

x t

y t

= 


=  +
     2  :  2x +  3y   1  =  0.  

Cu hi  v bi  tp 

15.  Trong cc mnh  sau,  mnh  no ng ?  

a)  Csin ca gc gia hai  ng thng a v  b  bng csin ca gc gia hai 
vect ch ph ng ca chng.  
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b)  Nu hai  ng thng   v '  ln l t c ph ng trnh px  +  y  +  m  =  0  v 

x +  py  +  n  =  0  th 

2

2
.cos( , ')

1

p

p
  =

+
 

c)  Trong tam gic ABC  ta c 

cos cos( , )A AB AC=
 

.  

d)  Nu   l gc gia hai  ng thng cha hai cnh AB,  AC ca tam gic 
ABC  th 

2 2 2
.cos

2 .

AB AC BC

AB AC


+ 
=  

e)  Hai im (7  ;  6)  v (1  ;  2)  nm v hai pha ca  ng thng y =  x.  

16.  Cho ba im A(4 ;  1 ),  B(3  ;  2),  C(1  ;  6) .  Tnh gc BAC  v gc gia hai 
 ng thng AB,  AC.  

17.  Vit ph ng trnh  ng thng song song v cch  ng thng ax +  by  +  c  =  0  
mt khong bng h  cho tr c.  

18.  Cho ba im A(3  ;  0),  B(5  ;  4)  v P(10 ;  2).  Vit ph ng trnh  ng 
thng i qua P  ng thi cch u A  v B.  

19.  Cho im M(2 ;  3 ).  Vit ph ng trnh  ng thng ct hai trc to   A  
v B sao cho ABM l tam gic vung cn ti nh M.  

20.  Cho hai  ng thng 

         1  :  x  +  2y    3  =  0,  

         2  :  3x   y  +  2  =  0.  

 Vit ph ng trnh  ng thng   i  qua im P(3  ;  1 )  v ct 1 ,  2  ln 

l t  A ,  B  sao cho   to vi 1  v 2  mt tam gic cn c cnh y l AB.  
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1 .   Ph ng  trnh   ng  trn  

Trn mt phng to ,  cho  ng trn (C ) c 

tm I(x0  ;  y0)  v bn knh R  (h.  75).  

im M(x  ;  y)  thuc  ng trn (C ) khi v ch 

khi IM  =  R,  hay l 

   (x    x0)
2
 +  (y   y0)

2
 =  R

2
.         (1 )  

Ta gi ph ng trnh (1 )  l ph ng trnh ca 

 ng trn  (C ).  

1  

Cho hai  im P(2 ;  3 )  v  Q(2 ;  3) .  

a)  Hy vit ph ng  trnh   ng  trn  tm P  v  i  qua Q .  

b)  Hy vit ph ng  trnh   ng  trn   ng  knh  PQ .  

2.   Nhn  dng  ph ng trnh   ng  trn  

Bin i ph ng trnh (1 )  v dng 

x
2
 +  y

2
   2x0x    2y0y  +  +

2 2
0 0x y   R

2
 =  0,  

ta thy mi  ng trn trong mt phng to  u c ph ng trnh dng 

        x
2
 +  y

2
 +  2ax  +  2by  +  c  =  0.         (2)   

Ng c li,  phi chng mi ph ng trnh dng (2)  vi  a,  b,  c  tu ,  u l 
ph ng trnh ca mt  ng trn ?  

Ta bin i ph ng trnh (2)  v dng 

(x  +  a)
2
 +  (y +  b)

2
 =  a

2
 +  b

2
   c.  

Nu gi I l im c to  (  a  ;    b),  cn (x  ;  y)  l to  ca im M  th 

v tri ca ng thc trn chnh l IM
2
.  Bi vy ta i n kt lun 
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Ph ng trnh x
2
 +  y

2
 +  2ax  +  2by  +  c  =  0,  vi iu kin 

a
2
 +  b

2
 > c,  l ph ng trnh ca  ng trn tm I(  a  ;    b),  

bn knh R =  + 2 2 .a b c  

2 

Khi  a
2 + b2    c,  hy tm tp hp cc im  M c to  (x ;  y)  tho mn ph ng trnh (2).  

?  Trong cc ph ng trnh sau,  ph ng trnh no l ph ng trnh  ng trn ?  

a)  x
2
 +  y

2
   0,1 4x  +  5 2 y    7  =  0  ;    b)  3x

2
 +  3y

2
 +  2003x    1 7y  =  0  ;  

c)  x
2
 +  y

2
   2x    6y  +  1 03  =  0  ;     d)  x

2
 +  2y

2
   2x  +  5y  +  2  =  0  ;  

e)  x
2
 +  y

2
   2xy  +  3x    5y    1  =  0.  

V d.  Vit ph ng trnh  ng trn i qua ba im M(1  ;  2),  N(5  ;  2)  

v P(1  ;  3).  

Gii.  Gi I(x ;  y)  v  R  l tm v bn knh ca  ng trn i qua ba im 
M,  N,  P.  

T iu kin  IM =  IN =  IP ta c h ph ng trnh 

2 2 2 2

2 2 2 2

( 1) ( 2) ( 5) ( 2)

( 1) ( 2) ( 1) ( 3) .

x y x y

x y x y

  +  =  + 


 +  =  + +

 

D dng tm  c nghim ca h l x =  3  ;  y  =    0,5.  Vy I =  (3  ;    0,5).  

Khi  R
2
 =  IM

2
 =  1 0,25.  Ph ng trnh  ng trn cn tm l 

(x    3 )
2
 +  (y +  0,5)

2
 =  1 0,25.  

C th gii bi ton bng cch khc.  

Gi s ph ng trnh  ng trn c dng 

x
2
 +  y

2
 +  2ax  +  2by  +  c  =  0.  

Do M,  N,  P  thuc  ng trn nn ta c h ph ng trnh vi ba n s a,  b,  c  

5 2 4 0 (1 ')

29 10 4 0 (2 ')

10 2 6 0. (3 ')

a b c

a b c

a b c

+ + + =


+ + + =
 +  + =
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T (1 ')  v (2')  suy ra 24 +  8a  =  0,  do  a  =    3 .  T (1 ')  v (3 ')  suy ra 

5  +  1 0b  =  0,  do  b  =  0,5.  Thay a v  b  va tm  c vo (1 ')  ta c 

c =  5  +  6    2  =    1 .  

Vy ph ng trnh  ng trn cn tm l x
2
 +  y

2
   6x  +  y    1  =  0.  

3.   Ph ng trnh  tip tuyn ca  ng  trn  

Bi ton 1.  Vit ph ng trnh tip tuyn ca  ng trn 

(C )  :    (x +  1 )
2
 +  (y    2)

2
 =  5 ,  

bit rng tip tuyn  i qua im M( 5 1 ; 1) .  

Gii.   ng trn (C )  c tm I(1  ;  2)  v bn knh R =  5 .  

 ng thng   i qua M  c ph ng trnh 

a(x   + +  =5 1) ( 1) 0b y  (vi a
2
 +  b

2
   0).  

Khong cch t I(1  ;  2)  ti  ng thng   l 

d(I ;  )  =  
2 2 2 2

( 1 5 1) (2 1) 5a b a b

a b a b

  + +   +
=

+ +

.  

   l tip tuyn ca  ng trn,  iu kin cn v  l khong cch 

d(I ;  )  bng bn knh ca  ng trn,  tc l 

2 2

5
5

a b

a b

 +
=

+

 

hay         2 25 5 5a b a b + = + .  

T  b(2b +  5 a)  =  0,  suy ra b  =  0  hoc 2b  +  5 a  =  0.  

Nu b  =  0,  ta c th chn a  =  1  v  c tip tuyn 

1  :  5 1 0.x  + =  

Nu 2b  +  5 a  =  0,  ta c th chn a  =  2,  b  =   5  v  c tip tuyn 

2  :  2x    5 y  +  2    5  =  0.  
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 vit ph ng trnh tip tuyn ca  ng trn, ta th ng dng iu kin sau 

 ng thng tip xc vi  ng trn khi v ch khi khong cch t tm 

 ng trn n  ng thng bng bn knh ca  ng trn.  

Tuy nhin,   vit ph ng trnh tip tuyn ca  ng trn ti im M  cho 

tr c thuc  ng trn,  ta c cch gii n gin hn.  

Bi ton 2.  Cho  ng trn 

2 2 2 4 20 0x y x y+  +  =  

v im M(4 ;  2).  

a)  Chng t rng im M nm trn  ng trn  cho.  

b) Vit ph ng trnh tip tuyn ca  ng trn ti im M.  

Gii.  (h.  76)  

a)  Thay to  (4 ;  2)  ca M  vo v tri ca 

ph ng trnh  ng trn,  ta  c 

2 24 2 2.4 4.2 20 0.+  +  =  

Vy M  nm trn  ng trn.  

b)   ng trn c tm I =  (1  ;  2).  Tip tuyn ca 

 ng trn ti M  l  ng thng i qua M  v 

nhn MI


 lm vect php tuyn.  

V ( 3 ; 4)MI =  



 nn ph ng trnh ca tip tuyn l 

3(x    4)    4(y    2)  =  0  

 hay              3x  +  4y    20 =  0.  

3 

Vit ph ng trnh   ng thng i  qua gc to  v  tip xc vi   ng trn  

(C ) :  x2  +  y2    3x +  y  =  0.  

4 

Vit ph ng  trnh  tip tuyn  ca  ng  trn  2 2( 2) ( 3) 1x y + + = ,  bit tip tuyn  

 song  song vi   ng  thng    :  3x    y  +  2 =  0.  
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Cu hi  v bi  tp 

21.  Cho ph ng trnh 

        x
2
 +  y

2
 +  px  +  (p    1 )y  =  0.           (1 )  

Hi trong cc mnh  sau,  mnh  no ng ?  

a)  (1 )  l ph ng trnh ca mt  ng trn.  

b)  (1 )  l ph ng trnh ca mt  ng trn i qua gc to .  

c)  (1 )  l ph ng trnh ca mt  ng trn c tm J(p  ;  p    1 ) .  

d)  (1 )  l ph ng trnh ca  ng trn c tm J
1

;
2 2

p p  
  

 
 v bn knh 

21
2 2 1 .

2
R p p=  +  

22.  Vit ph ng trnh  ng trn (C )  trong mi tr ng hp sau 

a)  (C )  c tm I(1  ;  3)  v i qua im A(3  ;  1 )  ;  

b)  (C )   c tm I(2 ;  0)  v tip xc vi  ng thng   :  2x  +  y    1  =  0.  

23.  Tm tm v bn knh ca  ng trn cho bi mi ph ng trnh sau 

a)  x
2
 +  y

2
   2x    2y    2  =  0  ;  

b)  x
2
 +  y

2
   4x    6y  +  2  =  0  ;  

c)  2x
2
 +  2y

2
   5x    4y  +  1  +  m

2
 =  0.  

24.  Vit ph ng trnh  ng trn i qua ba im M(1  ;  2),  N(1  ;  2),  P(5  ;  2).  

25.  a)  Vit ph ng trnh  ng trn tip xc vi hai trc to  v i qua im 
(2 ;  1 ).  

b)  Vit ph ng trnh  ng trn i qua hai im (1  ;  1 ),  (1  ;  4)  v tip xc 
vi trc Ox.  

26.  Tm to  cc giao im ca  ng thng 

      
1 2

:
2

x t

y t

= +
 

=  +
 

v  ng trn (C)  :  2 2( 1) ( 2) 16.x y +  =  
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27.  Vit ph ng trnh tip tuyn ca  ng trn x
2
 +  y

2
 =  4  trong mi tr ng 

hp sau 

a)  Tip tuyn song song vi  ng thng 3x    y  +  1 7  =  0  ;  

b)  Tip tuyn vung gc vi  ng thng x  +  2y    5  =  0  ;  

c)  Tip tuyn i qua im (2 ;  2).  

28.  Xt v tr t ng i ca  ng thng   v  ng trn (C )  sau y 

             :  3x  +  y  +  m  =  0,  

        (C )  :  x
2
 +  y

2
   4x  +  2y  +  1  =  0.  

29.  Tm to  cc giao im ca hai  ng trn sau y 

        (C )  :  x
2
 +  y

2
 +  2x  +  2y    1  =  0,  

          (C  ')  :  x
2
 +  y

2
   2x  +  2y    7  =  0.  

