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HAM SO LUONG GAC VA PHUONG TRINH LUONG GHC

HAM SO LUONG GHAC VA
Chuong PHUONG TR]”H LUU”G Glﬂ[:

= o

il

Tiép tuc phan gid tri luong gidc va cdc cng thirc luong gidce dugc hoc trong chuong cudi
clia Dai s6 10, chuong nay cung cap kién thiic vé ham s luong gidc va céch gidi phuong
trinh lugng gidc . O day chi yéu cau giai thanh thao cac phuong trinh co ban va nhiing
phuong trinh b4c nhéat va béc hai d6i voi mot ham sd luong giac.

Khac voi nhiing ham s6 d& duoc hoc trudc day, cac ham s6 y = sinx, y =cos x, y = tan x
va y=cot xla nhiing ham s6 tuéin hoan. C4c ham s& nay gap nhiéu trong c4c mon khoa
hoc tng dung (Vat Ii, Hod hoc, ...)




HAM SO LUGNG GIAC

I DINH NGHIA

Tr 6c¢ hét, ta nhac lai bang cédc gid tri 1 ong gidc cla cdc cung dic biét.

Cung
N 0 L ks ks bd
i trt - 6 4 3 2
ong giac
: 1 V2 V3
sinx 0 = = 1
2 2 2
J3 V2 1
CcoS X 1 == - 0
2 2 2
tan x 0 ? 1 3 “
cotx ” 3 1 ? 0

1
a) SUr dung may tinh b tui, hay tinh sin x, cos x véi x la cac sé sau :

T T

—;—31,5:2:;3,1;4,25;5.
6 4

b) Trén d dng tron | ong giac, véi diém gbc A, hay xac dinh cac diém M ma s6 do clia

cung AM bang x (rad) t ong (ng da cho & trén va xac dinh sinx, cosx (Iay © ~ 3,14).

1. Ham so6 sinva ham so césin

a) Ham so sin

O 16p 10 ta da biét, c6 thé dat t ong tng méi s6 thuc x v6i mot diém M duy

nhit trén d Ong tron 1 ong gidc ma s6 do clta cung AM bang x (rad)

(h.1a). Piém M c¢6 tung do hoan toan xdc dinh, d6 chinh 1a gi4 tri sin x.



Biéu dién gid tri clia x trén truc hoanh va gia tri clia sinx trén truc tung, ta d oc
Hinh 1b.

VA
. M
sinxfp-------- .
|
[}
A’ l
- 0 X X
B'
a) b)
Hinh 1
Quy tic dat t ong tng mdi so thuc x véi s6 thuc sinx
sin : -
X y =sinx
d oc goi la ham s6 sin, ki hiéu la y = sin x.
Tap xac dinh clia ham s6 sinla
b) Ham so cosin
\ VA
B
M "
ﬁ \ COSX |--mmmmmm M
[ X !
I [}
I [}
A’ . !
! cosx | A 10 X Vx
B!
a) b)

Hinh 2
Quy tac dat t ong ting moi s thuc x véi s6 thuc cos x
cos : -
X  y=cosx
d oc goi la ham so cosin, ki hiéu la y = cosx (h.2).

Tap xac dinh clia ham s6 cosin la



2. Ham s6 tang va ham sé cétang

a) Ham so tang

Ham s6 tang 1a ham s6 d oc xac dinh bdi cong thiic
sin x
y= (cosx #0),
COS X

ki hiéu la y = tanx.

Vi cos x # 0 khi va chi khi x = g + knt (k € Z) nén tap xac dinh cia ham
sO y =tanx la

D= \{g+kn,keZ}.

b) Ham so cotang

Ham s6 cotang 1a ham s6 d oc xac dinh badi cong thic

COS X

y= (sinx # 0),

sin x

ki hiéu la y = cot x.

Vi sinx # 0 khi va chi khi x # kn (k € Z) nén tap xdc dinh cua ham s6
y =cotx la
D= \f{kn, ke Z}.

% 2
Hay so sanh cac gia tri sinx va sin (—x), cos x va cos(—x).

NHAN XET

Ham s6 y = sin x 1a ham s0 1¢, ham s6 y = cos x 1a ham s6 chan,
tir d6 suy ra cac ham s6 y = tan x va y = cot x déu 1a nhiing ham s6 1¢.

II - TINH TUAN HOAN CUA HAM SO L ONG GIAC

% 3
Tim nhing s6 T sao cho f{x + T) = f{x) v6i moi x thudc tap xac dinh clia cac ham sé sau :
a) fix) =sinx; b) f(x) = tanx.



Ng 0i ta chiing minh d ¢c ring T = 2% 1a s6 d ong nho nhét thod man
dang thiic

sin(x +T) =sinx, Vx € (xem Bai doc thém).

Ham s6 y = sin x thod min dang thifc trén d oc goi 14 ham sé tudn hoan véi
chu ki 2.

T ong tu, ham s6 y = cosx 1a ham s6 tuan hoan véi chu ki 2.
C4c ham s0 y = tan x va y = cot x ciing la nhitng ham s6 tuan hoan, véi chu ki 7.

II1 - SUBIEN THIEN VA PO THI CUA HAM SO L ONG GIAC
1. Ham sé y =sinx
Tt dinh nghia ta thdy ham s6 y = sinx :
X4c dinh v6i moi x € va—1<sinx<1;
Laham so 1€ ;
La ham s6 tuan hoan véi chu ki 27.
Sau day, ta s€ khao sat su bién thién cia ham s6 y = sinx.
a) Su bién thién va do thi ham sé6 y = sinx trén doan [0 ; x]

e ik o . T
Xét cac so thuc xq, x,, trong d6 0 <xy <x, < E.Dat X3 =T —Xp, X4 =T— Xj.

Biéu dién chiing trén d ong tron 1 ¢ng gidc va xét sinx; t ong ing (i=1,2, 3, 4)

(h.3a).
sin 4 Vi
1

TS

sin x, I K I

I ] I

S B Ao (R HE

sinx || /i | \ | |

. ! ! ! ! ! -
0 xl XZ E X3 X4 T X
2
B’ a) b)
Hinh 3

Ay PO T . . .
Trén Hinh 3 ta thay, voi xq, x, tuy y thuoc doan {0 ; E} va x; <X, thi sinx; <sinx,.

s . e N . .
Khi d6 x3, x4 thu¢c doan [5 ; n} va x3 < x4 nh ng sinxs > sinxy.



Vay ham s6 y = sinx dong bién trén [O ; g} va nghich bién trén {g ; n}.

Béang bién thién :

y:slnx 0/ \0

D6 thi ctia ham s6 y = sin x trén doan [0 ; 7] di qua cdc diém (0 ; 0), (x; ; sinx),

(x5 ; sinx,), (g ; 1) , (X35 sinx3), (x4 ; sinxy), (7 ; 0) (h.3b).
CHUY

Vi y = sinx 12 ham s6 1é nén 14y do6i xiing do thi ham s6 trén
doan [0; ] qua gdc toa do O, ta d oc d6 thi ham s6 trén doan

[-m; 0].
D6 thi haim s6 y = sin x trén doan [-n ; ©] d oc biéu dién trén
Hinh 4. "
M.
T 1
2 I ,
- | 0O = T x
! 2
_____________ opem et
Hinh 4

b) Do thi ham s6 y = sin x trén

Ham s6 y = sin.x 1a ham s6 tuin hoan chu ki 2w nén véi moix €  tacé
sin(x + k2n) =sinx, ke Z.

Do d6, muén c6 do thi ham s6 y = sinx trén toan bo tap xdc dinh  , ta tinh

tién lién ti€p do6 thi ham s6 trén doan [-n ; wt] theo cdc vecto v = (21 ; 0)

va —v = (-2n;0), nghia 1a tinh ti€n song song véi truc hoanh tung doan

c6 do dai 2.



Hinh 5 d 6i day la d6 thi ham s6 y = sinx trén

Hinh 5
¢) Tap gia tri cua ham s6 y = sinx
Tir d6 thi ta thdy tap hop moi gid tri cia ham s6 y=sinx 1a doan [-1 ; 1].
Ta noéi tdp gid tri cia ham s6 nay la [-1; 1].

Ham sd y = cosx

Tur dinh nghia ta thdy ham s6 y = cosx :
X4dcdinhvéimoix € va—-1<cosx<1;
La ham so chin ;

La ham s6 tuan hoan véi chu ki 27.

V6imoix €  tacd dang thitc
. T
sm(x + —j = COS X.
2
N 2 N e . L N . N A . T
Tu do6, bang céch tinh tién do thi ham s6 y = sin x theo vecto u = (—5 ; Oj

PR £oaaA AN X T . N R
(sang trdi mot doan c6 do dai bang 2 song song Vv6i truc hoanh), ta d oc do

thi cia ham s6 y = cos x (h.6).




3.

10

Tir d6 thi cia ham s6 y = cosx trén Hinh 6, ta suy ra :
Ham s6 y = cos x dong bién trén doan [ ; 0] va nghich bién trén doan [0 ; 7].
Bang bién thién :

X —TC 0 T

= 1
Yy =CoSX 1 / \

Tap gia tri chaham s6 y = cosx 1a[-1; 1].
D06 thi ctia cdc ham s6 y = cosx, y =sinx d oc goi chung 1a cdc d ong hinh sin.
Ham sé y =tanx
Tt dinh nghia ta thdy ham s6 y = tanx :
C6 tap xdc dinh 1aD =\ {g+ kn, k e Z} :
Laham so 1€ ;

L3 ham so6 tuin hoan véi chu ki .

Vi vay, dé xét su bién thién va vé d6 thi ciia ham s6 y = tan x, ta chi cdn xét su

[PNg [N N ~ N . 9 N AN A 9 b3 s 2 1A At
bién thién va v& do thi cua ham so6 nay trén nua khoang {0 ; Ej , sau do6 lay doi

xung qua goc toa do O, tad gc do thi ham s trén khoang (—g ; g)

Cuoi cing, do tinh tuin hoan véi chu ki © nén d6 thi ham s6 y = tanx trén D
A 1t 1 oA 5 T T x . . -

thu d oc tir d6 thi ham so6 trén khoang (— 5 ; Ej bang cach tinh ti€n song

song v4i truc hoanh ting doan ¢6 do dai bang .

a) Su bién thién va do thi ham so y = tan x trén ntta khoang [0 ; g)
Tu biéu dién hinh hoc cia tan x (h.7a), v6i x{, x, € {0 ; gj , AM| = xy,

AM, =x,, AT = tan xq, AT = tan x,, ta thay :

X; < Xp = tanx;| < tanx,.



LN z 2, 2 N N e N A7 A ki 2 U
Diéu d6 ching to rang, ham so y = tan x dong bién trén nua khoang {0 ; Ej .
A A tang VA

__________________________

A’
B!
a) b)
Hinh 7
Bang bién thién :
T T
X 0 — —
4 2

y=tanx /’1
0

P e ad Lt Lae A A , T .
bé v€ do6 thi ham s6 y = tanx trén nura khoang {O ; Ej talam nh sau:
3 .z . 2 N ~ 3 A ~ R = A T
Tinh gia tri cua ham so y = tan x tai mot s6 diém dac biétnh x =0, x = &
i o e aen T T i
X = g , ... T01 X4c dinh cic diém (0 ; tan 0), (g ; tangj ( tanz

X =

r
4 2

(E : tanﬁj , ... . Ta c6 bang sau :
3 3

0 T n
¥ T T T
6 4 3
3
y=tanx | O Y 1 V3

S s s , T .. P SN
Do thi ham so y = tan x trén nua khoang [O ; 5] di qua céc diém tim d oc.

11
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L. X . N s~ T © EA L L o
Nhan xét rang khi x cang gan 5 thi do thi ham s6 y = tanx

d ong thing x = g (h.7b).

b) Do thi ham s6 y = tan x trén D

Vi y = tan x 1a ham s6 1é nén d6 thi ham
sO c¢6 tam doi xung la goc toa do O.
Lay doi xing qua tam O do6 thi ham s6
y = tanx trén ntra khoang {O ;gj, ta
d ¢gc do thi ham s6 trén nlra khoang
(—E ;0.

2

Tir d6, ta d oc do thi ham s6 y = tan x trén
khoang (—g ; g) Ta thdy trén khoang

nay, ham s6 y = tanx dong bién (h.8).

cang gan

Hinh 8

Vi ham s6 y = tan x tudn hoan véi chu ki 7 nén tinh tién d6 thi ham so trén

khoang (—g ; g) song song voOi truc hoanh ting doan ¢6 do dai wt, ta d oc

do6 thi ham s y = tan x trén D (h.9).

| | y‘ | |

| | | |

| | | |

| | | |

I I ] ]

I I I I

| | | |

I I I I

| | | |

| | | |

I I I I

| | | |

I I ] ]

| | | | _
3! -n i o I | 3m x
_ I I
2! 2 o 2

| | | |

I I ] ]

| | | |

| | | |

I I ] ]

| | | |

| | | |

I I I I

| | | |

Hinh 9

Tap gia tri cua ham s6 y = tan x 1a khoang (- ; +0).



Ham sé y = cot x

Tur dinh nghia ta thdy ham s6 y = cotx :
CotapxdcdinhlaD= \{kn, ke Z};
La ham so 1€ ;

L3 ham s6 tuan hoan véi chu ki 7.

Sau day, ta xét su bién thién va do thi cia ham s6 y = cotx trén khoang (0 ; 1),

roi tir d6 suy ra do thi cia ham s6 trén D.

a) Su bién thién va do thi ham so y = cot x trén khoang (0 ; )

Véi hai s6 x; va x, saocho0<x; <x,<m tacd 0 < x, —x < . Do dé

COSX]  COSXp

cotx; —cotxy = i Sinx
1 2

SIN X, COS X] — COS Xy Sin Xx;

sin x; sin x,

sin(x, — x
: (xp ' 1) S
sin x; sin x,

0

hay cotx; > cotx,.

Vay ham s6 y = cotx nghich bién trén khoang (0 ; ).

Bang bién thién :

A
2

+00
\0

y =cotx \ _

—o0

Hinh 10 biéu dién d6 thi ham s6 y = cot x
trén khoang (0 ; ).

Hinh 10

13
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b) Po thi ciia ham s6 y = cot x trén D

D6 thi ham s6 y = cotx trén D d oc biéu dién trén Hinh 11.

DAY
1 | | 1
1 | | 1
| | | ]
| | | |
1 | | 1
1 ! | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
2nt  -3; —T! - 0 ko ‘T 3g 2m!
| B 2 2 [ :
] [}
1 2 | | 2 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
1 | | 1
Hinh 11

Tap gia tri cua ham s6 y = cotx la khoang (- ; +o0).

B I POC THEM

HAM SO TUAN HOAN

| — BINH NGHIA VA Vi DU

1. Pinh nghia
Ham s6 y = f(x) c6 tap xac dinh D d dc goi 1a ham sé tudn hoan,
néu ton tai mét s6 T = 0 sao cho véi moix € D ta co :
a)x-TeDvax+TeD;
b) flx + T) = f(x).

S6 T d ong nho nhat thod man c4c tinh chéat trén d oc goi la chu ki
clGia ham sé tuan hoan doé.

2. Vidu

Vi du 1. Ham s6 hang f(x) = ¢ (¢ 1a hang s6) la mét ham sé& tudn hoan.
Véi moi s6 d ong T ta déu c6 fx + T) = f(x) = ¢. Tuy nhién khong c6 s6 d ong T
nhd nhat thod man dinh nghia nén ham s6 tuan hoan nay khéng cé chu ki.



Vi du 2. Ham phan nguyén y = [x] da d dc néu trong Dai sé 10.
Ta xét ham y = {x} xac dinh bdi : {x} = x — [x]. N6 d dc goi la ham phan Ié cla x.
Ching han, {4,3}=43-4=0,3;
(4,3} =-43 - (=5)=0,7.
Ta ching t6 ham y = {x} 1a ham tuan hoan véi chu ki 1a 1.
Thatvay, {x+1}=x+1-[x+1]=x+1-[x]-1=x—-[x]={x}.

D6 thi clia ham s6 y = {x} d dc biéu dién trén Hinh 12. Nhin vao dé thi ta thay
ham s6 c6 chu ki bang 1.

Y

X

Hinh 12
3. P6 thi cia ham sé tuan hoan

Gia sty = f(x) la mot ham sé xac dinh trén D va tuan hoan véi chu ki T.
Xéthaidoan X;=[a;a+TIvaXy=[a+T;a+2T]vGia e D.

Goi (Cy) va (Cy) lan | ot la phan clia d6 thi ing véi x € X; va x € X5, ta tim mdi
lién hé giita (C;) va (C,) (h.13).

Vi

f(x(,)_____/K}% M
’ N
1 , n
------ G, (At S
N\
| AN
I
I
I

a+2T X

S)
S
=
~ o

Hinh 13
Léy X0 bat ki thudc Xl thi Xp + T e Xz.

15
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Xét hai diém M va M, 1an | ¢t thudc (C) va (C,), trong d6
R )
M(xy; yp) voi
N= f(x()) ;
Xy =xy+T

M ; Gi
2 (4237 ¥4 {yz = g +T) = Fxp).

Taco MM, =(xy—x1;y,—y1)=(T;0)=v (vkhong di).

Suy ra M, la anh ctia M trong phép tinh tién theo vects v. Vay "(C,) 1a anh cta
(Cy) trong phép tinh tién theo vecta v ".

T d6, mudn vé do thi clia ham sé tuan hoan chu ki T, ta chi can vé do thi clia ham sd
nay trén doan [a ; a + T], sau d6 thuc hién l1an | ¢t cac phép tinh tién theo cac vecto
v, 2v, .., vacacvects —v, —2v, ...tad dc toan bd dé thi clia ham s6.

Il - TINH TUAN HOAN CUA HAM SO L ONG GIAC

1. Tinh tudn hoan va chu ki cla cac ham sé y = sinx va y = cosx

PINH Li 1

Cac ham sd y = sinx va y = cos x la nhiing ham sé tuan hoan véi
chu ki 2.

Chuing minh. Ta chiing minh cho ham sé y = sinx (tr dng hgp ham s6 y = cos x
d dc chiing minh t ong tu).

Ham s6 y = sinx c6 tap xac dinh la  va v8i moi s6 thuc x ta c6
x-2me ,x+42ne (1)
sin (x + 2m) = sinx. (2)

Vay y = sin x 1a ham s8 tuan hoan. Ta chiing minh 2z 1a s6 d ong nhd nhét thoa
man cac tinh chat (1) va (2).

Gidstrcos6T saocho0<T <2rxvasin(x+T)=sinx, Vx e

Chonx:%,tad gc

sin[£+Tj= sinE =1 cosT=1.
2 2

Diéu nay trai gia thiet 0 < T < 2m.
Vay 2n 1a s6 d ong nhd nhat thod man tinh chéat (2), nghia 1a 2r 1& chu ki cla
ham sé y = sinx.



2. Tinh tuan hoan va chu ki cla cac ham sé y = tanx va y = cot x

DINH L 2

Cac ham s6 y = tanx va y = cotx 14 nhitng ham sé tuan hoan véi
chu ki .

Chung minh. Ta ching minh cho ham s6 y = tan x, (tr dng hgp ham sé y = cot x
d dc chiing minh t ong tu).

Ham s6 y = tanx c6 tap xac dinh D = \ {g+ km, k e Z}.

Véimoixe Dtacbx—ne Dvax+neD,tan(x + ) = tan x.

Vay y = tan x [a ham s& tuan hoan. Ta chiing minh & 1a chu ki clia ham sé nay.
Gidslic6s6Tsaocho0<T <nvatan(x+7T) =tanx, Vx € D.

Chonx=0thix e Dvatan(0 + T) =tan0 = 0.

Nh ng tan @ = 0 khi va chikhi @ = kn, k € Z, do d6 phdi c6 T = kn, k € Z . Diéu
nay mau thuan véi gia thiét 0 < T < =.

Vay chu ki clia ham s6 y = tanx |a .

Bdi téip

U (e 3| oo .
Hay xéc dinh cac gid tri cua x trén doan [—n ; 7} dé ham s6 y =tanx :

a) Nhan gid tri bang 0 ; b) Nhan gid tri bang 1 ;
c) Nhan gid trid ong; d) Nhan gié tri am.

Tim tap xac dinh ctia cac ham s0 :

1+ cosx 1+ cosx
a)y=———; b) y=,—;
sin x 1—cosx

T T
c)y=tan| x ——|; d) =cot(x+—j.
Y ( 3j Y 6

Dua vao dé thi cia ham s6 y = sinx, hiy vé d6 thi ciia ham s6 y = |sin x].

Chiing minh rang sin 2(x + k) = sin 2x v6i moi s6 nguyén k. Tir d6 v& d6 thi
ham s6 y = sin 2x.

17



Dua vao do thi ham s6 y = cosx, tim cdc gi4 tri clia x dé cosx = >

Dua vao d6 thi ham s6 y = sinx, tim cac khoang gid tri cia x d€ ham s6 do
nhan gid trid ong.

Dua vao d6 thi ham s6 y = cos x, tim cdc khoang gia tri ctia x d€ ham s6 do
nhan gia tri am.

Tim gia tri 16n nhit clia cac ham so6 :

a)y= 2vJcosx +1;

b) y= 3 —2sinx.

9 2 PHUONG TRINH LUGNG GIAC CO BAN

#

18

1
Tim mét gid tri clla x sao cho 2sinx — 1 = 0.
Trong thuc té&, ta gap nhitng bai todn dan dén viéc tim tat ca cac gid tri clia x
nghiém ding nhitng ph ong trinh nao dé, nh

3sin2x+2 =0
hoac 2cosx +tan2x -1 =0,
ma ta goi la cic ph ong trinh | ong gidc.
Gidi ph ong trinh | gng gidc 1a tim tit cd cdc gid tri cha 4n s6 thod man
ph ong trinh da cho. Cdc gid tri nay 1a s6 do cua cdc cung (goc) tinh bang
radian hodc bang do.
Viéc giai cdc ph ong trinh 1 ¢ong gidc th dng d a vé viéc giai cdc ph ong
trinh sau, goi la cac ph ong trinh | ong gidc co bdn :

sinx =a, cOsx =a, tanx = a, cotx = a,

trong d6 a 12 mot hing so.



1. Ph ong trinh sinx =a
©) 2

/; ) C6 gia tri nao clia x thod man ph ong trinh sinx = —2 khéng ?

Xét ph ong trinh sinx = a. (1)

sin A

Tr ong hop lal > 1

Ph ong trinh (1) vd nghiém, vi lsinx] <1
v6i moi x.

Tr ong hop lal <1

V& d ong tron | ong gidc tam O, truc 4’ 0 cosin
hoanh Ia truc cosin, truc tung la truc sin.
Trén truc sin 1ay diém K sao cho OK = a.
T K ké d ong vuong goc véi truc sin, cat B
d ong tron 1 ong giac tai M va M' doi
xtng v6i nhau qua truc sin (néu lal =1
thi M trung v6i M') (h.14).

Hinh 14

Tir d6 ta thay s6 do ctia cac cung 1 ong giac AM va AM' la tat ca cac nghiém
ctia ph ong trinh (1).

Goi ala s6 do bang radian ciia mot cung 1 ong gidc AM , ta c6
sdAM = a+ k2n, k € ;

sdAM' =t - a+ k2w, k €

Vay ph ong trinh sinx = a ¢ cdc nghiém la

x=oa+ k2, kelZ;

x=n—-a+k2n, keZ.

<a<

T T
Néu s0 thuc « thoa man diéu kién 2 2 thi ta viét a = arcsin a
sina =a
(doc la ac-sin-a, nghia 1a cung c¢6 sin bang a). Khi d6, cdc nghiém cua
ph ong trinh sinx=a d ¢c viét l1a
x =arcsina + k2m, k

vax=m—arcsina + k2w, k €
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CHUY

a) Ph ong trinh sinx = sin &, v6i « 1a mot so6 cho tr 6c, ¢6 cac

nghiém la

X=a+ k2m, k e
va x=mw—a+k2rx, ke
Téng quat,

: : J)=gx)+k2n, ke
sin f(x) = sin g(x) <
f(x)=mn—g(x)+ k2w, k €
b) Ph ong trinh sinx = sin #° ¢6 cdc nghiém 1a
x=B°+k360°, ke
va x=180" - B° + k360°, ke
¢) Trong mot cong thic vé nghiém cta ph ong trinh 1 ong
giac khong d oc dung dong thoi hai don vi do va radian.
d) Cac tr ong hop dac biét :
a=1:Ph ong trinh sinx = 1 ¢6 c4c nghiém la

X = T +k2n, k e
2
a =-1:Ph ong trinh sinx = -1 c6 cdc nghiém la
X = _I + k2w, k e
2

a =0 :Ph ong trinh sinx = 0 c6 cac nghiém la

X=km, k €
Vi du 1. Giai cac ph ong trinh sau :
a) sinx:l ; b) sinx:l.
2 5
Giai
1 . 1 . . T
a) Vi — =sin— nén sinx = — < sinx = sin—.
2 6 2 6
Vay ph ong trinh c6 cdc nghiém la

x=§+k2n,ke va x=n—§+k2n=%+k2n,ke



Lo .. 1 . . |
b) Ta c6 sinx = — khi x = arcsmg. Vay ph ong trinh sinx = 3 cO céc
nghiém la
1 R .1
x:arcs1ng+k2n,k S va x= n—arcsmg+k2n,k €
e
Gidi cac ph ong trinh sau :
a) sinxzl : b) sin(x+45°)=—£.
3 2
2. Ph ong trinh cosx =a
Tr ong hop lal > 1 sin
Ph ong trinh cos x = @ vo6 nghiém B
vi |cosx| <1 véi moi x. IM
|
Tr ong hop lal <1 %
T ong tu tr ong hop ph ong trinh A o a4 cosin
sinx = a, ta 18y diém H trén truc cosin :
sao cho OH = a. Tt H ké d ong M’
vuong goc véi truc cosin, cit d Ong B’
tron 1 ong giac tai M va M' d6i

xting v6i nhau qua truc cosin (néu

Hinh 15
lal =1 thi M =M") (h.15).

Tu d6 ta thiy s6 do cua cac cung 1 ong gidc AM va AM' la tat ca cac

nghiém ctua ph ong trinh cosx = a.
Goi ala s6 do bang radian cia mot cung 1 ong gidc AM , ta co :
sdAM = a+k2n, ke

SAAM' =—a+ k27, k €

Vay ph ong trinh cos x = a ¢6 cdc nghiém la

x=xa+ k2n, k € Z.
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CHU Y
a) Ph ong trinh cos x = cos a, v6i a la mot s6 cho tr 6c, ¢ cac
nghiém la
x=ta+k2n, k e
Téng quat, cos f(x) = cosg(x) < f(x) = +g(x) + k2n, k
b) Ph ong trinh cosx = cos B ° ¢6 cdc nghiém 1a
x=+°+k360° k €
¢) Néu s0 thuc « thoa man cac diéu kién
O0<a<mn
{cosa =a
thi ta vi€t o = arccosa (doc la ac-cosin-a, c6 nghia la cung c6

cosin bang a). Khi do, cdc nghiém cta ph ong trinh cos x = a
cond oc viét la

x == arccosa + k2x, k €
d) Cac tr ong hop dac biét :
a=1:Ph ong trinh cosx = 1 c6 cidc nghiém la
x=k2m, k €
a=-1:Ph ong trinh cosx = -1 c6 cdc nghiém la
x=nm+k2n, k €

a =0 :Ph ong trinh cosx = 0 c6 cac nghiém la

x=£+kn,ke
2

Vi du 2. Giai cac ph ong trinh sau :

V2

a) cosx:cosﬁ; b)cos3x=—-——;
6 2
C) COSX = l ; d) cos (x + 60°) = Q
3 2
Gidi

a) cosx = cos%@xzi g + k2m, k €



3n

A

b) Vi ——2 = cos— nén
2 4

cos 3x = —72 < cos3x = cos%c = 3x =4 % + k27

<:>x=i£+k2—n,ke ;
4 3

c)cosxz%@x:iarccos%+k2n,ke ;
. V2 o
d) V17 =cos45 nén

cos(x + 60°) = g < cos (x + 60%) = cos45° < x + 60° = + 45° + k360°

x =—15° + k360°
= (ke ).

x = —105° + k360°

4
%Giéi cac ph ong trinh sau :
NE)

1 2
a) cosx=——; b) cosx=—; c) cos(x +30%)=——.
) 3 ) 3 ) cos( ) 5

3. Ph ongtrinhtanx=a

Diéu kién cta ph ong trinh la x # g +kn(ke ).

Can ct vao d6 thi ham s6 y = tan x, ta thay véi moi s6 a, do thi ham s6 y = tan x
cat d ong thang y = a tai cdc diém c6 hoanh do sai khic nhau mot boi clia

(h.16). y
// / / a / / /
I 1 2-n/ 172 112 112 !
| =21/ x, - on! X - 0 x1 T x+m 2n/x +2n!  x
Hinh 16
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Hoanh do ctia méi giao diém 12 mot nghiém ctia ph ong trinh tanx = a.

N e as y e gea 1. T T
Goi x 1a hoanh d¢ giao diém (tan x; = a) thoa man diéu kién Y <x < >

Ki hiéu x; = arctan a (doc 1a ac-tang-a, nghia la cung c6 tang bang a). Khi do,
nghiém cta ph ong trinh tanx = a la

Xx = arctana + km, k € Z.

CHU Y
a) Ph ong trinh tan x = tan «, v6i a la mot s6 cho tr 6c, cé cac
nghiém la
XxX=oa+kmn ke

Téng quat, tan f(x) = tang(x) = f(x) = g(x) + km, k

b) Ph ong trinh tanx = tan #° ¢6 c4c nghiém la
x=L8°+k180% k €

Vi du 3. Giai cac ph ong trinh sau :

a) tanx = tang ; b) tan2x=—§ ; ¢) tan (3x + 150)=\/§.
Gidi

a) tanx:tang S x= % +km, k €

b) tan2x = —% & 2x = arctan(—%j + km

&S x= larcta\n(—lj + kE, k e
2 3 2

(0]

¢) Vi /3 =tan 60° nén tan(3x + 15°) = /3 < tan(3x + 15°) = tan 60
< 3x+15°=60° + k180° < 3x = 45° + k180°
< x=15°+k60% k e

5

Giai cac ph ong trinh sau :
a)tanx=1; b) tanx=-1; c) tanx = 0.



4. Ph ong trinh cotx =a

Diéu kién cua ph ong trinh 1a x # km, k €

Can cit vio dé thi ham s6 y = cot x, ta thdy v6i méi s6 a, d ong thing
y = a cat do thi ham s6 y = cot x tai cdc diém c6 hoanh do sai khac nhau
mot boi cta w (h.17).

y
[} [} [} [}
] ] ] ]
[} [} [} [}
[} [} [} [}
[} [} [} [}
[} [} [} [}
] ] ] ]
[} [} [} [}
[} [} [} [}
i x1_2n: X -7 xl: x1+n:
S2m) 3\ 1T op\ 1|0 EN\ 1T 3m\ 12« x
—_— [} v~ [} [} [}
) Pl 2\ 2 \ ! 2 Pl
\ [ 1 [ [
\ l ! ! | a ! !
\: \: \ \: \:
[} [} [} [}
[} [} [} [}
[} [} [} [}
Hinh 17

Hoanh do ctia méi giao diém 12 mot nghiém clia ph ong trinh cotx = a.
Goi x; 1a hoanh do giao diém (cotx; = a) thoa man diéu kién 0 < x| < 7.
Ki hiéu x; = arccota (doc 1a ac-cotang-a, nghia 1a cung c6 cotang bang a).

Khi dod, cac nghiém ctia ph ong trinh cotx = a la

X = arccota + km, k €

CHU Y
a) Ph ong trinh cotx = cot &, v6i a 1a mot s6 cho tr Gc, ¢6 cac
nghiém la
x=a+kn ke
Téng quat, cot f(x) = cotg(x) = f(x) = g(x) + km, k €
b) Ph ong trinh cotx = cot #° ¢6 cdc nghiém 1a
x=p°+k180% k €
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Vi du 4. Giai cac ph ong trinh sau :
a) cot4dx = cot 2_71 ;
7
b) cot3x=-2;
1
¢) cot(2x - 10%) = —.
NE)
Giai
a) cotdx = cot2—7T = 4x = z—n +kn<x = l+k£, k e
7 7 14 4

b) cot3x = -2 < 3x = arccot(-2) + kn

S x= % arccot(-2) + k%, k e

c) Vi L = cot 60° nén

J3

cot(2x — 10°%) = < cot(2x — 10°) = cot 60°

-

< 2x - 10° = 60° + k180°

< x=35"+k90° k e

6
ﬁGiéi cac ph ong trinh sau :

a)cotx=1; b) cotx =-1; c) cotx =0.

GHI NHO

Mbi ph ong trinh
sinx=a (lal<1);cosx=a(lal<1);tanx=a;cotx=a
cO vo s6 nghiém.

Giai cac ph ong trinh trén 1a tim tdt cd cdc nghiém cla ching.
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B I POC THEM

GIAI PH ONG TRINH L ONG GIAC CO BAN
BANG MAY TiNH BO TUI

C6 thé sir dung may tinh bd tui (MTBT) dé gidi cac ph ong trinh | ong giac co
ban. Tuy nhién, d6i véi ph ong trinh sinx = a may chi cho két qua 1a arcsin a Vv0i
don vi la radian hodc da d dc d6i ra d6. Luc d6, theo cong thiic nghiém ta viét
cac nghiém la

X = arcsina + k2w, k
va X =7 —arcsina + k2n, k
T ong tu, d6i v6i ph ong trinh cos x = a may chi cho két qua la arccos a, ddi vGi
ph ong trinh tanx = @ may chi cho két qua la arctana.
Vi du. Dung MTBT CASIO fx — 500 MS, gidi cac ph ong trinh sau :
a) sinx=0,5 ; b) cosx=—% ; c) tanx:«/g.

Gidi
MODE

a) N&u muén c6 dap s6 béng do thi bam ba lan phim réi bAm phim dé

man hinh hién ra chr D. Sau d6 bam lién tiép
SHIFT

Dong th{ nhéat trén man hinh hién ra sin” ' 0.5 (c6 nghia la arcsin 0,5) va két qua &
dong th( hai 12 30°0°0 (arcsin 0,5 da d dc ddi ra do).
Vay ph ong trinh sinx =0,5 c6 cac nghiém la
x=30°+k360°, keZ
va x = 180° - 30° + k360° = 150° + k360°, keZ.
b) Bam lién tiép

SHIFT

Dong th& nhat trén man hinh la cos 1= (1 3) (c6 nghia la arccos(—%)) va két qua

& dong thir hai 1a 109°28'16.3" (arccos[—%j da d gc ddira do).
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1
Vay ph ong trinh cosx = 3 c6 cac nghiém 1a x ~ + 109°28'16" + k360°, k € Z.
SHIFT
c) Bam lién ti€p ()
dong th{t nhat trén man hinh 1a tan"'/3 (c6 nghia 1a arctanx/g) va két qua &
dong thi hai 1a 60°0°0 (arctan/3 da d oc d6ira do).
Vay ph ong trinh tan x = /3 ¢6 cac nghiém la x = 60° + k180°, k € Z.

CHU Y
a) Dé giadi ph ong trinh sinx=0,5 v6i két qua la radian, ta bam ba
MODE

lan phim ré6i bam phim , man hinh hién ra chit R.

