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Cc hm s l ng gic th ng  c dng  m t nhng hin t ng thay i 
mt cch tun hon hay gp trong thc tin,  khoa hc v  k thut.  Trong bi 
ny, ta tm hiu cc hm s l ng gic y  = sinx,  y  = cosx,  y  = tanx,  y  = cotx.  

1.  Cc h m s y  =  sinx  v  y  =  cosx  

H1  Trn hnh 1.1,  hy ch ra cc on thng c 

 d i i s bng sin x ,  bng cos x .  Tnh sin
2


,  

cos
4

 
 

 
,  cos 2 .  

a) nh ngha 

Quy tc t t ng ng mi s 
thc x vi sin ca gc l ng 
gic c s o raian bng x 
 c gi l  h m s sin,  k hiu 
l  siny x= .  

Quy tc t t ng ng mi s thc x vi csin ca gc l ng 
gic c s o raian bng x  c gi l  h m s csin,  k hiu l 

cos .y x=  

Tp xc nh ca cc hm s siny x= ,  cosy x=  l  R.  Do  cc hm s sin 

v  csin  c vit l  

    sin  :  R   R    cos  :  R    R  

     x   sin x   x  cos x.  

Nhn xt 

Hm s y  = sin x l  mt h m s l v sin(x)  = sin x  vi mi x thuc  R.  

H2  Ti sao c th khng nh h m s y = cos x  l  mt h m s chn ? 

b) Tnh cht tun ho n ca cc h m s siny =  x  v  cosy =  x  

Ta  bit,  vi mi s nguyn k,  s k2  tho mn 

   sin(x + k2)  = sin x  vi mi x.  

1
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Ng c li,  c th chng minh rng s T sao cho 
   sin(x + T )  = sin x  vi mi x 

phi c dng T = k2,  k l  mt s nguyn.  

R rng, trong cc s dng k2  (k   Z),  s d ng nh nht l  2.  

Vy i vi hm s y  = sin x ,  s T = 2  l  s d ng nh nht tho mn 

     sin ( ) sinx T x+ =  vi mi x.  

Hm s cosy x=  cng c tnh cht t ng t.  

Ta ni hai hm s  l  nhng h m s tun ho n vi chu k 2.  

T tnh cht tun hon vi chu k 2,  ta thy khi bit gi tr cc hm s 

y  = sin x  v  y  = cos x  trn mt on c  di 2  (chng hn on [0 ;  2]  hay 

on [  ;  ] )  th ta tnh  c gi tr ca chng ti mi x.  (C mi khi bin s 

 c cng thm 2  th gi tr ca cc hm s  li tr v nh  c ;  iu ny 
gii thch t "tun hon").  

c)  S bin thin v   th ca h m s y  =  sinx  

Do hm s y  = sinx l  hm s tun hon vi chu k 2  nn ta ch cn kho st 
hm s  trn mt on c  di 2,  chng hn trn on [  ;  ] .  

  Chiu bin thin (xem cc hnh 1 .2,  1 .3,  1 .4)   

Cho x = (OA,  OM)  tng t   n ,  tc l  cho M chy trn  ng trn l ng 

gic theo chiu d ng mt vng xut pht t A' v  quan st s thay i ca 

im K (K l  hnh chiu ca M trn trc sin,  OK  = sinx),  ta thy :  

  Khi x tng t   n 
2


  th im M chy trn  ng trn l ng gic 

theo chiu d ng t A' n B' v  im K chy dc trc sin t O  n B'.  Do  

,OK  tc l  sin x ,  gim t 0 n 1  (h.  1 .2).   

 
 
 

 

 

 

Hnh 1 .2       Hnh 1 .3  
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  Khi x tng t 
2



  n 
2



 th im M chy trn  ng trn l ng gic 

theo chiu d ng t B' n B  v  im K chy dc trc sin t B' n B.  Do  

,OK  tc l  sin x,  tng t 1  n 1  (h.  1 .3).  

  Khi x tng t 
2



 n   th im M chy 

trn  ng trn l ng gic theo chiu 

d ng t B  n A' v  im K chy dc trc 

sin t B  n O.  Do  ,OK  tc l  sin x,  

gim t 1  n 0 (h.  1 .4).   

Vy ta c bng bin thin ca hm s 

y  = sin x  trn on [  ;  ]  nh  sau :  

x   
2



  0 
2



   

y  = sin x 0 
 

1  
0 

1  
0 

   th  

  Khi v  th ca hm s y  =  sin x trn on [  ;  ] ,  ta nn   rng :  

Hm s y  = sin x  l  mt hm s l,  do   th ca n nhn gc to  

lm tm i xng.  V vy,  u tin ta v  th ca hm s y  =  sin x trn 

on [0 ;  ] .  

Trn on [0 ;  ] ,   th ca hm s y  = sin x  (h.  1 .5)  i qua cc im c to 

 (x ;  y)  trong bng sau :  

x 0  
6



 
4



 
3



 
2



 
2

3



 
3

4



 
5

6



   

y  = sin x  0 
1

2
2

2
 

3

2
 1  3

2
 

2

2
 

1

2
 0 

   (  0,71 ) (  0,87)  (  0,87) (  0,71 )    
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Hnh 1 .5 

Phn  th ca hm s y  = sin x  trn on [0 ;  ]  cng vi hnh i xng ca 

n qua gc O  lp thnh  th ca hm s y  = sin x  trn on [  ;  ]  (h.1 .6).  

  Tnh tin phn  th va v sang tri,  sang phi nhng on c  di 2,  

4,  6,. . .  th  c ton b  th hm s y  = sin x.   th   c gi l  mt 
 ng hnh sin  (h.  1 .6).  

 

 

 

 

 

Hnh 1 .6 

Nhn xt 

1 ) Khi x thay i,  hm s y  = sin x nhn mi gi tr thuc on [1  ;  1 ] .  Ta ni 

tp gi tr  ca hm s y  = sin x l  on [1  ;  1 ] .  

2)  Hm s y  = sin x  ng bin trn khong ; .
2 2

  
 

 
 T ,  do tnh cht 

tun hon vi chu k 2,  hm s y  = sin x  ng bin trn mi khong 

2 ; 2 ,
2 2

k k
  

 +  +  
 

 k   Z.  

H3  Hi khng nh sau y c ng khng ? V sao ? 

H m s y  = sin x  nghch bin trn khong 
3

;
2 2

  
 
 

 v  nghch bin trn mi khong 

3
2 ; 2 ,

2 2
k k

  
+  +  

 
 k   Z.  
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d) S bin thin v   th ca h m s y  =  cos x  

Ta c th tin hnh kho st s bin thin v  v  th ca hm s y  = cos x  
t ng t nh   lm i vi hm s y  = sin x  trn y.  Tuy nhin,  ta nhn thy 

cos x  = sin
2

x
 

+ 
 

 vi mi x,  nn bng cch tnh tin  th hm s y  = sin x  

sang tri mt on c  di 
2


,  ta  c  th hm s y  = cos x  (n cng 

 c gi l  mt  ng hnh sin)  (h.  1 .7).  

 

 

 

 

 
 

Hnh 1 .7 

Cn c vo  th ca hm s y  = cos x ,  ta lp  c bng bin thin ca 
hm s  trn on [  ;  ]  :  

x    0     

y  = cos x
 

1  
 

1  
 

 

1  

H4  Hy kim nghim li bng bin thin trn bng cch quan st chuyn ng 

ca im H trn trc csin,  trong  H l  hnh chiu ca im M trn trc csin,  khi 

im M chy trn  ng trn l ng gic theo chiu d ng mt vng xut pht t 

im A' (h.  1.8).    

Nhn xt 

1 ) Khi x thay i,  hm s y  = cos x nhn 

mi gi tr thuc on [1  ;  1 ] .  Ta ni tp 

gi tr ca hm s y  = cos x l on [1  ;  1 ] .  

2)  Do hm s y  = cos x l  hm s chn nn 

 th ca hm s y  = cos x nhn trc tung 

lm trc i xng.  

 

 

 

 

 

 

 

 

Hnh 1 .8 
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3)  Hm s y  = cosx ng bin trn khong (  ;  0).  T  do tnh cht 

tun hon vi chu k 2,  hm s y  = cosx ng bin trn mi khong 

(  + k2  ;  k2) ,  k   Z.  

H5  Hi khng nh sau y c ng khng ? V sao ? 

H m s y  =  cos x  nghch bin trn khong (0  ;  )  v  nghch bin trn mi khong 

(k2  ;    +  k2) ,  k   Z.  

Ghi nh 

Hm s y  = sin x  Hm s y  = cos x  

  C tp xc nh l  R  ;  

  C tp gi tr l  [1  ;  1 ]  ;  

  L  hm s l ;  

  L  hm s tun hon vi chu 

k 2  ;  

  C tp xc nh l  R  ;  

  C tp gi tr l  [1  ;  1 ]  ;  

  L  hm s chn ;  

  L  hm s tun hon vi chu 

k 2   ;  

  ng bin trn mi khong 

2 ; 2
2 2

k k
  

 +  +  
 

  

v nghch bin trn mi khong 

3
2 ; 2

2 2
k k

  
+  +  

 
,  k   Z ;  

  ng bin trn mi khong 

( + k2  ;  k2)   

v  nghch bin trn mi khong  

(k2  ;   + k2), k   Z  ;  

 

 C  th l mt  ng hnh sin.  C  th l mt  ng hnh sin. 

2.  Cc h m s y  =  tan x  v  y  =  cot x  

a) nh ngha  

  Vi mi s thc x m cos x    0, tc l x   
2


 + k  (k   Z), ta xc nh  c 

s thc tan x  = 
sin

.
cos

x

x
 t 1  = R  \ 2

k k
 

+   
 

Z .   

Quy tc t t ng ng mi s x   1  vi s thc 
sin

tan
cos

x
x

x
=  

 c gi l  h m s tang,  k hiu l  tan .=y x  



 1 0 

Vy hm s tany x=  c tp xc nh 

1  ;  ta vit  

tan :  1    R 

     x   tan x.  

  Vi mi s thc x m  sin x    0,  tc l  

x   k  (k   Z),  ta xc nh  c s thc 

cot x  = 
cos

.
sin

x

x
 t 2 = R \ { } k k Z .  

Quy tc t t ng ng mi s x   2  vi  s thc 
cos

cot
sin

x
x

x
=  

 c gi l  h m s ctang,  k hiu l  cot .y x=  

Vy hm s coty x=  c tp xc nh l 2 ;  ta vit  

  cot :  2   R  

          x  cot x .  

Trn hnh 1 .9 ta c (OA,  OM)  = x,  tan x  = AT ,  cot x  = .BS  

Nhn xt 

1 ) Hm s y  = tan x  l  mt h m s l v nu x   1  th x   1  v  

tan(x)  = tan x .  

2)  Hm s y  = cot x  cng l  mt h m s l v nu x   2  th x   2 v  

cot(x)  = cot x .  

b) Tnh cht tun ho n 

C th chng minh rng T =   l  s d ng nh nht tho mn 

    tan(x + T )  = tan x  vi mi x   1 ,  

v  T =   cng l  s d ng nh nht tho mn 

    cot(x + T )  = cot x  vi mi x   2.  

Ta ni cc hm s y  = tan x  v  y  = cot x  l nhng h m s tun ho n vi chu k .  
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c)  S bin thin v   th ca h m s y  =  tan x  

Do tnh cht tun hon vi chu k   ca hm s y  = tan x ,  ta ch cn kho st 

s bin thin v  v  th ca n trn khong ;
2 2

  
 

 
   1 ,  ri tnh tin 

phn  th va v sang tri,  sang phi cc on c  di ,  2,  3,. . .  th 
 c ton b  th ca hm s y  = tan x .  

  Chiu bin thin  (h.  1 .10) :   

Khi cho x = (OA,  OM)  tng t 
2


  n 

2


 

(khng k 
2


  v  

2


)  th im M chy trn 

 ng trn l ng gic theo chiu d ng 
t B' n B  (khng k B' v  B).  Khi  
im T thuc trc tang At sao cho  

AT  = tan x  chy dc theo At sut t d i 

ln trn,  nn tan x  tng t   n +  (qua 
gi tr 0 khi x = 0).  

H6  Ti sao c th khng nh h m s y  = tan x  ng bin trn mi khong 

;
2 2

k k
  

 +  +  
 

,  k   Z  ? 

   th :   th ca hm s y  = tan x  c dng nh   hnh 1 .11 .  

 

 

 

 

 

 

 

 

Hnh 1 .1 1  
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Nhn xt 

1 ) Khi x thay i,  hm s y  = tan x  nhn mi gi tr thc.  Ta ni tp gi tr 

ca hm s tany x=  l  R.  

2)  V hm s y  = tan x  l  hm s l nn  th ca n nhn gc to  lm tm 
i xng.  

3) Hm s y  = tan x  khng xc nh ti 
2

x k


= +   (k   Z).  Vi mi k   Z,  

 ng thng vung gc vi trc honh, i qua im ; 0
2

k
 +  

 
 gi l mt 

 ng tim cn ca  th hm s tany x= .  (T "tim cn"  c ngha l ngy 

cng gn.  Chng hn ni  ng thng 
2

x


=  l mt  ng tim cn ca  th 

hm s tany x=  nhm din t tnh cht :  im M trn  th c honh  cng 

gn 
2

 th  M cng gn  ng thng 

2
x


= ).  

d) S bin thin v   th ca h m s y  =  cot x  

Hm s y  = cot x  xc nh trn 2  = R  \ { k  |  k   Z}  l  mt hm s tun hon 

vi chu k .  Ta c th kho st s bin thin v v  th ca n t ng t nh  
 lm i vi hm s y  = tan x.   

 th ca hm s y  = cot x  c dng nh  hnh 1 .12.  N nhn mi  ng thng 

vung gc vi trc honh, i qua im (k  ;  0), k   Z lm mt  ng tim cn. 
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Ghi nh 

Hm s y  = tan x  Hm s y = cot x  

-  C tp xc nh l   

1  = R  \ { }2
k k


+   Z  ;  

-  C tp gi tr l  R  ;  

-  L  hm s l ;  

- L hm s tun hon vi chu k  ;

-  C tp xc nh l   

2  = R  \ {k  |  k   Z}  ;  

-  C tp gi tr l  R  ;  

-  L  hm s l ;  

- L hm s tun hon vi chu k  ;  

-  ng bin trn mi khong 

;
2 2

k k
  

 +  +  
 

,  k   Z ;   

-  Nghch bin trn mi khong 

(k  ;    + k), k   Z  ;  

-  C  th nhn mi  ng 

thng x = 
2

k


+   (k   Z) lm 

mt  ng tim cn.  

-  C  th nhn mi  ng 

thng x = k  (k   Z)  lm mt 

 ng tim cn.  

3. V khi nim h m s tun ho n 

Cc hm s y  = sin x ,  y  = cos x  l  nhng hm s tun hon vi chu k 2  ;  cc 
hm s y  = tan x ,  y  = cot x  l  nhng hm s tun hon vi chu k .  

Mt cch tng qut :  

Hm s y  = f(x)  xc nh trn tp hp  c gi l  h m s 

tun ho n  nu c s T   0 sao cho vi mi x    ta c 

  x + T   ,  x   T    v  f(x + T)  = f(x).  

Nu c s T d ng nh nht tho mn cc iu kin trn th hm 
s   c gi l  mt h m s tun ho n vi chu k  T.  

V d.  Cc hm s y  = 2sin 2x ( 

th  hnh 1 .13),  hm s y  = sin
2
x
 

( th  hnh 1 .14),  v  hm s c 

 th  hnh 1 .15  l  nhng hm s 

tun hon.  
Hnh 1 .1 3



 1 4 

 

 

 

 

 

 
   Hnh 1 .14          Hnh 1 .15 

Cu hi  v  b i  tp 

1.  Tm tp xc nh ca mi h m s sau :  

a)  y  = 3 sin x  ;     b)  y  = 
1 cos
sin

x

x


 ;  

c)  y  = 
1 sin
1 cos

x

x



+
 ;    d)  y  = tan 2

3
x

 
+ 

 
.  

2.  Xt tnh chn -  l ca mi h m s sau :  

a)  y  = 2sin x  ;     b)  y  = 3sin x    2 ;  

c)  y  = sin x    cos x  ;    d)  y  = sin x cos2x + tan x .  

3.  Tm gi tr ln nht v  gi tr nh nht ca mi h m s sau :  

a)  y  = 2cos
3

x
 

+ 
 

 + 3  ;   b)  y  = 21 sin( ) 1x   ;  

c)  y  = 4sin .x  

4.  Cho cc h m s f(x)  = sin x ,  g(x)  = cos x ,  h(x)  = tan x  v  cc khong 

J1  = ;
2
3 

 
 

,  J2  = ;
4 4
  

 
 

,  J3  = 
31 33

;
4 4
  

 
 

,  J4  = 
452 601

;
3 4
  

  
 

.  

Hi h m s n o trong ba h m s  ng bin trn khong J1  ?  Trn khong J2  ?  

Trn khong J3  ?  Trn khong J4  ?  (Tr li bng cch lp bng).  

5.  Trong cc khng nh sau,  khng nh n o ng ? Khng nh n o sai ?  Gii 
thch v sao.  

a)  Trn mi khong m  h m s y  =  sin x  ng bin th h m s y  = cos x  
nghch bin.  
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b)  Trn mi khong m  h m s y  = sin
2
x ng bin th h m s y  = cos

2
x 

nghch bin.  

6.  Cho h m s y  = f(x)  = 2sin 2x.  

a)  Chng minh rng vi s nguyn k tu ,  lun c f(x + k)  = f(x)  vi mi x.  

b)  Lp bng bin thin ca h m s y  = 2sin 2x trn on ;
2 2

  
  

.  

c)  V  th ca h m s y  = 2sin 2x.  
 
 

Dao ng iu ho  

Nhiu  hin  t ng  t nhin  thay i  c tnh  cht tun hon (lp i  lp li  sau  khong 

thi  gian  xc nh)  nh  :   

  Chuyn  ng ca cc hnh tinh  trong h mt tri,  

  Chuyn ng  ca gung n c quay,  

  Chuyn ng  ca qu lc ng h,  

 S bin  thin  ca c ng  dng in  xoay chiu, . . .  

H in  t ng tun  hon n  gin  nht l  dao ng iu ho   c m t bi  hm s 

     y  = Asin(x +  )  + B,  

trong  A,  B,    v    l  nhng hng s ;  A  v    khc 0.   l  hm s tun hon vi  

chu  k 
2



 ;  |A |  gi  l  bin  .   th  ca n l  mt  ng hnh sin  c  c t  th  

ca hm s y  = Asinx  bng cch tnh  tin  thch hp (theo vect i



  ri  theo 

vect Bj ,  tc l  tnh  tin  theo vect +i Bj





).  

V d.  Mt gung n c c bn knh 2,5m,  c trc quay  cch mt n c 2m,  quay 

u  mi  pht mt vng (h.  1 . 1 6).  Gi  y  (mt)  l  "khong cch" t mt n c n mt 

chic gu  ca gung n c  thi  im x (pht)  (quy c rng y  > 0  khi  gu   bn 
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trn  mt n c v  y  <  0  khi  gu   d i  n c).  Bit rng  sau  khi  khi  ng 
1

2
 pht th 

chic gu    nh  cao nht ca gung n c.  T cc iu   ta suy ra 

    y  = 2 + 2,5  sin
1

2
4

x
  

   
  

.  

 th  ca hm s ny c dng nh   hnh  1 .1 7.  

 

 

 

 

 

 

 

 

 
 

Hnh 1 .16     Hnh 1 .17 

Luyn tp 

7.  Xt tnh chn -  l ca mi h m s sau :  

a)  y  = cos
4

x
 

 
 

 ;   b)  y  = tan x  ;   c)  y  = tan x   sin 2x.  

8.  Cho cc h m s sau :  

a)  y  = sin2x ;    b)  y  = 3tan
2
x + 1  ;  

c)  y  = sin x cos x  ;   d)  y  = sin x cos x  + 
3
cos 2

2
x .  

Chng minh rng mi h m s y  = f(x)   u c tnh cht :  

f(x + k)  = f(x)  vi k   Z,  x thuc tp xc nh ca h m s f.  
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9.  Cho hm s y  = f(x)  = Asin(x + )  (A,    v    l  nhng hng s ;  A  v    

khc 0).  Chng minh rng vi mi s nguyn k,  ta c 
2
.f x k

 

+ 
 

 = f(x)  

vi mi x.  

10.  Chng minh rng mi giao im ca  ng thng xc nh bi ph ng trnh 

y  = 
3
x
 vi  th ca hm s y  = sin x  u cch gc to  mt khong nh 

hn 10 .  

11.  T  th ca hm s y  = sin x ,  hy suy ra  th ca cc hm s sau v  v  

th ca cc hm s  :  

a)  y  = sin x  ;   b)  y  = sin x  ;   c)  y  = sin .x  

12.  a) T  th hm s y  = cos x,  hy suy ra  th ca cc hm s sau v  v 
 th ca cc hm s  :  

  y  = cos x  + 2 ;    y = cos
4

x
 

 
 

.  

b)  Hi mi hm s  c phi l  hm s tun hon khng ?  

13.  Xt hm s y  = f(x)  = cos
2


x

 

a)  Chng minh rng vi mi s nguyn k,  f(x + k4)  = f(x)  vi mi x.  

b)  Lp bng bin thin ca hm s y  = cos
2
x
 trn on [2  ;  2] .  

c)  V  th ca cc hm s y  = cos x v  y  = cos
2
x
 trong cng mt h to  

vung gc Oxy.  

d)  Trong mt phng to  Oxy,  xt php bin hnh F  bin mi im (x ;  y)  

thnh im (x'  ;  y')  sao cho x'  = 2x v  y'  = y.  Chng minh rng F  bin  th 

ca hm s y  = cos x  thnh  th ca hm s y = cos
2
x
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Joseph Fourier

(1 768 - 1 830)  

Em
cob i  t

 

m thanh 

m thanh  c to nn bi  s thay i  p sut ca mi  tr ng vt cht (cht kh,  
cht lng,  cht rn)  mt cch tun hon theo thi  gian  (dao ng tun hon)  v   c 
lan  truyn trong mi  tr ng  (sng m thanh).  

Nu dao ng tun  hon y c chu  k T (o bng n  v  thi  gian  l  g iy)  th  
1

T
 gi  

l  tn s ca dao ng (tc l  s chu  k trong mt giy)  ;  n v  ca tn  s l  Hc 
(Hertz)  vit tt l  Hz.  m thanh tai  ng i  nghe  c l  dao ng  c tn s trong 
khong t 17-20  Hz n 20 000  Hz.  Dao ng  c tn s cao hn 20 000  Hz  c gi  
l  siu  m.  

Trong m nhc (ngh thut phi  hp cc m thanh)  ng i  ta th ng dng nhng nt 
nhc  ghi  nhng m c tn  s xc nh.  Tn s dao ng cng ln th m cng 
cao.  Khi  tng tn  s mt m ln  gp i  th ta ni  cao  ca m   c tng thm 
mt qung tm.  Ng i  ta th ng chia qung tm  thnh 1 2 qung bng nhau,  mi  
qung gi  l  mt bn cung  o chnh lch  cao  gia cc m (xem Sch gio 
khoa "m nhc v  m thut" lp 7).  Vi  hai  m cch nhau mt bn cung,  t s cc tn  

s ca chng bng  12 2  ;  vi  hai  m cch nhau mt cung (tc l  hai  bn  cung),  t s 

cc tn s ca chng bng 212 6( 2 ) 2= .   khung nhc d i  y c ghi  cc nt 

nhc ca mt "m giai"  (qung tm) cng khong cch cao  gia hai  m ng vi  
hai  nt k nhau.  m la  ca m giai   c tn  s 440  Hz (do ,  chng hn m si k 

 c tn  s 6440 2 Hz).   

 

 

 

 

Trong m nhc,  ngoi  cc m ring l cn c hp m 
(kt hp cc m thanh).  Nh  ton  hc Php Phu-ri- 

(Fourier)   chng minh rng mt hm s tun  hon vi  
chu k T  c th phn tch  thnh "tng" ca mt hng s 

vi  nhng hm s tun hon c  th  l  nhng  ng 

hnh  sin  vi  chu  k 
T

n
 (n  l  s nguyn d ng).  iu  

 gip ta hiu  su  hn v hp m,  ho  m,  m bi  v  
m sc.  
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Hnh 1 .18 

Ta xt bi ton sau :  

Mt v tinh nhn to bay quanh Tri 

t theo mt qu o hnh elip 

(h.  1 .18).   cao h (tnh bng kilmet) 

ca v tinh so vi b mt Tri t 

 c xc nh bi cng thc 

 h = 550 + 450 cos
50

t


,  

trong  t l  thi gian tnh bng pht k t lc v tinh bay vo qu o.  Ng i 

ta cn thc hin mt th nghim khoa hc khi v tinh cch mt t 250km.  

Hy tm cc thi im  c th thc hin th nghim .  

Bi ton ny dn n vic gii  ph ng trnh  

  550 + 450 cos
50

t


 = 250,  hay cos
50

t


 = 
2
3
  

Nu t x = 
50

t


 th ph ng trnh trn c dng cos x  =   
2
3
  

Trn thc t,  c nhiu bi ton dn n vic gii cc ph ng trnh c mt 

trong cc dng  

   sin x  = m,   cos x  = m,   tan x  = m  v   cot x  = m,  

trong  x l  n s (x   R)  v  m  l  mt s cho tr c.   

 l  cc ph ng trnh l ng gic c bn.   

1.  Ph ng trnh sinx  =  m       

a)   lm v d,  ta xt mt ph ng trnh c th,  chng hn 

     
1

sin
2

x =          (1 )    

2
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Hnh 1 .19 

H1  Tm mt nghim ca ph ng trnh (1 ).  

 tm tt c cc nghim ca (1 ),  ta c th 

lm nh  sau :  

Xt  ng trn l ng gic gc A.  Trn trc 

sin,  ta ly im K sao cho OK  =  
1
2
.   ng 

thng qua K v  vung gc vi trc sin ct 

 ng trn l ng gic ti hai im M1  v M2  ;  

hai im ny  i xng vi nhau qua   trc sin 

(h.  1 .19).  Ta c 

sin(OA,  OM1)  = sin(OA,  OM2)  = OK  = 
1
2
  

D thy, s o (raian) ca cc gc l ng gic (OA, OM1) v (OA,  OM2)  l  tt c 

cc nghim ca (1 ).  Ly mt nghim tu  ca (1 ),  chng hn 
6

x


= .  Khi  

cc gc (OA,  OM1)  c s o 2
6

k


+   ;  cc gc (OA,  OM2)  c s o 

2
6

k


  +   (k   Z).   Vy 

  sin x = 
1
2
     x = 

6

 + k2   hoc  x =     

6

 + k2   (k   Z).  

S dng k hiu "["  thay cho t "hoc",  ta c th vit li kt qu trn nh  sau :  

   sin x = 
1
2
     

2
6

2
6

x k

x k

 = + 


 =   + 

 (k   Z).  

b)  Gi s m  l  mt s  cho.  Xt ph ng trnh  

   sin x  = m.                 (I)  

Hin nhin ph ng trnh (I)  xc nh vi mi x   R.  