 

 

 ng elip l mt  ng quen thuc vi chng ta v th ng gp trong 
thc t,  chng hn :  

  Bng ca mt  ng trn in trn mt t bng phng d i nh sng mt 
tri th ng l mt  ng elip (h.  77).  
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  Ta  mt t n c mu vo mt cc thu 

tinh hnh tr.  Nu t ng cc n c trn mt 

bn nm ngang th mt thong ca n c trong 

cc l mt hnh trn,  gii hn bi mt  ng 

trn.  Nu ta nghing cc n c i th mt 

thong ca n c  c gii hn bi mt  ng 

elip (h.  78).  

  Qu o ca Tri t khi quay quanh Mt 

Tri l mt  ng elip.  Cc nh thin vn hc 

 pht hin ra rng,  trong h Mt Tri,  mi hnh tinh u chuyn ng 

theo mt qu o l  ng elip (h.  79).  

1 .   nh  ngha  ng el ip 

1  (V  ng elip)  

Em hy ng  ln  mt mt bng  g hai  chic inh  ti  

hai  im F1  v  F2  (h.  80).  

Ly mt vng  dy kn  khng  n  hi ,  c  d i  ln  hn  

hai  ln  khong  cch  F1F2.  Qung  si  dy vo hai  

chic inh,  t u  bt ch vo trong  vng  dy ri  cng  
ra  vng  dy tr thnh  mt tam gic.  Hy d i  chuyn  
u  bt ch  sao cho dy lun  lun  cng  v  p st mt 
g.  Khi   u  bt ch s vch  ra  mt  ng  m  ta  gi  
l   ng  el ip.  

?1  Trong cch v  ng elip  trn,  gi v tr u bt ch l M.  Khi M thay 

i,  c nhn xt g v chu vi tam gic MF1F2,  v v tng MF1  +  MF2  ?  

nh ngha 

Cho hai im c nh F1  v F2,  vi F1F2  =  2c  (c  >  0).   

 ng elip  (cn gi l elip)  l tp hp cc im M sao cho 

MF1  +  MF2  =  2a,  trong  a l s cho tr c ln hn c.  

Hai im F1  v F2  gi l cc tiu im  ca elip.  Khong cch 

2c  c gi l tiu c ca elip.  
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2.   Ph ng trnh  chnh  tc ca el ip 

Cho elip (E)  nh  trong nh ngha trn.  Ta chn h 
trc to  Oxy  c gc l trung im ca on thng 

F1F2.  Trc Oy l  ng trung trc ca F1F2  v F2  
nm trn tia Ox (h.  81 ).  

? 2  Vi cch chn h trc to  nh  vy,  hy cho 

bit to  ca hai tiu im F1  v F2.  

2 

Gi s im M(x  ;  y)  nm trn  el ip  (E) .  Hy tnh  2 2
1 2MF MF  ri  s dng  nh  

ngha 1 2 2MF MF a+ =   tnh  1 2 .MF MF  T  suy ra 

1
cx

MF a
a

= +  v  2 .cx
MF a

a
=   

Cc on thng MF1 ,  MF2   c gi l bn knh qua tiu  ca im M.  

By gi ta lp ph ng trnh ca elip (E)  i vi h trc to   chn 
nh  trn.  

Ta c 

  2 2
1 ( )

cx
MF a x c y

a
= + = + +  hay 

2
2 2( )

cx
a x c y

a

 
+ = + + 

 
.  

Rt gn ng thc trn ta  c 
2

2 2 2 2
2

1
c

x y a c
a

 
 + =  

 
 

,  hay 

2 2

2 2 2
1

x y

a a c
+ =


.  V a

2
   c

2
 >  0 nn ta c th t a

2
   c

2
 =  b

2
 (vi b  >  0)  

v  c  

     
2 2

2 2
1

x y

a b
+ =     (a  >  b  >  0).         (1 )  

Ng c li,  c th chng minh  c rng :  Nu im M  c to  (x  ;  y)  

tho mn (1 )  th 1 ,
cx

MF a
a

= +  2
cx

MF a
a

=   ,  do  MF1  +  MF2  =  2a,  tc  

l M  thuc  elip (E) .  

Ph ng trnh (1 )  gi l ph ng trnh chnh tc  ca elip  cho.   
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V d 1.  Cho ba im  F1 ( 5  ;  0),  F2( 5  ;  0)  v  I(0 ;  3).  

a) Hy vit ph ng trnh chnh tc ca elip c tiu im l  F1 ,  F2  v i qua  I.  

b)  Khi  M  chy trn elip ,  khong cch MF1  c gi tr nh nht v gi tr 
ln nht bng bao nhiu ?  

Gii 

a)  Elip c ph ng trnh chnh tc 
2 2

2 2
1

x y

a b
+ = .  im I(0 ;  3 )  nm trn elip 

 cho nn 
2

2 2

0 3
1

a b
+ = ,  suy ra b

2
 =  9.  Theo gi thit,  tiu c ca elip  

l 2c  =  F1F2  =  2 5 .  Vy c  =  5 .  Do  a
2
 =  b

2
 +  c

2
 =  9  +  5  =  1 4.  

Vy elip cn tm c ph ng trnh chnh tc l 
2 2

1
14 9

x y
+ = .  

b)  Theo cng thc v  di bn knh qua tiu,  ta c MF1  =  a  +  
cx

a
.  V 

  a    x   a  nn 1
ca ca

a MF a
a a

   +  hay 1 .a c MF a c   +  Do  

MF1  c gi tr nh nht l a   c  =  14 5  khi x  =    a  v c gi tr ln 

nht l a +  c  =  14 5+  khi x  =  a.  

V d 2.  Vit ph ng trnh chnh tc ca elip i qua hai im M(0 ;  1 )  v 

3
1 ;

2
N

 
 
 

.  Xc nh to  cc tiu im ca elip  .  

Gii.  Ph ng trnh chnh tc ca elip c dng 
2 2

2 2
1

x y

a b
+ =  vi  a > b > 0.  

Elip i qua M(0 ;  1 )  nn 
2

1
1

b
=  hay 2 1 .b =  Elip  i qua 

3
1 ;

2
N

 
 
 

 

nn 
2 2

1 3
1,

4a b
+ =  suy ra 2 4.a =  Vy elip cn tm c ph ng trnh chnh 

tc l 

2 2

1 .
4 1

x y
+ =  
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Ta c 2 2 2 4 1 3.c a b=  =  =  Vy to  cc tiu im ca elip  l 

1 ( 3 ; 0)F =   v 2 ( 3 ; 0).F =  

3.  Hnh  dng ca el ip 

a)  Tnh i xng ca elip 

? 3  Cho elip c ph ng trnh (1 )  v mt im M(x0  ;  y0)  nm trn elip.  Hi 

cc im sau y c nm trn elip khng ?  

M1 (x0  ;  y0),  M2(x0  ;  y0),  M3(x0  ;  y0).  

T  suy ra 

Elip c ph ng trnh (1 )  nhn cc trc to  lm cc trc 
i xng v gc to  lm tm i xng.  

b)  Hnh ch nht c s 

Elip vi ph ng trnh chnh tc (1 ),  ct trc Ox ti hai im A1  v A2,  ct 

trc Oy  ti hai im B1  v B2.  Bn im  gi l cc nh  ca elip.  Trc 
Ox  c gi l trc ln,  trc Oy   c gi l trc b  (hay trc nh).  Ng i 

ta cng gi on A1A2  l trc ln,  

on B1B2  l trc b.   di trc 
ln l 2a,   di trc b l 2b.  

V qua A1  v A2  hai  ng thng 

song song vi trc tung,  v qua B1  

v B2  hai  ng thng song song 
vi trc honh.  Bn  ng thng 
 to thnh hnh ch nht PQRS.  
Ta gi hnh ch nht  l hnh 
ch nht c s ca elip (h.  82).  

? 4  Nu xt im M(x ;  y)  nm trn elip c ph ng trnh chnh tc (1 )  th gi 

tr nh nht v ln nht ca x l bao nhiu ?  Gi tr nh nht v ln nht 
ca y l bao nhiu ?  

T  suy ra 

Mi im ca elip nu khng phi l nh u nm trong hnh ch 
nht c s ca n.  Bn nh ca elip l trung im cc cnh ca 
hnh ch nht c s.  
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c)  Tm sai ca elip 

T s gia tiu c v  di trc ln ca elip gi l tm sai  

ca elip v  c k hiu l e,  tc l  .ce
a

=  

R rng l 0 <  e  <  1 .  Hn na,  do 
2 2

21
a cb

e
a a



= =   nn 

  Nu tm sai e  cng b (tc l cng gn 0)  
th b  cng gn a  v hnh ch nht c s 
cng gn vi hnh vung,  do   ng elip 
cng "bo"  ;  

  Nu tm sai e  cng ln (tc l cng gn 1 ) th 

t s 
b

a
 cng gn ti 0 v hnh ch nht c s 

cng "dt",  do   ng elip cng "gy"  (h.  83).  

V d 3.  Mt  ng hm xuyn qua ni c chiu rng l 20 m,  mt ct 
ng ca  ng hm c dng na elip nh  hnh 84.  Bit rng tm sai ca 

 ng elip  l  e    0,5 .  Hy tm chiu cao ca  ng hm .  

Gii.  Gi chiu cao ca  ng hm l b.  

Na trc ln ca elip l a =  10 m.  Elip c 

na tiu c l c  =  a.e    5  (m).  

Chiu cao ca hm l 

2 2 100 25 8, 7 (m).b a c=      

d)  Elip v php co  ng trn 

Bi ton. Trong mt phng to ,  cho  ng trn (C )  c ph ng trnh 

2 2 2x y a+ =  v mt s k (0 <  k  <  1 ) .  Vi mi im M(x  ;  y)  trn (C ) ,  ly 

im M'(x' ;  y')  sao cho x' =  x v y' =  ky.  Tm tp hp cc im M'.  

Gii.  T x' =  x,  y' =  ky  suy ra x  =  x',  y  =  
'y

k
.  im M  thuc  ng trn (C )  

khi v ch khi 2 2 2x y a+ = ,  tc l 
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2
2 2

2

'
'

y
x a

k
+ =    

2 2

2 2

' '
1

( )

x y

a ka
+ = .  

t b =  ka,  ta  c tp hp cc im M' l 
elip (E)  c ph ng trnh chnh tc  

2 2

2 2
1

x y

a b
+ = .  

Ng i ta ni :  Php co v trc honh theo h 

s k bin  ng trn (C )  thnh elip (E).  
 

Em  c  b i t  ?  

 
 
 

Nh  th in  vn  hc ng i  c K-ple (J .  Kepler)    chng  minh  rng  :  Mi  hnh  
tinh  trong  h Mt Tri  u  chuyn  ng  theo qu o l  mt  ng  el ip  m  tm  
Mt Tri  l  mt tiu  im.  

Tm sai  ca cc qu o ca 8 hnh tinh  quen thuc 
trong h Mt Tri  nh  sau :  

Sao Kim  :   e    0,0068  Tri  t :     e   0,0167  

Sao Mc :   e    0,0484  Sao Hi  V ng  :   e    0,0082  

Sao Thu :   e    0,2056  Sao Thin  V ng :  e   0,0460  

Sao Th :   e    0,0543   

Sao Ho :   e    0,0934.  

Trong  cc hnh  tinh  trn  th   Sao Kim,  Tri  t v  Sao 
Hi  V ng  c qu o gn  g ing   ng  trn  hn.  

Ngo i  ra,  chng  ta  cng  bit rng  Mt Trng  quay quanh  Tri  t theo qu o 
l  mt  ng  el ip  m  tm  Tri  t l  mt tiu  im.  Tm sai  ca qu o ny l  
e   0,0549 .  

Cu hi  v bi  tp 

30.  Cho elip (E)  c ph ng trnh chnh tc 
2 2

2 2
1

x y

a b
+ = .  Hi trong cc mnh 

 sau,  mnh  no ng ?  

(1571 1630)
Johannes Kepler



 

 

 

 

 

 

Hnh 85.  Php co v trc 

honh theo h s 
1

2
k =  bin 

 ng trn (C )  thnh elip (E).  
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a)  Tiu c ca (E)  l 2c,  trong  2 2 2
c a b=  .  

b)  (E)  c  di trc ln bng 2a,   di trc b bng 2b.  

c)  (E)  c tm sai .ce
a

=   

d)  To  cc tiu im ca (E)  l 1 ( ; 0),F c=   2 ( ; 0)F c= .  

e)  im (b ;  0)  l mt nh ca (E) .  

