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I    nh  ngha  

Tr c ht,  ta nhc li bng cc gi tr l ng gic ca cc cung c bit.  

      Cung 

Gi tr  
l ng gic  

0  


6
 



4
 



3
 



2
 

sin x  0  
1

2
 2

2
 

3

2
 1  

cos x  1  
3

2
 

2

2
 

1

2
 0  

tan x  0 
3

3
 1  3  

 

cot x  
 

3  1  
3

3
 0  

 

1   

a) S dng my tnh  b ti,  hy tnh sin x,  cos x vi  x l cc s sau :   

 

;
6 4

;  1 ,5  ;  2 ;  3 ,1  ;  4,25  ;  5 .  

b) Trn  ng trn l ng gic,  vi  im gc A,  hy xc nh cc im M m s o ca 

cung AM  bng  x (rad) t ng ng  cho  trn v xc nh  sin x,  cos x (ly     3,14) .  

1 .  Hm s sin  v hm s csin  

a)  Hm s sin 

 lp 1 0 ta  bit,  c th t t ng ng mi s thc x vi mt im M  duy 

nht trn  ng trn l ng gic m s o ca cung AM  bng x (rad)  
(h.1 a).  im M  c tung  hon ton xc nh,   chnh l gi tr sin x.  
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Biu din gi tr ca x trn trc honh v gi tr ca sin x trn trc tung, ta  c 
Hnh  1b.  

 

 

 

 

 

 

 
 

 

 

   a)          b)  

Hnh 1  

Quy tc t t ng ng mi s thc x vi s thc  sin x   

sin :        

  x  y  =  sin x  

 c gi l hm s sin,  k hiu l = sin .y x  

Tp xc nh ca hm s sin l .  

b)  Hm s csin 

 

 

 

 
 
 
 
 

   a)          b)  

 Hnh 2  

Quy tc t t ng ng mi s thc x vi s thc  cos x  

cos  :       

  x  y  =  cos x  

 c gi l hm s csin,  k hiu l cosy x=  (h.2).  

Tp xc nh ca hm s csin l .  
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2.  Hm s tang  v hm s ctang  

a)  Hm s tang 

Hm s tang  l hm s  c xc nh bi cng thc  

y  =  
sin

cos

x

x
   (cos x   0) ,   

k hiu l tan .y x=  

V cos x   0  khi v ch khi x   
2


 +  k  (k   )  nn tp xc nh ca hm 

s y  =  tan x l  

D  =   \ { }, .
2

k k

+   Z  

b)  Hm s ctang 

Hm s ctang  l hm s  c xc nh bi cng thc  

y  =  
cos

sin

x

x
 (sin x   0),  

k hiu l cot .y x=  

V  sin x   0  khi  v ch  khi  x   k  (k    )  nn tp xc  nh ca hm s  

y  =  cot x l 

D  =   \ { k,  k    } .  

2  

Hy so snh  cc gi  tr  sin x  v sin (x) ,  cos x  v cos(x).  

Nhn xt 

Hm s y =  sin x l hm s l,  hm s y =  cos x l hm s chn, 

t  suy ra cc hm s y = tan x v y = cot x u l nhng hm s l.  

I I    T nh  tun hon ca hm s  l ng gic  

3  

Tm nhng s T sao cho f(x + T) = f(x)  vi  mi x thuc tp xc nh ca cc hm s sau :  

a)  f(x)  =  sin x ;        b)  f(x)  =  tan x.   
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Ng i ta chng minh  c rng T  =  2  l s d ng nh nht tho mn 
ng thc  

sin(x +  T)  =  sin x,  x    (xem Bi c thm).  

Hm s y =  sin x tho mn ng thc trn  c gi l hm s tun hon  vi 
chu k 2.   

T ng t,  hm s y  =  cos x l hm s tun hon vi chu k 2.  

Cc hm s y =  tan x v  y =  cot x cng l nhng hm s tun hon, vi chu k .  

I I I    S b in  thin  v    th  ca hm s  l ng gic  

1 .   Hm s y  sin x  

T nh ngha ta thy hm s y  =  sin x  :  

 Xc nh vi mi x    v 1    sin x   1  ;  
 L hm s l ;  

 L hm s tun hon vi chu k 2.  

Sau y,  ta s kho st s bin thin ca hm s y  =  sin x.  

a)  S bin thin v  th hm s y  =  sinx  trn on [0 ;  ]  

Xt cc s thc x1, x2, trong  0   x1  < x2   
2


.  t =  3 2 ,x x  =  4 1 .x x  

Biu din chng trn  ng trn l ng gic v xt sin xi t ng ng (i  =  1 ,  2, 3, 4)  
(h.3a).  

 
 
 
 
 
 
 
 

   a)         b)  

Hnh 3  

Trn Hnh 3 ta thy, vi x1, x2 tu  thuc on 0 ;
2

 
  

 v x1  < x2 th sin x1  < sin x2.  

Khi  x3 ,  x4  thuc on ;
2

 
  

 v x3  <  x4  nh ng sin x3  >  sin x4.  



 

 8  

Vy hm s y  =  sin x ng bin  trn 0 ;
2

 
  

 v nghch bin  trn ;
2

 
  

.  

Bng bin thin :  

x 0 
2


   

 1   
y  =  sin x  

0  0  

 th ca hm s y = sin x trn on [0 ;  ]  i qua cc im (0 ;  0),  (x1  ;  sin x1 ),  

(x2  ;  sin x2),  ; 1
2

 
 
 

, (x3  ;  sin x3), (x4 ;  sin x4), (  ;  0) (h.3b).  

Ch  

V  y  =  sin x l hm s l nn ly i xng  th hm s trn 

on [0 ; ] qua gc to  O,  ta  c  th hm s trn on 

[  ;  0] .  

 th hm s y =  sin x trn on [  ;  ]   c biu din trn 
Hnh 4.  

 

 

 

 

 

 

Hnh 4  

b)   th hm s y   sin x trn  

Hm s y  =  sin x l hm s tun hon chu k 2  nn vi mi x    ta c  

sin(x +  k2)  =  sin x,  k    .  

Do ,  mun c  th hm s y  =  sin x trn ton b tp xc nh ,  ta tnh 

tin lin tip  th hm s trn on [  ;  ]  theo cc vect (2 ; 0)= v  

v  =  ( 2 ; 0)v ,  ngha l tnh tin song song vi trc honh tng on 

c  di 2.  
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Hnh 5  d i y l  th hm s y  =  sin x trn .  

 

 

 

 

 

 

Hnh 5  

c)  Tp gi tr ca hm s y  =  sin x 

T  th ta thy tp hp mi gi tr ca hm s siny x=  l on [1  ;  1 ] .  

Ta ni tp gi tr  ca hm s ny l [1  ;  1 ] .  

2.   Hm s y  cos x  

T nh ngha ta thy hm s y  =  cos x  :  

 Xc nh vi mi x    v 1    cos x   1  ;  

 L hm s chn ;  

 L hm s tun hon vi chu k 2.  

Vi mi x    ta c ng thc  

sin
2

 
+ 

 
x =  cos x.  

T ,  bng cch tnh tin  th hm s y  =  sin x theo vect ; 0
2

 
=  

 
u  

(sang tri mt on c  di bng 
2


,  song song vi trc honh), ta  c  

th ca hm s y =  cos x (h.6).  

 

 

 

 

 

Hnh 6 

y

x

1

 1

O

2

.

.

2






22

22

2

2



5

3  2 5

3




 

 1 0 

T  th ca hm s y  =  cos x trn Hnh 6,  ta suy ra :  

Hm s y =  cos x ng bin  trn on [  ;  0]  v nghch bin  trn on [0 ;  ] .  
Bng bin thin :  

x   0    

y  =  cos x   

1  

  1    

1  

Tp gi tr ca hm s cosy x=  l [1  ;  1 ] .  

 th ca cc hm s y  = cos x,  y  = sin x  c gi chung l cc  ng hnh sin.  

3.   Hm s y  tan x  

T nh ngha ta thy hm s y  =  tan x  :  

 C tp xc nh l D  =   \ 
 

+ ,  
 2

k k Z  ;  

 L hm s l ;  

 L hm s tun hon vi chu k .  

V vy,  xt s bin thin v v  th ca hm s y =  tan x,  ta ch cn xt s 

bin thin v v  th ca hm s ny trn na khong 0 ;
2

 
 
,  sau  ly i 

xng qua gc to  O,  ta  c  th hm s trn khong ;
2 2

  
 

 
.   

Cui cng,  do tnh tun hon vi chu k   nn  th hm s y =  tan x trn D  

thu  c t  th hm s trn khong ;
2 2

  
 

 
 bng cch tnh tin song 

song vi trc honh tng on c  di bng .  

a)  S bin thin v  th hm s y   tan x trn na khong ;
 

 
0

2
 

T biu din hnh hc ca tan x (h.7a),  vi x1 ,  x2    0 ;
2

 
 
,  1AM  =  x1 ,  

2AM  =  x2,  1AT =  tan x1 ,  2AT  = tan x2,  ta thy :   

x1  <  x2    tan x1  <  tan x2.  



 

 1 1  

iu  chng t rng,  hm s y  =  tan x ng bin  trn na khong 0 ;
2

 


 
.  

 

 

 

 

 

 

 

a)                 b)  

Hnh 7 

Bng bin thin :  

x 0 
4


 

2


 

y  =  tan x  

 
 
0  

 
1  
 

+  

 v  th hm s y  =  tan x trn na khong 0 ;
2

 


 
 ta lm nh  sau :  

Tnh gi tr ca hm s y  =  tan x ti mt s im c bit nh  x  =  0,  x = 
6


,  

x = 
4


,  x =  

3


,  . . .  ri xc nh cc im (0 ;  tan 0),  ; tan

6 6

  
 
 

,  ; tan
4 4

  
 
 

,  

; tan
3 3

  
 
 

,  . . .  .  Ta c bng sau :  

x 0 
6


 

4


 

3


 

 
. . .  

y  =  tan x  0  
3

3
 1  3  

 
. . .  

 th hm s y  =  tan x  trn na khong 0 ;
2

 


 
 i qua cc im tm  c.  



 

 1 2 

Nhn xt rng khi x cng gn 
2


 th   th hm s tan=y x  cng gn 

 ng  thng x =  
2


 (h.7b).  

b)   th hm s y   tan x trn D   

V  y  =  tan x l hm s l nn  th hm 
s c tm i xng l gc to  O.  
Ly i xng qua tm O   th hm s 

tan=y x  trn na khong 0 ;
2

 


 
,  ta 

 c  th hm s trn na khong 

; 0
2

 
 

 
.  

T , ta  c  th hm s y = tan x trn 

khong ; .
2 2

  
 

 
 Ta thy trn khong 

ny,  hm s tany x=  ng bin (h.8).  

V hm s y  =  tan x tun hon vi chu k   nn tnh tin  th hm s trn 

khong ;
2 2

  
 

 
 song song vi trc honh tng on c  di ,  ta   c 

 th hm s y  =  tan x trn D  (h.9).   

 

 

 

 

 

 

 

 

 

 

 

Hnh 9  

 Tp gi tr ca hm s tany x=  l khong (  ;  +).  

Hnh 8 
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4.   Hm s y  cot x  

T nh ngha ta thy hm s y  =  cot x :  

 C tp xc nh l D  =   \ { k,  k     }  ;  

 L hm s l ;  

 L hm s tun hon vi chu k .  

Sau y, ta xt s bin thin v  th ca hm s y  =  cot x trn khong (0 ;  ),  

ri t  suy ra  th ca hm s trn D .  

a)  S bin thin v  th hm s  y  cot x trn khong  (0  ;  )  

Vi hai s 1x  v 2x  sao cho 0 < x1  <  x2  <  ,  ta c 2 10 x x<  <  .  Do  

1 2
1 2

1 2

cos cos
cot cot

sin sin

x x
x x

x x
 =   

2 1 2 1

1 2

sin cos cos sin

sin sin

x x x x

x x


=  

2 1

1 2

sin( )
0

sin sin

x x

x x


= >  

hay 1 2cot cot .x x>  

Vy hm s y  =  cot x nghch bin  trn khong (0 ;  ).  

Bng bin thin :  

x 0 
2


  

y  =  cot x  

+   
0  



Hnh 10 biu din  th hm s y =  cot x 

trn khong (0 ;  ).  

 

 

Hnh 1 0 
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b)  th ca hm s y  cot x trn D 

 th hm s y  =  cot x trn D   c biu din trn Hnh 1 1 .  

 

 

 

 

 

 

 

 

 

 

 

Hnh 1 1  

 Tp gi tr ca hm s coty x=  l khong (  ;  +).  

 

B i    c  t h  m   

  H m  s   t u n  h o n  

I    nh  ngha v v d  

1 .  nh  ngha 

Hm s y  =  f(x)  c  tp xc nh  D   c gi  l  hm s tun hon,  

nu  tn  ti  mt s T    0  sao cho vi  mi  x    D  ta  c :  

a)  x   T    D  v  x +  T    D  ;  

b)  f(x +  T)  =  f(x) .  

S T  d ng  nh nht tho mn  cc tnh  cht trn   c gi  l  chu k 
ca hm s tun  hon  .  

2.  V d  

V d 1.  Hm s hng  f(x)  =  c  (c  l   hng  s)  l  mt hm s tun  hon.  

Vi  mi  s d ng  T  ta  u  c f(x +  T)  =  f(x)  =  c.  Tuy nh in  khng  c s d ng  T  
nh nht tho mn  nh  ngha nn  hm s tun  hon  ny khng  c chu  k.  

y

xO

2 2



2

33

2

  22
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V d 2.  Hm phn  nguyn  y =  [x]     c nu  trong  i  s 1 0.  

Ta xt hm  y =  { x}  xc nh  bi  :  { x}  =  x   [x] .  N  c gi  l  hm phn  l  ca x.  

Chng  hn,   { 4,3}  =  4,3    4  =  0,3  ;  

{ 4,3}  =  4,3    (5)  =  0,7.  

Ta chng  t hm  y =  { x}  l   hm tun  hon  vi  chu  k  l  1 .  

Tht vy,  { x +  1 }  =  x +  1    [x +  1 ]  =  x +  1    [x]    1  =  x   [x]  =  { x } .  

 th   ca hm s y =  { x}   c biu  d in  trn  H nh  1 2.  Nhn  vo  th   ta  thy 
hm s c chu  k  bng  1 .  

 

 

 

 

 

 

 

Hnh 1 2  

3.   th  ca hm s tun  hon  

Gi s y =  f(x)  l   mt hm s xc nh  trn  D  v  tun  hon  vi  chu  k  T.  

Xt hai  on  X1  =  [a  ;  a  +  T]  v X2  =  [a  +  T  ;  a  +  2T]  vi  a    D .  

Gi  (C1 )  v  (C2)  l n  l t l  phn  ca  th   ng  vi  x    X1  v  x    X2,  ta tm  mi  

l in  h g ia  (C1 )  v  (C2)  (h. 1 3).  

 

 

 

 

 

 

 

 

 

 

Hnh 1 3  

Ly x0  bt k  thuc X1  th   x0  +  T    X2.  
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Xt hai  im M1  v  M2  l n  l t thuc (C1 )  v  (C2) ,  trong   

M1 (x1  ;  y1 )  vi  
1 0

1 0
( ) ;

x x

y f x

=


=
    

M2  (x2  ;  y2)  vi  
2 0

2 0 0
( ) ( ).

x x T

y f x T f x

= +


= + =
 

Ta c 
1 2

M M


 =  (x2    x1  ;  y2    y1 )  =  (T  ;  0)  =  v  ( v khng  i) .  

Suy ra M2  l  nh  ca M1  trong  php tnh  tin  theo vect v .  Vy "(C2)  l   nh  ca 

(C1 )  trong  php tnh  tin  theo vect v ".  

T ,  mun v  th  ca hm s tun hon chu k T,  ta ch cn v  th  ca hm s 
ny trn on [a  ;  a  +  T] ,  sau  thc hin ln l t cc php tnh tin theo cc vect 
,v  2 ,v  . . . ,  v cc vect ,v  2 ,v  . . .  ta  c ton b  th  ca hm s.  

I I    Tnh  tun  hon  ca hm s l ng gic 

1 .  Tnh  tun  hon  v chu  k  ca cc hm s y  sin x v y  cos x  

nh l 1  

Cc hm s y =  sin x  v  y =  cos x  l  nhng  hm s tun  hon  vi  
chu  k  2.  

Chng minh.  Ta chng  minh  cho hm s y =  sin x  (tr ng  hp hm s y =  cos x  
 c chng  minh  t ng  t).   

Hm s y =  sin x  c tp xc nh  l   v  vi  mi  s thc x  ta  c 

    x   2    ,  x +  2    ,               (1 )  

    sin (x +  2)  =  sin x.                  (2)  

Vy  y =  sin x  l  hm s tun  hon.  Ta chng  minh  2  l   s d ng  nh nht tho 
mn  cc tnh  cht (1 )  v  (2) .  

Gi s c s T  sao cho 0  <  T  < 2  v  sin(x +  T)  =  sin x,  x    .  

Chn  x =  
2


,  ta   c  

   
 
+ = 

 
sin

2
T


sin

2
 =  1     cos T  =  1 .  

iu  ny tri  g i  th it 0 < T  <  2 .  

Vy 2  l  s d ng  nh nht tho mn  tnh  cht (2) ,  ngha l  2  l   chu  k  ca 
hm s y =  sin x.   



 

 1 7  

2.  Tnh  tun  hon  v chu  k  ca cc hm s y  tan x v  y   cot x  

nh l 2   

Cc hm s y =  tan x  v  y =  cot x  l  nhng  hm s tun  hon  vi  

chu  k  .   

Chng minh.  Ta chng  minh  cho hm s y =  tan x,  (tr ng  hp hm s y =  cot x 
 c chng  minh  t ng  t).  

Hm s y =  tan x  c tp xc nh  D  =   \  { }
+  , .

2
k k Z  

Vi  mi  x    D  ta  c x       D  v  x  +      D ,  tan(x +  )  =  tan x.  

Vy y = tan x l hm s tun  hon.  Ta chng minh    l chu  k ca hm s ny.  

Gi  s c s T  sao cho 0 < T  <    v  tan(x +  T)  =  tan x,  x    D .  

Chn  x  =  0  th   x    D  v  tan(0 +  T)  =  tan 0 =  0.  

Nh ng  tan   =  0  kh i  v ch kh i    =  k ,  k    ,  do   phi  c T  =  k ,  k     .  iu  

ny mu  thun  vi  g i  th it 0 < T  <   .  

Vy chu  k  ca hm s y =  tan x  l    .   

 

Bi  tp 

1.  Hy xc nh cc gi tr  ca x trn on 
3

;
2

   
  hm s y  =  tan x :  

a)  Nhn gi tr bng 0 ;       b)  Nhn gi tr bng 1  ;  

c)  Nhn gi tr d ng ;       d)  Nhn gi tr m.  

2.   Tm tp xc nh ca cc hm s :  

 a)
+

=
1 cos

sin

x
y

x
;         b)  

+
=


1 cos

1 cos

x
y

x
;  

 c)  y  =  tan
3

  
 
x  ;        d)  y  = cot

6

 + 
 
x .  

3.   Da vo  th ca hm s y  =  sin x,  hy v  th ca hm s sin=y x .   

4.   Chng minh rng sin 2(x +  k) =  sin 2x vi mi s nguyn k.  T  v  th 

hm s y  =  sin 2x.  
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5.   Da vo  th hm s y  =  cos x,  tm cc gi tr ca x  cos x =  
1
.

2
 

6.   Da vo  th hm s y  =  sin x,  tm cc khong gi tr ca x  hm s  
nhn gi tr d ng.  

7.   Da vo  th hm s y  =  cos x,  tm cc khong gi tr ca x  hm s  
nhn gi tr m.  

8.   Tm gi tr ln nht ca cc hm s :  

a)  y  =  +2 cos 1x  ;         

b)  y  =  3 2 sin .x  

 

 

 
 

 

 

 

1   

Tm mt g i tr  ca x  sao cho 2sin x   1  =  0.   

Trong thc t,  ta gp nhng bi ton dn n vic tm tt c cc gi tr ca x 
nghim ng nhng ph ng trnh no ,  nh  

    3sin 2x +  2  =  0  

hoc  2cos x +  tan 2x   1  =  0,   

m ta gi l cc  ph ng trnh l ng gic.  

Gii ph ng trnh l ng gic  l tm tt c cc gi tr ca n s tho mn 
ph ng trnh  cho.  Cc gi tr ny l s o ca cc cung (gc)  tnh bng 
radian hoc bng .  

Vic gii cc ph ng trnh l ng gic th ng  a v vic gii cc ph ng 
trnh sau,  gi l cc ph ng trnh l ng gic c bn  :  

sin x =  a,  cos x =  a,  tan x =  a,  cot x =  a,  

trong  a  l mt hng s.  
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1 .  Ph ng  trnh  sin x  a  

2 

C gi tr  no ca x  tho mn  ph ng  trnh  sin x =  2  khng  ?   

Xt ph ng trnh sin x =  a.     (1 )  

Tr ng hp  |a|  > 1  

Ph ng trnh (1 ) v nghim, v sin x    1  
vi mi x.  

Tr ng hp |a|   1  

V  ng trn l ng gic tm O,  trc 
honh l trc csin, trc tung l trc sin.  

Trn trc sin ly im K sao cho OK  =  a.  
T K k  ng vung gc vi trc sin, ct 
 ng trn l ng gic ti M  v M'  i 

xng vi nhau qua trc sin (nu = 1a  
th M  trng vi M' )  (h.1 4).   

T  ta thy s o ca cc cung l ng gic AM  v 'AM  l tt c cc nghim 
ca ph ng trnh (1 ).   

Gi   l s o bng radian ca mt cung l ng gic AM ,  ta c  

s AM  =    +  k2,  k     ;  

s 'AM  =        +  k2,  k    .  

Vy ph ng trnh sin x =  a  c cc nghim l 

2 , ;

2 , .

x k k

x k k





= +  

=   +  

  

   

Z

Z
 

Nu s thc   tho mn iu kin 2 2

sin a





 
  


 =

 th ta vit   =  arcsin a  

(c l ac-sin-a,  ngha l cung c sin bng a).  Khi ,  cc nghim ca 
ph ng trnh sin x =  a   c vit l 

x =  arcsin a  +  k2,  k     

v x =      arcsin a  +  k2,  k   .  

Hnh 1 4  



 

 20 

Ch  

a)  Ph ng trnh sin x =  sin ,  vi   l mt s cho tr c,  c cc 
nghim l  

x =    +  k2,    k     

v   x =        +  k2,    k    .  

Tng qut,   

sin f(x)  =  sin g(x)    
( ) ( ) 2 ,

( ) ( ) 2 , .

f x g x k k

f x g x k k

= +  
 =   +  

 

b)  Ph ng trnh sin x =  sin  o  c cc nghim l 

x =   o  +  k360o,      k    

v   x =  1 80o     o  +  k360o,   k    .  

c)  Trong mt cng thc v nghim ca ph ng trnh l ng 
gic khng  c dng ng thi hai n v  v radian.  

d) Cc tr ng hp c bit :  

 a  =  1  :  Ph ng trnh sin x =  1  c cc nghim l 

x =  
2


 +  k2,  k    .  

 a  =  1  :  Ph ng trnh sin x =  1  c cc nghim l 

x =  
2


  +  k2,  k    .  

 a  =  0  :  Ph ng trnh sin x =  0  c cc nghim l 

x =  k,  k   .  

V d 1 .  Gii cc ph ng trnh sau :  

a)  sin x =  
1

2
 ;          b)  

1
sin

5
x = .  

Gii  

a)  V 
1

sin
2 6


=  nn sin x =  

1

2
   sin sin

6


=x .  

Vy ph ng trnh c cc nghim l   

x =  
6


 +  k2,  k       v  x =  

6


   +  k2  =  

5

6


 +  k2,  k    .  
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b)  Ta c sin x = 
1

5
 khi 

1
arcsin .

5
=x  Vy ph ng trnh 

1
sin

5
x =  c cc 

nghim l 

x =
1

arcsin 2
5
+ k ,  k       v  x =  

1
arcsin 2

5
  + k ,  k   .  

3  

Gii  cc ph ng  trnh  sau  :  

a)  
1

sin
3

x =  ;          b)  + = 
o 2

sin( 45 ) .
2

x  

2.  Ph ng  trnh  cos x  a  

Tr ng hp  a  >  1  

Ph ng trnh cos x =  a  v nghim 

v  cos x    1  vi mi x.  

Tr ng hp a   1  

T ng t tr ng hp ph ng trnh 

sin x =  a,  ta ly im H trn trc csin 

sao cho OH  =  a.  T H k  ng 
vung gc vi trc csin,  ct  ng 
trn l ng gic ti M v M'  i 
xng vi nhau qua trc csin (nu  

a  =  1  th M   M')  (h.15).   

T  ta thy s o ca cc cung l ng gic AM  v 'AM  l tt c cc 

nghim ca ph ng trnh cos x =  a.   

Gi   l s o bng radian ca mt cung l ng gic AM ,  ta c :  

      s AM  =    +  k2,  k    ;  

      s 'AM  =    +  k2,  k    .  

Vy ph ng trnh cos x =  a  c cc nghim l 

2 , .x k k=  +   Z  

Hnh 1 5 
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Ch  

a) Ph ng trnh cos x =  cos ,  vi   l mt s cho tr c, c cc 
nghim l 

x =      +  k2,  k   .  

Tng qut,  cos ( ) cos ( ) ( ) ( ) 2f x g x f x g x k=  =  +  ,  k   .  

b)  Ph ng trnh cos x =  cos  o  c cc nghim l 

x =     o  +  k360o ,  k    .  

c)  Nu s thc   tho mn cc iu kin 

0

cos a




  


=
 

th ta vit   =  arccosa  (c l ac-csin-a,  c ngha l cung c 
csin bng a).  Khi ,  cc nghim ca ph ng trnh cos x =  a  
cn  c vit l  

x =    arccos a  +  k2 ,  k   .  

d)  Cc tr ng hp c bit :  

 a  =  1  :  Ph ng trnh cos x =  1  c cc nghim l 

x =  k2 ,  k    .  

 a  =  1  :  Ph ng trnh cos x =  1  c cc nghim l 

x =    +  k2,  k   .  

 a  =  0  :  Ph ng trnh cos x =  0  c cc nghim l 

x =  
2


 +  k,  k   .  

V d 2.  Gii cc ph ng trnh sau :  

a)  cos x =  cos
6


 ;       b)  cos 3x =  

2

2
 ;  

c)  cos x =  
1

3
 ;        d)  cos (x +  60o)  =  

2
.

2
 

Gii 

a)  cos x =  cos
6


   x =    

6


 +  k2 ,  k    .  
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b)  V 
2 3

cos
2 4


 =  nn  

 cos 3x =  
2

2
   cos 3x =  

3
cos

4


   3x =    

3

4


 +  k2  

    x =  
2

4 3

 
+ k ,  k     ;  

c)  cos x =  
1

3
   x =    arccos 

1

3
 +  k2 ,  k     ;  

d)  V 
2

2
 =  cos 45

o
 nn  

+ =
2

cos( 60 )
2

o
x    cos (x +  60

o
)  =  cos 45

o
   x +  60

o
 =    45

o
 +  k360

o
 

     
o o

o o

15 360

105 360

x k

x k

 =  +

 =  +

 (k   ) .   

4 

Gii  cc ph ng  trnh  sau  :  

a)  
1

cos
2

x =   ;     b)  
2

cos
3

x =  ;     c)  o 3
cos( 30 )

2
x + = .  

3.   Ph ng trnh  tan x  a  

iu kin ca ph ng trnh l x   
2


 +  k  (k   ) .  

Cn c vo  th hm s y =  tan x, ta thy vi mi s a,   th hm s y =  tan x 
ct  ng thng  y =  a  ti cc im c honh  sai khc nhau mt bi ca   
(h.16).  

 

 

 

 

 

 

 

 

 

Hnh 1 6 

y

xO

a

2 2



2

33

2



 2



2 x
1
 + 2x

1
 + x

1
x
1
  x

1
  2
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Honh  ca mi giao im l mt nghim ca ph ng trnh =tan x a .  

Gi x1  l honh  giao im 1(tan )=x a  tho mn iu kin 1 .
2 2

 
 < <x  

K hiu x1  = arctan a  (c l ac-tang-a, ngha l cung c  tang bng a).  Khi ,  

nghim ca ph ng trnh tan x =  a  l 

arctan , .x a k k= +   Z  

Ch  

a) Ph ng trnh tan x =  tan ,  vi   l mt s cho tr c,  c cc 
nghim l 

x =    +  k,  k    .  

Tng qut,  tan ( ) tan ( )=f x g x    ( ) ( )f x g x k= + ,  k    .  

b)  Ph ng trnh tan x =  tan  o  c cc nghim l 

x =   o  +  k180o,  k    .  

V d 3.  Gii cc ph ng trnh sau :  

a)  tan x =  tan
5


 ;    b)  tan 2x = 

1

3
 ;   c)  tan (3x +  1 5o)  = 3 .  

Gii 

a)  tan x = tan
5


   x =  

5


 +  k,  k    .  

b)  tan 2x =  
1

3
   2x =  arctan   

 
1

3
 +  k  

           x =  
1 1
arctan ,

2 3 2

  + 
 

k  k   .  

c)  V 3  =  tan 60o  nn tan(3x +  1 5o)  =  3    tan(3x  +  1 5o)  =  tan 60o  

    3x +  1 5o  =  60o  +  k1 80o   3x =  45o  +  k180o  

    x =  1 5o  +  k60o
,  k    .   

5  

Gii  cc ph ng  trnh  sau  :  

a)  tan x =  1  ;     b)  tan x =  1  ;       c)  tan x =  0.  
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4.  Ph ng  trnh  cot x  a  

iu kin ca ph ng trnh l x   k,  k   .  

Cn c vo  th hm s y  =  cot x,  ta thy vi mi s a,   ng thng 

y  =  a  ct  th hm s y  =  cot x ti cc im c honh  sai khc nhau 

mt bi ca   (h.1 7).  

 

 

 

 

 

 

 

 

 

 

Hnh 1 7 

Honh  ca mi giao im l mt nghim ca ph ng trnh cot x =  a.   

Gi x1  l honh  giao im (cot x1  =  a)  tho mn iu kin 0  <  x1  <  .   

K hiu x1  =  arccot a  (c l ac-ctang-a,  ngha l cung c ctang bng a).   

Khi ,  cc nghim ca ph ng trnh cot x =  a  l 

arccot , .x a k k= +    

 

Ch  

a)  Ph ng trnh cot x =  cot ,  vi   l mt s cho tr c,  c cc 
nghim l  

x =    +  k,  k   .  

Tng qut,  cot ( ) cot ( )f x g x=    ( ) ( ) ,f x g x k= +   k    .  

b)  Ph ng trnh cot x =  cot  
o
 c cc nghim l  

x =   
o
 +  k180

o
,  k    .  
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V d 4.  Gii cc ph ng trnh sau :  

a)  cot 4x =  cot 
2

7


 ;  

b)  cot 3x =  2 ;  

c)  cot (2x   1 0
o
)  =  

1
.

3
 

Gii 

a)  cot 4x =  
2

cot
7


   4x =  

2

7


 +  k    x =  ,

14 4

 
+ k  k    .  

b)  cot 3x =  2   3x =  arccot(2)  +  k  

        x =  
1

3
 arccot(2)  +  

3


k ,  k    .   

c)  V 
1

3
 =  cot 60

o
 nn  

  cot(2x   1 0
o
)  =  

1

3
    cot(2x   10

o
)  =  cot 60

o  

            2x   1 0
o
 =  60

o
 +  k180

o   

  x =  35
o
 +  k90

o
,  k    .   

 
6  

Gii  cc ph ng  trnh  sau  :  

a)  cot x =  1  ;    b)  cot x =  1  ;    c)  cot x =  0.  

Ghi nh  

Mi ph ng trnh  

sin x =  a  ( |a |    1 )  ;  cos x =  a (|a |    1 )  ;  tan x =  a  ;  cot x =  a  

c v s nghim.  

Gii cc ph ng trnh trn l tm tt c cc nghim  ca chng.  
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B i    c  t h  m  

 G i i  ph ng  tr nh  l ng  g i c  c  bn  
bng  my tnh  b  t i   

 
C th s dng  my tnh  b t i  (MTBT)   g ii  cc ph ng  trnh  l ng  g ic c 
bn.  Tuy nhin,  i  vi  ph ng  trnh  sin x =  a  my ch cho kt qu l  arcsin a  vi  
n  v  l  rad ian  hoc   c i  ra  .  Lc ,  theo cng  thc nghim ta  vit 
cc nghim  l  

x =  arcsin a  +  k2 ,  k     

v           x =      arcsin a  +  k2 ,  k    .  

T ng  t,  i  vi  ph ng  trnh  cos x =  a  my ch cho kt qu l  arccos a ,  i  vi  
ph ng  trnh  tan x =  a  my ch cho kt qu l  arctan a.  

V d.  Dng  MTBT CASIO fx   500 MS,  g ii  cc ph ng  trnh  sau  :  

a)  sin 0, 5=x  ;      b)  
1

cos
3

x =   ;     c)  tan 3.x =  

Gii 

a)  Nu  mun c p s bng   th  bm ba ln  phm   ri  bm phm   
mn  hnh  h in  ra ch D.  Sau   bm l in  tip 

  0      

Dng  th nht trn  mn  hnh  h in  ra sin
1

 0.5  (c ngha l  arcsin 0,5 )  v kt qu  

dng  th hai  l  30
o
0
o
0  (arcsin  0,5     c i  ra ).  

Vy ph ng  trnh  =sin 0, 5x  c cc nghim l 

= +o o
30 360 ,x k  k  

v       x  = 1 80
o
   30

o
 +  k360

o
 = 1 50

o
 + k360

o
,  k .  

b)  Bm l in  tip 

        

Dng  th nht trn  mn  hnh  l  cos
1

   (1   3)  (c ngha l  
1

arccos
3

 
 

 
)  v kt qu 

 dng  th hai  l  109o
28'16.3 ' '  (

1
arccos

3

 
 

 
   c i  ra  ).  
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Vy ph ng  trnh  
1

cos
3

= x  c cc nghim l x     109o
28'16''  +  k360o,  .k  

c)  Bm l in  tip       

dng  th nht trn  mn  hnh  l  1tan 3  (c ngha l  arctan 3 )  v kt qu  

dng  th hai  l  60
o
0
o
0  ( arctan 3     c i  ra ).  

Vy ph ng  trnh  tan 3x =  c cc nghim l x  =  60o  +  k180o,  .k    

Ch  

a)   gii  ph ng  trnh  sin 0, 5=x  vi  kt qu l radian,  ta  bm ba 

ln  phm  ri  bm phm ,  mn  hnh  h in  ra ch R.   

Sau  ,  bm l in  tip   0     

ta   c kt qu gn  ng  l  0,5236 (arcsin  0,5    0,5236) .  

Vy ph ng  trnh  sin 0, 5=x  c cc nghim l 

x    0,5236  +  k2 ,  k  

v        x        0,5236  +  k2 ,  .k  

b)   g ii  ph ng  trnh  cot =x a  bng  MTBT,  ta  a v g ii  ph ng  

trnh  
1

tan .x
a

=  

Bi  tp 

1.   Gii cc ph ng trnh sau :  

 a)  sin (x +  2)  = 
1

3
 ;        b)  sin 3x =  1  ;  

 c)  
2

sin
3 3

x  
 

 
=  0  ;        d)  sin (2x +  20

o
)  =  

3
.

2
 

2.   Vi nhng gi tr no ca x th gi tr ca cc hm s y  =  sin 3x v  y  =  sin x 
bng nhau ?  

3.   Gii cc ph ng trnh sau :  

a)  cos (x   1 )  = 
2

3
 ;         b)  cos 3x =  cos 1 2

o
 ;  

c)
3 1

cos
2 4 2

x  
 =  

 
 ;       d)  cos 

2
2x =  

1
.

4
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4.   Gii ph ng trnh  =


2 cos 2
0.

1 sin 2

x

x
 

5.   Gii cc ph ng trnh sau :  

a)  tan(x   1 5
o
)  =

3

3
 ;        b)  cot(3x   1 )  =   3  ;  

c)  cos 2x tan x =  0 ;         d)  sin 3x cot x =  0.  

6.   Vi nhng gi tr  no ca x th gi tr ca cc hm s tan
4

y x
 

=  
 

 v 

y  =  tan 2x bng nhau ?  

7.   Gii cc ph ng trnh sau :  

a)  sin 3x   cos 5x =  0 ;       b)  tan 3x tan x =  1 .  

 
 
 

 

I    ph ng trnh bc nht i vi mt hm s l ng gic 

1 .   nh  ngha 

Ph ng trnh bc nht i vi mt hm s l ng gic l 
ph ng trnh c dng  

at  +  b  =  0,             (1 )  

trong  a,  b  l cc hng s (a    0)  v t  l mt trong cc hm 
s l ng gic.   

V d 1  

a)  2sin x   3  =  0  l ph ng trnh bc nht i vi sin x.  

b)  3 tan x +  1  =  0  l ph ng trnh bc nht i vi tan x.  

1   

Gii  cc ph ng  trnh  trong  V d  1 .  
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2.   Cch  gii  

Chuyn v ri chia hai v ca ph ng trnh (1 )  cho a,  ta  a ph ng trnh (1 )  
v ph ng trnh l ng gic c bn.  

V d 2.  Gii cc ph ng trnh sau :  

a)  3cos x +  5  =  0  ;           b)  3 cot x   3  =  0.  

Gii 

a)  T 3cos x +  5  =  0,  chuyn v ta c    

3cos x =   5.            (2)  

Chia hai v ca ph ng trnh (2)  cho 3 ,  ta  c cos x = 
5

3
.  

V  < 
5

1
3

 nn ph ng trnh  cho v nghim.  

b)  T 3 cot x  3  =  0,  chuyn v ta c  

3 cot x  =  3.            (3)  

Chia hai v ca ph ng trnh (3)  cho 3 ,  ta  c cot x =  3 .  

V  3 cot
6


=  nn =cot 3x    cot cot

6


=x    

6


= + x k ,  k    .   

3.   Ph ng trnh   a v ph ng  trnh  bc nht i  vi  mt hm s 
l ng  gic 

V d 3.  Gii cc ph ng trnh sau :  

a)  5cos x   2sin 2x =  0  ;                  (4)  

b)  8sin x cos x cos 2x =  1 .               (5)  

Gii   

a) Ta c 5cos x   2sin 2x =  0  5cos x   4sin x cos x =  0   cos x(5    4sin x)  =  0 

             
=

  =

cos 0

5 4 sin 0.

x

x
 

 cos x =  0   x =  
2


 +  k,  k   .  
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 5    4sin x =  0    4sin x =  5    sin x =  
5
,

4
 v >

5
1

4
 nn ph ng trnh ny 

v nghim.  