Ta  bit,  |sin x |    1  vi mi x.  Do  ph ng trnh (I)  v nghim khi |m|  > 1 .   
Mt khc, khi x thay i, sin x  nhn mi gi tr t 1  n 1  nn ph ng trnh (I) 

lun c nghim khi |m|    1 .  
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Lm t ng t nh  i vi ph ng trnh (1 ),  ta c  

Nu   l  mt nghim ca ph ng trnh (I),  ngha l  sin  = m  th 

 sin x  = m     
2

2

x k

x k





= + 
 =   + 

 (k   Z).      (Ia)  

Ta ni rng x =   + k2   v  x =       + k2   l  hai h nghim  ca ph ng 
trnh (I).  

K t y,   cho gn ta quy c rng nu trong mt biu thc nghim ca 
ph ng trnh l ng gic c cha k m  khng gii thch g thm th ta hiu 

rng k nhn mi gi tr thuc Z.  Chng hn, x =   + k2  c ngha l  x ly mi 

gi tr thuc tp hp 

    {,      2,      4,      6,  . . .} .  

V d 1.  Gii cc ph ng trnh sau :  

1 )   sin x  =   
3
2

 ;     2)   sin x  = 
2
3
    

Gii 

1 )  Do sin
3

3 2
 

 =  
 

 nn 

sin x  = 
3
2

   sin sin
3

x
 

=  
 

   

2
3

2
3

x k

x k


=  + 


  =    +    

   

       
2 ,

3
4

2 .
3

x k

x k


=  + 


 = + 

 

2)   V  
2
3
< 1  nn c s    sin  = 

2
3
.  Do  

  sin x  = 
2
3
     sin x  = sin      

2 ,

2 .

x k

x k





= + 
 =   + 
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H2  Gii ph ng trnh 
2

sin
2

= x  

Trong mt phng to ,  nu v  th (G )  ca hm s y  = sin x v   ng 

thng (d )  :  y  = m  th  honh  mi giao im ca (d )  v  (G )  (nu c) l  mt 

nghim ca ph ng trnh sin x = m.   

H3  Trn  th hm s y  =  sin x  (h.1.20),  hy ch ra cc im c honh  trong 

khong (0  ;  5)  l  nghim ca ph ng trnh sin x  =  
2

2
  

 

 

 

 

Hnh 1 .20 

Ch  

1 ) Khi m    { 0 ;  1} ,  cng thc (Ia) c th vit gn nh  sau :  

   sin x  = 1     2 ,
2

x k


= +   

   sin x  = 1     2 ,
2

x k


=  +   

   sin x  = 0     x = k.  

2)  D thy rng vi m  cho tr c m  1,m   ph ng trnh 

sin x m=  c ng mt nghim nm trong on ; .
2 2
  

  
 Ng i 

ta th ng k hiu nghim  l  arcsinm  (c l  c-sin m).  Khi  

   sin x m=    
arcsin 2 ,

arcsin 2 .

x m k

x m k

= + 
 =   + 

 

Vy  v d 1  cu 2) c th vit 

   
2

sin
3

x =    

2
arcsin 2 ,

3
2

arcsin 2 .
3

x k

x k


= + 


 =   + 
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Hnh 1 .21  

3) T (Ia)  ta thy rng :  Nu   v    l  hai s thc th sin sin =  

khi v  ch khi c s nguyn k  2k = +   hoc 

2k =   +  ,  k   Z.  

V d 2.  Tm s x tho mn ph ng trnh sin(2 ) sin
5 5

x x
   = + 

 
.  

Gii 

sin 2 sin
5 5

x x
    

 = +   
   

   

2 2
5 5

2 2
5 5

x x k

x x k

   = + + 


    =   + +    

 

           
2

2
5

3 2

x k

x k


= + 


=  + 

   

2
2

5
2

3 3

x k

x k

 = + 


  = + 

 

Vy cc s x cn tm l   
2

2
5

x k


= +   v  
2

3 3
x k

 
= + ,  k   Z.    

H4  Gii ph ng trnh sin 2 sinx x= .   

2.  Ph ng trnh cosx  =  m  

Xt ph ng trnh  

    cos x  = m,          (II)  

trong  m  l  mt s cho tr c.  Hin nhin ph ng trnh (II)  xc nh vi mi 

x   R.  D thy rng :  

Khi |  m  |  > 1 ,  ph ng trnh (II)  v nghim.  

Khi |  m  |    1 ,  ph ng trnh (II)  lun c 

nghim.   tm tt c cc nghim ca (II),  

trn trc csin ta ly im H sao cho OH  = m.  

Gi (l )  l  ng thng i qua H v  vung gc 

vi trc csin (h.  1 .21 ).  
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Do m    1  nn  ng thng (l )  ct  ng trn l ng gic ti hai im M1  

v  M2.  Hai im ny i xng vi nhau qua trc csin (chng trng nhau nu 

m  = 1).  Ta thy s o ca cc gc l ng gic (OA,  OM1) v (OA,  OM2) 

l  tt c cc nghim ca (II).  Nu   l  s o ca mt gc trong chng, 

ni cch khc,  nu   l  mt nghim ca (II)  th cc gc  c cc s o l  

  + k2  v    + k2.  Vy ta c 

Nu   l mt nghim ca ph ng trnh (II), ngha l cos  = m  th 

  cos x  = m      
2 ,

2 .

x k

x k




= + 
 =  + 

            (IIa)  

 

H5  Gii ph ng trnh sau :  cos x  =    
2
.

2
      

Ch  

1 ) c bit,  khi m    { 0 ;  1} ,  cng thc (IIa) c th vit gn 
nh  sau  

    cos x  = 1      x = k2,   

    cos x  = 1      x =   + k2,   

    cos x  = 0     x = 
2

 + k.  

2)  D thy rng vi mi s m  cho tr c m  |  m  |    1 ,  ph ng trnh 

cos x  = m  c ng mt nghim nm trong on [0 ;  ] .  Ng i ta 

th ng k hiu nghim  l  arccosm  (c l  c-csin m).  Khi  

    cos x  = m     
arccos 2 ,

arccos 2 .

x m k

x m k

= + 
 =  + 

 

m  cng th ng  c vit l   x =   arccosm  + k2.  

3)  T (IIa) ta thy rng :  Nu   v    l hai s thc th cos cos =  

khi v ch khi c s nguyn k  2k = +   hoc 2k =  +  , 

k   Z.   
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Hnh 1 .22  

H6  Hy gii ph ng trnh cos(2 1) cos(2 1)x x+ =  .  

3.  Ph ng trnh tan x  =  m  

Cho m  l  mt s tu .  Xt ph ng trnh  

  tan x  = m.     (III)  

iu kin xc nh (KX) ca ph ng 

trnh (III)  l  cos x    0.  

Ta  bit,  khi x thay i,  tan x nhn mi 

gi tr t   n +.  Do  ph ng trnh 
(III)  lun c nghim.   tm tt c cc 
nghim ca (III),  trn trc tang, ta ly 

im T sao cho AT  = m.   ng thng OT 

ct  ng trn l ng gic ti hai im M1  

v  M2  (h.  1 .22).  Ta c 

tan(OA,  OM1)  = tan(OA,  OM2)  = AT  = m.  

Gi s o ca mt trong cc gc l ng gic (OA,  OM1)  v  (OA,  OM2)  l   ;  

ni cch khc,    l  mt nghim no  ca ph ng trnh (III).  Khi ,  cc 

gc l ng gic (OA,  OM1)  v  (OA,  OM2)  c cc s o l    + k.   l tt c 

cc nghim ca ph ng trnh (III)  (hin nhin chng tho mn KX 
ca (III)).  Vy ta c  

Nu   l mt nghim ca ph ng trnh (III), ngha l tan  = m  th 

   tan x  = m      x =   + k.     (IIIa)  

V d 3.  Gii cc ph ng trnh sau :  

1 )   tan x  = 1  ;      2)  tan 3
3
x
= .     

Gii 

1 )   V 1  = tan
4
 

 
 

 nn 

   tan x  = 1      x = 
4

 + k.  



 26 

2)   Gi   l  mt s m  tan  = 3.  Khi  

   tan 3
3
x
=     

3
x

k= +     3 3 .x k= +   

(C th tm  c mt s   tho mn tan  = 3  bng cch tra bng s hoc 
dng my tnh b ti.  C th l      1 ,249).        

Ch  

1)  D thy rng vi mi s m  cho tr c,  ph ng trnh tan x = m  c 

ng mt nghim nm trong khong ;
2 2
   

 
.  Ng i ta th ng k 

hiu nghim  l  arctanm  (c l  c-tang m).  Khi  

    tan x  = m      x =  arctanm  + k.  
2)  T (IIIa) ta thy rng :   Nu   v    l  hai s thc m  tan,  tan  
xc nh th  tan  = tan  khi v  ch khi c s nguyn k  

k = +  .   

H7  Gii ph ng trnh tan 2 tan .x x=  

4.  Ph ng trnh cot x  =  m  

Cho m  l  mt s tu ,  xt ph ng trnh  

     cot x  = m.        (IV) 

KX ca ph ng trnh (IV) l  sin x    0.  T ng t nh  i vi ph ng trnh 
tan x  = m,  ta c 

Nu   l mt nghim ca ph ng trnh (IV), ngha l cot  = m  th 

   cot x  = m      x =   + k.          (IVa) 

V d 4.  Gii cc ph ng trnh sau :  

1 )  cot x  = 
1
3
 ;      2)  cot 3x = 1 .  

Gii 

1 )  Gi   l  mt s m  cot  = 
1
3
,  tc l  tan  = 3  (chng hn, bng bng s 

hoc my tnh b ti,  ta tm  c     1 ,249).  Khi  

    cot x  = 
1
3
     x =   + k.  
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2)  cot3x = 1     cot3x = cot
4

    3x = 

4

 + k      x = 

12


 + k
3

.    

ch  

D thy rng vi mi s m  cho tr c,  ph ng trnh cot x  =  m  c 

ng mt nghim nm trong khong (0 ;  ).  Ng i ta th ng k 
hiu nghim  l  arccotm  (c l  c-ctang m)  Khi  

   cot x  = m      x =  arccotm  + k.  

H8  Gii ph ng trnh 
2 1 1

cot tan
6 3

x + 
=  

 
 

5.  Mt s iu cn l u  

1) Khi  cho s m,  ta c th tnh  c cc gi tr arcsinm ,  arccosm  (vi |  m |   1), 

arctanm  bng my tnh b ti vi cc phm 1sin ,  1cos  v 1tan  (xem 

b i c thm  trang 30).  

2)  arcsinm ,  arccosm  (vi |  m  |    1 ),  arctanm  v  arccotm  c gi tr l  nhng 

s thc.  Do  ta vit,  chng hn arctan1  = 
4

 m  khng vit arctan1  = 45o.  

3)  Khi xt cc ph ng trnh l ng gic ta  coi n s x l  s o raian ca 

cc gc l ng gic.  Trn thc t,  ta cn gp nhng bi ton yu cu tm s o 

 ca cc gc (cung) l ng gic sao cho sin (csin, tang hoc ctang) ca 

chng bng s m  cho tr c chng hn 
3

sin( 20 )
2

x + = o  Khi gii cc 

ph ng trnh ny (m  lm dng ngn ng, ta vn gi l gii cc ph ng trnh 

l ng gic),  ta c th p dng cc cng thc nu trn v  l u  s dng k hiu 

s o  trong "cng thc nghim" cho thng nht, chng hn vit x = 30o + k360o 

ch khng vit x = 30o  + k2.  

Tuy nhin, ta quy c rng nu khng c gii thch g thm hoc trong 
ph ng trnh l ng gic khng s dng n v o gc l   th mc nhin n 
s l  s o raian ca gc l ng gic.  

V d 5.  Gii ph ng trnh  sin(x + 20o)  = 
3
2
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Gii 

V  
3

2
 = sin60o  nn 

sin(x + 20o)  = 
3

2
    sin(x + 20o)  = sin60o  

       
o o o

o o o o

20 60 360

20 180 60 360

 + = +

 + =  +

x k

x k


o o

o o

40 360

100 360

 = +

 = +

x k

x k
  

H9  Gii cc ph ng trnh sau :  

1)   cos(3x   15o)  =  
2

2
  ;     2)   tan 5x =  tan 25o.  

Cu hi  v  b i  tp 

14.  Gii cc ph ng trnh sau :  

a)  sin 4x =  sin
5


 ;       b)  sin

5

x +  
 
 

 = 
1

2
 ;  

c)  cos
2

x
 = cos 2  ;     d)  cos

18
x

 + 
 

 = 
2

5
  

15.  a) V  th ca hm s siny x=  ri ch ra trn  th  cc im c honh 

 thuc khong ( ); 4   l  nghim ca mi ph ng trnh sau  

1 )  sin x  = 
3

2
 ;      2)  sin x  = 1  ;  

b)  Cng cu hi t ng t cho hm s cosy x=  i vi mi ph ng trnh sau  

1 )  cos x  = 
1

2
 ;      2)  cos x  = 1 .   

16.  Tm nghim ca cc ph ng trnh sau trong khong  cho  

a)  sin 2x = 
1

2
  vi  0 < x <   ;  

b)  cos(x   5)  = 
3

2
 vi    < x < .   
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17.  S gi c nh sng mt tri ca mt thnh ph A   v  40o  bc trong ngy 

th t ca mt nm khng nhun  c cho bi hm s  

 d(t)  = 3  sin ( )80
182

t
   

 + 12  vi  t   Z  v  0 < t   365.  

a)  Thnh ph A  c ng 12 gi c nh sng mt tri vo ngy no trong nm ? 

b) Vo ngy no trong nm th thnh ph A  c t gi c nh sng mt tri nht ? 

c)  Vo ngy no trong nm th thnh ph A  c nhiu gi c nh sng mt 
tri nht ?  

18.  Gii cc ph ng trnh sau  

a)  tan 3x = tan
3

5


 ;      b)  tan(x   1 5o)  = 5  ;  

c)  tan(2x   1 )  = 3  ;     d)  cot 2x = cot
1

3
  
 

 ;  

e)  cot o20
4

x + 
 

 =  3  ;    f)  cot 3x = tan
2

5


   

19.  a)  V  th ca hm s tany x=  ri ch ra trn  th  cc im c honh 

 thuc khong ( ; )   l  nghim ca mi ph ng trnh sau  

1 )   tan x  = 1  ;      2)  tan x  = 0 ;  

b)  Cng cu hi t ng t cho hm s coty x=  v  cho mi ph ng trnh sau   

1 )   cot x  = 
3

3
 ;       2)  cot x  = 1 .  

20.  Tm nghim ca cc ph ng trnh sau trn khong  cho  

a)  tan(2x   1 5o)  = 1   vi  180o < x < 90o ;  

b)  cot 3x = 
1

3
  vi  

2


 < x < 0.  

21.  Khi gii ph ng trnh tan x  =  3 ,  bn Ph ng nhn thy  3  = tan
3

  
 

 

v  vit  

 tan x  =  3     tan x  = tan
3

  
 

      x = 
3


 + k.  
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Cng ph ng trnh ,  bn Quyn ly  3  = tan
2

3


 nn gii nh  sau :  

  tan x  =  3     tan x  = tan
2

3


      x = 

2

3


 + k.  

Theo em, ai gii ng, ai gii sai ?  

22.   Tnh cc gc ca tam gic ABC,  bit AB  = 2 cm, AC  = 3 cm v   ng cao 

AH = 1 cm.  (Gi  :  Xt tr ng hp B,  C  nm khc pha i vi H v  tr ng 

hp B,  C  nm cng pha i vi H ).   

 

dng my tnh b ti   tm mt gc  
khi  bit mt gi tr  l ng gic ca n 

Cc phm sin
1 ,  cos

1  v  tan
1  ca my tnh  b ti  CASIO fx - 500MS  c dng   

tm s o ( hoc raian)  ca mt gc khi  bit mt trong cc gi tr  l ng  gic ca 
n.  Mun th i  vi  my tnh  CASIO fx - 500MS ta thc hin  hai  b c sau  :  

B c 1.  n nh  n  v  o gc ( hoc raian).   

Mun tm s o ,  ta n  MODE   MODE   MODE    l  .  Lc ny dng trn  cng ca 
mn hnh  xut hin  ch nh D.  

Mun tm s o raian,  ta n  MODE   MODE   MODE    2  .  Lc ny dng trn cng ca 
mn hnh  xut hin  ch nh R .  

B c 2.  Tm s o gc.  

Khi  bit sin,  csin  hay tang  ca gc   cn  tm bng m,  ta ln  l t n  phm SHIFT ,  v  

mt trong cc phm sin
1 ,   cos

1 ,  tan
1 ,  ri  nhp gi tr  l ng gic m  v  cui  cng n  

phm  =  .  Lc ny,  trn  mn hnh cho kt qu l  s o ca gc   ( hay raian  tu 
theo b c 1 ).   

Ch  

1 )    ch  s o raian,  cc phm sin
1 ,  cos

1  cho kt qu (khi  1m  )  l  

arcsinm ,  arccos m  ;  phm tan
1  cho kt qu l  arctanm.  

2)   ch  s o ,  cc phm sin
1  v  tan

1  cho kt qu l  s o gc  t 

90o  n 90o
 
;  phm cos

1  cho kt qu l  s o gc   t 0o  n 180o.  Cc 

kt qu y  c hin th d i  dng s thp phn,  chng hn 7,065272931o.  
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V d 1 .   tm s o  ca gc   khi  bit sin  =    0,5 ,  ta ln  l t n   

MODE   MODE   MODE   1   SHIFT   sin
1   0,5    =   .  

 
           B c 1    B c 2 

Trn mn hnh  hin  kt qu 30,  ngha l    =  30o.  

V d 2.   tm s o  ca gc   khi  bit sin  =  0,123 ,  ta ln  l t n   

MODE   MODE   MODE   1   SHIFT   sin
1   0,123    =   .  

 

         B c 1     B c 2 

Trn mn hnh  hin  kt qu 7.065272931 ,  ngha l      7,065272931 o.  Mun  a kt 
qu ny v dng -pht-giy,  ta n  tip 

SHIFT   O     

 Trn mn hnh  hin  kt qu 7 3 54.98,  ngha l      7o3 '54,98"    7o3 '55".  

V d 3.   tm s o raian ca gc   khi  bit tan  =  3    1 ,  ta ln  l t n   

MODE   MODE   MODE    2    SHIFT   tan
1

   (   3      1    )    =  .  

 

          B c 1     B c 2 

Trn mn hnh hin kt qu 0.631914312,   l  gi tr  gn ng ca arctan( 3 1).   

Luyn tp  

23.  Tm tp xc nh ca mi hm s sau :  

a)  y  = 
1 cos

2 sin 2

x

x



+

 ;      b)  y  = 
sin( 2)

cos 2 cos
x

x x




 ;  

c)  y  = 
tan

1 tan
x

x+
 ;      d)  y  = 

1

3 cot 2 1x



+

 

24.  Gi s mt con tu v tr  c phng ln t mi Ca-na-v-ran (Canaveral)  
 M.  N chuyn ng theo mt qu o  c m t trn mt bn  phng 
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Hnh 1 .24 

(quanh  ng xch o) ca mt t 
nh   hnh 1 .23  :  im M m t cho 
con tu,  ng thng  m t cho 
 ng xch o.  Khong cch h  
(kilmet) t M n    c tnh theo 

cng thc h  = ,d  trong  

d = 4000 cos ( )10
45

t
 

  
,  

vi t (pht)  l  thi gian tri qua k t khi con tu i vo qu o, d > 0 nu M 

 pha trn ,  d < 0 nu M  pha d i .  

a) Gi thit rng con tu i vo qu o ngay t khi phng ln ti mi Ca-na-v-ran 

(tc l ng vi t = 0).  Hy tnh khong cch t im C  n  ng thng , trong 
 C  l  im trn bn  biu din cho mi Ca-na-v-ran.  

b)  Tm thi im sm nht sau khi con tu i vo qu o  c d = 2000.  

c)  Tm thi im sm nht sau khi con tu i vo qu o  c d = 1236.  

(Tnh chnh xc cc kt qu n hng phn nghn).  

25.  Mt chic gung n c c dng hnh trn bn 

knh 2,5m ;  trc ca n t cch mt n c 

2m (h.  1 .24).  Khi gung quay u, khong 

cch h  (mt)  t mt chic gu gn ti im A  

ca gung n mt n c  c tnh theo cng 

thc h  = | y | ,  trong  

  y  = 2 + 2,5  sin
1

2
4

x
     

  
,  

vi x l thi gian quay ca gung (x   0),  tnh bng pht ;  ta quy c rng y  > 0 
khi gu  bn trn mt n c v  y  < 0 khi gu  d i n c (xem b i c thm  
v dao ng iu ho  trang 15).  Hi :   

a)  Khi no th chic gu  v tr thp nht ?  

b)  Khi no th chic gu  v tr cao nht ?  

c)  Chic gu cch mt n c 2m ln u tin khi no ? 

26.  Dng cng thc bin i tng thnh tch, gii cc ph ng trnh sau :  

a)  cos 3x = sin 2x ;     b)  sin(x   1 20o)    cos 2x = 0.  

 

 

 

 

 

 

Hnh 1 .23 
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1.  Ph ng trnh bc nht v  bc hai i vi mt hm s l ng gic 

Trong mc ny, ta xt cc ph ng trnh c dng nh  :  3 tan 2 3 0x + =  

(ph ng trnh bc nht i vi tan 2x ),  hay 22 sin 5 sin 3 0x x+  =  

(ph ng trnh bc hai i vi sin x ),  . . .  .  

 gii cc ph ng trnh dng ny,  ta chn mt biu thc l ng gic thch 
hp c mt trong ph ng trnh lm n ph v  quy v ph ng trnh bc nht 
hoc bc hai i vi n ph  (c th nu hoc khng nu k hiu n ph).  

a) Ph ng trnh bc nht i vi mt hm s l ng gic 

V d 1.  Gii cc ph ng trnh sau :  

1 )  3 tan 2x + 3  = 0 ;     2)  o 2 ocos ( 30 ) 2 cos 15 1 .x + + =  

Gii 

1 )  3 tan 2x + 3  = 0   tan 2x = 
3

3
   tan 2x =  3    tan 2x = tan

3

 
 

 
  

           2x = 
3


 + k      x = 

6


 + k

2


.  

2)    rng :  2 o o o1 2 cos 15 cos 30 cos150 =  = ,  ta c 
o 2 ocos ( 30 ) 2 cos 15 1x + + =    o 2 ocos ( 30 ) 1 2 cos 15x + =   

  o ocos ( 30 ) cos150x + =    
o o

o o

30 150 360

30 150 360

x k

x k

 + = +

 + =  +

o

o

 

  
o

o

120 360

180 360 .

x k

x k

 = +

 =  +

o

o

 

Vy ph ng trnh  cho c cc nghim l  o o120 360x k= +  v  
o o180 360x k=  +  (ring h nghim th hai cng c th vit l 

o o180 360x k= + ).            

3
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b) Ph ng trnh bc hai i vi mt hm s l ng gic 

V d 2.  Gii cc ph ng trnh sau :  

1 )  2sin
2
x + 5sin x    3  = 0  ;    2)  2cot 3 cot 3 2 0.x x  =  

Gii 

1 )  t sin x  = t (vi |  t |    1 ),  ta  c ph ng trnh 2t
2
 + 5t   3  = 0.  Ph ng 

trnh ny c hai nghim l  t1  = 3  v  t2  = 
1

2
,  trong  t1  b loi do khng tho 

mn iu kin |  t |    1 .  Do   

  2sin
2
x + 5sin x    3  = 0     sin x  = 

1

2
 

          sin x  = sin
6


    

2 ,
6

5
2 .

6

x k

x k

 = + 


 = + 

 

Vy ph ng trnh  cho c cc nghim 2
6

x k


= +   v  
5

2 .
6

x k


= +   

2)  t cot 3x t= ,  ta c ph ng trnh 2 2 0.t t  =  Ph ng trnh ny c hai 

nghim l  1t =   v  2t = .  Do  

  2cot 3 cot 3 2x x   = 0    
cot 3 1,

cot 3 2.

x

x

= 
 =

 

  

3
3

4

3 arccot 2


= + 


= + 

x k

x k

    
4 3

1
arc cot 2

3 3

x k

x k

  = +


 = + 

 

Vy ph ng trnh  cho c cc nghim l  

   
4 3

x k
 

= +  v  
1
arccot 2

3 3


= + x k      

H1  Gii ph ng trnh 4cos2x   2 ( )1 2+ cos x  +  2  =  0.  

V d 3.  Gii ph ng trnh 2cos 2x + 2cos x    2  = 0.  
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Gii 

2cos 2x + 2cos x    2  = 0     2(2cos
2x   1 )  + 2cos x    2  = 0 

   4cos
2x + 2cos x    (2 + 2 )  = 0     

2
cos ,

2

1 2
cos

2

x

x


=


 +

=  

 

   cos x  = 
2

2
    cos x  = cos

4


   x = 

4


 + k2  

(ph ng trnh  cos x  = 
1 2

2

+
  v nghim v 

1 2
1

2

+
 <  ).  

Kt lun :  Ph ng trnh  cho c cc nghim l  x = 
4


 + k2.     

H2  Gii ph ng trnh 5tan x   2cot x   3  =  0  ri biu din cc nghim trn 

 ng trn l ng gic.  

2.  Ph ng trnh bc nht i vi sin x  v  cosx  

Trong mc ny, chng ta s nghin cu cch gii cc ph ng trnh dng 

    a sinx + b cosx = c,  

trong  a,  b  v  c  l  nhng s  cho vi a  khc 0 hoc b  khc 0.  Chng  c 

gi l  ph ng trnh bc nht i vi  sin x  v  cos x .  

H3  S dng ng thc sinx + cosx  = 2 sin
4

x
 

+ 
 

,  hy gii ph ng trnh sinx + cos x = 1 .  

 gii ph ng trnh asin x  + b cos x = c (a,  b khc 0)  ta bin i biu thc 

asin x + b cos x thnh dng C sin(x + )  hoc dng C cos(x + )  (C, ,    
l  nhng hng s) .  

V d 4.  Gii ph ng trnh 

    3 sin cos 1x x = .          (1 )  
Gii 

Ta c 

 3 sin cosx x  = 
3 1

2 sin cos 2 sin cos cos sin
2 2 6 6

x x x x
     =    
   

 

                             = 2 sin
6

x
  

 
.  
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Hnh 1 .25

Vy (1 )     sin
6

x
 

 
 

 = 
1

2
    sin

6
x

  
 

 = sin
6


   

       
2

6 6

5
2

6 6

x k

x k

   = + 


   = + 

     
2 ,

3

2 .

x k

x k

 = + 


=  + 

      

Mt cch tng qut ta c th bin i biu thc asin x  + b cos x  =  c  (a  v  b  

khc 0)  thnh dng  Csin(x + )  =  c  nh  sau :  

a sin x + b cos x  = 2 2

2 2 2 2
sin cos

a b
a b x x

a b a b

 
 + +
 + + 

.  