SHIFT
Sau d6, bam lién tiép
tad dc két qua gan dang la 0,5236 (arcsin 0,5 ~ 0,5236).
Vay ph dng trinh sinx =0,5 c6 cac nghiém la
x~0,5236 + k27w, keZ
va x~n—-0,5236 + k2%, keZ.
b) D& giai ph dng trinh cotx =a bing MTBT, ta d a vé giai ph ong

1
trinh tanx =—.
a

Badi tap
Giai cac ph ong trinh sau :
a)sin(x+2)=%; b)sin3x=1;
c) sin(z—;—gjzo; d) sin (2x + 20°) = —g.

V6i nhitng gia tri nao cta x thi gia tri ctia cdc ham s6 y = sin3x va y = sinx
bang nhau ?
Giai cac ph ong trinh sau :

a) cos(x—1)=% ; b) cos3x=005120;

c) cos(3—x - E) = —l ; d) cos 22x = l
2 4 2 4



Giai ph ong trinh —S252% _ g
1—-sin2x

Giai cac ph ong trinh sau :

a) tan(x — 15°)=?; b) cot(Gx — 1) =3 ;
c)cos2xtanx=0; d) sin3x cotx = 0.

Vi nhitng gid tri nao cta x thi gia tri ctia cac ham s6 y = tan(g - xj va

y = tan 2x bang nhau ?
Giai cac ph ong trinh sau :
a)sin3x—cos5x=0; b) tan3x tanx = 1.

MOT SO PHUONG TRINH LUONG GIAC

§ g THUONG GAP
I\

I - PH ONG TRINH BAC NHAT POI VGI MOT HAM SO L ONG GIAC

1.

Pinh nghia
Ph ong trinh bdc nhdt d6i v6i mot ham s6 1 gng gidc la
ph ong trinh c6 dang
at+b=0, (1)

trong d6 a, b 12 céc hdng s6 (a # 0) va ¢t 1a mot trong cdc ham
sO0 1 ong giac.

Vidu 1
a) 2sinx — 3 = 0 la ph ong trinh bac nhat doi véi sinx.

b) Btanx+1=01a ph ong trinh bac nhat doi véi tan x.

1
ﬁGiéi cac ph ong trinh trong Vi du 1.
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2. Cach giai
Chuyén vé€ rdi chia hai v€ ctia ph ong trinh (1) cho g, tad a ph ong trinh (1)
vé ph ong trinh | ong gidc co ban.

Vi du 2. Giai cac ph ong trinh sau :

a) 3cosx+5=0; b)\/gcotx—3=0.
Gidi

a) Tir 3cosx + 5 = 0, chuyén vé ta ¢6

3cosx =— 5. (2)

Chia hai v€ ctia ph ong trinh (2) cho 3, ta d oc cosx :—g.

Vi —g < —1 nén ph ong trinh da cho v6 nghiém.

b) Tur J3cotx—3=0, chuyén vé ta c6
J3cotx =3, 3)
Chia hai v€ ctia ph ong trinh (3) cho \/5, tad oc cotx = V3.

Vi \/gzcotg néncotx=\/§<:>cotx=cotgc>x=g+kn,ke

3. Ph ong trinh d a vé ph ong trinh bac nhat déi véi mét ham sé
| ong giac

Vidu 3. Giai cic ph ong trinh sau :

a) Scosx —2sin2x =0 4)
b) 8sinx cosx cos2x = —1. ®))
Gidi

a) Ta co 5cosx — 2sin 2x = 0 < 5cos x — 4sinx cosx = 0 < cosx(5 — 4sinx) =0
cosx =0
5—4sinx = 0.

cosx=0<:>x:g+kn,ke
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5-4sinx =0« 4sinx =5 < sinx= —, vi — > 1 nén ph ong trinh nay

NGO
A

vo nghiém.
Vay ph ong trinh (4) c6 cac nghiém la x = g +km, k €

b) Ta co

8sinxcosxcos2x = —1 < 4sin2xcos2x = —1 < 2sindx = -1

| ax=-Zipon |x=-l4kZ
S sindr= - o 76 o 724 2 ke )
dx =L irom |x=Z+kZ
6 24 2

I - PH ONG TRINH BAC HAI POI VGI MOT HAM SO L ONG GIAC

1. Pinh nghia
Ph ong trinh bac hai d6i v6i mot ham s6 1 gng giac la ph ong
trinh c6 dang
a12 +bt+c=0,

trong d6 a, b, ¢ 1a cac hang s6 (a # 0) va ¢t 1a mot trong cac
ham s6 1 ¢ng giac.

Vidu4
a) 2sin 2y +3sinx—2=01a ph ong trinh bac hai déi véi sin x.

b) 3cot’x — Scotx—7=01a ph ong trinh bac hai d6i véi cot x.

% 2
Giai cac ph ong trinh sau :

a) 30052x —5cosx+2=0;
b)3tan2x—2x/§tanx+3:0.
2. Cach giai
Dit biéu thitic 1 gng gidc 1am 4n phu va dat diéu kién cho 4n phu (néu c6)

roi giai ph ong trinh theo 4n phu nay. Cudi cing, ta d a vé viéc giai cdc
ph ong trinh 1 ¢gng gidc co ban.
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Vidu 5. Giai ph ong trinh
2sin2 X £ 2sint —2=0.
Gidi. Dit sing — £ v6i diéu kién

-1<t<1 ),
ta d gc ph ong trinh bac hai theo ¢

202 +\2t-2=0. (1)
Ph ong trinh (1) c6 hai nghiém 7 = 2 va ty :g nh ng chi cé

2 ca 1
th = > thoa man diéu kién (*). Vay ta c6

TU
SIN— = — <& SIn— = SIn—
4
2ok X ==+ kdn
=2 ;‘ o ke )
2ok x =224 kdn
2 4

3. Ph ong trinh d a vé dang ph ong trinh bac hai déi véi mét
ham sé | gng giac

ah
Hay nhac lai :

a) Cac hang dang thic | dng giac co ban ;

b) Céng thiic cong ;

¢) Cong thiic nhan doi ;

d) Céng thic bién ddi tich thanh téng va téng thanh tich.

C6 nhiéu ph ong trinh 1 ong gidc ma khi giai c6 thé d a vé ph ong trinh
bac hai d6i v6i mot ham s6 1 ong gidc. Sau day 1a mot s6 vi du.

Vidu 6. Giai ph ong trinh
6cos *x + 5sinx — 2 = 0. 2)
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Gidi. Bién ddi cos’x = 1 — sin’x, tad a ph ong trinh (2) vé dang

- 6sin2x + Ssinx+4=0.

Dat sinx = ¢ v6i diéu kién -1 <t < 1,tad ¢gc ph ong trinh bac hai theo ¢

— 6+ 5t+4=0.
Ph ong trinh (3) c6 hai nghiém #| = E
thoa man diéu kién. Vay ta c6

) 1 ) ) ( ch
sinx = —— < sinx = sin| ——
2 6

x=-" 4 kon
o 76 ke )
x=—n+k2n
6

Vidu 7. Giai ph ong trinh
\/gtanx — 6cotx + 2[ -3=0.

Gidi. Diéu kién cua ph ong trinh (4) 1a cosx # 0 va sinx # 0.

Vi cotx = ! nén ph ong trinh (4) c6 thé viét d 6i dang
tan x
6
Vtanx — +243-3 =0,
tan x
hay \/gtanzx + (2«/5 -3)tanx - 6=0.

battanx =1t,tad oc ph ong trinh bac hai theo ¢
B+ @23 -3)-6=0.

Ph ong trinh (5) c6 hai nghiém : t; =~/3, 1, = 2.

. ; v i
Véi 4 =\/§ tacotanx = \/g Rt tanx:tang <:>x:§+kn,ke

3)

1 1
vith=——nhngchicot), = ——
2 7 g 2 5

(4)

(5)
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Véit, =-2tacdtanx = -2 & x = arctan(-2) + km, k €
Céc gi4 tri ndy déu thod man diéu kién néu trén nén ching 12 cic nghiém
cua ph ong trinh (4).

4
%Giéi ph ong trinh 3c0s°6x + 8sin 3x cos 3x — 4 = 0.
Vidu 8. Giai ph ong trinh
2sin zx — 5sinx cosx — cos 2x =-2. (6)

Gidi. Tr Gc hét, ta thdy néu cos x =0 thi ph ong trinh (6) c¢6 v€ trdi bang 2, con
v€ phéi bang -2, nén cos x = 0 khong thoa man ph ong trinh (6). Vay cos x # 0.

Vi cos x # 0 nén chia hai v€ ciia ph ong trinh (6) cho cos 2x, tad oc

2tan2x —Stanx—-1=— & 2tan2x —Stanx—1=-2(1 + tanzx).

COoS X

Tad ad oc ph ong trinh (6) vé ph ong trinh bac hai theo tan x
dtan’x — Stanx + 1 =0

tanx =1
- 1
tanx = —
4

T
tanx=1<x=— +km, k €

1 1
tanx = — < x =arctan— + kw, k €
4 4
Vay ph ong trinh (6) c6 ciac nghiém la
=24 kn
4
1
va X = arctanZ + kn (k € 7).
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II1 - PH ONG TRINH BAC NHAT DOI VOI sinx VA cosx

1. Céng thirc bién déi biéu thirc asin x + beos x

5
%Du’a vao cac cong thiic cong da hoc :

sin (a + b) = sinacos b + sinbcosa ; cos (a + b) = cosacos b — sinasinb ;
sin(a — b) = sinacos b — sinbcos a ; cos (a — b) = cosacos b + sinasin b
2

va két qua cos~ =sin™ = Y2 hay chiing minh réng :
4 4 2
a) sinx + cosx = \Ecos(x—gj ; b) sinx — cosx = \/Esin(x_gj )

N 2 . e 2 2 P
Trong tr ong hop tong quat, véia™ + b~ =0, ta co

asinx + bcos x =\]a2 + b2 [L Lcosx}.
\/a2 + b2 \ja2 + b2

a 2 b 2
Vi {—j + [—J =1 nén c6 mdt géc « sao cho

\/az+b2 \/az+b2

=cos a,

sin x +

=sin .

a b
laz n b2 [aQ, i b2
Khi d6 asinx + bcosx = Va® + b2 (sin xcosa + cosxsina)

= \Va? + b sin(x + ).

Vay ta c6 cong thic sau

asinx + bcosx = \/a2 +b? sin(x + ), (D
véi cos a = a va sin @ = b
\/az + b2 \ja2 + b2

2. Ph ong trinh dang asinx + bcosx =c¢

Xét ph ong trinh asinx + bcosx = ¢, 2)

véia,b,c € ;a,bkhong dong thoi bing 0 (a” + b° # 0).
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Néua =0, b # 0 hoac a # 0, b = 0, ph ong trinh (2) c6 thé d a ngay vé
ph ong trinh 1 ong gidc co ban. Néu a # 0, b # 0, ta ap dung cong thuc (1).

Vi du 9. Giai ph ong trinh
sinx + v3cosx = 1.

Gidi. Theo cong thic (1) ta co
sinx + v3cosx =4/1 + (\/5)2 sin(x + ) =2sin(x + ),

| ’ . .
trong d6 cos a = 5 sina :73.Tf1dc’)léy a zg thi ta c6

sinx ++3cosx = 2sin(x + gj
Khi do

sinx ++3cosx=1& 25in(x+§] =1 sin(x+§j =%

: ( n] .
& sinf x + — | = sin—
3 6

x+l="4ron x=-Z1ion
& 6 < 6
x+£=n—£+k2n x=£+k2n(ke ).
3 6 2

% 6
Gidi ph ong trinh /3 sin3x—cos3x = /2.

Bai tap
1. Giai ph ong trinh
sin “x — sinx = 0.
2. Giai cac ph ong trinh sau :

a) 2coszx —3cosx+1=0; b) 2sin 2x + ﬁ sin4x = 0.
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3. Giai cac ph ong trinh sau :

a)sin2§—2cos§+2:0 ; b) 8coszx+25inx—7=0;

c) 2tan2x+3tanx+ 1=0; d) tanx — 2cotx + 1 = 0.
4. Giai cac ph ong trinh sau :

a) 2sin 2x + sinx cosx — 30052x =0;

b) 3sin 2x —4sinx cos x + 5c052x =2;

c) sinzx + sin2x — 20052x = % ;

d) 2cos™x — 3+/3 sin 2x — 4sin’x = — 4.
5. Giai cac ph ong trinh sau :

a) Cosx — \/gsinx:x/a ; b) 3sin3x —4cos3x =5

¢) 2sinx + 2cos x — \/_ =0; d) 5cos2x + 12sin2x — 13 =0.
6. Giai cac ph ong trinh sau :

a) tan(2x + Dtan(Bx - 1) =1 ; b) tanx + tan(x + %j =1.

B I POC THEM

BAT PH ONG TRINH L ONG GIAC

Ta chi xét cac bat ph ong trinh | ong giac co ban. Bé la nhitng bat ph ong trinh
dang sinx > a (ho&c sinx > a, sinx < a, sinx < a), trong d6 a la mét s6 thuc tuy y.
Ta cling xét nhiing bat ph ong trinh t ong tu d6i véi cac ham s6 cos x, tan x, cot x.

| - BAT PH ONG TRINH sinx > a

Néu a > 1 thi bat ph ong trinh sinx > a v6 nghiém, vi sinx < 1 v8i moi x.

Néu a < —1 thi moi s6 thuc x déu la nghiém clia bat ph ong trinh sinx > a, vi sinx > -1
v6i moi x.
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Taxéttr onghdp -1 <a <1 théng qua vi du sau.

Vi du 1. Giai bt ph ong trinh sin |
2
sinx > —. 1
> (1)
Giai. V& d ong tron | ong giac tam O. VI
Trén truc sinldy diém K sao cho 2
_ \E A’ 10) A cosin
OK =X2 (h.18).
2
Ké tir K d ong thdng vudéng gbéc véi truc
sin, cdt d ong tron tai hai diém M va M’ B
RG rang, néu cung AD c6 sé do thoa man
bat ph ong trinh (1) thi D phai nam trén
Hinh 18

cung MBM' va ng dc lai.

Ta cé sd AM = % rk2m ke va
. 3m
sd AM' = I +k2ﬂ:,k€
Vay nghiém cua bat ph ong trinh sinx > 7 la
i 3n
—+k2n<x<— + k27w, k €
4 4

Chu y. Diém cubi clia cung c6 s6 do la nghiém cla bat ph ong trinh sinx < >

phai nam trén cung M'B'M va ng oc lai (h.18). Khi d6, nghiém cta bat ph ong
trinh 1a

+kom<x < Gunj + k2

3_TE
4
3n
ha —
y 4

+k2n£x£%7n+k2n,(ke ).

Il - BAT PH ONG TRINH cosx < a
Néu a < —1 thi bat ph ong trinh cosx < a vé nghiém.
Né&u a > 1 thi moi sé thuc x déu 1a nghiém clia bat ph ong trinh cosx < a.

Ta xét tr dng hgp —1 < a < 1 thédng qua vi du sau day.



Vi du 2. Giai bat ph ong trinh

2

cosx < — ——, 2
Giél. Trén trL_JC cosin Ié’y dlél 1 H c6 hoanh

2 2 ~ Y 2 ~
do la —%. Ke t H d dng thang vuéng

gbc véi truc cosin, cit d dng tron | ong
giac tai hai diém M va M' (h.19).

. . A4 cosin
R rang, néu cung AE cb s6 do thod mén
bat ph ong trinh (2) thi E phai nam trén

cung MA'M' va ng dc lai. Vay nghiém
cla bat ph ong trinh da cho 1a

Mo kn<x< T viomke . Hinh 19
4 4

L o - 2 a1y
Chay. Bat ph ong trinh cosx > —7 cb nghiém la

S—TE +k2n<x< (3—n+2nj + k2m
4 4

hay E+k2n<x<%+k2n,ke

IIl-BAT PH ONG TRINH tanx > a
V@i moi s6 thuc a, bat ph ong trinh tanx > a luén c6 nghiém.
Ta xét vi du sau day. f A tang

Vi du 3. Gidi bat ph ong trinh

tanx > 1. (3)

INE

Gidi. Lay trén truc tang diém I sao cho Al =1.
NGi OI cat & dng tron | ong giac tai M va M’ -

(h.20). N&éu cung AE c6 s6 do thod man bat
ph ong trinh (3) thi diém E phai ndm trén mot 2

trong hai cung MB va M'B' vang dc lai. B’

Vay nghiém cla bat ph ong trinh (3) 1a

%+kn£x<g+kn(ke ). Hinh 20
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Chuy. Nghiém clia bat ph ong trinh tanx < 1 1a

_I +k1r<x<E +km, k €
2 4

IV — BAT PH ONG TRINH cotx < a

B J

Vé6i moi s6 thuc a, bat ph ong trinh cot x < a M cOta;lg
déu cé nghiém. §1)
Ta xét vi du sau day. 3
Vi du 4. Giai bat ph ong trinh L 0 1

1 /

cotx < —. (4) M

V3 4

Giai. Lay diém J trén truc cotang sao cho 3 B'

— 1 , ,
BJ =—=. NGi JO cat d dong tron | gng giac tai

. \6 : Hinh 21
hai diem Mva M"' (h.21).

Né&u cung AF cb6 s6 do thod man bat ph ang trinh (4) thi diém F phai ndm trén mot

trong hai cung MA' vaM'A vang dc lai.
Vay nghiém cla bat ph ong trinh (4) la

§+knﬁx<n+kn,ke

. 1
Chi y. Nghiém cla bat ph ong trinh cotx >— la

NE

kn<x<§+kn,ke

On tép ch ong |
a) Ham s6 y = cos 3x ¢6 phai 1a ham s6 chan khong ? Tai sao ?
b) Ham s6 y = tan(x + gj c6 phai 1a ham s6 l¢ khong ? Tai sao ?
Can ctt vao d6 thi ham s6 y =sinx, tim nhitng gid tri cta x trén doan
[—% . 275} dé ham s6 dé :

a) Nhan gia tri bang -1 ; b) Nhan gid tri am.



3. Tim gi4 tri 16n nhat cua cdc ham so6 sau :

a) y =+/2(1 +cosx) +1; b) y= 3sin(x —gj - 2.

4. Giai cac ph ong trinh sau :

) 2 .2 1
a)sm(x+1)=§; b) sin 2x=5;
c) cot? X = 1 ; d) tan(i + 12x) = 3.
2 3 12
5. Giai cac ph ong trinh sau :
a) 2cos2x —-3cosx+1=0; b) 25Sil’12X + 15sin2x + 90052x =25;
c)2sinx+cosx=1; d) sinx + 1,5 cotx =0.

Bai tap trdc nghiém

Chon ph ong dn dung :

6. Ph ong trinh cos x = sinx ¢6 s6 nghiém thuoc doan [- 7 ; 7] 1a :

(A)2; (B)4; ©5; (D) 6.
7. Ph ong trinh cos4x = tan2x c06 sO nghiém thuoc khoang (0 ; E) la:
cos2x 2
(A)2; B3 ©4; (D) 5.

T 271 o o
A) —; B) — ; — D) —.
()6’ ()3, (C)4, ()3

9. Nghiém am 16n nhat cia ph ong trinh 2tan” x + Stanx +3 =0 1a:
Sn

T T Y
A) ——; B) —— ; = D) ——.
(A) 3 ()4, (C)6’ (D) 5

Nghiém d ong nho nhat cua ph ong trinh sinx + sin2x = cosx + 2cos x la :

10. Ph ong trinh 2tan x — 2cotx — 3 = 0 ¢6 s6 nghiém thudc khoang (—g ; nj la:

(A)1; B)2; ©3; (D) 4.
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TO HOP-XAC SUAT

7

Chuong II TO HOP-XAC SUAT

Chuong nay cung cép nhiing Kién thic co ban nhat vé Dai s6't6 hop va Li thuyét
X4C SUAt.

Phan thit nhat bao gém quy tac cdng va quy tac nhan, cc khai niém, cac cong

thic vé hodn vj, chinh hop va t6 hop. C4c bai todn nay thudng gép trong Toan tng
dung. Ngoai ra, cong thic khai trién nhj thire Niu-ton va céc &p dung cla né ciing

dugc trinh bay.

Phan tiép theo cung c&p nhiing khai niém md dau va cac cong thic don gian nhét

cta Li thuyét xdc suét, mot linh vuc quan trong clia Toan hoc, ¢6 nhiéu ting dung
thyc té.



§ / QUY TAC PEM

Trong Dai s6 t6 hop, cé nhiéu tap hop hitu han ma ta khong dé dang xéc
dinh d oc s6 phén tir cha ching. Dé dém s6 phan tir cia cdc tap hop hitu
han d6, cling nh  d€ x4y dung cdc cong thic trong Pai s6 t6 hop, ng oi ta
th ong st dung quy tic cong va quy tac nhan.

S6 phan tlr cua tap hop hitu han A d@ ¢c ki hiéu 1a n(A). Ng oi ta
ciing dung ki hiéu |A| dé chi s6 phén tif clia tap A. Chéng han :

a) Néu A = {a, b, c} thi s6 phan ti cua tap hop A 1a 3, ta viét

n(A) =3 hay |A| =3.

b)Néu A={1,2,3,4,5,6,7,8,9},
B={2,4,6,8} (tap hop cac s chan cua A),

thi AN\B={1, 3,5,7,9}.

— S6 phan tir ctia tap hop A 1a n(A) =9.

— S6 phan tir ctia tap hop B 1a n(B) = 4.
— S6 phan tir ctia tap hop A\ B la n(A\B) = 5.

[ - QUY TAC CONG

Vi du 1. Trong mot hop chia
sdu qua cau traing d oc danh
sO tir 1 dén 6 va ba qua cau den
d oc danh s6 7, 8, 9 (h.22). C6
bao nhiéu cach chon mot trong
cdc qua cu ay ?

EOOEEO

Hinh 22

Gidi. Vi cac qua cau trang hoiac den déu d oc ddnh s6 phan biét nén mbi
1an 14y ra mot qua cdu bat ki 12 mot 1an chon. Néu chon qua trang thi c6 6
cach chon, con néu chon qua den thi c6 3 céach.

Do d6, s6 cach chon mot trong cdc qua cau la 6 + 3 =9 (cach).
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QUY TAC

Mot cong viéc d oc hoan thanh bdi mot trong hai hanh
dong. Néu hanh dong nay cé m cach thuc hién, hanh dong
kia c6 n cach thuc hién khong trung véi bat ki cach nao cua
hanh dong thit nhit thi cong viéc d6 ¢6 m + n cach thuc hién.

1

%Trong Vi du 1, ki hiéu A 1a tap hop cac qua cu tring, B la tap hop cac qua cau
den. Néu maéi quan hé gilta s6 cach chon mét qua ciu va sé cac phan ti cla hai
tap A, B.

Quy tic cong d ¢c phat biéu & trén thuc chat 12 quy tic d€m so phan tit cla
hop hai tap hop hitu han khong giao nhau, d ¢c phét biéu nh sau :

Néu A va B la cdc tdp hop hitu han khong giao nhau, thi
n(A U B) = n(A) + n(B).
CHUY
Quy tic cong c6 thé md rong cho nhiéu hanh dong.

lcm

Vi du 2. C6 bao nhiéu hinh vuoéng trong Hinh 23 ?

. lcm
Gidi. Ro rang, chi c6 thé c6 cac hinh

vuong canh 1 cm va 2 cm. Ki hi¢u A 1a

tap hop céc hinh vuong c6 canh 1 cm va B
12 tap hop céc hinh vuong c6 canh 2 cm. Hinh 23

ViA N B=,A U B latap hop cac hinh vuong trong Hinh 23 va n(A) = 10,
n(B)=4nénn(A U B)=n(A)+nB)=10+4=14.

Vay c6 tat ca 14 hinh vuong.

II - QUY TAC NHAN 2 a2
Vi du 3. Ban Hoang c6 hai 40 mau khac nhau va 3 43
ba quan kiéu kh4c nhau. Hoi Hoang c6 bao nhiéu
cach chon mot bd quan 4o ? 1 b1
Gidi. Hai 40 d oc ghi chit @ va b, ba quan b
d oc dénhso 1,2, 3. 2 b2
Dé chon mot bo quan 4o, ta phai thuc hién lién 3 b3
ti€p hai hanh dong :

Hanh doéng 1 — chon do. C6 hai cach chon (chon @ hoac b).  Hinh 24
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Hanh dong 2 — chon quan. ng véi mdi cach chon 40 ¢6 ba cdch chon quan
(chon 1, hoac 2, hoac 3).

K&t qua ta ¢6 cac bd quan 4o nh sau : al, a2, a3, b1, b2, b3 (h.24).
Vay s6 cach chon mot bo quan 4014 2 . 3 = 6 (cach).
Téng quat, ta c6 quy tdc nhdn sau day.

QUY TAC

Mot cong viéc d gc hoan thanh bdi hai hanh dong lién tié€p.
Néu c6 m cach thuc hién hanh dong thi nhit va ung véi
moi cdch d6 c6 n cédch thuc hién hanh dong thit hai thi c6
m.n cach hoan thanh cong viéc.

2
%TU’ thanh phé A dén thanh phdé B cb ba
con d dng, tr B dén C cbé bbén con
d ong (h.25). HAi c6 bao nhiéu cach di A B C

trA dén C,qua B ?
Hinh 25

CHU Y
Quy tic nhan c6 thé md rong cho nhiéu hanh dong lién tiép.
Vi du 4. C6 bao nhiéu s6 dién thoai gom :
a) Sau chir s6 bat ki ?
b) Sau chit s 1€ ?
Gidi
a) Vi moéi s6 dién thoai 12 mot day gém sdu chit s6 nén dé lap mot so dién

thoai, ta can thuc hién sau hanh dong lua chon lién tiép cac chit s6 do tir 10
chirs60,1,2,3,4,5,6,7,8,09.

C6 10 cach chon chit s6 dau tién.

T ong tu, ¢6 10 cach chon chit sO thi hai ;

C6 10 cach chon chit so thi sau.
Vay theo quy tac nhan, s6 cac so dién thoai gom sdu chit s6 1a

10.10. ... .10 = 10° =1 000 000 (s0).

S —
6 thira s6

b) T ong tu, s6 cac sO dién thoai gom sdu chit s6 1€ 1a 50~ 15 625 (s0).
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Bai tap

Tu cdc chits6 1, 2, 3,4 c6 thé lap d ¢c bao nhiéu s6 tw nhién goém :

a) Mot chit s6 ? b) Hai chir s6 ? ¢) Hai chit s6 khac nhau ?

Tir cdc chits6 1,2, 3,4, 5,6 co thé 1ap d ¢c bao nhiéu so tu nhién bé hon 100 ?
Cac thanh pho A, B, C, D @ ¢c n6i v6i nhau bai cac con d ong nh  Hinh 26.
Hoi :

a) C6 bao nhiéu céach di tr A d€n D ma qua B va C chi mot 1an ?

b) C6 bao nhiéu cach di tir A dén D r6i quay lai A ?

A B C D
Hinh 26

C6 ba kiéu mit dong ho deo tay (vuong, tron, elip) va bon kiéu day (kim
loai, da, vai va nhua). Hoi c6 bao nhiéu cdach chon mot chiéc dong hé gém
moOt mat va mot day ?

§j HOAN VI - CHINH HGP - TO HGP
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HOAN VI

Pinh nghia

Vi du 1. Trong mot tran bong d4, sau hai hiép phu hai doi van hoa nén phai
thuc hién dd luan 1 u 11 m. Mot doi da chon d ¢c nam cdu thi dé thuc
hién d4 nam qua 11 m. Hay néu ba cdch sip xép d4 phat.

Gidi. Dé xac dinh, ta gia thiét tén cia nam cdu tha d oc chon la A, B, C,
D, E. D€ t6 chitc d4 luan 1 u, huan luyén vién cin phan cong ng i da thit
nhat, thi hai, ... va két qua phan cong 1a mot danh sach c6 tha tu gom tén
clia nam cau thii. Chang han, néu viét DEACB nghia 1a D d4 qua thi nhat,
E da qua tht hai, ... va B da qua cuo6i cung.



C6 thé néu ba cach t6 chitc da luan 1 unh sau:
Cach 1 : ABCDE.
Cach 2 : ACBDE.
Cach 3 : CABED.

Mobi két qua clia viéc sap thi tu tén clia nam c4u thu da chon d oc goi la
mot hodn vi tén clia nam cau tha.

DINH NGHIA

Cho tap hop A gdbm n phan ta (n 1).

Mbi két qua cha su sdp x€p thd tu n phan tlr clia tap hop A
d gc goi la mot hodn vi ciia n phan ti do.

1
%Héy liét ké tat ca cac s6 gom ba chit s6 khac nhau tir cac chirsé 1, 2, 3.
NHAN XET

Hai hodn vi cua n phan tir chi khdc nhau & thit tu sap xép.

Chang han, hai hodn vi abc va ach clia ba phan tit a, b, ¢ 1a
khac nhau.

2. S cac hoan vi

Vi du 2. C6 bao nhiéu cach sap xép bon ban An, Binh, Chi, Dung ngéi vao
mot ban hoc gém bon ché ?

Gidi. Dé don gian, ta viét A, B, C, D thay cho
tén cua bon ban va vi€t ACBD dé mo ta cdch
x€p ch6é nh Hinh 27.

a) Cdch thit nhdt : Liét ke.

Céc céach sap x€p chd ngodi d oc liet ké nh  sau :
ABCD, ABDC, ACBD, ACDB, ADBC, ADCB,
BACD, BADC, BCAD, BCDA, BDAC, BDCA,
CABD, CADB, CBAD, CBDA, CDAB, CDBA,
DACB, DABC, DBAC, DBCA, DCAB, DCBA.

Hinh 27
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Nh vay c6 24 cach, moi cdch cho ta mot hodn vi tén ctia bon ban va
ng oc lai.

b) Cdch thit hai : Dung quy tic nhan.
— C6 bon céch chon mot trong bon ban dé xé&p vao chd thit nhat.

— Sau khi da chon mot ban, con ba ban nita. C6 ba cach chon mot ban xép vao
cho thi hai.

— Sau khi da chon hai ban roi con hai ban nita. C6 hai cdch chon mot ban ngoi
vao chd thi ba.

—Ban con lai d ¢gc xép vao chd thit .
Theo quy tic nhan, ta c6 s6 cach xép chd ngoi 1a
4.3.2.1=24 (céch).

Ki hiéu P, 1a s6 cac hodn vi cta n phan tir. Ta c6 dinh Ii sau day.

DINH LIi

P, =n(n—1)..2.1.

Chitng minh. D€ 1ap & ¢c moi hodn vi clia n phén tir, ta ti€én hanh nh  sau :
Chon mot phan tlr cho vi tri thi nhat. C6 n cach.

Sau khi chon mdt phan tir cho vi tri th nhat, ¢ n — 1 cach chon mot phan
tu cho vi tri thit hai.

Sau khi da chon n — 2 phan tlr cho n — 2 vi tri dau tién, c¢6 hai cdch chon
mot trong hai phan tir con lai dé xép vao vi tri thit n — 1.
Phan tlr con lai sau cing d gc xép vao vi tri thi n.
Nh vay, theo quy tdc nhan, c¢6 n.(n — 1) ... 2.1 két qua siap xép thi tu n
phan tir da cho.
Vay

P,=n(n-1)..2.1.



CHUY

Kihiéun (n—1)..2.11an! (doc la n giai thua), ta c6

P =n!

n

2
%Trong gid hoc mén Giao duc quéc phong, mét tiu d6i hoc sinh gdm m di ng di
d oc xép thanh mét hang doc. Hoi c6 bao nhiéu cach xép ?

11 - CHINH HOP
1. Dinh nghia

Vi du 3. Mot nhém hoc tap c6 nam ban A, B, C, D, E. Hay ké ra vai cdch phan
cong ba ban lam truc nhat : mot ban quét nha, mot ban lau bang va mot ban

sdp ban ghé,
Gidi. Ta c6 bang phan cong sau day.
Quét nha Lau bang Sap ban ghé
A C D
A D C
C B E

Mbi cach phan cong néu trong bang trén cho ta mot chinh hop chap 3 cua 5.

Mot cdch téng quat, ta c6 dinh nghia sau day.

PINH NGHIA

Cho tap hop A gdbm n phan ti (n > 1).

K&t qua cua viéc 1ay k phan tir khac nhau tir n phan tlr ctia tap
hop A va sip xép ching theo mot thit tu ndo dé6 d ¢c goi la
mot chinh hop chdp k cia n phdn ti da cho.

3
%Trén mét phéng, cho bon diém phan biét A, B, C, D. Liét ké tat ca cac vecto khac
vecto — khong ma diém dau va diém cuéi cla ching thudc tap diém da cho.
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Sé cac chinh hgp

Tré lai Vi du 3, ngoai cdch tinh s6 cdch phan cong truc nhat biang ph ong
phép liét ké, ta con c6 mot cach khdc 1a sir dung quy tic nhan. Dé tao nén
moi cich phan cong, ta ti€én hanh nh sau :

— Chon mot ban tir nim ban dé giao viéc quét nha. C6 5 cach.

— Khi da chon mot ban quét nha roi, chon ti€p mot ban tir bon ban con lai
dé giao viéc lau bang. C6 4 cdch.

— Khi da ¢6 cédc ban quét nha va lau bang roi, chon mot ban tir ba ban con lai
dé giao viéc sap ban ghé. C6 3 cach.
Theo quy tic nhéan, s6 cdch phan cong truc nhat 1a
5.4 .3 =060 (c4ch).
No6i cach khac, ta ¢6 60 chinh hop chap 3 cua 5 ban.

K{ hiéu Aﬁ la s6 cac chinh hop chap k cta n phan tir (1 <k < n). Ta c6 dinh If
sau day.

PINH LI

[ AN =nn=1) .. (n—k+1). ]

Chitng minh. D€ tao nén moi chinh hop chap k cha n phén ti, ta tién hanh
nh sau:

Chon mot trong n phan tir da cho x&p vao vi tri thit nhat. C6 n céch.

Khi da c6 phan tir thit nhat, chon ti€p mot trong n — 1 phan tir con lai x&p
vao vi tri thit hai. C6é n — 1 cach.

Sau khi da chon k — 1 phan t& roi, chon mot trong n — (k — 1) phan tir con lai
x€p vao vi tri tht k. C6 n — k + 1 cach.
Tir d6 theo quy tic nhan, tad oc

AR =1y (n—k+1).
Vi du 4. C6 bao nhiéu s6 tu nhién gom nam chit s6 khac nhau d oc 1ap tir cac
chitso 1,2, ...,97?

Gidi. Mbi s6 tu nhién ¢6 nam chit s6 khdac nhau d oc 1ap bang céch lay
nam chit s6 khac nhau tr chin chit s6 da cho va xép ching theo mot tha tu



III

1.

%

nhat dinh. Méi s6 nh vay d oc coi 1a mot chinh hop chap 5 ctia 9. Vay s6
cacso do la

A3=9.8.7.6.5=15120.
CHU Y

a) Véiquy 6c0!=1,tacod

ko on!
T (n=k)!

1<k<n.

b) Mdi hodn vi ctia n phéin tir cling chinh 12 mot chinh hgp
chép n ctia n phan tir d6. Vi vay

P, =A,.

~ TO HOP
binh nghia

Vi du 5. Trén mat phang, cho bon diém phan biét A, B, C, D sao cho khong
c6 ba diém nao thang hang. Hoi c6 thé tao nén bao nhiéu tam gidc ma céc
dinh thuoc tap bon diém da cho ?