Vy ph ng trnh (4)  c cc nghim l x =  
2


 +  k,  k    .  

b)  Ta c  

8sin xcos xcos 2x  =  1    4 sin 2 cos 2 1= x x    2sin 4x =  1   

  sin 4x =  
1

2
   


=  + 


 = + 



4 2
6

7
4 2

6

x k

x k

   2

7

24 2

x k

x k

 
=  + 24


  = +



 ( ).k     

II    Ph ng trnh bc hai  i  vi  mt hm s l ng gic 

1 .   nh  ngha 

Ph ng trnh bc hai i vi mt hm s l ng gic l ph ng 
trnh c dng  

at
2
 +  bt +  c  =  0,   

trong  a,  b,  c  l cc hng s (a    0)  v t  l mt trong cc 
hm s l ng gic.  

V d 4 

a)  2sin 
2
x +  3sin x   2  =  0 l ph ng trnh bc hai i vi sin x.  

b) 3cot
2
x  5cot x  7 = 0 l ph ng trnh bc hai i vi cot x.  

2 

Gii  cc ph ng  trnh  sau  :  

a)  3cos 2x   5cos x  +  2 =  0  ;       

b) 23 tan 2 3 tan 3 0x x + = .  

2.   Cch  gii  

t biu thc l ng gic lm n ph v t iu kin cho n ph (nu c)  
ri gii ph ng trnh theo n ph ny.  Cui cng,  ta  a v vic gii cc 
ph ng trnh l ng gic c bn.  
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V d 5.  Gii ph ng trnh 

22 sin 2 sin 2 0
2 2

x x
+  = .  

Gii.  t sin
2

x
 =  t  vi iu kin 

 1    t    1              (*),   

ta  c ph ng trnh bc hai theo t   

+  =22 2 2 0t t .          (1 )  

Ph ng trnh (1 )  c hai nghim 1 2t =   v 2
2

2
t =  nh ng ch c 

2
2

2
t =  tho mn iu kin (*).  Vy ta c  

2
sin

2 2

x
=    sin sin

2 4

x 
=  

   

2
2 4

3
2

2 4

x
k

x
k


= + 


 = + 



  

4
2

3
4

2

x k

x k


= + 


 = + 



 ( ).k    

3.   Ph ng trnh   a v dng ph ng trnh  bc hai  i  vi  mt 
hm s l ng  gic 

3 

Hy nhc li  :  

a)  Cc hng  ng  thc l ng  g ic c bn  ;  
b)  Cng  thc cng  ;  
c)  Cng  thc nhn  i  ;  
d)  Cng  thc bin  i  tch  thnh  tng  v tng  thnh  tch.  

C nhiu ph ng trnh l ng gic m khi gii c th  a v ph ng trnh 
bc hai i vi mt hm s l ng gic.  Sau y l mt s v d.  

V d 6.  Gii ph ng trnh 

6cos 
2
x +  5sin x   2  =  0.         (2)  
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Gii.  Bin i cos
2
x =  1    sin

2
x,  ta  a ph ng trnh (2)  v dng 

          6sin
2
x +  5sin x +  4  =  0.  

t sin x =  t  vi iu kin 1    t    1 ,  ta  c ph ng trnh bc hai theo t  

          6t
2
 +  5t  +  4  =  0.             (3)  

Ph ng trnh (3)  c hai nghim t1  =  
4

3
 v t2  =  

1

2
  nh ng ch c = 2

1

2
t  

tho mn iu kin.  Vy ta c  

= 
1

sin
2

x    sin sin
6

 
=  

 
x   

   

2
6

7
2

6

x k

x k


=  + 


 = + 



 ( ).k    

V d 7.  Gii ph ng trnh 

3 tan x   6cot x +  2 3    3  =  0.         (4)  

Gii.  iu kin ca ph ng trnh (4)  l cos x   0 v sin x   0.  

V cot x =  
1

tan x
 nn ph ng trnh (4)  c th vit d i dng  

        +  =
6

3 tan 2 3 3 0
tan

x
x

,  

hay      3 tan
2
x +  (2 3    3 )tan x   6  =  0.  

t tan x =  t,  ta  c ph ng trnh bc hai theo t  

       3 t
2
 +  (2 3    3 )t    6  =  0.           (5)  

Ph ng trnh (5)  c hai nghim :  t1  = 3 ,  t2  =  2.  

Vi =1 3t  ta c tan x =  3    tan tan
3

x


=    x =  
3


 +  k,  k   .  



 

 34 

Vi t2  =  2 ta c tan x =  2   x =  arctan(2)  +  k,  k    .  

Cc gi tr ny u tho mn iu kin nu trn nn chng l cc nghim 

ca ph ng trnh (4).   
 

4 

Gii  ph ng  trnh  3cos
2
6x +  8sin 3x  cos 3x    4  =  0.  

V d 8.  Gii ph ng trnh  

2sin 
2
x   5sin x cos x   cos 

2
x =   2.       (6)  

Gii.  Tr c ht, ta thy nu cos x =  0 th ph ng trnh (6) c v tri bng 2, cn 

v phi bng 2, nn cos x =  0 khng tho mn ph ng trnh (6).  Vy cos x   0.  

V cos x   0  nn chia hai v ca ph ng trnh (6)  cho cos 
2
x,  ta  c 

2tan
2
x   5 tan x   1  =  

2

2

cos


x
   2tan

2
x  5tan x   1  =  2(1  +  tan

2
x).  

Ta  a  c ph ng trnh (6)  v ph ng trnh bc hai theo tan x   

        4tan
2
x   5tan x +  1  =  0            

  

=

 =


tan 1

1
tan .

4

x

x
 

 tan x =  1    x =  
4


 +  k,  k   .  

 tan x =  
1

4
   x =  arctan

1

4
 +  k,  k    .   

Vy ph ng trnh (6)  c cc nghim l 


= + 

4
x k    

v        
1

arctan ( ).
4

x k k= +   Z   
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I I I    Ph ng trnh  bc  nht  i  vi  sin x  v cos x  

1 .   Cng  thc bin  i  biu  thc  asin x  bcos x  

5 
Da vo cc cng  thc cng   hc :  

sin (a  +  b)  =  sin acos b  +  sin bcos a ;     cos (a  +  b)  =  cos acos b    sin asin b  ;  
sin  (a    b)  =  sin acos b    sin bcos a  ;     cos (a    b)  =  cos acos b  +  sin asin b  

v kt qu cos sin
4 4

 
= =

2

2
,  hy chng  minh  rng  :   

a)  sin x  +  cos x =  2 cos
4

x
  

 
 ;     b)  sin x    cos x  =  2 sin

4
x

  
 

.  

Trong tr ng hp tng qut,  vi a
2
 +  b2    0,  ta c  

asin x +  bcos x =  + + 
+ + 

2 2

2 2 2 2
sin cos

a b
a b x x

a b a b

.  

V  
2 2

2 2 2 2
1

a b

a b a b

   + =   
+ +   

 nn c mt gc   sao cho 

+2 2

a

a b

 =  cos ,  
+2 2

b

a b

 =  sin .  

Khi  asin x +  bcos x =  ( ) + +2 2 sin cos cos sina b x x   

      =  + +2 2 sin( )a b x .  

Vy ta c cng thc sau 

       asin x +  bcos x = 2 2 sin( ),a b x + +    (1 )   

vi cos   
2 2

a

a b

=
+

 v sin   
2 2

b

a b

=
+

.  

2.   Ph ng trnh  dng a sin x  b cos x  c  

Xt ph ng trnh      asin x +  bcos x =  c,         (2)  

vi a,  b,  c     ;  a,  b  khng ng thi bng 0 (a
2
 +  b2    0) .  
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Nu a  =  0,  b    0  hoc a    0,  b  =  0,  ph ng trnh (2)  c th  a ngay v 

ph ng trnh l ng gic c bn.  Nu a    0,  b    0,  ta p dng cng thc (1 ).  

V d 9.  Gii ph ng trnh   

sin x +  3 cos x =  1 .           

Gii.  Theo cng thc (1 )  ta c  

+ = + +2sin 3 cos 1 ( 3 ) sin( )x x x  =  2sin (x +  ),  

trong  cos   =  
1

2
,   =

3
sin

2
.  T  ly 

3



=  th ta c 

sin 3 cos 2 sin
3

 
+ = + 

 
x x x .  

Khi  

+ =sin 3 cos 1x x    2 sin 1
3

 
+ = 

 
x    

1
sin

3 2

 
+ = 

 
x  

    sin sin
3 6

x
  

+ = 
 

  

     

2
3 6

2
3 6

 
+ = + 


  + =   + 



x k

x k

  

2
6

2 ( ).
2

x k

x k k


=  + 


 = +  



  

6 

Gii  ph ng  trnh  3 sin 3 cos 3 2.x x =  

Bi  tp 

1.   Gii ph ng trnh  

sin 
2
x   sin x =  0.  

2.   Gii cc ph ng trnh sau :  

a)  2cos
2
x   3cos x +  1  =  0  ;      b)  2sin 2x +  2 sin 4x =  0.  
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3.   Gii cc ph ng trnh sau :  

 a)  + =2sin 2 cos 2 0
2 2

x x

 ;     b)  8cos
2
x +  2sin x   7  =  0  ;  

 c)  2tan
2
x +  3 tan x +  1  =  0  ;       d)  tan x   2cot x +  1  =  0.  

4.   Gii cc ph ng trnh sau :  

 a)  2sin 
2
x +  sin x cos x   3cos

2
x =  0  ;   

b) 3sin 
2
x  4sin x cos x + 5cos

2
x =  2 ;  

 c)  sin
2
x +  sin 2x   2cos

2
x =  

1

2
 ;       

d) 2cos
2
x   3 3 sin 2x   4sin

2
x =   4.  

5.   Gii cc ph ng trnh sau :  

 a)  cos x   =3 sin 2x  ;      b)  3sin 3x   4cos 3x =  5  ;  

 c)  2sin x +  2cos x   2  =  0  ;     d)  5cos 2x +  1 2sin 2x   1 3  =  0.  

6.  Gii cc ph ng trnh sau :  

a)  tan(2 1) tan(3 1) 1x x+  =  ;     b)  tan tan 1 .
4

x x

 
+ + = 

 
 

  

B i    c  t h  m  

 B t  p h n g  t r  n h  l n g  g i c   

 

Ta ch xt cc bt ph ng  trnh  l ng  g ic c bn.   l  nhng  bt ph ng  trnh  
dng  sin x > a  (hoc sin x   a,  sin x  < a,  sin x   a) ,  trong   a  l   mt s thc tu .  
Ta  cng xt nhng bt ph ng trnh t ng t i  vi  cc hm s cos x,  tan x,  cot x.  

i    Bt ph ng trnh  sin x  >  a  

Nu  a    1  th   bt ph ng  trnh  sin x > a  v  nghim,  v  sin x   1  vi  mi  x.  

Nu a  < 1  th mi  s thc x u l nghim ca bt ph ng trnh sin x > a ,  v  sin x   1  
vi  mi  x.   
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Ta xt tr ng hp 1    a  < 1  thng  qua v d  sau.  

V d 1.  G ii  bt ph ng  trnh   

   sin x >  
2

2
.         (1 )  

Gii.  V  ng  trn  l ng  g ic tm O .  
Trn  trc sin  ly im K sao cho 

  
2

2
OK =  (h . 1 8) .  

K t K  ng  thng  vung  gc vi  trc 
sin ,  ct  ng  trn  ti  hai  im M  v  M' .   

R rng,  nu  cung  AD  c s o tho mn  
bt ph ng  trnh  (1 )  th  D  phi  nm trn  

cung 'MBM  v  ng c li .  

Ta c s AM  =  
4


 +  k2 ,  k    v 

    s 'AM  =  
3

4


 +  k2 ,  k    .           

Vy nghim ca bt ph ng  trnh  sin x >  
2

2
 l       

3
2

4 4
k x

 
+  < <  +  k2,  k    .   

Ch  .  im cui  ca cung  c s o l  nghim  ca bt ph ng  trnh  sin x   
2

2
  

phi  nm trn  cung  ' 'M B M  v  ng c li  (h . 1 8) .  Khi  ,  nghim  ca bt ph ng  
trnh  l   

    
3

4


 +  k2    x   2

4

 
+  

 
 +  k2  

hay   
3

4


 +  k2    x   

9

4


 +  k2,  (k   ).  

i i    Bt ph ng trnh  cos x    a  
Nu  a  <  1  th   bt ph ng  trnh  cos x   a  v nghim.  

Nu  a    1  th   mi  s thc x  u  l  nghim  ca bt ph ng  trnh  cos x   a.  

Ta xt tr ng  hp 1    a  <  1  thng  qua v d  sau  y.  

Hnh 1 8 

sin

O

2

2

A' A

B'

B

MM' K

4
4

3
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V d 2.  G ii  bt ph ng  trnh  

        cos x   
2
.

2
              (2)  

Gii.  Trn  trc csin  ly im  H  c  honh  

  l   
2
.

2
  K  t H   ng  thng  vung  

gc vi  trc csin,  ct  ng  trn  l ng  
g ic ti  ha i  im  M  v  M'  (h . 1 9) .  

R rng,  nu  cung  AE  c  s o tho mn  
bt ph ng  trnh  (2)  th  E  phi  nm trn  

cung  ' 'MA M  v  ng c li .  Vy nghim 
ca bt ph ng  trnh   cho l  

3

4


 +  k2    x   

5

4


 +  k2,  k   .          Hnh 1 9 

Ch  .  Bt ph ng  trnh  cos x > 
2

2
  c nghim l  

5

4


 +  k2  <  x < 

3
2

4

 
+  

 
 +  k2  

hay       
5

4


+  k2  <  x < 

11

4


 +  k2 ,  k   .  

i i i    Bt ph ng trnh tan x    a  
Vi  mi  s thc a,  bt ph ng  trnh  tan x   a  l un  c nghim.  

Ta xt v d  sau  y.  

V d 3.  Gii  bt ph ng trnh  

tan x   1 .         (3)  

Gii.  Ly trn trc tang im I sao cho AI  =  1 .  
Ni  OI ct  ng  trn  l ng  g ic ti  M  v  M' 

(h .20) .  Nu  cung  AE  c  s o tho mn  bt 
ph ng  trnh  (3)  th   im E  phi  nm trn  mt 

trong  hai  cung  MB  v  ' 'M B  v  ng c li .  

Vy nghim ca bt ph ng  trnh  (3)  l          

4


 +  k    x < 

2


 +  k  (k   ) .        Hnh 20 

A' A

B'

O

B

M

M'

H

sin

4

3

5

4

2

  2
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Ch .  Nghim ca bt ph ng trnh  tan x < 1  l 

2


  +  k  <  x < 

4


 +  k,  k   .  

iv   Bt ph ng trnh cot x    a  

Vi  mi  s thc a,  bt ph ng  trnh  cot x   a  
u  c nghim.  

Ta xt v d  sau  y.  

V d 4.  G ii  bt ph ng  trnh  

    cot x   
1

.
3

        (4)  

Gii.  Ly im J trn  trc ctang  sao cho 
1

3
BJ = .  Ni  JO  ct  ng  trn  l ng gic ti  

hai  im M v M '  (h.21 ).   

Nu  cung  AF  c  s o tho mn  bt ph ng trnh (4) th im F phi  nm trn mt 

trong hai  cung 'MA  v 'M A  v ng c li.  

Vy nghim ca bt ph ng  trnh  (4)  l  

3


 +  k    x <   +  k,  k   .   

Ch .  Nghim ca bt ph ng  trnh  
1

cot
3

x >  l   

k  <  x < 
3


 +  k,  k   .      

n tp ch ng I  

1.   a)  Hm s y  =  cos 3x c phi l hm s chn khng ?  Ti sao ?  

b)  Hm s y  =  tan
5

 
+ 

 
x  c phi l hm s l khng ?  Ti sao ?  

2.   Cn c vo  th hm s siny x= ,  tm nhng gi tr ca x trn on 

3
; 2

2

 
   

  hm s  :  

a)  Nhn gi tr bng 1  ;      b)  Nhn gi tr m.  

Hnh 21  
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3.  Tm gi tr ln nht ca cc hm s sau :  

a)  = + +2(1 cos ) 1y x  ;      b)  
 

=   
 

3 sin 2.
6

y x  

4.   Gii cc ph ng trnh sau :  

a) + =
2

sin( 1)
3

x  ;         b)  sin 
2
2x =  

1

2
 ;  

c) =2 1
cot

2 3

x
 ;          d)  tan 12 3.

12

 
+ =  

 
x  

5.   Gii cc ph ng trnh sau :  

a)  2cos
2
x   3cos x +  1  =  0  ;      b)  25sin

2
x +  1 5sin 2x +  9cos

2
x =  25  ;  

c)  2sin x +  cos x =  1  ;        d)  sin x +  1 ,5  cot x =  0.  

Bi  tp trc nghim 

Chn ph ng n ng :  

6.   Ph ng trnh cos x =  sin x c s nghim thuc on [   ;  ]  l :  

 (A)  2 ;      (B)  4 ;     (C)  5  ;       (D)  6.  

7.   Ph ng trnh 
cos 4

tan 2
cos 2

x
x

x
=  c s nghim thuc khong 0 ;

2

 
 
 

 l :  

 (A)  2 ;      (B)  3  ;     (C)  4 ;       (D)  5 .  

8.   Nghim d ng nh nht ca ph ng trnh sin x +  sin 2x =  cos x +  2cos
2
x l :  

(A)  
6


 ;     (B)  

2

3


 ;    (C)  

4


 ;      (D)  .

3


 

9.   Nghim m ln nht ca ph ng trnh 22 tan 5 tan 3 0+ + =x x  l :   

 (A)  
3


  ;     (B)  

4


  ;     (C)  

6


  ;      (D)  

5

6


 .  

10.  Ph ng trnh 2 tan 2 cot 3 0  =x x  c s nghim thuc khong ;
2

 
  

 
 l :  

 (A)  1  ;      (B)  2 ;      (C)  3  ;       (D)  4.  
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Trong i s t hp,  c nhiu tp hp hu hn m ta khng d dng xc 
nh  c s phn t ca chng.   m s phn t ca cc tp hp hu 
hn ,  cng nh   xy dng cc cng thc trong i s t hp,  ng i ta 
th ng s dng quy tc cng v quy tc nhn.  

S phn t ca tp hp hu hn A   c k hiu l n(A).  Ng i ta 

cng dng k hiu A   ch s phn t ca tp A.  Chng hn :  

a)  Nu A =  { a,  b,  c}  th s phn t ca tp hp A  l 3 ,  ta vit  

n(A)  =  3  hay 3=A .  

b) Nu  A  =  { 1 ,  2,  3 ,  4,  5 ,  6,  7,  8 ,  9} , 

     B  =  { 2,  4,  6,  8}  (tp hp cc s chn ca A),  

th  A  \ B  =  { 1 ,  3 ,  5 ,  7,  9} .  

  S phn t ca tp hp A  l n(A) =  9.   

 S phn t ca tp hp B  l n(B)  =  4.  

 S phn t ca tp hp A \ B  l n(A \ B) =  5 .  

I    Quy  tc  cng 

V d 1 .  Trong mt hp cha 
su qu cu trng  c nh 
s t 1  n 6 v ba qu cu en 
 c nh s 7,  8,  9  (h.22).  C 
bao nhiu cch chn mt trong 
cc qu cu y ?   

Gii.  V cc qu cu trng hoc en u  c nh s phn bit nn mi 
ln ly ra mt qu cu bt k l mt ln chn.  Nu chn qu trng th c 6 
cch chn,  cn nu chn qu en th c 3  cch.  

Do ,  s cch chn mt trong cc qu cu l 6 +  3  =  9  (cch).   

1 2 3 4

7 8 9

5 6

Hnh 22  
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Quy tc 

Mt cng vic  c hon thnh bi mt trong hai hnh 
ng.  Nu hnh ng ny c m  cch thc hin,  hnh ng 
kia c n  cch thc hin khng trng vi bt k cch no ca 
hnh ng th nht th cng vic  c m  +  n  cch thc hin.  

1   

Trong  V d  1 ,  k h iu  A  l  tp hp cc qu cu  trng,  B  l  tp hp cc qu cu  
en.  Nu  mi  quan  h gia s cch  chn  mt qu cu  v s cc phn  t ca hai  
tp A ,  B.  

Quy tc cng  c pht biu  trn thc cht l quy tc m s phn t ca 
hp hai tp hp hu hn khng giao nhau,   c pht biu nh  sau :  

Nu A v B l cc tp hp hu hn khng giao nhau,  th  

         n(A    B)  =  n(A)  +  n(B) .         

Ch  

Quy tc cng c th m rng cho nhiu hnh ng.  

V d 2.  C bao nhiu hnh vung trong Hnh 23 ?  

Gii.  R rng, ch c th c cc hnh 

vung cnh 1  cm v 2 cm.  K hiu A  l 

tp hp cc hnh vung c cnh 1  cm v B  

l tp hp cc hnh vung c cnh 2 cm.   

V A    B  =  ,  A    B  l tp hp cc hnh vung trong Hnh 23  v n(A)  =  1 0,  
n(B)  =  4  nn n(A    B)  =  n(A)  +  n(B)  =  1 0 +  4  =  1 4.  

Vy c tt c 1 4 hnh vung.   

I I    Quy  tc  nhn 

V d 3.  Bn Hong c hai o mu khc nhau v 
ba qun kiu khc nhau.  Hi Hong c bao nhiu 
cch chn mt b qun o ?  

Gii.  Hai o  c ghi ch a  v b,  ba qun 
 c nh s 1 ,  2,  3 .  

 chn mt b qun o,  ta phi thc hin lin 
tip hai hnh ng :   

Hnh ng 1    chn o.  C hai cch chn (chn a  hoc b) .  

Hnh 23  

Hnh 24  

1 cm

1cm

a

b

1

2

3

1

2

3

a  1

a  2

a  3

b  1

b  2

b  3
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Hnh ng 2    chn qun.  ng vi mi cch chn o c ba cch chn qun 
(chn 1 ,  hoc 2,  hoc 3).  

Kt qu ta c cc b qun o nh  sau :  a1 ,  a2,  a3,  b1 ,  b2,  b3  (h.24).  

Vy s cch chn mt b qun o l 2 .  3  =  6  (cch).   

Tng qut,  ta c quy tc nhn  sau y.  

Quy tc 

Mt cng vic  c hon thnh bi hai hnh ng lin tip.  
Nu c m  cch thc hin hnh ng th nht v ng vi 
mi cch  c n  cch thc hin hnh ng th hai th c 
m.n  cch hon thnh cng vic.  

 
2  

T thnh  ph A  n  thnh  ph B  c ba 
con   ng,  t B  n  C  c bn  con  
 ng  (h.25).  Hi  c bao nhiu  cch  i  

t A  n  C,  qua B  ?  

Ch  

Quy tc nhn c th m rng cho nhiu hnh ng lin tip.  

V d 4.  C bao nhiu s in thoi gm :  

a)  Su ch s bt k ?  

b)  Su ch s l ?  

Gii  

a) V mi s in thoi l mt dy gm su ch s nn  lp mt s in 
thoi,  ta cn thc hin su hnh ng la chn lin tip cc ch s  t 10 
ch s 0,  1 ,  2,  3,  4,  5,  6,  7,  8,  9.  

C 1 0 cch chn ch s u tin.  

T ng t,  c 1 0 cch chn ch s th hai ;  

. . .  

C 1 0 cch chn ch s th su.  

Vy theo quy tc nhn,  s cc s in thoi gm su ch s l  

6 tha s

10 . 10 . . . . .10


 =  610  =  1  000 000 (s).  

b)  T ng t,  s cc s in thoi gm su ch s l l 5
6
 =  1 5  625  (s).  

 
 
 
 

Hnh 25  

A B C



 46 

Bi  tp 

1.   T cc ch s 1 ,  2,  3 ,  4 c th lp  c bao nhiu s t nhin gm :  

a)  Mt ch s ?     b)  Hai ch s ?   c)  Hai ch s khc nhau ?   

2.   T cc ch s 1 ,  2,  3,  4,  5,  6 c th lp  c bao nhiu s t nhin b hn 100 ?  

3.   Cc thnh ph A,  B,  C,  D   c ni vi nhau bi cc con  ng nh  Hnh 26.  
Hi :  

a)  C bao nhiu cch i t A  n D m  qua B  v C  ch mt ln ?  

b)  C bao nhiu cch i t A  n D  ri quay li A  ?  

 

 

 

Hnh 26 

4.   C ba kiu mt ng h eo tay (vung,  trn,  elip)  v bn kiu dy (kim 
loi,  da,  vi v nha).  Hi c bao nhiu cch chn mt chic ng  h gm 
mt mt v mt dy ?  

 

I   Hon v  

1 .   nh  ngha 

V d 1 .  Trong mt trn bng ,  sau hai hip ph hai i vn ho nn phi 
thc hin  lun l u 1 1  m.  Mt i  chn  c nm cu th  thc 
hin  nm qu 1 1  m.  Hy nu ba cch sp xp  pht.  

Gii.   xc  nh,  ta gi thit tn ca nm cu th  c chn l A,  B,  C,  
D,  E.   t  chc  lun l u,  hun luyn vin cn phn cng ng i  th 
nht,  th hai,  . . .  v kt qu phn cng l mt danh sch c  th t gm tn 
ca nm cu th.  Chng hn,  nu vit DEACB  ngha l D   qu th nht,  
E   qu th hai,  . . .  v B   qu cui cng.  

A B C D
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C th nu ba cch t chc  lun l u nh  sau :  

Cch 1  :  ABCDE.  

Cch 2  :  ACBDE.  

Cch 3  :  CABED.   

Mi kt qu ca vic sp th t tn ca nm cu th  chn  c gi l 
mt hon v  tn ca nm cu th.   

nh ngha 

Cho tp hp A  gm n  phn t (n   1 ) .  

Mi kt qu ca s sp xp th t n  phn t ca tp hp A  
 c gi l mt  hon v  ca n  phn t .   

 

1   

Hy l it k tt c cc s gm ba ch s khc nhau  t cc ch s 1 ,  2,  3 .  

nhn xt 

Hai hon v ca n  phn t ch khc nhau  th t sp  xp.  

Chng hn,  hai hon v abc  v acb  ca ba phn t a,  b,  c  l 
khc nhau.  

2.   S cc hon  v  

V d 2 .  C bao nhiu cch sp xp bn bn An,  Bnh,  Chi,  Dung ngi vo 
mt bn hc gm bn ch ?  

Gii.   n gin,  ta vit A,  B,  C,  D  thay cho 
tn ca bn bn v vit ACBD   m t cch 
xp ch nh  Hnh 27.   

a)  Cch th nht :  Lit k.  

Cc cch sp xp ch ngi  c lit k nh  sau :  

  ABCD,  ABDC,  ACBD,  ACDB,  ADBC,  ADCB,  

  BACD,  BADC,  BCAD,  BCDA,  BDAC,  BDCA,  

  CABD,  CADB,  CBAD,  CBDA,  CDAB,  CDBA,  

  DACB,  DABC,  DBAC,  DBCA,  DCAB,  DCBA.  

 

 

Hnh 27 

A C B D
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Nh  vy c 24 cch,  mi cch cho ta mt hon v tn ca bn bn v 
ng c li.  

b)  Cch th hai :  Dng quy tc nhn.  

  C bn cch chn mt trong bn bn  xp vo ch th nht.  

  Sau khi  chn mt bn, cn ba bn na.  C ba cch chn mt bn xp vo 

ch th hai.  

  Sau khi  chn hai bn ri cn hai bn na.  C hai cch chn mt bn ngi 

vo ch th ba.  

  Bn cn li  c xp vo ch th t .  

Theo quy tc nhn, ta c s cch xp ch ngi l 

        4 .  3  .  2 .  1  =  24 (cch).  

K hiu Pn  l s cc hon v ca n  phn t.  Ta c nh l sau y.  

nh l 

P ( 1) .. . 2.1 .= n n n  

Chng minh.   lp  c mi hon v ca n  phn t,  ta tin hnh nh  sau :  

Chn mt phn t cho v tr th nht.  C n  cch.  

Sau khi chn mt phn t cho v tr th nht,  c n    1  cch chn mt phn 

t cho v tr th hai.  

. . .  

Sau khi  chn n    2  phn t cho n    2  v tr u tin,  c hai cch chn 

mt trong hai phn t cn li  xp vo v tr th n    1 .  

Phn t cn li sau cng  c xp vo v tr th n.  

Nh  vy,  theo quy tc nhn,  c n. (n    1 )  . . .  2.1  kt qu sp xp th t n  

phn t  cho.   

Vy       

Pn  =  n  (n    1 )  . . .  2.1 .   
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ch  

K hiu n  (n    1 )  . . .  2.1  l n!  (c l n giai tha),  ta c 

P !n n=  

2  

Trong  g i hc mn  Gio dc quc phng,  mt tiu  i  hc sinh  gm m i  ng i  
 c xp thnh  mt hng  dc.  Hi  c bao nhiu  cch  xp ?  

I I    Chnh  hp  

1 .   nh  ngha 

V d 3.  Mt nhm hc tp c nm bn A, B,  C,  D,  E.  Hy k ra vi cch phn 
cng ba bn lm trc nht :  mt bn qut nh, mt bn lau bng v mt bn 
sp bn gh.   

Gii.  Ta c bng phn cng sau y.  

Qut nh Lau bng Sp bn gh 

A 

A 

C 

. . .  

C 

D 

B 

. . .  

D 

C 

E 

. . .  

Mi cch phn cng nu trong bng trn cho ta mt chnh hp  chp 3  ca 5.   

Mt cch tng qut,  ta c nh ngha sau y.  

nh ngha  

Cho tp hp A  gm n  phn t (n    1 ) .  

Kt qu ca vic ly k  phn t khc nhau t  n  phn t ca tp 
hp A  v sp xp chng theo mt th t no   c gi l 
mt  chnh hp chp k ca n phn t  cho.   

3  

Trn  mt phng,  cho bn  im phn  bit A ,  B,  C,  D.  Lit k tt c cc vect khc 
vect   khng  m im u  v im cui  ca chng  thuc tp im  cho.  
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2.   S cc chnh  hp  

Tr li V d 3 ,  ngoi cch tnh s cch phn cng trc nht bng ph ng 
php lit k,  ta cn c mt cch khc l s dng quy tc nhn.   to nn 
mi cch phn cng,  ta tin hnh nh  sau :  

  Chn mt bn t nm bn  giao vic qut nh.  C 5  cch.  

  Khi  chn mt bn qut nh ri,  chn tip mt bn t bn bn cn li 
 giao vic lau bng.  C 4 cch.  

  Khi  c cc bn qut nh v lau bng ri,  chn mt bn t ba bn cn li 
 giao vic sp bn gh.  C 3  cch.  

Theo quy tc nhn, s cch phn cng trc nht l 

5  .  4 .  3  =  60 (cch).  

Ni cch khc,  ta c 60 chnh hp chp 3  ca 5  bn.  

K hiu Ak

n  l s cc chnh hp chp k ca n  phn t (1    k   n).  Ta c nh l 

sau y.  

nh l  

A ( 1) .. . ( 1)=   +
k

n n n n k .  

Chng minh.   to nn mi chnh hp chp k  ca n  phn t,  ta tin hnh 
nh  sau :  

Chn mt trong n  phn t  cho xp vo v tr th nht.  C n  cch.  

Khi  c phn t th nht,  chn tip mt trong n   1  phn t cn li xp 
vo v tr th hai.  C n    1  cch.   

. . .  

Sau khi  chn k   1  phn t ri,  chn mt trong n    (k   1 )  phn t cn li 
xp vo v tr th k.  C n    k +  1  cch.  

T  theo quy tc nhn,  ta  c 

A ( 1) .. . ( 1)=   +
k

n n n n k .  

V d 4.  C bao nhiu s t nhin gm nm ch s khc nhau  c lp t cc 
ch s 1 ,  2,  . . . ,  9  ?  

Gii.  Mi s t nhin c nm ch s khc nhau  c lp bng cch ly 
nm ch s khc nhau t chn ch s  cho v xp chng theo mt th t 
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nht nh.  Mi s nh  vy  c coi l mt chnh hp chp 5  ca 9.  Vy s 
cc s   l  

5
9A  =  9  .  8  .  7  .  6  .  5  =  1 5  1 20.  

Ch  

a)  Vi quy c 0!  =  1 ,  ta c  

! ,A 1 .
( )!

=  



k
n

n
k n

n k
 

b)  Mi hon v ca n  phn t cng chnh l mt chnh hp 
chp n  ca n  phn t .  V vy  

P .=
n

n nA  

I I I    T  hp  

1 .   nh  ngha 

V d 5.  Trn mt phng,  cho bn im phn bit A,  B,  C,  D  sao cho khng 
c ba im no thng hng.  Hi c th to nn bao nhiu tam gic m cc 
nh thuc tp bn im  cho ?  

Gii.  Mi tam gic ng vi mt tp con gm ba im t tp  cho.  Vy ta 
c bn tam gic ABC,  ABD ,  ACD ,  BCD .   

Mt cch tng qut,  ta c nh ngha sau y.  

nh ngha 

Gi s tp  A  c  n  phn t (n    1 ) .  Mi tp con gm k phn t 
ca  A   c gi l mt t hp chp k ca n phn t  cho.   

Ch  

S k  trong nh ngha cn tho mn iu kin 1    k   n.  Tuy vy,  
tp hp khng c phn t no l tp rng nn ta quy c gi t 
hp chp 0 ca n  phn t l tp rng.  

4  

Cho tp A  =  { 1 , 2, 3, 4,  5} .  Hy l it k cc t hp chp 3 ,  chp 4  ca 5  phn t ca A .  
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2.   S cc t hp 

K hiu Ck

n  l s cc t hp chp k ca n  phn t (0    k   n).  

Ta c nh l sau y.  

nh l 

!
C .

! ( )!
=



k

n

n

k n k
 

Chng minh.  Vi k  =  0,  cng thc hin nhin ng.  

Vi k   1 ,  ta thy mt chnh hp chp k ca n  phn t  c thnh lp nh  sau :  

  Chn mt tp con k phn t ca tp hp gm n  phn t.  C Ck

n  cch chn.  

  Sp th t k  phn t chn  c.  C k!  cch.  

Vy theo quy tc nhn,  ta c s cc chnh hp chp k  ca n  phn t l 

A C . !=
k k

n n k  

T   
A !

C
! ! ( )!

= =



k
k n
n

n

k k n k
.  

V d 6.  Mt t c 10 ng i gm 6 nam v 4 n.  Cn lp mt on i biu 
gm 5  ng i.  Hi :  

a)  C tt c bao nhiu cch lp ?  

b)  C bao nhiu cch lp on i biu,  trong  c ba nam,  hai n ?  

Gii 

a)  Mi on  c lp l mt t hp chp 5  ca 1 0 (ng i).  V vy,  s on 
i biu c th c l  

5
10

10!
C 252.

5! 5!
= =  

b)  Chn 3  ng i t 6 nam.  C 3
6C  cch chn.  

Chn 2 ng i t 4 n.  C 2
4C  cch chn.  

Theo quy tc nhn,  c tt c 3 2
6 4C .C 20.6 120= =  cch lp on i biu 

gm ba nam v hai n.  

5  
C 1 6 i  bng   tham gia th i  u.  Hi  cn  phi  t chc bao nhiu  trn  u  sao 
cho hai  i  bt k  u  gp nhau  ng  mt ln  ?  
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3.   Tnh  cht ca cc s Ck
n  

T nh l v cng thc tnh s cc t hp chp k ca n  phn t,  ta c cc 
tnh cht sau y.  

a)  Tnh cht 1       

C C 
=

k n k

n n   (0   k    n).  

Chng hn,  3 4
7 7C C 35.= =  

b)  Tnh cht 2  (cng thc Pa-xcan)  

1
1 1C C C

 
+ =

k k k

n n n  (1    k <  n).  

Chng hn,  3 4 4
7 7 8C C C 70.+ = =  

V d 7.  Chng minh rng,  vi 2   k   n    2,  ta c 

C =
k

n

2 1
2 2 2C 2C C 

  
+ +

k k k

n n n .  

Gii.  Theo Tnh cht 2,  ta c 

        2 1
2 2C C 

 
+ =

k k

n n  1
1C 



k

n ,           (1 )  

        1
2 2 1C C C

  
+ =

k k k

n n n .           (2)  

Cng cc v t ng ng ca (1 )  v (2)  v theo Tnh cht 2,  ta c  

2 1
2 2 2C 2C C 

  
+ + =

k k k

n n n  1
1 1C C

 
+ =

k k

n n  Ck

n .  

 

 

B i    c  t h  m  

 t  n h  s   c c  h on  v   v  s   c c  t  h p  
b n g  m y  t  n h  b   t  i  

C th s dng  my tnh  b t i   tnh  s cc hon  v  n!  v s cc t hp Ck

n
.  
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1 .  Tnh  s cc hon  v  bng my tnh  b ti  

Dng  my tnh  b t i  CASIO  fx   500MS  tnh  n ! ,  ta  n  cc phm theo trnh  t 
sau  :  

n  s n,  n  phm  ,  n  phm  ,  n  phm .  Khi  ,  kt qu s h in  th   
 dng  th hai .  

V d 1.  Tnh  10! .  

Ta bm l in  tip cc phm  sau  :  

 0     

Dng  th hai  h in  ra  3,628,800.  

Vy 10!  =  3  628  800.  

2.  Tnh  s cc t hp bng  my tnh  b t i  

Dng my tnh b ti  CASIO fx   500 MS  tnh Ck

n
,  ta n cc phm theo trnh t sau  :  

n  s n,  n phm ,  n s k,  n phm .  Kt qu hin th   dng th hai .  

V d 2.  Tnh  5
12C .  

Ta n  l in  tip cc phm sau  :  

     

Dng  th hai  h in  ra  792.   

Vy 5
12C  =  792.  

 

Bi  tp 

1.   T cc ch s 1 ,  2,  3 ,  4,  5 ,  6,  lp cc s t nhin gm su ch s khc 

nhau.  Hi :  

a)  C tt c bao nhiu s ?  

b)  C bao nhiu s chn,  bao nhiu s l ?  

c)  C bao nhiu s b hn 432 000 ?  

2.   C bao nhiu cch sp xp ch ngi cho m i ng i khch vo m i gh 
k thnh mt dy ?  

3.   Gi s c by bng hoa mu khc nhau v ba l khc nhau.  Hi c bao 

nhiu cch cm ba bng hoa vo ba l  cho (mi l cm mt bng)  ?  
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4.   C bao nhiu cch mc ni tip 4  bng n  c chn t 6  bng n khc 
nhau ?  

5.   C bao nhiu cch cm 3  bng hoa vo 5  l khc nhau (mi l cm khng 
qu mt bng)  nu :  

a)  Cc bng hoa khc nhau ?  

b)  Cc bng hoa nh  nhau ?  

6.   Trong mt phng,  cho su im phn bit sao cho khng c ba im no 
thng hng.  Hi c th lp  c bao nhiu tam gic m cc nh ca n 
thuc tp im  cho ?  

7.   Trong mt phng c bao nhiu hnh ch nht  c to thnh t bn  ng 
thng song song vi nhau v nm  ng thng vung gc vi bn  ng 
thng song song  ?  

 

 

 

i    Cng thc  nh  thc  Niu-tn 

Ta c :  

 (a  +  b)
2
 =  a

2
 +  2ab  +  b

2
 =  0 2 1 1 1 2 2

2 2 2C C Ca a b b+ + ,  

 (a  +  b)
3
 =  a

3
 +  3a

2
b  +  3ab

2
 +  b

3
 = 0 3 1 2 1 2 1 2 3 3

3 3 3 3C C C Ca a b a b b+ + + .  