Do  

2 2

2 2 2 2

a b

a b a b

   
   +
   + +   

 = 1 ,  

nn im M vi to  

2 2 2 2
;

a b

a b a b

 
 
 + + 

 nm 

trn  ng trn l ng gic 

(xem cch dng im M trong 

hnh 1 .25).  

Vy c s    cos  = 
2 2

a

a b+
   v     sin  = 

2 2

b

a b


+

  

T  ta c 

asin x  + bcos x  = 2 2
a b+  (cos  sin x  + sin  cos x)  = 2 2 sin( ).a b x + +  

Bng cch bin i nh  th,  vic gii ph ng trnh asin x  + bcos x  =  c  c 

 a v gii ph ng trnh l ng gic c bn sin(x + )  = 
2 2

c

a b


+
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Ch  

Nu  trong php bin i trn, ta chn s    
2 2

sin
a

a b
 =

+
,  

2 2
cos

b

a b
 =

+
 th ta c  

   asin x  + b cos x  = 2 2 cos( )a b x +  .   

V d 5.  Gii ph ng trnh  

    2sin 3x + 5 cos 3x = 3.                      (2)  

Gii 

Ta c 

  2sin 3x + 5 cos 3x = 2 2 2 5
2 ( 5) sin 3 cos 3

3 3
x x

 
+ +  

 
 

          = 3(sin sin 3 cos cos 3 ),x x +  

trong  sin  = 
2

3
  v   cos  = 

5

3
.  

Do      (2)      3cos(3x   )  = 3       cos(3x   )  = 1  

      3x     =   + k2        x = 
2

3 3
k

 +  
+ .    

H4   Vi gi tr no ca m  th ph ng trnh 2sin3x +  5 cos 3x =  m  c nghim ? 

3.  Ph ng trnh thun nht bc hai i vi sinx  v  cosx  

Trong mc ny, chng ta s nghin cu cch gii ph ng trnh dng 

    asin2x + b sinx cosx + c cos2x = 0,  

trong  a,  b  v  c  l  nhng s  cho,  vi a    0 hoc b    0 hoc c    0.  Chng 

 c gi l  ph ng trnh thun nht bc hai i vi  sin x  v  cos x.  

 gii ph ng trnh dng ny,  ta chia hai v cho 2cos x  (vi iu kin 

cos 0x  )    a v ph ng trnh i vi tan x ,  hoc chia hai v cho 2sin x  

(vi iu kin sin 0x )    a v ph ng trnh i vi cot x .  
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V d 6.  Gii ph ng trnh  

   4sin2x   5sin x cos x    6cos2x = 0.              (3)  

Gii 

Khi cos x  = 0 th sin x  = 1  nn d thy cc gi tr ca x m  cos x  = 0 khng 
phi l  nghim ca (3).  

Vy chia hai v ca (3)  cho cos2x ,  ta  c ph ng trnh t ng  ng 

    
2

2

sin sin
4 5 6 0.

coscos

x x

xx
  =  

Do  

  (3)       4tan2x   5tan x    6 = 0    
tan 2,

3
tan

4

x

x

=

 = 


 

     

arctan 2

3
arctan .

4

x k

x k

= + 


  =  +    

 

Vy cc nghim ca ph ng trnh (3) l  

   x = arctan2 + k   v   x = arctan
3
4

 
 

 
 + k.     

H5  Gii ph ng trnh (3)  bng cch chia hai v cho sin2x.  

Nhn xt 

1 ) Ph ng trnh 2 2sin sin cos cos 0a x b x x c x+ + =  khi 0a =  hoc 0c =  

c th  c gii gn hn bng cch  a v ph ng trnh tch.  Chng hn, i 

vi ph ng trnh 23 sin sin cos 0, =x x x  ta c 

      23 sin sin cos 0x x x =    sin ( 3 sin cos ) 0. =x x x  

2)  i vi ph ng trnh 

 a sin2x + b sin x  cos x  + c cos2x = d (a,  b,  c,  d   R,  a2  + b2  + c2    0)  (4)  

ta c th quy v gii ph ng trnh thun nht bc hai i vi sin x v  cos x 

bng cch vit d d i dng d = 2 2(sin cos )+d x x .  
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Chng hn, i vi ph ng trnh 2sin2x  5sinx cosx  cos2x = 2, ta c th 
lm nh  sau :  

  2sin2x  5sin x cos x   cos2x = 2 

       2sin2x  5sin x cos x   cos2x = 2 (sin2x + cos2x)  

       4sin2x  5sin x cos x  + cos2x = 0.  

Ngoi ra ta cng c th quy ph ng trnh (4)  v ph ng trnh bc nht i vi 
sin2x v cos2x bng cch s dng cc cng thc h bc v cng thc nhn i :  

 2sin2x = 1    cos 2x,    2cos2x = 1  + cos 2x,    2sin x cos x  = sin 2x.  

Chng hn, 

  2sin2x   5sinx cosx   cos2x = 2 

       (1    cos 2x)    
5
2
 sin2x   

1
2
 (1  + cos 2x)  = 2 

       3cos 2x + 5sin 2x = 5.  

H6  Gii ph ng trnh sin2x   3 sin x cos x  +  2cos2x = 1  bng hai cch  nu trn.  

4.  Mt s v d khc 

Thc t,  chng ta cn gp nhiu ph ng trnh l ng gic m  khi gii cn 
phi thc hin cc php bin i l ng gic thch hp   a chng v cc 
ph ng trnh dng quen thuc.  Trong mc ny, chng ta ch nu mt s v d 
n gin.  

V d 7.  Gii ph ng trnh  

    sin 2x sin 5x = sin 3x sin 4x.        (4) 
Gii 

S dng cng thc bin i tch thnh tng, ta c 

   (4)       
1
2
(cos3x   cos7x)   = 

1
2
(cos x    cos 7x)  

       cos 3x = cos x      3x = x + k2      
,

2

x k

x k

= 
  = 


 

Kt lun  :  Ph ng trnh  cho c cc nghim l x k=   v  
2

x k


=   (D 

thy h nghim 
2

x k


=  bao gm c h nghim x k=   nn c th ni 

ph ng trnh (4) c cc nghim l x = k
2

).         
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V d 8.   gii ph ng trnh 

    sin2x + sin23x = 2sin22x,                 (5)  

ta c th s dng cng thc h bc v  cng thc bin i tng thnh tch.   

C th ta c 

  (5)      
1 cos 2 1 cos 6

2 2

x x 
+   = 1    cos 4x 

      cos 2x + cos 6x = 2cos 4x    2cos 4x cos 2x   2cos 4x = 0 

      2cos 4x (cos 2x   1 )  = 0.                (6)  

H7  Gii tip ph ng trnh (6)  ri kt lun v nghim ca ph ng trnh (5).  

Ch  rng khi gii ph ng trnh l ng gic, ta cn l u  n iu kin xc 
nh ca n  loi b cc nghim ngoi lai.  

V d 9.  Gii ph ng trnh tan 3x = tan x.  

Gii 

Vi iu kin cos 3x   0 v cos x    0,  ta c  

   tan 3x = tan x      3x = x + k      x = k
2


  

 l  nghim ca ph ng trnh  cho, cc 

gi tr 
2

k

 ca x cn phi tho mn cc iu 

kin cos 3x   0 v  cos x    0.   kim tra cc 
iu kin ny,  ta c th lm nh  sau :  Cc 

gi tr x = k
2


 gm c bn h (h.  1 .26) :  

(A)  :  x = k2    (ng vi im A  )  ;    

(B)  :  x = 
2


 + k2   (ng vi im B)  ;   

(A')  :  x =   + k2   (ng vi im A ')  ;      

(B')  :  x =   
2


 + k2   (ng vi im B').  

Bng cch th trc tip,  d thy cc h (A)  v (A ')  tho mn, cn (B)  v 
(B')  khng tho mn cc iu kin cos 3x   0 v cos x    0.  Vy ph ng trnh 
tan 3x = tan x  c cc nghim l x =   + k2  v  x = k2  (hay cn c th vit 
gn l  x = k).             

H8  Gii ph ng trnh cot 2 cot .
2

x x
 

= + 
 

       

 

 

 

 

 

 

 

 

Hnh 1 .26 
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Hnh 1 .27 

Cu hi  v  b i  tp 

27.  Gii cc ph ng trnh sau :  

a)  2cos x   3  = 0 ;       b)  3 tan 3x  3  = 0 ;  

c)  (sin x  + 1 )(2cos 2x  2 )  = 0.   

28.  Gii cc ph ng trnh sau :  

a) 2cos2x  3cos x  + 1  = 0 ;    b)  cos2x + sin x  + 1  = 0 ;  

c)  3 tan2x  (1  + 3 )tan x  + 1  = 0.   

29.  Gii cc ph ng trnh sau trn khong  cho ri dng bng s hoc my tnh 
b ti  tnh gn ng nghim ca chng (tnh chnh xc n hng phn 

trm) :  

a)  3cos 2x + 10sin x  + 1  = 0 trn ;
2 2

  
 
 

 ;  

b)  4cos 2x + 3  = 0 trn 0 ;
2

 
 
 

 ;     

c)   cot2x  3cot x  1 0 = 0 trn (0 ;  )  ;  

d)  5   3tan 3x = 0 trn ;
6 6

  
 
 

.   

30.  Gii cc ph ng trnh sau :  

a)  3cos x  + 4sin x  = 5  ;  

b)  2sin 2x  2cos 2x = 2  ;  

c)  5sin 2x  6cos2x = 13.    

31.  Mt vt nng treo bi mt chic l xo, 

chuyn ng ln xung qua v tr cn bng 

(h.  1 .27).  Khong cch h  t vt  n v 

tr cn bng  thi im t giy  c tnh 

theo cng thc h  = |  d |  trong  

  d = 5sin 6t  4cos 6t,  
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vi d  c tnh bng xentimet,  ta quy c rng d > 0 khi vt  pha trn v tr 
cn bng, d < 0 khi vt  pha d i v tr cn bng.  Hi :  

a)   vo thi im no trong 1  giy u tin, vt  v tr cn bng ? 

b)  vo thi im no trong 1  giy u tin, vt  xa v tr cn bng nht ?  

(Tnh chnh xc n 
1

100
 giy).  

32.  Tm gi tr ln nht v gi tr nh nht ca mi biu thc sau :  

a)  asin x  + bcos x  (a  v  b  l hng s,  a2  + b2    0)  ;  

b)  sin2x + sin x cos x  + 3cos2x ;  

c)  Asin2x + Bsin x  cos x   + Ccos2x (A,  B  v  C  l hng s).   

33.  Gii cc ph ng trnh sau :  

a)  2sin2x + 3 3 sin x  cos x    cos2x = 4 ;  

b)  3sin2x + 4sin 2x + (8 3   9)cos2x = 0 ;  

c)  sin2x + sin 2x   2cos2x = 
1

2
  

34.  S dng cng thc bin i tng thnh tch hoc tch thnh tng  gii cc 

ph ng trnh sau :  

a)  cos x  cos 5x = cos 2x cos 4x ;    b)  cos 5x sin 4x = cos 3x sin 2x ;  

c)  sin 2x + sin 4x = sin 6x ;    d)  sin x  + sin 2x = cos x  + cos 2x.  

35.  Dng cng thc h bc  gii cc ph ng trnh sau :  

a)  sin24x + sin23x = sin22x + sin2x ;  

b)  cos2x + cos22x + cos23x + cos24x = 2.  

36.  Gii cc ph ng trnh sau :  

a)  tan
2

x
 = tan x  ;     b)  otan (2 10 ) cot 0x x+ + = ;  

c)  (1    tan x )(1  + sin 2x)  = 1  + tan x  ;  d)  tan x  + tan 2x = sin 3x cos x  ;  

e)  tan x  + cot 2x = 2cot4x.  
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Bt ph ng trnh l ng gic 

  Tr c ht,  ta xt bi  ton sau  :  

Hng ngy,  mc n c ca mt con knh ln xung theo thu triu.   su h  (mt)  

ca mc n c trong knh tnh theo thi gian t (gi)  trong mt ngy (0    t <  24)  cho 
bi cng thc 

 h  = 3cos 1
6

t 
+ 

 
 + 12.   

Hi tu ln c th qua li trn knh 

trong khong thi gian no trong 

ngy,  bit rng tu ln ch c th i 

 c qua knh khi  su ca n c 

l  trn 11  mt ? 

 gii  b i  ton  ny,  ta phi  tm cc gi tr  ca t (0    t <  24)  tho mn 

   3cos 1
6

 
+ 

 

t
 + 12 > 11 .        (1 )  

Nh  vy,  ta phi  gii  bt ph ng trnh  (1 ).   l  mt bt ph ng trnh  l ng  gic.  

D thy (1 )  t ng  ng vi  bt ph ng trnh  cos 1
6

 
+ 

 

t
 >  

1

3
  ;  v  nu t 

x =  1
6

t
+  th  bt ph ng trnh  ny c dng 

    cosx >  
1

3
          (2) 

  Ni  chung,  vic gii  mt bt ph ng trnh  l ng  gic  c quy v gii  cc bt 

ph ng trnh  l ng gic c mt trong cc dng  

   f(x)  < m,  f(x)    m,  f(x)  >  m,  f(x)    m,           (3)  

trong  m  l  mt s cho tr c,  f(x)  l  sinx,  cosx,  tanx hoc cotx.  Cc bt ph ng 

trnh  ny gi  l  cc bt ph ng trnh l ng gic c bn .  

  Da vo tnh  cht tun  hon ca cc hm s l ng  gic,  ta c th gii  mt bt 
ph ng trnh  l ng  gic c bn  dng  (3)  theo hai  b c sau  :   

  B c 1 .  Tm nghim ca bt ph ng trnh  trn  mt on bt k no ,  ch cn 

on  c  di  bng chu  k ca hm s y  =  f(x) .  B c ny c th thc hin  bng 

cch s dng  th  hoc  ng trn  l ng gic (xem v d  1 ).  
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  B c 2.  M rng kt qu ln  ton trc s bng cch tnh  tin  min nghim thu  

 c  b c 1  sang phi,  sang tri  nhng on c  di  bng bi  nguyn d ng 

ca chu  k.  B c ny c th tin  hnh da vo nhn  xt sau  :   

Cho y = f(x)  l  hm s tun hon vi chu k T.  Nu bt ph ng trnh f(x) <  m  (hoc 

f(x) >  m,  f(x)    m,  f(x)   m)  nghim ng vi mi x thuc khong (a ;  b)  th bt 

ph ng trnh  cng nghim ng vi mi x  thuc mi khong (a + kT ;  b + kT) ,  

k    Z.  

V d 1 .  Gii  bt ph ng trnh  
     tan x < 1 .        (4)  

Ph ng php gii  nh  sau  :  

B c 1 .  Hm s y  =  tan x  l  hm s tun  hon vi  chu  k   nn  tr c ht ta tm 

nghim ca (4)  trn mt on c  di  ,  chng hn trn on ;
2 2

  
 

 
.  C hai cch :  

Cch 1  (s dng   th).  Trn cng mt mt phng to ,  ta v  th   ca hm s  

y  =  tan x  trn  on ;
2 2

  
 

 
 v   ng thng y  = 1  (h.  1 .28).  T ,  d thy trn 

on y,  bt ph ng trnh  tanx <  1  c nghim  l    

    
2


 < x  <  .

4


          (5)  

 

 

 

 

 

 

 

 

 
 

   Hnh 1 .28         Hnh 1 .29 

Cch 2 (s dng  ng trn l ng gic).  Trn trc tang,  chn im D  sao cho AD  = 1 .  

 ng thng OD  ct  ng trn l ng gic ti  M1  v  M2  (h.  1 .29).   xc nh 

nghim ca bt ph ng trnh  trn  on ;
2 2

  
 

 
,  ta ch ch  na  ng trn  bn 

phi  trc tung.  D thy rng nghim ca bt ph ng trnh  tan x  <  1  l  s o radian 
ca cc cung l ng  gic (trn  na  ng trn ang xt)  c im cui  M thuc cung 

trn 1'B AM .  Suy ra 
2 4

x
 

 < <   
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B c 2.  S dng nhn xt trn,  ta suy ra nghim ca bt ph ng trnh  tan x  <  1  l   

    
2


 +  k  <  x <  

4


 +  k.        

V d 2.   Gii  bt ph ng trnh  (2)  :  

     cos x  >  
1

3
  

Gii  

V hm s y  =  cos x  tun hon vi  chu  k 2  nn  

tr c ht ta tm nghim ca (2)  trn  on [   ;  ] .  

Trn trc csin,  ta chn im H sao cho OH  =  
1

3
  

Gi  M1  v  M2  l  hai  giao im ca  ng trn l ng 

gic vi   ng thng i  qua H v  vung gc vi  
trc csin  (h.  1 .30).  D thy rng nghim ca 
bt ph ng trnh (2) l  s o radian ca cc cung l ng 

gic c im cui  M thuc cung trn 2 1M AM .  

Gi    l  s o raian ca cung trn 1ABM  

(0          v  cos  =  
1

3
 ;  dng my tnh,  ta tnh   c     1 ,911 ) .  Khi  ,  trn  on 

[   ;  ] ,  bt ph ng trnh  (2)  c nghim l    <  x  <  .   

M rng kt qu ny ln ton trc s,  ta  c tt c cc nghim ca (2)  l   

     +  k2  <  x  <    +  k2  (vi      1 ,911 ).       

V d  3.  Gii  bt ph ng trnh  

    sin x  >  0,5 .         (6)  

Gii 

V hm s y  =  sin x  tun hon vi  chu k 2  

nn tr c ht ta tm nghim ca (6) trn on 

[0 ;  2].  Trn on y,  bt ph ng trnh sinx > 0,5  

c nghim l  
6


 < x <  

5

6


 (h.  1 .31 ).  (C th 

s dng mt trong hai  cch nu trn  suy ra 
kt qu ny).  Do  

sin x  > 0,5      
6


 + k2  < x <  

5

6


 +  k2.   

Hnh 1 .31  

 

 

 

 

 

 

 

 

 

Hnh 1 .30 
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Hnh 1 .32

Luyn tp 

37.  Ma xun  Hi Lim (tnh Bc Ninh) th ng c tr chi u.  Khi ng i chi 
u nhn u, cy u s  a ng i chi u dao ng qua li v tr cn bng.  
Nghin cu tr chi ny, ng i ta thy khong cch h  (tnh bng mt) t 

ng i chi u n v tr cn bng (h.  1 .32)  c biu din qua thi gian t (t   0 

v  c tnh bng giy) bi h thc h  = |d |  vi d = 3cos ( )2 1
3

t
   

,  trong  

ta quy c rng d > 0 khi v tr cn bng  v pha sau l ng ng i chi u v  
d < 0 trong tr ng hp tri li.  

 

 

 

 

a) Tm cc thi im trong vng 2 giy u tin m ng i chi u  xa v tr 
cn bng nht.  

b) Tm cc thi im trong vng 2 giy u tin m  ng i chi u cch v tr 

cn bng 2 mt (tnh chnh xc n 
1

100
 giy).  

38.  Gii cc ph ng trnh  sau  :  

a)  cos2x   3sin2x = 0 ;    b)  (tan x  + cotx)2    (tan x  + cot x )  = 2 ;  

c)   sin x  + 2sin
2

x
 = 0,5.  

39.  Chng minh rng cc ph ng trnh sau y v nghim :  

a)  sin x    2cos x  = 3  ;    b)  5sin 2x + sin x  + cos x  + 6 = 0.  

H ng dn b) :  t sin x  + cos x  = t.  

40.  Tm cc nghim ca mi ph ng trnh sau trong khong  cho (khi cn tnh 

gn ng th tnh chnh xc n 
1

10
 giy) :  
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a)  2sin2x   3cos x  = 2,   0o     x    360o  ;  

b)  tan x  + 2cot x  = 3,   1 80o     x    360o.   

41.  Gii cc ph ng trnh sau :  

a)  3sin2x   sin 2x   cos2x = 0  ;  

b)  3sin22x   sin 2x cos 2x   4cos22x = 2  ;  

c)  2sin2x + (3  + 3 )sin x  cos x  + ( 3   1 )cos2x = 1 .  

42.  Gii cc ph ng trnh sau :  
a)  sin x  + sin 2x + sin 3x = cos x  + cos 2x + cos 3x ;  

b)  sin x  = 2 sin 5x   cos x  ;  

c)  
1 1 2

sin 2 cos 2 sin 4x x x
+ = ;  

d)  sin x  + cos x  = 
cos 2

1 sin 2
x

x
.  

Cu hi  v  bi  tp n tp ch ng I  

43.  Trong cc khng nh sau,  khng nh no ng, khng nh no sai ?  
a)  Cc hm s y  = sin x ,  y  = cos x  c cng tp xc nh.  
b) Cc hm s y  = tan x ,  y  = cot x  c cng tp xc nh.  
c)  Cc hm s y  = sin x ,  y  = tan x  l  nhng hm s l.  
d) Cc hm s y  = cos x ,  y  = cot x  l  nhng hm s chn.  

e)  Cc hm s y  = sin x ,  y  = cos x  cng nghch bin trn khong 
3

;
2 2
  

 
 

.  

f)  Hm s y  = cos x  nghch bin trn khong (2  ;  ).  
g)  Trn mi khong m hm s y  = tan x  ng bin th hm s y  = cot x  
nghch bin.  

44.  Xt hm s y  = f(x)  = sin x.  

a)  Chng minh rng vi mi s nguyn chn m  ta c f(x + m)  = f(x)  vi mi x.  

b)  Lp bng bin thin ca hm s trn on [1  ;  1 ] .  
c)  V  th ca hm s .  

45.   a cc biu thc sau v dng Csin(x + )  :  

a)  sin x  + tan
7

 cos x  ;    b)  tan

7

 sin x  + cos x .  
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46.  Gii cc ph ng trnh sau :  

a)  sin
2

3
x

 
 

 
 = cos 2x ;   b) tan ( )o2 45x + tan o180

2

x  
 

 = 1  ;  

c)  cos2x   sin2x = 0 ;    d)  5tan x    2cot x  = 3 .  
47.  Gii cc ph ng trnh sau :  

a)  sin 2x + sin2x = 
1

2
 ;   

b)  2sin2x + 3sin x  cosx + cos2x = 0  ;  

c)  sin2  
2

x
 + sinx   2cos2  

2

x
 =

1

2
.  

48.  a) Chng minh rng 
3 1

sin
12 2 2

 
=   

b)  Gii ph ng trnh 2 sin 2 cos 1 3x x =   bng cch bin i v tri v 

dng sin ( ).C x +  

c)  Gii ph ng trnh 2 sin 2 cos 1 3x x =   bng cch bnh ph ng hai v.  

49.  Gii ph ng trnh 

    
1 cos 2 sin 2

cos 1 cos 2

x x

x x

+
= 


 

50.  Cho ph ng trnh 
3 3sin cos

cos 2 .
2 cos sin

x x
x

x x

+
=


 

a)  Chng minh rng 
2

x k


= +   nghim ng ph ng trnh.  

b)  Gii ph ng trnh bng cch t tan x t=  (khi 
2

x k


 +  ).   

B i  tp trc nghim khch quan 

Trong cc b i t 51  n 63,  hy chn kt qu ng trong cc kt qu  cho.  

51.  Gi tr ln nht ca biu thc 4 4sin cosx x+  l   

 (A) 0 ;    (B) 1  ;    (C) 2 ;    (D) 
1

2
  

52.  Gi tr b nht ca biu thc 
2

sin sin
3

x x
 + + 

 
 l  

 (A) 2 ;    (B) 
3

2
;    (C)  1  ;     (D) 0.  
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53.  Tp gi tr ca hm s  2 sin 2 3y x= +  l   

 (A) [0 ;  1 ]  ;   (B) [2 ;  3]  ;    (C) [2 ;  3]  ;   (D) [1  ;  5]  .  

54.  Tp gi tr ca hm s  1 2 sin 3y x=   l   

 (A) [1  ;  1 ]  ;   (B) [0 ;  1 ]  ;    (C) [1  ;  0]  ;   (D) [1  ;  3]  .  

55.  Gi tr ln nht ca biu thc 2cos siny x x=   l   

 (A) 2 ;    (B) 0 ;    (C) 
5

4
;     (D) 1 .  

56.  Tp gi tr ca hm s  4 cos 2 3 sin 2y x x=   + 6 l  

 (A) [3  ;  1 0]  ;   (B) [6 ;  1 0]  ;   (C) [1  ;  1 3]  ;   (D) [1  ;  1 1 ]  .  

57.  Khi x thay i trong khong 
5 7

;
4 4

  
 
 

 th  siny x=   ly mi gi tr thuc 

 (A) 
2
; 1

2

 
  

 ;   (B) 
2

1 ;
2

 
   

 
 ;   (C) 

2
; 0

2

 
  

 ;   (D) [1  ;  1 ]  .  

58.  Khi x thay i trong na khong ;
3 3

  
 

 
 th  cosy x=   ly mi gi tr thuc 

 (A) 
1
; 1

2
 
  

 ;   (B) 
1 1
;

2 2
 
 

 
 ;   (C) 

1 1
;

2 2
 
 

 
 ;   (D) 

1
1 ; .

2
 
  

 

59.  S nghim ca ph ng trnh sin 1
4

x
 

+ = 
 

  thuc on [  ;  2]  l  

 (A) 1  ;    (B) 2 ;    (C) 0 ;    (D) 3.  

60.  S  nghim ca ph ng trnh sin 2 1
4

x
 

+ =  
 

  thuc on [0 ;  ]  l  

 (A) 1  ;    (B) 2 ;    (C)  3  ;    (D) 0.  

61.  Mt nghim ca ph ng trnh 2 2 2sin sin 2 sin 3 2x x x+ + =  l   

(A)
12


;    (B) 

3


;    (C) 

8


;    (D) 

6


  

62.  S  nghim ca ph ng trnh cos 0
2 4

x  
+ = 

 
 thuc khong (  ;  8)  l   

(A) 1  ;    (B) 3  ;    (C)  2 ;    (D) 4.  

63.  S nghim ca ph ng trnh 
sin 3

0
cos 1

x

x
=

+
 thuc on [2  ;  4]  l   

(A) 2 ;    (B) 4 ;    (C)  5  ;    (D) 6.  
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A. T hp 

Bi ton m s phn t ca mt tp hp xut hin kh ph bin trong khoa 
hc cng nh  trong cuc sng.  Nu s phn t ca mt tp hp khng nhiu 
th ta c th m trc tip  c s phn t ca n bng cch lit k.  Tuy 
nhin,  nu s phn t ca mt tp hp rt ln th cch m trc tip l  khng 
kh thi.   

B i ton m u 

Mi ng i s dng mng my tnh u c mt khu.  Gi s mi mt khu 
gm 6 k t,  mi k t hoc l  mt ch s (trong 10 ch s t 0 n 9)  hoc l  
mt ch ci (trong bng 26 ch ci ting Anh) v  mt khu phi c t nht l 
mt ch s.  Hi c th lp  c tt c bao nhiu mt khu ?  