Gidi. M6i tam gi4c ting v6i mot tap con gom ba diém tir tap di cho. Vay ta
¢6 bon tam giac ABC, ABD, ACD, BCD.

Mot cdch téng quat, ta c6 dinh nghia sau day.

DINH NGHIA

CHUY

Gia st tap A c6 n phan tir (n > 1). Mbi tap con goém k phan tu
cia A d oc goi 1a mot té hop chdp k ciia n phdn tir di cho.

S6 k trong dinh nghia cin thoa man diéu kién 1 < k < n. Tuy vay,
tap hop khong c6 phan tir ndo 1a tap rdng nén ta quy 6c goi to
hop chap 0 cua n phan tr 1a tap réng.

4
Chotap A ={1,2,3,4,5}. Hay liét ké cac t& hop chap 3, chap 4 ctia 5 phan t clia A.
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S8 cac té hap

Ki hieu C* 1a s6 céc t6 hop chap k clia n phan tl (0 < k < n).
Ta c6 dinh i sau day.

PINH LI

|
[ L —
kl(n —k)!

Chitng minh. V6i k = 0, cong thic hién nhién ding.

V6i k > 1, ta thdy mot chinh hop chap & ctia n phan tr d oc thanh 1ap nh  sau :
— Chon mot tap con k phan tir ciia tap hop gébm n phan tir. C6 Cﬁ cach chon.

— Sép thit tu k phan tir chon d gc. C6 k! céch.

Vay theo quy tac nhan, ta c6 s6 cdac chinh hop chap k cua n phén tir 1a

Ak = ck k1

k
A !
Tuds ck-—n-_ T
k! kl(n—k)!
Vi du 6. Mot t6 ¢6 10 ng 0i gébm 6 nam va 4 nit. Can lap mot doan dai biéu
gbm 5 ng 0oi. Hoi :
a) Co tit ca bao nhiéu cach lap ?
b) C6 bao nhiéu cédch lap doan dai biéu, trong d6 c6 ba nam, hai nit ?
Gidi
a) Mdi doan d oc 1ap 1a mot t6 hgp chap 5 cua 10 (ng ). Vi vay, s6 doan
dai biéu c6 thé c6 la
5 10!

10 = 55, = 22

b) Chon 3 ng oi tir 6 nam. Co Cg céch chon.

Chon 2 ng i tit 4 nit. C6 C3 cdch chon.

Theo quy tic nhan, c6 tit cd Ci.C3 = 20.6 = 120 cdch lap doan dai biéu
g6ém ba nam va hai ni.

5

C6 16 ddi bong da tham gia thi dau. Hoi can phai t8 chiic bao nhiéu tran d4u sao
cho hai déi bat ki déu gap nhau dang mét 1an ?



3. Tinh chit cha cac s& CX

Tur dinh 1i vé cong thitc tinh s6 cédc t6 hop chap k clia n phan ti, ta c6 cic
tinh chat sau day.

a) Tinh chat 1

ck=crk| (<k<n).

Chéng han, C3 = C5 = 35.
b) Tinh chat 2 (cong thic Pa-xcan)

ckbyck  =ck | a<k<n.

Chéng han, C% + C‘7l = Cg =170.
Vi du 7. Ching minh rang, v6i 2 <k <n -2, tacé
ck =ck2 yock-) 4 ko
Gidi. Theo Tinh chat 2, ta co
ck=2 +chzh = &, (1)
ckbyck ,=ck . (2)
Cong cac v€'t ong tng cua (1) va (2) va theo Tinh chat 2, ta c6

ck2yockb vk, = ekl k| =k

B I POC THEM

TINH SO CAC HOAN V| VA SO CAC TO HQP
BANG MAY TiNH BO TUI

C6 thé sir dung may tinh bd tui dé tinh s6 cac hoan vi n! va sé céac té hop Cﬁ.
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1. Tinh sé cac hoan vi bing may tinh bo tai

Dung may tinh bd tai CASIO fx — 500MS dé tinh n!, ta 4n cac phim theo trinh tu
sau :

SHIFT !/

n s6 n, &n phim (@B, sn phim @), 51 phim @), Khi d6, két qua s& hién thi
& dong thit hai.
Vi dy 1. Tinh 101,

Ta bam lién ti€p cac phim sau :
SHIFT  x/

Dong th{ hai hién ra 3,628,800.
Vay 10! = 3 628 800.
2. Tinh sé cac té hop biing may tinh bé tui

Dung may tinh bd tii CASIO fx — 500 MS dé tinh Cfl , ta &n cac phim theo trinh tu sau :

n sé 1, an phim , an s6 k, 8n phim . K&t qua hién thi & dong th( hai.
Vi dy 2. Tinh CJ,.

Ta an lién ti€p cac phim sau :

Dong th( hai hién ra 792.

vay C3, =792.

Badi tap
Tir cac chit s6 1, 2, 3, 4, 5, 6, 1ap cdc sO tu nhién géom sdu chit s6 khac
nhau. Hoi :
a) Co tat ca bao nhiéu so ?
b) C6 bao nhiéu s6 chan, bao nhiéu s6 1€ ?
¢) C6 bao nhiéu s6 bé hon 432 000 ?
C6 bao nhiéu céach sap xép chd ngdi cho m 6i ng 6i khdch vdio m i gh&
ké thanh mot day ?

Gia st ¢6 bay bong hoa mau khac nhau va ba lo khac nhau. Hbi ¢ bao
nhiéu cdch cam ba bong hoa vao ba lo da cho (m6i 1o cam mot bong) ?



C6 bao nhiéu cdach mac ndi ti€p 4 béng dén d gc chon tir 6 bong dén khic
nhau ?

C6 bao nhiéu cach cam 3 bong hoa vao 5 1o khdc nhau (mdi lo cam khong
qua mot bong) néu :

a) C4c bong hoa khac nhau ?

b) Cac bong hoa nh nhau ?

Trong mit phang, cho sidu diém phan biét sao cho khong cé ba diém nao
thang hang. Hoi c6 thé lap d oc bao nhiéu tam gidc ma cdc dinh clia nd
thuoc tap diém da cho ?

Trong mat phang c6 bao nhiéu hinh chit nhat d gc tao thanh tir bon d ong
thing song song v6i nhau va nam d ong thang vuong goéc véi bon d ong
thang song song dé ?

@3 NHI THUC NIU-TON
A\

I - CONG THUC NHI THUC NIU-TON

Tacé:

(@+b)’=d"+2ab+b" = Ca> + Cha'b' + C3p?,

(@+b)y =a +3a’h+3ab” + b =Ca> + Cha®b' + C3a'p? + C3p°.
1
Khai trién biéu thiic (a + b)4 thanh téng cac don thic.

Téng quat, ta thita nhan cong thic khai trién biéu thic (a + b)" thanh tdng
cac don thiic nh  sau :

(@+b)" =C%" + Cla" b+ ..+ e Rk 4 e O (1)

Cong thic (1) d oc goi 1a céng thirc nhi thitc Niu-ton.
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HE QUA
Véia=b=1,tac6 2" =CO+Cl + .. +C
Véia=1;b=-1,taco
0= -c! +. . +pFck + .+ e
CHUY
Trong biéu thitc & v€ phai ctia cong thic (1) :
a) SO cac hang tirlan + 1.
b) Cac hang tlr c6 s6 mil ca a giam dan tit n dén 0, s6 mil cua
b tang dan tir 0 dén n, nh ng téng cidc s6 mil cla a va b trong
moi hang tlr luon bang n.

c¢) Cdc hé s6 cia moéi hang tlr cich déu hai hang tir ddu va cuo6i
thi bang nhau.

Vi du 1. Khai trién biéu thic (x + y)°.
Gidi. Theo cong thic nhi thic Niu-ton ta ¢
(x + y)6 = C2x6 + C16x5y + C%x4y2 + C2x3y3 + ng2y4 + ngys + ng6
. 6x5y + 15x4y2 + 20)c3y3 + 15x2y i 6xy5 + y6.
Vi du 2. Khai trién biéu thitc (2x — 3)4.
Gidi. Theo cong thic nhi thic Niu-ton ta ¢
2x-3)" = C§2x)* + CL 0 (3) + CF 20 (=37 + C2x(=3)® + CF(-3)*
= 16x" — 961" + 216x" — 216x + 81.
Vi du 3. Ching t6 rang v6i n > 4, ta c6
Ar2icts =+ =2
Gidi. Kihieu A=CY+C2 + ..
B= C}1 + Ci + ...

Theo Hé qua ta c6 2"=A +B,
0=A-B.

Tirdésuyrad=B=2"".



II - TAM GIAC PA-XCAN

Trong cong thic nhi thitc Niu-ton 6 muc I, cho n =0, 1, ... va xép cac hé so
thanh dong, ta nhan d oc tam gidc sau day, goi la tam gidc Pa-xcan.

n=0 1

n=1 1 1

n=>2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 1

n=>5 1 \10/ \10/ 1

n==6 1 6 15 20 15 6 1

n=7 1 7 21 35 35 21 7 1
NHAN XET

Tur cong thitc Cﬁ = C/fl:} + Cﬁ_l suy ra cach tinh cdc s6 & moi
dong dua vao cédc s6 & dong tr ¢ nd. Chang han

cz=cl+ci=4+6=10.

2
ﬁDung tam giac Pa-xcan, chiing t6 rang :
a)l+2+3+4=C?2;

b) 1 +2+..+7=Cy.

Bdi tap
1. Viét khai trién theo cong thitc nhi thic Niu-ton :

13
a) (a +2b)° b) (@ —~2)° : c)(x—lj .

X
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6
- ? . . 2 9 . 2 P 2
Tim hé so cua X trong khai trién cua biéu thuc : (x + —2] .
X

Biét hé so cua 2 trong khai trién ctia (1 —3x)" 12 90. Tim n.

8
; ea 1
Tim s6 hang khong chtta x trong khai trién cua (x3 + —) .

X

Tir khai trién biéu thic (3x — 4)'7 thanh da thic, hiy tinh téng cic hé s6
cua da thiic nhan d oc.

Chiing minh rang :
a) 1110 — 1 chia hét cho 100 ;
b) 101'% — 1 chia hét cho 10 000 ;

c)«/ﬁ[(l + x/ﬁ)loo -(- \/E)IOOJ 1a mot s6 nguyén.

BAN CO BIET ?

PA-XCAN (PASCAL)

Pa-xcan la nha toan hoc, vat li hoc va tri€t hoc ng &i
Phap. Pa-xcan luc nhd 1a mét cau bé than déng. Cha cau
nhan thdy diéu nay. Khéng muén s6m lam mét 6¢c con,
ong cdm cau bé Pa-xcan hoc toan. Song diéu nay cang
kich thich tinh t6 mo cGa cau. Nam 12 tudi, mét hém cau
hoi cha "Hinh hoc |a gi ?". Cha cau gidi thich so qua cho
cau hiéu. Pa-xcan rat lay lam thich tha. Cau lién b éc
theo con d dng dang la thién h 6ng cla minh. Khong can
sach v8, mét minh cau tu chiing minh d dc réng téng cac
goéc trong mét tam giac bang hai géc vudng. & tudi 16,
Pa-xcan viét cong trinh dau tién cla minh vé cac thiét
dién conic.

Blaise Pascal
(1623 — 1662)

Pa-xcan viét hang loat céng trinh vé cac chudi s6 va cac hé sé nhj thic. Pa-xcan da
d a ra bang cac hé sd ciia su khai trién cla (a + b)" d 6 dang mdt tam giac,
ngay nay goi 1a "Tam giac Pa-xcan". Pa-xcan da tim ra cac hé sé nhi thiic bang
ph ong phap quy nap toan hoc, d6 la mét trong nhitng phat minh quan trong cda
ong. Diéu m6i mé & day la Pa-xcan phat hién ra rang cac hé sé nhi thic chinh 1a



s& cac t6 hdp chap k cla n phan ti va Pa-xcan da dung ching dé giai nhing bai
toan cla li thuyét xac suét.

Mot céng hi€n 16n nita cla Pa-xcan la viéc khdi thdo phép tinh cac dai | dng vo
cung bé.

V& mat ki thuat, ngay tir nam 1642, luc méi 19 tudi, Pa-xcan da sang ché& ra mot
may tinh dé thyc hién céc phép tinh s6 hoc. Nguyén tac clia may nay da la xuét
phat diém cho viéc ché& tao may tinh dién t& vé sau nay.

Dé& ghi nhé cong lao clia ng &i dau tién da sang ché& ra may tinh, cac nha tin hoc
da dat tén cho mot ngdn nglr may tinh rat pho bién la ngdn nglr Pa-xcan.

Vé vat li, Pa-xcan da nghién ciiu 4p suat cla khi quyén va cac van dé thuy tinh hoc.
Tén clia Pa-xcan da d dc dat cho mot miéng ndai Ira trén Mat Trang.

§’ /, PHEP THU VA BIEN CO
J

PHEP THU, KHONG GIAN MAU
Phép thi

Mot trong nhitng khai niém co ban cuta 1i thuyét xac suét la phép thir. Mot
thi nghiém, mot phép do hay mot sy quan sit hién t ong nao do, ... d gc
hiéu 1a phép thit.

Ching han, gieo mot dong tién kim loai (goi tat 1a dong tién), rit mot quan
bai tir ¢ bai ti lo kho (cd bai 52 14) hay ban mot vién dan vao bia, ... 12
nhitng vi du vé phép thur.

Khi gieo mot dong tién, ta khong thé dodn tr ¢ d oc mat ghi s6 (mat
nglra, viét tat 12 N) hay mat kia (mat sdp, viét tat 1a S) s& xuat hién (quay
1én trén). D6 1a vi du vé phép thit ngdu nhién.

Mot cdch téng quat :
Phép thu ngdu nhién 1a phép thir ma ta khong doédn tr dc
d gc két qua cua n6, mac du da biét tap hop tat ca cac két qua
c6 thé c6 cha phép thir dé.

Pé don gian, tir nay phép thir ngiu nhién d oc goi tit 1a phép thir. Trong

Todn hoc phé thong, ta chi xét cdc phép thir c6 mot s6 hitu han két qua.
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2. Khong gian mau
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1 ° ’ o.o ° o
Hay liét ké cac két qua cé thé clia phép thir gieo .l e ol

mot con suc s&c.

Tap hop céc két qua c6 thé xdy ra clia mot phép thir d oc goi 1a
“ khong gian mdu cua phép thir va ki hiéu 1a Q (doc 1a 6-mé-ga).

Vi du 1. Gieo mot dong tién (h.28).
Do 1a phép thlr v6i khong gian mau
Q= 1{S, N}. day, S ki hiéu cho két
qua "Mat sap xuat hién" va N ki hiéu
cho két qua "Mat nglra xudt hién".

Vi du 2. Néu phép thur la gieo mot

dong tién hai lan thi khong gian mau Hai mat déng tién
g6m bon phan tir : Q = {SS, SN, NS, NN}, Hinh 28

trong d6, chang han, SN 12 két qua "Lan dau dong tién xuit hién mat sap,
lan thd hai dong tién xudt hién mat ngua", ...

Vi du 3. Néu phép thir 1a gieo mot con siic sdc hai ldn, thi khong gian méiu
gébm 36 phan tir: Q={(, j) | i,j=1,2,3,4,5,6},8d6 (i, j) 1a két qua
"Lan dau xuat hién mat i cham, lan sau xuét hién mat j chdm" (h. 29).

Hinh 29



11 - BIEN CO
Vi du 4. Gieo mot dong tién hai 1an. Day 1a phép thir v6i khong gian mau
Q= {SS, SN, NS, NN}.
Ta thay su kién A : "Két qua cha hai lan gieo 1a nh nhau" c6 thé xay ra
khi phép thir @ ¢c tién hanh. N6 xay ra khi va chi khi mot trong hai két qua
SS, NN xuit hién. Nh vay, su kién A t ong tng vGi mot va chi mot tap
con {SS, NN} cua khong gian mau. Chinh vi 1€ d6, ta déng nhat ching véi
nhau va viét A = {SS, NN}. Ta goi A 1a mot bién co.
T ong tu, bién c6 B : "C6 it nhat mot 1an xuat hién mat ngtra" d oc viét 1a
B={SN, NS, NN}.
Ng oc lai, tap con C = {SS, SN} 1a bién c6 c6 thé phat biéu d 6i dang
ménh dé : "Mat sap xudt hién trong lan gieo du tién".

Céc bién c6 A, B va C & trén déu gan lién v6i phép thir gieo mot dong tién
hai ldn nén ta néi ching lién quan dén phép thir da cho.

— Mot cich tdng quit, mdi bién c6 lién quan dén mot @

phép thir & oc mo ta bdi mot tap con cua khong gian
mau (h.30). Tur d6 ta ¢6 dinh nghia sau day.

| Bién co'la mot tap con clia khong gian méu. g so @

Nh vay, mot bién c6 lién quan dén phép thlr 1a mot tap hop bao gébm céc
két qua nao d6 cua phép thu.

— Can chu y riang bién cd doi khi d ¢gc cho d 6i dang mot ménh dé xac dinh
tap hop nh da thay trong Vi du 4, hodc trong phép thir gieo con siic sdc, bién
c6 A : "Con sic sdc xuat hién mat chdn chdm" d ¢c cho d 6i dang ménh dé
xdc dinh tap con A = {2, 4, 6} clia khong gian mau Q = {1, 2, ..., 6}.

Ng oi ta th ong ki hiéu cdc bién c6 bing cdc chit in hoa A, B, C, ...

— Tir nay vé sau, khi néi cho cdc bién cd' A, B, ... ma khong néi gi thém thi
ta hiéu chiing cting lién quan dén mot phép thir.

H Tap @ d oc goi 1a bién cd khong thé (goi tit 1a bién co
khong). Con tap Q d oc goi 12 bién cd chdc chan.

Chang han, khi gieo mot con stic sic, bién c6 : "Con stic siac xudt hién mat
7 chdm" 1a bién c6 khong, con bién ¢6 : "Con stc sic xudt hién mat c6 s6
chdm khong v ¢t qud 6" 14 bié€n c6 chic chan.

— Ta noi rang bién cé A xdy ra trong mot phép thir ndo d6 khi va chi khi
két qua cta phép thir d6 1a mot phan tir cia A (hay thuan 1oi cho A).
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III — PHEP TOAN TREN CAC BIEN CcO
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Nh vay, bién c6 khong thé (tdc 1a &) khong bao gid xdy ra, trong khi do,
bi€n ¢6 chac chian Q luon ludn xay ra.

Trong Vi du 4, n€u xuat hién két qua SS thi A xay ra con B khong xay ra.
Trong khi d6, n€u xuét hién két qua SN thi B xay ra con A khong xay ra.

A A
— Gia sir A 1a bién c6 lién quan dén mot phép thi.
H Tap Q\ A d oc goi la bién co doi 0
clia bién ¢6 A, ki hieu 1a A (h.31). Hinh 31

Dowe A < w¢A,nén A xay ra khi va chi khi A khong xay ra.
Chang han, néu phép thir 12 gieo mot con siic sdc thi bién ¢6 B : "Xuat hién
mat chan chdm" 1a bi€n ¢ doi cua bi€n cd A : "Xuat hién mat 1&é cham",
nghiala B=A.
— Gia stir A va B 1a hai bién c6 lién quan dé€n mot phép thur. Ta ¢6 dinh nghia sau :
Tap A U B d oc goi la hop cta céac bién c6 A va B.
Tap A N B d oc goi la giao ctua cac bién c6 A va B.
Néu A N B = J thi tanéi A va B xung khdc.
Theo dinh nghia, A U B xay ra khi va chi khi A xay ra hoac B
xay ra ; A N B xay ra khi va chi khi A va B dong thoi xay ra.
Bién c0 A " Bcon d oc viét la A.B.
A va B xung khédc khi va chi khi ching khong khi nao clng
xay ra (h. 32).

Ta c6 bang sau :

Ki hiéu Ngon ngir bién co

AcQ A Ia bién c6 @
A= A 1a bién c6 khong

A=0Q A 12 bién c6 chic chin

C=AUB C 12 bién ¢6 : "A hoc B" Q
C=ANB Clabi€nco: "A vaB" Hinh 32
ANB=y A va B xung khéc

B= A A va B d6i nhau.




Vidu 5. Xét phép thur gieo mot dong tién hai lan véi cac bién co :

A : "Ké&t qua cua hai 1an gieo 1a nh nhau" ;

B : "C6 it nhat mot 1an xuét hién mat sap" ;

C : "Lan thtt hai méi xuat hién mat sap" ;

D : "Lan dau xuat hién mat sap".
Ta co :

A={SS, NN} ;B={SN, NS,SS};C ={NS};D ={SS, SN}.

Tu d6,
CuD={SS,SN, NS} =B,

AN D = {SS} 1a bién cd "Ca hai lan déu xudt hién mat sap".
Badi tap

Gieo mot dong tién ba lan.

a) Mo ta khong gian mau.

b) Xéc dinh cédc bién co :

A : "Lan dau xuat hién mat sap" ;
B : "Mat sap xay ra ding mot 1an" ;
C : "Mat ngira xay ra it nhat mot lan".

Gieo mot con stic sac hai lan.

a) Mo ta khong gian mau.

b) Phit biéu céc bién c6 sau d 6i dang ménh dé :
A={(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)};
B=1{(2,6),(6,2),(3,5),(5,3), 4,4} ;
C={1,1),(2,2),(3,3),4,4),(5,5),(6,6)}.

Mot hop chita bon céi thé d oc danh s6 1, 2, 3, 4. Ldy ngiu nhién hai thé.

a) Mo ta khong gian mau.
b) X4ac dinh cédc bién ¢0 sau :
A : "Téng cdc s6 trén hai thé 1a s6 chdn" ;

B : "Tich cdc so6 trén hai thé 12 s6 chin".
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Hai xa thi cing bin vao bia. Ki hiéu A; 1a bién ¢6 : "Ng 0i thi k& ban
tring", k=1, 2.
a) Hay biéu dién cdc bién c6 sau qua céc bi€n cd Ay, A, :

A : "Khong ai ban tring" ;

B : "Ca hai déu ban tring" ;

C : "C6 ding mot ng i ban tring" ;

D : "C6 it nhat mot ng i ban tring".
b) Chiing td ring A = D ; B va C xung khic.
T mot hop chita 10 cai thé, trong d6 cac thé danh s6 1, 2, 3, 4, 5 mau do,
thé ddnh s6 6 mau xanh va cdc thé ddnh s6 7, 8, 9, 10 mau trang. Ldy ngau
nhién mot thé.
a) Mo ta khong gian mau.
b) Ki hiéu A, B, C 1a cac bién c0 sau :

A:"Lay d oc thé mau do" ;

B:"Lay d oc thé mau tring" ;

C :"Lay @ oc thé ghi so chan".

Hay biéu dién cdc bién c¢6 A, B, C bdi cdc tap hop con t ong dng cua
khong gian mau.

Gieo mot dong tién lién ti€p cho dén khi lan dau tién xudt hién mat sap
hoac ca bon 1an ngtra thi dung lai.
a) Mo ta khong gian mau.
b) Xac dinh céac bién co :
A :"S6 1an gieo khong v ot qud ba" ;
B : "S6 lan gieo 1a bon".
T mot hop chita nam qua cau d ¢c danh s6 1, 2, 3, 4, 5, 14y ngau nhién
lién ti€p hai 14n m6i 1an mot qua va xép theo thi tu tir trdi sang phai.
a) Mo ta khong gian mau.
b) Xac dinh cac bién c0 sau :
A : "Chit s6 sau 16n hon chit so tr G6¢" ;
B : "Chit s6 tr &c gdp doi chit sO sau” ;
C : "Hai chit s6 bang nhau".



& /= XAc SUAT cUA BIEN cO

J

[ — PINH NGHIA CO PIEN CUA XAC SUAT

1.

Pinh nghia

Mot dac tr ng dinh tinh quan trong cta bién c6 lién quan dén mot phép thir
12 n6 c6 thé x4y ra hoidc khong xay ra khi phép thir d6 d oc tién hanh. Mot
cau hoi d oc dat ra 1a n6 c6 xay ra khong ? Kha nang xay ra cua né la bao
nhiéu ? Nh vay, nay sinh mot van dé 1a can phai gan cho bién c6 dé6 mot
con s6 hop 1i dé danh gid kha nang x4y ra cta né. Ta goi s6 do 12 xdc sudt
cua bién co.

Vi du 1. Gieo ngiu nhién mot con stic sic can d6i va dong chat. Cac két
qua c6 thé 1a (h.33)

° ® o o o o
[ J ° ° o o
° ° o o o o

Hinh 33

Khong gian mau cta phép thlr nay c6 sdu phan tir, d oc mo ta nh sau
Q=1{1,2,3,4,5,6}.
Do con siic sac 1a can doi, dong chat va d oc gieo nglu nhién nén kha

nang xuét hién ting mat cta con sdc sac 12 nh nhau. Ta néi ching dong

? v 2, oA 2 9 . 9 X - < 1
kha ndng xudt hién. Vay kha nang xuat hién cuia moi mat la r3

Do d6, néu A 1a bién ¢6 : "Con stic sic xuat hién mit 1" (A = {1, 3, 5}) thi

kha nang xay ra cua A la
l 1 1

6

sO6 nay d oc goi la xdc sudt ciia bién c6 A.

2

3
6

1
+—+—== —
6 6 2
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1
ﬁﬂ‘r mdt hép chira bén qua cau ghi chit @, hai qua cau ghi chit b va hai qua cau ghi
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chit ¢ (h.34), 18y ngau nhién mét qua. Ki hiéu :
A :"Lay d dc qua ghichira";
B :"Lay d dc qué ghi chir b";
C :"Lay d dc qué ghichir ¢".

Cb nhan xét gi vé kha nang xay ra clia cac bién c6 A, B va C ? Hay so sanh ching
véi nhau.

D00 OO OO

Hinh 34
Mot cdch téng quat, ta c6 dinh nghia sau day.

DINH NGHIA

Gia str A 1a bién c0 lién quan dén mot phép thir chi c6 mot s6

hitu han két qua déng kha nang xuét hién. Ta goi ti s HES;
n
12 xdc sudt ciia bién cd A, ki hiéu 1a P(A).
p(A) = A
n(Q)

CHUY

n(A) la s6 phan tlr cia A hay ciing 1a s6 cac két qua thuan 1gi cho
bién c6 A, con n(Q) 1a s6 cac két qua c6 thé xay ra cuia phép thir.

Vi du

Vi du 2. Gieo ngiu nhién mot déng tién can d6i va dong chat hai 1an. Tinh
X4c sudt cua cac bién co sau :

a) A : "Mat sap xudt hién hai lan" ;
b) B : "Mait sap xudt hién ding mot lan" ;

c¢) C : "Mat sap xuat hién it nhat mot lan".



Gidi (h.35). Khong gian mau Q = {SS, SN, NS, NN}
gém bon két qua. Vi déng tién can doi, dong chat va *SS SN
viéc gieo 1a ngau nhién nén cédc két qua dong kha nang
xudt hién. Ta c6 NS *NN
a) A ={S8S}, n(A) =1, n(Q) = 4, theo dinh nghia ta c6
Q
pay= 24 _ 1 Hinh 35
nQ) 4
b) B={SN, NS}, n(B) =2 nén
ppy= B _2_ 1
nQ 4 2
c) C={SS, SN, NS}, n(C) =3 nén
pcy="9 23
nQ) 4

Vi du 3. Gieo ngiu nhién mot con suc sic can doi va dong chat. Tinh xdc
sudt cua cac bi€n co sau :

A : "Mat chan xudt hién" ;

B : "Xuat hién mat c6 s6 cham chia hét cho 3" ;

C : "Xuat hién mat c6 s6 cham khong bé hon 3".

Hinh 36

Gidi. Khong gian mau c6 dang : Q = {1, 2, 3, 4, 5, 6}, gobm sdu két qua
dong kha nang xuat hién (h.36). RS rang

A=1{2,4,6}, n(A) =3,

B = {3, 6}, n(B) =2,

C=({3,4,5,6}, n(C) = 4.
Tt do, theo dinh nghia ta c6
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p)= "B _2_1
nQ@Q 6 3

om0 42
nQ@ 6 3

Vi du 4. Gieo ngiu nhién mot con stc sic can d6i va déng chat hai 1an. Tinh
x4c suat clia cac bién ¢ sau :

A : "S6 chadm trong hai 14n gieo bang nhau" ;

B : "Téng s6 cham bing 8".

Gidi. Nh da biét (xem Vidu 3, 4), Q= (@G, j)|1<i,j<6}, gébm 36 két
qua dong kha nang xuét hién. Ta c6 bang (xem thém Hinh 29) :

J 1 2 3 4 5 6

[

S Ot s W N

A={(1,1),(2,2),(3,3),4,4),(5,5),(6,6)}, n(A) = 6, n(Q2) = 36. Tt do,
theo dinh nghia ta c6

pay- "4 _ 6 1
Q) 36 6
T ong tu, B = {(2, 6), (6,2), (3, 5), (5, 3), (4, 4)}, n(B) = 5, n(Q) = 36 nén
pp)= 1B _ >
n(Q) 36

11 — TINH CHAT CUA XAC SUAT
1. Dinh i

Gia sir A va B la cdc bién cd lién quan d€n mot phép thlr c6 mot s6 hitu han
két qua dong kha nang xuét hién. Khi do, ta c6 dinh Ii sau day.
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DINH LIi

a) P(D)=0, P(Q2) = 1.
b) 0 < P(A) < 1, v6i moi bién c6 A.
c) Néu A va B xung khic, thi
P(A U B) = P(A) + P(B) (cong thiic cong xdc sudt).

2
%Chu’ng minh céc tinh chat a), b) va c).

HE QUA

V6i moi bi€n co A, ta c6

P(A)=1 - P(A).

Chitng minh. Vi A U A =QviANn A = neén theo cong thuc cong xac
sudt ta ¢

1 = P(Q) =P(A) + P(Z).
Tir d6 ta c6 diéu phai ching minh.
2. Vidu

Vi du 5. Tit mot hop chita ba qua cau
trdng, hai qua ciu den (h.37), 14y ngiu

nhién dong thoi hai qua. Hay tinh xac |7© O Q ‘ ‘—‘

sudt sao cho hai qua do :

a) Khiac mau ; b) Cung mau. Hinh 37

Gidi. Mbi 1an 14y dong thoi hai qua ciu cho ta mot t6 hgp chap hai ctua
nam phan tir. Do d6, khong gian mau gém cédc t6 hop chap hai cha nam
phan tit va n(Q) = C% = 10.

Vi viéc 14y qua cau la nglu nhién nén cac két qua d6 dong kha nang.

Ki hiéu A : "Hai qua khac mau", B : "Hai qua cing mau".

Vi chi ¢6 hai mau den hoac tring nén ta thay ngay B =A.

a) Theo quy tic nhan, n(A)=3.2=6.
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Do d6
n(A) 6 3

P@A) = Q) 10 5

b) ViB= A nén theo hé qua ta c6

P(B) = P(A) =1 - P(A) = 3.

()1

Vi du 6. Mot hop chia 20 qua cau danh s6 tir 1 dén 20. Ly ngau nhién
mot qua. Tinh xac suat cua cac bién c6 sau :

a) A : "Nhan d oc qua cau ghi s6 chan" ;

b) B : "Nhan d oc qua ciu ghi s6 chia hét cho 3 ;
c)ANB;

d) C : "Nhan d oc qua cau ghi s6 khong chia hét cho 6".

Gidi. Khong gian mau d oc mo ta la Q = {1, 2, ..., 20} gém 20 két qua
dong kha nang, n(Q) = 20.

a)A=1{2,4,6,8,10, 12, 14, 16, 18, 20}, n(A) = 10 nén

pay="AD _10_1
nQ 20 2
b)B=13,6,9, 12, 15, 18}, n(B) = 6.
Tir d6
pBy= "B _6 _3
Q) 20 10

¢)ViA N B=1{6,12, 18}, n(A ~ B) =3 nén

nAnB) _ 3

P(ANB)= Q) 0’

d) ViANnB=1{6,12,18},nén A N B la bién c6 : "Nhan d oc qua cau ghi
s6 chia hét cho 6". Do d6, C la bién c6 d6i cua bién c6 A N B, ta ¢co
C=ANBva

3 17
PC)=1-PANB)=1- —=—.
©) ( ) 0" 20



IIT — CAC BIEN €O POC LAP, CONG THUC NHAN XAC SUAT

Vi du 7. Ban thit nhit ¢6 mot dong tién, ban thit hai c6 con siic sic (déu
can doi, dong chat). Xét phép thir "Ban thi nhat gieo dong tién, sau d6 ban
thit hai gieo con stc sac" (h.38a).

a) Mo ta khong gian mau ctia phép thlr nay.
b) Tinh x4c suét cua cdc bién ¢ sau :

A : "Dong tién xuét hién mat sap" ;

B : "Con stic sic xudt hién mat 6 chdm" ;

C : "Con suc sac xuat hién mat 18",

¢) Chiing t6 P(A.B) = P(A).P(B) ; P(A.C) = P(A4).P(C). 1 st
Gidi / Y
a) Khong gian miu cta phép thir c6 dang 4 3 S3
Q= (51,82, 3, 54, 85, S6, N1, N2, N3, N4, N5, N6}. /S — —
Theo gia thiét, Q gom 12 két qua déng kha ning \ 5 g5
xuat hién (h.38b).
6 S6
1 NI
% 2 N2
Lo
§ 4 N4
a) b) \ 5 NS5
Hinh 38 6 N6
b) Tathdy A ={S1, 52, 53, 54, S5, S6}, n(A)==6;
B ={S6, N6}, n(B)=2;
C ={N1, N3, N5, 51, §3, 85}, n(C) =6.
Tir d6 pay="A_0 _1.
Q) 12 2
Py = "D 21,
Q) 12 6
py="C_0_1
n) 12 2
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n(A.B) _ 1

c) Rorang A.B = {S6} va P(A.B) = )
) g {56} (A.B) Q) 12

Ta co

.— = P(A)P(B).

1
P(AB)=— =
(4.B) ==

AN| =

1
2
T ong tu, A.C = {S1, $3, S5} ;

n(AC) 3 1

P(A.C) = 3 1.1
Q) 12 4 2

= P(A)P(C).

1
2

Trong Vi du 7, ta nhan thdy xdc suét xuét hién mo6i mat clia con sic sac 1a

AN| =

khong phu thudc vao viéc dong tién xudt hién mat "sap" hoidc "ngua".

Né€u su xay ra cua mot bién c6 khong anh h 6ng dén xdc suat xay ra cla
mot bi€n c6 khac thi ta néi hai bién ¢6 d6 doc ldp. Nh  vay, trong Vi du 7,
cac bi€n c6 A va B doc lap va ciing vay, A va C doc lap.

Téng quat, d6i v6i hai bién c6 bat ki ta ¢c6 moi quan hé sau :

A va B 1a hai bién c6 doc 1ap khi va chi khi
P(A.B) = P(A).P(B).

B I POC THEM

MG RONG QUY TAC CONG VA
CONG THUC CONG XAC SUAT

Quy tac cdng con d dc md rong ddi véi cac tap hop hitu han, cé giao khac réng.
C6 thé chiing minh d dc réng, véi hai tap hop hifu han A va B bat ki, ta cé

n(A U B) = n(A) + n(B) — n(A n B) (quy t&c bao ham va loai tru).
Vidu 1. M6t t6 m &i ng i s& d dc choi hai mén thé thao |a cau 16ng va béng
ban. C6 nam ban dang ki chai cau l6ng, bén ban dang ki choi béng ban, trong d6
c6 hai ban dang ki choi c& hai mén. Hoi ¢6 bao nhiéu ban dang ki choi thé thao ?
Bao nhiéu ban khong dang ki choi thé thao ?