1   

Khai  trin  biu  thc (a  +  b)
4
 thnh  tng  cc n  thc.  

Tng qut,  ta tha nhn cng thc  khai trin biu thc (a  +  b)
n
 thnh tng 

cc n thc nh  sau :  

0 1 1 1 1( ) C C ... C ... C C .   
+ = + + + + + +

n n n k n k k n n n n

n n n n na b a a b a b ab b  (1 ) 

Cng thc (1 )   c gi l cng thc nh thc Niu-tn.  
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H qu 

Vi 1= =a b ,  ta c 0 12 C C ... C .n n
n n n= + + +  

Vi 1=a  ;  1= b ,  ta c  

0 10 C C ... ( 1) C .. . ( 1) C .k k n n
n n n n=  + +  + +   

Ch  

Trong biu thc  v phi ca cng thc (1 )  :  

a)  S cc hng t l n  +  1 .  

b)  Cc hng t c s m ca a  gim dn t n  n 0,  s m ca 
b  tng dn t 0 n n,  nh ng tng cc s m ca a  v b  trong 
mi hng t lun bng n.  
c)  Cc h s ca mi hng t cch u hai hng t u v cui 
th bng nhau.  

V d 1 .  Khai trin biu thc (x  +  y)
6
.  

Gii.  Theo cng thc nh thc Niu-tn ta c  

 (x  +  y)
6
 =  0 6 1 5 2 4 2 3 3 3

6 6 6 6C C C Cx x y x y x y+ + +  +  4 2 4 5 5 6 6
6 6 6C C C+ +x y xy y  

      =  x
6
 +  6x

5
y  +  1 5x

4
y
2
 +  20x

3
y
3
 +  1 5x

2
y
 4
 +  6xy

5
 +  y

6
.   

V d 2 .  Khai trin biu thc (2x    3 )
4
.  

Gii.  Theo cng thc nh thc Niu-tn ta c  

(2x  3)
4
 = 0 4 1 3 2 2 2

4 4 4C (2 ) C (2 ) ( 3) C (2 ) ( 3)x x x+  +   + 3 3 4 4
4 4C 2 ( 3) C ( 3) + x  

     =  1 6x
4
   96x

3
 +  21 6x

2
   21 6x  +  81 .   

V d 3 .  Chng t rng vi n    4,  ta c 

0 2 4C C C ...n n n+ + +  =  1 3C C ...n n+ +  =  2
n1

.  

Gii.  K hiu  A  =  0 2C C ...n n+ +  

B  =  1 3C C ...n n+ +  

Theo H qu ta c   2
n
 =  A  +  B,  

0 =  A    B.  

T  suy ra A  =  B  =  2
n1

.   
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i i    Tam  gic  Pa-xcan 

Trong cng thc nh thc Niu-tn  mc I,  cho n  =  0,  1 ,  . . .  v xp cc h s 
thnh dng,  ta nhn  c tam gic sau y,  gi l tam gic Pa-xcan .  

n =  0          1         

n =  1         1   1        

n =  2        1   2   1       

n =  3       1   3   3   1      

n =  4      1   4   6   4   1     

n =  5     1   5   1 0  1 0  5   1    

n =  6    1   6   1 5  20  1 5  6   1   

n  =  7   1   7   21  35  35  21  7   1  

 

nhn xt 

T cng thc Ck
n  =  

1
1 1C Ck k

n n

 +  suy ra cch tnh cc s  mi 

dng da vo cc s  dng tr c n.  Chng hn 

2
5C  =  1 2

4 4C C+  =  4  +  6  =  1 0.  

 

2  

Dng  tam gic Pa-xcan,  chng  t rng  :  

a)  1  +  2  +  3  +  4 =  2
5C  ;         

b)  1  +  2  +  . . .  +  7  =  2
8C .   

Bi  tp 

1.   Vit khai trin theo cng thc nh thc Niu-tn :  

a)  (a  +  2b)
5
 ;    b)  6( 2 )a  ;     c)

13
1

x
x

 
 

 
.  
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2.   Tm h s ca 3
x  trong khai trin ca biu thc :  

6

2

2 
+ 

 
x

x

.  

3.   Bit h s ca 2
x  trong khai trin ca (1 3 )nx  l 90.  Tm n.   

4.   Tm s hng khng cha x  trong khai trin ca 
8

3 1
.

 
+ 

 
x

x
 

5.   T khai trin biu thc (3x    4)
17
 thnh a thc,  hy tnh tng cc h s 

ca a thc nhn  c.  

6.   Chng minh rng :  

a)  1 1
10
   1  chia ht cho 1 00 ;  

b)  1 01
1 00

   1  chia ht cho 1 0 000 ;  

c) 100 10010 (1 10) (1 10) +     l mt s nguyn.  

 

b  n  c   b i  t  ?   

P a - xc an  ( P as c al )  

Pa-xcan  l  nh ton  hc,  vt l  hc v trit hc ng i  
Php.  Pa-xcan  lc nh l  mt cu  b thn  ng.  Cha cu  
nhn  thy iu  ny.  Khng  mun sm lm mt c con,  
ng  cm cu  b Pa-xcan  hc ton.  Song  iu  ny cng 
kch  thch  tnh  t m ca cu.  Nm 1 2 tui ,  mt hm cu  
hi  cha "Hnh  hc l  g  ?".  Cha cu  g ii  thch  s qua cho 
cu  h iu.  Pa-xcan  rt ly lm thch  th.  Cu  l in  b c 
theo con   ng  ng  l th in  h ng  ca mnh.  Khng  cn  
sch  v,  mt mnh  cu  t chng  minh   c rng  tng  cc 
gc trong  mt tam gic bng  hai  gc vung.    tui  1 6,  
Pa-xcan  vit cng  trnh  u  tin  ca mnh  v cc thit 
d in  cnic.  

Pa-xcan vit hng lot cng trnh v cc chui  s v cc h s nh  thc.  Pa-xcan  

 a ra  bng  cc h s ca s khai  trin  ca (a  +  b)
n  d i  dng  mt tam  gic,  

ngy nay gi  l  "Tam g ic Pa-xcan".  Pa-xcan   tm  ra cc h s nh   thc bng  
ph ng  php quy np ton  hc,   l  mt trong  nhng  pht minh  quan  trng  ca 
ng.  iu  mi  m  y l  Pa-xcan  pht hin  ra rng  cc h s nh  thc chnh  l  

Blaise Pascal 

(1 623    1 662)  
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s cc t hp chp k  ca n  phn  t v Pa-xcan  dng chng  gii  nhng bi  
ton  ca l  thuyt xc sut.  

Mt cng  h in  ln  na ca Pa-xcan  l  vic khi  tho php tnh  cc i  l ng  v 
cng  b.  

V mt k thut,  ngay t nm 1 642,  lc mi  1 9  tui ,  Pa-xcan   sng  ch ra mt 
my tnh   thc h in  cc php tnh  s hc.  Nguyn  tc ca my ny  l  xut 
pht im cho vic ch to my tnh  in  t v sau  ny.  

 ghi  nh cng  lao ca ng i  u  tin   sng  ch ra my tnh,  cc nh tin  hc 
 t tn  cho mt ngn  ng my tnh  rt ph bin  l  ngn  ng Pa-xcan.  

V vt l ,  Pa-xcan  nghin  cu  p sut ca kh quyn v cc vn  thu tnh hc.  

Tn  ca Pa-xcan    c t cho mt ming  n i  la trn  Mt Trng.  

 

 
I   Php  th,  khng gian  mu 

1 .   Php th 

Mt trong nhng khi nim c bn ca l thuyt xc sut l php th.  Mt 
th nghim,  mt php o hay mt s quan st hin t ng no ,  . . .   c 
hiu l php th.  

Chng hn,  gieo mt ng tin kim loi (gi tt l ng tin),  rt mt qun 
bi t c bi t l kh (c bi 52 l)  hay bn mt vin n vo bia,  . . .  l 
nhng v d v php th.  

Khi gieo mt ng tin,  ta khng th on tr c  c mt ghi s (mt 
nga,  vit tt l N)  hay mt kia (mt sp,  vit tt l S)  s xut hin (quay 
ln trn).   l v d v php th ngu nhin.  

Mt cch tng qut :   

Php th ngu nhin  l php th m ta khng on tr c 
 c kt qu ca n,  mc d  bit tp hp tt c cc kt qu 
c th c ca php th .   

 n gin,  t nay php th ngu nhin  c gi tt l php th.  Trong 
Ton hc ph thng,  ta ch xt cc php th c mt s hu hn kt qu.  
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2.   Khng  gian  mu  

1   

Hy l it k cc kt qu c th ca php th gieo 
mt con sc sc.   

Tp hp cc kt qu c th xy ra ca mt php th  c gi l 

khng gian mu  ca php th v k hiu l   (c l -m-ga).  

V d 1 .  Gieo mt ng tin (h.28).  
 l php th vi khng gian mu  

  =  { S,  N} .   y,  S  k hiu cho kt 
qu "Mt sp xut hin"  v N  k hiu 
cho kt qu "Mt nga xut hin" .  

V d 2.  Nu php th l gieo mt 
ng tin hai ln  th khng gian mu 

gm bn phn t :   = {SS, SN, NS, NN},   
trong ,  chng hn,  SN  l kt qu "Ln u ng tin xut hin mt sp,  
ln th hai ng tin xut hin mt nga" ,  . . .  

V d 3.  Nu php th l gieo mt con sc sc hai ln,  th khng gian mu 

gm 36 phn t :   = { (i,  j)    i,  j  =  1 ,  2,  3 ,  4,  5 ,  6} ,    (i,  j)  l kt qu 
"Ln u xut hin mt i chm,  ln sau xut hin mt j  chm"  (h.  29).  

 

 

 

 

 

 

 

 
 

 
 
 
 

 
Hnh 29 

Hai  mt ng tin  

Hnh 28 
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I I    B in  c  

V d 4.  Gieo mt ng tin hai ln.  y l php th vi khng gian mu 

  =  { SS,  SN,  NS,  NN} .  

Ta thy s kin A  :  "Kt qu ca hai ln gieo l nh  nhau"  c th xy ra 
khi php th  c tin hnh.  N xy ra khi v ch khi mt trong hai kt qu 
SS,  NN  xut hin.  Nh  vy,  s kin A  t ng ng vi mt v ch mt tp 
con { SS,  NN}  ca khng gian mu.  Chnh v l ,  ta ng nht chng vi 
nhau v vit A  =  { SS,  NN} .  Ta gi A  l mt bin c.  

T ng t,  bin c B  :  "C t nht mt ln xut hin mt nga"   c vit l 

B  =  { SN,  NS,  NN} .  

Ng c li,  tp con C  =  { SS,  SN}  l bin c c th pht biu d i dng 
mnh  :  "Mt sp xut hin trong ln gieo u tin" .  

Cc bin c A,  B  v C   trn u gn lin vi php th gieo mt ng tin 
hai ln  nn ta ni chng lin quan n php th  cho.  

  Mt cch tng qut,  mi bin c lin quan  n mt 
php th  c m t bi mt tp con ca khng gian 
mu (h.30).  T  ta c nh ngha sau y.  

Bin c l mt tp con ca khng gian mu.   

Nh  vy,  mt bin c lin quan n php th l mt tp hp bao gm cc 
kt qu no  ca php th.  

  Cn ch  rng bin c i khi  c cho d i dng mt mnh  xc nh 
tp hp nh   thy trong V d 4,  hoc trong php th gieo con sc sc,  bin 
c A  :  "Con sc sc xut hin mt chn chm"   c cho d i dng mnh  
xc nh tp con A  =  { 2,  4,  6}  ca khng gian mu    =  { 1 ,  2,  . . . ,  6} .  

Ng i ta th ng k hiu cc bin c bng cc ch in hoa A ,  B,  C,  . . .  

  T nay v sau,  khi ni cho cc bin c A ,  B,  . . .  m khng ni g thm th 
ta hiu chng cng lin quan n mt php th.  

Tp    c gi l bin c khng th (gi tt l bin c 
khng).  Cn tp    c gi l bin c chc chn .  

Chng hn,  khi gieo mt con sc sc,  bin c :  "Con sc sc xut hin mt 
7  chm"  l bin c khng,  cn bin c :  "Con sc sc xut hin mt c s 
chm khng v t qu 6"  l bin c chc chn.  

  Ta ni rng bin c A  xy ra  trong mt php th no  khi v ch khi 
kt qu ca php th  l mt phn t ca A  (hay thun li cho A).  

Hnh 30 
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Nh  vy,  bin c khng th (tc l )  khng bao gi xy ra,  trong khi ,  
bin c chc chn   lun lun xy ra.  

Trong V d 4,  nu xut hin kt qu SS  th A  xy ra cn B  khng xy ra.  
Trong khi ,  nu xut hin kt qu SN  th B  xy ra cn A  khng xy ra.  

I I I    php  ton trn cc  b in  c  

  Gi s A  l bin c lin quan n mt php th.  

 Tp   \ A   c gi l bin c i  

ca bin c A ,  k hiu l A  (h.31 ).  

Do     A        A ,  nn A  xy ra khi v ch khi A  khng xy ra.   

Chng hn,  nu php th l gieo mt con sc sc  th bin c B  :  "Xut hin 
mt chn chm"  l bin c i ca bin c A  :  "Xut hin mt l chm",  

ngha l =B A .  

  Gi s A  v B l hai bin c lin quan n mt php th.  Ta c nh ngha sau :  

Tp A    B   c gi l hp  ca cc bin c A  v B.   

Tp A    B   c gi l giao  ca cc bin c A  v B.   

Nu A    B  =    th ta ni A  v B  xung khc.   

Theo nh ngha,  A    B  xy ra khi v ch khi A  xy ra hoc B  

xy ra ;  A    B  xy ra khi v ch khi A  v B  ng thi xy ra.  

Bin c A    B  cn  c vit l A .B.  

A  v B  xung khc khi v ch khi chng khng khi no cng 
xy ra (h.  32).  

Ta c bng sau :  

K hiu Ngn ng bin c 

A     A  l bin c 

A  =    A  l bin c khng 

A  =   A  l bin c chc chn 

C  =  A    B  C  l bin c :  "A  hoc B"  

C  =  A    B  C  l bin c :  "A  v B"  

A    B  =    A  v B  xung khc 

B  =  A  A  v B  i nhau.  

Hnh 32  

Hnh 31  

A A
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V d 5.  Xt php th gieo mt ng tin hai ln  vi cc bin c :  

A  :  "Kt qu ca hai ln gieo l nh  nhau"  ;  

B  :  "C t nht mt ln xut hin mt sp"  ;  

C :  "Ln th hai mi xut hin mt sp"  ;  

D  :  "Ln u xut hin mt sp".  

Ta c :  

A  =  { SS,  NN}  ;  B  =  { SN,  NS,  SS}  ;  C =  {NS}  ;  D =  { SS,  SN} .  

T ,  

C    D  =  { SS,  SN,  NS}  =  B  ;  

A   D  =  { SS}  l bin c "C hai ln u xut hin mt sp".  

Bi  tp 

1 .   Gieo mt ng tin ba ln.  

a)  M t khng gian mu.  

b)  Xc nh cc bin c :  

A  :  "Ln u xut hin mt sp"  ;  

B  :  "Mt sp xy ra ng mt ln"  ;  

C  :  "Mt nga xy ra t nht mt ln" .  

2.   Gieo mt con sc sc hai ln.  

a)  M t khng gian mu.  

b)  Pht biu cc bin c sau d i dng mnh  :  

A  =  { (6,  1 ),  (6,  2),  (6,  3),  (6,  4),  (6,  5),  (6,  6)}  ;  

B  =  { (2,  6),  (6,  2),  (3 ,  5),  (5,  3),  (4,  4)}  ;  

C  =  { (1 ,  1 ),  (2,  2),  (3 ,  3 ),  (4,  4),  (5,  5),  (6,  6)} .  

3.   Mt hp cha bn ci th  c nh s 1 ,  2,  3 ,  4.  Ly ngu nhin hai th.  

a)  M t khng gian mu.  

b)  Xc nh cc bin c sau :  

A  :  "Tng cc s trn hai th l s chn"  ;  

B  :  "Tch cc s trn hai th l s chn" .  
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4.   Hai x th cng bn vo bia.  K hiu Ak  l bin c :  "Ng i th k bn 

trng",  k =  1 ,  2.  

a)  Hy biu din cc bin c sau qua cc bin c A1 ,  A2  :  

A  :  "Khng ai bn trng"  ;  

B  :  "C hai u bn trng"  ;  

C  :  "C ng mt ng i bn trng"  ;  

D  :  "C t nht mt ng i bn trng" .  

b)  Chng t rng =A D  ;  B  v C  xung khc.  

5.   T mt hp cha 1 0 ci th,  trong  cc th nh s 1 ,  2,  3 ,  4,  5  mu ,  
th nh s 6 mu xanh v cc th nh s 7,  8 ,  9,  1 0 mu trng.  Ly ngu 
nhin mt th.  

a)  M t khng gian mu.  

b)  K hiu A,  B,  C  l cc bin c sau :  

A  :  "Ly  c th mu "  ;  

B  :  "Ly  c th mu trng"  ;  

C  :  "Ly  c th ghi s chn" .  

Hy biu din cc bin c A,  B,  C  bi cc tp hp con t ng ng ca 
khng gian mu.  

6.   Gieo mt ng tin lin tip cho n khi ln u tin xut hin mt sp 
hoc c bn ln nga th dng li.  

a)  M t khng gian mu.  

b)  Xc nh cc bin c :  

A  :  "S ln gieo khng v t qu ba"  ;  

B  :  "S ln gieo l bn" .  

7.   T mt hp cha nm qu cu  c nh s 1 ,  2,  3 ,  4,  5 ,  ly ngu nhin 
lin tip hai ln mi ln mt qu v xp theo th t t tri sang phi.  

a)  M t khng gian mu.  

b)  Xc nh cc bin c sau :  

A  :  "Ch s sau ln hn ch s tr c"  ;  

B  :  "Ch s tr c gp i ch s sau"  ;  

C  :  "Hai ch s bng nhau" .  
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I     nh  ngha  c  in  ca xc  sut  

1 .   nh  ngha 

Mt c tr ng nh tnh quan trng ca bin c lin quan n mt php th 

l n c th xy ra hoc khng xy ra khi php th   c tin hnh.  Mt 

cu hi  c t ra l n c xy ra khng ?  Kh nng xy ra ca n l bao 

nhiu ?  Nh  vy,  ny sinh mt vn  l cn phi gn cho bin c  mt 

con s hp l  nh gi kh nng xy ra ca n.  Ta gi s  l xc sut 

ca bin c.  

V d 1 .  Gieo ngu nhin mt con sc sc cn i v ng cht.  Cc kt 
qu c th l (h.33)  

 

 

 

 

Hnh 33  

Khng gian mu ca php th ny c su phn t,   c m t nh  sau  

  =  { 1 ,  2,  3 ,  4,  5 ,  6} .  

Do con sc sc l cn i,  ng cht v  c gieo ngu nhin nn kh 

nng xut hin tng mt ca con sc sc l nh  nhau.  Ta ni chng ng 

kh nng xut hin.  Vy kh nng xut hin ca mi mt l 
1
.

6
  

Do ,  nu A  l bin c :  "Con sc sc xut hin mt l"  (A  =  { 1 ,  3 ,  5} )  th 

kh nng xy ra ca A  l  

1 1 1

6 6 6
+ + =

3 1

6 2
= ,  

s ny  c gi l xc sut ca bin c A .  
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1   

T mt hp cha bn  qu cu  ghi  ch a,  hai  qu cu  ghi  ch b  v  hai  qu cu  ghi  
ch c (h.34),  ly ngu  nhin  mt qu.  K h iu  :  

A  :  "Ly  c qu ghi  ch a"  ;  

B  :  "Ly  c qu ghi  ch b"  ;  

C  :  "Ly  c qu ghi  ch c".  

C nhn  xt g   v kh nng  xy ra ca cc bin  c A ,  B  v C  ?  Hy so snh  chng  
vi  nhau.  

 

 

  

 

 

 Hnh 34  

Mt cch tng qut,  ta c nh ngha sau y.  

 

nh ngha 

Gi s A  l bin c lin quan n mt php th ch c mt s 

hu hn kt qu ng kh nng xut hin.  Ta gi t  s 
( )

( )

n A

n
 

l xc sut ca bin c A ,  k hiu  l P(A).   

        
( )

P( )
( )

= 


n A
A

n
   

Ch   

n(A)  l s phn t ca A  hay cng l s cc kt qu thun li cho 

bin c A ,  cn n()  l s cc kt qu c th xy ra ca php th.  

2.   V d  

V d 2 .  Gieo ngu nhin mt ng tin cn i v ng cht hai ln.  Tnh 
xc sut ca cc bin c sau :  

a)  A  :  "Mt sp xut hin hai ln"  ;  

b)  B  :  "Mt sp xut hin ng mt ln"  ;  

c)  C  :  "Mt sp xut hin t nht mt ln" .  

a a a a b b c c
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Gii  (h.35).  Khng gian mu   =  { SS,  SN,  NS,  NN}  

gm bn kt qu.  V ng tin cn i,  ng cht v 

vic gieo l ngu nhin nn cc kt qu ng kh nng 

xut hin.  Ta c 

a)  A  =  { SS} ,  n(A)  =  1 ,  n()  =  4,  theo nh ngha ta c 

P(A)  =  
( )

( )

n A

n
 = 

1

4
.           Hnh 35  

b)  B  =  { SN,  NS} ,  n(B)  =  2  nn  

P(B)  =  
( )

( )

n B

n
 =  

2 1

4 2
= .  

c)  C =  { SS,  SN,  NS} ,  n(C)  =  3  nn  

P(C)  =  
( )

( )

n C

n
 =  

3

4
.   

V d 3.  Gieo ngu nhin mt con sc sc cn i v ng cht.  Tnh xc 

sut ca cc bin c sau :  

A  :  "Mt chn xut hin"  ;  

B  :  "Xut hin mt c s chm chia ht cho 3"  ;  

C  :  "Xut hin mt c s chm khng b hn 3" .  

 

 

 

Hnh 36 

Gii.  Khng gian mu c  dng :    =  { 1 ,  2,  3 ,  4,  5 ,  6} ,  gm su kt qu 

ng kh nng xut hin (h.36).  R rng 

A  =  { 2,  4,  6} ,      n(A)  =  3 ,  

B  =  { 3 ,  6} ,      n(B)  =  2,  

C  =  { 3 ,  4,  5 ,  6} ,     n(C)  =  4.  

T ,  theo nh ngha ta c 

P(A)  = 
( ) 3 1

( ) 6 2
= =



n A

n
,    

*SS          *SN

*NS          *NN
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P(B)  =  
( )

( )
=



n B

n

2 1

6 3
= ,    

P(C)  =  
( )

( )
=



n C

n

4 2

6 3
= .   

V d 4.  Gieo ngu nhin mt con sc sc cn i v ng cht hai ln.  Tnh 
xc sut ca cc bin c sau :  

A  :  "S chm trong hai ln gieo bng nhau"  ;  

B  :  "Tng s chm bng 8" .  

Gii.  Nh   bit (xem V d 3 ,  4),    =  { (i,  j)  |  1    i,  j    6} ,  gm 36 kt 
qu ng kh nng xut hin.  Ta c bng (xem thm Hnh 29)  :  

 

 

 

 

 

 

 

 

 

A  =  { (1 ,  1 ) ,  (2,  2),  (3 ,  3 ),  (4,  4),  (5 ,  5),  (6,  6)} ,  n(A)  =  6,  n() = 36 .  T ,  
theo nh ngha ta c 

P(A)  =  
( )

( )

n A

n
 = 

6 1

36 6
= .  

T ng t,  B  =  { (2,  6),  (6,  2),  (3 ,  5),  (5,  3 ),  (4,  4)} ,  n(B)  =  5 ,  n()  =  36 nn  

P(B)  = 
( ) 5

( ) 36
= 



n B

n
  

I I    t nh  cht  ca xc  sut  

1 .   nh  l  

Gi s A  v B  l cc bin c lin quan n mt php th c mt s hu hn 
kt qu ng kh nng xut hin.  Khi ,  ta c nh l sau y.  
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nh l 

a)  P()  =  0,  P()  =  1 .  

b)  0   P(A)    1 ,  vi mi bin c A .  

c)  Nu A  v B  xung khc,  th 

P(A    B)  =  P(A)  +  P(B)  (cng thc cng xc sut).  

2  

Chng  minh  cc tnh  cht a) ,  b)  v c).  

H qu 

Vi mi bin c A ,  ta c  

P( )A =  1    P(A).  

Chng minh.  V A    A  =    v A    A  =    nn theo cng thc cng xc 

sut ta c 

1  =  P()  = ( )P( ) P+A A .  

T  ta c iu phi chng minh.   

2.   V d  

V d 5.  T mt hp cha ba qu cu 
trng,  hai qu cu en (h.37),  ly ngu 
nhin ng thi hai qu.  Hy tnh xc 
sut sao cho hai qu  :  

a)  Khc mu ;   b)  Cng mu.          Hnh 37  

Gii.  Mi ln ly ng thi hai qu cu cho ta mt t hp chp hai ca 
nm phn t.  Do ,  khng gian mu gm cc t hp chp hai ca nm 

phn t v n()  =  2
5C  =  1 0.  

V vic ly qu cu l ngu nhin nn cc kt qu  ng kh nng.   

K hiu A  :  "Hai qu khc mu" ,  B  :  "Hai qu cng mu".   

V ch c hai mu en hoc trng nn ta thy ngay B  = A .  

a)  Theo quy tc nhn,  n(A)  =  3  .  2 =  6.  
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Do    

P(A)  =  
( )

()

n A

n
 =  

6

10
 =  

3

5
.  

b)  V B  =  A  nn theo h qu ta c 

P(B)  =  P( )A  =  1    P(A)  =  
2

5
.   

V d 6.  Mt hp cha 20 qu cu nh s t 1  n 20.  Ly ngu nhin 

mt qu.  Tnh xc sut ca cc bin c sau :  

a)  A  :  "Nhn  c qu cu ghi s chn"  ;  

b)  B  :  "Nhn  c qu cu ghi s chia ht cho 3  ;  

c)  A    B  ;  

d)  C  :  "Nhn  c qu cu ghi s khng chia ht cho 6" .  

Gii.  Khng gian mu  c m t l   =  { 1 ,  2,  . . . ,  20}  gm 20 kt qu 

ng kh nng,  n()  =  20.  

a)  A  =  { 2,  4,  6,  8,  1 0,  1 2,  1 4,  1 6,  1 8,  20} ,  n(A)  =  1 0 nn  

P(A)  =  
( ) 10 1

( ) 20 2
= =



n A

n
.  

b)  B  =  { 3 ,  6,  9,  1 2,  1 5,  1 8} ,  n(B)  =  6.  

T  

P(B)  =  
( ) 6 3

.
( ) 20 10

= =


n B

n
 

c)  V A    B  =  { 6,  1 2,  1 8} ,  n(A    B)  =  3  nn  

P(A    B)  =  
( )

( )





n A B

n
 =  

3
.

20
 

d)  V A    B  =  { 6,  1 2,  1 8} ,  nn A    B  l bin c :  "Nhn  c qu cu ghi 

s chia ht cho 6" .  Do ,  C  l bin c i ca bin c A    B,  ta c 

C  = A B  v 

P(C)  =  1    P(A    B)  =  1   
3 17

20 20
= .   
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I I I   Cc  b in  c  c  lp ,  cng thc  nhn xc  sut  

V d 7.  Bn th nht c mt ng tin,  bn th hai c con sc sc (u 
cn i,  ng cht).  Xt php th "Bn th nht gieo ng tin,  sau  bn 
th hai gieo con sc sc"  (h.38a).  

a)  M t khng gian mu ca php th ny.  

b)  Tnh xc sut ca cc bin c sau :  

A  :  "ng tin xut hin mt sp"  ;  

B  :  "Con sc sc xut hin mt 6  chm"  ;  

C  :  "Con sc sc xut hin mt l" .  

c)  Chng t  P(A.B)  =  P(A) .P(B)  ;  P(A.C)  =  P(A) .P(C) .  

Gii   

a)  Khng gian mu ca php th c dng 

   =  { S1 ,  S2,  S3,  S4,  S5,  S6,  N1 ,  N2,  N3,  N4,  N5,  N6} .  

Theo gi thit,    gm 1 2 kt qu ng kh nng 
xut hin (h.38b).  

 

 

 

 

 

a)               b)  

Hnh 38   

b)  Ta thy   A  =  { S1 ,  S2,  S3,  S4,  S5,  S6} ,    n(A)  =  6  ;  

      B  =  { S6,  N6} ,  n(B)  =  2  ;  

      C  =  {N1 ,  N3,  N5,  S1 ,  S3,  S5} ,  n(C)  =  6.    

T     
( ) 6 1

P( )
( ) 12 2

= = =


n A
A

n
 ;  

      
( ) 2 1

P( )
( ) 12 6

= = =


n B
B

n
 ;  

      
( ) 6 1

P( ) .
( ) 12 2

= = =


n C
C

n
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c)  R rng A .B  =  { S6}  v 
( . ) 1

P( . ) .
( ) 12

= =


n A B
A B

n
 

Ta c     

1 1 1
P( . ) . P( )P( ).

12 2 6
= = =A B A B  

T ng t,  . { 1, 3, 5}A C S S S=  ;  

( . ) 3 1 1 1
P( . ) . P( )P( ).

( ) 12 4 2 2
= = = = =



n A C
A C A C

n
  

Trong V d 7, ta nhn thy xc sut xut hin mi mt ca con sc sc l 
1

6
,  

khng ph thuc vo vic ng tin xut hin mt " sp"  hoc "nga" .  

Nu s xy ra ca mt bin c khng nh h ng n xc sut xy ra ca 

mt bin c khc th ta ni hai bin c  c lp.  Nh  vy,  trong V d 7,  

cc bin c A  v B  c lp v cng vy,  A  v C  c lp.  

Tng qut,  i vi hai bin c bt k ta c mi quan h sau :  

A  v B  l hai bin c c lp khi v ch khi 

P( . ) P( ).P( ).=A B A B  

 

B i    c  t h  m   

M   r n g  q u y  t c  c  n g  v  
c  n g  t h c  c  n g  x c  s u t  

 
Quy tc cng  cn   c m rng  i  vi  cc tp hp hu  hn,  c g iao khc rng.  

C th chng  minh   c rng,  vi  hai  tp hp hu  hn  A  v  B  bt k,  ta  c  

n(A    B)  =  n(A)  +  n(B)    n(A    B)  (quy tc bao hm v loi  tr) .  

V d 1.  Mt t m i  ng i  s  c chi  hai  mn  th thao l  cu  lng  v bng  
bn.  C nm bn  ng  k chi  cu  lng,  bn  bn  ng  k chi  bng  bn,  trong   
c hai  bn  ng  k chi  c  hai  mn.  Hi  c bao nhiu  bn  ng  k chi  th thao ?  
Bao nhiu  bn  khng  ng  k chi  th thao ?  
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Gii.  K hiu X  l tp hp cc hc sinh trong t ;  A  l 
tp hp cc hc sinh  ng k chi  cu lng,  B l tp 
hp cc hc sinh ng k chi  bng bn (h.39),  th th 
n(X)  = 10,  n(A) =  5,  n(B) =  4,  n(A    B) =  2.  Nh  vy :  

A    B  l  tp hp cc bn  ng  k chi  th thao.  V  
n(A    B)  =  2  nn  s bn  ng  k chi  th thao l  

n(A    B)  =  n(A)  +  n(B)    n(A    B)   =  5  +  4   2 =  7  (bn).  
T ,  s bn  khng  ng  k chi  mn  th thao no l   

n(X)    n(A    B)  =  1 0   7  =  3  (bn).   

Nh quy tc cng  m rng,  ta  c cng  thc cng  xc sut m rng  sau  y.  

Vi  hai  bin  c A  v  B  bt k  cng  l in  quan  n  mt php th,  
ta  c 

P(A    B)  =  P(A)  +  P(B)    P(A.B).  

V d 2.  G ieo ngu  nhin  mt con  sc sc cn  i  ng  cht hai  ln.  Tnh  xc 
sut ca cc bin  c sau  :  

A  :  "Ln  th nht xut h in  mt 6  chm" ;  

B  :  "Ln  th hai  xut h in  mt 6  chm" ;  

C  :  "t nht mt ln  xut h in  mt 6  chm" ;  

D  :  "Khng  ln  no xut h in  mt 6  chm".  

Gii.  Ta c   =  { (i,  j)   1    i,  j    6} ,  trong   i l  s chm xut h in  trong  ln  g ieo 

th nht,  j l  s chm xut h in  trong  ln  gieo th hai ,  n()  =  36.  Nh  vy    

A  =  { (6,  j)    1    j    6} ,  n(A)  =  6 ;  

      B  =  { (i,  6)    1    i    6} ,  n(B)  =  6  ;  

      C  =  A    B,  D  =  C ,  A    B  =  { (6,  6)} ,  n(A    B)  =  1 .  

T ,  theo nh  ngha ta  c  

( )
P( )

( )
= =


n A

A
n

6 1

36 6
= ,  

( )
P( )

( )
= =


n B

B
n

6 1

36 6
= ,  

( )
P( . )

( )


= =



n A B
A B

n

1

36
.  

Theo nhn  xt ta  c  

P(C)  =  P(A    B)  =  P(A)  +  P(B)    P(A.  B)  =  
1 1 1

6 6 36
+   =  

1 1
.

36
 

Theo h qu ta  c  

P(D)  =  P( )C  =  1    P(C)  =  
11

1
36

  =  
25

36
.   

Hnh 39 

A

X

B

5 2 4
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Bi  tp 

1.   Gieo ngu nhin mt con sc sc cn i v ng cht hai ln.  

a)  Hy m t khng gian mu.  

b)  Xc nh cc bin c sau :  

A  :  "Tng s chm xut hin trong hai ln gieo khng b hn 1 0"  ;  

B  :  "Mt 5  chm xut hin t nht mt ln" .  

c)  Tnh P(A),  P(B).  

2.  C bn tm ba  c nh s t 1  n 4.  Rt ngu nhin ba tm.  

a)  Hy m t khng gian mu.  

b)  Xc nh cc bin c sau :  

A  :  "Tng cc s trn ba tm ba bng 8"  ;  

B  :  "Cc s trn ba tm ba l ba s t nhin lin tip".  

c)  Tnh P(A),  P(B).  

3.   Mt ng i chn ngu nhin hai chic giy t bn i giy c khc nhau.  
Tnh xc sut  hai chic chn  c to thnh mt i.  

4.   Gieo mt con sc sc cn i v ng cht.  Gi s con sc sc xut hin 

mt b  chm.  Xt ph ng trnh x
2
 +  bx  +  2  =  0.  Tnh xc sut sao cho :  

a)  Ph ng trnh c nghim ;  

b)  Ph ng trnh v nghim ;  

c)  Ph ng trnh c nghim nguyn.  

5.   T c bi t l kh 52 con,  rt ngu nhin cng mt lc bn con.  Tnh xc 
sut sao cho :  

a)  C bn con u l t ;  

b)   c t nht mt con t ;  

c)   c hai con t v hai con K.  

6.   Hai bn nam v hai bn n  c xp ngi ngu nhin vo bn gh xp 
thnh hai dy i din nhau.  Tnh xc sut sao cho :  

a)  Nam,  n ngi i din nhau ;  

b)  N ngi i din nhau.   
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7.   C hai hp cha cc qu cu.  Hp th nht cha 6 qu trng,  4 qu en.  
Hp th hai cha 4 qu trng,  6  qu en.  T mi hp ly ngu nhin mt 
qu.  K hiu :  

A  l bin c :  "Qu ly t hp th nht trng"  ;   

B  l bin c :  "Qu ly t hp th hai trng" .  

a)  Xt xem A  v B  c c lp khng.  

b)  Tnh xc sut sao cho hai qu cu ly ra cng mu.  

c)  Tnh xc sut sao cho hai qu cu ly ra khc mu.  

 

B i    c  t h  m   

  n h  n g h a  t h  n g  k   c  a  x c  s u t   

Mt ng  tin  cn  i  v ng  cht  c g ieo n  l n .  K h iu  
S

n  l  s ln  xut 

h in  mt sp S  trong  n  l n  g ieo .   

Ta gi  t s ( ) = S
n

n
f S

n
 l tn sut xut hin mt sp trong n  ln  gieo.   

Bng thc nghim ta thy,  tn sut thay i  khi  ta thc hin lot n  ln  gieo khc cng 
nh  khi  tng s ln gieo.   

Tuy nhin  vi  n  kh ln,  tn sut ny c tnh n nh,  ngha l  n dao ng  xung  

quanh  s 
1

2
 v  kh i  n  tng,  tn  sut ngy cng  gn  s 

1

2
.   

Ta c th h nh  dung  iu   qua bng  cc kt qu g ieo ng  tin  ca cc nh 
ton  hc Bup-phng  (Buffont)  v Pic-sn  (Pearson)  sau  y.  

Ng i gieo S ln gieo S ln xut hin mt S Tn sut 

Bup-phng  4040 2048  0,5069 

Pic-sn  12000 6019 0,5016 

Pic-sn  24000 1 2012 0,5005  

S 
1

2
 m tn  sut fn(S)  dao ng  quanh  n  c gi  l  xc sut ca bin  c S  

theo quan  im thng  k.  
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Mt cch  tng  qut :   

K h iu  nA  l s ln  xut h in  bin  c A  trong  mt dy n  php th 

 c lp i  lp li  (dy cc php th lp).  T s A
n

n
 gi  l  tn sut 

xut hin bin c A .  

Khi  n  tng,  A
n

n
 ngy cng  gn  mt s P(A)  xc nh.  Ng i  ta  gi  

s P(A)    l  xc sut ca bin c A  theo quan im thng k.   

Trong  tr ng  hp php th ch c mt s hu  hn  kt qu ng  kh nng  xut 
h in  th   s P(A)  trong  nh  ngha ny trng  vi  s P(A)  trong  nh  ngha c in  
ca xc sut.  Do ,  nh  ngha thng  k ca xc sut l  mt s m rng  thc s 
ca nh  ngha c in  ca xc sut.   

Nh ton  hc Thu S J .Bc-nu-l i  (Jacob Bernoul l i )  l  ng i  u  tin  pht h in  ra  

tnh  n  nh  thng  k ca dy tn  sut A
n

n
.   

Pot-xng (Poisson) l ng i u tin gi  quy lut n nh ca tn sut l lut s ln.  

n tp ch ng I I  

1.   Pht biu quy tc cng,  cho v d p dng.  

2.   Pht biu quy tc nhn,  cho v d p dng.  

3.   Phn bit s khc nhau gia mt chnh hp chp k ca n  phn t v mt t 
hp chp k  ca n  phn t.  

4.   C bao nhiu s chn c bn ch s  c to thnh t cc ch s 0,  1 ,  2,  3 ,  
4,  5 ,  6  sao cho :  

a)  Cc ch s c th ging nhau ?  

b)  Cc ch s khc nhau ?  

5.   Xp ngu nhin ba bn nam v ba bn n ngi vo su gh k theo hng 
ngang.  Tm xc sut sao cho :  

a)  Nam,  n ngi xen k nhau ;  

b)  Ba bn nam ngi cnh nhau.  