H1  Hy vit mt mt khu.  C th lit k ht cc mt khu  c khng ? Hy c 

on th xem c khong bao nhiu mt khu ? 

Bi ny s cung cp cho chng ta hai quy tc m c bn nh  c th tnh 
chnh xc s phn t ca mt tp hp m  khng cn m trc tip.  

1.  Quy tc cng 

V d 1.  Mt tr ng THPT  c c mt hc sinh i d tri h ton quc.  
Nh  tr ng quyt nh chn mt hc sinh tin tin trong lp 1 1A hoc lp 
12B.  Hi nh  tr ng c bao nhiu cch chn, nu bit rng lp 1 1A c 31  
hc sinh tin tin v  lp 12B c 22 hc sinh tin tin ?  

Gii 

Nh  tr ng c hai ph ng n chn.  Ph ng n th nht l  chn mt hc sinh 
tin tin ca lp 1 1A, ph ng n ny c 31  cch chn.  Ph ng n th hai l  
chn mt hc sinh tin tin ca lp 12B, ph ng n hai ny c 22 cch chn.  
Vy nh  tr ng c c thy 

     31  + 22 = 53   cch chn.      

1
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Ta c quy tc m sau y gi l  quy tc cng.  

Gi s mt cng vic c th  c thc hin theo ph ng n A  
hoc ph ng n B.  C n  cch thc hin ph ng n A  v  m  cch 
thc hin ph ng n B.  Khi  cng vic c th  c thc hin 
bi n  + m  cch.  

Quy tc cng cho cng vic vi nhiu ph ng n  c pht biu nh  sau :  

Gi s mt cng vic c th  c thc hin theo mt trong 

k ph ng n 1 2, , . . . ,
k

A A A .  C 1n  cch thc hin ph ng n 1A ,  

2n  cch thc hin ph ng n 2A ,. . .  v 
k
n  cch thc hin 

ph ng n 
k
A .  Khi  cng vic c th  c thc hin bi 

1 2 k
n n n+ + +  cch.  

V d 2.  Gi s t tnh A  n tnh B  c th i bng cc ph ng tin :   t,  
tu ho,  tu thu hoc my bay.  Mi ngy c 10 chuyn  t,  5  chuyn 
tu ho,  3  chuyn tu thu v  2 chuyn my bay.  Theo quy tc cng, ta c 
10 + 5  + 3  + 2 = 20 s la chn  i t tnh A  n B.      

H2  Trong mt cuc thi tm hiu v t n c Vit Nam,  ban t chc cng b danh 

sch cc  ti bao gm : 8  ti v lch s,  7  ti v thin nhin,  10  ti v con 
ng i v  6  ti v vn ho.  Mi th sinh  c quyn chn mt  ti.  Hi mi th 
sinh c bao nhiu kh nng la chn  ti ? 

Ch  

S phn t ca tp hp hu hn X  c k hiu l  X  (hoc n(X)).  

Quy tc cng c th  c pht biu d i dng sau :  

Nu A  v  B  l  hai tp hp hu hn khng giao nhau th s phn t 

ca A    B bng s phn t ca A  cng vi s phn t ca B,  tc l 

    . = +A B A B  

2.  Quy tc nhn 

V d 3.  An mun qua nh  Bnh  cng Bnh n chi nh  C ng.  T nh  

An n nh  Bnh c 4 con  ng i,  t nh Bnh ti nh  C ng c 6 con 

 ng i (hnh 2.1 ).  Hi An c bao nhiu cch chn  ng i n nh C ng ? 
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             Hnh 2.1  

Gii  

Vi mi cch i t nh An n nh Bnh s c 6 cch i tip t nh  Bnh n nh  

C ng.  V c 4 cch i t nh An n Bnh nn c c thy 4 .  6 = 24 cch i t 

nh An qua nh Bnh n nh C ng.          

Ta c quy tc m sau y gi l  quy tc nhn.      

Gi s mt cng vic no  bao gm hai cng on A  v  B.  
Cng on A  c th lm theo n  cch.  Vi mi cch thc hin 
cng on A  th cng on B  c th lm theo m  cch.  Khi  
cng vic c th thc hin theo nm cch.  

H3  Nhn mi chic gh trong mt hi tr ng gm hai phn : phn u l  mt ch 

ci (trong bng 24 ch ci ting Vit) ,  phn th hai l  mt s nguyn d ng nh 

hn 26.  Hi c nhiu nht bao nhiu chic gh  c ghi nhn khc nhau ?  

Quy tc nhn cho cng vic vi nhiu cng on  c pht biu nh  sau :  

Gi s mt cng vic no  bao gm k cng 

on 1 2, , . . . , kA A A .  Cng on 1A  c th thc hin theo 1n  

cch,  cng on 2A  c th thc hin theo 2n  cch,  . . . ,  cng 

on kA  c th thc hin theo kn  cch.  Khi  cng vic c 

th thc hin theo 1 2 kn n n  cch.  

V d 4.  Bin s xe my ca tnh A  (nu khng k m s tnh) c 6 k t,  

trong  k t  v tr u tin l  mt ch ci (trong bng 26 ch ci 

ting Anh),  k t  v tr th hai l  mt ch s thuc tp { 1 ,  2,  . . . ,  9} ,  mi k t  

 bn v tr tip theo l  mt ch s thuc tp { 0,  1 ,  . . . ,  9} .  Hi nu ch dng 

mt m s tnh th tnh A  c th lm  c nhiu nht bao nhiu bin s xe 

my khc nhau ?  
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Gii 

Ta c 26 cch chn ch ci  xp  v tr u tin.  T ng t c 9 cch chn 
ch s cho v tr th hai v  c 10 cch chn ch s cho mi v tr trong bn v 
tr cn li.  Theo quy tc nhn, ta c tt c 

   26 .  9 .  10 .  10 .  10 .  10 = 2 340000  (bin s xe).     

V d 5. Tr li bi ton m u.  Hy tnh xem :  

a)  C bao nhiu dy gm 6 k t,  mi k t hoc l  mt ch ci (trong bng 26 
ch ci) hoc l  mt ch s (trong 10 ch s t 0 n 9)  ?  

b)  C bao nhiu dy gm 6 k t ni  cu a)  khng phi l  mt khu ?  

c)  C th lp  c nhiu nht bao nhiu mt khu ?  

Gii 

a) V mi k t c 26 + 10 = 36 cch chn nn theo quy tc nhn, ta c th lp 

 c 636  dy gm 6 k t nh  vy.   

b)  Dy gm 6 k t khng phi l  mt mt khu nu tt c 6 k t u l  ch 
ci.  V mi k t c 26 cch chn nn theo quy tc nhn, s dy gm 6 k t 

khng phi l  mt mt khu l  626 .  

c) Vy c 6 636 26  = 1 867 866 560 mt khu.        

Cu hi  v  b i  tp 

1.  Gi s bn mun mua mt o s mi c 39 hoc 40.  o c 39 c 5  mu khc 

nhau, o c 40 c 4 mu khc nhau.  Hi bn c bao nhiu s la chn (v 

mu v  c o) ?  

2.  C bao nhiu s t nhin c hai ch s m  hai ch s ca n u chn ?  

3.   Trong mt tr ng THPT, khi 1 1  c 280 hc sinh nam v  325  hc sinh n.  

a)  Nh  tr ng cn chn mt hc sinh  khi 1 1  i d d hi ca hc sinh 
thnh ph.  Hi nh  tr ng c bao nhiu cch chn ?  

b)  Nh  tr ng cn chn hai hc sinh trong  c mt nam v  mt n i d 
tri h ca hc sinh thnh ph.  Hi nh  tr ng c bao nhiu cch chn ?  

4.  T cc ch s 1 ,  5,  6,  7  c th lp  c bao nhiu s t nhin 

a) C 4 ch s (khng nht thit khc nhau) ?   

b)  C 4 ch s khc nhau ? 
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quy tc cng m rng 

Quy tc cng cho ta cng  thc tnh  s phn t ca hp hai  tp hp hu hn khng 
giao nhau.  Tuy nhin  trong nhiu  bi  ton  t hp,  chng ta phi  tnh  s phn t ca 

hp hai  tp hp hu  hn A  v  B  c giao khc .  Trong tr ng hp ny,  khi  cng s 

phn t ca A  vi  s phn t ca B,  th s phn  t ca A B  s  c tnh  hai  ln.  

Thnh th,   kt qu phi  bt i  s phn t ca .A B  Ta c quy tc cng m rng 

sau  y :  

Cho hai tp hp hu hn bt k A  v  B.  Khi  s phn t ca A B  bng s phn 

t ca A  cng vi s phn t ca B  ri tr i s phn t ca A B ,  tc l   

     A    B  =  A  +  B    A    B .  

V d.  Trong mt tr ng THPT,  khi  1 1  c :  160  hc sinh  tham gia cu  lc b 

Tin  hc,  140  hc sinh  tham gia cu  lc b Ngoi  ng,  50  hc sinh  tham gia c hai  

cu  lc b v  100  hc sinh  khng tham gia cu  lc b no trong hai  cu  lc b nu 

trn.  Hi  khi  11   tr ng  c bao nhiu  hc sinh  ? 

Gii 

Gi  tp hp hc sinh  khi  1 1   tr ng THPT tham gia cu  lc b Tin  hc v  cu  lc 

b Ngoi  ng ln l t l  A  v  B.  

Khi   tp hp hc sinh  khi  11   tr ng  tham gia cu  lc b (Tin  hc hoc Ngoi  

ng)  l  A    B.  

Theo bi  ra ta c  A  =  160,   B  =  140,   A    B  =  50.  

Theo quy tc cng m rng,  s hc sinh  khi  11  tham gia cu  lc b (Tin  hc hoc 
Ngoi  ng)  l  

   A    B  =   A  +   B    A    B  =  160  +  140   50  =  250.  

Vy khi  1 1   tr ng   c 250  + 100  =  350  (hc sinh).       
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1.  Hon v 

a) Hon v l  g ?  

V d 1. Ba vn ng vin An, Bnh v  Chu chy thi.  Nu khng k tr ng 
hp c hai vn ng vin v ch cng mt lc th cc kh nng sau y u 
c th xy ra :  

Gii Cc kt qu c th 

Nht An An Bnh Bnh Chu Chu 

Nh Bnh Chu An Chu An Bnh 

Ba Chu Bnh Chu An Bnh An 
 

Kt qu cuc thi chy l  mt danh sch 

gm ba ng i xp theo th t nht,  

nh,  ba.  Danh sch ny gi l  mt hon 

v ca tp hp {An, Bnh, Chu} .  

Nu k hiu tp hp {An, Bnh, Chu}  

l  {a,  b,  c}  th tp ny c tt c su 

hon v l  (a,  b,  c),  (a,  c,  b),  (b,  a,  c),  

(b,  c,  a),  (c,  a,  b),  (c,  b,  a).  

Mt cch tng qut,  ta c 

Cho tp hp A  c n  (n   1 )  phn t.  Khi sp xp n  phn t ny 
theo mt th t,  ta  c mt hon v  cc phn t ca tp A  (gi 
tt l  mt hon v ca A).  

H1  Cho tp hp A  =  { a,  b,  c,  d} .  Hy vit tm hon v ca A .  

b) S cc hon v  

Bi ton t ra l  :  Nu tp hp A  c n  phn t th c tt c bao nhiu hon v 
ca A  ? 

2
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K hiu Pn  l  s cc hon v ca tp hp c n  phn t.  Ta c 

nh l 1  

S cc hon v ca mt tp hp c n  phn t l  

  Pn  = n!  = n(n    1 )(n    2). . .1 .  

Chng minh  

Vic sp xp th t n  phn t ca A  l  mt cng vic gm n  cng on.  Cng 
on 1  l chn phn t  xp vo v tr th nht, cng on 2 l chn phn t  
xp vo v tr th hai,  cng on 3  l  chn phn t  xp vo v tr th ba,  . . . ,  

cng on n  l  chn phn t  xp vo v tr th n.   cng on 1  ta c 

th chn bt k phn t no trong n  phn t ca A  nn c n  cch thc hin.  Sau 
khi chn xong phn t xp vo v tr th nht,   cng on 2 ta c th chn 

bt k phn t no trong n    1  phn t cn li ca A   xp vo v tr th hai 

nn c n    1  cch thc hin.  Tip tc nh  vy  b c 3  ta c n   2 cch thc 
hin,  . . . ,  v   b c th n  (b c cui cng) ta ch cn 1  cch thc hin.  Theo 

quy tc nhn, ta c c thy n(n    1 )(n    2). . .1  = n!  cch sp xp th t n  
phn t ca tp A,  tc l  c n!  hon v.          

V d 2.  Mt on khch du lch d nh n tham quan by a im A,  B,  
C,  D,  E,  G v  H  th  H  Ni.  H i tham quan theo mt th t no , 
chng hn B ACEDGH.  Nh  vy,  mi cch chn th t cc 

a im tham quan l  mt hon v ca tp {A,  B,  C,  D,  E,  G,  H} .  Thnh th, 
on khch c tt c 7!  = 5040 cch chn.        

H2  T cc ch s 1 ,  2,  3 ,  4,  5  c th lp  c tt c bao nhiu s t nhin c nm 

ch s khc nhau ? 

2.  Chnh hp 

a) Chnh hp l  g ?  

V d 3.  Trong trn chung kt bng  phi phn nh thng thua bng  

lun l u 11  mt.  Hun luyn vin ca mi i cn trnh vi trng ti mt danh 

sch sp th t 5  cu th trong s 1 1  cu th   lun l u 5  qu 1 1  mt.   

Mi danh sch c xp th t 5  cu th  c gi l  mt chnh hp  chp 5  ca 

1 1  cu th.  
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Mt cch tng qut,  ta c 

Cho tp hp A  gm n  phn t v  s nguyn k vi 1 k n  .  Khi 
ly ra k phn t ca A  v  sp xp chng theo mt th t,  ta  c 
mt chnh hp  chp k ca n  phn t ca A  (gi tt l  mt chnh 
hp chp k ca A).   

H3  Cho tp hp A = {a,  b,  c} .  Hy vit tt c cc chnh hp chp 2  ca A .  

Nhn xt 

Hai chnh hp khc nhau khi v  ch khi hoc c t nht mt phn t ca chnh 
hp ny m khng l  phn t ca chnh hp kia,  hoc cc phn t ca hai 
chnh hp ging nhau nh ng  c sp xp theo th t khc nhau.  

b) S cc chnh hp 

V d 4.  Tr li v d 3,  hy tnh xem hun luyn vin ca mi i c bao 
nhiu cch lp danh sch 5  cu th.  

Gii 

Hun luyn vin ca mi i c th chn mt trong 1 1  cu th   qu u 
tin.  Tip theo c 10 cch chn cu th  qu th hai,  ri c 9 cch chn cu 
th  qu th ba,  ri li c 8  cch chn cu th  qu th t  v  cui cng c 
7  cch chn cu th  qu th nm.  Theo quy tc nhn, hun luyn vin ca 
mi i s c 

    1 1  .  10 .  9 .  8  .  7  = 55 440  cch chn.       

Bi ton tng qut t ra l  :  Cho mt tp hp c n  phn t v s nguyn k vi 

1    k   n.  Hi c tt c bao nhiu chnh hp chp k ca tp hp  ?  

S cc chnh hp chp k ca mt tp hp c n  phn t  c k hiu l  k
nA .    

nh l 2 

S cc chnh hp chp k ca mt tp hp c n  phn t 

(1    k   n)  l  

    ( 1) ( 2) . . . ( 1).=    +
k
n n n n n kA         (1 )  

Chng minh 

Vic lp mt chnh hp chp k ca tp hp c n  phn t  c coi nh  mt 
cng vic gm k cng on.  Cng on 1  l  chn phn t xp vo v tr th 
nht.  Cng on 2 l  chn phn t xp vo v tr th hai,  . . . .  Cng on k l  
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chn phn t xp vo v tr th k.  V tp hp c n  phn t nn cng on 1  

c n  cch thc hin.  Sang cng on 2 ch cn n    1  phn t ch a chn cho 

nn c n    1  cch thc hin.  T ng t cng on 3  c n    2 cch chn,  . . .  v   

cng on cui (cng on th k)  ta c n    k  +  1  cch thc hin.  Theo quy 

tc nhn,  ta c n(n    1 )(n  2). . .(n    k +  1 )  cch lp ra mt chnh hp 
chp k.   cng chnh l  s cc chnh hp chp k  ca mt tp hp gm n  
phn t.              

Nhn xt 

T nh ngha ta thy mt hon v ca tp hp n  phn t l mt chnh hp 

chp n  ca tp  nn != =
n

n n nA P .  

V d 5.  Trong mt phng cho mt tp hp gm 6 im phn bit.  C bao 

nhiu vect khc vect 0  c im u v  im cui thuc tp hp im ny ?  

Gii 

Mi cp sp th t gm hai im (A,  B)  cho ta mt vect c im u A,  im 
cui B  v  ng c li.  Nh  vy,  mi vect c th xem l mt chnh hp chp 2 
ca tp hp 6 im  cho.  Thnh th s vect cn tm l  

     2
6A  = 6 .  5  = 30.         

Ch  

  Vi 0 < k < n  th ta c th vit cng thc (1 )  d i dng 

    
!

( ) !
k

n

n

n k
= 


A       (2)  

  Ta quy c  

     0!  = 1  v  1 .n =
0

A  

Khi  cng thc (2)  ng cho c k = 0  v  k n= .  Vy cng 

thc (2)  ng vi mi s nguyn k tho mn 0   k   n.  

3.  T hp 

a) T hp l  g ?  

Cho tp A  c n  phn t v  s nguyn k vi 1    k   n.  Mi tp con 
ca A  c k phn t  c gi l  mt t hp  chp k ca n  phn t 
ca A  (gi tt l  mt t hp chp k ca A).   
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Nh  vy lp mt t hp chp k ca A  chnh l  ly ra k phn t ca A  (khng 
quan tm n th t).  

H4  Vit tt c cc t hp chp 3  ca tp A  =  { a,  b,  c,  d} .  

b) S cc t hp 

K hiu k
nC  (hoc ( ))n

k  l  s cc t hp chp k ca mt tp hp c n  phn t.  

nh l 3 

S cc t hp chp k ca mt tp hp c n  phn t (1    k   n)  l   

    Ck
n  = 

A ( 1)( 2).. .( 1)
! !

   +
= 

k
n n n n n k

k k
        (3)  

Chng minh 

Mi cch sp th t cc phn t ca mt t hp chp k ca A  cho ta mt chnh 

hp chp k ca A.  Ni cch khc, mi hon v ca mt t hp chp k ca A  

cho ta mt chnh hp chp k ca A.  Vy t mt t hp chp k ca A  ta lp 

 c k !  chnh hp chp k ca A.  Vy ta c 

 k
nA  = Ck

n k!   hay  
( 1)( 2). . .( 1)

C
! !

   +
= =

k
k n
n

n n n n k

k k

A
.     

Ch  

 Vi 1 k n  ,  ta c th vit cng thc (3) d i dng 

     
!

C
! ( )!

= 


k
n

n

k n k
     (4)  

 Ta quy c 0C 1=n  (coi   l t hp chp 0 ca tp hp c n  phn 

t).  Vi quy c ny cng thc (4)  cng ng vi k = 0.  Vy cng 

thc (4)  ng vi mi s nguyn k tho mn 0 .k n   

V d 6.  Trong mt phng cho mt tp hp P  gm 7 im, trong  khng c 

3  im no thng hng.  Hi c bao nhiu tam gic c 3  nh u thuc P  ?  

Gii 

Vi mi tp con gm 3  im bt k ca P,  ta to  c mt tam gic vi cc 

nh l  3  im .  Ng c li,  mi tam gic c 3  nh thuc P  t ng ng vi 
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mt tp con gm 3  im ca P.  Vy s tam gic c 3  nh thuc P  chnh bng 

s cc t hp chp 3  ca tp P,  tc l  bng 

     3
7

7 . 6 . 5
C 35

3!
= = .        

Trong mt s bi ton m phc tp hn, ta cn phi hp s dng cc cng 
thc v t hp v  quy tc nhn.  

V d 7.  Trong mt lp c 20 hc sinh nam v  1 5  hc sinh n.  Thy gio ch 
nhim cn chn 4 hc sinh nam v  3  hc sinh n i tham gia chin dch 
"Ma h xanh"  ca on Thanh nin Cng sn H Ch Minh.  Hi c bao 
nhiu cch chn ?  

Gii 

Ta c 4
20

20.19 .18 .17
C 4845

1 . 2 . 3 . 4
= =  cch chn 4 hc sinh nam trong s 20 hc 

sinh nam v  c 3
15

15.14 .13
C 455

1 . 2 . 3
= =  cch chn 3  hc sinh n trong s 

15  hc sinh n.  Theo quy tc nhn, s cch chn l  

    4845 . 455 2 204 475= .       

4. Hai tnh cht c bn ca s Ck

n
 

a) Tnh cht 1  

Cho s nguyn d ng n  v  s nguyn k vi 0   k   n.  Khi  

C C .
=

k n k
n n  

Chng minh 

Ta c  
!

C
! ( )!

=


k
n

n

k n k
,     

! !
C

( )! ( ( ))! ( )! !


= =
   

n k
n

n n

n k n n k n k k
.  

Do  C C 
=

k n k
n n .            

b) Tnh cht 2 (hng ng thc Pa-xcan)  

Cho cc s nguyn n  v k  vi 1    k   n.  Khi  

    1
1C C C .

+
= +

k k k
n n n  
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Chng minh  

Ta c        1C k
n   = 

( 1). . .( 2)
( 1)!

n n n k

k

  +



,   
( 1). . .( 1)

C
!

k
n

n n n k

k

  +
=   

Vy 

1C C 
+

k k
n n  = 

( 1). . .( 1) ( 1). . .( 2)
!

n n n k kn n n k

k

  + +   +
 

   = 
( 1). . .( 2)( 1 )

!
n n n k n k k

k

  +  + +
 

   = 1
( 1) . . .( 2)

C
! +

+  +
=

k
n

n n n k

k
.       

Cu hi  v  b i  tp 

5.  C bao nhiu kh nng c th xy ra i vi th t gia cc i trong mt 

gii bng  c 5  i bng ? (Gi s rng khng c hai i no c im 

trng nhau).  

6.  Gi s c 8  vn ng vin tham gia chy thi.  Nu khng k tr ng hp c hai 

vn ng vin v ch cng mt lc th c bao nhiu kt qu c th xy ra 

i vi cc v tr th nht,  th nh v  th ba ?  

7.   Trong mt phng cho mt tp hp P  gm n  im.  Hi :  

a)  C bao nhiu on thng m  hai u mt thuc P ?  

b)  C bao nhiu vect khc vect 0  m  im u v  im cui thuc P  ?  

8.   Trong mt Ban chp hnh on gm 7 ng i,  cn chn 3  ng i vo ban  

th ng v.  

a)  Nu khng c s phn bit v chc v ca 3  ng i trong ban th ng v th 

c bao nhiu cch chn ?  

b)  Nu cn chn 3  ng i vo ban th ng v vi cc chc v :  B th ,  Ph B 

th ,  U vin th ng v th c bao nhiu cch chn ? 
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Hnh 2.2  

Luyn tp 

9.  Mt bi thi trc nghim khch quan gm 10 cu.  Mi cu c 4 ph ng n tr 

li.  Hi bi thi  c bao nhiu ph ng n tr li ?  

10.  C bao nhiu s t nhin c 6 ch 

s v  chia ht cho 5  ?  

11.  Xt mng  ng ni cc tnh A,  B,  

C,  D,  E,  F,  G,  trong  s vit trn 

mt cnh cho bit s con  ng 

ni hai tnh nm  hai u mt 

ca cnh (h.  2.2).  Hi c bao nhiu 

cch i t tnh A  n tnh G ?     

12.   Xt s  mng in  hnh 2.3  c 6 cng tc khc nhau, trong  mi cng 

tc c 2 trng thi ng v  m.   

 

 
Hnh 2.3  

Hi c bao nhiu cch ng -  m 6 cng tc  mng in thng mch t P  

n Q  (tc l  c dng in t P  n Q)  ?  

13.  Mt cuc thi c 15  ng i tham d, gi thit rng khng c hai ng i no c 
im bng nhau.  

a)  Nu kt qu ca cuc thi l  vic chn ra 4 ng i im cao nht th c 
bao nhiu kt qu c th ?  

b)  Nu kt qu ca cuc thi l  vic chn ra cc gii nht,  nh,  ba th c bao 
nhiu kt qu c th ?   

14.  Trong mt d hi cui nm  mt c quan, ban t chc pht ra 100 v x s 

nh s t 1  n 100 cho 100 ng i.  X s c bn gii :  1  gii nht,  1  gii 

nh,  1  gii ba,  1  gii t .  Kt qu l  vic cng b ai trng gii nht,  gii nh,  

gii ba,  gii t .  Hi :  

a)  C bao nhiu kt qu c th ?  
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b) C bao nhiu kt qu c th, nu bit rng ng i gi v s 47  c gii nht ? 

c)  C bao nhiu kt qu c th,  nu bit rng ng i gi v s 47 trng mt 
trong bn gii ?  

15.  Mt t c 8  em nam v  2 em n.  Ng i ta cn chn ra 5  em trong t tham d 
cuc thi hc sinh thanh lch ca  tr ng.  Yu cu trong cc em  c chn,  
phi c t nht mt em n.   Hi c bao nhiu cch chn ?  

16.  Mt nhm hc sinh c 7  em nam v  3  em n.  Ng i ta cn chn ra 5  em trong 
nhm  tham gia ng din th dc.  Trong  5  em  c chn, yu cu khng c 
qu mt em n.  Hi c bao nhiu cch chn ? 

 

1.  Cng thc nh thc Niu-tn 

Ta  bit cc hng ng thc  

   2 2 2( ) 2 ,a b a ab b+ = + +  

   3 3 2 2 3( ) 3 3 .a b a a b ab b+ = + + +  

Cc h s trong khai trin 2( )a b+  theo th t t tri qua phi l  0
21 C ;=  

1 2
2 22 C ; 1 C= =  tc l  2 0 2 1 2 2

2 2 2( ) C C C+ = + +a b a ab b .  

Cc h s trong khai trin 3( )a b+  theo th t t tri qua phi l 0
31 C ;=  

1
33 C ;=  2

33 C ;=  v  3
31 C=  tc l  3 0 3 1 2 2 2 3 3

3 3 3 3( ) C C C C+ = + + +a b a a b ab b .   

Tng qut,  ng i ta chng minh  c rng :  

    0 1 1( ) C C ... C .. . C 
+ = + + + + +

n n n k n k k n n

n n n n
a b a a b a b b  

   = 
0

C
n

k n k k

n

k

a b


=

  (quy c ao  = bo  = 1 ).  

Cng thc ny  c gi l  cng thc nh thc Niu-tn  (gi tt l  nh thc 

Niu-tn) .  

3
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V d 1.  Tnh h s ca 12 13x y  trong khai trin 25( )x y+ .  