Gidi. Ki hiéu X 1a tap hop céc hoc sinh trong t6 ; A 1&
tap hop cac hoc sinh dang ki choi cau léng, B 1a tap
hop cac hoc sinh dang ki chai béng ban (h.39), thé thi
nX)=10,n(A)=5,n(B)=4,n(AnB)=2.Nh vay:
A U B |4 tap hdp cac ban dang ki chai thé thao. Vi
n(A N B) =2 nén s6 ban dang ki choi thé thao la X
nAvuB)=n(A)+nB)-n(AnB) =5+4-2=7 (ban).
Tu d6, s6 ban khéng dang ki choi mén thé thao nao la Hinh 39

n(X) - n(A v B) =10 -7 =3 (ban).
Nh& quy tdc cdng md rong, ta c6 cong thirc cdng xac suat mé rong sau day.

Véi hai bién c6 A va B béat ki cling lién quan dén mot phép thi,
ta céd

P(A U B) = P(A) + P(B) - P(A.B).
Vi du 2. Gieo ngau nhién mot con suc sic can d6i déng chat hai 1an. Tinh xac
sudt cla cac bién cé sau :
A : "Lan th(t nhat xuat hién mat 6 cham" ;
B : "L&n th(r hai xu&t hién m#t 6 cham" ;
C : "It nhat mét 1an xuét hién mat 6 cham" ;
D : "Khéng 1an nao xuat hién mat 6 cham".
Giadi. Taco Q= {(i,j) |1 <i, j<6}, trong d6 i la s6 cham xuat hién trong lan gieo
th( nhét, j 1a s6 chdm xuat hién trong Ian gieo thit hai, n(Q) = 36. Nh vay
A={6,) 1 1<j<6}, nA)=6;
B={(i,6) 1 1<i<6},n(B)=6;
C=AUB,D=C,AnB={(6,6)),n(AB)=1.
T d6, theo dinh nghia ta c6

pay=2 A _ 0 1 pp 2B _06 1
nQ) 36 6 nQ) 36 6
p(A,B)zmzi_
nQ) 36
Theo nhan xét ta c6
P(C) = P(A U B) = P(A) + P(B) - PA. By = + L L _ 11
- - 76 6 36 36
Theo hé qué ta co
— 11 25
PD)=PC)=1-PC)=1-— = —.
(D) = P(C) (©) 36 36
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Bai tap
Gieo ngau nhién mot con stic sic can doi va dong chat hai lan.
a) Hay mo ta khong gian mau.
b) Xac dinh cac bién c0 sau :
A : "Téng s6 cham xudt hién trong hai 1an gieo khong bé hon 10" ;
B : "Mat 5 cham xuat hién it nhat mot 1an".
c¢) Tinh P(A), P(B).
C6 bon tdm bia d ¢gc danh s6 tir 1 dén 4. Rt ngdu nhién ba tam.
a) Hay mo ta khong gian mau.
b) Xac dinh cac bién co sau :
A : "Téng cdc sO trén ba tdim bia bang 8" ;
B : "Céc s0 trén ba tam bia la ba s6 tu nhién lién ti€p".
¢) Tinh P(A), P(B).

Mot ng 0i chon ngau nhién hai chiéc giay tir bon doi giay cd khac nhau.
Tinh xdc suat dé hai chiéc chon d oc tao thanh mot doi.

Gieo mot con suc sic can doi va dong chat. Gia st con stic sdc xudt hién
mat b chdm. Xét ph ong trinh %+ bx + 2 = 0. Tinh x4c suét sao cho :

a) Ph ong trinh c6 nghiém ;

b) Ph ong trinh v6 nghiém ;

c) Ph ong trinh c6 nghiém nguyén.

Tir ¢6 bai td lo kho 52 con, ridt ngau nhién ciing mot lic bon con. Tinh xéc
suat sao cho :

a) Ca bon con déu 1a 4t ;
b) DB oc it nhat mot con it ;
¢) b oc hai con at va hai con K.

Hai ban nam va hai ban nit d ¢c x€p ngdi ngiu nhién vao bon ghé& xé&p
thanh hai day dé6i dién nhau. Tinh xédc suat sao cho :

a) Nam, nit ngdi d6i dién nhau ;

b) N ngoi d6i dién nhau.



C6 hai hop chita cdc qua cau. Hop thit nhét chira 6 qua tring, 4 qua den.
Hop thit hai chita 4 qua trang, 6 qua den. Tir mo6i hop 14y ngau nhién mot
qua. Ki hiéu :

A 12 bién ¢6 : "Qua 14y tir hop thit nhat trang" ;

B 1a bién ¢6 : "Qua 14y tir hop thit hai trang".

a) Xét xem A va B c6 doc lap khong.

b) Tinh xac suat sao cho hai qua cau lay ra cing mau.

¢) Tinh xdc sudt sao cho hai qua cau lay ra khac mau.

B I POC THEM

DINH NGHTA THONG KE CUA XAC SUAT

Mot déng tién can do6i va dong chat d dc gieo n lan. Ki hiéu ng 1a s6 1an xuét
hién méat s&p S trong 7 lan gieo do.

n . . . . .
Ta goi ti s6 1,8 = -5 1a tan suét xuat hién mat sap trong 7 lan gieo.
n

Bang thuc nghiém ta thay, tan suat thay déi khi ta thuc hién loat n 1an gieo khac ciing
nh khi tang sé lan gieo.

Tuy nhién vGi n kha I16n, tan suét nay co tinh én dinh, nghia la n6é dao déng xung

, 1 . . N
quanh sé 5 va khi n tang, tan suat ngay cang gan sé 5

Ta c6 thé hinh dung diéu d6 qua bang cac két qua gieo déng tién clia cac nha
toan hoc Buyp-phéng (Buffont) va Pi€c-son (Pearson) sau day.

Ng &i gieo S46 1an gieo $46 1an xuat hién mat S Tan suat
Buyp-phéng 4040 2048 0,5069
Pi€c-son 12000 6019 0,5016
Piéc-son 24000 12012 0,5005

S6 % ma tan suét f,(S) dao déng quanh né d dc goi la xac suét clia bién c6 S

theo quan diém théng ké.
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M6t cach téng quat :

Ki hiéu n, 1a s6 lan xuét hién bién c6 A trong mot day n phép thir
d dc lap di 1ap lai (day cac phép thir 13p). Ti s6 24 goi la tan suét
xudt hién bién c6'A. "

Khi n tang, %‘ ngay cang gan mét s6 P(A) xac dinh. Ng oi ta goi

s6 P(A) d6 1a xdc suét cua bién c6 A theo quan diém théng ké.

Trong tr dng hap phép thr chi c6 mét sé hitu han két qua déng kha nang xuat
hién thi s& P(A) trong dinh nghia nay tring véi sé P(A) trong dinh nghia c6 dién
cla xac sudt. Do d6, dinh nghia théng ké cla xac suét la mét su md rong thuc su
cta dinh nghia cé dién cla xac suat.

Nha toan hoc Thuy Si J.Béc-nu-li (Jacob Bernoulli) 1a ng &i dau tién phat hién ra

2 . . L
tinh 8n dinh théng ké caa day tan sust —4- .
n

Poat-xéng (Poisson) la ng i dau tién goi quy luat 6n dinh cla tan suat & ludt sé'lon.

Ontép ch ongll

Phét bi€u quy tic cong, cho vi du 4p dung.
Phét biéu quy tic nhan, cho vi du dp dung.

Phan biét su khdc nhau giita mot chinh hop chap k cha n phan tir vd mot t6
hop chap k ctia n phan ti.

C6 bao nhiéu s6 chan ¢6 bon chit s6 d oc tao thanh tir cac chits6 0, 1, 2, 3,
4,5, 6saocho:

a) Cé4c chit s6 c6 thé giong nhau ?

b) Cac chir s6 khac nhau ?

Xé&p ngau nhién ba ban nam va ba ban nit ngdi vao sdu gh€ ké theo hang
ngang. Tim x&c suit sao cho :

a) Nam, nit ngoi xen k& nhau ;

b) Ba ban nam ngo6i canh nhau.

Tir mot hop chita sdu qua cau tring va bon qua ciu den, 14y ngiu nhién
dong thoi bon qua. Tinh xdc sudt sao cho :

a) Bon qua 1ay ra cing mau ;

b) C6 it nhat mot qua mau trang.



10.

11.

12.

13.

14.

Gieo mot con stic sac ba lan. Tinh xdc suit sao cho mat sdu chAm xuét hién
it nhat mot lan.

Cho mot luc gidc déu ABCDEF. Viét cac chit cdi A, B, C, D, E, F vao sau
céi thé. Ldy ngiu nhién hai thé. Tim x4c suat sao cho doan thang ma céc
dau mut 1a cdc di€ém d oc ghi trén hai thé do 1a :

a) Canh cua luc giac ;

b) B ong chéo cua luc giac ;

c) b ong chéo noi hai dinh d6i dién cua luc gidc.

Gieo dong thoi hai con stic sic. Tinh xac sudt sao cho :

a) Hai con suc sac déu xudt hién mét chén ;

b) Tich cac s6 chdm trén hai con sic sic 1a s6 1€.

Bdi tap trdc nghiém

Chon ph ong dn dung :
L4y hai con bai tir ¢6 bai td 1o kho 52 con. S6 cich 14y 1a :
(A) 104 ; (B) 1326 ; (C) 450; (D) 2652.
Nam ng 0i d ¢gc x€p vao ngdi quanh mot ban tron véi nam ghé. S6 cach
xép la:
(A) 50; (B) 100 ; (©) 120; (D) 24.
Gieo mot con stic sic hai 1an. Xac sudt dé it nhat mot 1an xuét hién mat sdu
chamIa :
12 11 6 8
(A) (B) 36 © 36 (D) 36
Tir mot hop chita ba qua cau trang va hai qua cau den l1dy ngiu nhién hai
qué. Xac sudt dé 1ay d oc ca hai qua trdng 12 :
12 10 6
(A) 0 (B) 30’ © 30’ (D) 30
Gieo ba con stic sic. X4c suat dé s cham xudt hién trén ba con nh nhau 12 :

()R' ()ﬁ ()ﬁ ()E
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15. Gieo mot dong tién can doi va déng chat bon lan. Xdc sudt d€ ca bon lan
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xuat hién mat sap la :

4 2 1 6
(A) 6’ (B) 6’ (©) 6’ (D) "3

BAN CO BIET ?

BEC-NU-LI

Béc-nu-li (Jacob Bernoulli) sinh ngay 27 thang 2 nam
1654 & Ba-xlo (Basle) Thuy Si. Ong 14 ng &i nghién
cliu Toan dau tién trong dong ho Béc-nu-li c6 nhiéu
nha toan hoc. Cha éng, Ni-co-la Béc-nu-li (1623 —1708)
muén 6ng tré thanh muc s . M&ac du phai hoc
Than hoc, 6ng van say mé nghién ciu Toan hoc.
Mot s6 cong trinh quan trong nhét cla 6ng d dc
cong bd trong cudn sach Nghé thuat phong dodn
nam 1713, bao gém cac linh vuc clia dai s6 t& hop :
hoan vi, t6 hop, cac s6 Béc-nu-li va Ii thuyét xac
suét. Dac biét, luat sé 16n d6i v6i day phép thi Béc-nu-li d dc céng bé trong
cuén sach d6. Cuén sach ctia 6ng d oc coi la su md dau cla li thuyét xac suéat.
Béc-nu-li b4t dau gidng Triét hoc tu nhién, Co hoc & tr dng Pai hoc Téng hdp
Ba-xIo nam 1682 va trd thanh Gido s toan nam 1687. Ong tié€p tuc lam viéc & d6
cho dén khi méat (ngay 10 thang 8 nam 1705).

Bernoulli
(1654 — 1705)
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DAY sO - cAP sO conc vAa cAaPr sd nHAn

DAY 50 . cAP SO CONG
Chuong III vA cAP s nHAN

Phan d4u clia chuong gidi thiéu Phuong phdp quy nap todn hoc, mét phuong phap
chiing minh nhiéu khang dinh toan hoc, lién quan dén tap s6 tu nhién. Day la mot
phuong phép chung minh quan trong va hiu hiéu trong Toan hoc.

Phan tiép theo la céc khai niém co ban vé ddy s (hiu han va vo han), sé dugc gap
nhiéu trong c4c chuong cla Gidi tich.

Cép s6 cong va cdp s6 nhan |a hai ddy so dc biét va cd nhiéu Uing dung, dugc trinh
bay hé thong va chi tiét & cudi chuong.




§f 7 PHUGNG PHAP QUY NAP TOAN HOC

[ - PH ONG PHAP QUY NAP TOAN HOC

A
Xét hai ménh dé chira bién P(n) : "3" <n + 100" va Q(n) : "2" > n" véin e

a)V6in=1,2,3,4,5 thi P(n), Q(n) dang hay sai ?

b)V&imoine  thi P(n), Q(n) ding hay sai ?

Dé chiing minh nhitng ménh dé lién quan dén s6 tu nhién n € ¢

1a ding v6i moi n ma khong thé thir truc tiép d oc thi c6 thé

lam nh sau:

B dc 1. Kiém tra rang ménh dé ding véin = 1.

B dc 2. Gia thiét ménh dé ding v6i mot so tu nhién batkin=k> 1
(goi 1a gia thi€t quy nap), ching minh rang né ciing ding véi
n=k+1.

D6 1a ph ong phdp quy nap todn hoc, hay con goi tat 1a
ph ong phdp quy nap.

Mot cach don gian, ta c6 thé hinh dung nh sau : Ménh dé da dung khin = 1
nén theo két qua 6 b &c 2, nod cling ding v6i n =1+ 1 = 2. Vi nd ding véi
n =2 nén lai theo két qua & b dc 2, n6 ding v6i n =2 + 1 =3, ... Bang cdch

4y, ta c6 thé khang dinh ring ménh dé diing véi moi s6 tu nhién n €

II - VI DU AP DUNG

Vi du 1. Ching minh riang véin € " thi
1+3+5+...+(2n—1)=n2. (D)
Gidi
B dc 1. Khin = 1, vé trdi chi ¢6 mot s6 hang bang 1, vé& phai bang 1°.
Vay hé thic (1) dang.
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B dc 2. Dat v€ trdi bang S,,.
Gia slr dang thiic ding v6i n = k > 1, nghia la
Sp=1+3+5+...+ 2k 1) =k’ (gia thiét quy nap).

Ta phai chiing minh rang (1) cling ding v6i n = k + 1, tic 1a

S =14+3+5+ .+ Qk- 1D +[20k+1) - 1]=(k+ D™

That vay, tir gia thi€t quy nap ta c6

S =S+ 2+ 1D —11=kK +2k+1=(k+ D™

Vay he thic (1) ding véi moin e

2
Chling minh raing véin € thi
nn+1)

1+2+3+...4+n= .
2

Vi du 2. Ching minh rang véin e " thi n° — n chia hét cho 3.
Gidi. Dat A, =n" — n.
B dcl.Véin=1,tac6A;=0 3.
B oc2.Giastvéin=k>1taco
A= (k3 — k) 3 (gia thi€t quy nap).
Ta phai ching minh A;; 3.
That vay, ta co
A =k+ 1> —(k+ D)=k +3k5 +3k+1-k—1

= (K = k) + 3k + k)

= AL+ 30 + k).
Theo gia thi€t quy nap A; 3, hon nita, 3(l<2 +k) 3nénAgy 3.

. . L. . *
Vay A, = n° — n chia hét cho 3 véi moin €
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CHUY
Néu phai chiing minh ménh dé 1a ding véi moi s6 tu nhién n > p
(p 1a mot s6 tu nhién) thi :

b 6c 1, ta phai kiém tra ménh dé ding véin=p ;

b Gc 2, ta gia thiét ménh dé ding véi s6 tu nhién batkin=k>p
va phai chiing minh rang n6 cling ding v6i n =k + 1.

3
Cho haisé 3" va 8nvéin e

a) Sosanh 3" véi8nkhin=1,2,3,4,5.
b) Du doan két qua téng quéat va chiing minh bang ph ong phap quy nap.
Bai tap

’ . &~ s * 2 2 2 /.
Chitng minh rang v6i n € , ta cO cac dang thuc :

a)2+5+8+...+3n—1:@;
n_
b)—+l+—+ +i:2 1,
2" 2"
c)12+22+32+ +n2: nn+1)2n+1)
. :
Ching minh ring véin €, tacé :

a)n° +3n” +5n chiahét cho 3 ;
b)4" + 157 -1 chiahétcho9;
on +1ln chia hét cho 6.
Chitng minh rang v6i moi s6 tu nhién n > 2, ta ¢ cdc bat dang thiic :

n+1

a)3"'>3n+1; b) 2" > 20+ 3.



Cho téng S, :L+—+...+; véine
1.2 23 nn+1)

a) Tinh Sl’ S2, S3.
b) Du dodn cong thic tinh téng S, va chiing minh bing quy nap.

Ching minh rang s6 d dng chéo ctia mot da gidc 16i n canh 1a n(n——3)

d A

BAN CO BIET ?

SUY LUAN QUY NAP

Ng &ita th dng phan biét hai hinh thic suy luan, d6 la suy dién va quy nap.

Suy dién hay con goi |a phép suy dién |14 di t cai chung dén cai
riéng, tir téng quat dén cu thé.

Chang han, tir dinh Ii "Moi s6 tu nhién c6 chi s6 tan cung la 0 hodc 5 déu chia
hét cho 5", ta suy ra 135 va 170 chia hét cho 5. Trong suy dién, néu ménh dé
téng quat 1a dung thi két luan c6 d dc bao gid ciing dung.

Con quy nap hay con goi l1a phép quy nap lai di tir cai rieng dén
céi chung, tuf cu thé dén téng quat.

Vi du : So sanh cac s6 A(n) = 10" ! véi B(n) = 2004 + n, trong d6 n € . Béng
phép thir véi n = 1,2, 3, 4 ta c6 : A(1) < B(1) ; A(2) < BQ2) ; AB3) < B(3) ; A(4) < B(4).
Tir day, ta két luan

"10" ! < 2004 + n véi moi n < 4" (1)
R rang két luan nay dung.
Tuy nhién, cling tor k&t qua cla phép th{ trén, néu voi két luan :

"10" ' <2004 + nvimoine )
thi lai sai lam vi v6in =5 ta ¢c6 :

10*>2004 + 5 (t ong tu, v6in=6,7,8, ..).
Dén day, néu két luan tiép :

"10""1 > 2004 + n v&i moi n > 5", (3)

sau d6 véi phép tht, cho du cé nhan d dc két qua dung vG6i n bang bao nhiéu
chang nita thi van khong thé coi la da chiing minh d dc ménh dé (3).
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Ménh dé (3) sé d gc chimg minh néu dung ph ong phdp quy nap
todn hoc.

Cac ménh dé (2), (3) c6 d oc la két qua cha phép quy nap khéng
hoan toan, trong d6 ménh dé (2) la sai con ménh dé (3) la dung.

Do phép thir chi cé tinh du doan, nén két qué clia phép quy nap
khéng hoan toan chi 1a gia thuyét, va viéc phai lam tiép theo la
chiing minh hay bac bd.

D &i day, ta xét thém vai vi du lich sU.

Phéc-ma (P. Fermat) nha toan hoc Phap (1601 — 1665) khi xét cac sé dang 22n +1
thély ing véi n=0,1,2,3, 4thi 22 +123:22 +125: 2% +1=17; 22 412257,
224 +1 =65 537 déu la nhitng s6 nguyén t6. T d6, 6ng du doan rang "Moi sé ¢
dang 22" 41 véine N déula nhiing s6 nguyén t&".

Tuy nhién, 100 nam sau, nha toan hoc Thuy Si O-le (Euler, 1707 — 1783) lai phat

X 5 2 . Y " o n’ Y
hién ra rang 27 41 khéng phai la s6 nguyén t6 vi :

5
2% +1=4294 967297 641,
Ciing chinh Phéc-ma la tac gid cla gia thuyét ndi ti€ng ma ng oi doi sau goi la
dinh Ii cudi cung ctia Phéc-ma : "Ph ong trinh x" + y" = z" khong c6é nghiém

nguyén d ong v4i moi s6 tu nhién n > 2". Nam 1993, tc la hon 350 nam sau, gia
thuyé&t nay méi d dc chiing minh hoan toan.

Nha toan hoc Blic Lai-bo-nit (Leibniz 1646 — 1716) da chiing minh & oc rang Vn e

thin’ —n 3 ; n —n 5, n' —n 7, tur d6 6ng du doan véi moi n nguyén d ong
va v&i moi s6 1€ p thi i’ — n p. Tuy nhién, chi it lau sau chinh éng lai phat hién ra
2% —2 =510 khdng chia hét cho 9.

Lich s toan hoc da dé lai nhiéu su kién thd vi xung
quanh céac gid thuyét c6 d dc bang suy luan quy nap
khéng hoan toan (hodc bang phép t ong tu). Cé nhiing
gid thuyét da bi bac bd, co6 nhiéu gid thuyét da d oc
chiing minh, c6 nhiing gia thuyét ma vai tram nam sau
van khéng d oc ching minh hay bac bd. Tuy nhién, viéc
tim cach ching minh hay bac bd nhiéu gid thuyét da cé
tac dung thic day su phat trién clia toan hoc.

Fermat
(1601 — 1665)



§’2 DAY SO

I - PINH NGHIA

%

1.

1

Cho ham s6 f(n) = ne N, Tinh f(1), f(2), f(3), f(4), f(5).

2n—1"
Dinh nghia day sé
X N P , . A A z 7 A *
Mo6i ham s6 u xdc dinh trén tap cidc so nguyénd ong N d ¢c
goi 1a mot ddy sé vé han (goi tit 1a day s6). Ki hiéu :
k
u: N -
n u(n).
Ng 0itath Ong viét ddy s6 d 6i dang khai trién
Uy, Uy, Uy wovy Uy, ..oy

trong d6 u, = u(n) hoac viét tat 1a (u,,), va goi u, 1a s6 hang dau, u, 1a s6
hang thit n va 13 s6  hang tong qudt ciia diy so.

Vidul

a) Day céc so tuy nhién 1€ 1, 3, 5, 7, ... ¢6 s6 hang dau u; = 1, s6 hang tng
quat u, = 2n — 1.

b) Day cédc s6 chinh ph ong 1, 4, 9, 16, ... ¢6 s6 hang dau u; = 1, s6 hang

2 . 2
tong quat u, =n .

2. DPinh nghia day sé hiru han

H M&i ham s6 u x4c dinh trén tap M = {1,2,3, ., m} véim e N
d oc goi la mot ddy sé hitu han.
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Dang khai trién cua né 1a Uy, Uy, Uz, ..., U, trong d6 u, 1a sé hang dau,

u,, 1a so hang cudi.

Vidu 2
a)-5,-2,1,4,7,10, 13 1a day so hitu han ¢6 u; = -5, uy = 13.
b) l,l, l, L L la day s6 hitu han c¢6 u; = l , Us = i

2 4 8 16 32 2’ 32

II - CACH CHO MOT DAY SO

2
ﬁHéy néu cac ph ong phap cho mét ham sé va vi du minh hoa.

1. Dy sé cho bing céng thirc clia s6 hang téng quat

Vidu3
3}’!
a) Cho day s6 (u,) v6i u, =(-1)".— (1)
n
T cong thitc (1), ta c6 thé xdc dinh d oc bat ki mot s6 hang ndo cua
5
day s6. Chang han, us = (- 1)5 35 %
Néu viét day s6 nay d 6i dang khai trién, ta d oc
n
-3, 2 -9, & ..,(—1)”.3—,
2’ 4’ n

b) Day s6 (u,,) v6i u, c6 dang khai trién la

_ n
Jn+1
1 2 3 n

2R Bl Tl

Nh vay, diy s6 (u,) hoan toan xdc dinh néu biét cong thiic s6 hang tdng

quat u,, cua no.

3

%Vié’t nam sé hang dau va sé hang téng quat clia cac day sé sau :
a) Day nghich dao clia cac sé tu nhién 1€ ;
b) Day cac s6 tu nhién chiacho3d 1.
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Ciing giong nh ham s6, khong phai moi day s6 déu c6 cong thiic s6 hang

téng qudt u,. D 6i day, ta néu thém cdc cach khac dé cho mot diy s6.

2. Day sd cho bing ph ong phap mbé ta

Vidu 4. S6 7 1a s6 thap phan vo han khong tuan hoan
n=3,141 592 653 589 ...
Néu lap day so6 (u,,) v6i u,, la gia tri gan ding thi€u cla s6 w vai sai s6 tuyét doi
10 " thi
uy=3,1;uy=3,14; uz3=3,141; uy, = 3,1415; ... .

D6 1a day s6 d ¢c cho bang ph ong phdp mo td, trong d6 chi ra cach viét
cac sO hang lién ti€p ctia day.

3. Day sé cho bang ph ong phap truy hoi

Vi du 5. Day Phi-bo-na-xi"’ 1a day s6 (u,) d oc xdc dinh nh sau :

u =uy =1

{un =U, | +U,_» VOin2=3,
nghia I3, ké tir s6 hang thi ba tr& di, mdi s6 hang déu bing tdng clia hai so
hang ding ngay tr &c né.
Céch cho day s6 nh trén d oc goi 1a cho bang ph ong phdp truy hoi.
N6i céch khac, cho mot day s6 bang ph ong phdp truy hoi, titc 1a :
a) Cho s6 hang dau (hay vai s6 hang dau).
b) Cho hé thitc truy hoi, tic 1a hé thic biéu thi s6 hang thit n qua s6 hang

(hay vai s6 hang) dung tr 6c no.
I
Viét m &i s6 hang dau cla day Phi-bé-na-xi.

(*) Phi-bo-na-xi (Fibonacci, 1170 — 1250) — Th ong gia, nha todn hoc I-ta-li-a.
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11T — BIEU DIEN HINH HOC CUA DAY SO

o1 N N N A o 2 2 1 R - x = T N
Vi day s6 1a mot ham so6 trén nén ta co thé biéu dién day so6 bang do
thi. Khi d6 trong mat phang toa do, day s6 d ¢c biéu dién bing céc diém

co toa do (n; u,).

Vi du 6. Day s6 (u,) v6i 1, = 21
n

c6 biéu dién hinh hoc nh trén Hinh 40 :

Z/ln‘
Uy b ---- .
uz-----i----.
(72 — Leceeg-—--
upb---- e R E ?
0 T 2 3 4 "
Hinh 40
u 2, u 3 u 4 u >
1= 4 U= —, = T, Ugp= —,...
23 4

Tuy nhién, ng i ta th Ong biéu dién cdc s6 hang clia mot ddy so trén truc

s6. Chang han, day s6 (n il

1j c6 bi€u dién hinh hoc nh trén Hinh 41.
n

| 543
43 2 2
| | [ | | >
I T LI T T
0 Ug us up uy u(n)
Hinh 41
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IV - DAY SO TANG, DAY SO GIAM VA DAY SO BI CHAN

1.

5
, 1

Cho cac day s6 (i) va (v,) VOiu, =1+ — ; v, =5n—1.
n

a) Tinh Uyl Vil

d . Y ya . *
b) Chimg minh u, ., <u,va v, >v,,v8imoine

D3y sé ting, day sé giam

DINH NGHIA 1

. *k
moin €

moin €

Vidu 7. Day s6 (u,) v6i u,, = 2n — 1 1a diy so tang.
o o .
That vay, v61 moi n € xét hiéu u, | —u,. Taco
Uy —Up,=2mm+1)-1-2n-1)=2.
Do u,,y —u,>0nén u, | > u,.
. o WX 20 N 1~ e s
Vidu 8. Day so6 (u,) v6i u, = — la day so giam.
3
. . * N A P A 7z 2 A u 2
That vay, v6i moi n € , viu, >0 nén co thé xét ti sO —n+l Tacé
u
n

Uy, n+l n  n+l

. n+1 u
Dé thy el 1nén 2+L <1 suyra u,, | <u,.
n u,

Day s6 (u,) d oc goi la ddy sé tang néu ta c6 u, | > u, voi

Day s6 (u,) d gc goi la ddy sé gidm néu ta c6 u, | < u, véi
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CHUY

Khong phai moi diy s6 déu tang hoac giam. Chéng han, day

sG (u,) v6i u, = (-3)", tirc 1a day
-3,9,-27,81, ...

khong tang va cling khong giam.

2. Day s6 bi chian

sy
<1 s n?+1

Ching minh cac bat dang thic 2" <= va
n“+1 2 2n

DINH NGHIA 2

sao cho

u, <M, Vn e

sao cho

*
u,2m,vn e

m<u,<M,Vn e

Vidu9

a) Day so6 Phi-bo-na-xi bi chan d 6i vi u, > 1 v6i moi n

b) Diy s6 (1,) v6i u, = —— bi chan vi 0 < —"— <
n~ +1 n~+1

90

>1, VneN"™.

chan d 6i, tic 1a ton tai cadc s6 m, M sao cho

S
1
%

Day s6 (u,) @ oc goi la bi chdn trén néu ton tai mot s6 M

Day s6 (u,) & oc goi la bi chan d 6i néu ton tai mot s6 m

Day s6 (u,) d ¢c goi la bi chdn néu nd vira bi chan trén vira bi

ES



BAN CO BIET ?

HOA, LA VA DAY SO PHI-BO-NA-XI

Day s6 Phi-bé-na-xi th dng g&p trong thién
nhién. Nhiing chiéc la trén canh cay moc cach
nhau cac khoang ng véi cac s6 trong day sé
Phi-b6-na-xi (con goi la cac s6 Phi-bo-na-xi)

3,5,8, 13,21, 34, 55, 89, ... (F)

S6 canh hoa trong hau hét cac béng hoa la cac
s0 trong day (F). Hoa loa kén cé 3 canh, hoa
mao | ong vang c6 5 canh, hoa phi yén cé 8
canh, hoa cuc van tho 13 canh, hoa cuc tay 21
canh, con hoa cuc th dng c6 34 hoac 55, hoac
89 canh.

Fibonacci
(1170 1250)

Trong hoa h éng d ong ciing xuét hién cac sé Phi-bé-na-xi. Nhitng nu nhd két
thanh hat & dau bédng hoa va xé&p thanh hai 16p d dng xoan 6c¢. M6t 16p cuén theo
chiéu kim déng hé, I6p d dng xoén kia cudn theo chiéu ng dc lai. Sé cac d dng
xoan 8¢ theo chiéu kim déng hé th dng la 34 ho&c 55, con s6 d dng xodn theo

chiéu ng oc lai th dng la 55 hoac 89, ...

Ngoai nhing di€éu thu vi trén, mét s6 van dé cha kién tric, héi hoa, &m nhac, ...

cling lién quan dén cac s6 Phi-bd-na-xi.

Hoa h ongd ong
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Bai tap

1. Viét nam s6 hang déu clia cac ddy s6 c6 s6 hang téng quat u, cho boi cong thiic :

n 2" —1
a)u, = - ; b) u, = - ;
2" -1 27 +1
1Y n
c)un:(1+—) ; d) u, = ——.
n \/n2+1

2. Cho day so (u,,), biét :
uy=-1, wu, 1=u,+3voin=1.
a) Vi€t nam s6 hang dau cua day so.
b) Chiing minh bang ph ong phép quy nap : u,, = 3n — 4.
3. Day so6 (u,) cho bdi :
uy=3;5u,41 =+1+u
a) Vi€t nam s6 hang dau cua day so.

b) Du dodn cong thic s6 hang téng quat u, va chiing minh cong thic d6
biang ph ong phap quy nap.

4. Xét tinh tang, giam cua cac day so (u,,), biét :

1 n-—1

a)u, =——2; b) u, = ;
) Uy n ) iy n+1
2n+1

Au,=-D"Q2"+1); du, = .
Yu, =(=1)" ( ) ) Uy, 52

5. Trong cac day so (u,,) sau, day so nao bi chan d 6i, bi chan trén va bi chan ?

2 1
a)u,=2n"-1; b)un:m;
1 .
c) u, = 3 ; d) u, =sinn+cosn.
2n -1
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§ QD CAP s6 CONG
I\

I - PINH NGHIA

% 1
Biét bén s6 hang dau clia moét day sé 1a -1, 3,7, 11.
Tu d6 hay chi ra mét quy luat réi viét ti€p nam s6 hang clia day theo quy luét dé.

PINH NGHIA
Cdp s6 cong 12 mot diy so (hitu han hodc vo han), trong d6 ké

tlr s6 hang thit hai, mdi s6 hang déu bang s6 hang ding ngay
tr 6¢c né cong v6i mot s6 khong doi d.

S6 d d oc goi la cong sai cua cap s6 cong.

Néu (u,)) 1a cap s6 cong véi cong sai d, ta ¢ cong thic truy hoi

Uy 1 = U, +d véine N )

Dic biét khi d = 0 thi cdp s6 cong 1a mot ddy so khong doi (1t ca cic so
hang déu bang nhau).
Vidu 1. Ching minh day s6 hitu han sau la mot cap so cong :
1,-3,-7,-11, - 15.
Gidi. Vi-3=1+(-4); -11=-7T+(-4);
T=-3+(-4); —15=—11+ (- 4)

nén theo dinh nghia, day so 1, -3, =7, —11, —15 1a mot cap s6 cong véi

cong sai d = — 4.

2

Cho (u,)) 1a mét cap s6 cong cd sau sé hang véi u; = —%, d = 3. Viét dang khai trién
cla nd.
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94

SO HANG TONG QUAT

3
Mai va Hung chaoi trdo xép cac que diém thanh hinh thap trén mat san. Cach xép
d oc thé hién trén Hinh 42.

o —0
T T T ‘ ‘ I
1 ting 2 tang 3 tang

Hinh 42
Hoi : Néu thap c6 100 tang thi can bao nhiéu que diém dé xé&p tang dé clia thap ?

PINH Li 1

Neéu cdp s6 cong (u,) c6 s6 hang dau u; va cong sai d thi s6
hang tong quat u,, d gc xdc dinh boi cong thic :

u, =u +n—1yd véin = 2. (2)

n

Chitng minh. Ta s€ ching minh cong thic (2) bang quy nap.
Khi n =2 thi u, = uy + d, vay cong thic (2) ding.
Gia su cong thic (2) ding véin =k > 2, tic la u;, = uy + (k- 1)d.
Ta phéi chiing minh rang (2) ciing ding v6i n =k + 1, tic 12w = uy + kd.
That vay, theo dinh nghia cép s6 cong va gia thi€t quy nap ta c6
Wy =uUp+d=[ug+(k—=1)dl+d=u; +kd.
Vay u, =u; +(n—1)d véin = 2.
Vi du 2. Cho cap so6 cong (u,), bi€t u; =-5,d =3.

a) Tim u;5.
b) S6 100 1a s6 hang thit bao nhiéu ?