6.   T mt hp cha su qu cu trng v bn qu cu en,  ly ngu nhin 
ng thi bn qu.  Tnh xc sut sao cho :  

a)  Bn qu ly ra cng mu ;  

b)  C t nht mt qu mu trng.  
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7.   Gieo mt con sc sc ba ln.  Tnh xc sut sao cho mt su chm xut hin 
t nht mt ln.  

8.   Cho mt lc gic u ABCDEF.  Vit cc ch ci A ,  B,  C,  D,  E,  F  vo su 
ci th.  Ly ngu nhin hai th.  Tm xc sut sao cho on thng m cc 
u mt l cc im  c ghi trn hai th  l :  

a)  Cnh ca lc gic ;  

b)   ng cho ca lc gic ;  

c)   ng cho ni hai nh i din ca lc gic.  

9.  Gieo ng thi hai con sc sc.  Tnh xc sut sao cho :   

a)  Hai con sc sc u xut hin mt chn ;  

b)  Tch cc s chm trn hai con sc sc l s l.  

 

Bi  tp trc nghim 

Chn ph ng n ng :  

10.   Ly hai con bi t c bi t l kh 52 con.  S cch ly l :  

(A)  1 04 ;     (B)  1 326 ;      (C)  450 ;     (D)  2652.  

11.   Nm ng i  c xp vo ngi quanh mt bn trn vi nm gh.  S cch 
xp l :  

(A)  50 ;     (B)  1 00 ;      (C)  1 20 ;    (D)  24.  

12.   Gieo mt con sc sc hai ln.  Xc sut  t nht mt ln xut hin mt su 
chm l :  

(A)  
12

36
 ;     (B)  

1 1

36
 ;     (C)  

6

36
 ;    (D)  

8
.

36
 

13.   T mt hp cha ba qu cu trng v hai qu cu en ly ngu nhin hai 
qu.  Xc sut  ly  c c hai qu trng l :  

(A)  
9

30
 ;     (B)  

12

30
 ;      (C)  

10

30
 ;     (D)  

6
.

30
 

14.   Gieo ba con sc sc.  Xc sut  s chm xut hin trn ba con nh  nhau l :  

(A)  
12

216
 ;   (B)  

1

216
 ;     (C)  

6

216
 ;    (D)  

3
.

216
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15.   Gieo mt ng tin cn i v ng cht bn ln.  Xc sut  c bn ln 
xut hin mt sp l :  

(A)  
4

16
 ;     (B)  

2

16
 ;      (C)  

1

16
 ;     (D)  

6
.

16
 

 

 

b  n  c   b i  t  ?  

B  c - n u - l i   

 
Bc-nu-li  (Jacob Bernoulli)  sinh ngy 27 thng 2 nm 
1 654  Ba-xl (Basle) Thu S.  ng l ng i  nghin 
cu Ton u tin trong dng h Bc-nu-li  c nhiu 
nh ton hc.  Cha ng,  Ni-co-la Bc-nu-li  (1 623  1708) 
mun  ng  tr thnh  mc s .  Mc d  phi  hc 
Thn  hc,  ng  vn  say m nghin  cu  Ton  hc.  
Mt s cng  trnh  quan  trng  nht ca ng   c 
cng  b trong  cun  sch  Ngh thut phng on  
nm 1 71 3,  bao gm cc l nh  vc ca i  s t hp :  
hon  v ,  t hp,  cc s Bc-nu-l i  v l  thuyt xc 
sut.  c bit,  lut s ln  i  vi  dy php th Bc-nu-l i   c cng  b trong  
cun  sch  .  Cun  sch  ca ng   c coi  l  s m u  ca l  thuyt xc sut.  
Bc-nu-l i  bt u  g ing  Trit hc t nhin,  C hc  tr ng  i  hc Tng  hp 
Ba-xl nm 1 682  v tr thnh  Gio s  ton  nm 1 687.  ng  tip tc lm  vic   
cho n  kh i  mt (ngy 1 0  thng  8  nm 1 705).   

 

 

 

 

 

 

 

 

Bernoulli 

(1 654   1 705)  
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I    Ph ng php  quy np  ton hc  

1   

Xt hai  mnh  cha bin  P(n)  :  "3
n
 < n  +  1 00"  v Q(n)  :  "2

n
 > n"  vi  n   * .   

a)  Vi  n =  1 ,  2,  3 ,  4,  5  th   P(n),  Q(n)  ng  hay sai  ?  

b)  Vi  mi  n    *  th   P(n),  Q(n)  ng  hay sai  ?  

 chng minh nhng mnh  lin quan n s t nhin  n   *  
l ng vi mi  n  m khng th th trc tip  c th c th 
lm nh  sau :  

B c 1 .  Kim tra rng mnh  ng vi  n  =  1 .  

B c 2.  Gi thit mnh  ng vi mt s t nhin bt k n =  k   1  
(gi l gi thit quy np),  chng minh rng n cng ng vi  

n  =  k  +  1 .   

 l ph ng php quy np ton hc,  hay cn gi tt l 
ph ng php quy np.  

Mt cch n gin,  ta c th hnh dung nh  sau :  Mnh   ng khi  n  =  1  

nn theo kt qu  b c 2,  n cng ng vi  n  =  1  +  1  =  2.  V n ng vi  

n  =  2  nn li theo kt qu  b c 2,  n ng vi  n =  2 +  1  =  3 ,  . . .  Bng cch 

y,  ta c th khng nh rng mnh  ng vi mi s t nhin  n   * .  

I I    v  d  p  dng 

V d 1 .  Chng minh rng vi  n   *  th 

1  +  3  +  5  +  . . .  +  (2n    1 )  =  n
2
.           (1 )  

Gii 

B c 1 .  Khi  n  =  1 ,  v tri ch c mt s hng bng 1 ,  v phi bng 1
2
.  

Vy h thc (1 )  ng.  
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B c 2 .  t v tri bng Sn.  

Gi s ng thc ng vi  n  =  k    1 ,  ngha l  

Sk  =  1  +  3  +  5  +  . . .  +  (2k    1 )  =  k
2
 (gi thit quy np).  

Ta phi chng minh rng (1 )  cng ng vi  n  =  k  +  1 ,  tc l  

Sk+1  =  1  +  3  +  5  +  . . .  +  (2k   1 )  +  [2(k +  1 )   1 ]  =  (k  +  1 )
2
.  

Tht vy,  t gi thit quy np ta c 

Sk+1  =  Sk  +  [2(k +  1 )    1 ]  =  k
2
 +  2k  +  1  =  (k +  1 )

2
.  

Vy h thc (1 )  ng vi mi  n    * .  

2  

Chng  minh  rng  vi  n    *  th   

1  +  2 +  3  +  . . .  +  n  =  
( 1)

.
2

n n +
  

V d 2 .  Chng minh rng vi  n    *  th n
3
   n  chia ht cho 3 .  

Gii.  t An  =  n
3
   n.  

B c 1 .  Vi  n  =  1 ,  ta c A1  =  0   3 .  

B c 2 .  Gi s vi  n  =  k    1  ta c 

Ak =  (k
3
   k)   3  (gi thit quy np).  

Ta phi chng minh Ak+1   3 .  

Tht vy,  ta c 

Ak+1  =  (k +  1 )
3
   (k  +  1 )  =  k

3
 +  3k

2
 +  3k  +  1    k    1  

       =  (k
3
   k)  +  3 (k

2
 +  k)  

=  Ak +  3 (k
2
 +  k).  

Theo gi thit quy np Ak   3 ,  hn na,  3(k
2
 +  k)   3  nn Ak+1   3 .  

Vy An  =  n
3
   n  chia ht cho 3  vi mi  n    * .  
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Ch  

Nu phi chng minh mnh  l ng vi mi s t nhin  n    p   

(p  l mt s t nhin)  th :  

  b c 1 ,  ta phi kim tra mnh  ng vi  n  =  p  ;  

  b c 2, ta gi thit mnh  ng vi s t nhin bt k n = k   p  

v phi chng minh rng n cng ng vi  n  =  k +  1 .  
 

3   

Cho hai  s 3n  v 8n  vi  n    * .  

a)  So snh  3n  vi  8n  kh i  n  =  1 ,  2,  3 ,  4,  5 .  

b) D on kt qu tng qut v chng minh bng ph ng php quy np.  

Bi  tp 

1.   Chng minh rng vi  n    * ,  ta c cc ng thc :  

a)  2 +  5  +  8  +  . . .  +  3n    1  =  
(3 1)

2

n n +
 ;  

b)  
1 1 1 1 2 1

.. .
2 4 8 2 2

n

n n


+ + + + =  ;  

c)  1
2
 +  2

2
 +  3

2
 +  . . .  +  n

2
 =  

( 1)(2 1)

6

n n n+ +
.  

2.   Chng minh rng vi  n    * ,
 
ta c :  

a)  n
3
 +  3n

2
 +  5n   chia ht cho 3  ;  

b)  4
n
 +  1 5n    1   chia ht cho 9  ;  

c)  n
3
 +  1 1n     chia ht cho 6.  

3.   Chng minh rng vi mi s t nhin  n    2,  ta c cc bt ng thc :  

a)  3
n
 >  3n  +  1  ;        b)  2

n+1
 >  2n  +  3 .  
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4.   Cho tng 
1 1 1

.. .
1 .2 2.3 ( 1)nS

n n
= + + +

+

 vi  n    * .  

a)  Tnh S1 ,  S2,  S3 .  

b)  D on cng thc tnh tng Sn  v chng minh bng quy np.  

5.   Chng minh rng s  ng cho ca mt a gic li  n  cnh l 
( 3)

2

n n 
.  

B  n  c   b i  t  ?  

s u y  l u n  q u y  n p  

 

Ng i  ta  th ng  phn  bit hai  h nh  thc suy lun,   l  suy d in  v quy np.   

Suy din  hay cn  gi  l  php suy din  l   i  t ci  chung  n  ci  
ring,  t tng  qut n  c  th.  

Chng  hn,  t nh  l  "Mi  s t nh in  c ch s tn  cng  l  0  hoc 5 u  ch ia  
ht cho 5",  ta  suy ra  1 35 v 1 70 chia ht cho 5.  Trong  suy d in,  nu  mnh   
tng  qut l  ng  th   kt lun  c  c bao g i cng  ng.  

Cn  quy np  hay cn  gi  l  php quy np  l i  i  t ci  ring  n  
ci  chung,  t c  th n  tng  qut.  

V d :  So snh  cc s A(n)  =  1 0
n1  vi  B(n)  =  2004 +  n,  trong    n   * .  Bng 

php th vi  n =  1 ,  2, 3,  4  ta c :  A(1) < B(1) ;  A(2) < B(2) ;  A(3) < B(3) ;  A(4)  < B(4).  
T y,  ta kt lun   

"10n
1  < 2004 +  n  vi  mi  n   4"           (1 )   

R rng  kt lun  ny ng.  

Tuy nh in,  cng  t kt qu ca php th trn ,  nu  vi  kt lun  :  

"10
n1  <  2004 +  n  vi  mi  n   * "         (2)  

th   li  sai  lm  v  vi  n =  5  ta  c :   

104  > 2004 +  5  (t ng  t,  vi  n =  6,  7,  8 ,  . . . ) .      

n  y,  nu  kt lun  tip :   

"10n
1  >  2004 +  n  vi  mi  n   5",           (3)   

sau   vi  php th,  cho d  c nhn   c kt qu ng  vi  n  bng  bao nh iu  
chng  na th   vn  khng  th coi  l   chng  minh   c mnh   (3) .   
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Mnh   (3)  s  c chng  minh  nu  dng  ph ng php quy np 

ton hc.  

Cc mnh   (2) ,  (3)  c  c l  kt qu ca php quy np khng 
hon ton,  trong   mnh   (2)  l  sai  cn  mnh   (3)  l  ng.   

Do php th ch c tnh  d on,  nn  kt qu ca php quy np 
khng hon ton  ch l  g i  thuyt,  v vic phi  lm tip theo l  
chng  minh  hay bc b.   

D i  y,  ta  xt thm vi  v d  l ch  s.  

Phc-ma (P.  Fermat)  nh ton hc Php (1 601    1 665)  khi  xt cc s dng 2
2 1

n

+  

thy rng vi  n =  0, 1 ,  2, 3, 4  th 
0

2
2 + 1  =  3  ;  

1
2

2 +  1  =  5  ;  
2

2
2 +  1  = 17 ;  

3
2

2 +  1  = 257 ;  
4

2
2 +  1  =  65  537  u  l  nhng  s nguyn  t.  T ,  ng  d on  rng  "Mi  s c 

dng  2
2 1

n

+  vi n     u l nhng s nguyn t".  

Tuy nhin,  1 00 nm sau,  nh ton  hc Thu S -le  (Euler,  1 707    1 783)  li  pht 

h in  ra  rng  
5

2
2 1+  khng  phi  l  s nguyn  t v  :  

5
2

2 1+ =  4  294 967  297   641 .  

Cng  chnh  Phc-ma l  tc g i  ca g i  thuyt ni  ting  m ng i  i  sau  gi  l  

nh  l  cui  cng  ca Phc-ma :  "Ph ng  trnh  xn  +  yn  =  zn  khng  c nghim 

nguyn  d ng  vi  mi  s t nh in  n > 2".  Nm 1 993,  tc l  hn  350 nm sau,  g i  
thuyt ny mi   c chng  minh  hon  ton.  

Nh ton hc c Lai-b-nit (Leibniz 1 646   1 71 6)  chng minh  c rng n    
*  

th   n3
   n   3  ;  n

5
   n   5 ,  n

7
   n   7 ,  t  ng  d on  vi  mi  n  nguyn  d ng  

v vi  mi  s l  p  th   n
p
   n   p .  Tuy nhin,  ch t lu  sau  chnh  ng  li  pht h in  ra 

2
9
  2 =  510  khng  chia ht cho 9 .  

Lch  s ton  hc   li  nhiu  s kin  th  v  xung  
quanh  cc gi thuyt c  c bng  suy lun  quy np 
khng  hon  ton  (hoc bng  php t ng  t).  C nhng  
g i thuyt  b  bc b,  c nhiu  g i thuyt   c 
chng  minh,  c nhng  g i thuyt m vi  trm nm sau  
vn  khng   c chng  minh  hay bc b.  Tuy nhin,  vic 
tm cch  chng  minh  hay bc b nhiu  g i thuyt  c 
tc dng  thc y s pht trin  ca ton  hc.  

Fermat 

(1 601    1 665)  
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I     nh  ngha  

1   

Cho hm s
1

( )
2 1

f n
n

=



,  n    *
 .  Tnh  f(1 ),  f(2),  f(3),  f(4),  f(5) .  

1 .   nh  ngha dy s 

Mi hm s u  xc nh trn tp cc s nguyn d ng *
   c 

gi l mt dy s v hn  (gi tt l dy s).  K hiu :   

u  :  *
     

   n   u(n).  

Ng i ta th ng vit dy s d i dng khai trin  

u1 ,  u2,  u3 ,  . . . ,  un,  . . . ,   

trong  un  =  u(n)  hoc vit tt l (un),  v gi u1  l s hng u,  un  l s 

hng th n  v l s hng tng  qut ca dy s.  

V d 1  

a)  Dy cc s t nhin l 1 ,  3 ,  5 ,  7,  . . .  c s hng u  u1  =  1 ,  s hng tng 

qut  un  =  2n    1 .  

b)  Dy cc s chnh ph ng 1 ,  4,  9,  1 6,  . . .  c s hng u  u1  =  1 ,  s hng 

tng qut  un  =  n
2
.  

2.   nh  ngha dy s hu  hn  

Mi hm s u  xc nh trn tp M =  { 1 ,  2,  3,  . . . ,  m}  vi m    *
  

 c gi l mt dy s hu hn.   
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Dng khai trin ca n l  u1 ,  u2,  u3 ,  . . . ,  um,  trong  u1  l s hng u,  

u
m
 l s hng cui.  

V d 2  

a)  5,  2,  1 ,  4,  7,  1 0,  1 3  l dy s hu hn c  u1  =  5,  u7  =  1 3 .  

b)  
1
,

2

1
,

4

1
,

8

1
,

16
 
1

32
 l dy s hu hn c  u1  =  

1

2
,  u5  = 

1

32
.  

I I    cch  cho  mt  dy s  

2  
Hy nu  cc ph ng  php cho mt hm s v v d  minh  ho.  

1 .   Dy s cho bng  cng thc ca s hng  tng  qut 

V d 3  

a)  Cho dy s (u
n
)  vi  u

n
 =

3
( 1) .

n

n

n

 .              (1 )  

T cng thc (1 ),  ta c th xc nh  c bt k mt s hng no ca 

dy  s.  Chng hn,  
5

5
5

3 243
( 1) .

5 5
u =  =    

Nu vit dy s ny d i dng khai trin,  ta  c 

3,  
9
,

2
 9,  

81

4
,  . . .  ,  

3
( 1) .

n

n

n

 ,  . . .  

b)  Dy s (u
n
)  vi 

1
n

n

u

n

=

+

 c dng khai trin l 

1
,

2

2
,

2 1+

3
,

3 1+

 . . . , ,
1

n

n +

 . . .  

Nh  vy,  dy s (u
n
)  hon ton xc nh nu bit cng thc s hng tng 

qut  u
n
 ca n.  

3  
Vit nm s hng  u  v s hng  tng  qut ca cc dy s sau  :  

a)  Dy nghch  o ca cc s t nhin  l ;  

b)  Dy cc s t nh in  chia cho 3 d  1 .  
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Cng ging nh  hm s,  khng phi mi dy s u c cng thc s hng 

tng qut  un.  D i y,  ta nu thm cc cch khc  cho mt dy s.  

2.   Dy s cho bng  ph ng php m t 

V d 4.  S   l s thp phn v hn khng tun hon 

  =  3 ,1 41  592 653  589 . . .  

Nu lp dy s (un) vi  un  l gi tr gn ng thiu ca s   vi sai s tuyt i 

10
n
 th  

u1  =  3 ,1  ;  u2  =  3 ,1 4 ;  u3  =  3 ,1 41  ;  u4  =  3 ,1 415  ;  . . .  .  

 l dy s  c cho bng ph ng php m t,  trong  ch ra cch vit 

cc s hng lin tip ca dy.  

3.   Dy s cho bng  ph ng  php truy hi  

V d 5.  Dy Phi-b-na-xi(*)  l dy s (un)   c xc nh nh  sau :  

1 2

1 2

1

  vi 3, 

= =


= +  n n n

u u

u u u n
 

ngha l,  k t s hng th ba tr i,  mi s hng u bng tng ca hai s 

hng ng ngay tr c n.  

Cch cho dy s nh  trn  c gi l cho bng ph ng php truy hi.  

Ni cch khc, cho mt dy s bng ph ng php truy hi, tc l :  

a)  Cho s hng u (hay vi s hng u).  

b)  Cho h thc truy hi,  tc l h thc biu th s hng th n  qua s hng 

(hay vi s hng)  ng tr c n.  

4  

Vit m i  s hng  u  ca dy Phi-b-na-xi .  

 

      

(*)  Phi-b-na-xi (Fibonacci,  1 1 70   1 250)    Th ng gia,  nh ton hc I-ta-li-a.  
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I I I    B iu  d in  hnh  hc  ca dy  s  

V dy s l mt hm s trn *  nn ta c th biu din dy s bng  

th.  Khi  trong mt phng to ,  dy s  c biu din bng cc im 

c to  (n  ;  un).  

V d 6.  Dy s (un) vi  un  =  
1n

n

+
 c biu din hnh hc nh  trn Hnh 40 :  

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 40 

 

u1  =  2,  u2  =  
3
,

2
 u3  =  

4
,

3
 u4  = 

5
,

4
. . .  

Tuy nhin,  ng i ta th ng biu din cc s hng ca mt dy s trn trc 

s.  Chng hn,  dy s 
1n

n

+ 
 
 

 c biu din hnh hc nh  trn Hnh 41 .  

 

 

 
 
 

Hnh 41  

1
5

4

3

2
2

u(n)0

4

3

u1u2u3u4

un

u1

u2
u3
u4

1O 2 3 4 n 
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IV    Dy  s  tng,  dy  s  gim  v  dy s  b   chn 

5  

Cho cc dy s (u
n
)  v (v

n
)  vi  u

n
 =  1  +  

1

n

 ;  v
n
 =  5n    1 .  

a)  Tnh   1n
u

+
,  1n
v
+

.  

b)  Chng  minh  1n
u

+
 <  u

n
 v 1n

v
+

 >  v
n
 ,  vi  mi  n    * .  

1 .   Dy s tng,  dy s gim 

nh ngha 1  

Dy s (u
n
)   c gi l dy s tng  nu ta c 1n

u
+

 >  u
n
 vi 

mi n    * .   

Dy s (u
n
)   c gi l dy s gim  nu ta c 1n

u
+

 <  u
n
 vi 

mi  n    * .  

V d 7.  Dy s (u
n
)  vi u

n
 =  2n    1  l dy s tng.  

Tht vy,  vi mi  n    *  xt hiu 1 .
n n

u u
+

  Ta c 

1n
u

+
   u

n
 =  2(n  +  1 )    1    (2n    1 )  =  2.  

Do 1n
u

+
   u

n
 >  0 nn 1n

u
+

 >  u
n
.   

V d 8.  Dy s (u
n
)  vi u

n
 =  

3n
n

 l dy s gim.  

Tht vy,  vi mi  n    * ,  v u
n
 >  0 nn c th xt t  s 1n

n

u

u

+ .  Ta c 

1
1

1 1
:

33 3

n

n n

n

u n n n

u n

+

+

+ +
= = .  

D thy 
1

3

n

n

+
 <  1  nn 1 1n

n

u

u

+
<  suy ra 1n

u
+

 <  u
n
.   
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Ch  

Khng phi mi dy s u tng hoc gim.  Chng hn,  dy 

s (un)  vi un  =  (3)
n
,  tc l dy 

3,  9,  27,  81 ,  . . .  

khng tng v cng khng gim.  

2.   Dy s b  chn  

6  

Chng  minh  cc bt ng  thc 
2

1

21

n

n


+

 v 
2 1

1,
2

n

n

+
  n


  N .   

nh ngha 2  

Dy s (un)   c gi l b chn trn  nu tn ti mt s M   

sao cho  

un    M,  n    * .  

Dy s (un)   c gi l b chn d i  nu tn ti mt s m   

sao cho 

un    m,  n    * .  

Dy s (un)   c gi l b chn  nu n va b chn trn va b 

chn d i,  tc l tn ti cc s m,  M  sao cho 

m    un    M,  n    * .  

 

V d 9   

a)  Dy s Phi-b-na-xi b chn d i v un    1  vi mi  n    * .  

b)  Dy s (un)  vi un  =  2 1

n

n +

 b chn v 0 < 
2

1

21

n

n


+

.  
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B  n  c   b i  t  ?  

h o a ,  l   v   d y  s   P h i - b  - n a - x i   

 

Dy s Phi-b-na-xi  th ng  gp trong  th in  
nhin.  Nhng  chic l  trn  cnh  cy mc cch  
nhau  cc khong  ng  vi  cc s trong  dy s 
Phi-b-na-xi  (cn  gi  l  cc s Phi-b-na-xi)  

3,  5 ,  8 ,  1 3 ,  21 ,  34,  55,  89,  . . .       (F)  

S cnh  hoa trong  hu  ht cc bng  hoa l  cc 
s trong  dy (F).  Hoa loa kn  c 3  cnh,  hoa 
mao l ng  vng  c 5  cnh,  hoa phi  yn  c 8  
cnh,  hoa cc vn  th 1 3  cnh,  hoa cc ty 21  
cnh,  cn  hoa cc th ng  c 34  hoc 55,  hoc 
89 cnh.  

Trong  hoa h ng  d ng  cng  xut h in  cc s Phi-b-na-xi .  Nhng  n  nh kt 
thnh  ht  u  bng  hoa v xp thnh  hai  lp  ng  xon  c.  Mt lp cun  theo 
chiu  kim  ng  h,  lp  ng  xon  kia  cun  theo chiu  ng c li .  S cc  ng  
xon  c theo ch iu  kim  ng  h th ng  l  34  hoc 55,  cn  s  ng  xon  theo 
chiu  ng c li  th ng  l  55 hoc 89,  . . .  

Ngoi  nhng  iu  th  v  trn,  mt s vn   ca kin  trc,  hi  ho,  m nhc,    
cng  l in  quan  n  cc s Phi-b-na-xi .  

 

 

 

 

 

 

 

 

 

 

 

Hoa h ng d ng 

Fibonacci 

(1 1 70  1 250)  
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Bi  tp 

1.   Vit nm s hng u ca cc dy s c s hng tng qut u
n
 cho bi cng thc :  

a)  u
n
 =  

2 1n

n


 ;        b)  

2 1

2 1

n

n
n

u


=

+
 ;  

c)  
1

1
n

n
u

n

 
= + 

 
 ;       d)  

2 1
n

n

u

n

=
+

.  

2.   Cho dy s (u
n
),  bit :  

u1  =  1 ,   1n
u + =  u

n
 +  3  vi  n    1 .  

a)  Vit nm s hng u ca dy s.  

b)  Chng minh bng ph ng php quy np :  u
n
 =  3n    4.  

3.   Dy s (u
n
)  cho bi :   

u1  =  3  ;  un+1  = 
21
n
u+ ,  n   1 .  

a)  Vit nm s hng u ca dy s.  

b)  D on cng thc s hng tng qut u
n
 v chng minh cng thc  

bng ph ng php quy np.  

4.   Xt tnh tng,  gim ca cc dy s (u
n
),  bit :  

a)  
1

2
n
u

n

=  ;        b)  
1

1n

n

u

n


=

+
;  

c)  u
n
 =  (1 )

n

 (2
n

 +  1 )  ;     d)
2 1

5 2n

n

u

n

+
=

+
.    

5.   Trong cc dy s (u
n
)  sau,  dy s no b chn d i,  b chn trn v b chn ?   

a)  u
n
 =  2n

2
   1  ;       b)  

1

( 2)n
u

n n

=
+

;  

c)  
2

1

2 1
n
u

n

=


;       d)  sin cos .
n
u n n= +  
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I     nh  ngha  

1   

Bit bn  s hng  u  ca mt dy s l 1 ,  3 ,  7,  1 1 .  

T  hy ch ra mt quy lut ri  vit tip nm s hng ca dy theo quy lut .  

nh ngha 

Cp s cng  l mt dy s (hu hn hoc v hn),  trong  k 
t s hng th hai,  mi s hng u bng s hng ng ngay 
tr c n cng vi mt s khng i d.   

S d  c gi l cng sai  ca cp s cng.  

Nu (un)  l cp s cng vi cng sai d,  ta c cng thc truy hi 

*
1 vi . (1)n nu u d n

+
= +  N  

c bit khi d =  0  th cp s cng l mt dy s khng i  (tt c cc s 
hng u bng nhau).  

V d 1 .  Chng minh dy s hu hn sau l mt cp s cng :  

1 ,  3,  7,  1 1 ,    1 5 .  

Gii.  V 3  =  1  +  (  4)  ;   1 1  =  7  +  (  4)  ;  

      7  =  3  +  (  4)  ;   15  =  1 1  +  (  4)  

nn theo nh ngha,  dy s 1 ,  3,  7,  1 1 ,  15  l mt cp s cng vi 

cng sai d =   4.   

2   

Cho (un)  l mt cp s cng c su s hng vi  u1  = 
1
,

3
  d =  3 .  Vit dng khai  trin  

ca n.  
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I I    S  hng tng qut  

3  

Mai  v Hng chi  tr xp cc que d im thnh  hnh  thp trn  mt sn.  Cch  xp 
 c th h in  trn  H nh  42.  

 

 
 

 

 

 

1  tng       2  tng           3  tng 

Hnh 42  

 

Hi  :  Nu  thp c 1 00 tng  th  cn  bao nhiu  que d im  xp tng   ca thp ?  

nh l 1  

Nu cp s cng (un)  c s hng u u1  v cng sai d th s 

hng tng qut un   c xc nh bi cng thc :  

         1 ( 1) vi 2.nu u n d n= +         (2)  

Chng minh.  Ta s chng minh cng thc (2)  bng quy np.  

Khi  n  =  2  th u2  =  u1  +  d,  vy cng thc (2)  ng.  

Gi s cng thc (2)  ng vi  n  =  k    2,  tc l uk  =  u1  +  (k    1 )d.  

Ta phi chng minh rng (2)  cng ng vi  n  =  k +  1 ,  tc l uk+1  =  u1  +  kd.  

Tht vy,  theo nh ngha cp s cng v gi thit quy np ta c 

uk+1  =  uk +  d =  [u1  +  (k    1 )d]  +  d =  u1  +  kd.  

Vy un  =  u1  +  (n    1 )d vi n    2.   

V d 2 .  Cho cp s cng (un),  bit u1  =   5,  d =  3 .  

a)  Tm u15 .  

b)  S 1 00 l s hng th bao nhiu ?  
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c)  Biu din cc s hng u1 ,  u2,  u3 ,  u4,  u5  trn trc s.  Nhn xt v tr ca 

mi im 2 3 4, ,u u u  so vi hai im lin k.  

Gii.  Cp s cng c u1  =  5,  d =  3 .  

a)  Theo cng thc (2)  ta c u15  =  5  +  (1 5    1 )  .  3  =  37.  

b)  Theo cng thc (2)  ta c un  =  5  +  (n   1 )  .  3 .  V un  =  1 00 nn 

5  +  (n    1 )  .  3  =  1 00,  t   n  =  36.  

c)  Nm s hng ca cp s cng l 5,  2,  1 ,  4,  7   c biu din bi cc 

im u1 ,  u2,  u3 ,  u4,  u5  t ng ng trn Hnh 43.  

 

 

 

 

Hnh 43  

im u3  l trung im ca on u2u4,  hay u3  = 
2 4

2

u u+
.   

Ta cng c kt qu t ng t i vi 2u  v 4u .  

y l mt tnh cht c tr ng ca cp s cng m ta s xt d i y.  

I I I    T nh  cht  cc  s  hng ca cp  s  cng 

nh l 2  

Trong mt cp s cng,  mi s hng (tr s hng u v 
cui)  u l trung bnh cng ca hai s hng ng k vi 
n,  ngha  l 

 +
+

= 
1 1 vi 2
2

k k
k

u u
u k .       (3)  

Chng minh.  Gi s (un)  l cp s cng vi cng sai d.  S dng cng thc (1 )  

vi k    2,  ta  c uk 1  =  uk   d ;  uk+1  =  uk  +  d.  

Suy ra  uk 1  +  uk+1  =  2uk hay 
1 1

2
k k

k

u u
u

 +
+

= .   
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IV    Tng  n  s  hng u ca mt  cp  s  cng 

4  

Cp s cng gm tm s hng 1 ,  3 ,  7,  1 1 ,  15,  19,  23,  27   c vit vo bng sau  :  

1  3  7  1 1  1 5 1 9 23 27 
        

a)  Hy chp li  bng  trn  v vit cc s hng  ca cp s  vo dng  th hai  
theo th t ng c li .  Nu  nhn  xt v  tng  ca cc s hng   mi  ct.   

b)  Tnh  tng  cc s hng  ca cp s cng.  

Ta cng nhn nh l sau y.  

nh l 3   

Cho cp s cng (un).  t Sn  =  u1  +  u2  +  u3  +  . . .  +  un.  

Khi   

1( )

2
n

n

n u u
S

+
= .        (4)  

Ch   

V un  =  u1  +  (n    1 )d nn cng thc (4)  c th vit 

1
( 1)

. (4 ')
2n

n n
S nu d


= +    

V d 3 .  Cho dy s (un)  vi  un  =  3n    1 .  

a)  Chng minh dy (un)  l cp s cng.  Tm u1  v d.  

b)  Tnh tng ca 50 s hng u.  

c)  Bit Sn  =  260,  tm n.  

Gii 

a)  V un  =  3n    1  nn u1  =  2.   

Vi  n    1 ,  xt hiu un+1    un  =  3 (n  +  1 )    1    (3n    1 )  =  3 ,  suy ra 

un+1  =  un  +  3 .  Vy (un)  l cp s cng vi cng sai d =  3 .  
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b)  V u1  =  2,  d =  3 ,  n  =  50 nn theo cng thc (4')  ta c 

S50  =  
50.49

50.2 .3
2

+  =  3775.  

c)  V u1  =  2,  d =  3 ,  Sn  =  260 nn theo cng thc (4')  ta c 

Sn  =  
( 1)

.2 .3
2

n n
n


+  =  260 hay 3n

2
 +  n    520 =  0.  

Gii ph ng trnh bc hai trn vi * ,n   ta tm  c  n  =  1 3 .   

Bi  tp 

1.   Trong cc dy s (un)  sau y,  dy s no l cp s cng ?  Tnh s hng 
u v cng sai ca n.  

a)  un  =  5    2n  ;          b)  un  =  1
2

n
  ;  

c)  un  =  3
n

 ;           d)  
7 3

2n

n
u


= .  

2.   Tm s hng u v cng sai ca cc cp s cng sau,  bit :  

a) 1 3 5

1 6

10

17 ;

u u u

u u

 + =


+ =
       b)  7 3

2 7

8

. 75.

u u

u u

 =


=
 

3.   Trong cc bi ton v cp s cng,  ta th ng gp nm i l ng u1 ,  d,  n,  

un,  Sn.  

a)  Hy vit cc h thc lin h gia cc i l ng .  Cn phi bit t nht 
my i l ng  c th tm  c cc i l ng cn li ?  

b)  Lp bng theo mu sau v in s thch hp vo  trng :  

u1  d u
n
 n  S

n
 

2  55  20  

  4  1 5  1 20 

3  
4

27
 7    

  1 7  1 2 72 

2 5    205  
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4.   Mt sn tng mt ca mt ngi nh cao hn mt sn 0,5  m.  Cu thang i t 
tng mt ln tng hai gm 21  bc,  mi bc cao 1 8  cm.  

a)  Vit cng thc  tm  cao ca mt bc tu  so vi mt sn.  

b)  Tnh  cao ca sn tng hai so vi mt sn.  

5.   T 0 gi n 1 2 gi tr a,  ng h nh bao nhiu ting,  nu n ch nh 
chung bo gi v s ting chung bng s gi ?  

 
 

 

 

I     nh  ngha  

1   

Tc truyn rng  nh Vua n   cho php ng i  
pht minh  ra bn  c Vua  c la chn  mt phn  
th ng  tu theo s thch.  Ng i   ch xin  nh vua 
th ng  cho s thc bng  s thc  c t ln  64 
 ca bn  c nh  sau  :  t ln   th nht ca bn  
c mt ht thc,  tip n   th hai  hai  ht,  . . .  c 
nh  vy,  s ht thc   sau  gp i  s ht thc  
 l in  tr c cho n   cui  cng.  

Hy cho bit s ht thc  cc  t th nht n  
th su  ca bn  c.  

nh ngha  

Cp s nhn  l mt dy s (hu hn hoc v hn),  trong  
k t s hng th hai,  mi s hng u l tch ca s hng 
ng ngay tr c n vi mt s khng i  q.   

S q   c gi l cng bi  ca cp s nhn.  

Nu (un)  l cp s nhn vi cng bi q,  ta c cng thc truy hi :  

*
1 . vi . (1)

n n
u u q n

+
=  N  
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c bit :  

 Khi q  =  0,  cp s nhn c dng u1 ,  0,  0,  . . . ,  0,  . . .  

 Khi q  =  1 ,  cp s nhn c dng u1 ,  u1 ,  u1 ,  . . . ,  u1 ,  . . .  

 Khi u1  =  0 th vi mi q,  cp s nhn c dng 0,  0,  0,  . . . ,  0,  . . .  

V d 1 .  Chng minh dy s hu hn sau l mt cp s nhn :  

  4,  1 ,  
1 1 1
, , .

4 16 64
   

Gii.  V 1  =  
1

( 4).
4

 
  

 
 ;  

1 1
1 .

4 4

 
 =  

 
 ;  

1

16
  =  

1 1
.

4 4

   
    

   
 ;   

1 1 1
.

64 16 4

 
 =  

 
 

nn dy s  

  4,  1 ,  
1

4
 ,  

1

16
,  

1

64
  

l mt cp s nhn vi cng bi 
1

4
q =  .   

I I    S  hng tng qut  

2  

Hy c hot ng  1  v cho bit  th 1 1  c bao nhiu  ht thc ?  

Bng ph ng php quy np,  ta c th chng minh  c nh l sau y.  

nh l 1  

Nu cp s nhn c s hng u u1  v cng bi q  th s hng 

tng qut un   c xc nh bi cng thc  

           = 1
1 . vi 2n

n
u u q n .        (2)  



 

 1 00 

V d 2 .  Cho cp s nhn (un)  vi u1  =  3 ,  q  =
1

2
 .  

a)  Tnh u7 .  

b)  Hi 
3

256
 l s hng th my ?  

Gii   

a)  p dng cng thc (2),  ta c  

u7  =  u1 .q
6
 =  

6
1

3.
2

 
 

 
 =  

3

64
.  

b)  Theo cng thc (2),  ta c  

un  =  
1

1
3.

2

n
 
 

 
 =  

3

256
   

1
1

2

n
 
 

 
 =  

1

256
 =  

8
1

2

 
 

 
.  

Suy ra  n   1  =  8  hay  n  =  9.  

Vy s 
3

256
 l s hng th chn.   

V d 3.  T bo E.  Coli trong iu kin nui cy thch hp c 20 pht li 
phn i mt ln.  

a)  Hi mt t bo sau m i ln phn chia s thnh bao nhiu t bo ?  

b)  Nu c 1 0
5
 t bo th sau hai gi s phn chia thnh bao nhiu t bo ?  

Gii 

a)  V ban u c mt t bo v mi ln mt t bo phn chia thnh hai t 

bo nn ta c cp s nhn vi u1  =  1 ,  q  =  2  v u1 1  l s t bo nhn  c 

sau m i ln phn chia.  Vy sau 1 0 ln phn chia,  s t bo nhn  c l 

u1 1  =  1  .  2
1 11

 =  2
10
 =  1 024.  

b)  V ban u c 1 0
5
 t bo v mi ln mt t bo phn chia thnh hai t 

bo nn ta c cp s nhn vi u1  =  1 0
5
,  q  =  2.  V c 20 pht li phn i 

mt ln nn sau hai gi s c 6  ln phn chia t bo v u7  l s t bo nhn 

 c sau hai gi.  Vy s t bo nhn  c sau hai gi phn chia l 

u7  =  1 0
5
.2

71
 =  1 0

5
.2

6
 =  6  400 000.   



 

 1 01  

I I I    T nh  cht  cc  s  hng ca cp  s  nhn 

3  

Cho cp s nhn  (un)  vi  u1  =    2  v  q  =
1

2
 .  

a)  Vit nm s hng  u  ca n.  

b)  So snh  2
2u  vi  tch  u1 .  u3  v 

2
3u  vi  tch  u2 .  u4.  

Nu  nhn  xt tng  qut t kt qu trn.  

nh l 2  

Trong mt cp s nhn,  bnh ph ng ca mi s hng (tr 
s hng u v cui)  u l tch ca hai s hng ng k 
vi n,  ngha l  

2
1 1. vi 2k k ku u u k

 +
=        (3)  

(hay |uk|  = 1 1.k ku u
 +

).  