31.  Tm to  cc tiu im,  cc nh,   di trc ln,   di trc b ca mi 
elip c ph ng trnh sau 

a)  
2 2

1
25 4

x y
+ =  ;     b)  

2 2
1

9 4

x y
+ =  ;      c)  2 24 4.x y+ =  

32.  Vit ph ng trnh chnh tc ca  ng elip (E)  trong mi tr ng hp sau 

a)  (E)  c  di trc ln bng 8  v tm sai e =  
3

2
 ;  

b)  (E)  c  di trc b bng 8  v tiu c bng 4 ;  

c)  (E)  c mt tiu im l F ( 3  ;  0)  v i qua im 
3

1 ; .
2

M
 
 
 

 

33.  Cho elip (E)  :  
2 2

1
9 1

x y
+ = .  

a)  Tnh  di dy cung ca (E)  i qua mt tiu im v vung gc vi trc 
tiu (on thng ni hai im ca elip gi l dy cung  ca elip,  trc cha 
cc tiu im gi l trc tiu  ca elip).  

b)  Tm trn (E)  im M  sao cho MF1  =  2MF2,  trong  F1 ,  F2  ln l t l 

cc tiu im ca (E)  nm bn tri v bn phi trc tung.  

34.  V tinh nhn to u tin  c Lin X (c)  phng t Tri t nm 1 957.  
Qu o ca v tinh  l mt  ng elip nhn tm ca Tri t l mt 
tiu im.  Ng i ta o  c v tinh cch b mt Tri t gn nht l 

583  dm v xa nht l 1 342 dm (1  dm   1 ,609 km).  Tm tm sai ca qu 
o  bit bn knh ca Tri t xp x 4000 dm.  

35.  Trong mt phng to  Oxy,  cho im A  chy trn trc Ox,  im B  chy 
trn trc Oy  nh ng  di on AB  bng a  khng i.  Tm tp hp cc 

im M  thuc on AB  sao cho MB =  2MA .  
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 ng hypebol cng l mt  ng quen thuc i vi chng ta,  chng hn 

   th ca hm s 
1

y
x

=  l mt  ng hypebol (h.  86a)  ;  

  Quan st vng sng ht ln bc t ng t mt n bn ;  vng sng ny 
c hai  mng,  mi mng  c gii hn bi mt phn ca mt  ng 
hypepol (h.  86b).  

 

 

 
 

 
 

 

 
 
 

a)                 b)  
Hnh 86 

1 .   nh  ngha  ng  hypepol  

nh ngha 

Cho hai im c nh F1 ,  F2  c 

khong cch F1F2  =  2c (c  > 0).   ng 
hypebol (cn gi l hypebol) l tp hp 

cc im M sao cho 1 2 2 ,MF MF a =  

trong  a l s d ng cho tr c nh 
hn c (h.  87) .  

Hai im F1 ,  F2 gi l cc tiu im  

ca hypebol.  Khong cch F1F2  =  2c gi l tiu c ca hypebol.  

 

 

 

 

 

 

Hnh 87 

6 

y

x
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C th v hypebol  nh  sau  (h.  88)  :  Ly mt th c thng c mp AB  v  mt si  dy 

khng n hi  c chiu  di  l  nh hn  chiu  di  AB  ca th c v  l  > AB    F1F2.  ng 

hai  chic inh  ln  mt mt bng g ti  1 ,F  2 .F  nh  mt u dy vo im A  v  u 

dy kia vo 2 .F  t th c sao cho im B  trng  vi  1F  v  ly u  bt ch t  st si  

dy vo th c thng sao cho si  dy lun  b  cng ri  cho th c quay quanh 1 ,F  mp 

th c lun p st mt g.  Khi  ,  u  bt ch C  s vch  nn mt  ng cong.  Ta s 
chng t  ng cong  l  mt phn ca  ng hypebol .  Tht vy,  ta c 

CF1    CF2  =  (CF1  +  CA)    (CF2  +  CA)  =  AB   l    khng  i .  

 

 

 

 

 

 

 

 

 

 

 

Hnh 88  

2.   Ph ng trnh  chnh  tc ca hypebol  

Cho hypebol (H)  nh  trong nh ngha trn.  
Ta chn h trc to  Oxy c gc l trung 

im ca on thng F1F2,  trc Oy  l  ng 

trung trc ca F1F2  v F2  nm trn tia Ox.  

Khi  F1  =  (  c  ;  0),  F2  =  (c  ;  0)  (h.  89).  

1  

Gi s im M(x ;  y)  nm trn hypebol  (H) .  Hy tnh  biu  thc 2 2
1 2MF MF  v  s 

dng  gi th it 1 2 2MF MF a =   suy ra 

1
cx

MF a
a

= +  v  2
cx

MF a
a

=  .  

Cc on thng 1MF , 2MF   c gi l bn knh qua tiu  ca im M.  

 

 

 

 

 

 

 

Hnh 89 
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By gi ta s lp ph ng trnh ca hypebol (H)  i vi h to   chn.  

Ta c 

1MF = 2 2( )
cx

x c y a
a

+ + = +  hay 
2

2 2( )
cx

x c y a
a

 
+ + = + 

 
.  

Rt gn ng thc trn ta  c 
2

2 2 2 2
2

1
c

x y a c
a

 
 + =  

 
 

 hay 

2 2

2 2 2
1

x y

a a c
+ =


.  Ch  rng a

2
   c

2
 < 0  nn ta c th t a

2
   c

2
 =    b

2
 

hay b
2
 =  c

2
   a

2
 (vi b > 0),  v ta  c 

 

     
2 2

2 2
1

x y

a b
 =  (a  >  0,  b  >  0).       (1 )  

Ng c li,  c th chng minh  c rng :  Nu im M  c to  (x ;  y) tho 

mn (1 ) th 1
cx

MF a
a

= + ,  2
cx

MF a
a

=   v do  1 2 2 ,MF MF a =  tc 

l M thuc hypebol (H).  

Ph ng trnh (1 )   c gi l ph ng trnh chnh tc  ca hypebol.  

3.   H nh  dng  ca hypebol  

2 

T ph ng  trnh  chnh  tc (1 )  ca hypebol ,  hy g ii  th ch  v  sao n c cc tnh  
cht sau  

a) Gc to  O  l  tm i  xng ca hypebol.  Ox,  Oy  l  hai  trc i  xng ca hypebol.  
b)  Hypebol  ct trc Ox ti  hai  im v  khng  ct trc Oy.  

Ngoi ra,  i vi hypebol c ph ng trnh chnh tc (1 ),  ta cn c cc 
khi nim sau y 

 Trc Ox (cha hai tiu im) gi l trc thc,  trc Oy  gi l trc o  ca 
hypebol.  Hai giao im ca hypebol vi trc Ox gi l hai nh  ca hypebol.  
Ng i ta cng gi on thng ni hai nh ca hypebol l trc thc.  Khong 
cch 2a  gia hai nh gi l  di trc thc,  2b  gi l  di trc o.  
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 Hypebol gm hai phn nm hai bn trc o,  mi phn gi l mt nhnh  
ca hypebol.  

 Ta cng gi,  ging nh  vi elip,  t s gia tiu c v  di trc thc l 

tm sai ca hypebol,  k hiu l e,  tc l 
c

e
a
= .  Ch  rng ta lun c e > 1 .  

V d.  Cho hypebol (H)  :  
2 2

1
9 4

x y
 = .  

Xc nh to  cc nh,  cc tiu im v tnh tm sai,   di trc thc,  
 di trc o ca (H).  

Gii.  Hypebol (H)  c a
2
 =  9,  b

2
 =  4  nn a  =  3 ,  b  =  2,  c

2
 =  a

2
 +  b

2
 =  1 3,  

c =  13 .  Vy hypebol (H)  c cc tiu im F1  =  ( 13  ;  0),  F2  =  ( 13  ;  0)  ;  

cc nh A1  =  (3  ;  0),  A2  =  (3  ;  0)  ;  tm sai e =  
1 3

3
 ;   di trc thc 

2a =  6  ;   di trc o 2b  =  4.  

 Hnh ch nht to bi cc  ng thng x  =    a,  
y =    b  gi l hnh ch nht c s ca hypebol 
c ph ng trnh (1 )  (h.  90).  Hai  ng thng 
cha hai  ng cho ca hnh ch nht c s gi 
l hai  ng tim cn ca hypebol.  Ph ng trnh 
hai  ng tim cn  l 

b
y x

a
=  .  

3  

Cho hypebol  (H)  :  
2 2

1
4 1

x y
 = .  Ly im 0 0( ; )M x y  trn  (H)  vi  0 0,x >  0 0.y >  

Chng t rng  khong cch t M n  ng tim cn  
2

x
y =  bng 

0 0

4
.

5( 2 )x y+

 

Nhn  xt g  v khong  cch   khi  0x  tng  dn  ?  

Nh  vy,  khi im M trn hypebol cng xa gc to  th khong cch t 
im  n mt trong hai  ng tim cn cng nh i,  iu  cng c 
ngha l im M  ngy cng gn st  ng tim cn  (iu ny gii thch 
 ngha ca t " tim cn").  

 

 

 

 

 
Hnh 90 



 108  

Em  c  b i t  ?  

 
 

 

Hai   ng  trn  khng  ng  tm (O ;  R)  v  (O' ;  R')  c  im  chung  M  th   h in  nhin  
,MO MO' R R' =   nn  khi  g i O,  O' c nh  v  cho R,  R' thay i  sao cho 

2R R' a =  khng  i  (a  >  0)  th   cc g iao im M  cng  nm trn  mt hypebol  vi  
tiu  im l  O  v  O'.  

H nh  91  minh  ho nhng  hypebol  nh  th vi  cc g i  tr  khc nhau  ca a.  

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 91  

Cu hi  v bi  tp 

36.  Cho hypebol (H)  c ph ng trnh chnh tc 
2 2

2 2
1

x y

a b
 = .  Hi trong cc 

mnh  sau,  mnh  no ng ?  

a)  Tiu c ca (H)  l 2c,  trong  c
2
 =  a

2
 +  b

2
.  

b)  (H)  c  di trc thc bng 2a,   di trc o bng 2b.  

c)  Ph ng trnh hai  ng tim cn ca (H)  l 
a

y x
b

=  .  

d)  Tm sai ca (H)  l 
c

e
a

=  >  1 .  
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37.  Tm to  cc tiu im,  cc nh ;   di trc thc,  trc o v ph ng 
trnh cc  ng tim cn ca mi hypebol c ph ng trnh sau 

a)  
2 2

1
9 4

x y
 =  ;     b)  

2 2
1

9 16

x y
 =  ;    c)  2 29 9.x y =  

38.  Cho  ng trn (C )  tm F1 ,  bn knh R  v mt im F2   ngoi (C ).  

Chng minh rng tp hp tm cc  ng trn i qua F2,  tip xc vi (C )  l 

mt  ng hypebol.  Vit ph ng trnh chnh tc ca hypebol .  

39.  Vit ph ng trnh chnh tc ca hypebol (H)  trong mi tr ng hp sau 

a)  (H)  c mt tiu im l (5  ;  0)  v  di trc thc bng 8  ;  

b)  (H)  c tiu c bng 2 3 ,  mt  ng tim cn l 
2

3
y x=  ;  

c)  (H)  c tm sai 5e =  v i qua im ( )10 ; 6 .  

40.  Chng minh rng tch cc khong cch t mt im bt k thuc hypebol 
n hai  ng tim cn ca n l mt s khng i.  

41.  Trong mt phng to  cho hai im 1 ( 2 ; 2 )F    v 2 ( 2 ; 2 ).F  

Chng minh rng vi mi im M(x  ;  y)  nm trn  th hm s 
1

y
x

= ,  ta 

u c 
2

2
1

1
2MF x

x

 = + + 
 

 ;    
2

2
2

1
2 .MF x

x

 = +  
 

 

T  suy ra 1 2 2 2.MF MF =  

 
 
Trong thc t ta cng th ng gp  ng parabol,  chng hn :  

   th ca hm s y  =  ax2  +  bx  +  c  (vi a   0)  l mt  ng parabol ;  

  Cc tia n c phun ra t vi phun n c (th ng gp  cc v n hoa hay 
khi t i cy)  l nhng  ng parabol ;  

   ng i ca vin n i bc l mt  ng parabol.  

7 
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1 .   nh  ngha  ng  parabol  

Cho mt im F c nh v mt  ng 

thng   c nh khng i qua F.  Tp hp 
cc im M cch u F v    c gi l 

 ng parabol (hay parabol)  (h.  92) .  

im F  c gi l tiu im  ca parabol.  

 ng thng    c gi l  ng chun  
ca parabol.  

Khong cch t F n    c gi l tham s tiu  ca parabol.  