¢) Bi€u dién cédc s6 hang uy, uy, us, uy, us trén truc s6. Nhan xét vi tri clia
mdi diém u,, uz, uy so véi hai di€ém lién ké.
Gidai. Cip s6 cong c6 u; =-5,d = 3.
a) Theo cong thiic (2) taco uy5=-5+(15-1).3 =37.
b) Theo cong thic (2) tacoé u,, =-5+ (n—-1).3. Viu, =100 nén
-5+ (n—-1).3=100, t d6 n = 36.
¢) Nam s6 hang cta cdp s6 cong la -5, -2, 1, 4, 7 d ¢c biéu dién bdi céc

diém Uy, Uy, Uz, Uy, U5t ong ung trén Hinh 43.

i i i i i i i i i i i i f >
-5 -2 0 1 4 7
Hinh 43
Uy + Uy

Di€m us 1a trung di€ém cta doan uyuy, hay uz = 5

Ta cling c6 két qua t ong tu doi v6i u, va uy.
Pay 1a mot tinh chat dac tr ng ctia cip s6 cong ma ta s€ xét d &i day.
I11 - TINH CHAT CAC SO HANG CUA CAP SO CONG

PINH Li 2

Trong mot cdp s6 cong, mdi s6 hang (trir s6 hang dau va
cuoi) déu la trung binh cong cla hai s6 hang ding ké véi
no, nghia la

+
uk:%VéikZZ. 3)

Chitng minh. Gia su (u,) 1a cap s6 cong véi cong sai d. Sir dung cong thic (1)
VOik=>2,tacOu, 1 =u,—d;u =u+d.

U1 + Upy

Suy ra uy _; + upq = 2u; hay u;, = 5
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IV - TONG n SO HANG PAU CUA MOT CAP SO CONG

4% 4
C4ap s6 cong gom tam s6 hang -1, 3,7, 11, 15, 19, 23, 27 & dc viét vao bang sau :

—1 3 7 11 15 19 23 27

a) Hay chép lai bang trén va viét cac s6 hang cla cép s6 d6 vao dong th( hai
theo th( tu ng dc lai. Néu nhan xét vé téng clia cac sé hang & mbi cot.

b) Tinh téng cac sé hang clia cap sé cong.
Ta cong nhan dinh 1i sau day.

DINH LI 3

Cho cap so cong (u,). Pat S, =u; + uy + us + ... + u,,.

Khi d6
S, = n(u1—+un) (4)
2
CHUY
Viu, = u; + (n - 1)d nén cong thuc (4) co6 thé viét
S, = nu + @d. 4"

Vi du 3. Cho day so (u,,) v6i u, =3n - 1.

a) Ching minh day (u,,) 1a cdp so cong. Tim u; va d.

b) Tinh téng ctia 50 s6 hang dau.

c) Biét S, = 260, tim n.

Gidi

a) Viu,=3n-1nénu; =2.

Véin21,xéthiéuu, ; —u,=3n+1)-1-GBn-1)=3,suyra
U,+1 =u,+ 3. Vay (u,) la cap s6 cong véi cong sai d = 3.
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b) Viu; =2,d =3, n=50nén theo cong thic (4') ta c6
S50 = 50.2 + %.3 =3775.

¢)Viu; =2,d=3,S, =260 nén theo cong thic (4') ta c6

nn—-1)

S, =n2+ 3 =260 hay 3n° + n — 520 = 0.
Giai ph ong trinh bac hai trén véi n € *, tatimd ocn=13.

Bdi tap

Trong cac day so (u,) sau day, diy s6 nao la cip s6 cong ? Tinh s6 hang
dau va cong sai cua no.

) u,=5-2n; b)un:g—l;
ou,=3"; d) u, = 1=
2
Tim s6 hang dau va cong sai cua cac cap s6 cong sau, biét :
w —uy +us =10 U7 —uz =8
a) 1 3 5 b) 7 3
u +ug =17; uy.uy =75,

Trong cdc bai todn vé cdp s6 cong, ta th ong gap nam dai | ong uy, d, n,
U, S,.

a) Hay viét cac hé thic lién hé gitta cac dai 1 gng d6. Can phai biét it nhat
may dai | ong dé c6 thé tim d oc céc dail ong con lai ?

b) Lap bang theo mau sau va dién s6 thich hop vao 0 trong :

u, d u, n S,
-2 55 20
-4 15 120
3 s 7
27
17 12 72
2 -5 -205
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Mait san tang mot cia mot ngoi nha cao hon mat san 0,5 m. Cau thang di tir
tang mot 1én tdng hai gébm 21 bac, mdi bac cao 18 cm.

a) Viét cong thitc dé tim do cao clia mot bac tuy ¥y so v6i mit san.
b) Tinh do cao clia san tang hai so vGi mat san.

Tir 0 gio dén 12 gio tr a, dong ho déanh bao nhiéu ti€éng, n€u né chi dianh
chuong bdo gid va so tiéng chuong bang s6 giod ?

/, CAP sO NHAN

o

I - PINH NGHIA

%

98

1

Tuc truyén rang nha Vua n Do cho phép ng di
phéat minh ra ban c¢d Vua d dc Iva chon mét phan
th 3ng tuy theo s3 thich. Ng &i d6 chi xin nha vua
th &ng cho s6 théc bang s6 théc d oc dat 1én 64
0 cla ban cd nh sau : Dat 1én 6 tht nhat cha ban
c6 mot hat théc, ti€p dén 6 th( hai hai hat, ... ci
nh vay, s6 hat thoc G 6 sau gdp déi s6 hat thoc &
o lién tr ¢ cho dén 6 cudi clng.

Hay cho biét s& hat thdc & cac 6 tir th(r nhat dén
th sau clia ban co.

[N R T R 2 = N N B e o}

DINH NGHIA

Cdp 56 nhdn 1a mot diy s6 (hitu han hodc vo han), trong d6
ké tlr s6 hang thd hai, mdi s6 hang déu la tich clia s6 hang
ditng ngay tr 6c né v6i mot s6 khong déi g.

S6 g d& ¢c goi la cong boi cua cip s6 nhan.

Néu (u,)) 1a cap s6 nhan véi cong boi ¢, ta ¢6 cong thitc truy hoi :

U, 1 =U,.qV0ine N, @)




IT -

#

Dic biét :
Khi ¢ = 0, cap s6 nhan ¢6 dang u4, 0, 0, ..., 0, ...
Khi ¢ = 1, cap s6 nhan c6 dang uq, uy, uy, ..., Uy, ...

Khi ©; = 0 thi v6i moi ¢, cap s6 nhan c6 dang 0, 0, 0, ..., 0, ...

Vi du 1. Ching minh day s6 hitu han sau 1a mot cap s6 nhéan :

_471,_l,i,_i.
4 16 64
Gidi. Vi 1 = (—4).(—lj oL 1,(_1j ;
4 4 4
5 A
16 4)\ 4)° 64 16\ 4
nén day s6
_4?1, lai9_L
4 16 64
1a mot cdp so6 nhan véi cong boi q:—z,

SO HANG TONG QUAT

2
Hay doc hoat déng ]@%1 va cho biét 6 th(r 11 ¢ bao nhiéu hat thoc ?

Bang ph ong phap quy nap, ta c6 thé ching minh d ¢c dinh 1i sau day.

DPINH Li 1

Néu cép s6 nhan c6 s6 hang dau u; va cong bdi ¢ thi s6 hang

tong quat u,, d gc xdc dinh bdi cong thic

w, = up.q" " v6in=2. )
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Vidu 2. Cho cdp sO nhan (u,) v6iu; =3, g =—%.

a) Tinh u;.

b) Hoi 3 la s6 hang thit may ?
256

Gidai

a) p dung cong thic (2), ta cod

6
Uy = ul.q6 = 3.(—lj = i

b) Theo cong thic (2), ta c6

1yt o3 1yt 1y
u,=3.|-—= =— S| —= =—=|—-=1.

2 256 2 256 2
Suyran—-1=8hayn=09.
Vay s6 3 la s6 hang tht chin.

256
Vi du 3. T€ bao E. Coli trong diéu kién nuoi cdy thich hgp cit 20 phit lai
phan doi mot lan.
a) Hoi mot t€ bao sau m 0i 1an phan chia s€ thanh bao nhiéu t€ bao ?
b) Néu ¢6 10” t& bao thi sau hai gi0 s€ phan chia thanh bao nhiéu t&€ bao ?
Gidi
a) Vi ban dau c6 mot t€ bao va modi 1an mot t€ bao phan chia thanh hai t&
bao nén ta cé cap sO nhan véi u; =1, ¢ = 2 va uy; la s6 t€ bao nhan d oc
sau m 0Oi lan phan chia. Vay sau 10 1an phan chia, s6 t€ bao nhan d ¢c la
uy =1.2""1=2%2 1004,

b) Vi ban dau c6 10° t& bao va mbi 14n mot t€ bao phan chia thanh hai t&€
bao nén ta c6é cdp so nhan véi u; = 105, g = 2. Vi ct 20 phut lai phan doi
mot 1an nén sau hai gio s€ ¢6 6 1an phan chia t€ bao va u; 1a s6 t€ bao nhan
d ogc sau hai gio. Vay s6 t€ bao nhan d ¢c sau hai gio phan chia la

ur =10°.27 "1 =10°.2° = 6 400 000.



I1T - TINH CHAT CAC SO HANG CUA CAP SO NHAN
7%3
Cho cép s6 nhan (u,,) v6iu; =—2 vaq :—%.

a) Viét nam s6 hang dau cla no.

b) So sanh u; Véitich uy. u3 va uj v6i tich uy . uy.

Néu nhan xét téng quat tir két qua trén.

DINH Li 2

ﬁl’rong mot cdp sO nhan, binh ph ong cua mdi s6 hang (trfr\
s6 hang diu va cu6i) déu la tich cla hai s6 hang ding ké
v6i no, nghia la

Lll% = Up_1-U 41 véi k=2 (3)

k(hay |L£k| :«/uk_l.ukﬂ ) /

Chitng minh. St dung cong thic (2) v6i k> 2, ta cd

— k_2t
U, —1=U1. g )
_ k
Up+1=U1- 4 -
2 2%-2 k=12 2
Suy ra g . Uup 4= Ui q =g )" = up.

IV - TONG n SO HANG PAU CUA MOT CAP SO NHAN

;% 4
Tinh t8ng s& cac hat théc & 11 6 dau ctia ban cd néu & hoat d@ngz@%t

Cap s6 nhan (u,) ¢6 cong boi ¢ c6 thé viet d 6i dang

2 n—1
up, g, u1q , ..., u1q 5 oee

Khi d6
-1

(4)

2
Sy= U +uy + oty =Up UG+ UG UG
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Nhan hai vé€ cua (4) v6i g, tad oc
2 3
q.S,=u1q +uqg +uq +...+u1qn. (5)
Trir tiing vé€ t ong Gng cla céc dang thic (4) va (5),tad oc
(1-q)S,=u; (1-¢").

Ta c6 dinh i sau day.

DINH Li 3
@ho cdp s nhan (u,) v6i cong boi ¢ # 1. Dat \
Sy =u +uy +...+u,.
Khi d6
u(1-¢q"
5, =12 (6)
\ 1-q J
CHUY
Néu g = 1 thi cap s6 nhan 1a uy, uy, uy, ..., uy, ... Khido S, = n.u;.

Vi du 4. Cho cép s6 nhan (u,), bi€t u; = 2, u3 = 18. Tinh téng cha m 0i
sO hang dau tién.

Gidi. Theo gia thiét, u; =2, u3 = 18. Taco
u3=u1.q2:>2.q2: 18 = ¢g==13.
Vay c6 hai tr ong hop :

410

qg=3,taco 510:M=59048;
1-3
e 10

= aco 5= 20" g5
1-(-3)

%5
1 1 1

Tinhténg S=1+—+—+...4+—.
3 32 3"
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BAN CO BIET ?

NHA VUA AN PO KHONG PU THOC DE
TH ONG CHO NG Ol DA PHAT MINH RA
BAN CO VUA !

Hay doc lai %1 & 4, chung ta sé thay s6 hat thoc dé lam phan th &ng chinh 14

t6ng 64 s hang dau clia cap s6 nhan véi u; = 1 va ¢ = 2. Vay

64
63:M:264_1.
1-2

C& cho rang 1000 hat théc nang 20 gam (cho du it hon thuc t&), thi khéi | ong
thoc la

Sea=1+2+4+...+2

2002% —1)
1000

N&u dem rai déu s6 thdc nay lén bé mat cla Trai D4t thi sé d oc mot 16p thoc
day 9 mm ! Thit héi, nha vua lam sao c6 d dc mét | ong théc khéng 16 nh - vay ?

gam ~ 369 ti tan.

Bdi tap
o (3 ) (5 L I
Ching minh cacdayso| = - 2" |, | — |, || ——= 1a cac cap sO nhan.
5 on 2

Cho cap so6 nhan (u,,) v6i cong boi q.

a) Biét u; = 2, ug = 486. Tim ¢.

y 2 8
b) Biétg = —, uy = —. Tim u,.
) q e 1

c) Biet u; =3, g =-2. Hoi s6 192 1a s6 hang thit may ?
Tim cédc s6 hang cua cép s nhan (u,) c6 nam s6 hang, biét :
a)u3=3V§1u5=27; b)M4—M2:25Vé.M3—M]:50.
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Tim cép s6 nhan c6 sdu s6 hang, biét ring tong clia nam s6 hang dau 1a 31
va téng clia nam s6 hang sau 1a 62.

Ti 1é ting dan s6 cua tinh X 1a 1,4%. Biét rang s6 dan cua tinh hién nay 1a
1,8 triéu ng oi. Hoi v6i mic tang nh  vay thi sau 5 nam, 10 nam s6 dan cua
tinh d6 la bao nhiéu ?

Cho hinh vuong C; c6é canh bang 4. Ng 0i ta
chia méi canh cta hinh vuong thanh bon phan
bing nhau va néi cdc diém chia mot cdch thich
hop dé ¢6 hinh vuong C, (h.44). T hinh vuong
C, lai lam ti€p nh trén dé d ¢c hinh vuong Cs, ... .
Ti€p tuc qua trinh trén, ta nhan d oc day cac

hinh vuong Cy, C,, C3, ..., C,, .. . Hinh 44

Goi a,, 1a do dai canh cta hinh vuong C,. Chiing minh day so6 (a,) la mot
cap s6 nhan.

B I POC THEM

DAY SO TRONG HINH BONG TUYET VON KOC
(HINH HOC FRACTAL)

Thuat nglt "Fractal" d dc Bo-noa Man-den-bo-r6 (Benoit Mandelbrot) s dung
vao nam 1975. N6 c6 gbéc La-tinh "Fractus", nghia la mot bé mat khéng déu
giéng nh  mét khéi da nit gay. Theo B. Man-den-ba-ré thi : "Hinh hoc Fractal ¢6
hai vai tro, né dién t& hinh hoc cla su hdn don va né ciing c6 thé dién ta vé hinh
hoc cla nui, may va cac dai ngan ha".

Cac Fractal c6 hinh thi ma ta c6 thé nhin thay trong tu nhién, dé la cay, 14, khéi
da, nhiing bong tuyét ... . Song, rat ra d dc mét cong thiic hinh hoc cla ching
nh thé& ndo ? Lam thé& nao dé dinh hinh d dc hinh dang cla nhiing bot kem
trong li ca-phé ? Hinh hoc Fractal, Ii thuyé&t vé su hdn dén va nhiing phép toan
phic tap liéu c6 thé trd 16i d oc cac cau hdi nay hay khéng ? Khoa hoc dang
kham phéa ra mét trat tu khéng thé ngd dang sau nhing hién t ong ki la c6 vé hét
slic I16n x6n cla van véat.



C6 thé néi Fractal la cau tric hinh hoc d dc chi tiét hoa
b&ng cach md rong 8 moi ti 1&. Mi phan nhé cla Fractal
la su md phdng clia toan bd Fractal. Méi Fractal d dc tao
ra bGi qua trinh 1ap di, lap lai, trong d6 su két thic clda qua
trinh tr &c lai 13 su bat dau cla qua trinh tiép theo. P&
minh hoa, ta hdy xét bong tuyét von Kéc do nha toan hoc
Thuy Dién von Kéc (von Koch) d a ra vao nam 1904 (h.45).

H.von Koch

(1879 — 1924) /\

K3

Hinh 45

Bong tuyét dau tién K 1a mot tam gidc déu c6 canh bang 1. Tiép d6, chia moi
canh leJa tam giac thanh ba doan bang nhau va thay mbi doa‘n o gitra béi hai
doan bang nd sao cho chuing tao véi doan bd di moét tam giac déu vé phia ngoai,

tad gdc bong tuyét K,. C(r ti€p tuc nh  vay theo nguyén tac : T bong tuyét K, dé

c6 bong tuyét K, ., ta chia mdi canh cla K, thanh ba doan béng nhau va thay

+1°
moi doan g gilia béi hai doan b&ng n6, sao cho ching tao véi mbi doan bd di mot
tam giac déu vé phia ngoai.

Qua trinh trén 1ap di, 1&p lai cho ta mot day cac bong tuyét K, Ky, K3, ... K, ...
Ki hiéu C,, a,, p, va S, 1an | ot la s6 canh, do dai canh, chu vi va dién tich cla
bdng tuyét K, ta c6 cac day s6 (C,), (a,), (p,). (S,).
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1. Day s6 (C,)) d dc cho bdi cong thic truy hoi

{Cl =3
C,, =4.C, Véin=1

Day 6 (C,,) 1a mét cap s8 nhan véi C, =3, g=4vaC,=3.4" "

T 1
2.Dayso(an)Iamotcapsonhanvdml_l,q—gvaan—3n_1.

-1
, 4\ .
3.Day s6 (p,) cop,=C,.a,= 3(§j nén (p,) la moét cp s6 nhan vGip, =3, g = %

n
o33
ntl _ 3/ __251 nen Pyi1 > Pn- Vay (p,) la déy s6 téng va

D, 3'(4)’1_1 3
3

p,, c6 th& 16n bao nhiéu tuy y (diéu nay s& thdy rd hon & ch ong sau).

Vip, >0va

4. Day s6 (S,,) co

2 V3 o 1 NG
Sn+1=Sn+Cn.an+l.T=Sn+3.4” 3TnT

33 (4)'
hay S}’H—l:Sn_'-?.(gj .

Tu day c6 thé suy ra

s =22
"6 16

9

16 16 | 4 5

9

ﬁ+ﬁ{1+i (4)2+ +(ij"1}_£+3\/§[1_[3jn}<2\/§.
9 9

Day so (S,,) bi chan trén.

Diéu thu vi clia day vén Kéc 1a & chd chu vi p,, c6 thé 16n tuy y v6i n dd 16n, trong
khi dién tich S, lai bi chan (1)

Céac nha toan hoc da c6 gang mé ta hinh dang clia cac Fractal tr hon mét tram
nam qua. VGi kha nang clia cac may tinh hién dai, Fractal da tré thanh mot dé tai
d dc quan tam dac biét, bdi chiing c6 thé d dc dién ta bang ki thuat s6 va d dc
kham pha qua moi vé dep h&p dan cla ching. Fractal dang d dc s dung nh
mot ph ang tién hé tro cho Toan hoc va né ciing thé hién d oc nhiing nét dep
van hoa trong va ngoai hanh tinh théng qua nén céng nghiép dién anh.



On tép ch onglli

Khi nao thi cap s6 cong la diy so6 tang, day so giam ?

Cho cap s6 nhan c6 u; < 0 va cong boi ¢g. Hoi ciac s6 hang khic s€ mang

du gi trong cac tr ong hop sau :
a)g>07? b)g<0?

Cho hai cip s6 cong c6 ciing s6 céc s6 hang. Téng cdc s6 hang t ong ung
cua ching c6 lap thanh cap s6 cong khong ? Vi sao ? Cho moét vi du

minh hoa.

Cho hai cap s6 nhan c6 cung s6 cac s6 hang. Tich cac s6 hang t ong Gng cta
ching c6 14p thanh cédp s6 nhan khong ? Vi sao ? Cho mot vi du minh hoa.

Chitng minh rang véi moi n € : ,tachd:

a) 13" = 1 chia hét cho 6 ; b) 35> + 151 chia hét cho 9.
Cho day s6 (u,,), biet u; =2, u,.1 =2u,— 1 (véin=1).

a) Viét nam s6 hang dau cua day.

b) Ching minh u,, = 2"y bing ph ong phédp quy nap.

Xét tinh tang, giam va bi chan cla cic day so (u,,), biét :

— ! sin— :
n

a)un=n+l; b) u

n
C)u,=~n+ —\/;.

n

Tim s6 hang dau u; va cong sai d cua cac cip so6 cong (u,,), biét :

{5111 +10us = 0 o U7 + 15 = 60

S, =14; uz +uy = 1170.

Tim s6 hang dau u; va cong boi ¢ cua cac cdp s6 nhan (u,,), biét :
ug =192 Uy —ur =72

2) 6 b) 4 2
u7=384; u5—u3=144;

) M2+M5—M4:10
C
M3+M6—M5 = 20.
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10.

11.

12.

13.

14.

15.

108

Tt gidc ABCD c6 s6 do (d9) ctia cac géc lap thanh mot cap s6 cong theo thit
tu A, B, C, D. Biét rang gbc C gép nam lan goc A. Tinh cédc goc cua ti gidc.
Biét ring ba s0 x, y, z 1ap thanh mot cap s6 nhan va ba s6 x, 2y, 3z lap
thanh mot cip s6 cong. Tim cong bdi cua cap s6 nhan.

Ng 0i ta thi€t k€ mot cdi thdp géom 11 tdng. Dién tich bé mat trén cla
moi tAng bang nita dién tich mat trén cta tdng ngay bén d Gi va dién tich
bé mit trén clia ting 1 bang ntra dién tich d€ thap. Biét dién tich mit d€
thap 1a 12 288 mz. Tinh dién tich mat trén cung.

. . N oo e 252 2 N At A A A
Chitng minh rang néu cac s6 a”, b, ¢ 1ap thanh mot cap so6 cong (abc # 0)
T | 1 1 i e e
thi c4c so , , cling lap thanh mot cap s6 cong.
b+c c+a a+b

Bdi tap tréc nghiém

Cho day s6 (u,), biét u, = 3". Hay chon ph ong 4n diing :
a) SO hang u,, | bang :

(A)3"+1; (B)3"+3; (©)3".3; (D) 3(n + 1).
b) SO hang u,, bang :

(A)2.3"; (B)9": (€©)3"+3; (D) 6n.
¢) S6 hang u,_; bang :

(A)3"-1; (B)%.f&”; (C)3"-3; (D) 3n — 1.
d) S6 hang u,,,_; bang :

(A)3°3"-1; (B)3"3""; ©3"-1; (D) 3D,
Hay cho biét day s6 (u,) nao d 6i day la diy so tang, néu biét cong thic s6
hang téng quat u, cha n6 1a :

(A) (- "L sin% ; B) (-D>"(5" + 1) ;

1 ) (D) n .

O ———:
Jn+1+n 2+ 1




16.

17.

18.

19.

Cho cap s6 cong -2, x, 6, y. Hay chon két qua ding trong cac két qua sau :

(A)x=-6,y=-2; B)x=1,y=7;

O x=2,y=8; D) x=2,y=10.

Cho cap s6 nhan —4, x, —9. Hay chon két qua ding trong cac két qua sau :
(A)x=36; (Byx=-6,5;

©Ox=6; (D) x = -36.

Cho cap so cong (u,). Hay chon h¢ thic ding trong cac hé thic sau :

U+ U
(A) % = us + Uy ; (B) Ugy + Up1p = 2”150 ’
Uion.U
(©) uyg u3 = tzg; D) 102 =,

Trong cdc day s6 cho boi cdc cong thic truy hoi sau, hdy chon day s6 l1a
cap s6 nhan :

= 2 m = -1
(A) ) (B) :
Uyl = Uy Upt1 = 3un
Ltl = —3
© ; (D)7,77,777, ..., 771..7 .
Upyp = Uy +1 n chit s6 7
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G1a1 HAN

GIO1 HAN

Chuong nay cung cp nhiing kién thiic m& d4u vé Gidi tich. N6i dung clia chuong xoay
quanh hai khai niém co ban la gidi han va lién tuc.

Chinh nhiing khai niém va céc phép toan vé gii han va lién tuc la co s& cho viéc nghién
ctu cac ni dung khac cla Gii tich (Pao ham, Tich phan, ...). Dac biét, chiing sé cho
phép giai quyét nhiéu bai toan clia khoa hoc va thyc tién, ma ta khong thé giai quyét
dugc néu chi dung cac kién thic cla Dai s6. D6 chinh 1 nhiing bai todn lién quan toi
sy v han.
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A-sin (Achille) mot luc si trong than thoai Hy Lap, ng &i d dc ménh danh la
"c6 d6i chan chay nhanh nh gi6" dudi theo modt con rua trén mét d ong théng.
Né&u ltc xuét phat, ria & diém A, cach A-sin mot khodng bang a khéac 0, thi mac
du chay nhanh han, A-sin ciing khéng bao gid c6 thé dudi kip rua.

That vay, d€ dudi kip rua, tr 6c hét A-sin can di dén diém xuédt phat A, cla rla.
Nh ng trong khodng thdi gian dé, ria da di dén mot diém A, khac. DE dudi tiép
A-sin lai phai dén d dc diém A, nay. Khi A-sin di dén diém A, thi ria lai tién lén
diém A, ... Crnh  thé, A-sin khong bao gid dudi kip rua.

Cau chuyén trén Ia nghich Ii ndi tiéng cla Z&-ndng (Zénon d'Elée 496 429
tr 6¢c CN) mot triét gia Hy Lap 8 thanh phé Edée, phia nam n 6c Y bay gid.
Nghich li cGa éng gop phan thic ddy su xuat hién khai niém gidi han. Nhd khai
niém gidi han, con ng &i c6 thé nghién clu cac van dé lién quan t6i su vo han
trong Giai tich.
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GISI HAN CUA DAY SO

I - GIGI HAN HUU HAN CUA DAY SO

1.

0

Pinh nghia

1

Cho déy 8 (u,) V6i u = .
n
Biéu dién (u,,) d 6i dang khai trién : 1,

Bidu dién (u,,) trén truc s6 (h.46) :

Uy
1
us 2

09 |—

112

N
S S

u u u
\ 6 4 3 2

“100 Hinh 46
a) Nhan xét xem khoang cach tu u,, t6i 0 thay ddi thé nao khi n trd nén rat 16n.

b) Bat déu tir s6 hang u,, nao clia day s6 thi khoang cach tur u,, d€n 0 nhd hon 0,01 ?
0,001 ?

(Ta cling chiing minh & gdc rang |u,| = 1 ¢6 thé& nhé hon mot s d ong bé tuy y, ké
n
tir mot s6 hang nao dé trd di, nghia la |“n| c6 thé nhd bao nhiéu ciing d dc mién la
chon n dd 16n. Khi do, ta néi day s6 (u,,) véi u, = LI gi6i han la 0 khi n dan téi
n
d ong vb cuc).
DINH NGHIA 1

Ta n6i day s6 (u,,) co gidi han la 0 khi n dan t6i d ong vo cuc,
néu |u,| c6 thé nho hon mot s6 d ong bé tuy y, ké tir mot s6 hang
nao do tro di.

Kihi¢u: lim u, =0 hay u,, — 0 khi n — +oo.
n—>+0




Nh vay, (u,) c6 gi6i han 1a 0 khi n — +o0 néu u,, c6 thé gan 0 bao nhiéu
ciing d oc, mién la n da 16n.

, e - D"
Vidu 1. Cho day so (u,) vOi u, = .

n2
Biéu dién (u,,) trén truc s6 (h.47) :
1 Uy Us 9 iy Uy 1|
o1 1 S
uy 9 25 .16 4
\\ _ ]
"10= 100
Hinh 47
Ng oi ta ching minh d gc rang lim u, = 0, nghia la |un|cé thé nhd hon
n—>+00
mot s6'd ong bdt ki, ké tir mot s6 hang nao doé trd di.
Chang han :
(-1 1 1 1
u,| = =—<0,01 hay [u,| = — < —
= 8]« o0ty o <
v6i moi 1 thod man 7> > 100 hay n > 10.
N6i cach khdc, |u,| < 0,01 ké tir s6 hang that 11 trd di.
T ong tu,
1 1 1
lu,| = = < 0,000 01 hay |u,| = —= <
n? n2 100000

v6i moi n thoa man n% > 100 000 hay n > /100 000 = 316,2.
Vay |u,| < 0,000 01 ké tir s6 hang thit 317 tré di.

DINH NGHIA 2
Ta ndi day s6 (v,,) c6 gi6i han la s6 a (hay v, dan t6i a) khi n — +o,
néu lim (v, —a)=0.

n—>+0o0

Kihi¢u: lim v, =a hay v,— akhin — + 0.
n—>+o0
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n+1

Vidu 2. Cho day so (v,) v6i v, = 2 . Ching minh rang lim v, = 2.

n—>+00

Gidi. Tac6 lim (v, —2) = lim [2”“—2): lim L =o.

n—>+o0 n—>+o0 n n—>+oon
. . 2n+1
Vay lim v, = lim =2.
n—+o0 n—>+oo N

2. Mot vai gidi han dac biét
Tir dinh nghia suy ra cac két qua sau :

a) lim l: 0; lim L =0 v6i knguyénd ong;
n—+owon n—+wopn

b) lim ¢" =0 néulgl<1;

n—>+o0

¢) Néu u,, = ¢ (c lahang s6) thi lim u, = lim ¢ =c.
n—+o0 n—+0oo

CHUY
Tur nay vé sau thay cho lim u, = a, ta viét tat 1a limu, = a.

n—>+00

II - PINH L VE GIGI HAN HOU HAN

Viéc tim gidi han bang dinh nghia kha phic tap nén ng 0i ta th ong ap dung
cac cong thuc giGi han dac biét néu trén va dinh 1i sau day ma ta thira nhan.

PINH Li 1

6Né’u limu, = a va limv, = b thi \
lim(un+vn)=a+b lim(un—vn):a—b
lim(u,.v,) = a.b lim22 = £ (néu b = 0).

Vn

b) Néu u,, > 0 v6i moi n va limu, = a thi

K aZOVélim\/E=\/2. /
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2

Vidu 3. Tim lim>"——".
1+n2
) 31
Gidi. Chia tr s6 va mau s6 cho nz, tad oc noTR n
t+n? 11,
non

Vi 1im(3—1]:lim3—liml:3—0:3
n n

va limEl.l + lj = liml.liml +1liml=00+1=1

n n n n
2 3_1 lim(3—lj
. 3T -n . n n 3
nén lim 3 :hmll = 11 =— =3,
L+n ——+1 nm(<—+q :
n n n n
/ 2
Vidu4. Tim lim Yt
’ 1-2n
vy R
Gidi. Ta c6 lim— " AN —
1-2n

/—+4 /—+4
= lim——

——2 L
l’l n

= lim———

11 - TONG CUA CAP SO NHAN LUI VO HAN

Cép so6 nhan vo han (u,) c6 cong boi ¢, v6i |q| < 1d oc goi la cdp sé
nhdn lui vo han.

Ching han, hai diy s6 sau 1 nhitng cap s6 nhan 1ui vo han :
! i cone boi g = L -
s s s o VO CONG BOI ¢ = o
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—Diays6 1, ——

111
3797 27

3

Cho cap s6 nhan lui vo han (u,) cé cong boi ¢. Khi d6,

S,=u; +uy +uz+.+u,=

md-4") u

U

L —l " vO1 cong boi g = —l
,81"", 9 e g v q 3'

l1-g¢g

Vi |¢| < 1 nén limg" = 0. Tird6 ta c6

limS,, = lim{

|

L N L B
1-¢ 1-

n
1-g¢ (1—qj'q .

Gi6i han nay d oc goi 1a téng ciia cdp so nhdn Iii vé han (u,) va d oc ki

hieula S =uy +uy + uz +..+ u, +...

Nh vay

Vidus

S =

1-—

al

(q| < 1.

a) Tinh tong cua cap s6 nhan Iui vo han (u,), v6i u, = —

b)Tl’nhténgl—l_pl_l_,_
2 4 8
Gidi
N 1 B
a) Viu, 3—nnenu1_§,q__
1 1 1
=—t—Ft—F . t—+
3 9 27

b) Cdc s6 hang cua tong lap thanh cap s6 nhan Iui vo han véi u,

4

1
+ ...

1,



IV — GIOI HAN VO CUC

1. Dinh nghia

2

%Cé nhiéu td gidy giéng nhau, mbi td cé bé day la
0,1mm. Ta x&p chdng lién tiép td nay lén to
khac (h.48). Gia st ¢o thd thuc hién viéc x8p
gidy nh vay moét cach vo han. |
Goi u; 1a bé day clia mot t5 gidy, u, Ia bé day 184 000 kin
clia mot x&p gidy gom hai td, u; la bé day cua i

mot xép gidy gom ba t0, ..., u, 1a bé day cla

mét chéng gidy gom n to. Tiép tuc nh vay, ta

c6 d dc day s6 vo han (u,,).
Bang sau day cho biét bé day (tinh theo mm)

) Y A Hinh 48
cua moét s6 chbng gidy.
uy U1000 | - | “1000 000 11000 000 000 Uy
0,1 100 100 000 100 000 000 %

a) Quan sat bang trén va nhan xét vé gia tri ctia u, khi n tang 1én vo han.

b) VG6i n nh thé nao thi ta dat d dc nhiing chéng gidy c6 bé day I6n hon khoang
cach tur Trai DAt t6i Mat Trang ? (Cho biét khodng cach nay & mét thai diém xac
dinh la 384 000 km hay 384.10° mm).

(Ta cling chiing minh d gc réng u, = % c6 thé 16n hon mot s6 d ong bat ki, ké tur

mot s6 hang nao d6 tré di. Khi d6, day sé (u,,) ndi trén d dc goi la dan tdi d ong vo
cuc, khi n — +00).
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DINH NGHIA

Ta no6i day s6 (u,,) ¢6 gidi han +oo khi n — 40, néu u,, ¢6 thé
16n hon mot s6 d ong bat ki, ké tir mot s6 hang nao dé6 tro di.

Ki hiéu : limu, = +oo hay u,, — +oo khi n — +oo.

Day s6 (u,) d gc goi la c¢6 gidi han —o khi n — +oo néu
lim(—u,,) = +o0.

Kihiéu : limu, = —oo hay u,, - —oo khi n — +oo.

NHAN XET
limu, =+ < lim(-u,) = —o0.
Vi du 6. Cho day s6 (u,) v6i u, = n".

Hinh 49 cho mot biéu dién cac s6 hang cla (u,,) trén truc so.

Hinh 49

Bi€u dién hinh hoc nay cho thdy, khi n tang lén vo han thi u, tr& nén
rdt 16n. Hon nita, ng 6i ta ching minh d oc rang limu, = +oo, nghia la u,,
c6 thé Ion hon mét sé'd ong bt ki, ké tir mot s6 hang nao dé6 trd di.

Chéng han, u, > 10 000, hay n”> > 10 000 khi n > 100.
Vay u,, > 10 000 ké tir s6 hang thi 101 tro di.
T ong tu, u, > 10°° hay n* > 10*° khi n > 10'°.
Vay u, > 10°° ké tir s6 hang th 10'% + 1.
2. Mot vai gidi han dac biét
Ta thlra nhan cac két qua sau :
a) lim nk = 4o v6i k nguyén d ong ;

b) limg" = +o néu g > 1.
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3. Dinh li

Ta thtra nhan dinh li d 61 day.
DINH Li 2

-

a) Néu limu, = a va limy, = oo thi lim— =0.
%

~

n

b) Néu limu, =a> 0, limv, =0 va v, > 0 v6i moi n thi

. u
lim -2 = 40,

Vn

k) Neéu limu, =+ va limv, = a > 0 thi limu,v, = +oo./

Vidu 7. Tim lim 222
n.3"
2n+5 2+§
Gidi. Chia tir va miu cho n,tad oc = n
n.3" 3"
< 1. 5 < 1 AR .
Vilim|2+—|=2 va lim3"= +o nén
n
5
2+ —
11m2n+5:lim n _o.
n.3" 3"
Vi du 8. Tim lim (n* — 21 — 1).
Gidi. Ta c6 nz—zn—1=n2£1—3—iz].
n n
Vi limn? = 40 va 1im(1—3—in —1>0nén
n n
1imn2[1—3—i]:+oo.
n n

Vay lim (7> = 21— 1) = +o.
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B I POC THEM

QUAY VE NGHICH Li ZE-NONG

Sau khi da hoc vé gidi han clia day s6, ta cé thé gidi thich nh  thé& nao vé nghich
Ii "A-sin khong dudi kip rua" ?