Chng minh.  S dng cng thc (2)  vi k    2,  ta c  

 uk  1  =  u1 .  q
k 2 

;  

uk +1  =  u1 .  q
k
.  

Suy ra  uk 1  .  uk +1  =  
2
1u  q

2k  2
 =  (u1q

k 1
)
2
 =  2

ku .  

IV    Tng n  s  hng u ca mt  cp  s  nhn 

4  

Tnh  tng  s cc ht thc  1 1   u  ca bn  c nu   hot ng 1 .  

Cp s nhn (un)  c cng bi q  c  th vit d i dng 

u1 ,  u1q,  u1q
2
,  . . . ,  u1q

n1
,  . . .  

Khi   

Sn  =  1 2 . . . nu u u+ + +  =  u1  +  u1q  +  u1q
 2
 +  . . .  +  u1q

n1
.     (4)  
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Nhn hai v ca (4)  vi q,  ta  c  

q.Sn  = u1q +  u1q
2
 +  u1q

3
 +  . . .  +  u1q

n
.          (5)  

Tr tng v t ng ng ca cc ng thc (4)  v (5),  ta  c  

(1    q)  Sn  =  u1  (1    q
n
).  

Ta c nh l sau y.  

nh l 3  

Cho cp s nhn ( )nu  vi cng bi 1q  .  t  

1 2 . . .n nS u u u= + + + .  

Khi  

1 (1 )

1

n

n

u q
S

q


= 


      (6)  

Ch  

Nu q  =  1  th cp s nhn l u1 ,  u1 ,  u1 ,  . . . ,  u1 ,  . . .  Khi  Sn  =  n.u1 .  

V d 4.  Cho cp s nhn (un) ,  bit u1  =  2,  u3  =  1 8 .  Tnh tng ca m i 

s hng u tin.  

Gii.  Theo gi thit,  u1  =  2,  u3  =  1 8 .  Ta c  

u3  =  u1 .q
2
   2.q

2
 =  1 8    q  =    3 .  

Vy c hai tr ng hp :  

 q  =  3 ,  ta c  S1 0  =  
102(1 3 )

1 3




 =  59  048  ;  

 q  =  3,  ta c 
10

10
2 1 ( 3)

29 524
1 ( 3)

S
   = = 

 
.   

 
5  

Tnh  tng  
2

1 1 1
1 . ..

3 3 3n
S = + + + + .  
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B  n  c   b i  t  ?  

N h   v u a  n     kh  n g     t h  c     
t h n g  c h o  n g  i     p h t  m i n h  r a  
b n  c   v u a  !   

 

Hy c li      1   4,  chng  ta  s thy s ht thc  lm phn  th ng  chnh  l  

tng  64  s hng  u  ca cp s nhn  vi  u1  =  1  v  q  =  2.  Vy 

S64  =  1  +  2  +  4  +  . . .  +  2
63
 =  

641(1 2 )

1 2




 =  2

64
   1 .  

C cho rng  1000  ht thc nng  20  gam (cho d  t hn  thc t),  th   khi  l ng  
thc l  

6420(2 1)

1000


gam   369  t tn.  

Nu  em ri  u  s thc ny ln  b mt ca Tri  t th  s  c mt lp thc 
dy 9  mm !  Th hi ,  nh  vua lm  sao c  c mt l ng  thc khng  l  nh  vy ?  

Bi  tp 

1.    Chng minh cc dy s
3 . 2
5

n 
 
 

,  
5

2n
 
 
 

,  
1

2

n     
  

 l cc cp s nhn.  

2.    Cho cp s nhn (un)  vi cng bi q.  

a)  Bit u1  =  2,  u6  =  486.  Tm q.  

b)  Bit q  =  
2
,

3
 u4  =  

8
.

21
 Tm u1 .  

c)  Bit u1  =  3 ,  q  =  2.  Hi s 1 92 l s hng th my ?  

3.   Tm cc s hng ca cp s nhn (un)  c nm s hng,  bit :  

a)  u3  =  3  v u5  =  27  ;       b)  u4    u2  =  25  v u3    u1  =  50.  
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4.   Tm cp s nhn c su s hng,  bit rng tng ca nm s hng u l 31  
v tng ca nm s hng sau l 62.  

5.   T l tng dn s ca tnh X l 1 ,4%.  Bit rng s dn ca tnh hin nay l 
1 ,8  triu ng i.  Hi vi mc tng nh  vy th sau 5  nm, 10 nm s dn ca 
tnh  l bao nhiu ?  

6.   Cho hnh vung C1  c cnh bng 4.  Ng i ta 

chia mi cnh ca hnh vung thnh bn phn 
bng nhau v ni cc im chia mt cch thch 

hp  c hnh vung C2  (h.44).  T hnh vung 

C2  li lm tip nh  trn   c hnh vung C3,  . . .  .  

Tip tc qu trnh trn,  ta nhn  c dy cc 

hnh vung C1 ,  C2,  C3 ,  . . . ,  Cn,  . . .  .  

Gi an  l  di cnh ca hnh vung Cn.  Chng minh dy s (an)  l mt 

cp s nhn.  

 
 

B i    c  t h  m   

Dy s trong h nh  bng  tuyt Vn  kc  
(H nh  hc Fractal)  

 

Thut ng "Fractal "   c B-noa Man-en-b-r (Benoit Mandelbrot)  s dng  
vo nm 1 975.  N c gc La-tinh  "Fractus",  ngha l  mt b mt khng  u  
g ing  nh  mt khi   nt gy.  Theo B.  Man-en-b-r th   :  "H nh  hc Fractal  c 
hai  vai  tr,  n d in  t  h nh  hc ca s hn  n  v n cng  c th d in  t  v  h nh  
hc ca n i ,  my v cc di  ngn  h".  

Cc Fractal  c h nh  th  m ta  c th nhn  thy trong  t nh in,   l  cy,  l,  khi  
,  nhng  bng  tuyt . . .  .  Song,  r t ra   c mt cng  thc h nh  hc ca chng  
nh  th no ?  Lm th no  nh  h nh   c h nh  dng  ca nhng  bt kem 
trong  l i  c-ph ?  H nh  hc Fractal ,  l  thuyt v s hn  n  v nhng  php ton  
phc tp l iu  c th tr li   c cc cu  hi  ny hay khng  ?  Khoa hc ang  
khm ph ra mt trt t khng  th ng ng  sau  nhng  h in  t ng  k  l  c v ht 
sc ln  xn  ca vn  vt.  

Hnh 44  
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C th ni  Fractal  l  cu  trc h nh  hc  c chi  tit ho 
bng  cch  m rng   mi  t l.  Mi  phn  nh ca Fractal  
l  s m phng  ca ton  b Fractal .  Mi  Fractal   c to 
ra  bi  qu trnh  lp i ,  lp  li ,  trong   s kt thc ca qu 
trnh  tr c li  l  s bt u  ca qu trnh  tip theo.   
minh  ho,  ta hy xt bng tuyt vn  Kc do nh ton hc 
Thu in  vn  Kc (von Koch)   a ra vo nm 1 904 (h.45).   

             

H.von  Koch 

     (1 879   1 924)  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 45 

Bng  tuyt u  tin  K1  l   mt tam g ic u  c cnh  bng  1 .  Tip ,  ch ia  mi  
cnh  ca tam g ic thnh  ba on  bng  nhau  v thay mi  on   g ia bi  hai  
on  bng  n sao cho chng  to vi  on  b i  mt tam g ic u  v pha ngoi ,  

ta   c bng  tuyt K2.  C tip tc nh  vy theo nguyn  tc :  T bng  tuyt Kn   

c bng  tuyt 
1n

K
+

,  ta  ch ia  mi  cnh  ca Kn  thnh  ba on  bng  nhau  v thay 

mi  on   g ia bi  hai  on  bng  n,  sao cho chng  to vi  mi  on  b i  mt 
tam g ic u  v pha  ngoi .  

Qu trnh  trn  lp  i ,  lp li  cho ta  mt dy cc bng  tuyt K1 ,  2
K ,  K3 ,  . . . ,  Kn,  . . .  

K h iu  Cn,  an,  pn  v  Sn  l n  l t l  s cnh,   di  cnh,  chu  vi  v d in  tch  ca 

bng  tuyt Kn,  ta  c cc dy s (Cn),  (an),  (pn),  (Sn).  
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1 .  Dy s (Cn)   c cho bi  cng  thc truy hi  

1

1

3

4. 1 .
n n

C

C C n+

=


=  vi
 

Dy s (Cn)  l   mt cp s nhn  vi  C1  =  3 ,  q  =  4  v  Cn  =  3  .  4
n1

.  

2.  Dy s (an)  l   mt cp s nhn  vi  a1  =  1 ,  q  =  
1

3
 v  an  = 1

1

3
n

.  

3.  Dy s (pn)  c pn  =  Cn.an  = 

1
4

3
3

n
 
 
 

 nn (pn)  l mt cp s nhn vi  p1  =  3 ,  q  =  
4
.

3
 

V  pn  >  0  v  
1

1

4
3.

43
1

34
3.

3

n

n

n
n

p

p

+


 
 
 = = >
 
 
 

 nn  
1n

p +  >  pn.  Vy (pn)  l   dy s tng  v  

pn  c  th ln  bao nh iu  tu  (iu  ny s thy r hn   ch ng  sau).  

4.  Dy s (Sn)  c  

2 1
1 1

3
.. 3.4
4

n
n n n n n
S S C a S


+ += + = +

2

1 3. .
43

n
 

hay  
1

3 3 4
.

16 9

n

n n
S S+

 
= +  

 
.  

T y c th suy ra  

2 1
3 3 3 4 4 4

1 .. .
16 16 9 9 9

n

n
S

    
 = + + + + +   

    

4
1

3 3 3 2 39. .
416 16 5

1
9

n  
   

  = + <



 

Dy s (Sn)  b  chn  trn.  

iu  th  v  ca dy vn  Kc l   ch chu  vi  pn  c  th ln  tu  vi  n    ln ,  trong  

khi  d in  tch  Sn  li  b  chn  (! )  

Cc nh ton  hc  c gng  m t  h nh  dng  ca cc Fractal  t hn  mt trm 
nm qua.  Vi  kh nng  ca cc my tnh  h in  i ,  Fractal   tr thnh  mt  ti  
 c quan  tm c bit,  bi  chng  c th  c d in  t  bng  k thut s v  c 
khm ph qua mi  v p hp dn  ca chng.  Fractal  ang   c s dng  nh  
mt ph ng  tin  h tr cho Ton  hc v n cng  th h in   c nhng  nt p 
vn  ho trong  v ngoi  hnh  tinh  thng  qua nn  cng  nghip in  nh.  
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n tp ch ng I I I  

1.   Khi no th cp s cng l dy s tng,  dy s gim ?  

2.   Cho cp s nhn c u1  <  0 v cng bi q.  Hi cc s hng khc s mang 

du g trong cc tr ng hp sau :  

a)  q  >  0 ?         b)  q  <  0 ?  

3.   Cho hai cp s cng c cng s cc s hng.  Tng cc s hng t ng ng 
ca chng c lp thnh cp s cng khng ?  V sao ?  Cho mt v d 
minh  ho.  

4.   Cho hai cp s nhn c cng s cc s hng.  Tch cc s hng t ng ng ca 
chng c lp thnh cp s nhn khng ?  V sao ?  Cho mt v d minh ho.  

5.   Chng minh rng vi mi  n    * ,  ta c :  

a)  1 3
n
   1  chia ht cho 6 ;      b)  3n

3
 +  1 5n  chia ht cho 9.  

6.   Cho dy s (un),  bit u1  =  2,  un+1  =  2un    1  (vi  n    1 ) .  

a)  Vit nm s hng u ca dy.  

b)  Chng minh un  =  2
n1

 + 1  bng ph ng php quy np.  

7.   Xt tnh tng,  gim v b chn ca cc dy s (un),  bit :  

a)  un  =  n  +
1

n
 ;         b)  un  =  

1 1
( 1) sinn

n

  ;  

c)  un  = 1n n+  .  

8.   Tm s hng u u1  v cng sai d  ca cc cp s cng (un),  bit :  

a)  1 5

4

5 10 0

14 ;

u u

S

+ =


=
      b)  

7 15

2 2
4 12

60

1170.

u u

u u

+ =


+ =
 

9.   Tm s hng u u1  v cng bi q  ca cc cp s nhn (un),  bit :  

a)  6

7

192

384 ;

u

u

=


=
        b)  4 2

5 3

72

144 ;

u u

u u

 =


 =
  

c)  2 5 4

3 6 5

10

20.

u u u

u u u

+  =


+  =
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10.   T gic ABCD  c s o ()  ca cc gc lp thnh mt cp s cng theo th 

t A ,  B,  C,  D .  Bit rng gc C  gp nm ln gc A .  Tnh cc gc ca t gic.  

11.   Bit rng ba s x,  y,  z  lp thnh mt cp s nhn v ba s x,  2y,  3z  lp 

thnh mt cp s cng.  Tm cng bi ca cp s nhn.  

12.   Ng i ta thit k mt ci  thp gm 1 1  tng.  Din tch b mt trn ca 
mi tng bng na din tch mt trn ca tng ngay bn d i v din tch 
b mt trn ca tng 1  bng na din tch  thp.  Bit din tch mt  

thp l 1 2 288  m
2
.  Tnh din tch mt trn cng.  

13.   Chng minh rng nu cc s a
2
,  b

2
,  c

2
 lp thnh mt cp s cng (abc    0)  

th cc s 
1

,
b c+

 
1

,
c a+

 
1

a b+

 cng lp thnh mt cp s cng.  

Bi  tp trc nghim 

14.   Cho dy s (un),  bit un  =  3
n
.  Hy chn ph ng n ng :  

a)  S hng 1nu +
 bng :  

(A)  3
n
 +  1  ;      (B)  3

n
 +  3  ;     (C)  3

n
.3  ;     (D)  3(n  +  1 ) .  

b)  S hng 2nu  bng :  

(A)  2.3
n
 ;       (B)  9

n  
;      (C)  3

n
 +  3  ;    (D)  6n.     

c)  S hng 1nu 
 bng :  

(A)  3
n
   1  ;      (B)  

1
. 3

3
n  ;      (C)  3

n
   3  ;    (D)  3n    1 .  

d)  S hng 2 1nu


 bng :  

(A)  3
2
.3

n
   1  ;     (B)  3

n
.3

n1  
;    (C)  3

2n
   1  ;    (D)  2( 1)3 n .  

15.   Hy cho bit dy s (un)  no d i y l dy s tng,  nu bit cng thc s 

hng tng qut un  ca n l :  

(A)  1( 1 ) . sinn

n

+ 
  ;       (B)  (1 )

2n
(5

n
 +  1 )  ;    

(C)  
1

1n n+ +

 ;         (D)  
2

.
1

n

n +
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16.   Cho cp s cng 2,  x,  6,  y.  Hy chn kt qu ng trong cc kt qu sau :  

(A)  x  =   6,  y  =  2 ;        (B)  x  =  1 ,  y  =  7  ;  

(C)  x  =  2,  y  =  8  ;         (D)  x  =  2,  y  =  1 0.  

17.   Cho cp s nhn 4,  x,  9.  Hy chn kt qu ng trong cc kt qu sau :  

(A)  x  =  36  ;           (B)  x  =  6,5  ;  

(C)  x  =  6  ;           (D)  x  =  36.  

18.   Cho cp s cng (un).  Hy chn h thc ng trong cc h thc sau :  

(A)  10 20
5 10

2

u u
u u

+
= +  ;     (B)  u90  +  u210  =  2u150  ;  

(C)  u10 .u30  =  u20 ;       (D)  10 30
20

.
.

2

u u
u=  

19.   Trong cc dy s cho bi cc cng thc truy hi sau,  hy chn dy s l 

cp s nhn :  

(A)  
1

2
1

2

n n

u

u u+

=


=
 ;         (B)  

1

1

1

3
n n

u

u u+

= 


=
;  

(C)  
1

1

3

1n n

u

u u+

= 


= +
 ;        (D)  7,  77,  777,  . . . ,  

ch s 7

777...7
n


.  
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n g h  c h  l   c  a  Z  - n  n g  ( Z  n o n )  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A-sin  (Achi l le)   mt lc s trong thn thoi  Hy Lp,  ng i   c mnh  danh  l  
"c  i  chn  chy nhanh  nh  g i"  ui  theo mt con  ra trn  mt  ng  thng.  

Nu  lc xut pht,  ra  im  A
1
 cch  A-sin  mt khong  bng  a  khc 0,  th   mc 

d  chy nhanh  hn,  A-sin  cng  khng  bao g i c  th ui  kp  ra.  

Tht vy,   ui  kp ra,  tr c ht A-sin  cn i  n im xut pht A
1
 ca ra.  

Nh ng  trong  khong  thi  g ian  ,  ra  i  n  mt im A
2
 khc.   ui  tip  

A-sin  li  phi  n  c im A
2
 ny.  Khi  A-sin  i  n im 

2
A  th  ra li  tin  ln  

im A
3
,  . . .  C nh  th,  A-sin  khng bao gi ui  kp ra.  

Cu  chuyn  trn  l  nghch  l  ni  ting  ca Z-nng  (Znon  d ' le 496  429 

tr c CN)   mt trit g ia  Hy Lp  thnh  ph Ede,  pha nam n c   by g i.  
Nghch  l  ca ng  gp phn  thc y s xut h in  khi  n im g ii  hn.  Nh khi  
n im gii  hn,  con  ng i  c th nghin  cu  cc vn   l in  quan  ti  s v hn  
trong  Gii  tch.  

 

 

 



 1 1 2 

1  

u
1

u
3

u
5

u
6

u
7

u
4 u

2

u
100

0
1

3

1

2

 
 
I    Gii  hn hu hn ca dy s  

1 .   nh  ngha 

1   

Cho dy s (u
n
)  vi  

1
.

n
u

n
=  

Biu  d in  (un)  d i  dng  khai  trin  :  
1 1 1 1 1

1, , , , , . . . , , . . .
2 3 4 5 100

 

B iu  d in  (un)  trn  trc s (h .46)  :  

 

 

 

Hnh 46 

a)  Nhn  xt  xem  khong  cch  t un  ti  0  thay i  th no  khi  n  tr nn  rt ln.  

b)  Bt u  t s hng  un  no ca dy s th khong cch t un  n 0  nh hn  0,01  ?  
0,001  ? 

(Ta cng  chng  minh   c rng  
1

nu
n

=  c th nh hn  mt s d ng  b tu ,  k 

t mt s hng  no  tr i ,  ngha l  
n
u  c th nh bao nhiu  cng   c min  l 

chn  n    ln.  Khi  ,  ta  ni  dy s (un)  vi  
1

nu
n

=  c g ii  hn  l  0  kh i  n  dn  ti  

d ng  v  cc).  

nh ngha 1  

Ta ni dy s (un)  c gii hn l 0  khi n  dn ti d ng v cc,  

nu  |un|  c th nh hn mt s d ng b tu ,  k t mt s hng 
no  tr i.   

K hiu  :  lim 0n
n

u
+

=  hay  un    0  khi n    +.  
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Nh  vy,  ( )nu  c  gii hn l 0 khi n    +  nu nu  c th gn 0 bao nhiu 

cng  c,  min l n   ln.  

V d 1 .  Cho dy s (un)  vi  2

( 1)n

nu
n


= .   

Biu din (un)  trn trc s (h.47)  :  

 

 

 

 

 

Hnh 47 

Ng i ta chng minh  c rng lim 0n
n

u
+

= ,  ngha l nu c th nh hn 

mt s d ng bt k,  k t mt s hng no  tr i.  

Chng hn :   

2 2

( 1) 1
0, 01

n

nu
n n


= = <  hay 

2

1 1

100nu
n

= <  

vi mi n  tho mn 2 100n >  hay n  > 10.   

Ni cch khc,  nu  < 0,01  k t s hng th 1 1  tr i.  

T ng t,   

2

1
0, 000 01nu

n
= <  hay 

2

1 1

100000nu
n

= <  

vi mi n  tho mn 2 100 000n >  hay 100 000 316, 2n >  .  

Vy nu  <  0,000 01  k t s hng th 31 7  tr i.  

nh ngha 2  

Ta ni dy s (vn) c gii hn l s a  (hay vn dn ti a) khi n    +,  
nu lim ( ) 0n

n
v a

+

 = .   

K hiu  :  lim n
n

v a
+

=  hay vn  a  khi n    +  .  

1  1

u
1

u
3

u
5

u
4

u
2

u =
10

0

1

9

1

4

1

25

1

100

1

16
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V d 2 .  Cho dy s (vn)  vi vn  =
2 1n

n

+
.  Chng minh rng lim 2n

n
v

+
= .  

Gii.  Ta c 
2 1 1

lim ( 2) lim 2 lim 0.n
n n n

n
v

n n+ + +

+ 
 =  = = 

 
 

Vy 
2 1

lim lim 2.n
n n

n
v

n+ +

+
= =   

2.   Mt vi  gii  hn  c bit 

T nh ngha suy ra cc kt qu sau :  

a)  
1

lim 0
n n+

=  ;  
1

lim 0
kn n+

=  vi k nguyn d ng ;  

b)  lim 0n

n
q

+
=  nu |q|  <  1  ;  

c)  Nu  un  =  c  (c  l hng s)  th lim limn
n n

u c c
+ +

= = .   

ch  

T nay v sau thay cho lim ,n
n

u a
+

=  ta vit tt l lim .nu a=  

I I     nh  l  v  gii  hn hu hn 

Vic tm gii hn bng nh ngha kh phc tp nn ng i ta th ng p dng 
cc cng thc gii hn c bit nu trn v nh l sau y m ta tha nhn.  

nh l 1  

a)  Nu lim nu a=  v lim nv b=  th  

 ( )lim n nu v a b+ = +      ( )lim n nu v a b =   

 lim( . ) .n nu v a b=        lim n

n

u a

v b
=  (nu b    0).   

b)  Nu un    0  vi mi n  v lim nu a=  th  

a    0  v lim nu a= .  
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V d 3 .  Tm 
2

2

3
lim .

1

n n

n



+
 

Gii.  Chia t s v mu s cho n
2
,  ta  c 

2

2

1
3

3
.

1 11 . 1

n n n

n

n n




=
+ +

 

V 
1 1

lim 3 lim 3 lim 3 0 3
n n

 
 =  =  = 

 
 

v 
1 1 1 1

lim . 1 lim . lim lim1 0.0 1 1
n n n n

 
+ = + = + = 

 
 

nn 
2

2

11 lim 33
3 3

lim lim 3.
1 1 1 1 11 . 1 lim . 1

n n nn

n

n n n n

 
    = = = =

 + + + 
 

  

V d 4.  Tm 
21 4

lim .
1 2

n

n

+


 

Gii.  Ta c 

2
2 2

1
4

1 4
lim lim

1 2 1 2

n

n n

n n

 
+ 

+  
=

 
 

   
2 2

1 1
4 4

2
lim lim 1 .

11 222

n

n n

n
nn

+ +

= = = = 
   

 

  

I I I    Tng  ca cp  s  nhn li  v  hn 

 Cp s nhn v hn (un)  c cng bi q,  vi q  <  1   c gi l cp s 

nhn li v hn.  

Chng hn,  hai dy s sau l nhng cp s nhn li v hn  :  

  Dy s 
1 1 1 1
, , , . . . , , . . .

2 4 8 2n
 vi cng  bi 

1

2
q =  ;  
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  Dy s 
1

1 1 1 1 1
1, , , , , . . . , , . . .

3 9 27 81 3

n
 

   
 

 vi cng  bi 
1

3
q =  .  

 Cho cp s nhn li v hn (un)  c cng bi q.  Khi ,   

Sn  =  u1  +  u2  +  u3  +. . .+  un  =
1 1 1(1 )

.
1 1 1

n
nu q u u

q
q q q

  
=      

.  

V q  <  1  nn lim 0.n
q =  T  ta c  

1 1 1lim lim
1 1 1

n
n

u u u
S q

q q q

  
=  =  

    
.  

Gii hn ny  c gi l tng ca cp s nhn li v hn  (un)  v  c k 

hiu l S  =  u1  +  u2  +  u3  +. . .+  un  +. . .   

Nh  vy 

1 ( 1).
1

u
S q

q
= <


 

V d 5  

a)  Tnh tng ca cp s nhn li v hn (un),  vi  un  =  
1
.

3n
 

 b)  Tnh tng 
1

1 1 1 1
1 .. . . . .

2 4 8 2

n
 

 +  + +  + 
 

 

Gii    

a)  V  un  =  
1

3n
 nn  u1  = 

1

3
,  

1

3
q = .  Do  

1

1
1 1 1 1 13.. . . . .

13 9 27 1 23 1
3

n

u
S

q
= + + + + + = = =




.  

b)  Cc s hng ca tng lp thnh cp s nhn li v hn vi u1  =  1 ,  

1

2
q =  .  
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Vy    


 
=  +  + +  + 

 

1
1 1 1 1

1 .. . . . .
2 4 8 2

n

S  

 1 1 2
.

11 3
1

2

u

q
= = =

  
  
 

  

IV    gii  hn v  cc  

1 .   nh  ngha 

2  

C nhiu  t giy ging  nhau,  mi  t c b dy l 
0, 1 mm.  Ta xp chng  l in  tip t ny ln  t 
khc (h.48).  Gi s c th thc h in  vic xp 
g iy nh  vy mt cch  v hn.  

Gi  u1  l  b dy ca mt t g iy,  u2  l  b dy 

ca mt xp giy gm hai  t,  u3  l  b dy ca 

mt xp g iy gm ba t,  . . . ,  un  l  b dy ca 

mt chng  giy gm n  t.  Tip tc nh  vy,  ta  

c  c dy s v hn  (un) .   
Bng  sau  y cho bit b dy (tnh  theo mm)  
ca mt s chng  g iy.  

u1  
. . .  u1000  . . . u1000 000  . . .  u1000 000 000  . . .  un  . . .  

0,1  . . .  1 00 . . . 1 00 000 . . .  1 00 000 000 . . .  
10

n
 . . .  

a)  Quan  st bng  trn  v nhn  xt v g i tr  ca  un  kh i  n  tng  ln  v hn.  

b)  Vi  n  nh  th no th  ta  t  c nhng  chng  giy c b dy ln  hn  khong  
cch t Tri  t ti  Mt Trng  ?  (Cho bit khong  cch  ny  mt thi  im xc 

nh  l  384 000  km  hay 384.10
9  
mm).  

(Ta cng  chng  minh   c rng  
10

n

n
u =  c th ln  hn  mt s d ng  bt k,  k t 

mt s hng  no  tr i .  Khi  ,  dy s (un)  ni  trn   c gi  l  dn ti d ng v 

cc,  khi  n    +) .  

Hnh 48 
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nh ngha 

 Ta ni dy s (un)  c gii hn +  khi  n    +,  nu  un  c th 
ln hn mt s d ng bt k,  k t mt s hng no  tr i.   

K hiu :  lim nu = +  hay  un    +  khi n   +.  

 Dy s (un)   c gi l c gii hn   khi n    +  nu 
lim( )nu = + .  

K hiu :  lim nu =   hay  un      khi  n    +.  

nhn xt 

lim  lim( )  n nu u= +    =   .  

V d 6.  Cho dy s (un)  vi  un  =  n
2
.  

Hnh 49 cho mt biu din cc s hng ca (un)  trn trc s.  

 

 

 

Hnh 49 

Biu din hnh hc ny cho thy,  khi n  tng ln v hn th  un  tr nn 

rt ln.  Hn na,  ng i ta chng minh  c rng lim ,nu = +  ngha l un  

c th ln hn mt s d ng bt k,  k t mt s hng no  tr i.  

Chng hn,  un  >  1 0 000,  hay n
2
 >  1 0 000 khi n  >  1 00.   

Vy  un  >  1 0 000 k t s hng th 1 01  tr i.  

T ng t,  un  >  1 0
20
 hay n

2
 >  1 0

20
 khi n  >  1 0

1 0
.   

Vy  un  >  1 0
20
 k t s hng th 1 0

10
 +  1 .  

2.   Mt vi  gii  hn  c bit 

Ta tha nhn cc kt qu sau :  

     a)  lim k
n = +  vi k  nguyn d ng ;  

     b)  lim n
q = +  nu q  >  1 .  
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3.   nh  l  

Ta tha nhn nh l d i y.  

nh l 2  

a)  Nu lim
n

u a=  v lim
n
v =   th lim 0n

n

u

v

= .   

b)  Nu lim
n

u a= > 0,  lim 0
n
v =  v v

n
 >  0 vi mi n th 

lim n

n

u

v

= + .  

c)  Nu lim
n

u = +  v lim 0
n
v a= >  th lim

n n
u v = + .  

V d 7.  Tm 
2 5

lim .
. 3n
n

n

+
 

Gii.  Chia t v mu cho n,  ta  c 

5
2

2 5
.

.3 3n n

n
n

n

+
+

=  

V 
5

lim 2 2
n

 
+ = 

 
 v lim 3n = +  nn  

5
2

2 5
lim lim 0.

.3 3n n

n
n

n

+
+

= =   

V d 8.  Tm 2lim ( 2 1).n n    

Gii.  Ta c 2 2
2

2 1
2 1 = 1 .n n n

n n

 
    

 
 

V 2lim n = +  v 
2

2 1
lim 1  

n n

 
  

 
 =  1  > 0 nn  

2
2

2 1
lim 1  = + n

n n

 
   

 
.  

Vy 2lim ( 2 1) .n n  = +   
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B i    c  t h  m  

qu ay  v   n g h  c h  l   z  - n  n g   

 

Sau  khi   hc v g ii  hn  ca dy s,  ta  c th g ii  thch  nh  th no v nghch  
l  "A-sin  khng  ui  kp  ra"  ?  

 n  g in,   y ta ch xt mt tr ng  hp c  th (tr ng  hp tng  qut  c 
g ii  quyt t ng  t) .  

Gi s tc  chy ca A-sin  l 100  km/h,  cn  tc  chy ca ra l 1  km/h.  Lc 

xut pht,  ra  im A1  cch  A-sin  100 km (h.50) .   

 

 

 

 

 

Hnh 50  

Ta tnh  thi  g ian  A-sin  ui  ra,  bng  cch  tnh  tng  thi  g ian  A-sin  chy ht cc 

qung   ng  OA1 ,  A1A2,  A2A3 ,  . . . ,  An1An
,  . . .  Nu  tng  ny v hn  th   A-sin  

khng th ui  kp  c ra,  cn nu  n hu hn th  chnh l thi  gian  m A-sin  
ui  kp  ra.  

 chy ht qung  ng OA1  =  1 00(km),  A-sin  phi  mt thi  gian  t1  =  
100

100
 =  1 (h).  

Vi  thi  g ian  t1  ny,  ra   chy  c qung   ng  A1A2  =  1 (km).  

 chy ht qung  ng  A1A2  =  1 (km),  A-sin phi mt thi  gian t2  = 
1

100
(h).  Vi  thi  

g ian  t2  ra   chy thm  c qung   ng  A2A3  =  
1

100
 (km).  

Tip tc nh  vy,   chy ht qung   ng  An1An
 =  

2

1

100
n

(km),  A-sin  phi  mt 

thi  g ian  tn  =  1

1

100
n

(h) .  

Vy tng thi  gian A-sin  chy ht cc qung  ng OA1 ,  A1A2,  A2A3,  . . . ,  An1An,  . . .  l  

2 3

1 1 1 1
1 .. . . . .

100 100 100 100
n

T = + + + + + +  (h)  
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 l tng ca mt cp s nhn li  v hn vi  u1  = 1 ,  cng bi  
1

,
100

q =  nn ta c  

1 100 1
1

1 99 99
1

100

T = = =



(h) .  

Nh  vy,  A-sin  ui  kp  ra sau  
1

1
99

 g i.  

Kt qu trn  (t  c nh p dng  khi  n im g ii  hn)  cho php g ii  thch  
nghch  l  ca Z-nng.  

Bi  tp 

1.   C 1  kg cht phng x c hi.  Bit rng,  c sau mt khong thi gian  

T  =  24 000 nm th mt na s cht phng x ny b phn r thnh cht 
khc khng c hi i vi sc kho ca con ng i (T   c gi l chu k 
bn r).   

Gi  un  l khi l ng cht phng x cn li sau chu k th n.   

a)  Tm s hng tng qut  un  ca dy s (un).  

b)  Chng minh rng (un)  c gii hn l 0.  

c)  T kt qu cu b),  chng t rng sau mt s nm no  khi l ng cht 

phng x  cho ban u khng cn c hi i vi con ng i,  cho bit 

cht phng x ny s khng c hi na nu khi l ng cht phng x cn 

li b hn 1 0
6

g.  

2.   Bit dy s (un)  tho mn 
3

1
1nu

n
 <  vi mi n.  Chng minh rng 

lim 1 .nu =  

3.   Tm cc gii hn sau :  

a)  
6 1

lim
3 2

n

n



+

 ;          b)  
2

2

3 5
lim

2 1

n n

n

+ 

+

 ;   

c)  
3 5.4

lim
4 2

n n

n n

+

+

 ;         d)  
29 1

lim
4 2

n n

n

 +



.  
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4.    trang hong cho cn h ca mnh,  ch chut Mickey quyt nh t mu 
mt ming ba hnh vung cnh bng 1 .  N t mu xm cc hnh vung 
nh  c nh s ln l t l 1 ,  2,  3 ,  . . . ,  n,  . . . ,  trong  cnh ca hnh vung 
k tip bng mt na cnh hnh vung tr c  (h.51 ).   

 

 

 

 
 

 
 

 

 
 

Hnh 51  

Gi s quy trnh t mu ca Mickey c th tin ra v hn.   

a)  Gi  un  l din tch ca hnh vung mu xm th n.  Tnh  u1  ,  u2  ,  u3  v  un.  

b)  Tnh lim nS  vi Sn  =  u1  +  u2  +  u3  ++  un.  

5.   Tnh tng 
2 1

1 1 ( 1)
1 .. . . . .

10 10 10

n

n
S




=  +  + + +  

6.   Cho s thp phn v hn tun hon a  =  1 ,020 202. . .  (chu k l 02).  Hy vit 

a  d i dng mt phn s.  

7.   Tnh cc gii hn sau :  

a)  3 2lim ( 2 1)n n n+  +  ;        b)  2lim ( 5 2)n n +   ;   

c)  2lim n n n
   
 

 ;        d)  2lim( ).n n n +     

8.   Cho hai dy s ( )nu  v ( )nv .  Bit lim 3nu = ,  lim nv = + .   

Tnh cc gii hn :   

a)  
3 1

lim
1

n

n

u

u



+
 ;           b)  

2

2
lim

1

n

n

v

v

+


.  

3

2

1



 1 23  

  

 

 

 

 

 

 

 

I    Gii  hn hu hn  ca hm s  ti  mt  im  

1 .   nh  ngha 

1   

Xt hm s 
22 2

( )
1

x x
f x

x


=



.    

1 .  Cho bin x nhng gi tr  khc 1  lp thnh dy s (xn),  xn    1  nh  trong bng sau  :  

x  x1  =  2  2

3

2
x = 3

4

3
x = 4

5

4
x = . . .  

1
n

n
x

n

+
=

 

. . .  
              1  

f(x)  f(x1 )  f(x2)  f(x3)  f(x4)  . . .  f(xn)  . . .                ?  

Khi  ,  cc gi  tr  t ng  ng  ca hm s  

1 2( ), ( ), . . . , ( ), . . .
n

f x f x f x  

cng  lp thnh  mt dy s m ta k h iu  l  ( ( )).
n

f x  

a)  Chng  minh  rng  
2 2

( ) 2
n n

n
f x x

n

+
= = .  

b)  Tm g ii  hn  ca dy s (f(xn)).  

2.  Chng  minh  rng  vi  dy s bt k  (xn) ,  1
n
x   v  xn    1 ,  ta lun c ( ) 2.

n
f x   

(Vi  tnh  cht th hin  trong  cu  2,  ta  ni  hm s 
2

2 2
( )

1

x x
f x

x


=



 c gii  hn  l  2  

kh i  x  dn  ti  1 ) .  
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D i y,  thay cho cc khong (a  ;  b),  (  ;  b),  (a  ;  +)  hoc (  ;  +),  
ta vit chung l khong K.  

 

nh ngha 1  

Cho khong K cha im x0  v hm s y  =  f(x)  xc nh trn 

K hoc trn K \ { x0} .   

Ta ni hm s y  =  f(x) c gii hn l s L  khi x dn ti x0  nu vi 

dy s (xn)  bt k,  xn  K \ {x0}  v xn    x0,  ta c f(xn)   L.   

K hiu :  
0

lim ( )
x x

f x L


=  hay f(x)    L  khi x    x0 .  

V d 1 .  Cho hm s  
2 4

( ) .
2

x
f x

x


=

+

 Chng minh rng
2

lim ( ) 4
x

f x


=  .  

Gii.  Hm s  cho xc nh trn  \ {2} .   

Gi s (xn)  l mt dy s bt k,  tho mn xn    2 v xn    2 khi n    +.  

Ta c  

2 4 ( 2)( 2)
lim ( ) lim lim lim( 2) 4.

2 ( 2)
n n n

n n
n n

x x x
f x x

x x

 + 

= = =  = 

+ +

 

Do  
2

lim ( ) 4.
x

f x


=    

(L u  rng,  mc d  f(x)  khng xc nh ti x  =  2,  nh ng hm s li c 

gii hn l 4 khi x    2).  

Nhn xt 

0
0lim

x x
x x



=  ;  
0

lim ,
x x

c c


=  vi c  l hng s.   

 

2.   nh  l  v gii  hn  hu  hn  

Ta tha nhn nh l sau y.  
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nh l 1  

a)  Gi s 
0

lim ( )
x x

f x L


=  v 
0

lim ( ) .
x x

g x M


=  Khi   

 [ ]
0

lim ( ) ( )
x x

f x g x L M


+ = + ;  

 [ ]
0

lim ( ) ( )
x x

f x g x L M


 =  ;  

 [ ]
0

lim ( ). ( ) .
x x

f x g x L M


=  ;  

 
0

( )
lim

( )x x

f x L

g x M
=  (nu M    0).  

 b)  Nu  f(x)    0  v
0

lim ( )
x x

f x L


= ,  th 

L   0  v  
0

lim ( )
x x

f x L


= .  

(Du ca  f(x)   c xt trn khong ang tm gii hn,  vi 
x    0x ) .  

V d 2 .  Cho hm s  f(x)  =  
2 1

.
2

x

x

+
 Tm

3
lim ( )
x

f x


.  

Gii.  Theo nh l 1  ta c 

2
2

3

3 3
3

lim ( 1)
1

lim ( ) lim
2 lim 2

x

x x
x

x
x

f x
x x



 


+
+

= =  

  

2

3 3 3 3 3

3 3 3 3

lim lim 1 lim . lim lim 1
3 . 3 1 5

.
lim 2. lim lim 2. lim 2 3 3
x x x x x

x x x x

x x x

x x

    

   

+ +
+

= = = =   

V d 3 .  Tnh 
2

1

2
lim .

1x

x x

x

+ 


 

Gii.  V (x    1 )    0  khi x   1 ,  nn ta ch a th p dng nh l 1  nu trn.  

Nh ng vi x    1  ta c 
2 2 ( 1)( 2)

2
1 1

x x x x
x

x x

+   +
= = +

 
.  
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Do ,   

2

1 1 1

2 ( 1)( 2)
lim lim lim ( 2) 3

1 1x x x

x x x x
x

x x  

+   +
= = + =

 

.   