Gii 

Theo cng thc nh thc Niu-tn, h s n y l 13
25

25!
5 200300

13! .12!
= =C .   

V d 2. Tm h s ca 3x  trong khai trin 5(3 4) .x   

Gii 

Ta c 5 5(3 4) (3 ( 4))x x = +  .  Theo cng thc nh thc Niu-tn, s hng 

cha 3x  l  2 3 2
5 (3 ) . ( 4)x C .  Vy h s ca 3x  l  3 210 . 3 . ( 4)  = 4320.   

H1  Tm h s ca 2x  trong khai trin 5(3 4) .x   

V d 3. Vit khai trin 6( 2)x  .  

Gii 

Theo cng thc nh thc Niu-tn 

 6 6( 2) ( 2 )x x =  +  = 
6

6
6

0

( 2)k k k

k

x

=

 C  = 
6

0

k
k

k

a x
=

  vi 6
6 ( 2)k k

ka


= C .  

Tnh theo cng thc n y,  ta c 

  0 64a = ;    5
1 6 . ( 2) 192a =  =  ;  

  4
2 15 . 2 240a = = ;  3

3 20. ( 2) 160a =  =  ;  

  2
4 15 . 2 60a = = ;  5 6 . ( 2) 12a =  =  ;   6 1 .a =  

Vy 6 6 5 4 3 2( 2) 12 60 160 240 192 64.x x x x x x x =  +  +  +    

V d 4.  Gi T l  s cc tp con (k c tp rng) ca mt tp hp c n  phn t.  

Chng minh rng 2 .nT =  

Gii 

Vi mi s nguyn k (1    k   n),  s tp con c k phn t ca tp hp c n  

phn t l  k
nC .  V c ng mt tp con (tp rng) c 0 phn t  v  0

nC  = 1  nn  

      T = 
0

.
n

k
n

k=

 C        (1 )  
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Trong cng thc nh thc Niu-tn t a  = b  = 1 ,  ta  c 

     
0

2 (1 1)
n

n n k

n

k=

= + =  C .      (2)  

T (1 )  v  (2)  ta  c  T = 2n .          

2.  Tam gic Pa-xcan 

Trn y ta thy mun khai trin ( )na b+  thnh a thc,  ta cn bit n  + 1  s 

0 1 2 1C , C , C , ... , C , Cn n

n n n n n
 c mt trong cng thc nh thc Niu-tn.  Cc s 

ny c th tnh  c nh cng thc (4)   2.  Ngoi ra cn c th tm  c 
chng bng cch s dng bng s sau y :   

        

 

 

 

 

 

Bng s ny do nh  ton hc Php Pa-xcan thit lp vo nm 1653  v   c 
ng i ta gi l  tam gic Pa-xcan.  

Tam gic Pa-xcan  c lp theo quy lut sau :   

 nh  c ghi s 1 .  Tip theo l  hng th nht ghi hai s 1 .  

  Nu bit hng th n  (n    1 )  th hng th n  + 1  tip theo  c thit 
lp bng cch cng hai s lin tip ca hng th n  ri vit kt qu 
xung hng d i  v tr gia hai s ny.  Sau  vit s 1   u v  
cui hng.  

Chng hn, khi c hng th nm ta thit lp hng th su nh  sau :  Theo th 
t t tri sang phi,  ta ly 1  + 5  = 6 v  vit s 6 xung hng d i  v tr gia 
s 1  v  s 5  ;  ly 5  + 10 = 15  v vit s 1 5  xung hng d i  v tr gia s 5  
v  s 10 ;  ly 10 + 10 = 20 v  vit s 20 xung hng d i  v tr gia s 10 
v  s 10 ;  ly 10 + 5  = 15  v  vit s 15  xung hng d i  v tr gia s 10 v  
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s 5  ;  ly 5  + 1  = 6 v  vit s 6 xung hng d i  v tr gia s 5  v  s 1 .  
Cui cng vit s 1   u v  cui hng (xem bng s trn).  

H2  in tip tc cc s v o cc h ng th by v  th tm trong bng s trn.  

Nhn xt 

Xt hng th nht,  ta c  

   1  = 0
1C ,  1  = 1

1C .  

 hng th hai,  ta c 

   1  = 0
2C ,  2 = 1

2C , 1  = 2
2C .  

 hng th ba,  ta c 

   1  = 0
3C ,  3  = 1

3C , 3  = 2
3C ,  1  = 3

3C .  

Mt cch tng qut,  t tnh cht 2 ca s Ck
n  (hng ng thc Pa-xcan) v  

cch thit lp tam gic Pa-xcan, ta c  

Cc s  hng th n  trong tam gic Pa-xcan l dy gm n  + 1  s  

   0 1 2 1C , C , C , .. . , C , Cn n
n n n n n .  

Cu hi  v  b i  tp 

17.  Tm h s ca 101 99
x y  trong khai trin 200(2 3 )x y .  

18.  Tnh h s ca 5 8
x y  trong khai trin 13( )x y+ .  

19.  Tnh h s ca 7
x  trong khai trin 11(1 )x+ .  

20.  Tnh h s ca 9
x  trong khai trin 19(2 )x .  

Luyn tp 

21.  Khai trin 10(3 1)x +  cho ti 3 .x  

22.  Tm h s ca 7
x  trong khai trin ca 15(3 2 ) .x  

23.  Tnh h s ca 25 10
x y  trong khai trin ca 3 15( ) .x xy+  

24.  Bit rng h s ca 2n
x

  trong khai trin 
1
4

n

x
 

 
 

 bng 31 .  Tm n.  
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Blaise Pascal  (1 623-1 662)

Em

cob i  t  
Mt s mu chuyn v nh  ton hc  
Pa-xcan (Pascal) 

1 .  Hi  nh Pa-xcan rt ham m Hnh hc.  Nh ng v Pa-xcan 
rt yu  nn cha ng  khng mun cho ng  hc Ton.  Cha 
ng  giu  ht cc sch v v  nhng g l in  quan  ti  Ton.  
Th l  Pa-xcan phi  t my m xy dng nn  mn Hnh 
hc cho ring  mnh.  ng v cc hnh v  t t tn  cho 
chng.  ng gi   ng thng l  "cy gy",   ng trn l  
"ci  bnh  xe",  hnh  tam gic l  "th c th",  hnh  ch nht 
l  "mt bn". . . .  ng  tm ra v  chng  minh   c rt 
nhiu  nh  l  ca Hnh hc trong  c nh  l  :  "Tng cc 
gc ca mt th c th bng na tng  cc gc ca mt mt 
bn".  Nm y Pa-xcan mi  1 2 tui.  

2.  Nm 1 6 tui,  Pa-xcan cng b mt cng trnh  ton  hc :  "V thit d in  ca  ng 
cnic",  trong   ng  chng minh mt nh  l  ni  ting  (sau  ny mang tn  ng)  v  
gi   l  "nh  l  v lc gic thn  k".  ng rt ra 400 h qu t nh l  ny.  Nh  ton  
hc v  trit hc v i  lc by gi l  -cc (Descartes) nh gi rt cao cng trnh 
ton hc ny v  ni  rng :  "Ti  khng th t ng  t ng ni  mt ng i  ang  tui  thiu 
nin  m  li  c th vit  c mt tc phm ln  nh  vy".  

3.  Nm 1 7 tui,  thy cha (mt k ton) phi lm nhiu tnh ton vt v,  Pa-xcan  ny ra 
 nh ch to mt chic my tnh.  Sau 5 nm lao ng cng thng mit mi,  ng  ch 
to xong chic my tnh lm  c bn php tnh cng,  tr,  nhn,  chia,  tuy rng ch a 
nhanh lm.   l  chic my tnh u tin trong lch s nhn loi.   ghi  nh cng lao 
ny,  tn ca ng   c t cho mt ngn ng lp trnh,  l  ngn ng lp trnh Pa-xcan.  

4.  Vo nm 1 651 ,  khi  Pa-xcan 28 tui  v   c c chu u tn  vinh  l  thn  ng,  ng 
nhn  c mt bc th  ca nh  qu tc Php  M-r (De Mr)  nh ng gii  p 
mt s vn  rc ri  ny sinh  trong cc tr chi  nh bc.  Pa-xcan  "ton  hc 
ho" cc tr chi  c bc ny,  nng ln  thnh  nhng bi  ton phc tp hn v  trao 
i  vn  ny vi  nh  ton  hc Phc-ma.  Nhng cuc trao i    khai  sinh  ra 
L thuyt xc sut  L thuyt ton hc v cc hin  t ng ngu  nhin.  

5.  Sau khi cha mt,  ch gi b i  tu,  li thm m au bnh tt,  Pa-xcan chn ch ng tt c.  
ng b Ton hc,  m chm vo nhng suy t  v tn  ng ng v  nghin cu Thn hc.  
Vo mt m u ma xun nm 1 658,  mt cn au rng d di  lm Pa-xcan khng 
ng  c.   qun au,  ng tp trung suy ngh v bi  ton  ng xyclt,  mt bi  ton 
kh ang thu ht s quan tm ca nhiu nh  ton hc lc .  K l thay,  ng  gii  
 c bi  ton  v  sng hm sau cng khi lun bnh au rng.  ng ngh rng y l  
mt thng ip ca Cha nhc nh rng ng khng  c qun v  ri  b Ton hc.  V  
th l  sau bn nm i theo con  ng tn ng ng tn gio, Pa-xcan li quay v vi Ton hc. 

6.  Khng ch l  mt nh  ton hc thin ti,  Pa-xcan cn l  mt nh  vt l hc ni  
ting,  l  nh  vn,  nh  t  t ng ln.  Ngy nay ng i  ta th ng nhc n cc cu  ni  
ca Pa-xcan nh  :  "Con ng i  ch l  mt cy sy,  mt vt rt yu ui  ca t nhin,  
nh ng  l  mt cy sy bit suy ngh "  v  "Tri  tim c nhng l l m  l  tr khng gii  
thch  c".  

Pa-xcan mt khi mi 39 tui.  ng  c coi l  mt trong nhng nh  bc hc ln ca nhn loi.  
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B. xc sut 

Trong thc tin,  chng ta th ng gp nhng hin t ng ngu nhin.   l 
nhng hin t ng (bin c) m chng ta khng th d bo mt cch chc chn 
l  n xy ra hay khng xy ra.  

L thuyt xc sut l  b mn ton hc nghin cu cc hin t ng ngu nhin.  
S ra i ca l thuyt xc sut bt u t nhng th  t trao i gia  hai nh  
ton hc v i  ng i Php l  Pa-xcan (1623-1662) v  Phc-ma (1601 -1665) 
xung quanh cch gii p mt s vn  rc ri ny sinh trong cc tr chi c 
bc m  mt nh  qu tc Php t ra cho Pa-xcan.  Nm 1812,  nh  ton hc 
Php La-pla-x   d bo rng "Mn khoa hc bt u t vic xem xt cc 
tr chi may ri  ny s ha hn tr thnh mt i t ng quan trng nht ca 
tri thc loi ng i".  

Ngy nay l thuyt xc sut  tr thnh mt ngnh ton hc quan trng,  c 
ng dng trong rt nhiu lnh vc ca khoa hc t nhin,  khoa hc x hi,  
cng ngh,  kinh t,  y hc,  sinh hc,  

1.  Bin c  

a) Php th ngu nhin v  khng gian mu 

Khi gieo mt con sc sc(*),  s chm 
trn mt xut hin  c coi l  kt qu 
ca vic gieo sc sc.  Ta nhn thy 
rng rt kh on tr c  c kt qu 
ca mi ln gieo.  N c th l  bt k 
mt con s no trong tp hp { 1 ,  2,  3,  
4,  5,  6} .  Ta gi vic gieo con sc sc 
ni trn l  mt php th ngu nhin.  

  

(*) Con sc sc l  mt khi lp ph ng m su mt ln l t c 1 ,  2,  . . . ,  6 chm.  Mt c k chm gi 

l mt k chm.  

4
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Php th ngu nhin  (gi tt l  php th) l  mt th nghim 
hay mt hnh ng m  :  

 Kt qu ca n khng on tr c  c ;   

 C th xc nh  c tp hp tt c cc kt qu c th xy ra 
ca php th .  

Php th th ng  c k hiu bi ch T.  

Tp hp tt c cc kt qu c th xy ra ca php th  c gi l  
khng gian mu  ca php th v   c k hiu bi ch   (c 
l  -m-ga).  

V d 1.  Khng gian mu ca php th "Gieo mt con sc sc"  l  tp hp 

     = { 1 ,  2,  3,  4,  5,  6} .  

V d 2.  Xt php th T l  "Gieo hai 

ng xu(*)  phn bit".  Nu dng k hiu S 

 ch ng xu lt sp (mt sp xut hin) 
v  N  ch ng xu lt nga th khng 
gian mu ca php th trn l  

     = { SN, SS,  NN, NS} .  

H1   Cho php th T  l  "Gieo ba ng xu phn bit".  Hy cho bit khng gian mu 

ca php th .  

b) Bin c  

V d 3. Gi s T l php th "Gieo mt con sc sc". 

Khng gian mu l    = { 1 ,  2,  3,  4,  5,  6} .  

 Xt bin c (hay s kin) A  :  "S chm trn mt 
xut hin l  mt s chn".  Ta thy vic xy ra hay 
khng xy ra bin c A  tu thuc vo kt qu ca T.  
Bin c A  xy ra khi v ch khi kt qu ca T l 2,  
hoc 4, hoc 6.  Cc kt qu ny  c gi l cc kt 
qu thun li cho A.  Do  bin c A   c m t bi 

tp hp 
A

  = {2, 4, 6},  l mt tp con ca .  

Bin c A   c gi l bin c lin quan n php th T.  
  
(*)  ng xu l  ng tin kim loi c hai mt,  trn mt mt c ghi gi tr ca ng tin :  ng i ta 
th ng gi  l  mt nga.  Mt kia l mt sp.  
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Mt cch tng qut :  

Bin c A  lin quan n php th T l  bin c m  vic xy ra 
hay khng xy ra ca A  tu thuc vo kt qu ca T.   

Mi kt qu ca php th T lm cho A  xy ra,   c gi l  mt 
kt qu thun li cho  A.   

Tp hp cc kt qu thun li cho A   c k hiu l  A .  Khi  

ng i ta ni bin c A   c m t bi tp  A .  

H2  Xt bin c B  : "S chm trn mt xut hin l  mt s l" v  bin c C  : "S 

chm trn mt xut hin l  mt s nguyn t".  Hy vit ra tp hp B  m t bin c 

B  v  tp hp C  m t bin c C.  

  Bin c chc chn  l  bin c lun xy ra khi thc hin php th T.  Bin c 
chc chn   c m t bi tp   v   c k hiu l  .  

 Bin c khng th l  bin c khng bao gi xy ra khi php th T  c 
thc hin.  R rng khng c mt kt qu thun li no cho bin c khng th.  
Bin c khng th   c m t bi tp   v   c k hiu l  .  

2.  Xc sut ca bin c 
Trong cuc sng hng ngy, khi ni v bin c ta th ng ni bin c ny c 
nhiu kh nng xy ra,  bin c kia c t kh nng xy ra,  bin c ny c nhiu 
kh nng xy ra hn bin c kia.  Ton hc  nh l ng ho cc kh nng 
ny bng cch gn cho mi bin c mt s khng m, nh hn hay bng 1  gi 

l  xc sut ca bin c .  Xc sut ca bin c A   c k hiu l  P(A).  N 

o l ng kh nng khch quan s xut hin ca bin c A.   

a) nh ngha c in ca xc sut 

V d 4.  Gi s T l  php th "Gieo hai con sc sc".  Kt qu ca T l  cp s 
(x ;  y),  trong  x v  y  t ng ng l  kt qu ca vic gieo con sc sc th nht 
v  th hai.  Cc kt qu c th xy ra ca T  c cho trong bng sau y :  

                  y  

           (x ;  y)  
     x  

1  2 3  4 5  6 

1  (1  ;  1 ) (1  ;  2) (1  ;  3) (1  ;  4) (1  ;  5)  (1  ;  6)  
2 (2 ;  1 ) (2 ;  2) (2 ;  3) (2 ;  4) (2 ;  5)  (2 ;  6)  
3  (3  ;  1 ) (3  ;  2) (3  ;  3) (3  ;  4) (3  ;  5)  (3  ;  6)  
4 (4 ;  1 ) (4 ;  2) (4 ;  3) (4 ;  4) (4 ;  5)  (4 ;  6)  
5  (5  ;  1 ) (5  ;  2) (5  ;  3) (5  ;  4) (5  ;  5)  (5  ;  6)  
6 (6 ;  1 ) (6 ;  2) (6 ;  3) (6 ;  4) (6 ;  5)  (6 ;  6)  
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Khng gian mu ca T l   ={ (1  ;  1 ),  (2 ;  1 ), (3  ;  1 ),  (4 ;  1 ),  (5  ;  1 ), (6 ;  1 ),  .. ., 

(1  ;  6),  (2 ;  6),  (3  ;  6),  (4 ;  6),  (5  ;  6),  (6 ;  6)} .  Php th T c 36 kt qu c th.  

Nu con sc sc  c ch to cn i th cc mt ca con sc sc u c cng 

kh nng xut hin.  Ta ni 36 kt qu ca T l  ng kh nng.  

Xt bin c A  :  "Tng s chm trn mt xut hin ca hai con sc sc l  7" .  
Tp con A  cc kt qu thun li cho A  l  

   A  = { (1  ;  6),  (2 ;  5),  (3  ;  4),  (4 ;  3),  (5  ;  2),  (6 ;  1 )} .   

Khi  t s 
6 1

36 6
=   c coi l  xc sut ca A.       

Mt cch tng qut :  

nh ngha 

Gi s php th T c khng gian mu   l  mt tp hu hn v  
cc kt qu ca T l  ng kh nng.  Nu A  l  mt bin c lin 

quan vi php th T v  A  l  tp hp cc kt qu thun li cho 

A  th xc sut  ca A  l mt s, k hiu l  P(A),   c xc nh 

bi cng thc 

      ( )
| |


= 



AAP   

Nh  vy,  vic tnh xc sut ca bin c A  trong tr ng hp ny  c quy v 
vic  m s kt qu c th ca php th T  v  s kt qu thun li cho A.  

Ch  

T nh ngha trn ta suy ra  

  0 ( ) 1A P  ;  

   ( ) 1 =P ,  ( ) 0. =P  

V d 5.  Mt v x s c 4 ch s.  Khi quay s,  nu v bn mua c s trng 
hon ton vi kt qu th bn trng gii nht.  Nu v bn mua c ng 3  ch 
s trng vi 3  ch s ca kt qu (k c v tr)  th bn trng gii nh.  Bn An 
mua mt v x s.  

a)  Tnh xc sut  An trng gii nht.  

b)  Tnh xc sut  An trng gii nh.  
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Gii 

a) S kt qu c th l 410  = 10 000 v  ch c mt kt qu trng vi s v ca 

An.  Do  xc sut trng gii nht ca An l  
1

0, 0001
10000

= .  

b)  Gi s s v ca An l  abcd .  Cc kt qu trng vi ng 3  ch s ca An 

l  abct  (t   d)  hoc abtd  (t   c)  hoc atcd  (t   b)  hoc tbcd  (t   a).  

V mi tr ng hp trn u c 9 kh nng nn c 9 + 9 + 9 + 9 = 36 kt qu 

  v ca An trng gii nh.  Do  xc sut trng gii nh ca An l  

36

10000
 = 0,0036.             

V d 6.  Mt c bi t l kh gm 52 qun bi chia thnh bn cht :  r,  c 

(mu ), pch v  nhp (mu en).  Mi cht c 13  qun bi l  :  2,  3 ,  4,  5,  6,  7,  

8,  9,  10,  J,  Q, K,  A (c l  t).  Bn qun 2 (gm 2 r,  2 c,  2 pch v  2 nhp) 

lm thnh mt b 2 ;  bn qun 3  (gm 3  r,  3  c,  3  pch v  3  nhp) lm thnh 
mt b 3  ;  . . .  ;  bn qun t (gm t r,  t c,  t pch v  t nhp) lm thnh 

mt b t.  

Chn ngu nhin 5  qun bi.  Tnh xc sut  trong 5  qun bi  ta c 
mt b.  

 

 

 

 

 

Gii 

S kt qu c th l  5
52C .  S kt qu trong  c mt b 2 bng s cch chn 

mt qun bi trong s 52  4 = 48  qun cn li (khng phi l  qun 2).  Vy 

c 48  kt qu trong  c mt b 2.  T ng t c 48  kt qu trong  c mt 

b 3  ;  . . .  ;  c 48  kt qu trong  c mt b t.  V c tt c 13  b,  nn s kt 

qu trong  c xut hin mt b l  1 3  .  48  = 624.  Do ,  xc sut cn tm l   

    
5
52

624
0, 00024.

C
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b) nh ngha thng k ca xc sut 

Trong nh ngha c in ca xc sut,  ta cn gi thit php th T c mt s 

hu hn cc kt qu c th v  cc kt qu ny l  ng kh nng.  Nh ng trong 

nhiu tr ng hp, gi thit ng kh nng khng  c tho mn.  Chng hn 

khi gieo mt con sc sc khng cn i th cc mt ca con sc sc khng c 

cng kh nng xut hin.  Trong tr ng hp  ta s dng nh ngha sau y 

gi l  nh ngha thng k ca xc sut.  

Xt php th T v  bin c A  lin quan n php th .  Ta tin hnh lp i lp 
li N ln php th T v  thng k xem bin c A  xut hin bao nhiu ln.  

S ln xut hin bin c A   c gi l  tn s ca A  trong N ln 
thc hin php th T.  

T s gia tn s ca A  vi s N  c gi l  tn sut  ca A  trong 
N ln thc hin php th T.  

Ng i ta chng minh  c rng khi s ln th N cng ln th tn sut ca A  

cng gn vi mt s xc nh, s   c gi l xc sut ca A  theo ngha 

thng k  (s ny cng chnh l  P(A)  trong nh ngha c in ca xc sut).  

Nh  vy,  tn sut  c xem nh  gi tr gn ng ca xc sut.  Trong khoa 
hc thc nghim, ng i ta th ng ly tn sut lm xc sut.  V vy tn sut 
cn  c gi l  xc sut thc nghim.  

V d 7.  Nu ta gieo mt ng xu cn i th xc sut xut hin mt nga 

l  0,5.  Bup-phng (Buffon),  nh  ton hc ng i Php th k XVIII,   th 

nghim vic gieo ng xu nhiu ln v  thu  c kt qu sau :  

S ln gieo 
Tn s xut hin 

mt nga 
Tn sut xut hin 

mt nga 

4 040 2 048 0,5070 

12 000 6 019 0,5016 

24 000 12 012 0,5005 

V d 8.  Mt cng ti bo him nhn th  thng k  c trong 100 000 n 
ng 50 tui c 568 ng i cht tr c khi b c sang tui 51  v  trong 100 000 
ph n 50 tui c 284 ng i cht tr c khi b c sang tui 51 .  Khi  xc sut 
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thc nghim  mt ng i n ng 50 tui cht tr c khi b c sang tui 51  

l  
568

0,00568
100000

=  v  xc sut thc nghim  mt ng i ph n 50 tui 

cht tr c khi b c sang tui 51  l  
284

0, 00284.
100000

=      

H3  Gieo con sc sc 50  ln.  Ghi li kt qu ca vic gieo n y v  tnh tn sut 

xut hin mi mt 1 ,  2,  3 ,  4,  5,  6  chm.  

S chm xut hin Tn s Tn sut 

1    

2    

3    

4    

5    

6    

Cu hi  v  b i  tp 

25.  Chn ngu nhin mt s nguyn d ng khng ln hn 50.  

a)  M t khng gian mu.  

b)  Gi A  l  bin c "S  c chn l  s nguyn t".  Hy lit k cc kt qu 
thun li cho A.  

c)  Tnh xc sut ca A.  

d)  Tnh xc sut  s  c chn nh hn 4.  

26.  Chn ngu nhin mt s nguyn d ng nh hn 9.  Tnh xc sut  :  

a)  S  c chn l  s nguyn t ;  

b)  S  c chn chia ht cho 3.  

27.  Danh sch lp ca H ng  c nh s t 1  n 30.  H ng c s th t l  1 2.  

Chn ngu nhin mt bn trong lp.  

a)  Tnh xc sut  H ng  c chn.  
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b)  Tnh xc sut  H ng khng  c chn.  

c)  Tnh xc sut  mt bn c s th t nh hn s th t ca H ng 

 c chn.  

28.  Gieo hai con sc sc cn i.  

a)  M t khng gian mu.   

b)  Gi A  l  bin c "Tng s chm trn mt xut hin ca hai con sc sc nh 

hn hoc bng 7".  Lit k cc kt qu thun li cho A.  Tnh P(A).  

c)  Cng hi nh  trn cho cc bin c B  :  "C t nht mt con sc sc xut hin 

mt 6 chm"  v  C  :  "C ng mt con sc sc xut hin mt 6 chm".  

29.  Chn ngu nhin 5  ng i c tn trong mt danh sch 20 ng i  c nh s 

t 1  n 20.  Tnh xc sut  5  ng i  c chn c s th t khng ln hn 

10 (tnh chnh xc n hng phn nghn).  

Luyn tp 

30.  Chn ngu nhin 5  hc sinh c tn trong mt danh sch  c nh s th t t 

001  n 199.  Tnh xc sut  5  hc sinh ny c s th t :  

a)  T 001  n 099 (tnh chnh xc n hng phn nghn) ;  

b)  T 150 n 199 (tnh chnh xc n hng phn vn).  

31.  Mt ti ng 4 qu cu ,  6 qu cu xanh.  Chn ngu nhin 4 qu cu.  Tnh 

xc sut  trong bn qu  c c qu mu  v  mu xanh.  

32.  Chic kim ca bnh xe trong tr chi "Chic nn k diu"  c th dng li  

mt trong 7  v tr vi kh nng nh  nhau.  Tnh xc sut  trong ba ln quay, 

chic kim ca bnh xe  ln l t dng li  ba v tr khc nhau.   

33.  Gieo ng thi hai con sc sc cn i.  Tnh xc sut  s chm xut hin 

trn hai con sc sc hn km nhau 2.  
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T Quang Bu 

(1 91 0 - 1 986)  

Cun sch ting Vit v Xc sut - Thng k 
xut bn ln u tin  n c ta 

Vo nm 1 948 cun sch "Thng k th ng thc" 
 c xut bn  ti  chin khu  Vit Bc,  cn c a ca cuc 
khng chin chng Php (1 945 - 1 954) ca dn tc ta.  Tc 
gi ca n l  c gio s  T Quang Bu.  Lc  ng ang 
gi trng trch  Th tr ng B Quc phng.  