Dé don gidn, & day ta chi xét mot tr dng hop cu thé (tr dng hop téng quat d dc
giai quyétt ong tu).

Gia s(r téc do chay cla A-sin 1a 100 km/h, con té¢c do chay cda rta 1a 1 km/h. Luc
xudt phat, rua & diém A, cach A-sin 100 km (h.50).

O IOOkm Al A2

Y

Hinh 50
Ta tinh thoi gian A-sin dudi rua, bang cach tinh téng thdi gian A-sin chay hét cac
quang d dng OA|, A A,, AyAs, ..., A, A, ... NEu t8ng nay vo han thi A-sin
khong thé dudi kip d dc rua, con néu né hiiu han thi d6 chinh la thdi gian ma A-sin
dudi kip rua.
D& chay hét quéng d dng OA, = 100(km), A-sin phai mét thoi gian 1, = % ~ 1(h).
Véi thoi gian t; nay, rua da chay d oc quang d ong A;A, = 1(km).

D& chay hét quang d dng A;A, = 1(km), A-sin phai mét thdi gian ¢, = ﬁ(h). Véi thai
gian t, rua da chay thém d oc quéng d dng A,A5 = ﬁ (km).

1
0}1—2

Ti€p tuc nh  vay, dé chay hét quang d dng A, A, = (km), A-sin phai mat
10

thai gian 7, =

(h)
100"~
Vay t6ng thdi gian A-sin chay hét cac quang d ng OA, AAy, AyAs, ...y A, A, .. 18

1 1 1 1

T=14+—+ >+ +..+
100 100> 100° 100"

+.. (h)



D6 la téng clia mot cap s6 nhan I0i vé han véi u; = 1, cong bdi ¢ = ﬁ nén ta co

r-—1 10 L)
199 oo

100

Nh vay, A-sin dudi kip rua sau 19—19 gio.

K&t qua trén (dat & gc nhd ap dung khai niém gidi han) cho phép giai thich
nghich li clia Zé-nong.

Bdi tép

C6 1 kg chét phong xa doc hai. Biét rang, ctt sau mot khoang thoi gian
T = 24 000 nam thi mot nlra s6 chat phong xa nay bi phan ra thanh chat
khac khong doc hai d6i véi stc khoé cua con ng 6i (T d oc goi la chu ki
bdn ra).

Goi u, 1a khoi 1 gng chat phong xa con lai sau chu ki thi 7.
a) Tim s6 hang tong quat u,, clia day s6 (u,,).
b) Chiing minh rang (u,)) c6 gidi han 1a 0.

¢) Tir két qua cau b), chiing to rdng sau mot s6 nam nao dé khdi 1 ong chat
phéng xa da cho ban dau khong con doc hai d6i v6i con ng i, cho biét
chat phong xa nay s€ khong doc hai nita néu khoi 1 gng chit phong xa con

lai bé hon 10 %g.
o ’ R r . . . . 5
Biét day so (u,) thoa man |un — 1| < — V6i moi n. Ching minh rang

limu, = 1.

Tim c4c gi61 han sau :

— 2 P—
R L b) hmw :
3n+2 2n- +1
n n 2
0 limﬂ : d) limM.
4" 4 " 4n -2
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Dé trang hoang cho can ho cta minh, chd chudt Mickey quyét dinh t6 mau
moOt miéng bia hinh vuéng canh bang 1. N6 t6 mau xdm cdc hinh vuong
nho d ocdinhsélanl otlal, 2,3, ..., n, ..., trong d6 canh cua hinh vuong
k€ ti€p bang mot nira canh hinh vuong tr Gc d6 (h.51).

T T T T T T
| ! | | | | | |
| | | | | |
——H— e — b —— b —— = —
| | | | |
3 I I I I I
- - L N T
| I | | |
I | | | |
N R do - _ L __1__]
] [ ] ] |
I 12 I I I
| ! ! ! |
| | I I |
| | | I I |
| | | I I |
L R e ) B
I I I | | |
| | | I 1 I |
e i bl — — =~ = = (7 = = i = =
| | | I I |
| | | I I |
B e
| | | I I |
| | | I I |
Il 1

Hinh 51

Gia st quy trinh t6 mau ca Mickey c6 thé tién ra vo han.
a) Goi u,, 1a dién tich cta hinh vuong mau xam thit n. Tinh uy , uy , u3 va u,,

b) Tinh limS,, V61 S, = u; + uy + uz +...+ u,,.

1\
Tinh téng S = —1+L—L+... D
10 10? 10"~
Cho s6 thap phan vo han tuan hoan a = 1,020 202... (chu ki 1a 02). Hay viét
a d 6i dang mot phan so.

+ ...

Tinh c4c gi6i han sau :

a) lim(> +2n% —n+1) ; b) lim (=n® + 51— 2) ;
¢) lim (\jnz -n - n] ; d) lim(\/n2 —n +n).

Cho hai day s6 (u,) va (v,). Biét limu, =3, limv, = +o.
Tinh céc gidi han :

-1 +2
a) lim 22—~ . b) lim 2
u, +1 v,zl —1




§f GISGI HAN CUA HAM sO

I - GIGI HAN HUU HAN CUA HAM SO TAI MOT PIEM

1.

Pinh nghia
1
e s . 2x% —2x
Xét ham so6 f(x):—l.
.X_

1. Cho bién x nhiing gia tri khac 1 1ap thanh day s6 (x,), x, - 1 nh  trong bang sau :

3 4 5 n+1
X | x;=2 x2=5 x3=§ x4=Z X, = . | 1
O foep) | i) | fxz) | flxg) fix,) |7

Khi d6, cac gia tri t ong (ng clia ham sé
FO, FO0)s s F(X)s
ciing 1ap thanh mét day s6 ma ta ki hiéu la (f(x,)).

a) Chimg minh rang f(x,) = 2x, = 2n+2 )
n

b) Tim gi6i han cla day s6 (f(x,)).

2. Chling minh réng véi day s6 batki (x,), x, #1 vax, - I, taluoncé f(x,)— 2.

2
’, 2 4 sn a T \ g 2 - 2 P .. \
(V6i tinh chat thé hién trong cau 2, ta n6i ham s6 f(x)zu c6 gidi han la 2

khi x dan t6i 1).
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D 6i day, thay cho cdc khoang (a ; b), (- ; b), (a ; +o) hodc (- ; +©),
ta vi€t chung la khoang K.

DINH NGHIA 1

Cho khoang K chita diém x; va ham s6 y = f(x) xdc dinh trén
K hodc trén K\ {x;}.

Ta n6i ham s6 y = f{x) c6 gi6i han la s6 L khi x dan t6i xp néu voi
day so (x,,) batki, x,e K\ {xy} vax, = xp, ta co fix,) = L.

Kihiéu: lim f(x)= L hay f(x) - L khi x = x.

X—> X

2
Vidu 1. Cho ham s6 f(x) = al 24. Ching minh rang lim f(x) = —4.
X+

x—>-2

Gidi. Ham s0 da cho xdc dinh trén  \ {-2}.
Gia su (x,,) 1a mot day so6 bat ki, thoa man x,, # -2 va x,, &> —2 khi n — +oo.
Ta c6

(x, +2)(x,, —2)
m
(x, +2)

2
)
lim f(x,) = lim~2—— = i = lim(x, — 2) = —4.

n

Dodé lim f(x) = —4.

x—>-2

(L u y rang, mac du f(x) khong xac dinh tai x = =2, nh ng ham s6 lai ¢6
gi6i han la —4 khi x — -2).

NHAN XET
lim x =xp; lim ¢ = ¢, v6ic la hing s0.
X—)XO X—)XO
2. Dinh li vé giéi han hitu han
Ta thira nhan dinh Ii sau day.
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PINH Li 1

2) Giastt lim f(x)=L va lim g(x) = M. Khi d6

x—)xo X—)XO

lim [f(x)+g(x)]=L+M;
X—)XO

lim [f(x)—gx)]=L-M;

x—)xo

lim [f(x).g(x)]=LM ;

X-)XO

lim M = £ (néu M # 0).
x—xy &x) M

b) Néu f(x) >0 va lim f(x) = L, thi
x—)xo
L>0va lim f(x) =~L.
X—)XO

(DAu cua f(x) @ gc xét trén khoang dang tim gidi han, véi
X# Xp).

x2+1

. Tim lim f(x).

2\/; x—3

Vidu 2. Cho ham s6 f(x) =

Gidi. Theo Dinh 1i 1 ta c6

. 2
2 lim (x~ + 1)
lim f(x) = lim 21 = 103

X3 o3 2Jx lim 2+/x
x—3
lim x2 + lim 1 lim x. lim x + lim 1
B ) X3 _ x—>3 x—3 x—3 :3'3+1:i.
lim 2. lim x lim 2. [lim x 23 3
x—3 x-3 x—3 x—3
2

Vidu 3. Tinh lim *—~*—2
x—>1 x-1

Gidi. Vi (x — 1) > 0 khi x — 1, nén ta ch a thé 4p dung Dinh Ii 1 néu trén.

rx-2 (=D +2)
x -1 x -1

Nh ng vGix # 1 tacd x+2.
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Do 36,

2 —_— —_—
fim =2 WD D) o) 23
=1 x-1 x—1 x—1 x—1

3. Giéi han moét bén
Trong Dinh nghia 1 vé gidi han hitu han cta ham s6 khi x — x, ta xét day
s0 (x,) bat ki, x, € (a ; b)\{xy} va x,, = xp. Gia tri x,, ¢6 thé 16n hon hay
nho hon x,.

Néu ta chi xét cac day (x,) ma x, luon 16n hon x, (hay luon nhd hon x),
thi ta c6 dinh nghia gi6i han mot bén nh d 61 day.

DINH NGHIA 2

Cho ham s6 y = f(x) xdc dinh trén khoang (x ; b).
S6 L d@ oc goi la gidi han bén phdi cia ham s6 y = f(x) khi
X — X néu véi day so (x,) bat ki, xy < x,, < b va x, = xq, ta
c6 fix,) > L.
Kihiéu: lim f(x)=1L.

X=X

Cho ham s6 y = f{x) xac dinh trén khoang (a ; x).
S6 L d& gc goi la gioi han bén trdi clia ham s6 y = f(x) khi
X — X néu voéi day so (x,) bat ki, a < x,, < xy va x, = xg, ta
co fix,) > L.
Kihiéu: lim f(x)=L.

)

Ta thtra nhan dinh 1i sau day.

DINH Li 2

{ lim f(x) =L khivachikhi lim f(x)= lim+ f(x)=L. }

X—>X( X—=>Xxg X=X
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’ 5x+2 néux >1 (1)
Vi du 4. Cho ham so f(x) = )
x“=3néux<l. (2)

Tim lim f(x), lim f(x) va lim f(x) (néu co).
x—>1" x—1t xX—

Gidi. Tacé, lim f(x)= lim (x> =3)=1>-3=-2;

x—>1 x—>1
lim f(x)= lim (5x+2)=51+2=7.
x—1t x—1t

Nh vay, khi x dan t6i 1 ham s6 y = f{x) c¢6 gi6i han bén trdi 1a —2 va giéi han
bén phai 1a 7. Tuy nhién, lim f(x) khongtontaivi lim f(x) # lim f(x).
x—1

x—>1 x—1t

% 2

Trong biéu thitc (1) xac dinh ham s6 y = f(x) & Vi du 4, can thay s6 2 bang sé nao
dé ham s& c6 gidi han 1a -2 khix —» 1 ?

II - GIGI HAN HUU HAN CUA HAM SO TAI VO CUC
3

Cho ham s6 f(x)=

! 5 c6 do6 thi nh & Hinh 52

Y

Hinh 52
Quan sét do6 thi va cho biét :

— Khi bién x dan t6i d ong v cuc, thi f(x) dan tGi gia tri nao.
— Khi bién x dan t6i am vé cuc, thi f(x) dan téi gia tri nao.
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DINH NGHIA 3

a) Cho ham s6 y = f(x) xac dinh trén khoang (a ; +»).
Ta néi ham s6 y = f(x) c6 gidi han 1a s6 L khi x — 400 néu véi
day so (x,) bat ki, x, > a va x, - +o, ta c6 f(x,) - L.

Kihiéu: Ilim f(x) =L hay f(x) > L khi x - +oo.

X—>+w
b) Cho ham s6 y = f(x) xac dinh trén khoang (- ; a).
Ta ndi ham s6 y = f(x) c6 gidi han 1a s6 L khi x — —oo néu véi
day so (x,) bat ki, x,, < a vax,, - —o, ta ¢6 f(x,) = L.

Kihiéu: Ilim f(x) =L hay f(x) > L khi x > —oo.

xX—>—%0

2x +13. Tim lim f(x) va lim f(x).

X — X—>—00 X—>+00

Vidu 5. Cho ham s6 f(x) =

Gidi. Ham s6 da cho xdc dinh trén (—oo ; 1) va trén (1; +0).

Gia st (x,,) l1a mot day so bat ki, thod man x,, < 1 va x,, — —oo.

2x, +3 2h
Ta ¢6 lim f(x,) = lim =22 — [ijm — 1 — 2,
= 1
n 1— —
'xn
Vay lim f(r)= lim 273 2o,
X—>—00 x—>-0o X —1

Gia st (x,,) la mot day so6 bat ki, thod man x,, > 1 va x,, — +oo.

5 3 2+ i
Ta ¢6 lim f(x,) = lim =22 = |jm — 1 — 2,
o 1
n 1——
x”l
Vay lim f(x)= lim 23F3 -9,
X—>+00 x—>+0 X —1



CHU Y
a) Vi ¢, k 1a cdc hang s6 va k nguyén d ong, ta luon co :

. . . c ) c
Iim ¢c=c; lim ¢c=c¢; lim —k=0; lim _k:O'
X —>+00 X—>—00 X—>+0 x X——0 x

b) Dinh 1i 1 vé gi6i han hitu han cia ham s6 khi x — x;; van con
ding khi x — 400 hoac x — —oo.

2 J—
Vidu 6. Tim lim 3)62—2)‘

xX—>+0o x° 41

. . . 2 ? N x 2 7
Gidi. Chia ca tir va mau cho x~, ta c6

. 2
lim —— = lim X _ XoH4® _ x>+ x—>+oo)lf
x—>+0 x4+ 1 x—>+ool + — lim [1 + ij lim 1+ lim —
X X—>+00 X2 X —>—+00 X—>+0 x
=203
1+0

I — GIGT HAN VO CUC CUA HAM SO

1. Gidi han vo cuc
Céc dinh nghia vé giGi han +oo (hodc —o0) clia ham s6 d ¢c phat biéu t ong
tu cac dinh nghia 1, 2 hay 3 & trén.

Ching han, giéi han —o ctia hAm s6 y = f(x) khi x dan t6i d ong vo cuc
d oc dinh nghianh d 6i day.

DINH NGHIA 4

Cho ham s6 y = f(x) xac dinh trén khoang (a ; +0).
Ta n6i ham s6 y = f(x) c6 gi6i han 1a —o khi x — 400 néu véi
day so (x,) bat ki, x, > a va x,, &> +o, ta c6 f(x,) - —oo.

Kihiéu: lim f(x)=—-o hay f(x) > —oo khi x — +oo.
X—>+00
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NHAN XET

lim f(x) =4+ < lim (—f(x)) = —oo.
X—>+00 X—>400

2. Mot vai gigi han dac biét

a) lim = 4o véi k nguyén d ong.
X—>+00

b) lim x* = —o0 néuklassie.
X—>—00

¢) lim x* = +o néukl1a s6 chin.
X—>—00

3. Mét vai quy tac vé giéi han vé cuc

Dinh 1i vé gidi han cua tich va th ong hai ham s6 chi d4p dung d oc khi tat
ca cac ham s6 d oc xét c6 gidi han hitu han.

Sau day 1a mot vai quy tac tinh gidi han cta tich va th ong hai ham s6 khi
mot trong hai ham s6 d6 c¢6 giGi han vo cuc.

a) Quy tac tim giGi han cua tich f(x).g(x)

Néu lim f(x)=L #0 va lim g(x) = +oo(hodc —o) thi lim f(x)g(x)

X=X X-)XO X—)XO

d oc tinh theo quy tac cho trong bang sau :

lim f(x) lim g(x) lim f(x)g(x)
X—)XO X—)XO .X-)XO

+00 +00
L>0

—00 —00

+00 —0
L<O

—00 +00
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S(x)

b) Quy tac tim gi6éi han caa th ong ——

g(x)

im ) | lim e | Dy cia o) lim £&
X—>Xq X—>Xq X—>Xq g(x)
L +00 Tuy y 0
L>0 + +00

0 - —o0
L<0 * —
— +00

(D4u cua g(x) xét trén mot khoang K nao d6 dang tinh giéi han, véi x # xg).

CHUY
Cic quy tac trén van ding cho cac tr ong hop x — xar , X = Xg,

X —> 400 va X > —0,

Vidu7.Tim lim (x> - 2x).

X—>—00

Gidi. Ta c6 (x° —2x)= x° (1 - %j
X

Vi lim x> = —ocova lim

X—>—00

Vay lim (x> —=2x)= lim x

X—>—00

2 _
2 lim 23
xo1m x =1

Gidi

2

1
X—>—0

X—>—00

—i =1>0nén lim x3 1-
xz X—>—00 X

(r-2)--
X

Vi du 8. Tinh c4c gi6i han sau :

b)

. 2x-13
lim .
x—1t X —

a)Taco lim (x—-1)=0,x—-1<0véimoix<1va

x—1

lim 2x-3)=2.1-3=-1<0.

x—1
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Do dé, lim 253
x>l x—1

= +0.

b)Tacéo Ilim (x—-1)=0,x—1>0véimoix>1va

x—1t
lim 2x-3)=2.1-3=-1<0.
x—1t
Dodé, lim 23 - .

x>l x—1

Bai tap
1. Dung dinh nghia, tim c4c giGi han sau :
2
a) lim L . b) lim 2%
x—4 3x =2 x40 x2 +3

2. Cho ham s6
\/;+1né'ux20

2x néu x <0

) = {

NPT » 1 » 1
va cac day so (u,) voi u, = —, (v,) voi v, = ——.
n n

Tinh limu,, limv,, lim f(u,) va lim f(v,).

Tir d6 ¢6 két luan gi vé gidi han ctia ham s6 da cho khix — 0 ?

3. Tinh céc gi6i han sau :

2 2 /

) lim L. b lim 2= . o) pim X373

x—>-3 x+1 x>-2 x+2 x—6 x—6
2

4 lim 2=6. o lim —L .  f fjm 2o tx-1

x40 4 —Xx x40 2 +1 X—>+00 3+ x
4. Tim céc gi6i han sau :

a) lim3x—_52; by lim 2. o lim X7

-2 (x -2) xo>1m x—1 x>t x -1
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x+2
2

5. Choham so f(x) = c6 d6 thi nh trén Hinh 53.

x° =9
! A !
! 0 ! >
ﬁiﬁ 2 3, x
Hinh 53

a) Quan sat d6 thi va néu nhan xét vé gid tri ham s& da cho khi x — —oo,
x >3 vax— -3,
b) Ki€m tra cac nhan xét trén bing cédch tinh cdc gi6i han sau :

e lim f(x) vGif{x)d oc xét trén khoang (- ; —3),
X—>—00

e lim f(x) vGif(x)d ogc xét trén khoang (-3 ; 3),

x—3

e lim f(x) v6if(x)d oc xét trén khoang (-3 ; 3).
x—-3"

6. Tinh:

a) lim & — 22 +x-1); b) lim (=2x° +3x% —5);

X—>+00 X—>—00
[ 2

¢ lim Va2 —2x+5: 4 lim Yt

X—>—00 X—>+00 5 - 2.X

7. Mot thau kinh hoi tu c6 tiéu cu 1a f. Goi d va d' 1an 1 ot 1a khoang cach tur
mot vat that AB va tit anh A’B’ cua né t6i quang tam O cua thau kinh

(h.54). Cong thitc thau kinh 1a ~ + — = L
d d f
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A U A

B _ 1 1
\\;\ \: A'

A? - F 0
: F’ B!:
: Y ,
: d l d' |
I m e e e S »!
Hinh 54

a) Tim biéu thitc x4c dinh ham s6 d' = ¢(d).

b) Tim lim ¢(d), lim @(d) va lim ¢(d). Giai thich ¥ nghia cta cac
d—f* d—f~ d—>+0

két qua tim d oc.

BAN CO BIET ?

Nha bac hoc Anh Niu-ton (Newton, 1642 — 1727) 1a ng &i dau tién dé xuat thuat
ng{ "gidi han", dich tu chi La-tinh "Limes" c6 nghia la "bd", "mép" hay "bién gigi".
Tuy nhién, chinh Giu-rin (Jurin, 1684 — 1750), sau d6 Ro6-bin (Robins, 1697 — 1751),
Co-si (Cauchy, 1789 — 1857) ... mGi d a ra cac dinh nghia vé khai niém nay.

Nha toan hoc Bilc Vai-o-xtrat (Weierstrass) da trinh bay
mot dinh nghia hién dai vé khai niém giGi han, gan giéng
véi dinh nghia sau day ma ngay nay van th dng d dc ding
trong toan hoc.

"S6 b d dc goi la gii han clia ham s6 y = f{x) khi x — a, néu
v6i méi €> 0, tén tai 6> 0saochovéix#ava |x —a| <&

thi bat déng thic |f(x) — b| < ¢ d Jc thuc hién." (TU dién
toan hoc NXB KH&KT 1993).

Ki hiéu "lim" ma ta dung ngay nay la do nha toan hoc Thuy St
Luy-lo (L’Huiller, 1750 — 1840) d a ra vao nam 1786.

Nh vay, khai niém Gidi han chi méi ra dgi & thé ki XVII.
Tuy nhién, t t &ng "giGi han" da xuét hién rat s6m & Weierstrass
nhiéu nha bac hoc thai ¢ dai. (1815 — 1897)




§ QD HAM sO LIEN TUC

Cdu Dvor-so-v i d Xanh Pé-téc-bua (Nga) dang md ra cho tau qua lai.

I - HAM SO LIEN TUC TAI MOT DIEM

ﬂ'l
X2 42ndux<-1

Cho hai ham s6 f(x) = x* va g(x) =12 néu —1<x<1 c6déthinh Hinh 55.

x> 42néux>1

D6 thi ham s6 y = f{x) D6 thiham s6 y = g(x)
Hinh 55

a) Tinh gia tri cia mdi ham s6 tai x = 1 va so sanh véi gi6i han (néu cd) clia ham

s6 do khix - 1;
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b) Néu nhan xét vé d6 thi cia méi ham s6 tai diém cé hoanh d6 x = 1.
(Ham s6 y = f(x) & dc goi la lién tuc tai x = 1 va ham s6 y = g(x) khong lién tuc tai
diém nay).

DINH NGHIA 1

Cho ham s6 y = f(x) xdc dinh trén khoang K va x; € K.

Ham soy =f(x) d oc goila lién tuc tai xynéu lim f(x) = f(xy).
X—> Xy

Ham s6 y = f(x) khong lién tuc tai xy d ¢c goi 1a gidn doan tai diém do.

Vidu 1. Xét tinh lién tuc cua ham s6 f(x) =

X
tai xg = 3.
_o " 0
Gidi. Ham s6 y = f(x) xdac dinh trén  \ {2}, do d6 xdc dinh trén khoang
(2 ; +o0) chita x( = 3.

lim f(x) = lim —

x—3 x—3 X —

S =3=f0)

Vay ham s0 y = f(x) lién tuc tai xy = 3.

II - HAM SO LIEN TUC TREN MOT KHOANG

DINH NGHIA 2

Ham s6 y = f(x) d& oc goi la lién tuc trén mot khodng néu no
lién tuc tai moi diém ctia khoang do.

Ham s6 y = f(x) & gc goi l1a lién tuc trén doan [a ; b] néu n6

lién tuc trén khoang (a ; b) va

lim f(x) = f(a), lim f(x)= f(b).

x—at x—>b

Khéi niém ham s6 lién tuc trén nta khoang, nh (a ; b], [a ; +©), ... d oc

dinh nghia mot cich t ong tu. 4
NHAN XET /
[}
D6 thi cia ham s6 lien — ’ -
A A 2 N a, O b X
tuc trén mot khoang la !
mot "d ong lién" trén
khoéng doé (h.56). Hinh 56
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Hinh 57 cho vi du vé d6 thi 4
cia mot ham s6 khong lién 1
tuc trén khoang (a ; b). a

Hinh 57

111 - MOT SO PINH LI CO BAN

Ta thira nhan céc dinh 1i sau day.

PINH Li 1

a) Ham s6 da thic lién tuc trén toan bo tap s6 thuc

b) Ham s6 phan thiic hitu ti (th ong cua hai da thic) va cac
ham s6 1 ong giac lién tuc trén tirng khoang cua tap xac
dinh ctia ching.

DINH LI 2

/" Gia sit y = f(ix) va y = g(x) la hai ham s6 lién tuc tai diém \
Xo. Khi d6 :

a) Cdc ham s6 y = flx) + g(x), y = flx) — g(x) va y = f(x).g(x)
lién tuc tai xp ;

b) Ham s6 y = f(x) lién tuc tai X0 néu g(xo) = 0.
g(x) )
242 —2x |
Vidu 2. Choham s6 h(x) =<5 _1 ncu x #
5 néu x = 1.

Xét tinh lién tuc ctia ham so6 trén tap xac dinh cua no.
Gidi. Tap xac dinh ctia ham s6 1a
2
. 2x° =2
Néu x = 1, thi h(x) = — =%
x—1
Pay la ham phan thic hitu ti c6 tap xdc dinh 1a (-0 ; 1) U (1 ; +0).

Vay no lién tuc trén moi khoang (—oo ; 1) va (1 ; +o0).
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Néux=1,taco h(l)=5va

2
lim h(x) = lim 2 2% = Jim 220D oy 2o,
x—1 =1 x-—1 =1 x-—1 x—1

Vi lim A(x) # h(1), nén ham s6 da cho khong lién tuc tai x = 1.
x—1
Két ludn : Ham s6 da cho lién tuc trén cac khoang (- ; 1), (1 ; +0) va

gidn doan tai x = 1.

2
Trong biéu thiic xac dinh 4(x) cho & Vi du 2, can thay s& 5 bdi s6 nao dé d dc mot
ham s6 mdi lién tuc trén tap so6 thuc 2

3
Gia sir ham s6 y = f(x) lién tuc trén doan [a ; b] V6i fla) va f(b) trai ddu nhau. Hdi
d6 thi cia ham s6 ¢6 cat truc hoanh tai diém thudc khoang (a ; b) khoéng ?

Ban H ng trd 16i rang : 'D6 thi cla
ham s6 y = f(x) phai c4t truc hoanh Ox
tai mét diém duy nhat n3m trong
khoang (a ; b) ". fib) |- yr=x

Ban Lan khang dinh : "D& thi clia ham
s6 y = f(x) phai cat truc hoanh Ox it nhat
tai mét diém nam trong khodng (a ; b)".

Ban Tuan thi cho réng : "DP6 thi cla
ham s6 y = f(x) c6 thé khéng cat truc
hoanh trong khoang (a ; b), chdng han
nh d dng parabol & hinh (h.58).

Cau tra 16i clia ban nao dang, vi sao ? Hinh 58

N
S b
=Y

fla)

DPINH L 3

Néu ham s6 y = f{x) lién tuc trén doan [a ; b] va la)f(b) <0, thi
ton tai it nhat mot diém ¢ € (a ; b) sao cho f(c) = 0.

Minh hoa bing d6 thi (h.59). 0y
SO)|========-=~-
VAN
a, O X
Hinh 59 @




Pinh 1i 3 th ong d gc 4p dung dé ching minh su tén tai nghiém cua
ph ong trinh trén mot khoang.

C6 thé phat biéu Dinh If 3 d 6i mot dang khdc nh sau :
Néu ham s0 y = f(x) lién tuc trén doan [a ; b] va fla)f(b) <0, thi

ph ong trinh f{x) = 0 c6 it nhdt mot nghiém ndm trong
khoang (a ; b).

Vi du 3. Ching minh rang ph ong trinh 4+ 2x—5=0cé it nhat moOt nghiém.
Gidi. Xét ham s6 f(x) = x° + 2x — 5.
Ta c6 f(0) = -5 va f(2) = 7. Do dé, f(0)f(2) < 0.
y = f(x) la ham s06 da thic nén lién tuc trén . Do d6, no6 lién tuc trén doan
[0; 2]. Ttr d6 suy ra ph ong trinh f{x) = 0 c6 it nhat mot nghiém x;, € (0 ; 2).
CHUY
Néu nhan xét thém ring f(1)A2) = —14 < 0 thi ta c6 thé két luan
ph ong trinh ¢6 it nhat mot nghiém trong khoang (1 ; 2) < (0 ; 2).

4
ﬁHéy tim hai s6 a va b thod mén 1 <a < b < 2, sao cho ph ong trinh trong Vidu 3 &
trén co it nhat mot nghiém thudc khoang (a ; b).

B I POC THEM

TINH GAN DUNG NGHIEM CUA PH ONG TRINH.
PH ONG PHAP CHIA PO

Trong Vi du 3 & phan Ill, 3, ta da ching minh d ¢gc rang ph ong trinh
X 42x-5=0ch nghiém x, thudc khoang (0 ; 2). Gia s rang d6 la nghiém duy
nhat clia ph ong trinh trén khoang nay.

Béng cach ap dung lién tiép BDinh Ii 3, ta c6 thé tim d dc cac gia tri gan dung cta
nghiém xy. Talam nh sau:

-B 6c1:L8ys6 1= % Ta c0, f(1) = —2. So sanh d&u cuda f(1) va dau cla

gia tri ham sé tai hai dau mat 1a f(0) va f(2), ta thay : f(1).f(2) = —2.7 < 0. Do dd,
ph ong trinh f(x) = 0 ¢6 nghiém thudc (1 ; 2). Nh vay, x, € (1 ; 2).
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_B 6c 2 : Ldy s6 1,5:%. Ta c6, f(1,5) = 1,375 va A1) A1,5) = =2.1,375 < 0.

Do d6, f(x) = 0 c6 nghiém thuéc (1 ; 1,5). Nh vay, x, € (1; 1,5).

- B 6c 3:Lay s6 1,25:#.

Ta c6, f(1,25) = -0,546 875 va f(1,25).f(1,5) < 0.

Do d6, f(x) = 0 c6 nghiém thudc (1,25 ; 1,5). Nh vay, x, € (1,25 1,5).
Bang sau day trinh bay két qua tinh 1an | otcllacacb 6c 4,5, 6, 7.

atb at+b
a b fta) fib) f Nghiém x()
2 2
125 | 15 | 1375 - 0,546 875 1,375 0,349609375 125 <x < 1,375
125 | 1375 | 13125 | —0,546 875 0,349609375 —-0,114013671875 1,3125 <xy < 1,375
1,3125| 1,375 | 1,34375 | -0,114013671875 | 0,349609375 0.113861083984375 | 13125 <x()< 1,34375
1,3125| 134375 | 1,328125| ~0,114013671875 | 0.113861083984375 | ~0,001049041748046875 | 1,328125 < x < 1,34375

1.

140

Néu ding & b 6c 4, ta c6 1,25 < x5 < 1,375. Nh vy, c6 thé c6 d dc cac gia tri

1,25+1,375

gén dang cla nghiém x,. Chéng han la mét gia tri gan dung cla x,

vGi sai s6 tuyét dsi A < 1,375 — 1,25] = 0,125.

Khidimg 8 b &c 7, tacd 1,328125 <x,< 1,343 75. C6 thé 1ay xo~ 1,335 937 5 véi sai
6 tuyét d6i A < 1,343 75 — 1,328 125] = 0,015 625.

Né&u ti€p tuc quy trinh trén, ta tim & dc nhiing gia tri gan dung cia x, véi sai s6
cang ngay cang bé.

a+b a+b

Chu y. Trong qua trinh tinh toan, néu cé s6

nao d6 ma f( ):O,thi két

A o a+b
luan nghiém x; = ——.

e Viéc tim gia tri gan dung cla nghiém nh trén sé& dé dang hon néu s dung may
tinh bd ti. D&c biét, may tinh bd tui c6 chiic nang 1ap trinh hay may vi tinh c6 thé

cho phép tinh mét cach tu déng va nhanh chéng gia tri gan dang cta nghiém voi
sai s6 A rat bé.

Bdi tap

Dung dinh nghia xét tinh lién tuc ciia ham so f(x) = Cron-1 tai xg = 3.



a) Xét tinh lién tuc cia ham s6 y = g(x) tai xy = 2, biét

3

x> -8

———néux # 2
g(x) = x=-2

5 néu x = 2.

b) Trong biéu thic xdc dinh g(x) & trén, cin thay s6 5 b&i s6 nao dé ham s6
lién tuc tai xy = 2.
3x+2 néux < -1

Cho ham s6 f(x) =
x“ =1 néux>-1.

a) V& d6 thi cua ham s6 y = f(x). Tir d6 néu nhan xét vé tinh lién tuc cla
ham so0 trén tap xac dinh cua nod.
b) Khing dinh nhan xét trén bang mot chiing minh.

x+1

x2+x—6

Cho cac ham s0 f(x) = va g(x) = tanx + sin x.

V6i méi ham s6, hdy xdc dinh cdc khoang trén d6 ham sé lién tuc.
kié€n sau dung hay sai ?
"Néu ham 56"y = f(x) lién tuc tai diém xq con ham so'y = g(x) khong lién
tuc tai xg, thi y = fix) + g(x) la mot ham so khong lién tuc tai xy."
Chitng minh rang ph ong trinh :
a) 2x° — 6x + 1 =0 c6 it nhat hai nghiém ;

b) cosx = x ¢6 nghiém.

ntdp ch ong IV
Hay lap bang liét ké cac gi6i han dac biét cua day s6 va cac gidi han dac
biét cia ham s0.
Cho hai ddy s6 (u,) va (v,). Biét |u, — 2| < v, v6i moi n va limy, = 0. C6
két luan gi vé gidi han cua day so6 (u,,) ?

Tén clia mot hoc sinh d oc ma hoa badi s6 1530. Biét rdng moi chit s trong
s6 nay la gi4 tri chia mot trong cdc biéu thitc A, H, N, O véi :

A = lim " _21 : H= lim(\/n2 +2n — n);
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_ n _ n
Jn-2 0 tim 3 34"

N = lim ;
3n+7 1—4"

Hay cho biét tén ctiia hoc sinh nay, bang céch thay cac chit so trén bdi cac
chit ki hiéu biéu thic t ong tng.

a) C6 nhan xét gi vé cong boi clia cdc cdp s6 nhan lui vo han ?

b) Cho vi du vé mot cdp s6 nhan 1i vo han ¢6 cong boi 1a s6 am va mot cap s
nhan Iui vo han ¢6 cong boi 1a s6 d ong va tinh téng clia mbi cap s6 nhan do.