3.   Gii  hn  mt bn  

Trong nh ngha 1  v gii hn hu hn ca hm s khi x   x0,  ta xt dy 

s (xn)  bt k,  xn   (a  ;  b)\{ x0}  v xn    x0 .  Gi  tr  xn  c  th  ln hn hay 

nh  hn x0 .   

Nu ta ch xt cc dy (xn)  m xn  lun ln hn x0  (hay lun nh hn  x0),  

th ta c nh ngha gii hn mt bn nh  d i y.  

nh ngha 2  

 Cho hm s y  =  f(x)  xc nh trn khong (x0  ;  b).   

S L   c  gi  l gii hn  bn  phi  ca hm s y  =  f(x)  khi  

x    x0  nu vi dy s (xn)  bt k,  x0  < xn < b  v xn    x0 ,  ta 

c f(xn)    L.   

K hiu :  
0

lim ( )
x x

f x L
+



= .  

 Cho hm s y  =  f(x)  xc nh trn khong (a  ;  x0).  

S L   c  gi  l gii hn bn  tri  ca hm s y  =  f(x)  khi 

x    x0  nu vi dy s (xn)  bt k,  a  <  xn  < x0  v xn    x0 ,  ta 

c f(xn)    L.   

K hiu :  
0

lim ( )
x x

f x L




= .  

Ta tha nhn nh l sau y.  

nh l 2  

0

lim ( )
x x

f x L


=  khi v ch khi 
0 0

lim ( ) lim ( ) .
x x x x

f x f x L
 +

 

= =  
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V d 4.  Cho hm s     
2

5 2  nu 1
( )

3 nu 1 .

+ 
= 

 <

x x
f x

x x
      

(1)

(2)
 

Tm 
1

lim ( )
x

f x


,  
1

lim ( )
x

f x
+

 v 
1

lim ( )
x

f x


 (nu c).  

Gii.  Ta c,  2 2

1 1
lim ( ) lim ( 3) 1 3 2

x x

f x x
  

=  =  =   ;   

1 1
lim ( ) lim (5 2) 5.1 2 7.

x x

f x x
+ + 

= + = + =  

Nh  vy, khi x dn ti 1  hm s y =  f(x)  c gii hn bn tri l 2 v gii hn 

bn phi l 7.  Tuy nhin, 
1

lim ( )
x

f x


 khng tn ti v 
1

lim ( )
x

f x


  
1

lim ( )
x

f x
+

.   

2  

Trong  biu  thc (1 )  xc nh  hm s y  =  f(x)   V d  4,  cn  thay s 2  bng  s no 

 hm s c g ii  hn  l  2 khi  x    1  ?  

I I    Gii  hn hu hn ca hm s  ti  v cc 

3  

Cho hm s 
1

( )
2

f x
x

=


 c  th   nh   H nh  52  

 

 

 

 

 

 

 

 

 

 

Hnh 52  

Quan  st  th   v cho bit :  

 Khi  bin  x  dn  ti  d ng  v cc,  th  f(x)  dn  ti  g i tr  no.  

 Khi  bin  x  dn  ti  m v cc,  th  f(x)  dn  ti  g i tr  no.  
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nh ngha 3 

a)  Cho hm s y  =  f(x)  xc nh trn khong (a  ;  +).   

Ta ni hm s y  =  f(x)  c gii hn l s L  khi x    +  nu vi 

dy s (xn)  bt k,  xn  >  a  v xn    + ,  ta c  f(xn)    L.   

K hiu :  lim ( )
x

f x L
+

=  hay  f(x)    L  khi x    + .  

b)  Cho hm s y  =  f(x)  xc nh trn khong (  ;  a).  

Ta ni hm s y  =  f(x)  c gii hn l s L  khi x      nu vi 

dy s (xn)  bt k,  xn  <  a  v xn    ,  ta c  f(xn)    L.   

K hiu :  lim ( )
x

f x L


=  hay  f(x)    L  khi x     .   

V d 5.  Cho hm s  f(x)  =  
2 3

.
1

x

x

+



 Tm lim ( )
x

f x


 v lim ( )
x

f x
+

.  

Gii.  Hm s  cho xc nh trn (  ;  1 )  v trn (1 ;  +) .  

 Gi s (xn)  l mt dy s bt k,  tho mn xn  <  1  v xn     .   

Ta c 

3
2

2 3
lim ( ) lim lim 2.

11
1

n n
n

n

n

x x
f x

x

x

+

+
= = =




 

Vy 
2 3

lim ( ) lim 2.
1x x

x
f x

x 

+
= =



 

 Gi s (xn)  l mt dy s bt k,  tho mn xn  >  1  v xn    + .   

Ta c 

3
2

2 3
lim ( ) lim lim 2.

11
1

n n
n

n

n

x x
f x

x

x

+

+
= = =




 

Vy 
2 3

lim ( ) lim 2.
1x x

x
f x

x+ +

+
= =
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ch   

a)  Vi c,  k l cc hng s v k nguyn d ng,  ta lun c  :  

lim
x

c c
+

=  ;  lim
x

c c


=  ;  lim 0
kx

c

x+
=  ;  lim 0.

kx

c

x
=  

b)  nh l 1  v gii hn hu hn ca hm s khi x   x0  vn cn 
ng khi x   +  hoc x   .  

V d 6.  Tm 
2

2

3 2
lim .

1x

x x

x+



+
 

Gii.  Chia c t v mu cho x
2
,  ta c  

2

2

2

2
3

3 2
lim lim

11 1x x

x x x

x

x

+ +




=
+ +

22

2 2lim 3 lim 3 lim

11 lim 1 limlim 1

x x x

x xx

x x

xx

+ + +

+ ++

 
  

 = =
  ++ 
 

 

3 0
3.

1 0


= =

+
  

I I I    G ii  hn v cc ca hm s  

1 .   Gii  hn  v cc 

Cc nh ngha v gii hn +  (hoc )  ca hm s  c pht biu t ng 

t cc nh ngha 1 ,  2 hay 3   trn.  

Chng hn,  gii hn   ca hm s y  =  f(x)  khi x  dn ti d ng v cc  

 c nh ngha nh  d i y.  

nh ngha 4  

Cho hm s y  =  f(x)  xc nh trn khong (a  ;  +).   

Ta ni hm s y  =  f(x)  c gii hn l   khi x    +  nu vi 

dy s (xn)  bt k,  xn  >  a  v xn    +,  ta c  f(xn)    .  

K hiu :  lim ( )
x

f x
+

=    hay  f(x)      khi x    +.  
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Nhn xt  

lim ( ) lim ( ( )) .
x x

f x f x
+ +

= +    =    

2.   Mt vi  gii  hn  c bit 

a)  lim k

x
x

+

= +  vi k nguyn d ng.   

b) lim  k

x
x



=    nu k l s l.  

c) lim  k

x
x



= +   nu k l s chn.  

3.   Mt vi  quy tc v gii  hn  v cc 

nh l v gii hn ca tch v th ng hai hm s ch p dng  c khi tt 
c cc hm s  c xt c gii hn hu hn.  

Sau y l mt vi quy tc tnh gii hn ca tch v th ng hai hm s khi 
mt trong hai hm s  c gii hn v cc.  

a)  Quy tc tm gii hn ca tch f(x) .g(x)  

Nu 
0

lim ( ) 0
x x

f x L


=   v  
0

lim ( )
x x

g x


= + (hoc )   th 
0

lim ( ) ( )
x x

f x g x


 

 c tnh theo quy tc cho trong bng sau  :  

0

lim ( )
x x

f x


 
0

lim ( )
x x

g x


 
0

lim ( ) ( )
x x

f x g x


 

+  +  
L  >  0 

    

+    
L < 0 

  +  
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b)  Quy tc tm gii hn ca th ng 
( )

( )

f x

g x
 

0

lim ( )
x x

f x


 
0

lim ( )
x x

g x


 Du ca g(x)  
0

( )
lim

( )x x

f x

g x
 

L   Tu  0 

+  +  
L  >  0 

    

+    
L  <  0 

0 

  +  

(Du ca g(x)  xt trn mt khong K no  ang tnh gii hn,  vi x    x0).  

Ch   

Cc quy tc trn vn ng cho cc tr ng hp 0 ,x x
+  0 ,x x

  

x  +  v x   .  

V d 7.  Tm 3lim ( 2 )
x

x x


 .  

Gii.  Ta c 3 3
2

2
( 2 ) =  1 .x x x

x

 
  

 
 

V 3lim
x

x


=   v 
2

2
lim 1 1 0

x x

 
 = > 

 
 nn 3

2

2
lim 1

x
x

x

 
 =   

 
.  

Vy 3 3
2

2
lim ( 2 ) lim 1

x x
x x x

x 

 
 =  =   

 
.   

V d 8.  Tnh cc gii hn sau  :  

a)  
1

2 3
lim

1x

x

x




 ;            b)  

1

2 3
lim

1x

x

x+




.  

Gii  

a)  Ta c 
1

lim ( 1) 0
x

x


 = ,  x    1  <  0 vi mi x  <  1  v 

1
lim (2 3) 2.1 3 1 0.
x

x


 =  =  <  
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Do ,  
1

2 3
lim .

1x

x

x


= +


 

b)  Ta c 
1

lim ( 1) 0
x

x
+

 = ,  x    1  > 0 vi mi x  >  1  v 

1
lim (2 3) 2.1 3 1 0.
x

x
+

 =  =  <  

Do ,  
1

2 3
lim

1x

x

x+


= 


.   

Bi  tp 

1.   Dng nh ngha,  tm cc gii hn sau :  

a)
4

1
lim

3 2x

x

x

+


 ;           b)

2

2

2 5
lim

3x

x

x+



+
.  

2.   Cho hm s  

f(x)  =  
1 nu 0

2 nu < 0

x x

x x

 + 



 

v cc dy s (un)  vi  
1

nu
n

= ,  (vn)  vi 
1

nv
n

=  .  

Tnh lim , lim , lim ( )n n nu v f u  v lim ( ).nf v  

T  c kt lun g v gii hn ca hm s  cho khi x    0  ?  

3.   Tnh cc gii hn sau :  

a)  
2

3

1
lim

1x

x

x



+
 ;      b)  

2

2

4
lim

2x

x

x



+
 ;    c)  

6

3 3
lim

6x

x

x

+ 


 ;  

d)  
2 6

lim
4x

x

x+




 ;    e)  

2

17
lim

1x x+ +
;    f)  

22 1
lim .

3x

x x

x+

 + 

+
  

4.   Tm cc gii hn sau :  

a)  
22

3 5
lim

( 2)x

x

x




 ;     b)  

1

2 7
lim

1x

x

x




;      c)  

1

2 7
lim .

1x

x

x+
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5.   Cho hm s 
2

2
( )

9

x
f x

x

+
=



 c  th nh  trn Hnh 53.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 53  

a)  Quan st  th v nu nhn xt v gi tr hm s  cho khi x   ,  

3x


  v 3x
+

  .  

b)  Kim tra cc nhn xt trn bng cch tnh cc gii hn sau :  

  lim ( )
x

f x


 vi f(x)   c xt trn khong (  ;  3),   

  
3

lim ( )
x

f x




 vi f(x)   c xt trn khong (3  ;  3 ),  

  
3

lim ( )
x

f x
+



 vi f(x)   c xt trn khong (3  ;  3 ).  

6.   Tnh :   

a)  4 2

+
lim ( 1)

x
x x x

 

 +   ;       b)  3 2lim ( 2 3 5)
x

x x


 +   ;  

c)  2lim 2 5
x

x x


 +  ;        d)  
2 1

lim
5 2x

x x

x+

+ +



.  

7.   Mt thu knh hi t c tiu c l  f.  Gi d v d'  ln l t l khong cch t 
mt vt tht  AB  v t nh  A'B' ca n ti quang tm O  ca thu knh 

(h.54).  Cng thc thu knh l 
1 1 1

'd d f
+ = .  



 134 

 

 

 

 

 

 

Hnh 54  

a)  Tm biu thc xc nh hm s d '  =  (d).  

b)  Tm lim ( ),
d f

d
+

 lim ( )
d f

d


 v lim ( ).
d

d
+

 Gii thch  ngha ca cc 

kt qu tm  c.  

 

B  n  c   b i  t  ?  

 

 

Nh bc hc Anh  N iu-tn  (Newton,  1 642    1 727)  l  ng i  u  tin   xut thut 
ng "g ii  hn",  d ch  t ch La-tinh  "Limes"  c ngha l  "b",  "mp"  hay "bin gii".  
Tuy nhin, chnh Giu-rin (Jurin,  1 684  1 750),  sau   R-bin  (Robins,  1 697   1 751 ),  
C-si  (Cauchy,  1 789   1 857)  . . .  mi   a ra  cc nh  ngha  v khi  n im ny.  

Nh ton hc c Vai--xtrt (Weierstrass)   trnh  by 
mt nh  ngha hin  i  v khi  nim gii  hn,  gn ging 
vi  nh ngha sau  y m ngy nay vn th ng  c dng 
trong ton  hc.  

"S b   c gi  l gii  hn ca hm s y  =  f(x)  khi  x   a,  nu 

vi  mi    >  0,  tn  ti    >  0  sao cho vi  x   a  v |x    a|  <    

th   bt ng  thc  |f(x)    b |  <     c thc h in. "  (T in  
ton  hc NXB KH&KT 1 993).    

K hiu "lim" m ta dng ngy nay l do nh ton hc Thu S 
Luy-l (LHuil ler,  1 750   1 840)   a ra vo nm 1 786.   

Nh  vy,  khi  n im Gii  hn  ch mi  ra  i   th k XVI I .  
Tuy nhin,  t  t ng  "g ii  hn"   xut h in  rt sm  
nh iu  nh bc hc thi  c i .  

Weierstrass 

(181 5    1 897)  

A

B

d

F O F'

d'

B'

A'

ff
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Cu vor-so-v i   Xanh P-tc-bua (Nga)  ang m ra cho tu qua li.  

I    Hm  s  lin  tc  ti  mt  im  

1   

Cho hai  hm s f(x)  =  x
2
 v  

 +  


=  < <

 + 

2

2

2 nu 1

( ) 2 nu 1 1

2 nu 1

x x

g x x

x x

 

        

 

 c  th   nh  H nh  55.  

  

 

 

 

 

 

 

 

 

   th  hm s y  =  f(x)        th  hm s y  =  g(x)  

 Hnh 55  
a)  Tnh  g i tr  ca mi  hm s ti  x =  1  v so snh  vi  g ii  hn  (nu  c)  ca hm 

s  khi  x    1  ;  



 1 36 

b)  Nu  nhn  xt v  th  ca mi  hm s ti  im c honh   x =  1 .  

(Hm s y  =  f(x)   c gi  l  lin tc  ti  x  =  1  v hm s y  =  g(x)  khng  l in  tc ti  
im ny).  

nh ngha 1   

Cho hm s y  =  f(x)  xc nh trn khong K v x0   K.   

Hm s y = f(x)  c gi l lin tc  ti x0 nu 
0

0lim ( ) ( )
x x

f x f x


= .  

Hm s y  =  f(x)  khng lin tc ti x0   c gi l gin on  ti im .  

V d 1 .  Xt tnh lin tc ca hm s f(x)  =  
2

x

x 
 ti x0  =  3 .  

Gii.  Hm s y  =  f(x)  xc nh trn  \ {2} ,  do  xc nh trn khong 

(2 ;  +)  cha x0  =  3 .   

3 3
lim ( ) lim 3

2x x

x
f x

x 
= =


 =  f(3).  

Vy hm s y  =  f(x) lin tc ti x0 =  3.   

I I    Hm s  lin  tc  trn mt  khong 

nh ngha 2   

Hm s y  =  f(x)   c gi l lin tc trn mt khong  nu n 
lin tc ti mi im ca khong .   

Hm s y  =  f(x)   c gi l lin tc trn on  [a  ;  b]  nu n 

lin tc trn khong (a  ;  b)  v  

lim ( ) ( )
x a

f x f a
+

= ,  lim ( ) ( )
x b

f x f b


= .  

Khi nim hm s lin tc trn na khong,  nh  (a  ;  b] ,  [a  ;  +),  . . .   c 
nh ngha mt cch t ng t.   

Nhn xt 

 th ca hm s lin 
tc trn mt khong l 
mt " ng lin"  trn 
khong  (h.56).  Hnh 56 

y

xba O
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Hnh 57  cho v d v  th 
ca mt hm s khng lin 
tc trn khong (a  ;  b).  

 

 

Hnh 57 

I I I    Mt  s  nh  l  c  bn 

Ta tha nhn cc nh l sau y.  

nh l 1  

a)  Hm s a thc lin tc trn ton b tp s thc .  

b)  Hm s phn thc hu t (th ng ca hai a thc)  v cc 
hm s l ng gic lin tc trn tng khong ca tp xc 
nh ca chng.   

nh l 2  

Gi s y  =  f(x)  v y  =  g(x)  l hai hm s lin tc ti im 

0x .  Khi  :  

a)  Cc hm s y  =  f(x)  +  g(x),  y  =  f(x)    g(x)  v  y  =  f(x).g(x)  
lin tc ti  0x  ;   

b) Hm s 
( )

( )

f x
y

g x
=  lin tc  ti 0x  nu  0( )g x    0.  

V d 2 .  Cho hm s 

22 2
nu 1

( ) 1

5 nu 1 .

x x
x

h x x

x

 
 

=  
 =

 

Xt tnh lin tc ca hm s trn tp xc nh ca n.  

Gii.  Tp xc nh ca hm s l .  

 Nu x    1 ,  th 
22 2

( )
1

x x
h x

x


=


.   

y l hm phn thc hu t c tp xc nh l (  ;  1 )    (1  ;  +).  

Vy n lin tc trn mi khong (  ;  1 )  v (1  ;  +).  
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 Nu x  =  1 ,  ta c h(1 )  =  5  v  

2

1 1 1 1

2 2 2 ( 1)
lim ( ) lim lim lim 2 2.

1 1x x x x

x x x x
h x x

x x   

 
= = = =

 

 

V 
1

lim ( ) (1),
x

h x h


  nn hm s  cho khng lin tc ti x  =  1 .  

Kt lun :  Hm s  cho lin tc trn cc khong (  ;  1 )  ,  (1  ;  +)  v 

gin on ti x  =  1 .   

2  

Trong  biu  thc xc nh  h(x)  cho  V d  2,  cn  thay s 5 bi  s no   c mt 
hm s mi  l in  tc trn  tp s thc  ?  

3  

Gi s hm s y  =  f(x)  l in  tc trn  on  [a  ;  b]  vi  f(a)  v f(b)  tri  du  nhau.  Hi  
 th  ca hm s c ct trc honh  ti  im thuc khong  (a  ;  b)  khng  ?  

 Bn  H ng  tr li  rng  :   th  ca 
hm s y  =  f(x)  phi  ct trc honh  Ox  
ti  mt im duy nht  nm trong  
khong  (a  ;  b)  ".   

 Bn Lan khng nh :  " th  ca hm 
s y  =  f(x)  phi  ct trc honh Ox t nht 
ti  mt im  nm trong khong (a  ;  b) ".   

 Bn  Tun  th  cho rng  :  " th   ca 
hm s y  =  f(x)  c th khng ct  trc 
honh  trong khong (a  ;  b),  chng  hn  
nh   ng  parabol   hnh  (h.58).  

Cu  tr li  ca bn  no ng,  v  sao ?  

nh l 3  

Nu hm s y  =  f(x) lin tc trn on [a  ;  b]  v f(a)f(b) < 0,  th 

tn  ti t nht mt im  c    (a  ;  b)  sao cho  f(c)  =  0.  

Minh ho bng  th (h.59).  

 

 
 

Hnh 59 

Hnh 58 

y

xb

c

a

f(a)

O

f(b)



 1 39 

nh l 3  th ng  c p dng  chng minh s tn ti nghim ca 
ph ng trnh trn mt khong.  

C th pht biu nh l 3  d i mt dng khc nh  sau :   

Nu hm s y  =  f(x)  lin tc trn on [a  ;  b]  v f(a)f(b) < 0,  th 
ph ng trnh  f(x)  =  0 c t nht mt nghim nm trong 
khong  (a  ;  b).  

V d 3.  Chng minh rng ph ng trnh x
3
 +  2x   5  =  0 c t nht mt nghim.  

Gii.  Xt hm s f(x)  =  x
3
 +  2x    5 .  

Ta c f(0)  =  5  v  f(2)  =  7 .  Do ,  f(0)f(2)  < 0.          

y  =  f(x)  l hm s a thc nn lin tc trn .  Do ,  n lin tc trn on 

[0 ;  2] .  T  suy ra ph ng trnh f(x) =  0 c t nht mt nghim x0    (0 ;  2).   

Ch  

Nu nhn xt thm rng  f(1 )f(2) =  14 < 0 th ta c th kt lun 
ph ng trnh c t nht mt nghim trong khong (1  ;  2)   (0  ;  2).  

4  

Hy tm hai  s a  v  b  tho mn  1  < a  < b  < 2,  sao cho ph ng  trnh  trong  V d  3   
trn  c t nht mt nghim thuc khong  (a ;  b) .  

 

B i    c  t h  m  

Tnh gn ng nghim ca ph ng trnh.  
Ph ng php chia i   

 Trong  V d  3   phn  I I I ,  3,  ta   chng  minh   c rng  ph ng  trnh  

x
3  +  2x    5  =  0  c  nghim x0  thuc khong  (0 ;  2) .  Gi  s rng   l  nghim duy 

nht ca  ph ng  trnh  trn  khong  ny.  

Bng  cch  p dng  l in  tip nh  l  3,  ta  c th tm  c cc g i  tr  gn  ng  ca 

nghim x0.  Ta  lm  nh  sau  :  

  B c 1  :  Ly s 
0 2

1 .
2

+
=  Ta  c,  f(1 )  =  2.  So snh  du  ca f(1 )  v  du  ca 

g i  tr  hm s ti  hai  u  mt l  f(0)  v  f(2) ,  ta  thy :  f(1 ).f(2)  =  2.7  < 0.  Do ,  

ph ng  trnh  f(x)  =  0  c  nghim thuc (1  ;  2).  Nh  vy,  x0    (1  ;  2).  
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  B c 2  :  Ly s 
+

=
1 2

1, 5
2

.  Ta  c,  f(1 ,5)  =  1 ,375  v  f(1 ).f(1 ,5)  =  2.1 ,375  < 0.  

Do ,  f(x)  =  0  c nghim thuc (1  ;  1 ,5).  Nh  vy,  x0    (1  ;  1 ,5).  

  B c 3  :  Ly s 
1 1, 5

1, 25 .
2

+
=  Ta  c,  f(1 ,25)  =  0,546 875  v  f(1 ,25).f(1 ,5)  < 0.  

Do ,  f(x)  =  0  c  nghim thuc (1 ,25  ;  1 ,5) .  Nh  vy,  x0    (1 ,25  ;  1 ,5).  

Bng  sau  y trnh  by kt qu  tnh  ln  l t ca cc b c 4,  5,  6,  7.  

a b 
2

a b+
f(a) f(b) 

2

a b
f

+ 
 
 

 Nghim x0  

1 ,25 1 ,5 1 ,375   0,546 875 1 ,375 0,349609375 1 ,25 < x0  < 1 ,375 

1 ,25 1 ,375 1 ,3125   0,546 875 0,349609375   0,114013671875 1 ,3125 < x0  < 1 ,375 

1 ,3125 1 ,375 1 ,34375 0,114013671875 0,349609375 0,113861083984375 1 ,3125 < x0  < 1 ,34375 

1 ,3125 1 ,34375 1 ,328125 0,114013671875 0,113861083984375 0,001049041748046875 1,328125 <  x0  < 1 ,34375 

Nu  dng   b c 4,  ta  c 1 ,25  < x0  <  1 ,375.  Nh  vy,  c th c  c cc g i  tr  

gn  ng  ca nghim x0.  Chng  hn  
1, 25 1, 375

2

+
 l   mt g i tr  gn  ng  ca x0  

vi  sai  s tuyt i    <   1 ,375    1 ,25   =  0,1 25 .  

Khi  dng  b c 7,  ta c 1 ,328125 <  x0  < 1 ,343 75 .  C th ly x0    1 ,335 937 5  vi  sai  

s tuyt i    <   1 ,343  75   1 ,328  1 25   =  0,01 5  625.  

Nu  tip tc quy trnh  trn,  ta  tm   c nhng  g i  tr  gn  ng  ca x0  vi  sai  s 
cng  ngy cng  b.  

Ch .  Trong qu trnh  tnh  ton,  nu  c s 
2

a b+
 no  m 0

2

a b
f

+ 
= 

 
,  th   kt 

lun  nghim 0 2

a b
x

+
= .  

  Vic tm  g i  tr  gn  ng  ca nghim nh  trn  s d dng  hn  nu  s dng  my 
tnh  b t i .  c bit,  my tnh  b t i  c chc nng  lp trnh  hay my vi  tnh  c th 
cho php tnh  mt cch  t ng  v nhanh  chng  g i  tr  gn  ng  ca nghim vi  
sai  s   rt b.  

Bi  tp 

1.   Dng nh ngha xt tnh lin tc ca hm s f(x)  =  x
3
 +  2x    1  ti x0  =  3 .   
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2.   a)  Xt tnh lin tc ca hm s y  =  g(x)  0ti 2,x =  bit 

3 8
nu 2( ) 2

5 nu  = 2.

 
 

=  



x
x

g x x

x

  

b)  Trong biu thc xc nh g(x)   trn,  cn thay s 5  bi s no  hm s 

lin tc ti x0  =  2.  

3.   Cho hm s 
2

3 2  nu 1
( )

1 nu 1 .

x x
f x

x x

+ < 
= 

  
  

 a)  V  th ca hm s y  =  f(x) .  T  nu nhn xt v tnh lin tc ca 
hm s trn tp xc nh ca n.  

 b)  Khng nh nhn xt trn bng mt chng minh.   

4.   Cho cc hm s f(x)  =  
2

1

6

x

x x

+

+ 
 v g(x)  =  tan x  +  sin  x.   

Vi mi hm s,  hy xc nh cc khong trn  hm s lin tc.  

5.    kin sau ng hay sai  ? 

"Nu hm s y =  f(x)  lin tc ti im 0x  cn hm s y =  g(x)  khng lin 

tc ti 0x ,  th y =  f(x)  +  g(x)  l  mt hm s khng lin tc ti 0x . "  

6.   Chng minh rng ph ng trnh :  

a)  2x
3
  6x  +  1  =  0 c t nht hai nghim ;  

b)  cosx  =  x  c nghim.  

n tp ch ng IV 

1.   Hy lp bng lit k cc gii hn c bit ca dy s v cc gii hn c 
bit ca hm s.  

2.  Cho hai dy s (un)  v (vn).  Bit 2n nu v   vi mi n  v lim 0.nv =  C 

kt lun g v gii hn ca dy s (un)  ?  

3.   Tn ca mt hc sinh  c m ho bi s 1 530.  Bit rng mi ch s trong 
s ny l gi tr ca mt trong cc biu thc  A,  H,  N,  O  vi :  

A   
3 1

lim
2

n

n



+
 ;        H =  2lim 2n n n +  

 
;  
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N  =  
2

lim
3 7

n

n



+

 ;        O =  
3 5.4

lim
1 4

n n

n





.     

Hy cho bit tn ca hc sinh ny,  bng cch thay cc ch s trn bi cc 
ch k hiu biu thc t ng ng.  

4.   a)  C nhn xt g v cng bi ca cc cp s nhn li v hn ?   

b) Cho v d v mt cp s nhn li v hn c cng bi l s m v mt cp s 
nhn li v hn c cng bi l s d ng v tnh tng ca mi cp s nhn .  

5.   Tm cc gii hn sau :  

a)  
22

3
lim

4x

x

x x

+

+ +

 ;       b)  
2

23

5 6
lim

3x

x x

x x

+ +

+

 ;   

c)  
4

2 5
lim

4x

x

x






 ;        d)  3 2lim ( 2 1)
x

x x x
+

 +  +  ;    

e)  
3

lim
3 1x

x

x

+



 ;        f)  
2 2 4

lim
3 1x

x x x

x

 + 



.  

6.   Cho hai hm s 
2

2

1
( )

x
f x

x


=  v 

3 2

2

1
( )

x x
g x

x

+ +
= .  

a)  Tnh 
0

lim ( )
x

f x


 ;
0

lim ( )
x

g x


;  lim ( )
x

f x
+

 v lim ( )
x

g x
+

.  

b)  Hai  ng cong sau y (h.  60)  l  th ca hai hm s  cho.  T kt 
qu cu a),  hy xc nh xem  ng cong no l  th ca mi hm s .   

 

 

 

 

 

 

 

 

   
   a)         b)     

 Hnh 60 
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7.   Xt tnh lin tc trn  ca hm s  

2 2
nu 2

( ) 2

5 nu 2.

x x
x

g x x

x x

  
 >

=  
  

    

              

 

8.   Chng minh rng ph ng trnh x
5
   3x

4
 +  5x    2  =  0 c t nht ba nghim 

nm trong khong (2 ;  5).  

 
Bi  tp trc nghim 

9.   Mnh  no sau y l mnh  ng ?  

(A)  Mt dy s c gii hn th lun lun tng hoc lun lun gim.  

(B)  Nu (un)  l dy s tng th lim n
u = + .  

(C)  Nu lim
n

u = +  v lim
n
v = +  th lim( ) 0

n n
u v = .  

(D)  Nu n

n
u a=  v 1  < a  <  0 th lim 0

n
u = .  

10.   Cho dy s (un)  vi  un  =  2

1 2 3 ...
.

1

n

n

+ + + +

+
 

Mnh  no sau y l mnh  ng  ?   

(A)  lim
n

u =  0 ;   (B)  lim
n

u =
1

2
 ;    (C)  lim 1

n
u =  ;   

(D)  Dy (un)  khng c gii hn khi n    +.   

11.   Cho dy s (un)  vi  un  =  
22 ( 2 ) . . . ( 2 ) .n+ + +  

Chn mnh  ng trong cc mnh  sau :  

(A)  2 2
lim 2 ( 2 ) .. . ( 2 ) .. .

1 2

n

n
u = + + + + =


 ;  

(B)  lim
n

u =    ;     

(C)  lim
n

u = +  ;  

(D)  Dy s ( )
n

u  khng c gii hn khi n    +.  
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Chn ph ng n ng :  

12.  
1

3 1
lim

1x

x

x

 


 bng :  

(A)  1  ;     (B)    ;    (C)  3  ;     (D)  +.  

13.   Cho hm s 
21

( )
x

f x
x


= .  

lim ( )
x

f x


 bng :  

(A)  +  ;     (B)  1  ;     (C)    ;    (D)  1 .  

14.   Cho hm s  

3
 nu   3

( )  1 2

               nu   3. 

x
x

f x x

m x




= + 
 =

 

Hm s  cho lin tc ti x =  3  khi m  bng :  

(A) 4 ;      (B) 1  ;     (C) 1  ;     (D)  4.  

15.  Cho ph ng trnh  

34 4 1 0.x x +  =             (1 )   

Mnh  sai l :  

(A) Hm s 3( ) 4 4 1f x x x=  +   lin tc trn  ;  

(B) Ph ng trnh (1 ) khng c nghim trn khong (  ;  1 )  ;  

(C) Ph ng trnh (1 )  c nghim trn khong (2 ;  0) ;  

(D) Ph ng trnh (1 )  c t nht hai nghim trn khong 
1

3 ;
2

 
 

 
.  
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I    o  hm ti  mt  im  

1 .   Cc bi  ton  dn  n  khi  nim o hm 

1   

Mt on  tu  chuyn  ng  thng  khi  hnh  t mt nh ga.  Qung   ng  s  (mt)  i  

 c ca on  tu  l  mt hm s ca thi  g ian  t  (pht).    nhng  pht u  tin,  

hm s  l  s  =  t2.  

Hy tnh  vn tc trung  bnh ca chuyn ng trong khong [t ;  t0]  vi  t0  =  3  v t =  2  ;  

t  =  2,5  ;  t  =  2,9  ;  t =  2,99 .  

Nu  nhn  xt v nhng  kt qu thu   c khi  t  cng  gn  t0  =  3 .  

 

 

 

 

 

 

 

 

a)  Bi ton tm vn tc tc thi 

Mt cht im M  chuyn ng trn trc s'Os  (h.  61 ).  

 

 

 

 

Hnh 61  

s' O s(t) ss(t  )0
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Qung  ng s  ca chuyn ng l mt hm s ca thi gian t  

s  =  s(t).  

Hy tm mt i l ng c tr ng cho mc  nhanh chm ca chuyn ng 

ti thi im t0.  

Gii.  Trong khong thi gian t t0 n t,  cht im i  c qung  ng l 

s    s0  =  s(t)   s(t0).  

Nu cht im chuyn ng u th t s 

0 0

0 0

( ) ( )s s s t s t

t t t t

 

=

 

  

l mt hng s vi mi t.  

 chnh l vn tc ca chuyn ng ti mi thi im.  

Nu cht im chuyn ng khng u th t  s trn l vn tc trung bnh 

ca chuyn ng trong khong thi gian 0t t .  

Khi t  cng gn t0,  tc l  0t t  cng nh th vn tc trung bnh cng th 

hin  c chnh xc hn mc  nhanh chm ca chuyn ng ti thi 

im t0.  

T nhn xt trn,  ng i ta  a ra nh ngha sau y.  

Gii hn hu hn (nu c)  

0

0

0

( ) ( )
lim




t t

s t s t

t t
 

 c gi l vn tc tc thi  ca chuyn ng ti thi im t0.  

 l i l ng c tr ng cho mc  nhanh chm ca chuyn ng ti thi 

im t0.  

b)  Bi ton tm c ng  tc thi 

in l ng Q  truyn trong dy dn l mt hm s ca thi gian t :   

Q  =  Q(t).  
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C ng  trung bnh ca dng in trong khong thi gian 0t t  l  

0

0

( ) ( )
tb

Q t Q t
I

t t



=



.  

Nu 0t t  cng nh th t  s ny cng biu th chnh xc hn c ng  

dng in ti thi im t0.  Ng i ta  a ra nh ngha sau y.  

Gii hn hu hn (nu c)   

0

0

0

( ) ( )
lim
t t

Q t Q t

t t





 

 c gi l c ng  tc thi  ca dng in ti thi im t0.   

Nhn xt 

Nhiu bi ton trong Vt l,  Ho hc,  . . .   a n vic tm gii 

hn dng 
0

0

0

( ) ( )
lim
x x

f x f x

x x





,  trong  y  =  f(x)  l mt hm s 

 cho.  Gii hn trn dn ti mt khi nim quan trng trong 

Ton hc,   l khi nim o hm.  

2.   nh  ngha o hm ti  mt im 

nh ngha 

Cho hm s y =  f(x)  xc nh trn khong (a  ;  b)  v x0    (a  ;  b).  

Nu tn ti gii hn (hu hn)  

0

0

0

( ) ( )
lim
x x

f x f x

x x





 

th gii hn   c gi l o hm ca hm s y  =  f(x)  ti 

im x0  v k hiu l f ' (x0)  (hoc y' (x0)),  tc l 

0

0
0

0

( ) ( )
'( ) lim .

x x

f x f x
f x

x x



=
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Ch  

i l ng x =  x   x0   c gi l s gia ca i s ti x0.  

i l ng y  =  f(x)    f(x0)  =  f(x0 +  x)    f(x0)   c gi l s 
gia t ng ng ca hm s.  Nh  vy 

0
0

'( ) lim
x

y
y x

x 


=


.  

3.   Cch  tnh  o hm bng  nh  ngha 

2  

Cho hm s y  =  x2.  Hy tnh  0'( )y x  bng  nh  ngha.   

 tnh o hm ca hm s y  =  f(x)  ti im x0  bng nh ngha,  ta c quy 
tc sau y.  

Quy tc 

B c 1 .  Gi s x l s gia ca i s ti x0,  tnh  

y  =  f(x0  +  x)    f(x0).  

B c 2 .  Lp t s 
y

x




.  

B c 3.  Tm 
0

lim
x

y

x 




.  

V d 1 .  Tnh o hm ca hm s 
1

( )f x
x

=  ti im x0  =  2.  

Gii.  Gi s x l s gia ca i s ti x0  =  2.  Ta c  

1 1
(2 ) (2)

2 2 2(2 )

x
y f x f

x x


 = +   =  = 

+  + 
 ;  

1

2(2 )

y

x x


= 

 + 
 ;  

0
lim
x

y

x 


=

 0

1 1
lim .

2(2 ) 4x x 


= 

+ 
 

Vy 
1

'(2)
4

f =  .   
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4.   Quan h gia s tn ti  ca o hm v tnh l in  tc ca hm s 

Ta tha nhn nh l sau y.  

nh l 1  

Nu hm s ( )y f x=  c o hm ti 0x  th n lin tc ti 

im  .  

Ch  

a)  nh l trn t ng  ng vi khng nh :  

Nu hm s ( )y f x=  gin on ti 0x  th n khng c o 

hm ti im .  
b)  Mnh  o ca nh l 1  khng ng.  

Mt hm s lin tc ti  mt im c th khng  c o hm ti 
im  .  

Chng hn,  hm s  
2 nu 0

( )
nu 0

x x
f x

x x

  
= 

<
 

lin tc ti x =  0  nh ng khng c o hm ti .  
Ta nhn xt rng  th ca hm s 
ny l mt  ng lin,  nh ng b 
"gy"  ti im O(0 ;  0)  (h.  62).  

5.    ngha hnh  hc ca o hm 

3  

a)  V  th  ca hm s 
2

( )
2

x
f x = .  

b)  Tnh  f ' (1 ) .   

c)  V  ng thng i  qua im M(1  ;  
1

2
) 

v c h s gc bng  f '(1 ) .  Nu  nhn  
xt v v  tr t ng  i  ca  ng  thng  
ny v  th   hm s  cho.   

a)  Tip tuyn ca  ng cong phng 

Trn mt phng to  Oxy  cho  ng 
cong (C).  Gi s (C)  l  th ca hm 
s y  =  f(x) v 0 0 0( ; ( )) ( ).M x f x C  K 

hiu M(x ;  f(x)) l mt im di chuyn 
trn (C).   ng thng 0M M  l mt ct 

tuyn ca (C) (h.63).  Hnh 63  

Hnh 62  
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Nhn xt rng khi 0x x  th M(x  ;  f(x))  di chuyn trn (C)  ti im 

0 0 0( ; ( ))M x f x  v ng c li.  Gi s ct tuyn 0M M  c v tr gii hn, k hiu 

l 0M T  th 0M T   c gi l tip tuyn  ca (C)  ti 0M .  im 0M   c 

gi l tip im .   

Sau y,  ta khng xt tr ng hp tip tuyn song song hoc trng vi Oy.  

b)   ngha hnh hc ca o hm 

Cho hm s y  =  f(x)  xc nh trn khong (a  ;  b)  v c o hm ti  

x0    (a  ;  b).  Gi (C)  l  th ca hm s .  

nh l 2  

o hm ca hm s y  =  f(x)  ti im x0  l h s gc ca 

tip tuyn M0T  ca (C)  ti im M0  (x0  ;  f(x0)).      
   