Ta c th v parabol  vi  tiu  im F  

v   ng chun   nh  sau  (h.  93)  :  

Ly mt ke ABC  (vung  A)  v  mt 
on  dy khng  n  hi ,  c  di  
bng  AB.  nh  mt u  dy vo im 

F,  u  kia vo nh  B  ca ke.  t 

ke sao cho cnh  AC  nm trn  ,  ly 
u  bt ch  p st si  dy vo cnh  
AB  v  g i cng si  dy ri  cho cnh  

AC  ca ke tr t trn  .  Khi   u  
M  ca bt ch s vch  nn  mt phn  

ca parabol  (v  ta  lun  c MF  =  MA) .  

2.   Ph ng trnh  chnh  tc ca parabol  

Cho parabol vi tiu im F  v  ng chun .  

K FP  vung gc vi   ( )P  .  t  FP =  p  (tham 

s tiu).  Ta chn h trc to  Oxy  sao cho O  l 
trung im ca FP  v im F  nm trn tia Ox  (h.  94).  

Nh  vy ta c ; 0
2

p
F

 =  
 

,  ; 0
2

p
P

 =  
 

 v ph ng 

trnh ca  ng thng   l x +  0
2

p
= .  im M(x  ;  y)  

nm trn parabol  cho khi v ch khi khong cch MF  bng khong cch 

t M  ti ,  tc l 

 

 

 

 

 

 
 

Hnh 92  

 

 

 

 

 

 

 

Hnh 93  
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2
2

2

p
x y

 
 + 

 
 =  

2

p
x + .  

Bnh ph ng hai v ca ng thc  ri rt gn ,  ta  c 

      2 2y px=  (p > 0).           (1 )  

Ph ng trnh (1 )  gi l ph ng trnh chnh tc  ca parabol.  

T ph ng  trnh  ch nh  tc ca  parabol ,  hy chng  t  nhng  tnh  cht sau  y 
ca  parabol  
a)  Parabol  nm v bn  phi  ca trc tung.  

b)  Ox  l  trc i xng ca parabol .  

c)  Parabol  ct trc Ox  ti  im O  v   cng  l  im duy nht ca Oy  thuc 
parabol .  Gc to  O   c gi  l  nh  ca parabol .  

V d.  Vit ph ng trnh chnh tc ca parabol i qua im M(2 ;  5).  

Gii.  Ph ng trnh chnh tc ca parabol c dng y
2
 =  2px.  Thay to  ca 

M  vo ph ng trnh ta  c 25  =  2.p.2,  suy ra p =  
25

4
.  T  ta  c 

ph ng trnh chnh tc ca parabol  cho l y
2
 =  

25

2
x.  

  Ch  

 mn i s,  chng ta  gi  th ca hm s bc hai 

y =  ax
2
 +  bx +  c  

l mt  ng parabol.  

S d ta gi nh  th v  th  cng tho mn 
nh ngha ca  ng parabol m ta va trnh 
by  trn.  

Chng hn,   th hm s y  =  ax
2  (a    0)  l 

parabol c tiu  im 
1

0 ;
4

F
a

 
 
 

 v  ng 

chun   c ph ng trnh 
1

0
4

y
a

+ =  (h.  95 ) .   
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Cu hi  v bi  tp 

42.  Trong cc mnh  sau,  mnh  no ng ?  

a)  y
2
 =  2x  l ph ng trnh chnh tc ca parabol.  

b)  y  =  x
2
 l ph ng trnh chnh tc ca parabol.  

c)  Parabol (P)  :  y
2
 =  2x  c tiu im F(0,5  ;  0)  v c  ng chun 

  :  x  +  0,5  =  0.  

d)  Parabol y
2
 =  2px  (p  >  0)  c tiu im F(p  ;  0)  v c  ng chun 

  :  x  +  p  =  0.  

43.  Vit ph ng trnh chnh tc ca parabol (P)  trong mi tr ng hp sau 

a)  (P)  c tiu im F(3  ;  0)  ;  

b)  (P)  i qua im M(1  ;  1 )  ;  

c)  (P)  c tham s tiu l =
1

3
p .  

44.  Cho parabol y
2
 =  2px.  Tm  di dy cung ca parabol vung gc vi trc 

i xng ti tiu im ca parabol (dy cung ca parabol l on thng ni 
hai im ca parabol).  

45.  Cho dy cung AB  i qua tiu im ca parabol (P).  Chng minh rng 
khong cch t trung im I ca dy AB  n  ng chun ca (P)  bng 
1

2
AB .  T  c nhn xt g v  ng trn  ng knh AB  ?  

46.  Trong mt phng to  Oxy  cho im F(1  ;  2).  Tm h thc gia x,  y   
im M(x  ;  y)  cch u im F  v trc honh.  

 
 

Khng phi ch parabol mi c  ng chun,  d i y chng ta s thy rng 
elip v hypebol cng c  ng chun.  T ng t nh ngha ca parabol,  ta 
cng c th nh ngha elip v hypebol da vo  ng chun v tiu im 
ca chng.  

8 
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1 .    ng chun ca el ip 

Cho elip c ph ng trnh chnh tc 
2 2

2 2
1

x y

a b
+ =  (a  >  b  > 0).  Khi   ng 

thng 1  :  x +
a

e
 =  0  gi l  ng chun  

ca elip,  ng vi tiu im F1 (  c  ;  0)  ;   

 ng thng 2  :  x   
a

e
 =  0  gi l 

 ng chun  ca elip,  ng vi tiu im 

F2(c  ;  0)  (h.  96).  

Tnh cht 

Vi mi im M ca elip,  ta lun c 

1 2

1 2( ; ) ( ; )

MF MF
e

d M d M
= =

 
   (e  <  1 ).  

Chng minh 

Vi M(x  ;  y)  thuc elip,  ta c 

MF1  =  
c

a x a ex
a

+ = +  v 1( ; )
a exa

d M x
e e

+
 = + =  =

a ex

e

+
.  

Suy ra    1

1( ; )

MF
e

d M
=


.  

Chng minh t ng t ta cng c  2

2( ; )

MF
e

d M
=


.  

2.    ng chun  ca hypebol  

Ta cng nh ngha  ng  chun ca hypebol  
t ng t nh  i vi elip (h.  97).  Cho hypebol 

(H)  c ph ng trnh 
2 2

2 2
1 .

x y

a b
 =  Cc  ng 

thng 1  :  x +  
a

e
 =  0  v 2  :  x   

a

e
 =  0  gi l 

 

 

 

 

 

 
Hnh 96 

 

 

 

 

 

 

 

Hnh 97 
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cc  ng chun  ca (H)  ln l t ng vi cc tiu im F1 (  c  ;  0)  v 

F2(c  ;  0).  

Ta cng d dng chng minh  c tnh cht sau 

Vi mi im  M  nm trn  (H),  ta lun c  

1 2

1 2( ; ) ( ; )

MF MF
e

d M d M
= =

 
  (e  >  1 ).  

T nhng kt qu trn,  ta nhn thy rng ba  ng elip,  hypebol,  parabol 
u c th  c nh ngha da trn tiu im v  ng chun.  Ba  ng 
 c tn chung l  ng cnic.  

3.   nh  ngha  ng cnic 

Cho im F c nh v  ng thng   c nh khng i qua F.   

Tp hp cc im M sao cho t s 
( ; )

MF

d M 
 bng mt s 

d ng e  cho tr c  c gi l  ng cnic.   

im F gi l  tiu im,    gi l  ng chun v e  gi l 
tm sai  ca  ng cnic.  

T nh ngha trn,  kt hp vi tnh cht ca elip,  parabol,  hypebol,  ta c 

Elip l  ng cnic c tm sai e  < 1  ;  

Parabol l  ng cnic c tm sai e  =  1  ;  

Hypebol l  ng cnic c tm sai e  >  1 .  

Cu hi  v bi  tp 

47.  Xc nh tiu im v  ng chun ca cc  ng cnic sau 

a)  y
2
 =  1 4x  ;      b)  

2 2
1

10 7

x y
+ =  ;     c)  

2 2
1 .

14 1

x y
 =  

48.  Cho  ng thng   :  x +  y    1  =  0  v im F(1  ;  1 ).  Vit ph ng trnh ca 
 ng cnic nhn F  l tiu im v   l  ng chun trong mi tr ng hp 
sau y 

a)  Tm sai e  =  1  ;    b)  Tm sai e =  2  ;    c)  Tm sai e =  
1 .
2
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I  - Tm tt nhng kin  thc cn  nh 

1.  Cc nh ngha 

a)  n  l mt vect php tuyn  ca  ng thng   nu 0n   v gi ca n  

vung gc vi .  

    u  l vect ch ph ng  ca  ng thng   nu 0u   v gi ca u  song 

song hoc trng vi .  

b)  Elip  :  Tp cc im M tho mn MF1+  MF2  =  2a   (F1F2  =  2c,  0 <  c  < a).  

    Hypebol :  Tp cc im M tho mn |MF1  MF2|  =  2a  (F1F2  = 2c,  c  > a  > 0).  

   Parabol  :  Tp cc im M  tho mn MF  =  d(M  ;  )   (d(F  ;  )  =  p  >  0).  

    ng cnic :  Tp cc im M  tho mn 0.
( ; )

MF
e

d M
= >


 

       Nu e  <  1  th  ng cnic l elip.  

       Nu e  =  1  th  ng cnic l parabol.  

       Nu e  >  1  th  ng cnic l hypebol.  

2.  Ph ng trnh cc  ng 

a)  Ph ng trnh  ng thng  

  Dng tng qut 

  ax  +  by  +  c  =  0  2 2( 0),a b+   ( ; )n a b  l mt vect php tuyn.  

  Dng tham s 

0

0

x x at

y y bt

= +


= +
 2 2( 0),a b+   

  Dng chnh tc 

0 0x x y y

a b

 
=  (a    0,  b    0)  

 dng tham s v dng chnh tc,   ng thng i qua im 0 0( ; )x y  v 

c vect ch ph ng ( ; ).u a b=  
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b)  Ph ng trnh  ng trn 

   ng trn tm I(x0  ;  y0),  bn knh R  c ph ng trnh 

(x    x0)
2  +  (y    y0)

2  =  R2.  

  Ph ng trnh x2  +  y2 +  2ax  +  2by  +  c  =  0,  vi a2  +  b2    c  >  0,  l ph ng 

trnh  ng trn c tm I (  a  ;    b)  v bn knh R  =  2 2 .a b c+    

c)  Ph ng trnh chnh tc ca ba  ng cnic v cc yu t lin quan 

  Elip :  
2 2

2 2
1

x y

a b
+ =  (a  >  b  >  0),  c2  =  a2    b2.  Cc tiu im 1 ( ; 0),F c  

2 ( ; 0)F c  ;  trc ln 2a,  trc b 2b  ;  tm sai 1,
c

e
a

= <   ng chun .ax
e

=   

  Hypebol :  
2 2

2 2
1

x y

a b
 =  (a  > 0,  b  > 0), 2 2 2 .c a b= +  Cc tiu im 

1 ( ; 0),F c  2 ( ; 0)F c  ;  trc thc 2a,  trc o 2b  ;  tm sai 1,
c

e
a

= >   ng 

chun ,
a

x
e

=   tim cn .
b

y x
a

=   

  Parabol :  y2  =  2px  (p  >  0).  Tiu im ; 0 ,
2

p
F
 
 
 

 tm sai e  =  1 ,   ng 

chun .
2

p
x =   

3.  Khong cch v gc 

a)  Khong cch t im M(x0  ;  y0)  n  ng thng   :  ax  +  by  +  c  =  0  l 

d(M  ;  )  =  0 0

2 2
.

ax by c

a b

+ +

+
 

b)   ng thng   :  ax  +  by  +  c  =  0  tip xc vi  ng trn (I ;  R)  khi v 
ch khi 

d(I ;  )  =  R.  

c)  Gc gia hai  ng thng 

         1  :  1 1 1 0a x b y c+ + = ,   

            2  :  2 2 2 0a x b y c+ + =  



 1 1 7  

 c xc nh bi 

1 2 1 2
1 2

2 2 2 2
1 1 2 2

.cos( , )
.

a a b b

a b a b

+
  =

+ +
 

I I  - Cu  hi  t kim tra 

1.  Cho bit to  ca hai im A  v B.  Lm th no  

a)  Vit ph ng trnh  ng thng i qua A ,  B  ?  

b)  Vit ph ng trnh  ng thng i qua im 0 0( ; )C x y  v vung gc  

vi AB  ?  

c)  Vit ph ng trnh tip tuyn ca  ng trn 2 2 2
0 0( ) ( ) ,x x y y R +  =  

bit tip tuyn  song song vi AB  ?  