Cun sch dy 81  trang.  Do iu kin  kh khn  ca 
cuc khng chin lc  nn  n  c in  trn  giy xu,  

mu vng nu,  sn xut ti  cc x ng th  cng trong ni  
rng Vit Bc.  Cun sch trnh  by cc kin  thc c bn 
v xc sut,  thng k v  nhng ng  dng ca mn hc 
ny trong qun s.  Trong Li  ni  u,  tc gi vit :  

"Cuc thi ua yu n c t vn  thng k ra mt cch 

cp bch.  Thut thng k phi  c ph bin.  Khoa hc thng k phi  c nghin 

cu.  Cc cn b cao cp phi bit dng thng k,  cc cn b trung cp phi bit lm 

thng k. . . ".  

Gio s  T Quang Bu l  

mt nh  khoa hc ton  
nng,  uyn bc,  mt cn 
b lnh o c tm nhn  
chin  l c v cc vn  
khoa hc v  g io dc ca 
n c nh,  mt nhn cch 
ln  vi  li  sng gin  d  
trong  sng.  Trn c ng v  
Gim c tr ng i  hc 
Bch Khoa (1 956 - 1 961 ),  
B tr ng B i  hc v  
Trung hc chuyn nghip 
(1 965 - 1 976)  ng   c 

nhng ng gp quan 
trng trong cng cuc o 
to i  ng  cn b khoa 
hc v  xy dng nn  i  
hc Vit Nam.  

Em
cob i  t
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Trong tit ny ta lun gi thit cc bin c ang xt cng lin quan n php 
th T v  cc kt qu ca T l  ng kh nng.  

1.  Quy tc cng xc sut 

a) Bin c hp 

Cho hai bin c A  v  B.  Bin c "A  hoc B  xy ra",  k hiu l   

A    B,   c gi l  hp ca hai bin c A  v  B.  

Nu 
A

 v  
B
 ln l t l  tp hp cc kt qu thun li cho A  v  B  th tp 

hp cc kt qu thun li cho A    B  l  
A B
 .  

V d 1.  Chn ngu nhin mt hc sinh trong tr ng em.  Gi A  l  bin c "Bn 

 l  hc sinh gii Ton"  v  B  l  bin c "Bn  l  hc sinh gii Vn".  Khi  

A B  l  bin c "Bn  l  hc sinh gii Vn hoc gii Ton".  

Mt cch tng qut :  

Cho k bin c 1 2, , . . . , .
k

A A A  Bin c "C t nht mt trong cc 

bin c 1 2, , . . . ,
k

A A A  xy ra",  k hiu l  1 2 . . .
k

A A A   ,  

 c gi l  hp ca k bin c .  

b)  Bin c xung khc 

Cho hai bin c A  v  B.  Hai bin c A  v  B   c gi l  xung 
khc  nu bin c ny xy ra th bin c kia khng xy ra.  

Hai bin c A  v  B  l  hai bin c xung khc nu v  ch nu 
A

   
B
 = .  

V d 2. Chn ngu nhin mt hc sinh trong tr ng em.  Gi A  l  bin c 

"Bn  l  hc sinh khi 10",  B  l  bin c "Bn  l  hc sinh khi 1 1 ".  Khi 

 A  v  B  l  hai bin c xung khc.  

H1  Hi hai bin c A  v  B  trong v d 1  c phi l  hai bin c xung khc hay khng ? 

5
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c)  Quy tc cng xc sut 

 tnh xc sut ca bin c hp, ta cn n quy tc cng xc sut sau y :  

Nu hai bin c A  v  B  xung khc th xc sut  A  hoc B  xy 
ra l  

  ( ) ( ) ( ). = +A B A BP P P         (1 )  

V d 3.  Mt chic hp c chn th nh s t 1  n 9.  Rt ngu nhin hai th 
ri nhn hai s ghi trn hai th vi nhau.  Tnh xc sut  kt qu nhn  c 
l  mt s chn.  

Gii 

Kt qu nhn  c l  s chn khi v  ch khi trong hai th c t nht mt th 
nh s chn (gi tt l  th chn).  Gi A  l  bin c "Rt  c mt th chn v  
mt th l",  B  l  bin c "C hai th  c rt l  th chn".  Khi  bin c 
"Tch hai s ghi trn hai th l  mt s chn"  l  A    B.  

Do hai bin c A  v  B  xung khc,  nn P(A    B)  = P(A)  + P(B).  V c 4 th 

chn v  5  th l nn 

ta c 

    = =

1 1
5 4
2
9

20
( )

36
A

C C
P

C

,  
2
4
2
9

6
( )

36
= = B
C

P

C

 

Do   

   P(A    B)  =
20 6 13

36 36 18
+ = .        

Quy tc cng xc sut cho nhiu bin c  c pht biu nh  sau :  

Cho k bin c 1 2, , . . . , kA A A  i mt xung khc.  Khi  

         1 2 1 2P( .. . ) P( ) P( ) .. . P( ).   = + + +k kA A A A A A     (2)  

d) Bin c i 

Cho A  l  mt bin c.  Khi  bin c "Khng xy ra A",  k hiu 

l  A ,   c gi l  bin c i  ca A.  

Nu A  l  tp hp cc kt qu thun li cho A  th tp hp cc kt qu thun 

li cho A  l  \ .A   Ta ni A  v  A  l  hai bin c i nhau.  
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Ch   

Hai bin c i nhau l  hai bin c xung khc.  Tuy nhin hai bin 
c xung khc ch a chc l  hai bin c i nhau.  Chng hn trong 
v d 2,  A  v  B  l  hai bin c xung khc nh ng khng phi l  hai 
bin c i nhau.  

nh l 

Cho bin c A.  Xc sut ca bin c i A  l  

   P( A )  = 1    P(A).       (3)  

Chng minh  

K hiu S = A    A.  Do A  v A  l hai bin c xung khc nn theo cng thc (1) 

ta c  P(S)  = P( A )  + P(A).  R rng bin c S lun lun xy ra nn  S l  bin c 

chc chn.  Vy P(S)  = 1 .  Suy ra  

     P( A )  = 1    P(A).        

H2  Xt v d 3.  Tnh xc sut  kt qu nhn  c l  mt s l.    

V d 4.  Mt hp ng 4 vin bi xanh, 3  vin bi  v  2 vin bi vng.  Chn 
ngu nhin 2 vin bi.  

a)  Tnh xc sut  chn  c 2 vin bi cng mu.  

b) Tnh xc sut  chn  c 2 vin bi khc mu.  

Gii  

a)  Gi A  l  bin c "Chn  c 2 vin bi xanh",  B  l  bin c "Chn  c 2 

vin bi ",  C  l  bin c "Chn  c 2 vin bi vng"  v  H l  bin c "Chn 

 c 2 vin bi cng mu".  Ta c H =  A B C   v  cc bin c A,  B,  C  i 
mt xung khc.  Vy theo cng thc (2),  ta c 

  P(H)  = P( ) A B C  =  P(A)  + P(B)  + P(C).      

Ta c  P(A)  = 
2
4
2
9

6
36

=

C

C

,  P(B)  = 
2
3
2
9

3
36

=

C

C

,  P(C)  = 
2
2
2
9

1
36

= 

C

C

 

Vy   P(H)  = 
6 3 1 5
36 36 36 18

+ + =   
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b)  Bin c "Chn  c 2 vin bi khc mu"  chnh l  bin c H .  Vy theo 
cng thc (3),  ta c 

   P( H ) =  1    P(H)  = 
5 13

1
18 18

 =         

2.  Quy tc nhn xc sut 

a) Bin c giao 

Cho hai bin c A  v  B.  Bin c "C A  v  B  cng xy ra",  k hiu 
l  AB,   c gi l  giao ca hai bin c A  v  B.  

Nu 
A
 v  

B
 ln l t l  tp hp cc kt qu thun li cho A  v  B  th tp 

hp cc kt qu thun li cho AB  l  .  
A B

 

V d 5. Chn ngu nhin mt hc sinh trong tr ng em.  Gi A  l  bin c 
"Bn  l  hc sinh gii Ton",  B  l  bin c "Bn  l  hc sinh gii Vn".  
Khi  AB  l  bin c "Bn  l  hc sinh gii c Vn v  Ton".  

Mt cch tng qut :   

Cho k bin c 1 2, , . . . ,
k

A A A .  Bin c "Tt c k bin c 

1 2, , . . . ,
k

A A A  u xy ra",  k hiu l 1 2 . . . ,
k

A A A   c gi l  

giao ca k bin c .  

b) Bin c c lp 

Hai bin c A  v  B   c gi l  c lp  vi nhau nu vic xy ra 
hay khng xy ra ca bin c ny khng lm nh h ng ti xc 
sut xy ra ca bin c kia.  

V d 6.  Xt php th T l  "Gieo mt ng xu lin tip hai ln".  Gi A  l  bin 
c "Ln gieo th nht ng xu xut hin mt sp",  B  l  bin c "Ln gieo 
th hai ng xu xut hin mt nga".  Khi  A  v  B  l  hai bin c c lp 
vi nhau.  

Nhn xt.  Nu hai bin c A,  B  c lp vi nhau th A  v  B  ;  A  v  B  ;  A v  

B  cng c lp vi nhau.  

Mt cch tng qut :  

Cho  k bin c 1 2, , . . . ,
k

A A A  ;  k bin c ny  c gi l  c lp  

vi nhau nu vic xy ra hay khng xy ra ca mi bin c 
khng lm nh h ng ti xc sut xy ra ca cc bin c cn li.  
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c)  Quy tc nhn xc sut 

 tnh xc sut ca bin c giao,  ta cn n quy tc nhn xc sut sau y.  

Nu hai bin c A  v  B  c lp vi nhau th 

   P( ) P( )P( ).AB A B=          (4)  

Nhn xt.  T quy tc nhn xc sut ta thy :  Nu P( ) P( )P( )AB A B  th hai 

bin c A, B  khng c lp vi nhau.  

H3  Cho hai bin c A  v  B  xung khc.  

a)  Chng t rng P(AB)  = 0.  

b)  Nu P(A)  >  0  v  P(B)  >  0  th hai bin c A  v  B  c c lp vi nhau khng ? 

V d 7.  Mt chic my c hai ng c I v  II hot ng c lp vi nhau.  

Xc sut  ng c I v  ng c II chy tt ln l t l  0,8  v  0,7.  Hy tnh 

xc sut  :  

a)  C hai ng c u chy tt ;  

b)  C hai ng c u khng chy tt ;  

c)  C t nht mt ng c chy tt.  

Gii 

a) Gi A  l  bin c "ng c I chy tt",  B  l  bin c "ng c II chy tt",  
C  l  bin c "C hai ng c u chy tt".  Ta thy A,  B  l  hai bin c c lp 
vi nhau v  C  = AB.  Theo cng thc (4),  ta c 

   P(C)  = P(AB)  = P(A)P(B)  = 0,8  .  0,7  = 0,56.  

b) Gi D  l  bin c "c hai ng c u khng chy tt".  Ta thy D A B= .  

Hai bin c A  v  B  c lp vi nhau nn 

 P(D)  = P( A )P( B )  = (1    P(A))  (1    P(B))  = 0,2 .  0,3  = 0,06.  

c) Gi K l bin c "c t nht mt ng c chy tt", khi  bin c i ca K 
l  bin c D.  

Do   P(K)  = 1    P(D) = 1   0,06 = 0,94.        

Quy tc nhn xc sut cho nhiu bin c  c pht biu nh  sau :  

Nu k bin c 1 2, , . . . , kA A A  c lp vi nhau th 

 1 2 1 2P( .. . ) P( ) P( ) . . . P( ).=k kA A A A A A   (5)  
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Cu hi  v  b i  tp 

34.  Gieo ba ng xu cn i mt cch c lp.  Tnh xc 
sut  :  

a)  C ba ng xu u sp ;  

b)  C t nht mt ng xu sp ;  

c)  C ng mt ng xu sp.  

35.   Xc sut bn trng hng tm ca mt ng i bn cung 
l  0,2.  Tnh xc sut  trong ba ln bn c lp :  

a)  Ng i  bn trng hng tm ng mt ln ;  

b)  Ng i  bn trng hng tm t nht mt ln.  

36.  Gieo hai ng xu A  v  B  mt cch c lp.  ng xu A  ch to cn i.  ng 
xu B  ch to khng cn i nn xc sut xut hin mt sp gp ba ln xc sut 
xut hin mt nga.  Tnh xc sut  :  

a)  Khi gieo hai ng xu mt ln th c hai ng xu u nga ;  

b)  Khi gieo hai ng xu hai ln th hai ln c hai ng xu u nga.  

37.  Trong mt bi thi trc nghim khch quan c 10 cu.  Mi cu c 5  ph ng n 
tr li,  trong  ch c mt ph ng n ng.  Mt hc sinh khng hc bi nn 
lm bi bng cch vi mi cu u chn ngu nhin mt ph ng n tr li.  
Tnh xc sut  hc sinh  tr li khng ng c 10 cu (tnh chnh xc n 
hng phn vn).  

S dng my tnh b ti  trong tnh ton 
t hp v  xc sut 

Khi  gii  cc bi  ton  t hp v  xc sut,  chng ta th ng phi  tnh  cc biu  thc s 

c cha cc s dng , ! , A , C .k k k
n nn n  My tnh  b ti  l  mt cng c  h tr c lc 

cho ta khi  phi  thc hin  cc tnh  ton ny.  

i  vi  my tnh  CASIO fx-500 MS cch dng nh  sau :  

1 )   tnh  k
n  ta ln  l t n  

     n   ^   k  = .      
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V d 1 .  Tnh 10
4 .  Ta ln  l t n  

    4   ^   10   =.         

Trn  mn hnh  hin  kt qu 1048576.  

2)   tnh  n! ta ln  l t n  

    n  SHIFT   x! .      

V d 2.  Tnh  8 ! .  Ta ln  l t n  

    8  SHIFT   x! .    =.     

Trn mn hnh  hin  kt qu 40320.  

3)   tnh  Ak

n  ta ln  l t n  

    n  SHIFT  nPr  k  =.     

V d 3.  Tnh  3
15 .A  Ta ln  l t n    

    15  SHIFT  nPr  3   =.     

Trn mn hnh  hin  kt qu 2730.  

4)   tnh  k

nC  ta ln  l t n  

    n  nCr  k  = .     

V d  4.  Tnh  7
14 .C  Ta ln  l t n    

    14   nCr  7   = .     

Trn  mn hnh  hin  kt qu 3432.  

V d 5.  Tnh  h s ca 9
x  trong khai  trin  19

( 2) .x   

H s  l  10 10
19 2 .C  Mun tnh  s ny ta ln  l t n  

    19   nCr 10      2   ^   10   =.     

Trn  mn hnh  hin  kt qu 94  595  072.  

V d 6.  Chn ngu nhin 5  qun  bi .  Tnh  xc sut  trong 5  qun bi   ta c mt 
b.  (Xem v d  6.  4).  

Xc sut  l  
5
52

624
P

C
= .   tnh  s ny ta ln  l t n  

    624        52   nCr  5   =.  

Trn mn hnh  hin  kt qu 0,000240096.  Vy P   0,00024.  
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Luyn tp 

38.  C hai hm ng th,  mi hm ng 12 th nh s t 1  n 12.  T mi hm 
rt ngu nhin mt th.  Tnh xc sut  trong hai th rt ra c t nht mt th 
nh s 12.  

39.  Cho hai bin c A  v  B  vi P(A)  = 0,3  ;  P(B)  = 0,4 v  P(AB)  = 0,2.  Hi hai bin 
c A  v  B  c 

a)  Xung khc hay khng ?  

b)  c lp vi nhau hay khng ?  

40.  Trong mt tr chi in t,  xc sut  An thng trong mt trn l  0,4 (khng 
c ho ).  Hi An phi chi ti thiu bao nhiu trn  xc sut An thng t 
nht mt trn trong lot chi  ln hn 0,95  ?  

41.  Gieo hai con sc sc cn i mt cch c lp.  Tnh xc sut  tng s chm 
trn mt xut hin ca hai con sc sc bng 8.  

42.  Gieo ba con sc sc cn i mt cch c lp.  Tnh xc sut  tng s chm 
trn mt xut hin ca ba con sc sc bng 9.  

 

Xc sut v  s  

1 .  Bng mt chic kim ta c th tnh gn ng s   

Trn mt phng ta k cc  ng thng song song cch u 
nhau mt khong cch d.  Ly mt chic kim c chiu  di  l  

2

d
.  Tung chic kim  mt cch ngu nhin  ln  mt phng,  

nh  ton hc Php Bup-phng (Buffon)   ch ra rng  xc 
sut  chic kim ct mt trong cc  ng thng   v l  

1
p = 



 

By gi ta tung chic kim ny N ln  v  g i s c k ln  chic 
kim ct mt trong cc  ng thng  v.  V tn  sut 

1k
f p

N
=  =



 nn  ta suy ra 
N

k
    

Em

cob i  t
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Bup-phng  th nghim bng cch tung  mt chic kim 221 2 ln  v  thu   c 
704 ln  chic kim ct mt trong cc  ng thng  v.  Do  

   
2212

3,142045.
704

    

Sau  ,  nh  ton  hc Pic-xn (Pearson)  tung  mt chic kim nhiu  ln  hn v  

tm  c    3,1415929.  Nu tng  s ln tung  chic kim ln  th s tnh gn ng s 

  vi   chnh xc cao hn.  

2.  Mt tnh hung khc c xut hin s  

Nu ta chn ngu nhin  hai  s thc x v  y  trong  khong (0  ;  1 )  th c th chng minh 
 c rng  xc sut  ba s x,  y  v  1  l   di  ba cnh ca mt tam gic nhn bng 

4

4

 
.  Bn  hy mi  nhiu  ng i  (cng nhiu  cng tt)  v  yu  cu  mi  ng i  chn 

ly hai  s d ng trong khong (0  ;  1 ).  Sau  ,  bn yu  cu  mi  ng i  kim tra xem 
hai  s  v  s 1  c l   d i  ba cnh ca tam gic nhn  khng.  Gi s c n  ng i  
ni  "c" v  m  ng i  ni  "khng".  V tn  sut  f xp x xc sut nn 

  
4

4

n
f

n m

 
= 

+
.  T  

4
4 1

n m

n m n m

 
   =  + + 

 

 Bn khng tin  hy th th nghim xem sao !  

1.  Khi nim bin ngu nhin ri rc  

V d 1.  Gieo ng xu 5  ln lin tip.  K hiu X l  s ln xut hin mt nga.  
i l ng X c cc c im sau :  

 Gi tr ca X l  mt s thuc tp { 0,  1 ,  2,  3,  4,  5}  ;  

 Gi tr ca X l  ngu nhin,  khng on tr c  c.  

Ta ni X l  mt bin ngu nhin ri rc.  

Mt cch khi qut :  

i l ng X  c gi l  mt bin ngu nhin ri rc  nu n 

nhn gi tr bng s thuc mt tp hu hn no  v  gi tr y l 

ngu nhin,  khng d on tr c  c.  

6
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2.  Phn b xc sut ca bin ngu nhin ri rc 

Gi s X l  mt bin ngu nhin ri rc nhn cc gi tr { 1 2, , . . . , nx x x } .   

hiu r hn v X,  ta th ng quan tm n xc sut  X nhn gi tr kx  tc l  

cc s P(X = kx )  = kp  vi k = 1 ,  2,  . . . ,  n.  

Cc thng tin v X nh  vy  c trnh by d i dng bng sau y :  

X 1x  2x  . . .  nx  

P 1p  2p  . . .  np  

  Bng 1  

Bng 1   c gi l  bng phn b xc sut ca bin ngu nhin ri rc  X.  

Ng i ta chng minh  c rng trong bng 1 , tng cc s  dng th hai bng 

1 2 . . . np p p+ + +  = 1 .  

V d 2.  S v vi phm lut giao thng trn on  ng A  vo ti th by 
hng tun l  mt bin ngu nhin ri rc X.  Gi s X  c bng phn b xc sut 
nh  sau :  

X 0 1  2 3  4 5  

P 0,1  0,2 0,3  0,2 0,1  0,1  

Bng 2  

Nh bng 2 ta bit  c chng hn xc sut  ti th by trn on  ng A  

khng c v vi phm lut giao thng no l  0,1  v  xc sut  xy ra nhiu 

nht mt v vi phm lut giao thng l  0,1  + 0,2 = 0,3.  

H1   Tnh xc sut  ti th by trn on  ng A  : 

a)  C hai v vi phm lut giao thng ; 

b)  C nhiu hn ba v vi phm lut giao thng.  

V d 3.  Mt ti ng 6 vin bi  v  4 vin bi xanh.  Chn ngu nhin 3  vin 

bi.  Gi X l  s vin bi xanh trong 3  vin bi  c chn ra.  R rng X l  bin 

ngu nhin ri rc nhn gi tr trong tp { 0,  1 ,  2,  3} .  
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 lp bng phn b xc sut ca X ta phi tnh cc xc sut P(X = 0), P(X = 1 ),  

P(X = 2)  v  P(X = 3).  

S tr ng hp c th l  3
10C  = 120.  

Ta c P(X = 0)  l  xc sut chn  c c 3  vin bi .  S cch chn 3  vin bi 

 l  3
6C  = 20.  Vy P(X = 0)  = 

20 1

120 6
=   

Ta c P(X = 1 )  l  xc sut  chn  c 1  vin bi xanh v  2 vin bi .  Ta c 

1
4C  = 4 cch chn 1  vin bi xanh v  2

6C  = 15  cch chn 2 vin bi .  Theo 

quy tc nhn, ta c 4.15  = 60 cch chn 1  vin bi xanh v  2 vin bi .  Vy 

P(X = 1 )  = 
60 1

120 2
=             

H2  Hy tnh P(X =  2)  v  P(X =  3)  ri lp bng phn b xc sut ca X.  

3.  K vng 

nh ngha 

Cho X l bin ngu nhin ri rc vi tp gi tr l 

{ 1 2, , . . . , nx x x } .  K vng  ca X,  k hiu l  E(X),  l  mt s  c 

tnh theo cng thc 

 E(X)  = 1 1 2 2 n nx p x p x p+ + +  = 
1

n

i i
i

x p
=

 ,  

  P( )i ip X x= = ,  (i  = 1 ,  2,  . . . ,  n).  

 ngha  :  E(X)  l  mt s cho ta mt  nim v  ln trung bnh ca X.  V th 

k vng E(X)  cn  c gi l  gi tr trung bnh ca X.  

Nhn xt.  K vng ca X  khng nht thit thuc tp cc gi tr ca X.  

V d 4.  Gi X l  s v vi phm lut giao thng trong m th by  on 
 ng A  ni trong v d 2.  Tnh E(X).  

Gii 

Ta c E(X)  = 0 .  0,1  + 1  .  0,2 + 2 .  0,3  + 3  .  0,2 + 4 .  0,1  + 5  .  0,1  = 2,3.  
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(Nh  vy  on  ng A  mi ti th by c trung bnh 2,3  v vi phm lut 
giao thng).             

4.  Ph ng sai v   lch chun  

a) Ph ng sai 

nh ngha 

Cho X l  bin ngu nhin ri rc vi tp gi tr l  { x1 ,  x2,  . . . ,  xn} .  

Ph ng sai  ca X, k hiu l V(X), l mt s  c tnh theo cng thc 

 2 2 2
1 1 2 2V( ) ( ) ( ) ( )n nX x p x p x p  =  +  + +   

  = 2

1

( ) ,
n

i i
i

x p
=

  

  ( )i ip X x= =P  (i  = 1 ,  2,  . . . ,  n)  v    = E(X).  

 ngha :  Ph ng sai l  mt s khng m.  N cho ta mt  nim v mc  

phn tn cc gi tr ca X xung quanh gi tr trung bnh.  Ph ng sai cng ln 

th  phn tn ny cng ln.  

b)  lch chun 

nh ngha 

Cn bc hai ca ph ng sai,  k hiu l  (X),   c gi l  lch 
chun  ca X,  ngha l  

      ( ) V( ).X X =  

V d 5.  Gi X l s v vi phm lut giao thng vo ti th by ni trong v d 2.  

Tnh ph ng sai v   lch chun ca X.  

Gii 

T v d 4 ta c    = E(X)  = 2,3.  T cng thc tnh ph ng sai,  ta c 

V(X) = (0   2,3)2  .  0,1  + (1    2,3)2  .  0,2 + (2   2,3)2 .  0,3  + (3    2,3)2 .  0,2  

   + (4   2,3)2  .  0,1  + (5    2,3)2  .  0,1  = 2,01 .  

 lch chun l ( )X  = 2, 01    1 ,418         
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Ch  

C th chng minh  c rng 

   V(X)  = 2 2

1

.
n

i i

i

x p 
=

       (1 )  

Trong thc hnh, ta th ng dng cng thc (1 )   tnh ph ng sai.  

V d 6.  Dng cng thc (1 )   tnh ph ng sai ca s v vi phm lut giao 

thng trong v d 2,  ta c 

V(X)  = 2 2 2 2 2 2 20 . 0,1 1 . 0, 2 2 . 0, 3 3 . 0, 2 4 . 0,1 5 . 0,1 (2, 3) 2, 01 .+ + + + +  =  

Cu hi  v  b i  tp 

43.  Mt cuc iu tra  c tin hnh nh  sau :  Chn ngu nhin mt bn hc sinh 

trn  ng v  hi xem gia nh bn  c bao nhiu ng i.  Gi X l  s ng i 

trong gia nh bn hc sinh .  Hi X c phi l bin ngu nhin ri rc khng ? 
V sao ? 

44.  Chn ngu nhin mt gia nh trong s cc gia nh c ba con.  Gi X l s con 

trai trong gia nh .  Hy lp bng phn b xc sut ca X (gi thit rng xc 

sut sinh con trai l  0,5).  

45.  S ca cp cu  mt bnh vin vo ti th by l mt bin ngu nhin ri rc X 
c bng phn b xc sut nh  sau :  

X 0  1  2  3  4  5  

P 0,15  0,2  0,3  0,2  0,1  0,05  

Bit rng, nu c hn 2 ca cp cu th phi tng c ng thm bc s trc.   

a)  Tnh xc sut  phi tng c ng thm bc s trc vo ti th by.  

b) Tnh xc sut  xy ra t nht mt ca cp cu vo ti th by.  

46.  S cuc in thoi gi n mt tng i trong khong thi gian 1  pht vo 

bui tr a (t 12 gi n 13  gi)  l  mt bin ngu nhin ri rc X c bng phn 

b xc sut sau :  
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X 0  1  2  3  4  5  

P 0,3  0,2  0,15  0,15  0,1  0,1  

Tnh xc sut  trong khong thi gian t 12 gi 30 pht n 12 gi 31  pht 
c nhiu hn 2 cuc gi.  

47.  Tnh k vng, ph ng sai v   lch chun ca bin ngu nhin ri rc X trong 
bi tp 44 (tnh chnh xc n hng phn trm).   

48.  Tnh k vng, ph ng sai v   lch chun ca bin ngu nhin ri rc X trong 
bi tp 45 (tnh chnh xc n hng phn trm).   

49.  Tnh k vng, ph ng sai v   lch chun ca bin ngu nhin ri rc X trong 

bi tp 46 (tnh chnh xc n hng phn trm).  

lin h gia bin ngu nhin ri  rc 

v  thng k  

Xt du hiu  X vi  tp gi tr  hu hn  { 1x ,  2x , ,  nx } .  Gi s trn  mt mu iu  tra 

kch th c N v du hiu  X,  ta thy c in  s l iu  c gi tr  ix  (i  = 1 ,  2,, n),  tc l  

g i tr  ix  c tn  s in .  Tn sut ca gi tr   ix  l  i
i

n
f

N
= .   