Chng minh.  Gi s M(x0  +  x  ;  f(x0  +  x))  l im di chuyn trn (C) .  Ta 

c (h.64)  

0 ,M H x=  .HM y=   

H s gc ca ct tuyn M0M  l tan,  trong    l gc to bi trc Ox v 

vect 0M M


 nh  trn Hnh 64a hoc 64b.  Ta c 

0

tan
HM y

xM H



= =


.  

 

 

 

 
 
 
 
 
 
 

Hnh 64  
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Khi M  dn ti M0  (M    M0)  th x   0  v ng c li.  

Theo gi thit,  f(x)  c o hm ti x0  nn tn ti gii hn 

0
0

0
'( ) lim lim tan

x M M

y
f x

x


  


= =


.  

Vy khi M    M0  th ct tuyn M0M  dn ti v tr gii hn l  ng thng 

M0T,  c h s gc bng
0

0lim tan '( )
M M

f x


= .  

 ng thng M0T  l tip tuyn ti M0  ca (C).  

Vy f ' (x0)  l h s gc ca tip tuyn ti M0  ca  th (C).   

c)  Ph ng trnh tip tuyn 

4  

Vit ph ng  trnh   ng  thng  i  qua M0(x0  ;  y0)  v c h s gc k.   

T  ngha hnh hc ca o hm ta c nh l sau y.  

nh l 3  

Ph ng trnh tip tuyn ca  th (C)  ca hm s y  =  f(x)  

ti im M0(x0 ;  f(x0))  l  

0 0 0'( )( ),y y f x x x =   

trong  y0  =  f(x0).  
 

5   

Cho hm s =  + 
2 3 2.y x x  Tnh  y'(2)  bng  nh  ngha.  

V d 2 .  Cho parabol  y  =  x
2
 +  3x   2.       

Vit ph ng trnh tip tuyn ca parabol ti im c honh  0 2.x =  

Gii.  Bng nh ngha ta tnh  c y'(2)  =  1 .  Do ,  h s gc ca tip 
tuyn l 1 .  Ngoi ra ta c  y(2)  =  0.  

Vy ph ng trnh tip tuyn ca parabol ti im M0(2 ;  0)  l 

y    0  =  (1 ).(x   2)  hay  y  =  x +  2.   
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6.    ngha vt l  ca o hm 

a)  Vn tc tc thi 

Xt chuyn ng thng xc nh bi ph ng trnh s  =  s(t),  vi s =  s(t)  l 
mt hm s c o hm.  Nh   thy trong bi ton m u,  vn tc tc thi 

ca chuyn ng ti thi im t0  l o hm ca hm s s  =  s(t)  ti t0  :  

v(t0)  =  s '(t0) .  

b)  C ng  tc thi 

Nu in l ng Q  truyn trong dy dn l mt hm s ca thi gian :  Q  =  Q(t)  

(Q =  Q(t)  l mt hm s c o hm)  th c ng  tc thi ca dng in 

ti thi im t0  l o hm ca hm s Q  =  Q(t)  ti t0  :  

I(t0)  =  Q ' (t0).  

I I    o  hm trn mt  khong 

6  

Bng  nh  ngha,  hy tnh  o hm ca cc hm s :   

a)  f(x)  =  x2  ti  im x bt k  ;       b)  
1

( ) =g x
x
 ti  im bt k  0.x   

nh ngha  

Hm s y  =  f(x)   c gi l c o hm trn khong (a  ;  b)  
nu n c o hm ti mi im x  trn khong .   

Khi ,  ta gi hm s f '  :  (a  ;  b)     

 '( )x f x  

l o hm ca hm s y  =  f(x)  trn khong (a  ;  b),  k hiu l 
y '  hay f '(x).  

V d 3 .  Hm s y  =  x
2
 c o hm y'  =  2x trn khong (  ;  +).  

Hm s 
1

y
x

=  c o hm 
2

1
'y

x
=   trn cc khong (  ;  0)  v (0 ;  +).  
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B i    c  t h  m  

 o  h m  m  t  b  n   

Cho hm s ( )y f x=  xc nh  trn  khong  ( ; )a b  v  
0

( ; )x a b .  C th khng  

tn  ti  g ii  hn  (hu  hn)  

0

0

0

( ) ( )
lim
x x

f x f x

x x





 

nh ng  tn  ti  cc g ii  hn  mt bn  

0

0

0

( ) ( )
lim ,
x x

f x f x

x x+






 
0

0

0

( ) ( )
lim .
x x

f x f x

x x






 

Kh i  ,  ta  ni  hm s c o hm mt bn.  

nh ngha 1  

Nu  tn  ti  g ii  hn  (hu  hn)  bn  phi  

0

0

0

( ) ( )
lim ,
x x

f x f x

x x+






 

ta  s gi  g ii  hn   l  o hm bn phi ca hm s ( )y f x=  ti  

0
x x=  v  k h iu  l  

0
'( )f x+ .   

T ng  t,  g ii  hn  (hu  hn)  bn  tri  (nu  tn  ti )  

0

0

0

( ) ( )
lim
x x

f x f x

x x






 

 c gi  l o hm bn tri ca hm s ( )y f x=  ti  
0

x x=  v k h iu  

l  
0

'( ).f x  

Cc o hm bn phi  v bn tri   c gi  chung l o hm mt bn.  

T cc tnh  cht ca  g ii  hn  mt bn  suy ra ngay nh  l  sau  y.  

nh l 

Hm s ( )y f x=  c  o hm ti  
0
x  kh i  v ch kh i  

0
'( ),f x+  

0
'( )f x  tn  ti  v bng  nhau.  Kh i  ,  ta  c   

0 0 0
'( ) '( ) '( ).f x f x f x+ 

= =  
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V d 1.   Chng  minh  rng  hm s 

2
x  nu  x   0  

x nu  x < 0  

c cc o hm mt bn,  nh ng  khng  c o hm ti  
0

0.x =  

Gii.  Ta c  :   

2

0 0

( ) (0)
'(0 ) lim lim 0

0x x

f x f x
f

x x+

+

 


= = =

 +

 ;  

       
0 0

( ) (0)
'(0 ) lim lim 1 .

0x x

f x f x
f

x x 



 

 
= = = 


 

Vy ti  
0

0,x =  hm s ny c o hm bn phi  bng 0,  o hm bn tri  bng 1 .  

V  cc o hm bn  phi  v bn  tri  khc nhau  nn  hm s khng  c o hm 
ti  

0
0.x =   

V d 2.  Xt s tn  ti  o hm v cc o hm mt bn  ca hm s 

5 4 nu 0
( )

2 nu 0

x x
f x

x x

  = 
<

 

ti  im  0.x =  

Gii.  V    

5 4

0 0

( ) (0) 0
lim lim

0 0x x

f x f x

x x+ + 

  
= =

  5
0

1
lim
x x+

 =   

nn  hm s khng  c o hm bn  phi  ti  x  =  0.  

V       

0 0

( ) (0) 2
lim lim 2

0x x

f x f x

x x  


= =


 

nn  hm s c o hm bn  tri  ti  x  =  0  v  '(0 ) 2.f
 =  

T nh  l  suy ra  rng  hm s   cho khng  c o hm ti  0.x =   

nh ngha 2  

Hm s ( )y f x=   c gi l c o hm trn on [a ;  b]  nu tho mn 

cc iu kin sau :   

C o hm ti  mi  ( ; )x a b  ;  

C o hm bn  phi  ti  x =  a  ;  

C o hm bn  tri  ti  x =  b.  

( )f x


= 
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Bi  tp 

1.   Tm s gia ca hm s f(x)  =  x
3
,  bit rng :  

a)  x0  =  1  ;  x =  1  ;         

b)  x0  =  1  ;  x =   0,1 .  

2.   Tnh y  v 
y

x




 ca cc hm s sau theo x v x :  

a)  y  =  2x   5  ;         b)  y  =  x
2
   1  ;  

c)  y  =  2x
3
 ;          d)  

1
y

x
= .  

3.   Tnh (bng nh ngha)  o hm ca mi hm s sau ti cc im  ch ra :  

a)  y  =  x
2
 +  x   ti x0  =  1  ;  

b)  
1

y
x

=    ti x0  =  2  ;  

c)  
1

1

x
y

x

+
=


  ti x0  =  0.  

4.   Chng minh rng hm s  

2

2

( 1) nu 0
( )

nu 0

x x
f x

x x

  
= 

 <

 

khng c o hm ti im x =  0  nh ng c o hm ti im x =  2.  

5.   Vit ph ng trnh tip tuyn ca  ng cong 3
y x=  :  

a)  Ti im (1  ;  1 )  ;  

b)  Ti im c honh  bng 2 ;  

c)  Bit h s gc ca tip tuyn bng 3 .  

6.   Vit ph ng trnh tip tuyn ca  ng hypebol 
1

y
x

=  :  

a)  Ti im 
1

; 2
2

 
 
 

 ;  

b)  Ti im c honh  bng 1  ;  

c)  Bit rng h s gc ca tip tuyn bng 
1

4
 .  
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7.   Mt vt ri t do theo ph ng trnh 21
,

2
s gt=  trong  g    9,8  m/s

2
 l gia 

tc trng tr ng.  

a)  Tm vn tc trung bnh ca chuyn ng trong khong thi gian t t 

(t =  5  s)  n t +  t,  trong cc tr ng hp t =  0,1  s  ;  t =  0,05 s  ;  t =  0,001  s.  

b)  Tm vn tc tc thi ca chuyn ng ti thi im t  =  5  s.  

 

 

 

 
I    o  hm ca mt  s  hm s  th ng gp  

1   

Dng  nh  ngha tnh  o hm ca hm s y  =  x3
 
ti  im x  tu .  

D on  o hm ca hm s y  =  x
100  ti  im x.  

Vic tnh o hm ca hm s bng nh ngha ni chung phc tp.  i 
vi mt s hm s th ng gp,  ta c nhng cng thc cho php tnh mt 
cch nhanh chng o hm ca chng ti mt im.  

nh l 1  

Hm s y  =  x
n  
(n     ,  n  >  1 )  c o hm ti mi x    v  

1( ) 'n n
x nx


= .  

 

Chng minh.   Gi s x l s gia ca x,  ta c :  

y   =  (x +  x)
n  
  x

n
 

=  (x +  x   x)  [(x +  x)
n  1

 +  (x +  x)
n2

 x +  . . .  +  (x +  x)x
n2

 +  x
n1

]  

=  x[(x +  x)
n1

 +  (x +  x)
n2

 x +  . . .  +  (x +  x)x
n2

 +  x
n1

]  ;  
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y

x




 =  (x +  x)

n1
 +  (x +  x)

n2
x +  . . .  +  (x +  x)x

n2
 +  x

n1  
;  

1 1 1 1

0 s hng

lim ...n n n n

x n

y
x x x nx

x

   

 


= + + + =




.  

Vy 1( ) ' .n n
x nx


=  

Nhn xt 

a)  o hm ca hm hng bng 0 :    ( ) ' 0c = .  

b)  o hm ca hm s y  =  x bng 1  :   (x) '  =  1 .  

2  

Chng  minh  cc khng  nh  trong  nhn  xt trn.  

nh l 2  

Hm s y x=  c o hm ti mi x d ng v  

1
( ) '

2
x

x
= .   

Chng minh.  Gi s x l s gia ca x d ng sao cho x +  x > 0.  Ta c 

y x x x = +    ;  

( )( )

( )

y x x x x x x x x x

x x x x x x

 +   +   +  +
= =

   +  +

 

     
1

( )

x x x

x x x x x x x

+  
= =

 +  + +  +

 ;  

0 0

1 1
lim lim

2x x

y

x x x x x   


= =

 +  +

.  

Vy o hm ca hm s y x=  l 
1

' .
2

y
x

=   

3  

C th tr li  ngay  c khng,  nu yu cu tnh o hm ca hm s ( )f x x=  

ti  x =  3  ;  x  =  4  ?  
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i i    o  hm ca tng,  hiu,  tch,  th ng 

1 .   nh  l  

nh l 3  

Gi s u  =  u(x),  v  =  v(x)  l cc hm s c o hm ti im 
x thuc khong xc nh.  Ta c :  

(u  +  v) '  =  u '  +  v'             (1 )  

(u    v) '  =  u '    v '             (2)  

(uv) '  =  u'v  +  uv'             (3)  

'u

v

 
= 

  2

' 'u v uv

v


 (v  =  v(x)    0).        (4)  

Chng minh.  Ta chng minh cc cng thc (1 )  v (2).  

Xt hm y  =  u  +  v.  Gi s x l s gia ca x.  Ta c s gia t ng ng ca u  

l u,  ca v  l v  v ca  y  =  u  +  v  l 

y  =  [(u  +  u)  +  (v  +  v)]    (u  +  v)  =  u  +  v.  

T   
y u v

x x

  + 
=

 
 ;  

0 0 0
lim lim lim ' ' .
x x x

y u v
u v

x x x     

  
= + = +

  
 

Vy (u  +  v) '  =  u '  +  v ' .   

Chng minh t ng t,  ta c (u    v) '  =  u '    v' .   

Bng quy np ton hc,  ta chng minh  c 

(u1    u2    . . .    un) '  = 1 2' ' . . . '
n

u u u   .  

Cc cng thc khc  c chng minh t ng t.  

4  

p dng  cc cng  thc trong  nh  l  3,  hy tnh  o hm ca cc hm s 

3 55 2= y x x  ;  3 .y x x=   
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V d 1 .  Tm o hm ca hm s 2 4
y x x x=  + .  

Gii.  2 4 3 1
( ) ' 2 4 .

2
x x x x x

x
 + =  +   

V d 2 .  Tm o hm ca hm s 3 5( )y x x x=  .  

Gii.  Ta c  

3 5 3 5 3 5[ ( )] ' ( ) '( ) ( ) 'x x x x x x x x x =  +   

   2 5 3 41
3 ( ) 5

2
x x x x x

x

 
=  +  

 
 

     2 3 41
3 8 .

2
x x x x

x

 
= +  

 
  

2.   H qu 

H qu 1  

Nu k l mt hng s th  ( ) ' ' .ku ku=  

H qu 2   

'

2

1 'v

v v

 
=  

 
    (v  =  v(x)    0).  

 

5   

Hy chng  minh  cc h qu trn  v ly v d  minh  ho.  

V d 3 .  Tm o hm ca hm s 
1 2

3

x
y

x


=

+
.  

Gii.  Ta c  

'1 2

3

x

x

 
 
 +  2

(1 2 ) '( 3) (1 2 )( 3) '

( 3)

x x x x

x

 +   +
=

+
 

2

2( 3) (1 2 )

( 3)

x x

x

 +  
=

+ 2

7

( 3)x


=

+
.   
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i i i    o  hm ca hm hp  

1 .   Hm hp 

 
 
 
 

 

 

Hnh 65 

Gi s u  =  g(x)  l hm s ca x,  xc nh trn khong (a  ;  b)  v ly gi tr trn 

khong (c  ;  d)  ;  y =  f(u) l hm s ca u,  xc nh trn (c  ;  d)  v ly gi tr trn 

.  Khi , ta lp mt hm s xc nh trn (a  ;  b) v ly gi tr trn  theo 

quy tc sau (h.65)  :  

x  f(g(x)).  

Ta gi hm y  =  f(g(x))  l hm hp ca hm y  =  f(u)  vi u  =  g(x).   

V d 4.  Hm s y  =  (1    x
3
)
10
 l hm hp ca hm s y =  u

10
 vi u  =  1    x

3
.    

V d 5.  Hm s y  =  s in(t  +  )  l hm hp ca hm s siny u=  vi  

u  =  t  +    ;  ,    l nhng hng s.   

6  

Hm s 2 1y x x= + +  l  hm hp ca cc hm s no ?  

2.   o hm ca hm hp 

Ta tha nhn nh l sau y.  

nh l 4 

Nu hm s u  = g(x) c o hm ti x l 'xu  v hm s y =  f(u) 

c o hm ti u  l 'uy  th hm hp  y  = f(g(x)) c o hm ti 

x l  

' ' . 'x u xy y u= .  

u = g(x)

fg

y = f(u)a b c d

y =  f(g(x)).

x
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V d 6.  Tm o hm ca hm s y  =  (1    2x)
3
.  

Gii.  t u  =  1    2x th  y =  u
3
,  2' 3 ,uy u=  ' 2.xu =   

Theo cng thc tnh o hm ca hm hp, ta c  

2 2' ' . ' 3 .( 2) 6 .x u xy y u u u= =  =   

Vy  2' 6(1 2 ) .xy x=     

V d 7.  Tm o hm ca hm s 
5

3 4
y

x
=


.  

Gii.  t u  =  3x   4 th 
5
.y

u
=   

Theo cng thc tnh o hm ca hm hp,  ta  c  

2 2

5 15
' ' . ' .3

(3 4)
x u xy y u

u x


= =  =


.   

Bng tm tt 

(u +  v    w) '  =  u '  +  v'    w'  

(ku) '    =  ku '    (k  l hng s)  

(uv) '    =  u'v  +  uv '  

'u

v

 
 
 

   =  
2

' 'u v uv

v


 

'1

v

 
 
 

   =  
2

'v

v


 

y'x    =  y'u  .  u 'x  

 

Bi  tp 

1.   Bng nh ngha,  tm o hm ca cc hm s sau :  

a)  y  =  7  +  x   x
2
 ti x0  =  1  ;     

b)  y  =  x
3
   2x +  1  ti x0  =  2.  
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2.   Tm o hm ca cc hm s sau :  

a)  y  =  x
5
   4x

3
 +  2x   3  ;      b)  

1 1

4 3
y x=   +  x

2
   0,5x

4
 ;  

c)  
4 3 22 4

1
2 3 5

x x x
y =  +  ;     d)  y  =  3x 

5
(8    3x

2
).  

3.   Tm o hm ca cc hm s sau :  

a)  y  =  (x
7
   5x

2
)
3
 ;         b)  y  =  (x

2
 +  1 )  (5    3x

2
)  ;  

c)  
2

2

1

x
y

x

=


  ;         d)  
2

3 5

1

x
y

x x


=

 +
 ;  

e)  
3

2

n
y m

x

 
= + 

 
 (m,  n  l cc hng s).  

4.   Tm o hm ca cc hm s sau :  

a)  y  =  x
2
   x x  +  1  ;       b)  22 5y x x=   ;  

c)  
3

2 2

x
y

a x

=


 (a  l hng s)  ;   d)  
1

.
1

x
y

x

+
=


 

5.   Cho  y  =  x
3
   3x 

2
 +  2.  Tm x  :  

a)  y'  >  0 ;            b)  y'  <  3 .  

 

 
 

1 .   Gii  hn  ca 
sin x

x

 

1   

Tnh  
sin0,01 sin 0, 001

,
0, 01 0, 001

 bng  my tnh  b t i .  

Ta tha nhn nh l sau y.  
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nh l 1    

0

sin
lim 1 .
x

x

x
=  

 

V d 1 .  Tnh
0

tan
lim
x

x

x
.  

Gii.  Ta c 

0 0 0 0

tan sin 1 sin 1
lim lim . lim . lim 1 .

cos cosx x x x

x x x

x x x x x   

 
= = = 

 
  

V d 2 .  Tnh 
0

sin 2
lim
x

x

x
.  

Gii.  
0 0 0

sin 2 sin 2 sin 2
lim lim 2 2 lim 2.1 2.

2 2x x x

x x x

x x x  

 
= = = = 

 
  

2.   o hm ca hm s y   sin  x  

nh l 2  

Hm s y =  sin x c o hm ti mi x    v (sin ) ' cosx x= .  

Chng minh.  Gi s x l s gia ca x.  Ta c :  

y  =  sin(x +  x)    sin x =  2 sin . cos
2 2

x x
x

  
+ 

 
 ;  

sinsin
222 cos cos

2 2

2

xx

y x x
x x

xx x


     

= + = +         
 ;  

0 0 0

sin
2lim lim cos . lim .

2

2

x x x

x

y x
x

xx     


  

= +    
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V 
0

lim cos cos
2x

x
x x

 

 
+ = 

 
 (do tnh lin tc ca hm s y  =  cos  x)  

v 
0

sin
2lim 1

2

x

x

x 



=


 nn 
0

lim
x

y

x 




 =  1 .  cos  x =  cos  x.  

Vy y '  =  (sin x) '  =  cos  x.   

Ch  

Nu  y  =  sin u  v u  =  u(x)  th 

(sin ) ' ' . cos .u u u=  

V d 3 .  Tm o hm ca hm s sin 3
5

y x
 

= + 
 

.  

Gii.  t 3
5

u x


= +  th u'  =  3  v y  =  sin u.  

Ta c y '  =  u'cos  u  = 3 cos 3
5

x
 

+ 
 

.   

3.   o hm ca hm s y   cos x  

2 

Tm o hm ca hm s sin
2

y x
 

=  
 

.  

nh l 3   

Hm s y =  cos x c o hm ti mi x    v (cos ) ' sin .x x=   

T nhn xt cos sin
2

x x
 

=  
 

 suy ra ngay iu phi chng minh.  

Ch .   

Nu  y  =  cos  u  v u  =  u(x)  th 

(cos ) ' ' . sin .u u u=   
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V d 4.  Tm o hm ca hm s y  =  cos(x
3
   1 ).  

Gii.  t u  =  x
3
   1  th u '  =  3x

2
 v y =  cos  u.  

Ta c 

y'  =  u 'sin u  =  3x
2
sin(x

3
  1 ).   

4.   o hm ca hm s y   tan  x  

3 

Tm o hm ca hm s  
sin

( )
cos

x
f x

x
=  , .

2
x k k

 
 +   

 
 

nh l 4 

Hm s y  =  tan x c o hm ti mi x   
2


 +  k,  k     v  

2

1
(tan ) '

cos
x

x
=   

p dng quy tc tnh o hm ca mt th ng i vi hm s 
sin ,tan
cos

x
x

x
=  

suy ra iu phi chng minh.  

Ch   

Nu  y  =  tan u  v u  =  u(x)  th ta c 

2

'
(tan ) ' .

cos

u
u

u
=  

 

V d 5.  Tm o hm ca hm s y  =  tan(3x
2
 +  5) .  

Gii.  t u  =  3x
2
 +  5  th u '  =  6x  v y  =  tan u.  

Ta c  

     
2

'
'

cos

u
y

u
= =

2 2

6
.

cos (3 5)

x

x +
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5.   o hm ca hm s y   cot x  

4  

Tm  o hm ca hm s 

tan
2

y x
 

=  
 

 vi  ,x k k    .  

nh l 5  

Hm s y  =  cot x c o hm ti mi x   k,  k     v  

2

1
(cot ) '

sin
x

x
=    

Ch   

Nu  y  =  cot u  v u  =  u(x),  ta c 

2

'
(cot ) ' .

sin

u
u

u
=   

V d 6.  Tm o hm ca hm s  

y  =  cot
3
(3x   1 ) .  

Gii.  t  u =  cot(3x   1 )  th 3 .y u=  

Theo cng thc o hm ca hm hp,  ta c  

2' ' . ' 3 . 'x u x xy y u u u= =  

23 cot (3 1)[cot(3 1)] 'x x=    

2
2

(3 1) '
3 cot (3 1).

sin (3 1)

x
x

x

 
= 


 

2
2

3
3 cot (3 1).

sin (3 1)
x

x


= 


 

2

4

9 cos (3 1)
.

sin (3 1)

x

x


= 
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Bng o hm 

(x
n
)'  =  nx

n�
 

2

'1 1

x x

 
=  

 
 

1
( ) '

2
x

x
=  

 (u
n
)'  =  nu

n�
.u '  

2

'1 'u

u u

 
=  

 
 

'
( ) '

2

u
u

u
=  

(sin x)'  =  cos  x  

(cos  x) '  =  sin x  

2

1
(tan ) '

cos
x

x
=  

2

1
(cot ) '

sin
x

x
=   

 (sin u) '  =  u ' .cos  u  

(cos  u)'  =  u ' . sin u  

2

'
(tan ) '

cos

u
u

u
=  

2

'
(cot ) '

sin

u
u

u
=   

 

Bi  tp 

1.   Tm o hm ca cc hm s sau :  

a)  
1

5 2

x
y

x


=


 ;          b)  

2 3

7 3

x
y

x

+
=


 ;  

c)  
2 2 3

3 4

x x
y

x

+ +
=


 ;        d)

2

2

7 3

3

x x
y

x x

+ +
=


.  

2.   Gii cc bt ph ng trnh sau :  

a)  y'  <  0 vi  
2 2

1

x x
y

x

+ +
=


 ;     

b)  y'    0  vi 
2 3

1

x
y

x

+
=

+
 ;  

c)  y '  >  0 vi  
2

2 1

4

x
y

x x


=

+ +
.  
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3.   Tm o hm ca cc hm s sau :  

a)  y  =  5sin x   3cos  x ;        b)  
sin cos

sin cos

x x
y

x x

+
=


 ;  

c)  y  =  x cot x ;           d)  
sin

sin

x x
y

x x
= +  ;  

e)  1 2 tany x= + ;         f)  2sin 1 .y x= +  

4.   Tm o hm ca cc hm s sau :  

a)  y  =  (9    2x)(2x3    9x2  +  1 )  ;    b)  
2

1
6 (7 3)y x x

x

 
=   

 
 ;  

c)  2( 2) 1y x x=  + ;       d)  y  =  tan2x   cot x2  ;  

e)  cos
1

x
y

x
=

+
 .  

5.   Tnh 
'(1)

'(1)

f


,  bit rng f(x)  =  x2  v ( ) 4 sin .

2

x
x x


= +  

6.   Chng minh rng cc hm s sau c o hm khng ph thuc x :  

a)  y  =  sin6x +  cos6x +  3 sin2x.cos2x ;  

b)  2 2 2 2
cos cos cos

3 3 3
y x x x

       =  + + +  +     
     

 

                  2 22
cos 2 sin .

3
x x

 
+ +  

 
 

7.   Gii ph ng trnh f ' (x)  =  0,  bit rng :  

a)  f(x)  =  3cos  x +  4sin x +  5x ;    

b)  f(x)  =  1    sin(  +  x)  +  
2

2 cos .
2

x + 
 
 

 

8.   Gii bt ph ng trnh '( )f x  >  g'(x),  bit rng :  

a)  3( ) 2f x x x= +  ,  2( ) 3 2g x x x= + +  ;  

b)  3 2( ) 2 3f x x x=  + ,  
2

3( ) 3.
2

x
g x x= +   
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1 .  nh  ngha 

  

Cho hm s ( )f x x= ,  x0  =  4  v x =  0,01 .  Tnh  f ' (x0)  x.  

Cho hm s y =  f(x) xc nh trn khong (a  ;  b) v c o hm ti x   (a  ;  b).  

Gi s x l s gia ca x.  

Ta gi tch f '(x)x l vi phn  ca hm s y  =  f(x)  ti x ng vi 

s gia x,  k hiu l df(x)  hoc dy,  tc l 

d d ( ) '( ) .y f x f x x= =   

Ch  

p dng nh ngha trn vo hm s y =  x,  ta c 

dx =  d(x)  =  (x)'x =  1 .x =  x.  

Do ,  vi hm s ( )y f x=  ta c   

d d ( ) '( ) d .y f x f x x= =  

V d 1 .  Tm vi phn ca cc hm s sau :  

a)  y  =  x
3
   5x +  1  ;      

b)  y  =  sin
3
x.  

Gii  

a)  y  =  x
3
   5x +  1 ,  y '  =  3x

2
   5 .  

Vy dy  =  d(x
3
   5x +  1 )  =  y 'dx =  (3x

2
   5 )dx.  

b)  y  =  sin
3
x,  y '  =  3 sin

2
x cosx.  

Vy dy  =  d(sin
3
x)  =  y 'dx =  3 sin

2
x cos  xdx.   
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2.  ng  dng  vi  phn  vo php tnh  gn  ng  

Theo nh ngha ca o hm,  ta c  

0
0

'( ) lim .
x

y
f x

x 


=


 

Do  vi x   nh th 

0'( )
y

f x
x





 hay 0'( ) .y f x x    

T ,  ta c 0 0 0( ) ( ) '( )f x x f x f x x+      

hay 0 0 0( ) ( ) '( ) .f x x f x f x x+   +   

 l cng thc tnh gn ng n gin nht.  

V d 2 .  Tnh gi tr gn ng ca 3, 99.  

Gii.  t ( )f x x= ,  ta c 
1

'( )
2

f x
x

= .  

Theo cng thc tnh gn ng,  vi 0 4,x =  0, 01x =   ta c  

(3, 99) (4 0, 01) (4) '(4)( 0, 01),f f f f=   +   

tc l 
1

3, 99 4 0, 01 4 .( 0, 01) 1, 9975.
2 4

=   +  =   

Bi  tp 

1.   Tm vi phn ca cc hm s sau :  

a)  
x

y
a b

=
+

 (a,  b  l cc hng s)  ;    

b)  2 2( 4 1)( ).y x x x x= + +   

2.   Tm dy,  bit :  

a)  y  =  tan
2
x ;           

b)  
2

cos

1

x
y

x
=



.  
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I  -   nh  ngha  

1   

Tnh  y'  v o hm ca y' ,  bit :  

a)  y =  x3    5x2  +  4x ;          

b)  y =  sin3x.  

Gi s hm s y  =  f(x)  c o hm ti mi im x    (a  ;  b).  

Khi ,  h thc y'  =  f '(x)  xc nh mt hm s mi trn khong 

(a  ;  b).  Nu hm s y'  =  f ' (x)  li c o hm ti x  th ta gi o 

hm ca y'  l o hm cp hai ca hm s y =  f(x)  ti x  v k 

hiu l y"  hoc f " (x).  

ch  

 o hm cp 3  ca hm s ( )y f x=   c nh ngha t ng t 

v k hiu l ' ' 'y  hoc ' ' '( )f x  hoc (3) ( ).f x  

 Cho hm s y =  f(x) c o hm cp n   1 , k hiu l ( 1) ( )n
f x

  

(n    ,  n    4).  Nu ( 1) ( )n
f x

  c o hm th o hm ca n 

 c gi l o hm cp n  ca f(x),  k hiu l y
(n)

 hoc ( ) ( )n
f x .   

( ) ( 1)( ) ( ( )) ' .n n
f x f x


=  

 

V d.  Vi  y  =  x
5
 th 

   y'  =  5x
4
,  y"  =  20x

3
,  y" '  =  60x

2
,  

   y
(4)

 =  1 20x,  y
(5)

 =  1 20 v y
(n)

 =  0  vi n  >  5 .  
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i i      ngha  c  hc  ca o  hm cp  hai  

2  

Mt vt ri  t do theo ph ng  thng ng  c ph ng  trnh  21

2
s gt=  (trong   

g    9,8  m/s2).  Hy tnh  vn  tc tc thi  v(t)  ti  cc thi  im t0  =  4  s  ;  t1  =  4,1  s.  

Tnh  t s 
v

t




 trong  khong  t  =  t1    t0.  

Xt chuyn ng xc nh bi ph ng trnh  s  =  f(t),  trong  s  =  f(t)  l mt 
hm s c o hm n cp hai.  Vn tc tc thi ti t  ca chuyn ng l 
v(t)  =  f ' (t).  

Ly s gia t  ti t  th v(t)  c s gia t ng ng l v.  

T s 
v

t




  c gi l gia tc trung bnh ca chuyn ng trong khong 

thi gian t.  Nu tn ti 

0
'( ) lim ( )

t

v
v t t

t


 


= =


,  

ta gi v'(t)  = (t)  l gia tc tc thi ca chuyn ng ti thi im t.  

V v(t)  =  f '(t)  nn 

( ) "( ).t f t =  

1 .     ngha c hc 

o hm cp hai f " (t)  l gia tc tc thi ca chuyn ng s  =  f(t)  ti thi 
im t.  

3  

Tnh  gia tc tc thi  ca s ri  t do 21

2
s gt= .  

2.   V d  

Xt chuyn ng c ph ng trnh 

s(t)  =  Asin(t  +  )    (A ,  ,    l nhng hng s).  

Tm gia tc tc thi ti thi im t  ca chuyn ng.  
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Gii.  Gi v(t)  l vn tc tc thi ca chuyn ng ti thi im t,  ta c 

v(t)  =  s '(t)  =  [Asin(t  +  )] '  =  A  cos(t  +  ).  

Vy gia tc tc thi ca chuyn ng ti thi im t  l 

(t)  =  s"(t)  =  v'(t)  =  A2
sin(t  +  ).   

 

Bi  tp 

1.   a)  Cho f(x)  =  (x +  1 0)6.  Tnh f " (2).  

b)  Cho f(x)  =  sin 3x.  Tnh " , "(0), " .
2 18

f f f
    

   
   

 

2.   Tm o hm cp hai ca cc hm s sau :  

a)  
1

1
y

x
=


 ;           b)  

1

1
y

x
=


 ;  

c)  y  =  tan x ;           d)  y  =  cos2x.  

 

B  n  c   b i  t  

L a i - b  - n  t  ( L e i b n i z )   

ng  thi  v c lp vi  N iu-tn,  nh bc hc ng i  
c Lai-b-nt l  ng i  pht minh  ra  php tnh  vi  phn  

v tch  phn.  Nhiu  k h iu  nh  
d

, ( )d
d

y
f x x

x
 ,  . . .  v 

thut ng nh  "vi  phn",  "tch  phn"  . . .  do Lai-b-nt 
 a ra  vn  cn   c s dng  n  ngy nay.  

Cng thc tnh  o hm cp n  ca tch  hai  hm u.v  (u v  
v c o hm n cp  n) sau y l ca Lai-b-nt 

    ( ) ( ) 1 ( 1) 2 ( 2)( ) C ' C '' . . .n n n n
n n

uv u v u v u v = + + +  

          ( ) ( ) 1 ( 1) ( )C ... C 'p n p p n n n
n n
u v u v uv  + + + + .      (*)  

 

 

 

 

 

 

 

Leibniz 

(1 646   1 71 6)  
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C th chng  minh  cng  thc trn  bng  ph ng  php quy np.  

Lai-b-nt sinh  ngy 1 -7-1 646 ti  Lai-xch  (Leipzig).  Cha ng  l  Gio s  lun  l    
mt kh i  ng  mi  6  tui  nh ng  ng   kp tha h ng   ng i  cha lng  ham m 
mn  Lch  s.  Ngoi  nhng  bui  hc  tr ng,  Lai-b-nt t trang  b  kin  thc nh 
th ng  xuyn  c sch  trong  th  vin  ca cha.  ng  hc ting  La-tinh  lc 8  tui ,  
n  1 0  tui ,  ng   lm  th bng  ting  La-tinh.  Sau  ,  ng  hc ting  Hy Lp v 
rt g ii  th ting  ny nh s c gng  rt ln .  Nm 1 5 tui ,  Lai -b-nt l  sinh  vin  
lut ca Tr ng  i  hc Tng  hp Lai-xch.  Trong  hai  nm u,  ngoi  vic theo 
hc Lut,  ng  c rt nh iu  sch  v Trit hc,  nm 1 7 tui  (1 663),  nh bn  lun  
vn  xut sc v mt trong  nhng  hc thuyt ln  v Trit hc,  Lai-b-nt  c 
nhn  Bng  C nhn.  

Ma h 1 663,  Lai-b-nt chuyn  sang  hc cc g io trnh  ton  ca Erhard  Weigel  
 Tr ng  i  hc Tng  hp Ina.  

Nm 20 tui  (1 666),  ng  tr li  hc Lut  Lai-xch  v chun  b  th i  ly Bng  Tin  
s.  V  ghen  t ,  ng i  ta  t chi  cp Bng  Tin  s cho Lai-b-nt.  H nu  l  do l  ng  
cn  qu tr.  Song  tht ra  v  ng  h iu  bit v lut nh iu  hn  tt c cc g io s   
Lai-xch  cng  li .  

Chn  ngy thi   hp hi  bao trm Tr ng  i  hc Lai-xch,  ng  ri  thnh  ph 

qu h ng  n  Nuy-rm-be (Nuremberg).   y,  ng   c phong  hc v  Tin  s 
vo ngy 4-1 1 -1 666 nh cng  trnh  v ph ng  php g ing  dy mi  v lut.  
Hn  na,  ng i  ta  cn  mi  ng  g i chc v  G io  s  l ut,  nh ng  ng  t chi .  
Lai -b-nt  son  cng  trnh  v g ing  dy Lut v  xut k hoch  ci  tin  ca 
mnh  trn   ng  i  t Lai-xch  n  Nuy-rm-be.  Mt trong  nhng  c tr ng  ca 
cuc i  Lai-b-nt l  ng  c th lm  vic trong  bt k  iu  kin  no,   bt k  u,  
v trong  mi  thi  im.  ng  c,  vit,  ngh in  ngm khng  ngng.  ng   vit 
phn  ln  cc cng  trnh  ton  hc ca mnh  (khng  k nhng  cng  trnh  c sc 
v rt nh iu  l nh  vc khc nhau)  trong  cc chuyn  xe nga trn  nhng  con   ng  
nh  chu  u  hi  th k XVI I  kh i  ng  phi  i  y,  i   theo yu  cu  ca khch  
hng.  Hot ng  khng  mt mi  ny ca ng    li  cho chng  ta  mt khi  
l ng  g iy vit   loi ,    c v phi  ln  nh  mt ng  c kh,  ch a kp phn  
loi ,  v mi  ch  c cng  b mt phn.  Ngy nay,  phn  ln  s g iy ny cn  
ang   c ng  gi  trong  mt gc ca th  vin  Hong  g ia   Ha-n-v (Hanover) .  

Tht kh tin   c rng  ch mt ci  u  li  c th sn  sinh  ra   c ton  b t  
t ng  ( hoc ch a in  ra)  m Lai-b-nt   li  trn  nhng  trang  g iy kia.  iu  
lm  cc nh g ii  phu  ngc nh in  l  sau  khi  o v quan  st hp s ca Lai-b-nt 
ng i  ta  nhn  thy rng  n nh hn  nh iu  so vi  hp s ca mt ng i  bnh  
th ng  (Khng  h iu  li  n  y c tht hay khng  ! ) .  

ng  l  nh bc hc ln  trong  rt nh iu  l nh  vc (Lut,  Tn  g io,  Chnh  tr ,  Lch  
s,  Vn  hc,  Logic,  Trit hc,  Ton  hc,  Siu  h nh) .  Ch cn  c mt trong  nhng  
cng  h in  trn  y ca ng  cng    l u  danh  hu  th.  Ng i  ta  bo Lai-b-nt l  
mt v d  chng  t  cu  ph ng  ngn  "Bit nh iu  ngh,  chng  g ii  ngh no"  
khng  ng.  

ng  l  ng i  sng  lp Vin  Hn  lm Khoa hc c m ng  l  v  Ch  tch  u  
tin .  ng  mt vo ngy 1 4-1 1 -1 71 6   Ha-n-v trong  c n.  
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n tp ch ng V 

1.   Tm o hm ca cc hm s sau :  

a)  
3 2

5
3 2

x x
y x=  +   ;       b)  

2 3 4

2 4 5 6

7
y

x x x x
=  +  ;  

c)  
23 6 7

4

x x
y

x

 +
=  ;        d)  ( )2

3 1y x x
x

 
= +  

 
;  

e)  
1

1

x
y

x

+
=


 ;          f)  

2

2

7 5
.