2.  Cho bit to  ba nh ca mt tam gic.  Lm th no  

a)  Tm to  tm v tnh bn knh ca  ng trn ngoi tip tam gic ?  

b)  Tm to  trc tm tam gic ?  

c)  Tm to  tm  ng trn ni tip tam gic ?  

3.  Hy ch ra mt vect php tuyn v mt vect ch ph ng ca  ng thng 

  nu   c ph ng trnh nh  sau 

a)  ax  +  by  +  c  =  0     2 2( 0)a b+   ;  

b)  0

0

x x at

y y bt

= +


= +
    2 2( 0)a b+   ;  

c)  
x a y b

m n

 
=      (m    0,  n    0) .  

4.  Lm th no  chng minh hai  ng thng vung gc vi nhau hoc 
song song vi nhau,  nu bit ph ng trnh ca chng ?  

5.  C th vit ph ng trnh ca mt  ng trn khi bit nhng iu kin no 
(nu mt s tr ng hp th ng gp)  ?  

6.  C th vit ph ng trnh chnh tc ca elip,  hypebol,  parabol khi bit 
nhng iu kin no (nu mt s tr ng hp th ng gp)  ?  
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7.  Cho ph ng trnh 

            2 2 1ax by+ = .           (1 )  

 a)  Vi iu kin no ca a  v b  th (1 )  l ph ng trnh ca mt  ng trn ?  

 b)  Vi iu kin no ca a  v b  th (1 )  l ph ng trnh chnh tc ca elip ?  
Ca hypebol ?  

I I I  - Bi  tp 

1.  Xt v tr t ng i ca cc  ng thng 1  v 2  trong mi tr ng hp sau 

a)  1  :  3x    2y  +  1  =  0   v  2  :  2x  +  3y    5  =  0  ;  

b)  1  :  
4 2

1

x t

y t

= +


=  +
    v  2  :  

7 4 '

5 2 ' ;

x t

y t

= 


= 
 

c)  1  :  
3 4

2 5

x t

y t

= +


=  
    v  2  :  5x  +  4y    7  =  0.  

2.  Cho  ng thng   :  3x    4y  +  2  =  0.  

a)  Vit ph ng trnh ca   d i dng tham s.  

b)  Vit ph ng trnh ca   d i dng ph ng trnh theo on chn.  

c)  Tnh khong cch t mi im M(3  ;  5),  N(4 ;  0),  P(2 ;  1 )  ti   v xt 

xem  ng thng   ct cnh no ca tam gic  MNP.  

d)  Tnh cc gc hp bi   v mi trc to .   

3.  Cho  ng thng d :  x    y  +  2  =  0  v im A(2 ;  0).  

a)  Vi iu kin no ca x  v y  th im M(x  ;  y)  thuc na mt phng c 
b l d v cha gc to  O  ?  Chng minh im A  nm trong na mt 
phng .  

b)  Tm im i xng vi im O  qua  ng thng d.  

c)  Tm im M  trn d sao cho chu vi tam gic OMA  nh nht.  

4.  Cho  ng thng   :  ax  +  by  +  c  =  0  v im I(x0  ;  y0).  Vit ph ng trnh 

 ng thng '  i xng vi  ng thng   qua I.  

5.  Mt hnh bnh hnh c hai cnh nm trn hai  ng thng x  +  3y    6  =  0  

v 2x    5y    1  =  0.  Bit hnh bnh hnh  c tm i xng l I(3  ;  5).  Hy 
vit ph ng trnh hai cnh cn li ca hnh bnh hnh .  
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6.  Cho ph ng trnh 

         x2  +  y2  +  mx    2(m  +  1 )  y  +  1  =  0.       (1 )  

a)  Vi gi tr no ca m  th (1 )  l ph ng trnh  ng trn ?  

b)  Tm tp hp tm ca cc  ng trn ni  cu a).  

7.  a)  Bit  ng trn (C )  c ph ng trnh x
2
 +  y

2
 +  2ax  +  2by  +  c  =  0.  Chng 

minh rng ph ng tch ca im M(x0  ;  y0)  i vi  ng trn (C )  bng 

0 0 0 0
2 2 2 2x y ax by c+ + + + .  

b)  Chng minh rng nu hai  ng trn khng ng tm th tp hp cc 
im c cng ph ng tch i vi hai  ng trn l mt  ng thng (gi 
l trc ng ph ng ca hai  ng trn).  

8.  Cho hai   ng trn c  ph ng trnh  x
2
 +  y

2
 +  2a1x  +  2b1y  +  c1  =  0  v 

x
2
 +  y

2
 +  2a2x  +  2b2y  +  c2  =  0.  Gi s chng ct nhau  hai im M,  N.  

Vit ph ng trnh  ng thng MN.  

9.  Cho  ng trn (C )  :  x
2
 +  y

2
 =  4  v im A(2 ;  3 ).  

a)  Vit ph ng trnh cc tip tuyn ca (C )  k t A .  

b)  Tnh cc khong cch t A  n hai tip im ca hai tip tuyn ni  
cu a)  v khong cch gia hai tip im .   

10.  Cho elip (E)  :  
2 2

1
5 4

x y
+ =  v hypebol (H)  :  

2 2
1

5 4

x y
 = .  

a)  Tm to  cc tiu im ca (E)  v (H).  

b)  V phc elip (E)  v hypebol (H)  trong cng mt h trc to .  

c)  Tm to  cc giao im ca (E)  v (H).  

11.  Cho  ng thng   :  2x    y    m  =  0  v elip (E)  :  
2 2

1
5 4

x y
+ = .  

a)  Vi gi tr no ca m  th   ct (E)  ti hai im phn bit ?  

b)  Vi gi tr no ca m  th   ct (E)  ti mt im duy nht ?  

12.  Cho elip (E)  :  
2 2

1
25 9

x y
+ = .  

a)  Xc nh to  hai tiu im v cc nh ca (E).  

b)  Vit ph ng trnh chnh tc ca hypebol (H)  nhn cc tiu im ca (E)  
lm nh v c hai tiu im l hai nh ca elip (E).  
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c)  V phc elip (E)  v hypebol (H)  ni  cu b)  trong cng mt h trc 
to .  

d)  Vit ph ng trnh ca  ng trn i qua cc giao im ca hai  ng 
cnic ni trn.  

13.  Cho parabol (P)  :  y
2
 =  2px.  Vi mi im M  trn (P)  (M  khc O),  gi M' l 

hnh chiu ca M  trn Oy  v  I l trung im ca on OM'.  Chng minh 
rng  ng thng IM ct parabol  cho ti mt im duy nht.  

14.  Cho parabol (P)  :  2 1

2
y x= .  Gi M,  N  l hai im di ng trn (P)  sao cho 

OM    ON  (M,  N  khng trng vi O).  Chng minh rng  ng thng MN  
lun i qua mt im c nh.  

IV - Bi  tp trc nghim 

1.   ng thng 2x  +  y    1  =  0  c vect php tuyn l vect no ?  

(A)  n  =  (2 ;  1 )  ;          (B)  n  =  (1  ;  1 )  ;  

(C)  n  =  (2 ;  1 )  ;          (D)  n  =  (1  ;  2).  

2.   ng trung trc ca on thng AB  vi A  =  (3  ;  2),  B =  (3;  3)  c vect 
php tuyn l vect no ?  

(A)  n  =  (6 ;  5 )  ;          (B)  n  =  (0 ;  1 )  ;  

(C)  n  =  (3  ;  5)  ;          (D)  n  =  (1  ;  0).  

3.  Ph ng trnh no l ph ng trnh  tham s ca  ng thng x    y  +  3  =  0  ?  

(A)  
3 ;

x t

y t

=


= +
          (B)  

3

;

x

y t

=


=
 

(C)  
2

1 ;

x t

y t

= +


= +
          (D)  

3 .

x t

y t

=


= 
 

4.  Vect no l vect php tuyn ca  ng thng c ph ng trnh 
1 2

3 ?

x t

y t

=  +


= 
 

(A)  n  =  (2 ;  1 )  ;          (B)  n  =  (1  ;  2)  ;  

(C)  n  =  (1  ;  2)  ;          (D)  n  =  (1  ;  2).  

5.   ng thng no khng ct  ng thng 2x  +  3y    1  =  0  ?  

(A)  2x  +  3y  +  1  =  0  ;         (B)  x   2y  +  5  =  0  ;  

(C)  2x   3y  +  3  =  0  ;         (D)  4x   6y   2 =  0.   
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6.   ng thng no song song vi  ng thng x    3y  +  4  =  0  ?  

(A)  
1

2 3 ;

x t

y t

= +


= +
         (B)  

1

2 3 ;

x t

y t

= 


= +
 

(C)  
1 3

2 ;

x t

y t

= 


= +
          (D)  

1 3

2 .

x t

y t

= 


= 
 

7.   ng thng no song song vi  ng thng 
3
1 2 ?

x t

y t

= 


=  +
 

(A)  
5
2 ;

x t

y t

= +


=
          (B)  

5
2 ;

x t

y t

= +


= 
 

(C)  
5 2

;

x t

y t

= 


=
         (D)  

5 4

2 .

x t

y t

= +


=
 

8.   ng thng no vung gc vi  ng thng 4x    3y  +1  =  0  ?  

(A)  
4
3 3 ;

x t

y t

=


=  
        (B)  

4
3 3 ;

x t

y t

=


=  +
 

(C)  
4

3 3 ;

x t

y t

= 


=  
         (D)  

8

3 .

x t

y t

=


=  +
 

9.   ng thng no vung gc vi  ng thng 
1
1 2 ?

x t

y t

=  +


=  +
 

(A)  2x  +  y  +1  =  0  ;         (B)  x  +  2y  +1  =  0  ;  

(C)  4x    2y  +  1  =  0  ;         (D)  
1 1 .

1 2

x y+ +
=  

10.  Khong cch t im O(0 ;  0)  n  ng thng 4x    3y   5  =  0  bng 
bao nhiu ?  
(A)  0 ;              (B)  1  ;  

(C)  5  ;             (D)  
1

5
.  

11.  Ph ng trnh no l ph ng trnh ca  ng trn c tm I (3  ;  4)  v bn 
knh R  =  2  ?  

(A)  (x  +  3 )2  +  (y    4)2    4  =  0  ;     (B)  (x    3 )2  +  (y   4)2  =  4  ;  

(C)  (x  +  3 )2  +  (y  +  4)2  =  4  ;       (D)  (x  +  3 )2  +  (y    4)2  =  2.  

12.  Ph ng trnh x2  +  y2    2x  +  4y  +  1  =  0 l ph ng trnh ca  ng trn no ?  

(A)   ng trn c tm (1  ;  2) ,  bn knh R  =  1  ;  

(B)   ng trn c tm (1  ;  2),  bn knh R  =  2  ;  
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(C)   ng trn c tm (2 ;  4),  bn knh R  =  2  ;  

(D)   ng trn c tm (1  ;  2),  bn knh R  =  1 .  

13.  Cp im no l cc tiu im ca elip (E)  :  
2 2

1
5 4

x y
+ =  ?  

(A)  F1 ,2   =  (  1  ;  0)  ;         (B)  F1 ,2   =  (  3  ;  0)  ;  

(C)  F1 ,2   =  (0 ;    1 )  ;         (D)  F1 ,2   =  (1  ;    2).  

14.  Elip (E)  :  
2 2

1
9 4

x y
+ =  c tm sai bng bao nhiu ?  

(A)  e  =  
3

2
 ;            (B)  e  =  

5

3
  ;  

(C)  e  =  
2

3
 ;            (D)  e  =  

5 .
3

 

15.  Cho elip c cc tiu im F1 (3  ;  0),  F2(3  ;  0)  v i qua A(5  ;  0).  im 
M(x  ;  y)  thuc elip  cho c cc bn knh qua tiu l bao nhiu ?  

(A)  MF1  =  
3

5
5
x+ ,  MF2  =  

3
5

5
x  ;  

(B)  MF1  =  
4

5
5
x+ ,  MF2  =   

4
5

5
x  ;  

(C)  MF1  =  3  +  5x,  MF2  =  3    5x  ;  
(D)  MF1  =  5  +  4x,  MF2  =  5    4x.  

16.  Elip (E)  :  
2 2

2 2
1

x y

p q
+ = ,  vi p  >  q  >  0,  c tiu c l bao nhiu ?  

(A)  p  +  q  ;            (B)  p2  q2  ;  

(C)  p    q  ;            (D) 2 22 p q .  