Tim cdc giéi han sau :

2
a) hm 2)6;32 b) lim%w;
xo2 x* +x+4 13 42 43y
¢) lim 2x -5 : d) lim (—x3 e s D
x4 Xx—4 X—>+00
2 Zoxid-
e) lim x+3 ; f) lim X 2x+4 —x .
x—>—0 3x—1 o 31
— X2 3,2
Cho hai ham s6 f(x) = ——— va g(x) = 1L *1
X X

a) Tinh lim f(x) ; lim g(x); lim f(x) va lim g(x).
x—0 x—0

X—>+00 X—>+00

b) Hai @ ong cong sau day (h. 60) 1a d6 thi ciia hai ham s6 da cho. Tir két
qua cau a), hay xdc dinh xem d@ ong cong nao 1a d6 thi cia méi ham s6 dé.

AY

Hinh 60



7.

8.

9.

10.

11.

Xét tinh lién tuc trén  cua ham s6

xz—x—2

glx) = x-2
5—-x néu x < 2.

néu x > 2

Chiting minh ring ph ong trinh x° — 3x" + 5x — 2 = 0 c6 it nhét ba nghiém
nam trong khoang (-2 ; 5).

Bdi tap trdc nghiém
Meénh dé nao sau day 1a ménh dé ding ?
(A) Mot day s6 c6 gidi han thi luén luén tang hoac luon luon giam.
(B) Néu (u,,) 1a day so tang thi limu, = +oo.

(C) Néu limu, = +o0 va limv, = +oo thi lim(u, —v,) = 0.

(D) Néu u, = a" va—1 <a <0 thi limu, = 0.

1+2+3+...+n

n2+1

Cho day so (u,,) v6i u, =

Meénh dé nao sau day 1a ménh dé ding ?

(A) limu, =05 (B) limu, =5 (O) limu, =1 ;

(D) Day (u,,) khong c6 gi6i han khi n — +co.

Cho day s6 (u,) v6i u, = N2 + (2)> + ...+ (N2)".
Chon ménh dé ding trong cdc ménh dé sau :

V2
1-2"

(A) limu, =2 + V2)? + ..+ 2)" + ... =

(B) limu, = —o0 ;
(O) limu,, = +oo ;
(D) Day so (u,,) khong c6 gi6i han khi n — +oo.
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Chon ph ong dn dung :

12. lim x| bang :
x—=1" X~
(A)-1; (B) —0; (©-3; (D) 4.
. . 1- x2
13. Cho ham s6 f(x) =
lim f(x) bang :
X —>—a0
(A) +oo; B)1; (C) —o; (D) -1
14. Cho ham s6
3——x néu x #3
f)=3+Jx+1-2
m néu x =3.

Ham s6 da cho lién tuc tai x = 3 khi m bang :
(A)4; B)—1; O1; (D) — 4.
15. Cho ph ong trinh
43 +4x-1=0. (1)
Ménh dé sai la :
(A) Ham so f(x) = —4x> + 4x —1 lien tuc trén
(B) Ph ong trinh (1) khong c6 nghiém trén khoang (-0 ; 1) ;
(C) Ph ong trinh (1) ¢6 nghiém trén khoang (-2 ; 0) ;

(D) Ph ong trinh (1) c6 it nhat hai nghiém trén khoang (—3 ; %j

144



BA0 HAMm

BAO0 HAM

Trudc day, Dao ham va Tich phén duoc hoc tron ven trong Gidi tich 12. Ngay nay, phan
L thuyét dao ham dugc hoc trong chuong trinh Dai s6 va Gidi tich 11 dé phuc vu kip thoi
gho viéc hoc cac b mén khoa hoc khac nhu Vat Ii, Hoa hoc, ...

O day, hoc sinh duoc hoc ddy dli va hé thdng vé dao ham cap mét tir cac bai todn dua
(&n su xudt hién khéi niém dao ham, dinh nghia, quy tac tinh va cac cng thic dao ham
co ban va quan trong nhat.

Pao ham c4p hai duoc dua ra nham gidp cho viéc hiéu ban chat va cach tinh toan mét
khai niém quan trong clia Vat Ii [ gia téc.

Dinh nghia Vi phan duoc dua ra nham chudn bi cho viéc hoc Tich phan & Giéi tich 12.
Vi khong ¢6 thoi gian hoc @16p 11, phan Ung dung dao ham chuyén sang chuong ddu
tién cUa Giai tich 12.
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1.

#
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PINH NGHIA VA Y NGHIA
CUA PAO HAM

DAO HAM TAI MOT PIEM

Cac bai toan dan dén khai niem dao ham

1

Mét doan tau chuyén dong thdng khdi hanh tir mot nha ga. Quang d ong s (mét) di
d oc cha doan tau 1a mot ham sé cla thdi gian ¢ (phut). & nhiing phut dau tién,
ham s6 dé 1a s = £

Hay tinh van t6c trung binh ctia chuyén dong trong khodang [t ; fol VBity=3var=2;
t=25;t=29;1t=2,99.

Néu nhan xét vé nhiing két qua thu d dc khi ¢ cang gan 7, = 3.

a) Bai toan tim van toc tic thoi
Mot chat diém M chuyén dong trén truc s'Os (h. 61).

s' 0 s(tp) s(1) s

Hinh 61



Quang d Ong s clia chuyén dong 12 mot ham s6 cua thoi gian ¢

s = s(1).
Hay tim mot dai 1 ong diac tr ng cho mic do nhanh cham ctia chuyén dong
tai thoi diém #,.

Gidi. Trong khoang thoi gian ti 7, dén ¢, chat diém di d gc quang d dng 1a

s — 50 =5(t) = s(tp).
Néu chit diém chuyén dong déu thi ti s6

s =59 _ s(t)—s(ty)
-1 -1

12 mot hang s6 v6i moi ¢.
D6 chinh 12 van téc clia chuyén dong tai moi thoi diém.
Néu chat diém chuyén dong khong déu thi ti s6 trén 12 van tdc trung binh

ctia chuyén dong trong khoang thoi gian |t - t0|.

Khi ¢ cang gan 1, tic la |t - t0| cang nho thi van toc trung binh cang thé
hién d oc chinh xdc hon mitc do nhanh cham cta chuyén dong tai thoi
dlém to.

T nhan xét trén, ng o1 ta d ara dinh nghia sau day.

Gi6i han hitu han (néu co)

i S0 = s(t)

d oc goi 1a vdn téc ticc thoi cia chuyén dong tai thoi diém 7.

D6 1a dai 1 ong dic tr ng cho mitic do nhanh cham ctia chuyén dong tai thoi
dlém to.

b) Bai toan tim ¢ ong do tirc thoi

bién1 ong Q truyén trong day dan 1a mot ham s6 cta thoi gian 7 :

Q=00.
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C ong do trung binh cua dong dién trong khoang thoi gian |t - t0| la

;00 -0@)
th — t -1 .

Néu |t — 1| cang nhé thi ti s6 ndy cang biéu thi chinh xdc hon ¢ dng do
dong dién tai thoi diém #y. Ng 0itad ara dinh nghia sau day.
Gi6i han hitu han (néu co)

[ 00 = 0ltp)

d oc goila ¢ ong dé tirc thoi clhia dong dién tai thoi di€m .
NHAN XET

Nhiéu bai todn trong Vat Ii, Hod hoc, ... d a dén viéc tim gidi

han dang lim M

x-)xO X — XO

, trong d6 y = f(x) 1a mot ham so

da cho. Gi6i han trén dan t6i mot khai niém quan trong trong
Todn hoc, do6 la khdi niém dao ham.

2. Dinh nghia dao ham tai mét diém

DINH NGHIA
Cho ham s6 y = f{x) xac dinh trén khoang (a ; b) vax, € (a ; b).
Néu ton tai giGi han (hitu han)

i £ = fx)

X—>Xq X = Xp
thi giGi han d6 d gc goi la dao ham cua ham s6 y = f(x) tai
diém x; va ki hiéu 1a f'(xg) (hodc y'(xg)), tic 1a

) = tim L0 TC0)

X—>X0 X — .XO
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CHU Y
bail ong Ax =x—xy d gc goi la so gia cta doi so tai x.

Dai | ong Ay = f(x) — fixg) = fixg + A¥) - fixg) d gc goi 1a 56
giat ong tng cua ham s6. Nh vay

. Ay
'(x) = lim —.
o Ax—0 Ax

3. Cach tinh dao ham bang dinh nghia

2
%Cho ham s6 y = x°. Hay tinh y'(x,) béng dinh nghia.

D€ tinh dao ham ctia ham s6 y = f(x) tai diém x bang dinh nghia, ta c6 quy

tac sau day.
QUY TAC
"B e 1. Gia sit Ax 1a 56 gia ciia d6i 56 tai xy, tinh I

Ay = flxg + Ax) — flxp).
B dc 2. Lap ti s0 ﬂ
Ax

B o0c 3. Tim lim ﬂ

Ax—0 Ax /

9 N s 1 . .2
Vidu 1. Tinh dao ham cua ham s6 f(x) = — tai diém x, = 2.
X

Gidi. Gia st Ax 1a s6 gia cua dai so tai xy = 2. Ta co

1 1 Ax
BRI N T e Ay
b ___ 1
Ax 22+ Av)

lim 2 _ lim -1 1

Ar—0 Ax  Ax—02(2 + Ax) 4

1
Vay f'(2) = e
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4. Quan hé giira sy ton tai cia dao ham va tinh lién tuc cia ham sé

150

Ta thira nhan dinh Ii sau day.
DINH Li 1

Néu ham s0 y = f(x) c6 dao ham tai x; thi n6 lién tuc tai
diém do6.

CHUY
a) Pinh li trén t ong d ong véi khang dinh :
Néu ham s6 y = f(x) gidn doan tai x; thi né khong c6 dao
ham tai diém do.
b) Ménh dé dao cua Dinh 1i 1 khong ding.
Mot ham s6 lién tuc tai mot diém c6 thé khong c6 dao ham tai
diém do.

2 .
Chéang han, ham s6 f(x) = {_x néu x = 0

x néux<O0 g
lién tuc tai x = 0 nh ng khong c6 dao ham tai dé.
Ta nhan xét rang d6 thi ciia ham s6
nay la mot d ong lién, nh ng bi 0
"gay" tai di€ém O(0 ; 0) (h. 62). x

nghia hinh hoc ciia dao ham
3 y=x
N - .X2
a) Vé do thi clla ham s6 f(x) =
b) Tinh £'(1). Hinh 62
c) V& d ong thang di qua diém M(1 ; %)
va cb hé s6 gbéc bang f '(1). Néu nhan

xét vé vi tri t ong d6i clia d dng thang
nay va dé thi ham sé da cho.

a) Tiép tuyén cua d ong cong phang

y:_x2

Trén mat phing toa do Oxy cho d dng
cong (C). Gia su (C) 1a d6 thi cua ham
s0 y = flx) va My(xy 5 f(xg)) € (C). Ki
hieu M(x ; fix)) 1a mot diém di chuyén
trén (C). D ong thing MyM 12 mot cat
tuyén cta (C) (h.63). Hinh 63




Nhan xét rang khi x — x thi M(x ; flx)) di chuyén trén (C) t6i diém
My(xqy 5 f(xp)) vang oc lai. Gia sur cat tuyén MM c6 vi tri gi6i han, ki hiéu
la MyT thi MyT d oc goi la tiép tuyén cua (C) tai My. Biém M, d oc
goi 12 tiép diém.

Sau day, ta khong xét tr ong hop ti€p tuyén song song hoac trung véi Oy.
b) nghia hinh hoc cua dao ham

Cho ham s6 y = f(x) xdc dinh trén khoang (a ; b) va c6 dao ham tai
X € (a; b). Goi (C) la d6 thi cua ham s6 do.

DINH Li 2

Dao ham cua ham s6 y = f(x) tai diém x; 12 hé s6 géc cua
ti€p tuyén MyT cta (C) tai di€ém My (xq ; fxp))-

Chiing minh. Gia st M(xy + Ax ; f(xy + Ax)) 1a diém di chuyén trén (C). Ta
c6 (h.64)

MoH = Ax, HM = Ay.

Heé s6 goc cua cat tuyén MM la tang, trong d6 ¢ 1a géc tao boi truc Ox va

vecto MyM nh trén Hinh 64a hoac 64b. Ta c6

HM Ay
tan¢ _—_ = .
MgH — Ax
y y

Jtxo + Av) Jtxo+Ax) ¢

Sxo) Jxo)

a) b)
Hinh 64
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Khi M dan t6i My (M — M) thi Ax - 0 va ng oc lai.

Theo gia thiét, f(x) c6 dao ham tai x; nén ton tai giGi han

A
f'(xg) = lim 2o lim tan .
Ax—>0AX MM,

Vay khi M — M, thi cét tuyén MM din t6i vi tri gidi han 1a d ong thang

MT, c6 hé s6 goc bang lim tang = f'(xp).
—>M,

D ong thang MT 1a ti€p tuyén tai M, cua (C).

Vay f '(xp) 1a hé s6 goc cua ti€p tuyén tai M cua do thi (C).
¢) Ph ong trinh ti€p tuyén

4

Viét ph ong trinh & 6ng thang di qua My(xg 5 yp) va cb hé so goc k.

Tur y nghia hinh hoc ctia dao ham ta c¢6 dinh 1i sau day.

DINH LI 3

Ph ong trinh ti€p tuyén ctia d6 thi (C) ctia ham s6 y = f(x)
tai diém M (xg ; flxp)) 12

y=Yo = J'(xp)(x = xp),

trong do y, = f(xq).

5
]%Cho ham s6 y=-x? +3x—2. Tinh y'(2) bing dinh nghia.

Vi du 2. Cho parabol y = —x* + 3x - 2.
Viét ph ong trinh ti€p tuyén cla parabol tai diém c6 hoanh do x; = 2.

Gidi. Biang dinh nghia ta tinh d ¢c y'(2) = —1. Do d6, hé s6 goéc cua tié€p
tuyén la —1. Ngoai ra ta c6 y(2) = 0.

Vay ph ong trinh ti€p tuyén cla parabol tai diém M (2 ; 0) 1a
y-0=(-1).(x-2) hay y = —x + 2.
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6. nghia vat li cia dao ham

a) Van toc tirc thoi

Xét chuyén dong thang xdc dinh bdi ph ong trinh s = s(¢), véi s = s(?) 1a
mot ham s6 ¢6 dao ham. Nh da thay trong bai todn md& dau, van toc tic thoi

ctia chuyén dong tai thoi diém ;12 dao ham cua ham s6 s = s(¢) tai £ :
V(fo) = S'(Io).
b) C ong do tirc thoi

Neéu dién 1 ong Q truyén trong day dan 1a mot ham s6 cua thoi gian : Q = Q(¢)
(Q =0Q(r) 1a mot ham s6 c¢6 dao ham) thi ¢ ong do tic thoi cia dong dién

tai thoi diém ¢ 1a dao ham ctia ham s6 Q = Q(¢) tai ¢ :

I(t) = Q'(1p)-

II - PAO HAM TREN MOT KHOANG

6
ﬁBéng dinh nghia, hay tinh dao ham cla cac ham sé :

a) f(x) = x° tai didm x bat ki ; b) ¢(x)=-- tai didm bat ki x 0.
X

DINH NGHIA

H Ham s6 y = f(x) d oc goi 1a c6 dao ham trén khoang (a ; b)
néu n6 c6 dao ham tai moi diém x trén khoang do.

Khi d6, ta goi ham s6 f' : (a ; b) —>
x o f'x)

la dao ham cua ham s6 y = f(x) trén khoang (a ; b), ki hiéu la
y' hay f'(x).

Vidu 3. Him s6 y = 26 dao ham y' = 2x trén khoang (—o0 ; +00).

, 1 1 , .
Ham s6 y = — c6 daoham y' = — =) trén cac khoang (-0 ; 0) va (0 ; +0).
X X
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B I POC THEM

DAO HAM MOT BEN

Cho ham s6 y = f(x) xac dinh trén khoang (a;b) va x,e(a;b). Co thé khong
ton tai giGi han (hiru han)
xX)— f(x
lim J(0) = f(xy)
xox, X=X,
nh ng tén tai cac giéi han mot bén
xX)— f(x, x)— f(x,
lim J)—=f( 0)’ lim J)—=f( 0).
x—)xa' X=Xy X=X, X=Xy

Khi d6, ta néi ham s6 c6 dao ham mot bén.

DINH NGHIA 1
NE&u ton tai gidi han (hitu han) bén phai
lim f(x)—f(xo)’
xoxy XX
ta sé goi giGi han d6 1a dao ham bén phai clia ham s6 y = f(x) tai
x=x, vakihiéula f'(x)).
T ong tu, gidi han (hitu han) bén trai (néu ton tai)
lim F) = flxg)
oxy XX
d dc goi la dao ham bén trdi clia ham s6 y = f(x) tai x =x,, vaki hiéu
& f()-

Céac dao ham bén phai va bén trai d dc goi chung la dao ham mdét bén.

Tl céac tinh chat cla gidi han mot bén suy ra ngay dinh li sau day.

DINH LI

Ham s§ y=f(x) c6 dao ham tai x, khi va chi khi f'(xy),
f'(xy) ton tai va bang nhau. Khi d6, ta c6

£ =F10g) = F1(xy)-




Vidu 1. Chiing minh rang ham sé
2 ,\,
x“néux=>0
o] 7
—-xnéux<O0
c6 cac dao ham mét bén, nh ng khdng c6 dao ham tai x, =0.
Giai. Taco :

@ fO 2

f'O")=1li —=0;
x—>0+ x=0 x—)OJr X

£107)= M lim =~ =_1.
x—>0‘ x-0 Y0~ X

Vay tai x, =0, ham s nay c6 dao ham bén phai bang 0, dao ham bén tréi bang —1.
Vi cac dao ham bén phai va bén trai khac nhau nén ham sé khéng cé dao ham
tai x, =0.

- 70

Vi dy 2. Xét sy ton tai dao ham va cac dao ham mot bén clia ham sé
Fx)= \/ néu x>0
2x néu x <0

tai diém x =0.

Giai. Vi
f0-fO A0 L1
)L—)0+ x-=0 x—0t  x=0 x—0" é/;

nén ham s6 khong cé dao ham bén phai tai x = 0.
Vi
f(X) fO) _ lim 2X:2

x—>07 x-0 x—0" X
nén ham s6 cé dao ham bén traitaix=0va f'(0")=2.
TU dinh Ii suy ra rang ham sé da cho khéng c6 dao ham tai x =0.
DINH NGHIA 2
Ham s6 y = f(x) d dc goila c6 dao ham trén doan [a ; b] néu thod man
cac diéu kién sau :
Cé6 dao ham tai moi xe(a;b) ;

CO6 dao ham bén phaitaix=a ;

Cé6 dao ham bén trai tai x = b.
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Bai tap

Tim s6 gia cua ham s6 f(x) =x3, biét ring :
a)xg=1;Ax=1;
b)xp=1;Ax=-0,1.

Tinh Ay va Ey cua cdc ham so sau theo x va Ax :

a)y=2x-5; byy=x"-1;
) y=2x"; d)y=l-

X
Tinh (bing dinh nghia) dao ham clia méi ham s6 sau tai cic diém da chi ra :
a)y=x2+x taixg=1;

b) y= taixg=2;

2w

+1

c)y= tai xg = 0.

x —_
Chitng minh rang ham s6

(x—l)2 néu x>0
f(x) =

_x2 néu x <0

khong c6 dao ham tai diém x = 0 nh ng c¢6 dao ham tai diém x = 2.
Viét ph ong trinh ti€p tuyén cia d ong cong y = Pl
a) Tai diém (-1 ; -1);

b) Tai diém c6 hoanh do bang 2 ;

¢) Biét hé s6 goc cua tiép tuyén bang 3.

Viét ph ong trinh ti€p tuyén cua d ong hypebol y = 1 :
X
. e 1
a) Tai diem (5 ; 2) ;

b) Tai di€ém c6 hoanh do bing -1 ;

¢) Biét rang hé so6 gbc cua ti€p tuyén bang 7



. 1 .
7. Mot vat roi tu do theo ph ong trinh s = Egt2, trong d6 g = 9,8 m/s2 la gia

toc trong tr ong.
a) Tim van t6c trung binh cha chuyén dong trong khoadng thoi gian tir ¢
(t=5s) dén t + At, trong cac tr ong hop Ar=0,1s; Ar=0,05s; Ar=0,001 s.

b) Tim van tdc tic thoi ctia chuyén dong tai thoi diém =35 s.

§2 QUY TAC TINH PAO HAM

I - PAO HAM CUA MOT SO HAM SO TH ONG GAP

1
%Dﬂng dinh nghia tinh dao ham cta ham sé y - tai diém x tuy y.
Du doan dao ham clia ham s6 y = x'*° tai didm x.

Viéc tinh dao ham cta ham s6 bang dinh nghia néi chung phtc tap. Doi
vG6i mot s6 ham s6 th ong gap, ta c6 nhitng cong thiic cho phép tinh mot
cdch nhanh chéng dao ham ctia ching tai mot diém.

DINH Li 1

N ~ n . < . . R
Hams6y=x" (n € N, n>1) c6 dao ham tai moi x € va

(xl’l)v — nxl’l—] )

Chitng minh. Gia st Ax 1a s6 gia cua x, ta co :
Ay =(x+A0)" = X"

=(x+Ax—x) [(x + Av)" Iy (x+ Ax)n_zx + ..+ + A)c)xn_2 +xn_1]

n—1

A+ A T A P e A 2T
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% — A" T A P o A P

. A _ _ _ _
lim =2 = "l ol ot
Ax—0 Ax n sO hang
Vay (x")' = 1
NHAN XET
a) Pao ham ctia ham hang bang 0 : (©)'=0.

b) Pao ham ciia ham s6 y=xbang 1 : (x)' = 1.

2
%Ch(mg minh cac khéng dinh trong nhan xét trén.

DINH L 2

Hamso y = Jx 6 dao ham tai moi x d ong va

L
x) el

Chitng minh. Gia su Ax la so gia cia x d ong sao cho x + Ax > 0. Ta c6
Ay:\/x+Ax—x/; ;
Ay Nx+ar-Vx - Gxr A - VoG A+ V)

Ax Ax Ax(Nx + Ax +x)
_ X+Ax—x _ 1 )
Ax(\/x+Ax+\/;) \/x+Ax+\/;,
Ay 1 1

lim — = lim = .
Ar—>0 Ax  Ar—0+/x + Ax +4x 24x

1

Vay dao ham cua ham s6 y = Jx 1a y'=—.
2Jx

A
Cb thé tra 16i ngay d oc khéng, néu yéu cau tinh dao ham clia ham s8 f(x) = \/;

taix=-3;x =47
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II - PAO HAM CUA TONG, HIEU, TICH, TH ONG
1. Dinh i

PINH Li 3

/G sit u = u(x), v = v(x) 1a cdc ham s6 c6 dao ham tai gidm )
x thuoc khoang xac dinh. Ta c6 :

u+v)=u+v (1)
(w-v)'=u - 2)
(uv)' =u'v+uv' (3)

u)  u'v—uy
K (;j =v—2 (v =v(x) #0). 4) /

Chirng minh. Ta ching minh cdc cong thic (1) va (2).

Xét ham y = u + v. Gia slr Ax 1a s gia cua x. Ta ¢4 s6 gia t ong Gng cua u
la Au,ciaviaAvvactay=u+vla

Ay=[(u+Au)+ (v +Av)] - (u+v)=Au+ Av.

Tir dé ﬂ:M;
Ax Ax
lim ﬂ: lim %+ lim gzu#v'.

Ax—>0 Ax  Ax—>0 Ax  Ax—0 Ax
Vay (u+v)' =u' +v'.
Ching minht ongtu,tacd (u—v) =u'—v'.

Bing quy nap toan hoc, ta ching minh d oc

(uptuyx...tu) =uzurt..tu',.

Cac cong thuc khac d oc ching minh t ong tu.

% 4
p dung cac céng thirc trong Dinh Ii 3, hay tinh dao ham cla cac ham sé
y = 5x3 - 2x° R AE —x3Jx.
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Vidul.’ﬁmdaohémcﬁahﬁmsé’y:xz—x4+x/;.

Gidi. (x> — x* +x)' = 2x — 44> P

2x

Vidu 2. Tim dao ham cua ham s6 y = x3(\/; - x5).
Gidi. Ta c6

W= = )W =)+ S - )

32 361__54j
x(\/; X))+ x 2\/; X

1
= 3X2\/; + x3 (— — 8x4)
2x

2. Hé qua
HE QUA 1
Néu & 1a mot hang s6 thi (ku)' = ku'.
HE QUA 2
1 ' l
(—j = _v_z (v=v(x)=0).
v v

5
ﬁHéy chiing minh cac hé qua trén va lay vi du minh hoa.

Vidu 3. Tim dao ham cua ham s6 y = 1—2x.
x+3

Giai. Ta cO

(1 - 2xj' _(1=20)'(+3) - (1 -2x)(x +3)’

X+3 (x +3)?
_2+3)-(-20) -7
(x +3)2 (x +3)2
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11 - PAO HAM CUA HAM HOP

1.

o

Ham hop
g f
. s oA T~
u=g() T
y = fet).
Hinh 65

Gia str u = g(x) 1a ham s6 cua x, xac dinh trén khoang (a ; b) va lay gia tri trén
khoang (c ; d) ; y =f(u) 1a ham s6 cua u, xac dinh trén (c ; d) va 14y gia tri trén

. Khi d6, ta 1ap mot ham s6 xac dinh trén (@ ; b) va 1dy gid tri trén  theo
quy tac sau (h.65) :

x o flg(x).
Ta goi ham y = f(g(x)) 1a ham hgp ctia ham y = f(u) v6i u = g(x).

Vidu4.Hims6y=(1 - x°)'° 12 ham hop cia ham s6 y=u'° véiu=1 - x°.
Vi du 5. Ham s6 y = sin(wt + ») 1a ham hop cua ham s6 y = sinu véi

u= t+ y; o, yla nhitng hang so.

Ham s6 y=+vx> +x+1 la ham hop cla cac ham sé nao ?

2. Pao ham cua ham hgp

Ta thira nhan dinh Ii sau day.

DINH Li 4

Néu ham s6 u = g(x) c6 dao ham tai x 1a »', va ham s6 y = flu)
c6 dao ham tai # 1a y', thi ham hop y = f(g(x)) c6 dao ham tai

xla

1 Al '

Yy =Yyl .
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Vidu 6. Tim dao ham cua ham s6 y = (1 — 2x)3.
Gidi. Datu=1-2xthiy=u’, y', = 3u>, u', = -2.
Theo cong thiic tinh dao ham ctia ham hop, ta c6

V= Yy = 3 (-2) = —6u’.
Vay y'. = —6(1 - 2x)%,

5
3x — 4

Vidu 7. Tim dao ham cua ham s6 y =

Gidi. Dit =3¢ -4 thi y = 2.
u

Theo cong thic tinh dao ham ctia ham hop, ta c6
, C 5 -15
)’x:)’u-“x:__z-3:—2-
u Bx -4

Bang tom tat

wm+v—-—w)=u+v—-w'
(ku)' =ku'  (k1a hang so)

(uv)' =u'v+u

(E) _u'v—u'
\% v2
O

% v2

Yx =Yu-Uy

Bai tap
1. Bing dinh nghia, tim dao ham cua céc ham so sau :
a)y=7+x—x2taix0= l;
b)y:x3—2x+ 1 tai xo = 2.
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2. Tim dao ham cua cac ham s6 sau :

a)y:x5—4x3+2x—3; b)yzi—%x+x2—0,5x4;
4 3 2
X 2x 4x 5 2

c =t ——1; d) y=3x"(8 =3x").

)y 2 3 5 )Yy ( )

3. Tim dao ham cta cdc ham s6 sau :

A)y=@ -5 D) y=("+ 1) (5-3);
2x 3—5x

)y=— ; d)y=——"—"3
x° -1 x“=—x+1

3
e) y= (m + %) (m, n 1a cdc hang s6).
X

4. Tim dao ham cua cdc ham s6 sau :

a)yzxz—x x +1; b)y:\/2—5x—x2;

3

X . . 1+ x
¢) y = ——=—= (alahang so); d) y= .
a® - x* VI-x
5. Choy=x"—3x°+2 Timxdé:
a)y' >0; b) y' < 3.

PAO HAM CUA HAM SO

&3 LUCONG GIAC
A\

»_ Sinx
1. Giéi han cua ——

X
A
~sin0,01 sin0,001
Tinh

, bang may tinh b tui.
0,01 0,001

Ta thira nhan dinh Ii sau day.
163



PINH Li 1

) sin x
lim =1.
x—>0 X
. tanx
Vidu 1. Tinh lim
x—>0 X
Gidi. Ta c6
. tanx ) sinx 1 . sinx . 1
lim = lim . = lim . lim =1.
x—0 X x—0 X COSXx x>0 X x—0 cosx
, , . sin2x
Vidu 2. Tinh lim
x—0 X
... .. SIN2x ) sin2x . sin2x
Giai. lim = lim 2( j =2 lim =2.1=2.
x>0 X x>0 2x x—=0 2x

2. Pao ham cia ham sé y = sinx

DINH L 2

[ Ham s6 y =sinx ¢c6 dao ham taimoix €  va (sinx)' = cosx. ]

Chitng minh. Gia st Ax 1a so gia cua x. Ta cé :

Ay = sin(x + Ax) — sinx = 2sin%.cos(x + ﬂ) ;

) Ax
Ay sin— smj
— =2 + — = +— ;

cos(x j cos(x j ﬂ
2
sin—
lim ﬂ = lim cos(x+—j. lim
Ax—0 Ax  Ax—0 Ar—0 Ax
2
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w

Vi lim cos[x + 7) = cosx (do tinh lién tuc cua ham s6 y = cos x)

Ax—0
o sin— ) . Ay
va lim =1nén lim — =1.cosx=cosx.
Ar—0 Ax Ax—0 Ax
2

Vay y' = (sinx)' = cosx.
CHUY

Néu y = sinu va u = u(x) thi

(sinu)' = u'.cosu.

Vidu 3. Tim dao ham cua ham s6 y = sin(3x + gj
Gidi. Dit u = 3x+§ thi ' =3 vay=sinu.

2z ] [} s
Tacbdy =u'cosu = 3cos(3x+§j.

Pao ham cta ham sd y = cos x
2
Tim dao ham cta ham s6 y =sin(§—x].

DINH Li 3

[ Ham s6 y =cosx c6d daohamtaimoix €  va (cosx)' = —sin x]

Tt nhan xét cosx = sin (g — xj suy ra ngay diéu phai chiing minh.

CHUY.

Néu y = cosu va u = u(x) thi

(cosu)' = —u'.sinu.
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Vidu 4. Tim dao ham cua ham s6 y = cos(x3 - 1).
Gidi. Pat u=x" — 1 thi u' = 3x> va y = cos u.
Ta co

y' =-u'sinu = —3x2sin(x3 - 1).

P

Pao ham cta ham sé y = tanx

3

sin x

Tim dao ham clla ham s6  f(x) = (x ¢§+ch, ke Zj.

COS x

DINH L 4

S . R . T
Ham s6 y = tan x ¢c6 dao ham tai moi x # ) +kn, ke va

(tanx)' =

COS2 X

sin x

2

p dung quy tic tinh dao ham ctia mot th ong d6i v6i ham s6 tanx =
cos X

suy ra diéu phai chiing minh.
CHUY

Néu y = tanu va u = u(x) thi ta cé

(tanu)' = 3
cos” u

Vidu 5. Tim dao ham cua ham s6 y = tan(3x2 +5).

Gidi. Dit u=3x>+5 thi u' = 6x v y = tan u.

Ta co

y = u' 6x
cos? u cosz(3x2+5)
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5. Pao ham cta ham sé y = cotx

4
%Tim dao ham cla ham s6

y=tan(§—x} véi x # km, k €

DINH LI 5

Ham s6 y = cotx ¢6 dao ham tai moi x #kn, k €  va

1

sin2 X

(cotx)' = —

CHUY

Néu y = cotu va u = u(x), ta co

u

sin2 u

(cotu)' = —

Vi du 6. Tim dao ham cua ham s6
y= cot3(3x - 1).
Gidi. Dat u = cot(3x — 1) thi y = u°.

Theo cong thic dao ham cua ham hop, ta c6

1 2 1
yye=y,u',=3u"u',

= 3cot?(3x — D[cot3x — )]’

— 3cot?(3x — 1)._(23’(—_1)
sin“(3x — 1)
= 3cot?(3x — 1).2_—3
sin“(3x — 1)

_ 9cos*(B3x - 1)
sin*3x—1)
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BANG PAO HAM

, -1
(xn) = nx"

)
X xz

1
(x) =T

(un)' = nun_l.u'

[l) __w
u uz
u

Wy =2

2Ju

(sinx)' = cosx

(sinu)' =u'.cosu

168

(cosx) = —sinx (cosu) =—u'.sinu
1 1
(tanx)' = 3 (tanu)' = u2
cos” x cos” u
1 A\l
(cotx)' = — 3 (cotu)' = — u2
sin” x sin” u
Bdi tap
1. Tim dao ham ctia cac ham s0 sau :
x—1 2x +3
a) y = ; b) y = ;
)y Sx -2 ) 7 —3x
2
X +2x+3 x“+7x+3
y=—F—1": dy=—
3-4x x° =3x
2. Giai cac bat ph ong trinh sau :
2
)y <0véi y= 1 TX+2.
x—1
2
b)y'>20v6i y = X +3 ;
x+1
. 2x -1
c)y' >0 véi yzzx—.
xX“+x+4




Tim dao ham cta cac ham so sau :

B sinx + cosx

a) y = 5sinx — 3cos x ; b)) y=—""7"7-73
sinx — cos x
sin x X
c)y=xcotx; d)y= 3
x  sinx

e) y=+1+2tanx; f)y=sin\/l+x2.

Tim dao ham ctia cac ham s6 sau :

a) y=(9 - 202 - 9" + 1) ; b)y:(sf—izjm-s);
X

C))’:(X—2)VX2+1; d)y=tan2x—cotx2;

€) y = CoS

Tinh & , biét rang f(x) = va o(x) =4x + sin =
') 2

Chitng minh rang cdc ham s6 sau ¢6 dao ham khong phu thuoc x :

. 6 6 .2 2
a) y=sin x + cos x + 3sin"x.cos x ;
2
b)y:cos2 T vl cos? | x|+ cos? | ZE x|+
3 3 3
2 )
+cos2(?n+xj—25m2x.

Giai ph ong trinh f'(x) = 0, biét rang :

a) f(x) =3cosx + 4sinx + 5x ;

b) f(x) = 1 — sin(w + x) + 2cos(2“ al xj.

Giai bat ph ong trinh f'(x) > g'(x), biét rang :
a) f() =2 +x-2, g0) =32 +x+2 ;

2
b) f(x):2x3—x2+\/§, g(x):x3+x7—\/§.
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1. Dinh nghia

2 i%Cho ham s8 f(x)=+x, xy =4 va Ax = 0,01. Tinh f'(x,) Ax.

Cho ham s6 y = f(x) xac dinh trén khoang (a ; b) va c6 dao ham tai x € (a ; b).
Gia str Ax 1a s6 gia cla x.

Ta goi tich f'(x)Ax 1a vi phdn cua ham s6 y = f(x) tai x tng véi
sO gia Ax, ki hiéu 1a df(x) hoac dy, tic 1a

dy = df(x) = f'(x)Ax.