Khi   bng phn b tn  sut ca mu s l iu  trn  l  

Gi tr   x 1x  2x   
nx  

Tn sut f 1f  2f   
nf  

C th coi du hiu X  ni trn l  mt bin ngu nhin ri rc vi tp gi tr { 1x ,  2x ,,  nx } .  

Gi s phn b xc sut ca X l   

X 1x  2x   
nx  

P 1p  2p   
np  

Chng ta  bit rng tn  sut if  l  mt gi tr  gn ng ca xc sut ip .  Do  

bng phn b tn sut ca mu s liu cho ta mt "hnh nh" gn ng v bng 
phn b xc sut ca X.   
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S trung  bnh ca mu s l iu  l  1

1 1

n

i i n n
i i

i i i

i i

n x
n

x x x f
N N

=

= =

= = =


  .  

V if  ip   nn  

1 1

E( ).
n n

i i i i

i i

x x f x p X

= =

=  =   

Nh  vy,  s trung bnh ca mu s liu l  mt gi tr gn ng ca k vng ca  X.  

T ng t,  ph ng sai  ca mu s l iu  l  

 

2

2 2 21

1 1

( )

( ) ( ) V( )

n

i i n n
i

i i i i

i i

n x x

s x x f x p X
N

=

= =



= =    =


   

    =  E(X) .  

Vy  ph ng sai v   lch chun ca mu s liu l  cc gi tr gn ng ca 

ph ng sai v    lch chun ca X.  

Luyn tp 

50.  Chn ngu nhin 3  a tr t mt nhm tr gm 6 trai v 4 gi.  Gi X l s b 

gi trong s 3  a tr  c chn.  Lp bng phn b xc sut ca X.  

51.  S n t hng n trong mt ngy  mt cng ti vn ti l mt bin ngu 
nhin ri rc X c bng phn b xc sut nh  sau :  

X 0  1  2  3  4  5  

P 0,1  0,2  0,4  0,1  0,1  0,1  

a) Tnh xc sut  s n t hng thuc on [1  ;  4] .  

b)  Tnh xc sut  c t nht 4 n t hng n cng ti  trong mt ngy.  

c)  Tnh s n t hng trung bnh n cng ti  trong mt ngy.  

52.  Cho bin ngu nhin ri rc X c bng phn b xc sut nh  sau :  

X 0  1  2  3  4  5  6  7  8  9  

P 0,01 0,05 0,1  0,14 0,18 0,25 0,15 0,07 0,04  0,01  

a) Tnh P(2 < X < 7).  

b)  Tnh P(X > 5).  
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53.  Cho bin ngu nhin ri rc X c bng phn b xc sut nh  sau :  

X 0  1  2  3  

P 
1
28

15
56

27
56

3
14

Tnh E(X),  V(X)  v (X)  (tnh chnh xc n hng phn nghn).  

54.  Cho bin ngu nhin ri rc X c bng phn b xc sut nh  sau :  

X 15  18  21  24  

P 
3
14

27
56

15
56

1
28

Tnh E(X),  V(X)  v (X)  (tnh chnh xc n hng phn nghn).  

Cu hi  v  bi  tp n tp ch ng II  

55.  T cc ch s 0,  1 ,  2,  3,  4,  5,  6 c th lp  c bao nhiu s chn c ba ch s 
(khng nht thit khc nhau) ?  

56.  T cc ch s 1, 2, 3, 4, 5 c th lp nn bao nhiu s chn c ba ch s khc nhau ? 

57.  Xt s  mng in (h.  2.4)  c 9 cng tc, trong  mi cng tc c hai trng 
thi ng v m.  

a)  Hi mng in c th c bao nhiu cch ng - m 9 cng tc trn ? 

b) Hi mng in c bao nhiu cch ng -  m 9 cng tc trn  thng mch 
t A  n B  (tc l  c dng in i t A  n B)  ?  

Hnh 2.4 

58.  Trong khng gian cho tp hp gm 9 im trong  khng c 4 im no 
ng phng.  Hi c th lp  c bao nhiu t din vi cc nh thuc tp hp 
 cho ? 
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59.  Mt cu lc b c 25 thnh vin.  

a)  C bao nhiu cch chn 4 thnh vin vo U ban Th ng trc ?  

b)  C bao nhiu cch chn Ch tch,  Ph Ch tch v Th qu ?  

60.  Tm h s ca 8 9
x y  trong khai trin ca 17(3 2 )x y+ .  

61.  Chn ngu nhin mt s t nhin b hn 1000.  Tnh xc sut  s  :  

a)  Chia ht cho 3  ;  

b)  Chia ht cho 5.   

62.  Chn ngu nhin 5  qun bi trong c bi t l kh gm 52 qun bi.  Tnh xc 
sut  trong 5  qun bi ny c qun 2  r, qun 3  pch, qun 6 c, qun 10 
nhp v qun K c.  

63.  Chn ngu nhin 5  qun bi trong c bi t l kh gm 52 qun bi.  Tnh xc 
sut  trong 5  qun bi ny c t nht mt qun t (tnh chnh xc n hng 
phn nghn).  

64.  C hai hm, mi hm cha 5  tm th nh s t 1  n 5.  Rt ngu nhin t 
mi hm mt tm th.  Tnh xc sut  tng cc s ghi trn hai tm th rt ra 
khng nh hn 3.  

65.  C ba hm, mi hm cha 5  tm th nh s t 1  n 5.  Rt ngu nhin t 
mi hm mt tm th.  Tnh xc sut  :  

a)  Tng cc s ghi trn ba tm th rt ra khng nh hn 4 ;  

b)  Tng cc s ghi trn ba tm th rt ra bng 6.  

66.  S li nh my trn mt trang sch l  mt bin ngu nhin ri rc X c bng 
phn b xc sut nh  sau :  

X 0  1  2  3  4  5  

P  0,01  0,09  0,3  0,3  0,2  0,1  

Tnh xc sut  :  

a)  Trn trang sch c nhiu nht 4 li ;  

b)  Trn trang sch c t nht 2 li.  

67.  C hai ti :  ti th nht cha ba tm th nh s 1 ,  2,  3  v  ti th hai cha bn 
tm th nh s 4,  5,  6,  8.  Rt ngu nhin t mi ti mt tm th ri cng hai 
s ghi trn hai tm th vi nhau.  Gi X l s thu  c.  

a)  Lp bng phn b xc sut ca X.  

b)  Tnh E(X).  
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68.  Mt nhm c 7 ng i,  trong  gm 4 nam v  3  n.  Chn ngu nhin 3  ng i.  
Gi X l s n trong 3  ng i  c chn.  

a)  Lp bng phn b xc sut ca X.  

b)  Tnh E(X)  v V(X)  (tnh chnh xc n hng phn trm).  

B i  tp trc nghim khch quan 

Trong cc b i t  69 n 73,  hy chn kt qu ng trong cc kt qu  cho.  

69.  Trong cc s nguyn t 100 n 999,  s cc s m  cc ch s ca n tng dn 

hoc gim dn (k t tri sang phi)  bng 

(A) 120 ;    (B) 168 ;     (C) 204 ;    (D) 216.        

70.   Mt i xy dng gm 10 cng nhn, 3  k s .   lp mt t cng tc,  cn 
chn mt k s  lm t tr ng, mt cng nhn lm t ph v 5  cng nhn lm 
t vin.   Hi c bao nhiu cch chn ?  

 (A) 3780 ;        (B)  3680 ;       (C) 3760 ;     (D)  3520.  

71.  Vi cc ch s 0, 1 ,  2,  3,  4,  5,  6 c th lp  c bao nhiu s chn gm 5  ch 
s i mt khc nhau (ch s u tin phi khc 0)  ?  

 (A) 1250 ;      (B)  1260 ;     (C) 1280 ;     (D) 1270.   

72.  H s ca 9x  sau khi khai trin v rt gn a thc l  

    9 10 14(1 ) (1 ) (1 ) .x x x+ + + + + +  

 (A)  3001  ;       (B) 3003  ;       (C)   3010 ;   (D)  2901 .  

73.  Hai x th c lp vi nhau cng bn vo mt tm bia.  Mi ng i bn mt 

vin.  Xc sut bn trng ca x th th nht l  0,7 ;  ca x th th hai l 0,8 .  

Gi X l  s vin n trng bia.  Tnh k vng ca X.  

 (A)  1 ,75 ;     (B)  1 ,5 ;       (C) 1 ,54  ;      (D)   1 ,6.  
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1.  Ph ng php quy np ton hc 

Trong nhiu lnh vc khc nhau ca ton hc (s hc,  i s,  hnh hc, 
gii tch,  . . .),  ta th ng gp nhng bi ton vi yu cu chng minh mnh  
cha bin A(n)  l  mt mnh  ng vi mi gi tr nguyn d ng ca bin n.  

Xt bi ton :  Chng minh rng vi mi s nguyn d ng n,  ta lun c  

  1 .2 + 2.3  + . . .  + n(n  + 1 )   =  
( 1)( 2)

3
n n n+ +

       (1 )  

H1  a)  Hy kim tra ng thc (1 )  khi n  = 1 .  

b)  Em c th kim tra ng thc (1 )  vi mi gi tr nguyn d ng ca n  hay khng ? 

Nhn thy, ta c th chng minh  c khng nh sau :  

"Vi k l  mt s nguyn d ng tu ,  nu  (1 )   ng khi  n = k th n cng 

ng khi n = k + 1 ."   

iu  c ngha l  :  "Nu ta  c 

  1 .2 + 2.3  + . . .  + k(k + 1 )   =  
( 1)( 2)

3
k k k+ +

                                       (2)  

th ta cng s c 

   1 .2 + 2.3  + . . .  + k(k + 1 )  + (k + 1 )(k + 2)   =  
"( 1)( 2)( 3)

3
k k k+ + +

                         

Tht vy,  theo (2)  ta c 

1 .2 + 2.3  + . . .  + k(k + 1 )  + (k + 1 )(k + 2)   =  
( 1)( 2)

3
k k k+ +

  +  (k + 1 )(k + 2)  

                                                                  =  
( 1)( 2)( 3)

3
k k k+ + +

  

Nh vic kim nghim (1 )  ng khi n  = 1  v  kt qu va chng minh trn,  ta 

c th suy ra (1 )  ng vi mi gi tr nguyn d ng ca n.  

1
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Tht vy,  v (1 )  ng khi n  = 1  nn theo kt qu va chng minh trn,  n 
cng ng khi n  = 1  + 1  = 2.  T ng t nh  th,  v ng khi n  = 2 nn n 
s ng khi n  = 2 + 1  = 3  ;  v  do  ng khi n  = 3  nn n phi ng khi 
n  = 3  + 1  = 4 ;  . . .  .  Tip tc qu trnh suy lun ,  ta i n kt lun (1 )  ng 
vi mi gi tr nguyn d ng ca n.  Bi ton  c gii quyt.   

Mt cch khi qut :  

 chng minh mnh  cha bin A(n)  l  mt mnh  ng vi mi gi tr 
nguyn d ng ca n,  ta thc hin hai b c sau :  

  B c 1  (b c c s,  hay b c khi u).  Chng minh A(n)  l  mt mnh  
ng khi n  = 1 .  

  B c 2  (b c quy np,  hay b c "di truyn").  Vi k l  mt s nguyn d ng 
tu ,  xut pht t gi thit A(n)  l  mt mnh  ng khi n  = k,  chng minh 
A(n) cng l  mt mnh  ng khi n  = k + 1 .   

Ng i ta gi ph ng php chng minh va nu trn l  ph ng php quy np 

ton hc  (hay cn gi tt l  ph ng php quy np).  Gi thit  c ni ti  
b c 2 gi l  gi thit quy np.  

2.  Mt s v d p dng 

V d 1. Chng minh rng vi mi s nguyn d ng n,  ta lun c 

   1 3  + 23  + . . .  + n3   =  
2 2( 1)

4

n n +
                (3)  

Gii  

Ta s gii bi ton bng ph ng php quy np.  

  Vi n  = 1 ,  ta c 

    1 3  = 1  =  
2 21 (1 1)

4

+
  

Nh  vy,  (3)  ng khi n  = 1 .  

  Gi s (3)  ng khi n  = k,  k   N*,  tc l  

   1 3  + 23  + . . .  + k3   =  
2 2( 1)

4

k k +
,  

ta s chng minh n cng ng khi n  = k + 1 ,  tc l   

  1 3  + 23  + . . .  + k3  + (k + 1 )3   =  
2 2( 1) ( 2)

4

k k+ +
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Tht vy,  t gi thit quy np,  ta c 

 1
3  + 23  + . . .  + k3  + (k + 1 )3   =   

2 2( 1)

4

k k +
  +  (k + 1 )3  

                        =   
2( 1)

4

k +
.  (k2  + 4k + 4)    =   

2 2( 1) ( 2)

4

k k+ +
  

Vy (3)  ng vi mi s nguyn d ng n.        

H2   Chng minh rng vi mi s nguyn d ng n,  ta lun c 

    1  + 3  + 5  + . . .  + (2n    1 )   =  n2.  

H3  Chng minh rng vi mi s nguyn d ng n,  ta lun c 

    1 2  + 32  + . . .  + (2n    1 )2   =  
2(4 1)

3

n n 
  

Ch   

Trong thc t,  ta cn gp cc bi ton vi yu cu chng minh 
mnh  cha bin A(n)  l  mt mnh  ng vi mi gi tr 

nguyn d ng n    p,  trong  p  l  mt s nguyn d ng cho tr c.  
Trong tr ng hp ny,  gii quyt bi ton t ra bng ph ng 
php quy np,   b c 1  ta cn chng minh A(n)  l  mnh  ng 
khi n  = p  v   b c 2,  cn xt gi thit quy np vi k l  s nguyn 
d ng tu  ln hn hoc bng p.  

V d 2.  Chng minh rng vi mi s nguyn d ng n    3 ,  ta lun c 

                           2n   >  2n  + 1 .                                         (4)  
Gii  

Ta s gii bi ton bng ph ng php quy np.  

  Vi n  = 3,  ta c 

  2n   =  23  =  8    v    2n  + 1  =  2.3  + 1  =  7.  

R rng 8  > 7,  v  do  (4)  ng khi n  = 3.  

  Gi s (4)  ng khi n  = k ,  k   *  v   k   3 ,  tc l 

    2k  >  2k  + 1 ,  

ta s chng minh n cng ng khi n  = k + 1 ,  tc l  

    2k+1   >  2(k + 1 )  + 1 .  
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Tht vy,  t gi thit quy np, ta c 

  2k + 1   =  2.2k  >  2(2k + 1 )  =  4k + 2  >  2k + 3   =  2(k + 1 )  + 1 .  

Vy (4) ng vi mi s nguyn d ng n    3 .        

Cu hi  v  b i  tp  

1.  Chng minh rng vi mi s nguyn d ng n,  ta lun c ng thc sau :  

  1  + 2 + 3  + . . .  + n   =  
( 1)
2

n n +
  

2.  Chng minh rng vi mi s nguyn d ng n,  ta lun c ng thc :  

  2 2 2 2 ( 1)(2 1)
2 4 .. . (2 )

3
n n n

n
+ +

+ + + =   

3.  Chng minh rng vi mi s nguyn d ng n,  ta lun c bt ng thc :  

  1  +  
1

2
  +  . . .   +  

1

n

  <  2 n .  

4.  Chng minh rng vi mi s nguyn n    2,  ta lun c ng thc sau :  

  
2

1 1 1 1
1 1 . . . 1

4 9 2
n

nn

+     
   =      

     
 

5.  Cho n  l  mt s nguyn ln hn 1 .  Hy chng minh bt ng thc sau :  

  
1
1n +
 +  

1
2n +
  +  . . .   +  

1
2n

  >  
13
24

  

6.  Vi mi s nguyn d ng n,  t  un  = 7.2
2n   2  + 32n   1 .  Chng minh rng vi 

mi s nguyn d ng n,  ta lun c un  chia ht cho 5.  

7.  Cho s thc  x >  1 .  Chng minh rng 

   (1  + x)n      1  + nx 

vi mi s nguyn d ng n.  

8.  Mt hc sinh chng minh mnh  "Vi k l  mt s nguyn d ng tu ,  nu  

8k + 1   chia ht cho 7 th  8k + 1  + 1   cng chia ht cho 7"  nh  sau :  
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Ta c :    8k + 1  + 1  = 8(8k + 1 )   7.  T y v  gi thit "8k + 1   chia ht cho 7",  
hin nhin suy ra 8k + 1  + 1  chia ht cho 7.  

Hi t chng minh trn,  bn hc sinh  c th kt lun  c "8n  + 1  chia ht 

cho 7  vi mi  n    * "  hay khng ? V sao ?  

 

1. nh ngha v  v d 

 cc lp d i,  qua vic gii bi tp,  ta  lm quen vi khi nim dy s.  Khi 
,  ni ti dy s ta hiu  l  kt qu thu  c khi vit lin tip cc s theo 
mt quy tc no .  Chng hn, khi vit lin tip cc lu tha vi s m t 

nhin ca  
1
2
,  theo th t tng dn ca s m, ta  c dy s :  

   
0

1
2

 
 
 

,  
1

1
2

 
 
 

,  
2

1
2

 
 
 

,  
3

1
2

 
 
 

,  
4

1
2

 
 
 

,  
5

1
2

 
 
 

 ,  . . .           (1 )  

Vi mi s nguyn d ng n,  k hiu un  l  s nm  v tr th n  (k t tri qua 
phi)  ca dy s (1 ),  ta c 

    un  =  
1

1
2

n
 
 
 

.  

iu  cho thy dy s (1 )  th hin mt quy tc m  nh n,  ng vi mi s 

nguyn d ng n,  ta xc nh  c duy nht mt s thc un.  V th,  ta c th 
coi dy s (1 )  l  mt hm s xc nh trn tp hp cc s nguyn d ng.  

nh ngha 1  

Mt hm s u  xc nh trn tp hp cc s nguyn d ng *  
 c gi l  mt dy s v hn  (hay cn gi tt l  dy s).  

Mi gi tr ca hm s u   c gi l  mt s hng ca dy s ;  u(1 )  c gi l  

s hng th nht (hay s hng u)  ;  u(2)   c gi l  s hng th  hai ;  . . .  .  

2
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Ng i ta th ng k hiu cc gi tr u(1 ),  u(2),  . . .  t ng ng bi u1  ,  u2  ,  . . .  .  

V d 1.  Hm s  u(n)  = 
1
1n +
,  xc nh trn tp N*, l  mt dy s.  Dy s 

ny c v s s hng :  

   u1  = 
1
2
 ,   u2  = 

1
3
 ,   u3  = 

1
4
 ,  . . .  .  

H1  Hy xc nh cc s hng th 9,  th 99  v  th 999  ca dy s  v d trn.  

K hiu. Ng i ta th ng k hiu dy s  u  = u(n)  bi (un),  v  gi un  l  s 

hng tng qut ca dy s .  

Ng i ta cng th ng vit dy s (un)  d i dng khai trin :  

    u1  ,  u2  ,  . . .  ,  un  ,  . . .  .  

Chng hn, c th k hiu dy s  v d 1  bi 
1
1n

 
 + 

 ;  v  khi vit dy s  

d i dng khai trin ta  c :  

    
1
2
,  
1
3
 ,   

1
4
,  . . .  ,  

1
1n +
,  . . .  .  

Ch  

Ng i ta cng gi mt hm s u  xc nh trn tp hp gm m  s 

nguyn d ng u tin (m  tu  thuc N*) l mt dy s.  R rng, dy 

s trong tr ng hp ny ch c hu hn s hng (m  s hng :  u1 ,  u2,  

. . .,  um  )  ;  v th,  ng i ta cn gi n l  dy s hu hn ;  u1  gi l  s 

hng u  v  um  gi l  s hng cui.  

V d 2.  Hm s u(n)  = n3,  xc nh trn tp hp M = { 1  ;  2 ;  3  ;  4 ;  5} ,  l  mt 
dy s hu hn.  Dy s ny c nm s hng :  

n 1 2 3  4 5  

un  1 8 27 64 125 

1  l  s hng u  v  1 25  l  s hng cui.  

Vit dy s trn d i dng khai trin ta  c :  

    1 ,  8,   27,   64,  125.  
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2. Cc cch cho mt dy s 

Mt dy s  c coi l  xc nh nu ta bit cch tm mi s hng ca dy s 
.  T , ng i ta th ng cho dy s bng mt trong cc cch sau :  

Cch 1  :  Cho dy s bi cng thc ca s hng tng qut.  

Chng hn :  "Cho dy s (un)  vi un  =  
1

3 1
n

n



+
".  

H2  Hy tm cc s hng u33  v  u333  ca dy s va nu trn.  

Cch 2  :  Cho dy s bi h thc truy hi (hay cn ni :  Cho dy s bng 
quy np).  

V d 3.  Xt dy s (un)  xc nh bi :   u1  = 1  v  vi mi n    2  

    un  =  2un   1  + 1 .                    (2)  

R rng, vi cch cho nh  trn, ta c th tm  c s hng tu  ca dy s (un) :  

 Do u1   bit nn p dng (2) cho n  = 2 ta tm  c u2   

   u2  = 2u1  + 1  = 2 .  1  + 1  = 3  ;  

 V bit u2  nn p dng (2) cho n  = 3  ta tm  c u3    

   u3  = 2u2  + 1  = 2 .  3  + 1  = 7  ;   . . .  .  

Tip tc qu trnh trn ta s tm  c s hng tu  ca dy s (un).  

V d 4.   Xt dy s (vn)  xc nh bi :   v1  = 1 ,   v2  = 2  v  vi mi n    3  

    vn  = vn1  + 2vn2.               (3)  

Phn tch t ng t nh  i vi dy s (un)   v d 3,  s thy :  Vi cch cho 

nh  trn,  ta c th tm  c s hng tu  ca dy s (vn).  

H3 Vi (vn)  l  dy s cho  v d 4,  hy tm v4.  

Ng i ta ni cc dy s (un)  v  (vn)   v d 3  v  v d 4 l  nhng dy s  c 
cho bi h thc truy hi.  Cc h thc (2)  v  (3)  gi l  h thc truy hi.  

Cch 3  :  Din t bng li cch 
xc nh mi s hng ca dy s.  

V d 5. Cho dy s (un) vi un l 

 di ca dy cung AMn  trong 
hnh 3.1 .  

Hnh 3.1
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Ch   

Mt dy s c th cho bng nhiu cch.  Chng hn, dy s (un)   
v d 3  c th cho bi cng thc ca s hng tng qut nh  sau :  

    un  = 2
n   1  ,    n    N*.  

H4  Hy tm cng thc ca s hng tng qut ca dy s (un)   v d 5.  

3. Dy s tng, dy s gim 

nh ngha 2 

Dy s (un)  c gi l dy s tng  nu vi mi n  ta c  un  < un+1 .  

Dy s (un)  c gi l dy s gim  nu vi mi n  ta c  un  > un+1 .  

V d 6 

a) Dy s (un)  vi un  = n
2  l  mt dy s tng, v vi mi n  ta lun c 

    un  = n
2   <  (n  + 1 )2  = un  + 1 .  

b)  Dy s (un)   v d 1  l  mt dy s gim, v vi mi n  ta lun c 

    un  =  
1
1n +
 >  

1
2n +
 = un  + 1 .  

H5  Hy cho mt v d v dy s tng,  mt v d v dy s gim v  mt v d v 

dy s khng tng cng khng gim.  

4. Dy s b chn 

nh ngha 3 

a) Dy s (un)   c gi l  dy s b chn  trn  nu tn ti mt 
s M sao cho 

   n    N*,    un      M.  

b)  Dy s (un)   c gi l  dy s b chn d i  nu tn ti mt 
s m  sao cho 

   n    N*,     un      m.  

c)  Dy s (un)  c gi l dy s b chn  nu n va b chn trn, 
va b chn d i ;  ngha l,  tn ti mt s M v  mt s m sao cho 

   n    N*,     m      un      M.  
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V d 7 

a) Dy s (un)  ni ti  phn a)  v d 6 l  dy s b chn d i,  v 

   n    N  *,      un      1 .  

Tuy nhin, dy s  khng b chn trn, v khng c s M  cho 

   n    N*,     un      M.  

b) Dy s (u
n) vi  un  =  

2 1

1

n

n



+
 l dy s b chn, v vi mi n    N* ta lun c 

   0 <  
2 1

1

n

n



+
  =  2    

3

1n +
 <  2.  

H6  Hy chn nhng khng nh ng trong cc khng nh d i y : 

a)  Mi hm s l  mt dy s.  

b)   Mi dy s l  mt hm s.  

c)   Mi dy s tng l  mt dy s b chn d i.  

d)   Mi dy s gim l  mt dy s b chn trn.  

e)   Nu (un)  l  mt dy s hu hn th tn ti cc hng s m  v  M,  vi m    M,  

sao cho tt c cc s hng ca (un)  u thuc on [m  ;  M] .  

Cu hi  v  b i  tp 

9.  Tm 5  s hng u ca mi dy s sau :  

a)  Dy s (un)  vi   un  =  
22 3n

n


 ;  

b)  Dy s (u
n)  vi   un  = 

2 2
sin cos

4 3

n n 
+  ;  

c)  Dy s (u
n)  vi   un  =  ( 1 )

n. 4n .  

10.   Tm s hng th 3  v  s hng th 5  ca mi dy s sau :  

a)   Dy s (un)  xc nh bi :  

  u1  = 0   v    un  =  2
1

2

1
n
u


+

   vi mi  n    2 ;  

b)   Dy s (un)  xc nh bi :  

 u1  = 1 ,   u2  = 2   v   un  = un1   2un2    vi mi  n    3 .  
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11.  Cho hnh vung A1B1C1D1  c 
cnh bng 6cm.  Ng i ta dng 

cc hnh vung A2B2C2D2,  

A3B3C3D3 ,  . . . ,  AnBnCnDn,  . . .  theo 
cch sau :  Vi mi n  = 2,  3 ,  4,  . . .  

ly cc im An,  Bn,  Cn  v  Dn  

t ng ng trn cc cnh An1Bn1 , 

Bn1Cn1, Cn  1Dn 1  v Dn  1An 1  

sao cho An1An = 1cm v AnBnCnDn  
l  mt hnh vung (h.  3 .2).  

Xt dy s (un)  vi un  l   di 

cnh ca hnh vung AnBnCnDn.  

Hy cho dy s (un)  ni trn bi 
h thc truy hi.  

12.  Cho dy s (un)  xc nh bi :  

    u1  = 1    v    un  =  2un   1   +  3      vi mi  n    2.  

Bng ph ng php quy np, chng minh rng vi mi  n    1  ta c un  =  2
n  + 1   3.  