17.  Ph ng trnh 
2 2

2 2
1

x y

a b
 =  l ph ng trnh chnh tc ca  ng no ?  

(A)  Elip vi trc ln bng 2a,  trc b bng 2b  ;  

(B)  Hypebol vi trc ln bng 2a,  trc b bng 2b  ;  

(C)  Hypebol vi trc honh bng 2a,  trc tung bng 2b  ;  

(D)  Hypebol vi trc thc bng 2a,  trc o bng 2b.  
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18.  Cp im no l cc tiu im ca hypebol 
2 2

1
9 5

x y
 =  ?  

(A)  (  4  ;  0)  ;           (B)  (  14  ;  0)  ;  

(C)  (  2  ;  0)  ;           (D)  (0 ;    14 ).  

19.  Cp  ng thng no l cc  ng tim cn ca hypebol 
2 2

1
16 25

x y
 =  ?  

(A)  y  =  
5

4
x  ;           (B)  y  =  

4

5
x  ;  

(C)  y  =  
25

16
x  ;           (D)  y  =  

16

25
x .  

20.  Cp  ng thng no l cc  ng chun ca hypebol 
2 2

2 2
1

x y

q p
 =  ?  

(A)  x  =  
p

q
 ;           (B)  x  =  

q

p
 ;  

(C)  x  =  
2

2 2

q

q p+
 ;        (D)  x  =  

2

2 2
.p

q p+
 

21.   ng trn no ngoi tip hnh ch nht c s ca hypebol 
2 2

1
16 9

x y
 =  ?  

(A)  x2  +  y2  =  25  ;          (B)  x2  +  y2  =  7  ;  
(C)  x2  +  y2  =  1 6 ;          (D)  x2  +  y2  =  9.  

22.  im no l tiu im ca parabol y2  =  5x  ?  

(A)  F(5  ;  0)  ;           (B)  
5
; 0

2
F
 
 
 

 ;  

(C)  
5
; 0

4
F
 
 

 
 ;          (D)  

5
; 0

4
F
 
 
 

.  

23.   ng thng no l  ng chun ca parabol y2  =  4x  ?  
(A)  x  =  4  ;            (B)  x  =   2 ;  
(C)  x  =    1  ;            (D)  x  =  1 .  

24.  Cnic c tm sai e  =  
1

2
 l  ng no ?  

(A)  Hypebol ;           (B)  Parabol ;  
(C)  Elip ;             (D)   ng trn.  
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B i   c  thm  

1 .  T xa  x a,  ng i  H i  Lp chng  minh   c rng  g iao tuyn  ca mt nn  trn  
xoay v  mt mt phng  khng  i  qua nh  ca mt nn  l   ng  trn  hoc  ng  
cnic (el ip,  hypebol ,  parabol)  (h .  98) .  Ting  Anh,  t cone  c ngha l  mt nn,  do  
 c t " ng cnic".  

 

 

 
 
 
 
 
 

 

    ng trn       Elip      Parabol         Hypebol 

Hnh 98 

Ngay t u  thi  k  A-lch-xng--ri  (thi  c H i  Lp),  ng i  ta    bit kh y   
v cc  ng  cnic qua b sch  gm 8  quyn  ca A-p-l-n i-ut (262  -  1 90  tr c 
Cng  nguyn).  Cui  thi  k  ,  nh  ton  hc H i-pa-chi-a (370 - 41 5 sau  Cng  
nguyn)   cng  b tc phm "V cc  ng  cnic ca A-p-l-n i-ut".  

Phi  rt lu  sau  ,  n  th k XVI I ,  ng i  ta  mi  tm  thy nhng  ng  dng  quan  
trng  ca cc  ng   trong  s pht trin  ca khoa hc v  k thut.  

2.  Ba   ng  cnic cn  c nhiu  tnh  cht chung.  Tnh  cht quang  hc l  mt v 
d  :  Mt tia  sng  pht ra  t mt tiu  im ca el ip  (hay hypebol)  sau  khi  p vo 
el ip  (hay hypebol)  s b  ht li  theo mt tia  (tia  phn  x)  nm trn   ng  thng  i  
qua tiu  im th hai  ca el ip  (hay hypebol )  (h .  99).  

 

 

 

 

 
 
 
 
 

       a)            b)  

          Hnh 99                   Hnh 1 00 
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Vi  parabol,  tia sng pht ra t tiu  im (tia ti)  chiu n mt im ca parabol  s b  
ht li  (tia phn x) theo mt tia song song (hoc trng)  vi  trc ca parabol  (h.  1 00).  

Tnh  cht ny c nh iu  ng  dng,  chng  hn  :  

 n pha :  B mt ca n pha l  mt mt trn  xoay sinh  bi  mt cung parabol  
quay quanh trc ca n,  bng n  c t  v  tr tiu  im ca parabol   (h.  1 01 ).  

 

 

 
 
 
 
 

 

 

Hnh 1 01  

 My vin vng v tuyn  cng  c dng  nh  n  pha (h .  1 02) .  im thu  v  pht 
tn  h iu  ca my  c t  v  tr tiu  im ca parabol .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

       Hnh 1 02               Hnh 1 03  

 H nh  1 03 l  m hnh  mt l phn ng ht nhn   c xy dng  M.  Mt ngoi  ca 
l l  mt trn  xoay to bi  mt cung ca hypebol  quay quanh trc o ca n.   

3.  Chng  ta  bit qu o ca cc hnh tinh  trong h Mt Tri  l   ng el ip.  i  
vi  cc v tinh  nhn  to v  cc con tu v  tr,  khi  phng ln,  ng i  ta phi  to cho 
chng c vn tc thch  hp   c qu o l  el ip,  hypebol  hoc parabol.  
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Ngo i  ra,  ng i  ta  cn  ng  dng  cc tnh  cht ca ba  ng  cnic trong  cc 
ngnh  xy dng,  hng  khng,  hng  hi , . . .  (h .  1 04) .   

 

 

 

 

 

 

 

 
 

    a)                 b)  

Hnh 1 04  

1.  Trn hnh 1 05,  ta c tam gic ABC  v cc  

hnh vung  AA'B1B,  BB'C1C,  CC'A1A .  

Chng minh cc ng thc sau 

a)  ( ). 0AA' BB' AC+ =

  

 ;  

b)  ( ). 0AA' BB' CC' AC+ + =

   

 ;  

c)  0AA' BB' CC'+ + =

  

 ;  

d)  1 1 1 0.AB BC CA+ + =

  

 

 
Hnh 1 05 

2.  Cho tam gic ABC  vung ti A ,  AB  =  c,  AC  =  b.  

Gi M l im trn cnh BC  sao cho CM =  2BM,  
N l im trn cnh AB  sao cho BN =  2AN (h.  106).  

a)  Biu th cc vect AM


 v CN


 theo hai vect 

AB


 v AC


.  

b)  Tm h thc lin h gia b  v c  sao cho 
AM    CN.  Hnh 1 06 
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3.  Cho tam gic ABC  vi AB  =  4,  AC  =  5 ,  BC  =  6.  

a)  Tnh cc gc A ,  B,  C.  

b)  Tnh  di cc  ng trung tuyn v din tch tam gic.  

c)  Tnh cc bn knh  ng trn ni tip v ngoi tip tam gic ABC.  

4.  Cho tam gic ABC.  

 a)  Tam gic ABC  c tnh cht g nu 
3 3 3

2 b c a
a

b c a

+ 
=

+ 
 ?  

 b)  Bit 
2 1 1

,
a b ch h h

= +  chng minh rng 2sinA  =  sinB  +  sinC.  

5.  Trong mt phng to  Oxy  cho hai hnh ch nht OACB v OA'C'B' nh  
hnh 1 07.  Bit A(a ;  0),  A'(a' ;  0),  B(0 ;  b),  B'(0 ;  b')  (a,  a',  b,  b' l nhng s 

d ng,  a    a',  b    b').  

a)  Vit ph ng trnh cc  ng thng 
AB' v A'B.  

b)  Tm lin h gia a,  b,  a',  b'  hai 
 ng thng AB' v A'B  ct nhau.  Khi 
 hy tm to  giao im I ca hai 
 ng thng .  

c)  Chng minh rng ba im I,  C,  C' 
thng hng.  

d)  Vi iu kin no ca a,  b,  a',  b' 
th C  l trung im ca IC' ?  

6.  Trong mt phng to  Oxy  cho hai im A(3  ;  4)  v B(6 ;  0).  

a)  Nhn xt g v tam gic OAB  ?  Tnh din tch ca tam gic .  

b)  Vit ph ng trnh  ng trn ngoi tip tam gic OAB.  

c)  Vit ph ng trnh  ng phn gic trong ti nh O  ca tam gic OAB.  

d)  Vit ph ng trnh  ng trn ni tip tam gic OAB.  

7.  Trong mt phng to ,  vi mi s m    0,  xt hai im M1 (  4  ;  m)  v 

2
16

4 ; .M
m

 
 
 

 

a)  Vit ph ng trnh  ng thng M1M2.  

b)  Tnh khong cch t gc to  O  ti  ng thng M1M2.  

 

 

 

 

 

 

 

Hnh 1 07 
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c) Chng t rng  ng thng M1M2  lun tip xc vi mt  ng trn c nh.  

d)  Ly cc im A1 (4 ;  0),  A2(4 ;  0).  Tm to  giao im I ca hai 

 ng thng A1M2  v A2M1 .  

e)  Chng minh rng khi m  thay i,  I lun lun nm trn mt elip (E)  c 
nh.  Xc nh to  tiu im ca elip .  

8.  Cho hypebol (H)  c ph ng trnh 
2 2

1 .
16 4

x y
 =  

a)  Vit ph ng trnh cc  ng tim cn ca hypebol (H) .  

b)  Tnh din tch hnh ch nht c s ca hypebol (H).  

c)  Chng minh rng cc im 
3

5 ;
2

M
 
 
 

 v (8 ; 2 3 )N  u thuc (H).  

d)  Vit ph ng trnh  ng thng   i qua M,  N v tm cc giao im P,  Q  

ca   vi hai  ng tim cn ca hypebol (H).  

e)  Chng minh rng cc  trung im ca hai  on thng PQ  v MN 
trng nhau.  

9.  Cho parabol (P)  c ph ng trnh 2 4 .y x=  

a)  Xc nh to  tiu im F  v ph ng trnh  ng chun d ca (P) .  

b)   ng thng   c ph ng trnh y  =  m  (m    0)  ln l t ct d,  Oy  v (P)  
ti cc im K,  H,  M.  Tm to  ca cc im .  

c)  Gi I l trung im ca OH.  Vit ph ng trnh  ng thng IM  v 
chng t rng  ng thng IM  ct (P)  ti mt im duy nht.  

d)  Chng minh rng MI    KF.  T  suy ra MI l phn gic ca gc KMF.  
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H ng dn - p s 

Ch ng I   

2.  a) Sai ;  b)  ng ;  c)  Sai ;  d)  ng ;  e)  ng ;  

f)  Sai.  3.  Cc vect ,a  ,d  ,v  y  cng ph ng, 

cc vect b ,  u  cng ph ng.  Cc cp vect 

cng h ng :  a  v v  ;  d  v y  ;  b  v u .  Cc 

cp vec t bng nhau :  a  v v  ;  b  v u .  
4.  a) Sai ;  b)  ng ;  c)  ng ;  d)  Sai ;  e)  ng ;  
f)  ng.  7.  Hnh thoi.  9.  a) Sai ;  b)  ng.  
11.  a)  Sai ;  b)  ng ;  c)  Sai ;  d)  ng.  
12.  M,  N,  P  nm trn  ng trn (O)  sao cho 
CM,  AN,  BP  l cc  ng knh ca (O).  
13.  a)  100N ;  b)  50N.  16.  a) Sai ;  b)  ng ;  
c)  Sai ;  d)  Sai ;  e)  ng.  17.  a)  Tp rng ;  
b)  Tp gm ch mt trung im O  ca AB.  

21. OA OB+
 

 =  OA OB
 

 =  2a  ;  

3 4+OA OB
 

 =  5a  ;  
21

2, 5
4

+OA OB
 

 =  

541

4
a  ;  

11 3

4 7
OA OB

 

 =  
6073

28
a .  