CHUY
p dung dinh nghia trén vao ham s6 y = x, ta ¢
dx=d(x) = (x)'Ax = 1.Ax = Ax.
Do d6, véi ham s6 y = f(x) taco
dy = df (x) = f'(x)dx.
Vi du 1. Tim vi phan ctia cdc ham s6 sau :
a)y:x3—5x+ 1;
b)y= sin°x.
Gidi
a)y=x3—5x+ l,y':3x2—5.
Vay dy = d(x° — 5x + 1) = y'dx = (3x° — 5)dw.
b)y= sin3x, y' = 3sin’x cosx.
Vay dy = d(sin’x) = y'dx = 3sin’x cos xdx.
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2,

ng dung vi phan vao phép tinh gan ding

Theo dinh nghia ctia dao ham, ta c6

. Ay
(X)) = lim —.
(%o Ax—0 Ax

Do d6 vé6i |Ax| dd nho thi
A Al ]
_Ai)c ~ f'(xp) hay Ay = f'(xp)Ax.

Tir do, taco f(xy + Ax) — f(xg) = f'(xp)Ax

hay | f(xg +Ax) = f(xg) + f'(xp)Ax.

Do 1a cong thite tinh gan ding don gian nhat.
Vidu 2. Tinh gia tri gan ding cua +/3,99.
Gidi. Dat f(x) = Jx.taco F'(x) = ——.

2Jx

Theo cong thitc tinh gan ding, véi xy = 4, Ax = —0,01 tacé
f(3,99) = f(4-0,0D) = f(4) + f'(4)(-0,01),

tic 12 /3,99 = /4 — 0,01 ~ /4 + %.(—0,01) = 1,9975.

24
Bdi tap

Tim vi phan cua cac ham s sau :

a) y = al (a, b 1a cac hang s6) ;
a+

b) y = (x% + 4x + D% — V).
Tim dy, biét :

2
a)y=tanx;

COS X
5

b) y=

1—x
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&5 PAO HAM CAP HAI
)

I - PINH NGHIA

1
ﬁﬂnh y' va dao ham cua y', biét :

a)y:x3—5x2+4x;
b) y = sin3x.

Gia sir ham s6 y = f(x) c6 dao ham tai méi diém x € (a ; b).
Khi d6, hé thiic y' = f'(x) xac dinh mot ham s6 méi trén khoang
(a ; b). Néu ham s6 y' = f'(x) lai c6 dao ham tai x thi ta goi dao
ham cua y' 1a dao ham cap hai cia ham s6 y = f(x) tai x va ki
hiéu la y" hoac f "(x).

CHUY
Pao ham cdp 3 ctia ham s6 y = f(x) d oc dinh nghia t ong tu
va ki hieula y" hoac £"(x) hoac £ (x).

Cho ham s6 y = f(x) c6 dao ham cdp n — 1, ki hieu 1a f** V()
(ne N,n>4).Neu £ D(x) 6 dao ham thi dao ham ciia n6

d oc goi 1a dao ham cdp n ctia f(x), ki hieu 1a y*” hoac ™ (x).

FP ) = (F" Dy

Vidu. Véiy=x" thi
y' = 5x4, y'= 20x3, y'= 60x2,
Yy = 120x, y© = 120 va y"™ = 0 v6i n > 5.
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II - Y NGHIA CO HOC CUA PAO HAM CAP HAI

2
2 , , . 1 ,
Mot vat rdi ty do theo ph ong thang ding cé ph ong trinh s=5gt2 (trong do6

g~9,.8 m/sz). Hay tinh van téc tlc thai v(7) tai cac thai diém 1y =4s; 1, =41 s.

2 P A 2
Tinh ti s6 XV trong khoang At = ¢, — 1,
t

Xét chuyén dong xac dinh b&i ph ong trinh s = (1), trong d6 s = f(r) 1a mot
ham s6 c6 dao ham dén cap hai. Van toc tic thoi tai ¢ clia chuyén dong 1a
v() =f'(0).

Lay so gia At tai ¢ thi v(¢) c6 s6 giat ong ung la Av.

Ti sO % d ¢c goi la gia toc trung binh cta chuyén dong trong khoang
t

thoi gian Az. Néu ton tai
A
Vi) = lim 2L = y(r),
At—0 Af
ta goi v'(¢) = {t) 1a gia téc tiec thoi clia chuyén dong tai thoi diém 7.
Vi (1) = £(£) nén

y(@) = 1.
1. nghia co hoc
Dao ham cép hai f "(f) 1a gia toc tic thoi cia chuyén dong s = f(¢) tai thoi
diém ¢.
3
Tinh gia t6c tic thdi cha su roi tu do s :%gz2 :
2. Vidu

Xét chuyén dong c6 ph ong trinh
s(t) = Asin(ar + @) (A, o, @la nhitng hang s0).
Tim gia toc tic thoi tai thoi di€ém ¢ ctia chuyén dong.
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Gidi. Goi v(¢) 1a van toc tic thoi ctia chuyén dong tai thoi diém ¢, ta ¢6
v(t) = s'(t) = [Asin(at + @)]' = Awcos(wt + @).
Vay gia toc tic thoi clia chuyén dong tai thoi diém ¢ 12

HE) = s"() = V() = ~A@’sin(ot + @).

Bdi tap
a) Cho f(x) = (x + 10)°. Tinh f "(2).

b) Cho f(x) = sin 3x. Tinh f(—%} £1(0), f(%)

Tim dao ham cap hai cua cac ham s6 sau :

1 1
a) y= ; b) y= ;
I—-x V1—-x
c)y=tanx; d) y = cos"x.

LAI-BO-NiT (LEIBNIZ)

DPong thai va doc 1ap v6i Niu-ton, nha bac hoc ng i
Bdc Lai-bo-nit la ng &i phat minh ra phép tinh vi phan

. d
va tich phan. Nhiéu ki hiéu nh Ey, If(x)dx, ... va

thuat ngfj nh "vi phan", "tich ph&n" ... do Lai-bo-nit
d aravancond dc st dung dén ngay nay.

Leibniz
(1646 — 1716)

Cong thirc tinh dao ham cap »n cua tich hai ham u.v (u va
v ¢6 dao ham dén cap n) sau day la cla Lai-bo-nit

(uv)(”) —uMy 4 Czu("_l)v# Ciu(n_z)v"+

+ Cgu(n—p)v(p) +..+ CZ_lu'v(n_l) +u

")



C6 thé chiing minh céng thic trén bing ph ong phap quy nap.

Lai-bd-nit sinh ngay 1-7-1646 tai Lai-xich (Leipzig). Cha 6ng la Gido s luan Ii da
mat khi 6ng méi 6 tudi nh ng éng da kip thita h 8ng & ng oi cha Idng ham mé
mon Lich si. Ngoai nhiing budi hoc & tr dng, Lai-bo-nit tu trang bi kién thiic nhd
th ong xuyén doc sach trong th vién cla cha. Ong hoc tiéng La-tinh ltc 8 tudi,
dén 10 tudi, 6ng da lam tho bang tiéng La-tinh. Sau d6, éng hoc tiéng Hy Lap va
rat gidi thi tiéng nay nhd su ¢6 géng rat I6n. Nam 15 tudi, Lai-bo-nit 1a sinh vién
luat ctia Tr dng Pai hoc Téng hdp Lai-xich. Trong hai ndm d4iu, ngoai viéc theo
hoc Luat, 6ng doc rat nhiéu sach vé Triét hoc, nam 17 tudi (1663), nhd ban luan
van xuat s3c vé mdt trong nhiing hoc thuyét 16n vé Triét hoc, Lai-bo-nit d oc
nhan Bang CU nhan.

Mua hé 1663, Lai-bo-nit chuyén sang hoc cac gido trinh toan cta Erhard Weigel
& Tr dng DPai hoc Téng hop Iéna.

Nam 20 tudi (1666), 6ng trd lai hoc Luat & Lai-xich va chuén bi thi 18y Bang Tién
si. Vi ghen ti, ng &i ta tir chéi c&4p Bang Tién si cho Lai-bo-nit. Ho néu li do la éng
codn qua tré. Song that ra vi 6ng hiéu biét vé luat nhiéu hon tat ca cac gidos &
Lai-xich céng lai.

Chan ngdy thai dé hep hoi bao trum Tr dng Dai hoc Lai-xich, 6ng r&i thanh phé
qué h ong dén Nuy-ram-be (Nuremberg). day, éng d dc phong hoc vi Tién si
vao ngay 4-11-1666 nhd coéng trinh vé ph ong phap giang day méi vé luat.
Hon nita, ng &i ta con mai 6ng gilr chiic vu Gido s luat, nh ng 6ng tu chéi.
Lai-bo-nit da soan céng trinh vé gidng day Luéat va dé xuéat k& hoach cai tién cla
minh trén d dng di ti Lai-xich dén Nuy-ram-be. M6t trong nhiing dac tr ng cla
cudc dai Lai-bo-nit 1a 6ng c6 thé lam viéc trong bat ki diéu kién nao, & bat ki dau,
va trong moi thai diém. Ong doc, viét, nghién ngdm khong nging. Ong da viét
phan 16n cac céng trinh toan hoc clia minh (khéng k& nhiing céng trinh d&c sic
vé rat nhiéu linh vuc khac nhau) trong cac chuyén xe ngua trén nhiing con d dng
nhd & chau Au héi thé ki XVII khi 6ng phai di day, di d6 theo yéu ciu ctia khach
hang. Hoat dong khéng mét mdi nay cla 6ng da dé lai cho ching ta mét khai
| ong gidy viét d loai, d0 ¢8 va phai 16n nh  mot déng cd khd, ch a kip phan
loai, va méi chi @ dc cong b6 moét phan. Ngay nay, phan 16n sd gidy nay con
dang d dc déng gdbi trong mot goc clia th  vién Hoang gia & Ha-n6-va (Hanover).

That khé tin d dc rédng chi mot cai dau lai co6 thé san sinh ra d dc toan bo t
t &ng (da hodc ch ain ra) ma Lai-bo-nit da dé lai trén nhiing trang gidy kia. Diéu
lam cac nha gidi phau ngac nhién 1a sau khi do va quan sat hop so cla Lai-bo-nit
ng Oi ta nhan thdy rang n6 nhd hon nhiéu so véi hdp so clla mét ng &i binh
th ang (Khéng hiéu I16i ddn ay c6 that hay khong !).

Ong 1a nha bac hoc 16n trong rat nhiéu linh vuc (Luat, Tén gido, Chinh tri, Lich
st, Van hoc, Logic, Triét hoc, Toan hoc, Siéu hinh). Chi can c6 mét trong nhiing
cOng hién trén day cla 6ng ciing di | u danh hau thé. Ng &i ta bao Lai-bo-nit 1a
mot vi du chiing td cdu ph ong ngén "Biét nhiéu nghé, chang gidi nghé nao"
khéng dung.

Ong la ng oi sang lap Vién Han 1am Khoa hoc Bc ma 6ng 1a vi Chi tich dau
tien. Ong mat vao ngay 14-11-1716 & Ha-n6-vo trong co6 don.

175



176

Ontap ch ongV

Tim dao ham ctia cac ham s0 sau :

3 2
3 2 O = P
2 —
C)yzw; d)y=(2+3xj(\/;—1);
4x X
e)y—l+\/;' f)y_—x2+7x+5
1-x X2 = 3x
Tim dao ham clia cac ham s0 sau :
2) y = 2\/;sinx— CoS X : b) y = 3cosx :
X 2x +1
2 .
t“ + 2cost 2cos@ — sin
Q) y=——": d) y=2""2P" 0%,
sint 3sin@ + cos @
tan x cotx
e) y=———, = .
)Y G2 Dy =1
Cho ham s6 f(x) = +/1 + x. Tinh f(3) + (x — 3)f'(3).
Cho hai ham s6 f(x) = tanx va g(x) = ——. Tinh &
l-x g'(0)
Giai ph ong trinh f'(x) = 0, biét rang
f(x)=3x+@—%+5.
X x
¢!
Cho fi(x) = “%% () = xsinx. Tih 2L
fa (@D

Viét ph ong trinh tiép tuyén :

“1 tai diém A2 ; 3) ;

a) Cua hypebol y =

b) Ciad ong cong y = Crax?oi tai di€m c6 hoanh do xo=-1;

c¢) Cha parabol y =  — 4x + 4 tai diém c6 tung do yo = 1.



10.

11.

12.

13.

Cho chuyén dong thang xdc dinh bdi ph ong trinh § = £ 37— 9t, trong
d6 ¢ d oc tinh bang giay va S d oc tinh bang mét.
a) Tinh van toc ctia chuyén dong khi =2 s.
b) Tinh gia t6c ctia chuyén dong khi ¢ =3 s.
¢) Tinh gia tdc tai thoi diém van toc triét tiéu.
d) Tinh van t6c tai thoi diém gia toc triét tiéu.
Cho hai ham so
1 . $?

y = m va y = E
Viét ph ong trinh ti€p tuyén véi d6 thi cua modi ham s6 da cho tai giao
diém cua ching. Tinh goc gitta hai tiép tuyén ké trén.

Bai tap trdc nghiém

Chon ph ong dn dung :

2
Véi g(x) = x_—le” . ¢'(2) bing :
(A) 1 (B)-3; (© -5, (D) 0.

Néu f(x) = sin’x + x° thi f"(— gj béng :

(A)O; B) 1 ©-2; (D) 5.

Gia str h(x) = 5(x + 1)3 +4(x + 1).

Tap nghiém cta ph ong trinh 2"(x) =01a:

(A) [-1;2]; (B) (=0 ;0] (O {-1}; (D) &.
x> X

Cho f(x) =?+7+x.

Tap nghiém ctia bat ph ong trinh f'(x) <0 1a :

(A) D ; (B) (0; +0) ; O [-2;2]; (D) (=00 ; +00).
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On tap cudi nédm

I - CAU HOI

1.

10.

11.

12.
13.
14.
15.

16.

17
18

I1
1.

17

Néu dinh nghia cdc ham s6 1 ¢gng gidc. Chi rd tap xac dinh va tap gia tri

cua tirng ham s6 do.

Cho biét chu ki ctia mdi ham s6 y = sinx, y = cosx, y = tanx, y = cot x.

Néu céach giai cac ph ong trinh 1 gng gidc co ban, cach giai ph ong trinh

dang asinx + bcos x = c.

Viét cong thic tinh s6 hoédn vi ctia tap gom n phan tir (n > 1). Néu vi du.

Viét cong thic tinh s6 chinh hop chap k ctia n phén t, cong thic tinh s6 to

hop chép k ctia n phan tir. Cho vi du.

Viét cong thic nhi thitc Niu-ton.

Phit biéu dinh nghia xéc suét (c6 dién) cha bién co.

Neéu rd cdc b 6c ching minh bang ph ong phdp quy nap todn hoc va cho

vi du.

Phét bi€u dinh nghia cap s6 cong va cong thiic tinh téng n s6 hang diu tién

ctia mot cap so cong.

Ph4t bi€u dinh nghia cap s6 nhan va cong thiic tinh téng n s6 hang diu tién

ctia mot cap s6 nhan.

Day s6 (u,) thoa man di¢u kién gi thi d ¢c goi la cé gidi han 0 khi n dan

téid ong vo cuc ?

Viét cong thiic tinh téng ctia mot cip s6 nhan Iui vo han.

Dinh nghia ham s6 ¢6 gigi han +oo khi x — —o0.

Néu cac gidi han dac biét cua day so va cua ham sé.

Neéu dinh nghia ham s6 lién tuc tai mot diém, trén mot khoang. Néu nhan

xét vé do thi clia mot ham s6 lién tuc trén mot khoang.

Phat biéu dinh nghia dao ham ctia ham s6 y = f(x) tai x = x.

. Viét tat ca cdc quy tic tinh dao ham da hoc.

. Gia st y = f(x) la ham s6 c6 dao ham tai x,. Hay vi€t ph ong trinh tiép
tuyén ctia d6 thi ham s6 do tai diém M(xg ; f(xg))-

— BAI TAP
Cho ham s6 y = cos2x.

a) Chiing minh rang cos2(x + km) = cos2x v6i moi s6 nguyén k. T d6 vé
do thi (C) ctia ham s6 y = cos2x.

8



b) Viét ph ong trinh ti€p tuyén cta d6 thi (C) tai diém c6 hoanh do x = g

z . 2 N s 1 — COS 2X
¢) Tim tap x4c dinh cua ham s6 z = /—2 .
1+ cos” 2x

Cho ham s6 y = ;
6 + 7sin2x
a) Tinh A = ;_, biét rang tana = 0,2.
6 + 7sin2a

b) Tinh dao ham cua ham s6 da cho.
¢) Xac dinh cac khoang trén d6 y' khong d ong.
Giai cac ph ong trinh :

. X . X . .
a) 2Sln50082 X — 2s1n531n2 x = cos” x — sin” x ;

b) 3cosx + 4sinx =5 ;

c)sinx +cosx=1+cosxsinx;

d) V1 —cosx =sinx (x € [n; 37]);
e) (cos% - 3sinx)sinx + (1 + sin% - 3cosxjcosx =0.

Trong mot qbénh vién c6 40 bac si ngoai khoa. Hoi ¢6 bao nhiéu cach phan
cong ca mo, néu moi ca gom :

a) Mot bac si mé va mot bac si phu ?

b) Mot bac si mé va bon bac si phu ?

Tim s6 hang khong chita a trong khai trién cta nhi thic

10
a

Chon ngéu nhién ba hoc sinh tir mot t6 gém c6 sdu nam va bén nit.

Tinh x4c suat sao cho :

a) Ca ba hoc sinh déu 1a nam ; b) C6 it nhat mot nam.

Mot ti€u doi ¢6 10 ng di d oc x€p ngdu nhién thanh hang doc, trong d6 c6
anh A va anh B. Tinh x4c suat sao cho :

a) A va B ding lién nhau ;

b) Trong hai ng 6i d6 ¢c6 mot ng i ding & vi tri s6 1 va ng oi kia ding &
vi tri cudi cung.
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8. Tim cdp s6 cong tang, biét ring téng ba s6 hang ddu cua no6 bang 27 va
téng cdc binh ph ong cuia chiing bing 275.

9. Cho biét trong mot cap s6 nhan, hiéu cua s6 hang thit ba va s6 hang thi hai
bang 12 va néu thém 10 vao s6 hang thit nhit, thém 8 vao s6 hang thi hai
con gilt nguyén s6 hang thi ba thi ba s6 mdi 1ap thanh mot cap s6 cong.
Hay tinh téng ctia nam s6 hang ddu clia cap s6 nhan da cho.

10. Tinh c4c gidi han sau :

2
2) lim (n+ 1)3(3 2n)”
n +1

b)lim( L2 3 n_lj;

b

n2+1 n2+1 n®+1 n®+1

Nan? +1+n _

2n +1

d) limvn(n—-1-+n).

¢) lim

n I’lCOSE
11. Cho hai dﬁy sO (Ltn), (Vn) vO1 U, = 5 va v, = 3 n .
n~+1 n-+1

a) Tinh limu,,.
b) Ching minh rang limv, = 0.
12. Chiing minh rang ham s6 y = cosx khong c6 gidi han khi x — +oo.

13. Tinh céic gidi han sau :

a) lim ﬂ . b) lim XTNIKX~ 2 V3x -2

x_>_2‘,2)€2 +1 ’ x—2 x2 -4 ’

2 —3x+1 2 n

¢) lim ——M—; d) lim | x+x +..+x" - :

xo2t X =2 x—1" 1-x

. 2x -1 . x+ V4t -1

e) lim ; f) lim —————;

x—+0 X +3 X—>—00 2 —3x

g) lim (=2x° + x? =3x +1).
X—>—00
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14.

15.

16.

17.

18.

19.

20.

Ching minh rang ph ong trinh sau ¢6 it nhat mot nghiém :

Ph ong trinh sau c6 nghiém hay khong trong khoang (-1 ; 3) :

sinx = x —1.

o3+ x—1=02?

Giai cac ph ong trinh :

a) f'(x) = g(x) véi flx) = sin32x va g(x) = 4cos 2x — 5sin4x ;
b) f'(x) = 0 v6i f(x) = 20cos 3x + 12cos 5Sx — 15cos 4x.

Tinh dao ham ctia cdc ham s sau :

1
2)y = 2. b) y=
cos” 3x 2
c)y:(Z—xz) cosx + 2x sinx ; d) yzw.

COSX + xSsinx

Tinh dao ham cép hai ctia cdc ham s0 sau :

a)—l'
yx+1’

¢) y = sinax (a 12 hang s6) ;

Cho ham s6

1
my_xa—m

d)y= sin’x.

fx) :x3 + bx2 +cx+d.

2

B COS\jx2 +1

b

©)

Hay xac dinh céc s6 b, ¢, d, biét raing d6 thi (C) ctia ham s6 y = f(x) di qua

cic diém (-1 ;

-3),(1;-1)va f'(%j =0.

Cho cac ham so6

f(x):x3+bx2+cx+d,

gx) = X% —3x+1.

Véicac s6 b, ¢, dtim d oc & bai 19, hay :

©)

a) Viét ph ong trinh ti€p tuyén ctia d6 thi (C) tai diém c6 hoanh do x = -1 ;
b) Giai ph ong trinh f'(sinx) =0 ;

¢) Tim lim f
x>0 g

"(sin5x) + 1

'(sin3x) +3
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PAP SO - HUONG DAN

CH ONGI
1.
1. a)ytanx=0taix € {-m, 0, } ;
b)tanx=1taix € {—3—W,E,5—} ;
4 4 4

¢) tanx > 0 khi

(g0l )
xe |-m;=——|V| 0= |ulm;— ] ;
2 2 2

d) tanx < 0 khi
xe(—E;OJU(E;n).
2 2
2. a)D = \{km, ke Z } ;

b)D= \{kRn, ke Z};

c)D = \{%+kn,keZ};

d)D = \{—g+kn, keZ}.

3. Ldy doi xiing qua truc Ox cdc phan do thi
ham s6 y = sinx trén cac doan [n + k27 ;
21 + k2m], gilt nguyén cdc phan do6 thi
conlai (ke Z).

4. y =sin2x 1a ham s6 tudn hoan véi chu ki
7 va 12 ham s6 1é. Tix d6 suy ra d6 thi cua
ham sé nay.

5. Cat d6 thi ham s6 y = cos x boi d ong thing

y= %, x4c dinh hoanh do giao diém.
6. xe (Rn;n+k2n), ke Z.
7. x e (E+k2n;3—n+k2n), ke Z.
2 2
8. a) 0<cosx<1l, y<3, yux =3

<Sx =k2n, ke Z.
b) 3-2sinx <5, yo =3

Sx= —g+k2n, ke Z.

182

2.

l.a)x= arcsin% -2+ k2m,

x=n—arcsin% -2+RKRn, ke Z ;

b)x=E+k2—n,ke Z ;
6 3

c)x=£+k3—n,ke Z ;
2 2

d) x=—40° + £180°,
x=110°+k180°% ke Z.

2. x=kmx=24kX ke Z.
42

3. a)leiarccos§+k2n,ke Z ;

b)x=124°+k120°% ke Z ;
11rn 47 Sm

) x=—+k—,x:——+k4—n,keZ ;
18 3 18 3

d)x=i§+kn, x=i§+kn,k € 7.

4. x= —§+kn,ke zZ.

5. a)x=45"+k180%k e Z;

e ik ke z
318 3

Ox= 24kl x=kn ke Z.
42

dDx =kZ x=" v i, ke
3 2

6. x= 1kt ke 7.

12 3

7. a)x=£+k—,x= _r +kn, ke Z.
16 4

4



3. b

. 6. a) x=+kZ ke
1. x=kn,x=— +K2n, k e 5
2 b) x=kn, x=arctan3+km, k €

2. ax=knx=+Z +l2n ke On tap ch ong1
3 1. a)c6; b) khong.

b)x:kg,x=i%”+kn,ke n 3n

2. a) xe{—E,T} ;b)xe (-m;0)u(r,2n).

3. a)x=kn, k € ;b)x=§+k2n, 3. a) l+cosx<2 = y<3, ymaxz3
< x=k27n, ke ;

Sn : 1
x=o k27, x = arcsin (—Zj + k2m, b) y<L yiax =1

x:n—arcsin(—ij + k2m, k € ; S x= 2—37[+k21t, ke
T 1 .2 )
o) —Z+kn, X = arctan -3 +kn, ke 4. a) X=—1+ar05m5+k2ﬂ, ke
I .2
d) x=—+kn x=7t—1—arcsm§+k27t, ke
x=arctan(-2) + km, ke . b)X:iE-i-kTC, x:i3—n+kn,ke :

4. a) x= = +kn, .
c) x=i?+k2n,ke ;

x=arctan(—§) +km, k € ; 5 .
2 drx=—T4k >l ke
- 144 12
b) x = — + kmn, x = arctan3 + k=, k € ; -
4 5. ayx=k2m, x:ig-i-kZTc,ke ;
c)x= z + km, x = arctan(-5) + km, k € ; - 8
4 b) x=—+kn, x=arctan—+kn ke ;
- T 2 15
d)x=5+kn,x=g +km ke . ¢ x=k2m, ke x=n-2a+k2m ke
5 a)x= i on = _In +ion k . (v6i cosoz:i ; sina=L).
. a)x= 2 T, X = B T, k € ; J5 J5
a © 2n ca e 2n
b) x==—+=+ k= ke d) biéu kién sinx =0, x:i?+k2n.
(v6i cosoc:é ; sina:i). CH ONG II
5 5 1.

1. a)4:b)4> =16:¢)4.3=12;
2.42.  3.a)24:;b)576. 4.12.
2.

1. a)6!;b)3 x5!;c¢c)414.

2.10! ; 3.210. 4 .360.
5. 2)60:b)10. 6. 20. 7. 60.

c)x=7—n+k21c,x: T +k2m, k ;
12 12
dx=2-Zikn, ke
4 2

P 5 12
(V6i sina =— ; cosa =—).
13 13
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§3.
2.12. 3. n=5 4. 28.
6. a), b) Goi ¥. Khai trién 11'°
101'%% = (100 + ',

§4.
1. a) Q=

5. 1.
= (10 + D'

{SSS, SSN, NSS, SNS, NNS, NSN,
SNN, NNN}.

b) A = {SSS, SSN, SNS, SNN} ;
B = {SNN, NSN, NNS} ;
C={SSN, NSS,SNS, NNS, NSN, SNN, NNN}}.

220) Q={(@, ) 1=i,j<6}.
3.a) Q= {{1,2}, {1, 3}, {1, 4}, {2, 3}, {2, 4},
{3,4}}.
b) A={{1,3},{2,4}};

={{1,2},{1,4},{2,3}, {2,
4. a) A=A1NA2 B:AlmA2

4}, {3,41}.

C=(A NA)U(AINA) ;D =A UA,.

b) HD. D la bién c6 "Ca hai ng 0i déu ban
tr ot"
5. aQ={1,2,..,10};
b) A={1,2,3,4,5};B=
C=1{2,4,6,8,10}.
6. a) Q={S, NS, NNS, NNNS, NNNN} ;
b) A = {S, NS, NNS} : B= [ NNNS, NNNN}
7. a) Q gébm cdc chinh hop chap 2 cta 5 chit
s601,2,3,4,5;
b) A ={(1,2),(1,3),(1,4), (L,5),(2,3),
(2, 4), (2,5), 3,4, 3,5, 4 5} ;
B={2,1),4,2)};C=03.

§5.
6 11

1.c) P(A)=—, P(B)=—

¢) P(A) 36’ (B) %6

—{{1 2,3},{2,3,4}};

{7,8,9,10} ;

2.b)A= {134}-

¢) P(4) =, P(B) =

2 1 1
4. a) —,b) —,c) —.
) 3 ) 3 )6
5. a)~ 0,000 0037 ; b) = 0,28123;
¢) ~ 0,000 133.

<3| -

2 1
6. a) —, b) —
)3 )3

184

12
7.a) boc lap ; b) —
) Boc 1ap )25

On tap ch ongII
4. a) 1176 ; b) 420.
8 209

;0)

13
25"

5. a)=0,1;b)0,2.

6. a) —, b)—. 7. ~0,4213.
105 210
2 3 1 1 1
8. a)—;b) —;¢c)—. 9. a) — ;b)) —.
)5 )5 )5 )4 )4
CH ONG III
§1.
1 2 3
4. S, ==,5,=—,8,=—.
a) § 2’27337y
§2.

3. bu,=~n+8 véineN

4. a)Day s6 giam ;

b) Diy s6 tang ;

c¢) Day s6 khong tang cling khong giam ;

d) Day s6 giam.

5. a)Days6bichand éiviu,>1;

b) Day s6 bi chan vi 0 <u, <—

c)0<u,<1;
§3.
1. a)u;=3,d=-2;

d)—\/§<un <2.

1 1
b)uy=——,d=—;
) U > >

c¢) Day s6 khong phai 1a cip s6 cong ;

3
dDu=2,d=——.
) Uy 5

2. A)uy=16,d=-3;
b)l/il

3,d=2;u =

-17,d =2.

3. Pbips6 d oc dé trong ngodc don cla bang.

u d u

n Sn

-2 3) 55

20 (530)

(36) | -4 | (=20) 15 120
3| 427 7 (28) | (140)

-5 | @ 17 12 72
2 =5 | (-43) | (10) | 205




4. a)h,=0,5+0,18n;b) hy; =4,28 (m).
5.78.
§4.

2. a)q=3;b)u1=%;c)n=7.

3. a)-q=3:%,l,3,9,27;

cq=-3: %, -1,3,-9,27;

by 200 100 50 25 25
3 3 3 3 6
4.1,2,4,8, 16, 32.
5. Sau 5 nam : = 1,9 triéu ng oi ; Sau 10 nam :
~ 2,1 tritung Oi.

co aex 1 .
6. Biéu dién a, :an.TO véin=>1.

Do d6 day s6 (a,) 1a cap s6 nhan véi cong

410
boig=—-.
4
On tap ch ong III
1. Cép s6 cOng la day s6 tang néu d > 0 va
giam néu d < 0.
2. a)u, <0 v6imoin;
b) Céc s6 hang dan d4u.
5. Dung ph ong phdp quy nap toan hoc.
a)2,3,5,9,17.
7. a) Day s6 tang, bi chand 6i.
b) Day s6 bi chan, khong tang cling khong
giam
c¢) Day s6 giam va bi chan vi

&

O<u, <

1
n_\/i+l.

8. au=8,d=-3;
b)u1=0,d=3;u1=—12,d=%.

9. Yu1=6,g=2;b)u;=12,g=2;
AQuy=1,g=2.
10. A = 22°30, B = 67°30, C = 112°30,

D=15730. 11. ¢, = 1 hoac ¢, =%. 12. 6 m%.

CH ONG IV
§1.

L ayu,= 2ina<g>;
) Chii y : 10 °g=10 %10 ke = Lgkg.
10

3 3
3. 2:;b)—;¢c)5; d)—.
a) )2 ) )4

4, a)un:L;b)l. 5. S:—E.
4" 3 11
101 1
6. —- 7. a)+o0;b)—00; ¢) —— ;d) +oo.
99 ) ) ) 2 )
8. a)2; b)0.
§2.
1 a)l'b)—S
) .
2. Ham s6 y = f(x) khong c6 gidi han khi x — 0.

3.a)—4;b)4.;c)é.d)—Z.e)O;f)—oo.
4. a)+0; b) +0;c)—w0.
5.b) Ilim f(x)=0, lim f(x)=—oo0,
X—>—0 x—3”
lim f(x) = +oo.
x—>-3"
6. a) +o0; b) +0;¢c) +0; d) —1.
df
7. d=¢(d)=——,
W d = o) =
b) lim ¢@(d) =+, lim ¢(d) = —o,
d—f* d—f~
lim ¢(d) = f.
d—>+x
§3.

1. y =f(x) lién tuc tai x, = 3.

2. a)y = g(x) khong lién tuc tai x, =2 ; b) 12.

3. a) y= f(x) lién tuc trén (-0 ; —1) va
(—1; +o0).

4. a) y = f(x) lién tuc trén (—oo ; =3), (-3 ; 2)
va trén (2 ; +) ; b) y = g(x) lién tuc trén
céc khoang (—775 + km; g + kn) véik € Z.

5.  kién ding.
185



6. b) HD. Xét ham s6 f(x) = cosx — x trén
va hais6 0, 1.
On tap ch ong IV

2. limu,=2.  3.HOAN.

1

1 1 2
5. a) —;b)—;¢c)—0;d)—0;e)—; ) —=.
)2 )3 ) ) )3 f) 3

6. a) lim f(X) = +00 ; lim g(_x) = +00 ;
x—0 x—0

lim f(x)=-1; lim g(x)=+o;
X—>+00 X—>+00

b) Hinh 60a) 1a d6 thi cia y = g(x), Hinh
60b) 12 d6 thi cia y = f(x).

7.y =g(x) lién tuc trén R .

8. HD. Xét dau f(0), f(1),f(2)va f(3).

CH ONGV
1.
1. a)f(2)-f)=7;
b) A0, 9) — f(1) = —0,271.

2. a)Ay=2Ax,ﬂ=2;
Ax

b) Ay = Ax(2x + Ax) ; %=2x+Ax;

¢) Ay = 2Ax[3x% + 3xAx + (Av)°] ;
ﬂ= 6:% + 6x Ax + Z(Ax)2 ;

Ax

Av Ay 1

A Ay A aGrAn

w

1
.a)3;b) ——;¢) 2.
) ) 2 )

4. HD. Ching minh f gidn doan tai x = 0.
Tu d6 suy ra f khong c6é dao ham tai
diém do.

5. a) y=3x+2; b) y=12x-16;

c) y=3x+2va y=3x-2.
6. a) y=—-4(x-1);b) y=-(x+2);

X X
©)y=-= +lvay=-= -1
)y 2 y=-7

7. a) 49,49 m/s ; 49,245 m/s ; 49,005 m/s ;
b) 49 m/s.
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1. a)y—1;b) 10.
2. a)5x4—12x2+2;b)—2x3+2x—% ;

c) 2x3 - 2x2 + %x ; d) —63»(6 + 120x4.

3. 2) 300 =52 (72 - 10) ;

_ 2
b)—4x(3x2—1);c)%;
x" =1
2 _ 2
d) —5x2 6x i;e)—6—n(m+%] .
(x"=x+1) X’ X
3 2x-5
4. a)2r— =fx ;b)————=
2 22— 5x—x?
202 52 _
C)x(Sa 2X);d) 3—x .
N 21— x)?

S5.a)x<0hoacx>2;b) 1 - \/5 <x<1+\/§.
3.

1.a) 3 2;b) 23 55
(5x-2) (7-3%)
2(2x* ~3x—-9)  —10x* —6x+9
(3—4x) 23

2. a)(-1; DU(1;3)5b) (—oo; 3] U [l ; +o0)

C)[l—@_pﬂ/ﬁ)

bl

2 2
2

3. a)5cosx+3sinx;b) PR
(sin x —cos x)

X
c) cotx— ;

sin” x
. 1 1
d) (x cos x — sin x) "5
x“ sin“x
1 xcos«/)c2 +1
e) o ) .

\/x2 +1
4. 2) 227 9 + 1)+ (647 — 18%) (9 —2);

32 1
b) ($+x—3j (7x—3)+7[6f—x—2J ;

cos? x\/l +2tanx

>



c) \/x +1 x(x 2)
\/x +1
R SRS S YS N S M
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