3

x x
y

x x

 + +
=


 

2.   Tm o hm ca cc hm s sau :  

a)  
cos

2 sin
x

y x x
x

=   ;       b)  
3 cos

2 1

x
y

x
=

+
 ;  

c)  
2 2 cos

sin

t t
y

t

+
=  ;         d)  

2 cos sin

3 sin cos
y

 
 


=

+
;  

e)  
tan

sin 2

x
y

x
=

+
 ;         f)

cot

2 1

x
y

x
=


.  

3.   Cho hm s ( ) 1 .f x x= +  Tnh f(3)  +  (x   3 )f ' (3).  

4.   Cho hai hm s f(x)  =  tan x v g(x)  =  
1

.
1 x

 Tnh 
'(0)

.
'(0)

f

g
 

5.   Gii ph ng trnh f ' (x)  =  0,  bit rng 

3

60 64
( ) 3 5.f x x

x x
= +  +  

6.   Cho 1
cos

( )
x

f x
x

= ,  f2(x)  =  xsin x.  Tnh 
1

2

' (1)
.

' (1)

f

f
 

7.   Vit ph ng trnh tip tuyn :  

a)  Ca hypebol 
1

1

x
y

x

+
=


 ti im A(2 ;  3 )  ;  

b)  Ca  ng cong  y  =  x3  +  4x 2    1  ti im c honh  x0  =  1  ;  

c)  Ca parabol  y  =  x2    4x +  4  ti im c tung  y0  =  1 .  
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8.   Cho chuyn ng thng xc nh bi ph ng trnh S  =  t
3
   3t

2
   9t,  trong 

  t   c tnh bng giy v S   c tnh bng mt.  

a)  Tnh vn tc ca chuyn ng khi t  =  2  s.  

b)  Tnh gia tc ca chuyn ng khi t  =  3  s.  

c)  Tnh gia tc ti thi im vn tc trit tiu.  

d)  Tnh vn tc ti thi im gia tc trit tiu.  

9.   Cho hai hm s 

      
1

2
y

x
=  v 

2
.

2

x
y =  

Vit ph ng trnh tip tuyn vi  th ca mi hm s  cho ti giao 
im ca chng.  Tnh gc gia hai tip tuyn k trn.  

 
Bi  tp trc nghim 

Chn ph ng n ng :  

10.   Vi 
2 2 5

( )
1

x x
g x

x

 +
=


 ;  g'(2)  bng :  

(A)  1  ;      (B)  3  ;       (C)  5  ;       (D)  0.  

11.   Nu f(x)  =  sin
3
x +  x

2
 th ' '

2
f

 
 

 
 bng :  

(A)  0 ;      (B)  1  ;       (C)  2 ;       (D)  5 .  

12.   Gi s h(x)  =  5(x +  1 )
3
 +  4(x +  1 ) .  

Tp nghim ca ph ng trnh h ' '(x)  =  0 l :  

(A)  [1  ;  2]  ;    (B)  (    ;  0]  ;    (C)  {1 }  ;      (D)  .  

13.   Cho 
3 2

( )
3 2

x x
f x x= + + .  

Tp nghim ca bt ph ng trnh f ' (x)    0  l :   

(A)   ;      (B)  (0 ;  +)  ;     (C)  [2 ;  2]  ;     (D)  (  ;  +).  
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n tp cui  nm 

I    Cu  hi  

1.   Nu nh ngha cc hm s l ng gic.  Ch r tp xc nh v tp gi tr  
ca tng hm s .  

2.  Cho bit chu k ca mi hm s y  =  sin x,  y  =  cos  x,  y  =  tan x,  y  =  cot x.  

3.   Nu cch gii cc ph ng trnh l ng gic c bn,  cch gii ph ng trnh 
dng asin x  +  bcos x  =  c.  

4.   Vit cng thc tnh s hon v ca tp gm n  phn t (n  >  1 ).  Nu v d.  

5.   Vit cng thc tnh s chnh hp chp k  ca n  phn t,  cng thc tnh s t 
hp chp k  ca n  phn t.  Cho v d.  

6.   Vit cng thc nh thc Niu-tn.  

7.    Pht biu nh ngha xc sut (c in)  ca bin c.  

8.   Nu r cc b c chng minh bng ph ng php quy np ton hc v cho 
v  d.  

9.   Pht biu nh ngha cp s cng v cng thc tnh tng n  s hng u tin 
ca mt cp s cng.  

10.   Pht biu nh ngha cp s nhn v cng thc tnh tng n  s hng u tin 
ca mt cp s nhn.  

11.   Dy s ( )
n
u  tho mn iu kin g th  c gi l c gii hn 0 khi n  dn 

ti d ng v cc ?  

12.   Vit cng thc tnh tng ca mt cp s nhn li v hn.  

13.   nh ngha hm s c gii hn  +  khi x    .  

14.  Nu cc gii hn c bit ca dy s v ca hm s.  

15.   Nu nh ngha hm s lin tc ti mt im,  trn mt khong.  Nu nhn 
xt v  th ca mt hm s lin tc trn mt khong.  

16.   Pht biu nh ngha o hm ca hm s y  =  f(x)  ti x =  x0.  

17.  Vit tt c cc quy tc tnh o hm  hc.  

18.  Gi s y  =  f(x)  l hm s c o hm ti x0.  Hy vit ph ng trnh tip 

tuyn ca  th hm s  ti im M0(x0  ;  f(x0)).  

I I    Bi  tp  

1.   Cho hm s cos 2 .y x=  

a)  Chng minh rng cos 2( ) cos 2x k x+  =  vi mi s nguyn k.  T  v 

 th (C)  ca hm s cos 2 .y x=  
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b)  Vit ph ng trnh tip tuyn ca  th (C)  ti im c honh  .
3

x


=  

c)  Tm tp xc nh ca hm s 
2

1 cos 2

1 cos 2

x
z

x


=

+
.  

2.   Cho hm s 
5

.
6 7 sin 2

y
x

=
+

 

a)  Tnh 
5

6 7 sin 2
A

a
=

+
,  bit rng tan 0, 2.a =   

b)  Tnh o hm ca hm s  cho.  

c)  Xc nh cc khong trn  y '  khng d ng.  

3.   Gii cc ph ng trnh :  

a)  2 2 2 22 sin cos 2 sin sin cos sin
2 2

x x
x x x x =   ;  

b)  3cos x +  4sin x =  5  ;  

c)  sin x +  cos  x =  1  +  cos  x sin x ;  

d)  1 cos sinx x =  (x   [  ;  3] )  ;  

e)  cos 3 sin sin 1 sin 3 cos cos 0.
4 4

x x
x x x x

   
 + +  =   

   
 

4.   Trong mt bnh vin c 40 bc s ngoi khoa.  Hi c bao nhiu cch phn 
cng ca m,  nu mi ca gm :  

a)  Mt bc s m v mt bc s ph ?  

b)  Mt bc s m v bn bc s ph ?  

5.   Tm s hng khng cha a  trong khai trin ca nh thc 

10
2

3

1
a

a

 
+ 

 
.  

6.   Chn ngu nhin ba hc sinh t mt t gm c su nam v bn n.  

Tnh xc sut sao cho :  

a)  C ba hc sinh u l nam ;    b)  C t nht mt nam.  

7.   Mt tiu i c 1 0 ng i  c xp ngu nhin thnh hng dc,  trong  c 
anh A v anh B.  Tnh xc sut sao cho :  

a)  A v B ng lin nhau ;  

b)  Trong hai ng i  c mt ng i ng  v tr s 1  v ng i kia ng  
v tr cui cng.  
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8.   Tm cp s cng tng,  bit rng tng ba s hng u ca n bng 27  v 
tng cc bnh ph ng ca chng bng 275.  

9.   Cho bit trong mt cp s nhn,  hiu ca s hng th ba v s hng th hai 
bng 1 2 v nu thm 1 0 vo s hng th nht,  thm 8  vo s hng th hai 
cn gi nguyn s hng th ba th ba s mi lp thnh mt cp s cng.  
Hy tnh tng ca nm s hng u ca cp s nhn  cho.  

10.   Tnh cc gii hn sau :  

a)  
2

3

( 1)(3 2 )
lim

1

n n

n

+ 

+
 ;   

b)  
2 2 2 2

1 2 3 1
lim ...

1 1 1 1

n

n n n n

 
+ + + + 

 + + + + 
 ;   

c)  
24 1

lim
2 1

n n

n

+ +

+
 ;   

d)  lim ( 1 )n n n  .  

11.   Cho hai dy s ( ),
n

u  ( )
n
v  vi 

2 1
n

n
u

n

=
+

 v 
2

cos

1
n

n
n

v

n



=
+

.  

a)  Tnh lim .nu  

b)  Chng minh rng lim 0.
n
v =  

12.   Chng minh rng hm s cosy x=  khng c gii hn khi x    +.  

13.   Tnh cc gii hn sau :  

a)  
22

6 3
lim

2 1x

x

x




+
 ;        b)  

22

3 2
lim

4x

x x

x

 


 ;   

c)  
2

2

3 1
lim

2x

x x

x+

 +


 ;      d)  2

1
lim ...

1
n

x

n
x x x

x

 
+ + +  

  
 ;   

e)  
2 1

lim
3x

x

x+



+
 ;         f)  

24 1
lim

2 3x

x x

x

+ 


 ;  

g)  3 2lim ( 2 3 1).
x

x x x


 +  +  



 1 81  

14.   Chng minh rng ph ng trnh sau c t nht mt nghim :  

sin 1 .x x=   

15.   Ph ng trnh sau c nghim hay khng trong khong (1  ;  3 )  :  

4 33 1 0 ?x x x +  =  

16.   Gii cc ph ng trnh :  

a)  f ' (x)  =  g(x)  vi f(x)  =  sin
3
2x v g(x)  =  4cos  2x   5sin 4x ;  

b)  f ' (x)  =  0  vi f(x)  =  20cos 3x +  1 2cos 5x   1 5cos  4x.  

17.   Tnh o hm ca cc hm s sau :  

a)  
2

1

cos 3
y

x
= ;         b)  

2

2

cos 1

1

x
y

x

+
=

+
;  

c)  y  =  (2   x
2
)  cos  x +  2x sin x ;     d)  

sin cos .
cos sin

x x x
y

x x x


=

+
 

18.   Tnh o hm cp hai ca cc hm s sau :  

a)  
1

1
y

x
=

+
 ;          b)  

1

(1 )
y

x x
=


;  

c)  y  =  sin ax (a  l hng s)  ;     d)  y  =  sin
2
x.  

19.   Cho hm s 

f(x)  =  x
3
 +  bx

2
 +  cx +  d.       (C)  

Hy xc nh cc s b,  c,  d,  bit rng  th (C)  ca hm s y  =  f(x)  i qua 

cc im (1  ;  3),  (1  ;  1 )  v 
1

'
3

f
 
 
 

 =  0.  

20.  Cho cc hm s 

3 2( )f x x bx cx d= + + + ,       (C)  

2( ) 3 1 .g x x x=  +  

Vi cc s b,  c,  d tm  c  bi 1 9,  hy :  

a)  Vit ph ng trnh tip tuyn ca  th (C)  ti im c honh  x =  1  ;  

b)  Gii ph ng trnh f ' (sin x)  =  0  ;  

c)  Tm 
0

"(sin 5 ) 1
lim

'(sin 3 ) 3x

f x

g x

+

+
.  
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Ch ng I 

1.   

1 .   a)  tan x  =  0 ti x    {,  0,  }  ;   

b)  tan x  =  1  ti x    { }3 5
, ,

4 4 4

  
  ;   

c)  tan x  >  0 khi  

     x    
3

; 0 ; ;
2 2 2

       
         

     
 ;   

d)  tan x < 0 khi  

x  ; 0 ;
2 2

         
   

.   

2.   a)  D  =   \ { k,  k     }  ;   

b)  D  =   \ { k2 ,  k     }  ;   

c)  D  =   \ { }5

6
k k


+ ,  Z  ;   

d)  D  =   \{ }6
k k


 + ,  Z .   

3.   Ly i xng qua trc Ox  cc phn  th 
hm s  y  = sin x  trn cc on [  +  k2  ;  
2  +  k2] ,  gi nguyn cc phn  th 
cn li (k    ).   

4.   y  =  sin 2x  l hm s tun hon vi chu k 
  v l hm s l.  T  suy ra  th ca 
hm s ny.   

5.   Ct  th hm s y  = cos x bi  ng thng 

1
,

2
y =  xc nh honh  giao im.   

6.   x    (k2  ;    +  k2),  k    .  

7.   x  
3

2 ; 2
2 2

  +  +  
 

k k ,  k     .   

8.   a)  0 cos 1,x   3,y   ymax  =  3   

  x  = k2,   k    .  

b) 3 2 sin 5,x   y  max  = 5   

  x = 2 ,
2


 + k  k    .  

2.   

1 .  a)  x  =  arcsin
1

3
   2  + k2,   

x  =      arcsin
1

3
   2  + k2,  k     ;   

b) x = 
2

6 3

 
+ k , k     ;   

c) x = 
3

2 2

 
+ k , k     ;   

d) x =  40o  + k180o,  

x  =  1 1 0o  +  k1 80o,  k     .   

2.   x  =  k,  x  =
4 2

 
+ k ,  k     .   

3.   a)  x  =  1    arccos
2

3
 +  k2 ,  k     ;   

b)  x  =    4o  +  k. 1 20o,  k      ;   

c) 
11 4 5 4

, ,
18 3 18 3

   
= + =  +x k x k k   ;   

d)  x  =
6


 + k ,  

3


=  + x k ,  k    Z.   

4.   x = 
4


 + k ,  k    .   

5.   a) x = 45o  + k180o, k    Z  ;   

b)  x  =  
1 5

3 18 3

 
+ + k ,  k      ;  

c)  x  =  
4 2

 
+ k ,  x  =  k ,  k    .   

d)  x   =
3

k

,  x  = 

2


 +  k,  k   Z.   

6.   x  =  
12 3

 
+ k ,  k     .   

7.   a)  x  =  
16 4

 
+ k ,  x  =  

4


  +  k,  k    .  

b)  
8 4

x k
 

= + ,  k     .   
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3.   

1 .   x  =  k,  x  =  
2


 +  k2,  k   .   

2.   a) x = k2, x = 
3


  + k2,  k    ;   

b) x =
2


k ,  x  =  

3

8


 + k,  k    .   

3.   a)  x  =  k4 ,  k     ;  b)  x  =  
6


 +  k2,   

x  =  
5

6


 +  k2 ,  x  =  arcsin

1

4

 
 

 
 +  k2,   

x  =      arcsin
1

4

 
 

 
 +  k2 ,  k     ;   

c) 
4

k


 +  , 
1

arctan
2

x k
 

=  + , 
 

k    ;   

d)  x k


= + 
4

 

x = arctan(2) + k,  k   .  

4.   a)   x  =  
4


 +  k,   

x  =  arctan
3

2

 
 

 
 +  k,  k    ;   

b) x = 
4


 + k, x = arctan3 + k, k    ;   

c) x = 
4


 + k,  x = arctan(5) + k,  k    ;   

d)  x  =  
2


 +  k,  x  =  

6


 +  k,  k   .   

5.   a) x = 
12


  + k2, x = 

7

12


  + k2, k    ;  

b)  
3 6

x
 

= + +
2

3


k ,  k      

 (vi 
3

cos
5

 =  ;  
4

sin
5

 = ) .  

c) x = 
7

12


 + k2,  x = 

12


  + k2,  k    ;   

d)  
4 2

x k


=  +  ,   k    ;  

(vi 
5

sin
13

 =  ;  
12

cos
13

 = ).  

6.  a)  
10 5

 
= +x k ,  k    .  

b)  ,x k=   arctan 3 ,x k= +   k   .  

n tp ch ng I 
1.   a) c ;  b)  khng.  

2.   a) { }3
,

2 2
x

 
   ;  b) x   ( ; 0) ( , 2 )    .  

3.  a) 1 cos 2x+     3,y   max 3y =   

  2 ,= x k  k   ;   

b)  1,y   max 1y =   

  x =  
2

2 ,
3


+ k  k  .  

4.   a)  
2

1 arcsin 2 ,
3

=  + + x k  k     ;    

2
1 arcsin 2 ,

3
=    + x k  k   .  

b)  ,
8


=  + x k  

3

8


=  + x k ,  k   ;   

c)  
2

2
3


=  + x k ,  k   ;   

d)  
5

,
144 12

  
= +x k  k     

5.  a) 2 ,= x k  2
3


=  + x k ,  k   ;   

b) ,
2


= + x k  

8
arctan

15
= + x k ,  k   ;    

c) 2 ,= x k  k    ;  x =   2 + k2, k    

 (vi 
2

cos
5

=  ;  
1

sin
5

 = ).  

d)  iu kin sin x  0, 
2

2 .
3


=  + x k  

Ch ng II 

1.   

1 .   a)  4  ;  b)  42  =  1 6 ;  c)  4  .  3  = 1 2 ;   
2.  42.    3.  a)  24 ;  b)  576.   4.  1 2.  
2.   

1 .   a)  6!  ;  b)  3    5 !  ;  c)  41 4.    

2.  1 0!  ;    3.  210.   4 .  360.   

5.   a)  60 ;  b)  1 0.    6.  20.  7.  60.  
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3.  

2.  1 2.  3.   n  =  5   4.   28 .   5.  1 .  

6.  a) ,  b)  Gi .  Khai trin 1 1 10  =  (1 0 + 1 )10,  

1 01 100  =  (1 00 + 1 )1 00.  
4.   

1 .   a)    =  { SSS,  SSN,  NSS,  SNS,  NNS,  NSN,  
          SNN,  NNN} .  

b)   A  =  { SSS,  SSN,  SNS,  SNN}  ;   

B  =  { SNN,  NSN,  NNS}  ;   

C = {SSN, NSS, SNS, NNS, NSN, SNN, NNN}. 

2.  a)    =  { (i,  j)  ;  1    i,  j    6} .   

3.  a)   = { { 1 ,  2}, { 1 ,  3}, { 1 ,  4}, { 2,  3}, {2,  4}, 
          { 3,  4}}.  

b)   A  = { { 1 ,  3} ,  { 2,  4}}  ;   

B = { { 1 , 2}, { 1 , 4}, {2, 3}, {2, 4}, { 3,  4}} .  

4.   a)  1 2A A A=   ;  1 2B A A=   ;  

2 11 2( ) ( )C A A A A=     ; 1 2 .D A A=   

b)  HD.  D  l bin c "C hai ng i u bn 
tr t"  

5.   a)    =  { 1 ,  2,  . . . ,  1 0}  ;   
b)   A  =  { 1 ,  2,  3 ,  4,  5}  ;  B  =  { 7,  8 ,  9,  1 0}  ;  

C  =  { 2,  4,  6,  8 ,  1 0} .  

6.   a)    =  { S,  NS,  NNS,  NNNS,  NNNN}  ;  
b) A  = {S, NS, NNS}  ;  B = {NNNS, NNNN}  

7.  a)    gm cc chnh hp chp 2 ca 5  ch 
s 1 ,  2,  3 ,  4,  5  ;  
b)  A  =  { (1 ,  2),  (1 ,  3 ),  (1 ,  4),  (1 ,  5),  (2,  3),  
(2,  4),  (2,  5),  (3 ,  4),  (3 ,  5),  (4,  5)}  ;  
B  =  { (2,  1 ),  (4,  2)}  ;  C  =  .  

5.   

1 .  c)  
6

P( ) ,
36

A =
11

P( )
36

B = .   

2.  b) A  = { 1 , 3, 4}  ;  B = { { 1 , 2, 3} , { 2, 3, 4}}  ;  

c)  
1

P( ) ,
4

A =
1

P( )
2

B = .   

3.   
1

7
.   4.   a)  

2

3
,  b)  

1

3
, c) 

1
.

6
  

5.   a)    0,000 003  7  ;  b)    0,28123;   
c)    0,000 1 33.   

6.   a)  
2
,

3
 b)  

1
.

3
 

7.  a)  c lp ;  b)  
12

25
 ;  c)  

13

25
.  

n tp ch ng II 

4.   a)  1 1 76 ;  b)  420.   5.   a)  = 0,1  ;  b)  0,2.   

6.   a)  
8

,
105

 b)
209

210
.    7.     0,421 3.   

8.   a)  
2

5
;  b)  

3

5
;  c)  

1
.

5
  9.   a)  

1

4
 ;  b)  

1

4
.  

 

Ch ng  III 
1 .   

4.   a)  1 2 3
1 2 3
, , .

2 3 4
S S S= = =  

2.  

3.   b) un  = 8n +  vi n   N*   

4.   a) Dy s gim ;    b)  Dy s tng ;   

c)  Dy s khng tng cng khng gim ;   

d)  Dy s gim.   

5.   a)  Dy s b chn d i v un    1  ;   

b)  Dy s b chn v 0 < un  
1

3
;   

c) 0 < un    1  ;    d) 2 2
n
u < < .  

3.   

1 .   a)  u1  =  3 ,  d =  2 ;   b)  u1  =
1

2
 ,  d =

1

2
;   

c)  Dy s khng phi l cp s cng ;   

d)  u1  = 2,  d =
3

2
 .   

2.   a)  u1  =  1 6,  d  =  3  ;   

b)  u1  =  3 ,  d =  2 ;  u1  =  1 7,  d =  2.   

3.  p s  c  trong ngoc n ca bng.  

u1  d un  n  Sn  

2 (3)  55  20 (530)  

(36) 4 (20)  1 5  1 20 

3  4/27  7  (28)  (1 40)  

(5) (2)  1 7  1 2 72 

2 5  (43)  (1 0)  205  



 185  

4.   a)  hn  = 0,5  + 0,18n  ;  b)  h21  = 4,28 (m).   

5.  78.  
4.   

2.   a)  q  =  3  ;  b)  u1  =  
9

7
 ;  c)  n  =  7 .   

3.   a)    q  =  3  :  
1

3
,  1 ,  3 ,  9,  27  ;   

      q  =  3  :  
1
,

3
 1 ,  3 ,  9,  27  ;   

b)  
200

,
3

  
100

,
3

  
50

,
3

  
25

,
3

  
25

.
6

  

4.  1 ,  2,  4,  8 ,  1 6,  32.   
5.   Sau 5 nm :  1, 9  triu ng i ;  Sau 10 nm :  

2,1 triu ng i.  

6.   Biu din 1

10
. vi 1

4n n
a a n+ =  .  

Do  dy s (an)  l cp s nhn vi cng 

bi q  =
10

4
.  

n tp ch ng III 
1.   Cp s cng l dy s tng nu d >  0 v 

gim nu d  <  0.   

2.   a)  un  <  0 vi mi n  ;   

b)  Cc s hng an du.   

5.   Dng ph ng php quy np ton hc.   
6.   a)  2,  3 ,  5 ,  9,  1 7.   
7.   a)  Dy s tng,  b chn d i.   

b)  Dy s b chn, khng tng cng khng 
gim 
c)  Dy s gim v b chn v  

0 <  un  
1

2 1+
.  

8.   a)  u1  = 8, d = 3 ;   

b)  u1  = 0,  d = 3  ;  u1  = 12,  d =
21

5
.   

9.   a)  u1  = 6, q  =  2 ;  b)  u1  =  1 2,  q  =  2  ;   

c)  u1  =  1 ,  q  =  2.   

10.  A  = 22o30', B = 67o30', C = 112o30',  

D  = 157o30'. 11.  q1  =  1  hoc q2  =
1

3
.  12.  6  m2.  

Ch ng IV 

1 .   

1 .   a)  un  =  
1

2n
(kg)  ;   

c)  Ch   :   1 0
6

g  =10
6
.10

3
 kg = 

9

1

10
kg.  

3.    a) 2 ;  b)
3

2
;  c) 5 ;   d)

3

4
.   

4.  a)  
1

4
n n
u = ;  b) 

1

3
.    5. 

10

11
S =  .     

6.   
1 01

99
  7.   a) + ;  b)  ;   c) 

1

2
  ;  d) +.  

8.   a) 2 ;   b) 0.  

2.   

1 .  a)
1

2
;  b)  5.   

2.  Hm s y  = f(x) khng c gii hn khi x   0.  

3.  a)  4 ;  b)  4.  ;  c)
1

6
.  d)   2.  e)  0 ;  f)  .   

4.  a) + ;  b)  + ;  c)  .      

5.   b)   
3

lim ( ) 0 , lim ( ) ,
x x

f x f x
 

= =   

3
lim ( ) .

x

f x
+

= +  

6.   a)  +  ;  b)  +  ;  c)  +  ;  d)  1 .  

7.   a)  d'  = (d)  =
df

d f
;   

b) lim ( )
d f

d
+

= + ,  lim ( )
d f

d


=  ,  

   lim ( )
d

d f
+

= .  

3.   
1 .   y  =  f(x)  lin tc ti x0  =  3 .   
2.   a)  y  = g(x)  khng lin tc ti x0  = 2 ;  b)  12.   
3.   a)  ( )=y f x  lin tc trn (  ;  1 )  v 

(1 ;  +).   

4.  a)  y  =  f(x)  lin tc trn (  ;  3),  (3  ;  2)  
v trn (2 ;  +)  ;  b)  y  = g(x)  lin tc trn 

cc khong ;
2 2

k k
  

+  +  
 

 vi k   Z.   

5.   kin ng.   
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6.  b)  HD.  Xt hm s ( ) cosf x x x=   trn  

 v hai s 0,  1 .  

n tp ch ng IV 

2.   lim un  =  2.    3.  HOAN.   

5.   a) 
1

2
;  b)

1

3
;  c)  ;  d)  ;  e)

1

3
;  f)  

2

3
 .   

6.   a)   
0

lim ( )
x

f x


= + ;  
0

lim ( )
x

g x


= + ;  

+
lim ( ) 1

x
f x

 
=  ;  lim ( )

x
g x

+
= +  ;   

b)  Hnh 60a)  l  th ca y  =  g(x) ,  Hnh 
60b)  l  th ca y  =   f(x).   

7.  y = g(x)  lin tc trn R .   

8.  HD.  Xt du (0) , (1) , (2)f f f v (3)f .  

 

Ch ng V 

1.   

1 .   a)  f(2)    f(1 )  = 7  ;   
b)  f(0,  9)    f(1 )  = 0,271 .   

2.   a)  y  =  2x,  
y

x




= 2 ;   

b)  y  =  x(2x  +  x)  ;  
y

x




= 2x  +  x  ;   

c)  y  =  2x[3x2  +  3xx  +  (x)2]  ;   

y

x




= 6x2  +  6x  x  +  2(x)2  ;   

d)  
( )

x
y

x x x


 = 

+ 
;

1

( )

y

x x x x


= 

 + 
.   

3.  a)  3  ;  b)  
1

4
 ;  c)  2.   

4.   HD.  Chng minh f gin on ti x  =  0.  
T  suy ra f khng c o hm ti 
im .   

5.   a)   y  = 3x + 2 ;    b)   y  = 12x   1 6 ;   

c)   y  = 3x + 2 v  y  =  3x    2.   

6.   a)   y  =  4(x    1 )  ;  b)  y = (x + 2) ;   

c)  y  = 
4

x
  + 1  v  y = 

4

x
   1 .   

7.   a)  49,49 m/s  ;  49,245  m/s ;  49,005  m/s  ;   
b)  49  m/s.  

2.  
1.   a)  1  ;  b)  1 0.   

2.   a)  5x4    1 2x2  +  2 ;  b)  2x3  +  2x    
1

3
 ;   

c)  2x3    2x2  +  
8

5
x  ;   d) 63x6  + 120x4.   

3.   a)  3x5(x5    5)2  (7x5    1 0)  ;   

b)  4x (3x2    1 )  ;  c)  
2

2 2

2( 1)

( 1)

x

x

 +


;   

d)  
2

2 2

5 6 2

( 1)

x x

x x

 

 +
;  e)

2

3 2

6n n
m

x x

 
 + 

 
.   

4.   a)  2x   
3

2
x  ;  b)

2

2 5

2 2 5

x

x x

 

 
;   

c)  
2 2 2

2 2 3

(3 2 )

( )

x a x

a x




;  d)

3

3

2 (1 )

x

x




.   

5.  a) x < 0 hoc x > 2 ;  b) 1   2  < x < 1  + 2 .  

3.  

1.  a)  
2

3

(5 2)x 
;  b)  

2

23

(7 3 )x
;   

c)  
2

2

2(2 3 9)

(3 4 )

x x

x

  


;  d)

2

2 2

10 6 9

( 3)

x x

x x

  +


.   

2.   a) (1  ;  1 )   (1  ;  3) ;  b) (  ;  3]    [1  ;  +) ;  

c)
1 19 1 19

;
2 2

  +
 
 

.   

3.   a)  5cos x + 3sin x ;  b)  
2

2

(sin cos )x x



;       

c)  
2

cot
sin

x
x

x
 ;   

d)  (x cos x    s in x)  
2 2

1 1

sinx x

 
 

 
;   

e)  
2

1

cos 1 2 tanx x+
;  f)

2

2

cos 1

1

x x

x

+

+
.   

4.   a) 2(2x3   9x2 + 1) + (6x2  18x) (9  2x) ;   

b) 
3

3 2

x x

 
+ 

 
 (7x   3) + 7

2

1
6 x

x

 
 

 
 ;   
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c)  
2

2

( 2)
1

1

x x
x

x


+ +

+
 ;   

d)  
2 2 2

2 tan 2

cos sin

x x

x x
+  ;  e)  

2

1
sin

1(1 )

x

xx


++
.             

5.  
1

2
.   

7.   a) x =   + 
2


 + k2,  (k   Z) vi cos  =

3

5
 ;   

b)  

4

3 3

=  + 
  4 =  +


x k

x k
 (k    Z) .  

8.   a) (  ;  0)   (2 ;  +) ;   b) ( ;  0)   (1  ;  +).  

4.  

1.  a)  
1

2( )a b x+
dx  ;  

b)  
2 2 1

(2 4)( ) ( 4 1) 2 d ;
2

x x x x x x x
x

  
+  + + +    

  
  

2.   a)  
2

2 tan
d

cos

x
x

x
;  b)  

2

2 2

( 1) sin 2 cos
d .

(1 )

x x x x
x

x

 +


  

5.  

1.   a)  622 080 ;    

b)  "
2

f
 

 
 

= 9 ;   f "(0) = 0 ;   

9
"

18 2
f

 
=  

 
;   

2.   a)  
3

2
"

(1 )
y

x
=


;  b)  

5

3
"

4 (1 )

y

x

=


;    

c)  
3

2 sin
"

cos

x
y

x
= ;   d)   y"  =    2cos  2x.  

n tp ch ng V 

1.   a)   y'  = x2    x + 1  ;   

b)   y'  = 
2 3 4 5

2 8 15 24

7x x x x
 +  +  ;   

c)   y'  = 
2

2

3 7

4

x

x


 ;   

d)   
2 2

2

9 6 2 4
'

2

x x x x
y

x

  +
=   ;   

e)   y'  = 
2

1

(1 )x x
 ;  

f) 

2

2 2

4 10 15
'

( 3 )

x x
y

x x

  +
=


.  

2.  a)  y '  = 
2

2

( 1) sin (2 1) cosx x x x x x

x

+ + +
 ; 

b)   y '  =  
2

3(2 1) sin 6 cos

(2 1)

x x x

x

 + 

+
 ;   

c)   y '  =  
2

2

2 sin cos 2

sin

t t t t

t

 
 ;   

d)  y'  =  
2

7

(3 sin cos ) 



+
 ;   

e)  y'  = 
3

2 2

2 sin

cos (sin 2)

x

x x

+

+
 ;   

f)  y'  =
2

2

1 2 cot

sin

1)

x x

xx

(2 x





.   

3 .  2  +
3

4

x 
.       4.  1 .       

5.  {2 ;    4} .      6.  1 .   

7.   a)  y  = 2x + 7  ;     

b)  y  = 5x   3  ;   

c)  y  =  2x  +  3  = 0,  y  = 2x  5.  

8.   a)  9m/s  ;   b)  1 2m/s
2
 ;   

c)  1 2m/s
2
 ;   d)  12m/s.   

9.   a)  y  = 
1

2
2
x + ,  y  = 

2
2

2
x   ;   

b) 90
o
.  

 
n tp cui nm 

1.  b)  
3 1

3
3 2

y x


=  +   ;  c)  .  
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2.   a)  
65

113
 ;   

b)  
2

70 cos 2
'

(6 7 sin 2 )

x
y

x


=

+
 ;  

c)  ;
4 4

k k
   +  +   

,  k    .  

3.   a)  { }; ( 1) 2 , ,
4 2 3

k
n k n k

  
+  +   Z ;   

b) { }2 ,
2

k k

 +   Z  vi 

4
cos

5
 =  ;  

         
3

sin .
5

 =   

c)  { }2 ; 2 , ,
2


+   k l k l Z ;  d)  { }5

2 ,
2


 ;   

e)  V nghim.  

4.   a) 2
40A   =  1 560 ;  b) 4

3940C .     

5.  210.   6.  a)  

3
6
3
10

C

C
 ;  b)  

3
4
3
10

C
1

C
 .    

7.   a)  
2.9!

10!
 ;  b)  

2.8!
.

10!
   

8.  u1  =  5 ,  d =  4.    

9.  1 86.    

10.  a)  4  ;  b)  
1

2
;  c)  

3

2
 ;  d)  

1
.

2
   

11.  a)  0.   

13.  a)  4 ;  b) 
1

16
 ;  c)   ;  d)   ;   

e) 2 ;  f)  
1

3
 ;  g) +.  

15.  HD. Xt hm s 4 3( ) 3 1=  + f x x x x  v  

hai s 1  ;  0.  

16.  a)  { ;
4 2

k
 
+

1 1
arcsin

2 3
 +  n  ;   

2


   

1

2
arcsin

1

3
 + m,  k,  n,  m       ;  

b)  { }; 2 , ,
4 3

k l k l
 

 +   Z .  

17.  a)  
3

6 sin 3

cos 3

x

x
;  

b)  
2 2 2

2 3

( 1 sin 1 cos 1 )

( 1)

x x x x

x

 + + + +

+
;  

c)  x
2
sin x  ;  d)

2

2(cos sin )

x

x x x+
.   

18.  a)   y"  = 
3

2

(1 )x+
 ;  b)  

3 3

2 2
''

(1 )
y

x x
= +


 ;  

c)  2' ' siny a ax=   ;  d)  ' ' 2 cos 2 .y x=  

19. b  =
1

2
 , c = 0,  d = 

3
.

2
  

 

20. a)  y = 4x + 1  ;  

b) 
1

arcsin 2 ( , , )
3

1
arcsin 2

3

x k

x n m n k

x m

= 

 = +  


 =   + 


Z  ;   

c)  5 .  
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Bng tra cu thut ng 

thut ng trang 
Bt ph ng trnh l ng gic 37  
Bin c 61  
Bin c chc chn 61  
Bin c i 62 
Bin s khng 61  
Bin c xung khc 62 
Bin c c lp 72 
Cp s cng 93  
Cp s nhn 98  
Chnh hp 49  
Cng bi 98  
Cng sai 93  
Cng thc cng xc sut 69  
Cng thc nhn xc sut 72 
Cng thc nh thc Niu-tn 55  
C ng  tc thi ca dng in 1 53  
Dy s 85  
Dy s b chn 90 
Dy s c gii hn hu hn 1 1 3  
Dy s c gii hn 0 1 1 2 
Dy s c gii hn v cc  1 1 7  
Dy s gim 89  
Dy s hu hn 85  
Dy s khng i 93  
Dy s Phi-b-na-xi 91  
Dy s tng 89  
o hm 145  
o hm bn phi 1 54 
o hm bn tri 1 54 
o hm cp hai 1 71  
o hm cp n  1 71  
o hm ca hm hp 1 61  
o hm mt bn 1 54 
o hm ti mt im 1 46 
o hm trn mt on 1 55  
o hm trn mt khong 1 53  
 ng hnh sin 1 0 
Gia tc tc thi ca chuyn ng 1 72 
Giao ca hai bin c 62 
Gi thit quy np 80 
Gii hn bn phi ca hm s 1 26 
Gii hn bn tri ca hm s 1 26 
Gii hn hu hn ca dy s 1 1 2 
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thut ng trang 
Gii hn hu hn ca hm s ti mt im 1 23  
Gii hn hu hn ca hm s ti v cc 1 27  

Gii hn 
0

sin
lim
x

x

x

 1 63  

Gii hn mt bn 1 26 
Gii hn v cc (ca dy s)  1 1 7  
Gii hn v cc ca hm s 1 29 
Hm s gin on 1 36 
Hm s hp 1 61  
Hm s lin tc ti mt im 1 35  
Hm s lin tc trn mt on 1 36 
Hm s lin tc trn mt khong 1 36 
Hm s l ng gic 4 
Hm s tun hon  1 4 
H thc truy hi 87  
Hnh hc Fractal 1 04 
Hon v 46 
Hp ca hai bin c 62 
Kt qu thun li cho bin c 61  
Khng gian mu  60 
Php th  59  
Php th ngu nhin 59  
Ph ng php quy np ton hc 80 
Ph ng php truy hi 87  
Ph ng trnh bc hai i vi mt hm s l ng gic 31  
Ph ng trnh bc nht i vi mt hm s l ng gic 29 
Ph ng trnh bc nht i vi sin x  v cos x  35  
Ph ng trnh l ng gic c bn 1 8  
Ph ng trnh tip tuyn 1 52 
Quy tc cng (trong t hp)  43  
Quy tc nhn (trong t hp)  44 
S hng tng qut ca dy s 85  
Tam gic Pa-xcan 57  
Tn sut 75  
Tip im 1 51  
Tip tuyn 1 51  
Tng ca cp s nhn li v hn 1 1 6 
T hp 51  
Vn tc tc thi ca chuyn ng 1 47  
Vi phn 1 70 
Xc sut ca bin c 65  

 ngha hnh hc ca o hm 1 50 

 ngha vt l ca o hm 1 53  
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Mc lc 

                              Trang  

Ch ng I.  Hm s  l ng  gic  v  
          Ph ng  trnh  l ng  gic   

1 .  Hm s l ng  g ic      4  

2.  Ph ng  trnh  l ng  gic c bn    1 8  

3.  Mt s ph ng  trnh  l ng  gic th ng  gp    29  

n tp ch ng  I    40  

Ch ng II.  T  hp  -  xc  sut   

1 .  Quy tc m    43  

2.  Hon  v  -  Chnh  hp -  T hp    46 

3.  Nh  thc Niu-tn     55  
4.  Php th v bin  c   59 
5.  Xc sut ca bin  c    65  

n tp ch ng  I I    76  

Ch ng III.  Dy  s  -  Cp  s  cng  v  cp  s  nhn    

1 .  Ph ng  php quy np ton  hc    80 

2.  Dy s   85  

3.  Cp s cng   93  

4.  Cp s nhn    98  

n tp ch ng  I I I  107  

Ch ng IV.  Gii  hn   

1 .  G ii  hn  ca dy s 1 12 

2.  G ii  hn  ca hm s  1 23  

3.  Hm s l in  tc  1 35  

n tp ch ng  IV 141  

Ch ng V.  o  hm   

1 .  nh  ngha v  ngha ca o hm  1 46 

2.  Quy tc tnh  o hm  1 57  

3.  o hm ca hm s l ng  gic  1 63  

4.  Vi  phn  1 70 

5.  o hm cp hai  1 72 

n tp ch ng  V  1 76 

n tp cui  nm 178  
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