22. 
1

0
2

= +OM OA OB
  

 ;  
1 1

2 2
MN OA OB=  +
  

 ;  

1

2
AN OA OB=  +
  

 ;  
1

.
2

MB OA OB=  +
  

 

25. =  +AB a b


 ;  =  GC a b


 ;  

2=  BC a b


 ;  2 .= +CA a b


 

26.  ' ' ' 0.AA BB CC+ + =
  

 27.  Chng minh 

0.PQ RS TU+ + =
  

 29. b),  c),  e)  ng ;  

a),  d)  Sai.  30. a  =  (1  ;  0),  b  =  (  0 ;  5),  

c  =  (3  ;  4),  d  =  
1 1
; ,

2 2

 
 

 
 e  =  (0,15  ;  1 ,3),  

f  =  (  ;    cos24o).  31.  a) u  =  (2 ;  8) ;  

b) x  =  (6 ;  1 ) ;  c) k = 4,4 ;  l =  0,6. 32. k = 
2

5
.  

33.  Cc mnh  ng l a),  c),  e)  ;  Cc mnh 
 sai l b),  d).  34. b) ( 7 ; 7)= D  ;  

c)  
7
; 0

3
E

 
=  

 
.  35. 1 ( , ),M x y  2 ( ; ),M x y  

3 ( ; ).M x y   36.  a)Trng tm ca tam gic l 

G(0 ;  1 )  ;  b)  D  =  (8  ;   11 )  ;  c)  E =  (    4 ;  5).  

n tp ch ng I 

1. + =AB BC AC
  

 ;  + =CB BA CA
  

 ;  

+ =AB CA CB
  

 ; + =BA CB CA
  

 ;  

+ =BA CA BD
  

(D  l    i m  i  x ng  c  a  

C  qua  im A)  ;   =CB CA AB
  

 ;  

 = + =AB CB AB BC AC
    

 ;   =BC AB BE
  

 
(E l im sao cho ABCE  l hnh bnh hnh).  
2.  OA  =  OB.  3.  S dng ng thc 

0.OA OB OC OD+ + + =
   

 4.  a)  M l nh ca 
hnh bnh hnh ABCM ;  N l trung im 

ca AD.  b)  
5

4
p =  ;  

3
.

4
q =   5. a) 

3
.

5
=k  

6.  a)  Chng minh AB


 v BC


 khng cng 

ph ng ;  b)  D  =  (2 ;   6) ;  c)  E  =  (3  ;5).  

Bi tp trc nghim ch ng I 

1.  (C) ;  2.  (B)  ;  3.  (D) ;  4.  (C)  ;  5.  (A)  ;  6.  (C);  
7.  (A);  8.  (B) ;  9.  (B) ;  10.  (A) ;  11.  (C) ;  12.  (D);  
13.  (D);  14.  (A) ;  15.  (D) ;  16.  (B) ;  17.  (D);  
18.  (B);  19.  (D);  20.  (A);  21.  (B);  22.  (B);  23.  (B).  

Ch ng II  

1.  a)  
2 3

3 1 1
2 3

   
  +      

   
 ;  b)  

1
.

4
 

2.  a) o2 sin80  ;  b) cos .  4.  .a b


 d ng khi hai 

vect ,a b


 khc 0  v gc ( , )a b


 b hn 90o ;  

m khi hai vect ,a b


 khc 0  v gc ( , )a b


 

ln hn 90o  ;  bng 0 khi hai vect a  v b  

vung gc.  5.  360o.  6.  a)  
1 3

2

+
 ;  b)  

2 3
.

2

+
 

10.  a)  Ch  rng hnh chiu ca vect 

AB


 trn  ng thng AI l vect AM


 ;  

b)  2. . 4 .+ =AM AI BN BI R
   

 12.  Tp hp cc 

im M l  ng thng vung gc vi OB ti H,  
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O  l trung im ca AB,  H nm trn tia OB  sao 

cho 
2

.
4

=
k

OH
a

 13.  a)  k =   40 ;  b)  
37

2
k =  .  

14.  a)  Chu vi tam gic l 6 6 5+ ,  din tch 

l 18  ;  b)  G =  (0 ;  1 ),  
1
; 1

2
H

 
=  
 

,  
1
; 1

4
I

 
=  
 

.  

15.  
25

cos ,
39

A =   o50A  .  16.  BC  =  7.  17.  Bn 

C ng ( 37BC =   6,1  km).  19.  a    4,9 ;  
c    5,5.  20.  R   3,5.  22.  AC    857 m, BC    969 m.  

24.  ma    6,1 .  25.  AD    8,5.  26.  AC    5 ,8.  

29.  S   1 6,3.  33.  a)  C  =  80o,  b    9,1 ,  a    1 2,3  ;  

b)  B  =  75o,  a    2,3,  c  =  b  =  4,5  ;  c)  B  =  20o,  

a    26,0,  b    1 3,8  ;  d)  A  =  40o,  b    212,3,  

c    1 79,4.  34.  a)   = =A B  63o,  c    5 ,7 ;  

b)  a   53,8,  B    36o,  C    57o  ;  c)  c    28,0, 
A    1 1o,   39 . o

B  35.  a)  A    43o,  B    61o,  
C    76o  ;  b)  A    55o,  B    85o,  C    40o  ;  

c)   34 o
A  ;   o44B   ;   o102 .C   36.  6,6 N.  

37.  1 7,4 m.  38. 18,9 m.  

n tp ch ng II 

2.  Tp hp cc im M c th l  ng trn, 
im G hoc tp rng tu theo cc gi tr ca k.  

4.  Biu th cc vect qua ,AB


 ',AB


 ,AC


 '.AC


  

5.  a)
10

,
4

=
a

BM  
5
,

2
=
a

BN  
10

;
4

a
MN =  

b)  BMN  vung cn t i  M,  
25
;

16
=

a
S  

c)  
2
;

3
=
a

IC  d)
10

.
4

=
a

R  6.  a)  ( , )e f   

61o56' ;  b)  m  =  4 ;  c)  
1

4
n =  .  8.  S ln nht 

khi v ch khi C  =  90o.  9.  S =  96 ;  ha  =  16 ;  

R =  10 ;  r =  4.  12.  a)  AB2  +  CD2  =  8R2    4OP2  ;  

b)  PA2  +  PB2  +  PC2  +  PD2  =  4R2  .  

Bi tp trc nghim ch ng II 
1.  (B)  ;  2.  (C) ;  3. (A)  ;  4.  (D) ;  5.  (A) ;  6.  (B)  ;  
7.  (B);  8.  (D) ;  9.  (C) ;  10. (B);  11.  (A) ;  12.  (C);  
13.  (B) ;  14.  (A);  15.  (C);  16.  (C).  

Ch ng III  

1.  Cc mnh  ng l a),  b),  c)  ;  Cc mnh  

sai l d),  e).  2.  a)  y  =  0 ;  b)  x =  0 ;  c)  y    y0  =  0 

0( 0)y   ;  d)  x   x0  =  0 ;  e)  y0x   x0y  =  0.  

3.  
37

2 5 0
3

+ + =x y .  4.  a)  x   2y  +  1  =  0 ;  

b)  2x +  y    3  =  0.  5.  a)  x   y  2 =  0 ;  

b)  M'
3 3
;

2 2

 
 
 

.  6.  a)  Hai  ng thng ct nhau 

 im 
9 21

;
29 29

 
 
 

 ;  b)  Hai  ng thng song 

song ;  c)  Hai  ng thng trng nhau.  7.  Cc 
mnh  ng l b),  d),  e),  f)  ;  Cc mnh  sai 
l a),  c).  8.  Cc mnh  ng l a),  b),  d),  e).  

Mnh  sai l c).  9.  a)  
3 3

5

=  +


=

x t

y t
 ;  

3

3 5

+
=

x y
 ;  5x   3y  +  1 5  =  0 ;  b)  

4

1

=


= +

x

y t
 ;  

Khng c ph ng trnh chnh tc ;  x   4 =  0 ;  

c) 
4 5

1 3

=  +


= +

x t

y t
 ;  

4 1

5 3

+ 
=

x y
 ;  3x  5y + 17 = 0.  

10.  a) 
5 2

1 2

+ 
=



x y
.  b) x  2y  + 9 =  0.  11.  a) Hai 

 ng thng song song ;  b)  Hai  ng thng 
ct nhau ti (0 ;  13) ;  c)  Hai  ng thng 

trng nhau.  12.  a)  (3  ;  1 )  ;  b)  
67 56

;
25 25

 
 

 
 ;  

c)  
262 250

;
169 169

 
 
 

.  13.  M =  
133 97

;
18 18

 
  

 
.  

14.  B  =  
9 3

;
11 11

 
 
 

 ;  D  =  
17 20

;
11 11

 
 

 
 ;  

C  =  
18 6

;
11 11

 
  

 
.  15.  Cc mnh  b),  

c),  e)  ng.  Hai mnh  a)  v d)  sai.  

16.  43o36'.  17. 2 2 0ax by c h a b+ + + + = ,  

2 2 0ax by c h a b+ +  + = .  18. x +  2y  14 

=  0 ;  y    2 =  0.  19.  Khng tn ti.  

20. (1 2 )( 3) ( 1) 0x y+  +  =  ;  

(1 2 )( 3) ( 1) 0x y  +  = .  21.  a)  b)  v 



 131  

d) ng ;  c)  Sai.  22.  a)  (x   1 )2  +  (y    3)2  =  8  ;  

b)  (x +  2)2  +  y2  =  5 .  23.  a)  I(1  ;  1 ),  R =  2 ;  

b)  I(2 ;  3),  R =  11 .  c)  
5
; 1 ,

4
I
 
 
 

 

21
33 8

4
R m=   vi iu kin 

33
.

8
m <  

24. (x  3)2 + y2 = 8. 25.  a) (x  1)2 + (y  1)2 = 1  ; 

(x  5)2 + (y  5)2 = 25.  b)  ( )23x   

2
5 25

2 4
y

 
+  = 
 

 v ( )
2

2 5 25
1

2 4
x y

 
+ +  = 

 
.  

26.  (1  ;  2) v 
21 2

;
5 5

  
 

.  27.  a) 3x  y + 2 10  

=  0 v 3x   y   2 10  =  0 ;  b)  2x   y  +  2 5  =  0 

v 2x   y    2 5  =  0 ;  c)  y  +  2 =  0 v x   2 =  0.  

28.  5 2 10m + >  :    v (C)  khng ct nhau ;  

5 2 10m + =  :  tip xc ;  5 2 10m + <  :  

ct nhau.  29.  
3 2 11
;

2 2

  +
  
 

 ;  
3 2 11
;

2 2

 +
   
 

.  

30.  a),  b)  v d) ng ;  c)  v e)  sai.  31.  a)  To  

cc tiu im l ( 21 ; 0)  ;  To  cc nh 

l (5 ;  0)  v (0 ;  2).   di trc ln 2a  =  1 0,  

 di trc b l 2b  =  4 ;  b)  ( 5 ; 0) ,  

(3  ;  0)  v (0 ;  2) ;  2a = 6, 2b = 4 ;  c) ( 3 ; 0) , 

(2 ;  0)  v (0 ;  1 ),  2a  =  4,  2b  =  2.  

32.  a)  
2 2

1
16 4

+ =
x y

 ;  b)  
2 2

1
20 16

+ =
x y

 ;  

c)  
2 2

1.
4 1

+ =
x y

 33.  a)  
2
;

3
M NMN y y=  =  

b)  1
3 2 14

;
4 4

M
 
  
 

 v 2
3 2 14

;
4 4

M
 

  
 

.  

34.  0, 07647e .  35.  Tp hp im M l elip 

c ph ng trnh 
2 2

2 2
1 .

2

3 3

x y

a a
+ =

   
   
   

 36.  Cc 

mnh  a), b), d) ng ;  c) sai.  37. a) Tiu im 

F1( 13  ;  0), F2( 13  ;  0).   di trc thc 

2a  =  6.   di trc o 2b  =  4.  Ph ng trnh 

cc  ng tim cn y  =  
2

3
 x  ;  b)  Tiu im 

F1(5 ;  0), F2(5 ;  0).   di trc thc 2a = 6.   

di trc o 2b  =  8 .  Ph ng trnh cc  ng tim 

cn y =  
4

3
 x  ;  c)  Hai tiu im l ( 10  ;  0)  

v ( 10  ;  0).   di trc thc bng 6,  di trc 
o bng 2.  Ph ng trnh cc  ng tim cn 

1
.

3
y x=   38. 

2 2

2 2
2 2

1 2

1 .

2
2

x y

R
F F R

 =
         

 

 

39.  a)  
2 2

1
16 9

 =
x y

 ;  b)  
2 2

1
27 12

13 13

 =
x y

 ;  

c)  
2 2

1
1 4

 =
x y

.  42.  a),  b)  v d) sai ;  c)  ng.  

43.  a)  y2  =  1 2x ;  b)  y2  =  x ;  c)  2 2

3
=y x .  44.  2p.  

45.  
1

( ; )
2

d I AB = .   ng trn  ng knh AB 

tip xc vi  ng chun .  46.  

21 1 5

4 2 4
y x x=  +  .  47.  a)  Tiu im 

F(3,5 ;  0),  ng chun x + 3,5 = 0 ;  b) Tiu im 

F1( 3  ;  0),   ng chun 1  :  
10

0.
3

+ =x  

Tiu im F2 ( 3  ;  0),   ng chun 2 :  

10
0

3
 =x  ;  c) Tiu im F1( 15  ;  0),  ng 

chun 1  :  
14

0.
15

+ =x  Tiu im F2( 15  ;  0), 

 ng chun 2  :  
14

0.
15

 =x  

n tp ch ng III 

1.  a) 1 ,  2  ct nhau ;  b)  1  // 2  ;  c)  1    2.  

2.  a) 
2 4

1 3

x t

y t

=  +


=  +
 ;  b) 1

2 1

3 2

x y
+ =


 ;  c) d(M ;  ) 

=  1 ,8  ;  d(N ;  )  =  2 ;  d(P  ;  )  =  0,8  ;    ct hai 
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cnh MP v NP, khng ct cnh MN.  d) Gi   v 
  ln l t l gc gia  vi Ox v Oy,   36o52' ;  
   53o8'. 3.  a) x  y + 2 > 0. b) O' = (2 ;  2) ;  

c) M = 
2 4
; .

3 3

  
 

 4. ax + by + c  2(ax0 + by0 + c) 

= 0.  5. x +  3y    30 =  0 v 2x   5y  +  39 =  0.  

6. a) 
8

5
< m  hoc m  > 0 ;  b)  Tp hp tm ca 

cc  ng trn l hai phn ca  ng thng c ph ng 

trnh 2x +  y    1  =  0,  ng vi x < 0 hoc 
4

5
>x .  

8. 1 2 1 2 1 22( ) 2( ) 0.a a x b b y c c +  +  =  

9. a) x + 2 = 0, 5x + 12y  26 = 0 ;  b) AT = AT' = 3, 
12

'
13

=TT .  10. a) (E)  c hai tiu im (1  ;  0) 

v (1  ;  0)  ;  b)  (H)  c hai tiu im (3  ;  0)  v 

(3  ;  0)  ;  c) ( )5 ; 0  v ( )5 ; 0 .  

11.  a) 2 6 2 6 < <m  ;  b)  2 6.= m  

12.  a) Elip c cc tiu im (4 ;  0),  (4 ;  0),  cc 
nh (5 ;  0)  ,  (5  ;  0)  v (0 ;  3)  ,  (0 ;  3)  ;  

b)  
2 2

1
16 9

 =
x y

 ;  d)  2 2 881

41
+ =x y .  

Bi tp trc nghim ch ng III 

1.  (C);  2.  (B);  3.  (A);  4.  (D);  5.  (A);  6.  (D);  7.  (B);  
8.  (A);  9.  (B);  10.  (B)  ;  11.  (A);  12.  (B);  13.  (A);  
14.  (D);  15.  (A);  16.  (D);  17.  (D);  18. (B);  19.  
(A);  20.  (C);  21.  (A);  22.  (D);  23.  (D);  24.  (C).  

n tp cui  nm 

1.  c)  t ' ' '= + +u AA BB CC
  

 ta c 

. 0=u AC


,  . 0=u AB


,  suy ra 0=u  ;  d)  Phn 

tch mi vect 1 ,AB


 1 ,BC


 1CA


 thnh tng hai 

vect theo quy tc hnh bnh hnh.  

2. a) 
2 1

;
3 3

= +AM AB AC
  

 
1

3
= CN AB AC

  

 ;  

b) 3b2  =  2c2.  3.  a)  o83 ,A    o56 ,B    o41 .C   

b)  
46

2
=am ,  

79

2
=bm ,  

106

2
=cm ,  

15
7

4
=S  ;  c)  

7

2
r = ,  

8 7
.

7
R =  4.  a)  Tam 

gic ABC  c  o60A =  ;  b)  S dng S =  
1

2
a.ha  

=  
1

2
b.hb  =  

1

2
c.hc.  5.  a)  AB' :  b'x +  ay    ab' =  0,  

A'B  :  bx +  a'y    a'b  =  0 ;  b)  AB' v A'B  ct nhau 

khi 
'

'


b a

b a
 hay a'b'   ab    0,  giao im 

'( ' ) '( ' )
;

' ' ' '

  
   

aa b b bb a a
I

a b ab a b ab
 ;  c)  '

' '

ab
CI CC

a b ab
= 



 

 

suy ra CI


 v 'CC


 cng ph ng, hay ba im 

C,  I,  C' thng hng ;  d) a'b' =  2ab.  6.  a)  OAB  l 

tam gic cn ti A,  SOAB  =  1 2 ;  b)  (x   3)
2  +  

2
7 625

8 64

 
 = 

 
y  ;  c)  x   2y  =  0 ;  d)  (x   3)2  +  

2
3 9

2 4

 
 = 

 
y .  7. a) 

16
( 4)m x

m

 
 + 

 
 

8( ) 0y m  =  ;  b)  1 2( ; ) 4d O M M =  ;  

c)   ng thng M1M2  lun tip xc vi 

 ng trn tm O,  bn knh R =  4 ;  

d)
2

2

4( 16)

16


=

+
I

m
x

m
 ;  

2

16

16
=

+
I

m
y

m
 ;  

e)  I nm trn elip 
2 2

1 .
16 4

+ =
x y

 Hai tiu im 

1 ( 2 3 ; 0)F  v 2 (2 3 ; 0).F  8.  a)  
2

=
x

y  v 

2

x
y =  ;  b) 32 ;  d) (4 3 3) 6 20 3 24 0   + =x y ,  

xP  =  8  +  2 3 ,  yP  =  4 +  3 ,  xQ  =  5    2 3 ,  

yQ  =  
5

3
2


+  ;  e)  Gi I v J ln l t l 

trung im MN,  PQ  th xI =  xJ.  Do I,  J 

cng thuc  ng thng MN nn I   J.  9.  a)  
F(1  ;  0),  d :  x +  1  =  0 ;  b)  K =  ( 1  ;  m),  

H = (0 ; m), 
2

;
4

 
=   
 

m
M m  ;  c) 4x  2my + m2 = 0 ; 

d)  ng thng IM c vect php tuyn 

(4; 2 )= n m ,  KF


 cng ph ng vi .n  Vy 

KF   IM.  
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Bng thut ng 

B 

Bn  knh  qua tiu  (i  vi  el ip)  98 

Bn  knh  qua tiu  (i  vi  hypebol)  1 05 

Biu  th   mt vect theo hai  vect khng  
cng  ph ng  22  

Biu  thc to  ca cc php ton  
vect 28 

Biu  thc to   ca tch  v h ng  50  

Bnh  ph ng  v h ng  ca mt vect 46 

C 

Cng  thc H-rng  59 

Cng  thc h nh  chiu  49 

Cng  thc trung  tuyn   58 

D 

Din  tch  tam g ic  59  

 

iu  kin   ba im thng  hng   21  

iu  kin   hai  vect cng  ph ng  21    

nh  ca el ip   1 00  

nh  ca hypebol  1 06   

nh  ca parabol   1 1 1  

nh  l  csin  trong  tam g ic  53  

nh  l  sin  trong  tam  g ic  55 

 d i  ca vect  7  

 d i  i  s 26 

 ng  cnic  1 1 2,  1 1 4  

 ng  chun  ca el ip  1 1 3  

 ng  chun  ca hypebol   1 1 3  

 ng  chun  ca parabol   1 1 0  

 ng  tim  cn  ca hypebol   1 07 

 ng  trn   91  

E  

E l ip  ( ng  el ip)   96  

G 

Gii  tam  g ic 61  

Gi  tr  l ng  g ic ca mt gc 41  

Gc g ia hai  vect  44  

Gc g ia hai   ng  thng   88  

Gc to  25 

H 

H trc to   25,  26  

H s gc ca  ng  thng   77  

H iu  ca hai  vect  1 5,  1 6  

H nh  ch nht c s (i  vi  el ip)   1 00  

Hnh  ch nht c s (i  vi  hypebol)   1 07 

Honh    27,  40  

Hypebol  ( ng  hypebol)   1 04  

K 

Khong  cch  t mt im  
n  mt  ng  thng   85  

M 

Mt phng  to   26  
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N  

Nhnh  ca hypebol   1 06 

P 

Parabol  ( ng  parabol)   1 09,  1 1 0  

Ph ng  tch  ca mt im 
i  vi  mt  ng  trn   50  

Ph ng  trnh  cc  ng  phn  g ic  87  

Ph ng trnh chnh tc ca  ng thng 82   

Ph ng  trnh  chnh  tc ca el ip   98  

Ph ng trnh chnh tc ca hypebol  1 05,  1 06 

Ph ng trnh chnh tc ca parabol   1 1 0,  1 1 1  

Ph ng  trnh   ng  thng  theo on  
chn   77  

Ph ng  trnh   ng  trn   91  

Ph ng trnh  tham s ca  ng thng  80 

Ph ng trnh  tip tuyn ca  ng trn   93 

Ph ng trnh tng qut ca  ng thng  75 

Q 

Quy tc ba im  1 2  

Quy tc h nh  bnh  hnh   1 2  

Quy tc v h iu  vect  1 6  

T 

Tam g ic H-rng  60 

Tm i  xng  ca el ip   1 00  

Tm i  xng  ca hypebol   1 06 

Tm sai  ca  ng  cnic  1 1 4  

Tm sai  ca el ip   1 01  

Tm sai  ca hypebol  1 07   

Tm sai  ca parabol  1 1 4  

Tham s tiu  ca parabol  1 1 0  

Tch  ca mt vect vi  mt s  1 8,  1 9  

Tch  v h ng  ca hai  vect  39,  44,  45 

Tiu  c ca el ip   97 

Tiu  c ca hypebol   1 04  

Tiu  im ca  ng  cnic  1 1 4  

Tiu  im ca el ip   97 

Tiu  im ca hypebol   1 04  

Tiu  im ca parabol   1 1 0  

To  ca mt im  25,  28 

To  ca vect  25,  26  

To  ca trng  tm tam g ic  29  

To  trung im ca on thng  29 

Tng  hai  vect  9,  1 0  

Tung    27,  40  

Trc o  1 06  

Trc b  1 00  

Trc ng ph ng ca hai   ng trn  1 1 9 

Trc i  xng  ca el ip   1 00  

Trc i  xng  ca hypebol   1 06 

Trc i  xng  ca parabol   1 1 1  

Trc honh   26  

Trc ln   1 00  

Trc thc  1 06 

Trc to    25 

Trc tung   26  

V 

Vect  3,  4  

Vect bng  nhau   7  

Vect ch ph ng   80,  81  

Vect cng  h ng   5,  6  

Vect cng  ph ng   5  

Vect i   1 5,  1 6  

Vect -  khng   5  

Vect ng c h ng   6  

Vect php tuyn   75 

Vect vung  gc  44  

V  tr t ng  i  ca hai   ng  thng   78  
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Mc lc 

  Trang 

Ch ng I -  Vect  

1 .  Cc nh  ngha 4   

2 .  Tng  ca hai  vect 9  

3.  H iu  ca  hai  vect 1 5 

4.  Tch  ca mt vect vi  mt s 1 8  

5.  Trc to  v  h  trc to   25 

n  tp  ch ng  I  32  

 

Ch ng II -  tch  v h ng ca hai  vect v  ng dng  

1 .  G i tr  l ng  g ic ca mt gc bt k  (t 0o  n  1 80o)  40  

2.  Tch  v h ng  ca hai  vect 44  

3.  H thc l ng  trong  tam gic 53 

n  tp ch ng  I I  68  

 

Ch ng III -  Ph ng php to  trong mt phng  

1 .  Ph ng  trnh  tng  qut ca  ng  thng  75 

2.  Ph ng  trnh  tham s ca  ng  thng  80 

3.  Khong  cch  v  gc 85 

4.   ng  trn  91  

5.   ng  el ip  96 

6.   ng  hypebol  1 04 

7.   ng  parabol  1 09 

8.  Ba  ng  cnic 1 1 2  

n  tp ch ng  I I I  1 1 5 

B i  tp n  cui  nm 1 26 

H ng  dn  -  p s 1 29 

Bng  thut ng 1 33 
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