13.  Hy xt tnh tng, gim ca cc dy s sau :  

a)   Dy s (un)  vi  un  =  n
3   3n2  + 5n   7  ;  

b)   Dy s (xn)  vi  xn  =  
1

3n
n +

 ;  

c)   Dy s (an)  vi  an  =  1n +   n .  

H ng dn  :  

a)  Xt hiu  un  + 1    un.  

b)  Xt t s   
1

n

n

x

x
+

  

c)  Vit li cng thc xc nh an  d i dng 

   an  =  
1

1n n


+ +

 

Tip theo,  xt t s  
1

n

n

a

a
+

  

14.  Chng minh rng dy s (un)  vi 

    un  =  
2 3

3 2

n

n

+

+
  

l  mt dy s gim v  b chn.  

 

 

 

 

 

 

 

 

 

 

 

 
Hnh 3.2  
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Fibonacci  (1 1 70 - 1 250)  

 

Dy s phi-b-na-xi  

Phi-b-na-xi  (Fibonacci)  (cn c tn l  L--na- a 
Pi-da (Leonarda da Pisa))  l  mt nh  ton hc ni  
ting  ng i  I -ta-l i-a.  Trong cun sch Li-b A-ba-xi  
(Liber Abacci  - Sch v ton ),  do ng  vit vo 
nm 1 202,  c bi  ton sau  :   

"Mt i th (gm mt th c v  mt th ci)  c 

mi thng   c mt i th con (cng gm mt 

th c v  mt th ci)  ; mi i th con,  khi trn hai 

thng tui,  li mi thng  ra mt i th con,  v  

qu trnh sinh n c th tip din.  Hi sau mt nm 

s c tt c bao nhiu i th,  nu u nm (thng 

ging) c mt i th s sinh ?" 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

R rng  thng ging,  cng nh   thng 2,  ch c mt i  th.  Sang  thng  3,  i  th 

ny s  ra mt i  th con,  v th  thng ny s c 2 i  th.  Sang thng 4,  v  vn 
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ch c i  th ban u sinh  con  nn  thng ny s c 3  i  th.  Sang thng 5,  do c 

hai  i  th (i  th ban u v  i  th  c sinh  ra  thng 3)  cng sinh  con  nn  

thng ny s c 3  + 2 = 5  i  th ;  . . .  

Mt cch khi  qut,  nu vi  mi  s nguyn d ng n,  k hiu  Fn  l  s i  th c  

thng th n,  th vi  n    3  ta c 

  Fn  =  Fn1  + S i  th  c sinh  ra  thng th n.  

Do cc i  th  c sinh  ra  thng th n    1  ch a th  con  thng th n,  v   

thng ny mi  i  th c  thng th n    2  s  ra mt i  th con nn s i  th 

 c sinh  ra  thng th n  chnh bng Fn2.  

Nh  vy,  vic gii  quyt bi  ton ni  trn  ca Phi-b-na-xi  dn ta ti  vic kho st 

dy s (Fn),  xc nh  bi  

  1F  = 1 ,  2F  = 1  v  Fn  = Fn1  + Fn2     vi  mi  n    3.  

Dy s trn sau ny  c nh  ton hc Php E.  Lu-ca (Edouard Lucas 1 842   1 891 )  

gi  l  dy s Phi-b-na-xi.  Cc s hng ca dy s Phi-b-na-xi   c gi  l  cc s 

Phi-b-na-xi.  

Bng  ph ng php quy np ton hc,  ng i  ta  chng minh   c rng 

    
1

( )
5

= n n n

n
F      vi  mi  n    1 ,  

trong    l  nghim d ng v    l  nghim m ca ph ng trnh  x2    x   1  = 0.  

Dy s Phi-b-na-xi  c rt nhiu  tnh  cht p,  chng hn :  

1 )  2 1
1 1 ( 1)


 += +  n

n n n
F F F    vi  mi  n    2 ;  

2)  1 3 5 2 1 2. . . + + + + =
n n

F F F F F    vi  mi  n    N*  ;  

3)  2 2
1 2 1+ ++ =

n n n
F F F    vi  mi  n    N*  ;  

. . .  .  

Dy s Phi-b-na-xi  c l in  quan  mt thit vi  nhiu vn  ca ton hc (s nguyn 

t trong dy s Phi-b-na-xi,  s vng,  hnh  ch nht vng,  s ,  . . . ) ,  vt l  hc,  . . .  .  

Cc s Phi-b-na-xi  c nhiu  l in  quan  vi  t nhin  v  ngh thut (hi  ho,  m 
nhc,  . . . )  ;  chng  xut hin   nhiu  ni  trong  thin  nhin.  Chng hn,  hu  ht cc 

bng hoa c s cnh hoa l  mt trong  cc s 4 5 6 7 8 9 10 11, , , , , , ,F F F F F F F F  :  hoa 

loa kn c 3  cnh,  hoa mao l ng vng c 5  cnh,  hoa phi  yn c 8  cnh,  hoa cc 

vn th c 13  cnh,  hoa cc ty c 21  cnh,  hoa cc th ng c 34,  55  hoc 

89  cnh,  . . .  .  
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Luyn tp 

15.  Cho dy s (un)  xc nh bi 

   u1  = 3    v    un  + 1  =  un  + 5   vi mi  n     1 .  

a)  Hy tnh u2,  u4  v  u6.  

b)  Chng minh rng un   =  5n   2 vi mi  n     1 .  

16.  Cho dy s (un)  xc nh bi 

  u1  = 1    v    un  + 1  =  un  + (n  + 1 ).2
n    vi mi  n    1 .  

a)  Chng minh rng (un)  l  mt dy s tng.  

b)  Chng minh rng 

     un  =  1  + (n   1 ).  2
n  

vi mi  n    1 .  

17.  Cho dy s (un)  xc nh bi 

  u1  = 1    v    un  + 1  = 2

2

1nu +

   vi mi  n    1 .  

Chng minh rng (un)  l  mt dy s khng i  (dy s c tt c cc s hng 

u bng nhau).  

18.  Cho dy s (sn)  vi  sn  = sin (4n   1 ) 6


  

a)  Chng minh rng  sn  =  sn  + 3  vi mi  n     1 .  

b)  Hy tnh tng 15  s hng u tin ca dy s  cho.  

  

1. nh ngha 

Quan st dy cc s t nhin 

    0,  1 ,   2,  . . .  ,  n,  n  + 1 ,  . . .  

ta thy cc s hng ca n c mt mi lin h c bit :  K t s hng th hai,  
mi s hng bng tng ca s hng ng ngay tr c n v  1 .  

3
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Ta cn gp nhiu dy s khc cng c tnh cht t ng t nh  dy s trn trong 
cc lnh vc khc nhau ca khoa hc,  k thut,  cng nh  trong thc t cuc 
sng.  Ng i ta gi cc dy s nh  vy l  nhng cp s cng.  

nh ngha 

Cp s cng  l  mt dy s (hu hn hay v hn) m  trong ,  
k t s hng th hai,  mi s hng u bng tng ca s hng 
ng ngay tr c n v  mt s d khng i,  ngha l   

  (un)  l  cp s cng   n    2,    un  =  un 1  + d.  

S d  c gi l  cng sai  ca cp s cng.  

V d 1  

a) Dy cc s t nhin l 

1 ,  3,  5,  . . .  ,  2n    1 ,  . . .  

l  mt cp s cng vi cng sai d = 2.  

b) Dy s   3, 1 , 5, 9, 13, 17, 21 , 25  l mt cp s cng vi cng sai d = 4.    

H1  Trong cc dy s sau,  dy s n o l  cp s cng ? V sao ? 

a)    5,  2, 1 ,  4,  7,  10.  

b)   3,5  ;  5  ;   6,5  ;  9 ;  10,5  ;  12.  

2. Tnh cht 

Ta c nh l sau :  

nh l 1  

Nu (un)  l  mt cp s cng th k t s hng th hai,  mi s 

hng (tr s hng cui i vi cp s cng hu hn) u l  
trung bnh cng ca hai s hng ng k n trong dy, tc l  

   1 1

2
k k

k

u u
u  +

+
=         

Chng minh   

Gi d l  cng sai ca cp s cng (un).  Vi mi 2k   ta c 

     uk+1   =   uk + d,       

     uk 1   =   uk  d.        
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T hai ng thc trn ta  c  

   uk1   +  uk+1  =  2uk      vi mi k   2.  

T  suy ra iu cn chng minh.          

H2  Cho cp s cng (un)  c u1  = 1  v  u3  = 3 .  Hy tm u2  v  u4.  

3. S hng tng qut 

D thy, ta c th tm  c s hng tu  ca mt cp s cng khi bit s 

hng u u1  v cng sai d ca n.  Chng hn,  tm u4,  ta c th lm nh  sau :  

u4  =  u3  + d =  u2  + 2d  = u1  + 3d.  

Mt cch khi qut,  ta c  

nh l 2 

Nu mt cp s cng c s hng u u1  v  cng sai d  th s 

hng tng qut un  ca n  c xc nh theo cng thc sau :  

   un   =  u1  + (n   1 )d.  

Chng minh 

Ta chng minh bng ph ng php quy np.  Cng thc ng khi n  = 1 ,  v 

1 1 0.u u d= + .  Gi s cng thc ng khi n = k,  ( k N*) tc l  

1 ( 1)ku u k d= +  .  Khi  ta c  

  [ ]1 1 1( 1) .k ku u d u k d d u kd+ = + = +  + = +  

Vy cng thc cng ng khi n  = k + 1 .  T  suy ra iu cn chng minh.   

H3  Cho cp s cng (un)  c u1  =  13  v  cng sai 

d = 3 .  Hy tnh u31 .  

V d 2.  Cho mt h cc  ng trn ng tm 

(O  ;  r1),  (O  ;  r2),  . . .  ,  (O  ;  rn),  . . .  m  dy s (rn)  
l  mt cp s cng c s hng u bng 3  v  
cng sai bng 3.  

Gi u1  l  din tch hnh trn (O  ;  r1)  v  vi mi 

s nguyn n    2,  gi un  l  din tch ca hnh 

vnh khn to bi  ng trn (O  ;  rn1)  v  

 ng trn (O  ;  rn).  
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Chng minh rng (un)  l  mt cp s cng.  Hy xc nh cng sai v  s hng 

tng qut ca cp s cng .   

Gii   

t  r0  = 0.  Khi ,  vi mi  n    1 ,  ta c   

 un   =  .(
2
nr    2

1nr 
)  =  .(rn    rn1)(rn  + rn1)   =  3.(rn  + rn  1).  

Suy ra  

un+1    un  = 3.(rn+1  + rn     rn   rn1)   =  3.(3  + 3)   = 1 8  (vi mi n    1 ).  

Do  (un)  l  mt cp s cng vi cng sai d = 18,  v  s hng u  

     u1  =  .
2
1r   =  9.  

T , theo nh l 2,  ta  c 

 un   =  9   +  (n   1 ).18   =  9(2n   1 )    (vi mi n    1 ).     

4. Tng n  s hng u tin ca mt cp s cng 

Gi s c cp s cng (un)  vi cng sai d.  Xt n  s hng u tin ca cp s 

cng ,  ta c th biu din mi lin h gia chng nh  sau :  

       + d      + d             + d 

u1  u2  u3  . . .  1nu 
 nu  

nu  1nu 
 2nu 

 . . .  2u  1u  

          d        d               d 

Quan st bng trn c th thy tng ca hai s nm trong cng mt ct bt k 

lun bng tng ca u1  v  un.  Nhn xt  dn ta n  

nh l 3 

Gi s (un) l mt cp s cng.  Vi mi s nguyn d ng n,  gi 

Sn  l  tng n  s hng u tin ca n (Sn   =  u1  + u2  + . . .  + un).  

Khi ,  ta c 

    1( )

2
n

n

u u n
S

+
=   
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V d 3.  Mt cng ti trch nhim hu hn thc hin vic tr l ng cho cc  

k s  theo ph ng thc sau :  

Mc l ng ca qu lm vic u tin cho cng ti l  4,5  triu ng/qu, v  k 
t qu lm vic th hai,  mc l ng s  c tng thm 0,3  triu ng mi qu.  

Hy tnh tng s tin l ng mt k s   c nhn sau 3  nm lm vic cho 
cng ti.  

Gii   

Vi mi s nguyn d ng n,  k hiu un  (triu ng) l  mc l ng ca ng i k 

s   qu lm vic th n  cho cng ti.  Theo gi thit ca bi ton, ta c 

   u1  = 4,5    v    un  + 1  = un   +  0,3    vi mi n    1 .  

Do ,  dy s (un)  l  mt cp s cng vi cng sai d = 0,3.  

V mi nm c 4 qu nn 3  nm c 12 qu.  Nh  th, theo yu cu ca bi 

ton ta phi tnh tng 12 s hng u tin ca cp s cng (un).  

Theo nh l 2,  ta c :   u12   =  4,5   +  (12  1 ).  0,3   =  7,8.  

Do ,  theo nh l 3,  ta  c 

   12
12.(4, 5 7, 8)

2
S

+
=   =  73,8  (triu ng).     

Ch   

T nh l 2 v  nh l 3,  d dng suy ra 

 n    1 ,  
[ ]12 ( 1)

2n

u n d n
S

+ 
=            

H4    Cho cp s cng (un)  c u1  = 2  v  cng sai d = 2.  Hy tnh tng 17  s hng 

u tin ca cp s .  

H5   "Em s chn ph ng n no ?".    

Khi k hp ng lao ng di hn vi cc k s  
 c tuyn dng, cng ti lin doanh A   xut 
hai ph ng n tr l ng  ng i lao ng t la 
chn ;  c th :  

   ph ng n 1  :  Ng i lao ng s  c nhn 
36 triu ng cho nm lm vic u tin,  v  k 
t nm lm vic th hai,  mc l ng s  c tng 
thm 3  triu ng mi nm.  
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  ph ng n 2  :  Ng i lao ng s  c nhn 7  triu ng cho qu lm 
vic u tin,  v  k t qu lm vic th hai,  mc l ng s  c tng thm 
500 000 ng mi qu.  

Nu em l  ng i k hp ng lao ng vi cng ti lin doanh A  th em s chn 
ph ng n no ? 

Cu hi  v  b i  tp 

19.  Chng minh rng mi dy s sau l  mt cp s cng v  hy xc nh cng sai 
ca cp s cng  :  

a)   Dy s (un)  vi  un  = 19n    5  ;  

b)   Dy s (un)  vi  un  = an  + b,  trong  a  v  b  l  cc hng s.  

20.  Trn tia Ox ly cc im A1 ,  

A2,  . . .  ,  An,  . . .  sao cho vi mi 

s nguyn d ng n,  OAn  = n.  

Trong cng mt na mt phng 
c b l   ng thng cha  
tia Ox,  v cc na  ng trn 

 ng knh OAn,  n  = 1 ,  2,  . . .  .  

K hiu u1  l  din tch ca na 

hnh trn  ng knh OA1  v  

vi mi n    2,  k hiu un  l  din tch ca hnh gii hn bi na  ng trn 

 ng knh OAn   1 ,  na  ng trn  ng knh OAn  v  tia Ox (h 3.3).  

Chng minh rng dy s (un)  l  mt cp s cng.  Hy xc nh cng sai ca 

cp s cng .  

21.   Trong mi cu sau,  hy nh du ""  vo phn kt lun m  em cho l  ng :  

a)   Mi cp s cng vi cng sai d > 0 l  mt dy s 

       Tng.           Gim.           Khng tng cng khng gim.  

b)   Mi cp s cng vi cng sai d < 0 l  mt dy s 

       Tng.           Gim.          Khng tng cng khng gim.  

 

 

 

 

 

 

 

Hnh 3.3  
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22.   Mt cp s cng c nm s hng m  tng ca s hng u v  s hng th ba 
bng 28,  tng ca s hng th ba v  s hng cui bng 40.  Hy tm cp s 
cng .   

23.  Cho cp s cng (un)  c u20  =  52  v   u51  =  145.  Hy tm s hng tng 

qut ca cp s cng .  

24.  Cho cp s cng (un)  vi cng sai d v  cho cc s nguyn d ng m  v  k,  vi 

m   k.  Chng minh rng um  = uk + (m   k)d.  

p dng :  Hy tm cng sai d ca cp s cng (un)  m   u18    u3  = 75.  

25.  Cho cp s cng (un)  c u1   u3  = 6 v  u5  =  10.  Hy tm cng sai v  s hng 

tng qut ca cp s cng .  

26.  Hy chng minh nh l 3 .  

27.  Cho cp s cng (un)  c u2  + u22  = 60.  Hy tnh tng 23  s hng u tin ca 

cp s cng .  

28.  S o ba gc ca mt tam gic vung lp thnh mt cp s cng.  Hy tm s 

o ba gc .  

 

1. nh ngha 

Xt bi ton :  Mt ngn hng quy nh nh  sau i vi vic gi tin tit kim 

theo th thc c k hn :  "Khi kt thc k hn gi tin m  ng i gi khng n 

rt tin th ton b s tin (bao gm c vn v  li)  s  c chuyn gi tip vi 

k hn nh  k hn m  ng i gi  gi".  

Gi s c mt ng i gi 10 triu ng vi k hn 1  thng vo ngn hng ni 

trn v  gi s li sut ca loi k hn ny l  0,4%.  

a)  Hi nu 6 thng sau,  k t ngy gi,  ng i  mi n ngn hng  rt 

tin th s tin rt  c (gm c vn v  li)  l  bao nhiu ?  

4
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b) Cng cu hi nh  trn,  vi gi thit thi im rt tin l  1  nm sau,  k t 

ngy gi ?  

Vi mi s nguyn d ng n,  k hiu un  l  s tin ng i  rt  c (gm c 

vn v li) sau n  thng, k t ngy gi.  Khi , theo gi thit ca bi ton ta c :  

  un  =  un   1  + un   1    0,004  =  un   1    1 ,004     n    2.  

Nh  vy,  ta c dy s (un)  m  k t s hng th hai,  mi s hng u bng 

tch ca s hng ng ngay tr c n v  1 ,004.  

Ng i ta gi cc dy s c tnh cht t ng t nh  dy s (un)  ni trn l  

nhng cp s nhn.  

nh ngha   

Cp s nhn  l  mt dy s (hu hn hay v hn) m  trong ,  
k t s hng th hai,  mi s hng u bng tch ca s hng 
ng ngay tr c n v  mt s q  khng i,  ngha l   

  (un)  l  cp s nhn     n    2,    un  =  un1 .  q.  

S q   c gi l  cng bi  ca cp s nhn.  

V d 1  

a) Dy s (un)  vi un  = 2
n  l  mt cp s nhn vi s hng u u1  = 2 v  

cng bi q  = 2.  

b) Dy s  2,  6,  18,  54, 162  l  mt cp s nhn vi s hng u u1  = 2 

v  cng bi q  = 3.            

H1  Trong cc dy s sau,  dy s n o l  cp s nhn ? V sao ? 

a)    4 ;  6 ;  9 ;  1 3,5.  

b)  1 ,5  ;  3  ;  6 ;  12 ;  24 ;  48 ;  96 ;  192.  

c)    7 ,  0 ,  0 ,  0 ,  0 ,  0.  

V d 2.  Cho dy s (un)  xc nh bi 

   u1  = 
5

2
   v    un  =  3un1    1    vi mi  n    2.  
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Chng minh rng dy s (vn)  xc nh bi 

   vn   =  un    
1
2
     vi mi  n    1  

l  mt cp s nhn.  Hy cho bit s hng u v  cng bi ca cp s nhn .  

Gii   

T cng thc xc nh dy s (vn)  v (un),  ta c  

 vn  =  un   
1
2
 =  3un1   1  

1
2
  =  3(un1  

1
2
)   =  3vn1      vi mi n    2.  

T  suy ra dy s (vn)  l  mt cp s nhn vi s hng u 

    v1   =  u1  
1
2
 = 

5
2
  

1
2
 = 2 

v  cng bi q  = 3.            

2.  Tnh cht 

Ta c nh l sau :  

nh l 1  

Nu (un)  l  mt cp s nhn th k t s hng th hai,  bnh 
ph ng ca mi s hng (tr s hng cui i vi cp s nhn 
hu hn) bng tch ca hai s hng ng k n trong dy, tc l  

     2
1 1. .k k ku u u

 +
=         

Chng minh   

Gi q  l  cng bi ca cp s nhn (un).  

  Nu q  = 0  th hin nhin ta c iu cn chng minh.  

  Nu q    0  th t nh ngha cp s nhn ta c 

    uk =  uk1 .q        (k   2),  

    1k
k

u
u

q
+

=        (k   2).  

Nhn cc v t ng ng ca hai ng thc trn,  ta  c iu cn chng minh.   
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H2  Hi c hay khng mt cp s nhn (un)  m  u99  =  99  v  u101  =  101  ? 

V d 3.   Cho cp s nhn (un)  vi cng bi q  > 0.  Bit u1  = 1  v  u3  = 3,  hy 

tm u4.  

Gii   
Theo nh l 1 ,  ta c  

     2
2 1 3.u u u=                (1 )  

     2
3 2 4.u u u=                (2)  

T (1 ),  do u2  > 0 (v u1  = 1  > 0 v  q  > 0),  suy ra  2 1 3.u u u= .  T y v  (2)  

ta  c  

    
2 2
3

4
1 3

3
3 3

. 1 .3

u
u

u u
= = =       

3. S hng tng qut 

T ng t nh  i vi cp s cng, ta c th tm  c s hng tu  ca mt 

cp s nhn khi bit s hng u v cng bi ca n.  C th, ta c kt qu sau :  

nh l 2 

Nu mt cp s nhn c s hng u u1  v  cng bi q    0  th 

s hng tng qut un  ca n  c xc nh bi cng thc  

   un  = u1 .q
n1 .  

V d 4.  Tr li bi ton t ra  phn u mc 1 .  

Theo yu cu ca bi ton ta cn tnh u6  v  u12.  Do (un)  l  mt cp s nhn 

vi s hng u u1  = 10
7  + 107.  0,004 = 107.  1 ,004 v  cng bi q  = 1 ,004 nn 

theo nh l 2 ta c  

   un  = 10
7  .1 ,  004 .(1 ,004)n   1   = 107.  (1 ,004)n      n    1 .  

Suy ra :                 u6   = 10
7.  (1 ,004)6     1 0 242 413  (ng),  

                            u12  = 10
7.  (1 ,004)12     1 0 490 702 (ng).     
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H3  Dn s ca thnh ph A hin nay l  3  triu ng i.  Bit rng t l tng dn s 

hng nm ca thnh ph A l  2% .  Hi dn s ca thnh ph A sau 2  nm na s l  

bao nhiu ? 

4. Tng n  s hng u tin ca mt cp s nhn 

T ng t nh  i vi cp s cng, ng i ta cng quan tm ti vic xc nh 
tng n  s hng u tin ca mt cp s nhn theo s hng u v  cng bi 
ca n.  

Gi s c cp s nhn (un)  vi cng bi q.  Vi mi s nguyn d ng n,  gi Sn  

l  tng n  s hng u tin ca n (Sn   =  u1  + u2  + . . .  + un).  

Nu q  = 1  th un  =  u1  vi mi n    1 .  Do ,  trong tr ng hp ny,  ta c 

     Sn  = nu1 .  

Khi q    1  ta c kt qu sau :  

nh l 3 

Nu (un)  l  mt cp s nhn vi cng bi q    1  th Sn   c tnh 

theo cng thc 

   1 (1 )

1

n

n

u q
S

q


= 


 

Chng minh   

Ta c 

  qSn  =  qu1  + qu2  + . . .  + qun   1  + qun   =  u2  + u3  + . . .  + un  + un  + 1 .  

Do          Sn   qSn  =  u1   un  + 1  =  u1   u1q
n   =  u1(1   q

n),  

hay             (1    q)Sn  = u1(1    q
n).          

T ,  do q    1 ,  suy ra iu cn chng minh.  

V d 5.  Cho cp s nhn (un)  c u3  = 24 v  u4  = 48.  Hy tnh tng nm s 

hng u tin ca cp s .  

Gii   

Gi q  l  cng bi ca cp s nhn (un),  ta c 

     q  = 
48

24
 =  2.  
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Do , theo nh l 2,  ta  c :   24 = u3  = u1 .2
2.  Suy ra u1  =  6.  V th,  theo 

nh l 3,  ta  c 

    S5   = 
56.(1 2 )

1 2
 = 1 86.        

   vui.  "Mt h o i ly nm xu ?"   

T ng truyn, vo mt ngy n,  c mt nh  
ton hc n gp mt nh  t ph v   ngh 
 c "bn"  tin cho ng ta theo th thc sau :  
Lin tc trong 30 ngy, mi ngy nh  ton 
hc "bn"  cho nh  t ph 10 triu ng vi 
gi 1  ng  ngy u tin v  k t ngy th 
hai,  mi ngy nh  t ph phi "mua"  vi gi 
gp i gi ca ngy hm tr c.  Khng mt 
cht n o,  nh  t ph ng  ngay tc th,  
lng thm cm n nh  ton hc n  mang 
li cho ng ta mt c hi ht tin "nm m 
cng khng thy".  

Hi nh  t ph  li  c bao nhiu trong 
cuc "mua  bn"  k l ny ? 

Cu hi  v  b i  tp 

29.  Trong cc dy s d i y,  dy s no l  cp s nhn ? Hy xc nh cng bi 
ca cp s nhn .  

a)   Dy s 1 ,  2,  4,  8,  16,  32,  64 ;  

b)   Dy s (un)  vi   un  = n.6
n  + 1  ;  

c)   Dy s (vn)  vi   vn  = (1 )
n.32n ;  

d)   Dy s (xn)  vi   xn  = (4)
2n  + 1 .  

30.  Trong mi cu sau,  hy nh du ""  vo phn kt lun m  em cho l  ng :  

a)   Mi cp s nhn c s hng u d ng v  cng bi 0 < q  < 1 ,  l  mt 
dy s 

       Tng.           Gim.           Khng tng cng khng gim.  

b)  Mi cp s nhn c s hng u d ng v  cng bi q  > 1  l  mt dy s 

       Tng.           Gim.          Khng tng cng khng gim.  
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31.  Cho cp s nhn (un)  c cng bi q  < 0.  Bit u2  =  4 v  u4  =  9,  hy tm u1 .  

32.  Mt cp s nhn c nm s hng m  hai s hng u tin l  nhng s d ng,  
tch ca s hng u v  s hng th ba bng 1 ,  tch ca s hng th ba v  s 

hng cui bng  
1
16

.  Hy tm cp s nhn .  

33.  Cho cp s nhn (un)  vi cng bi q    0 v  u1    0.  Cho cc s nguyn d ng 

m  v  k,  vi m    k.  Chng minh rng  um  =  uk .  q
m  k.  

p dng 

a)   Tm cng bi q  ca cp s nhn (un)  c u4  = 2 v  u7  =  686.  

b)   Hi c tn ti hay khng mt cp s nhn (un)  m  u2  = 5  v  u22  =  2000 ?  

34.  Hy tm s hng tng qut ca cp s nhn (un),  bit rng u3  =  5  v  u6  = 1 35.  

35.  Chu k bn r ca nguyn t phng x poloni 210 l  1 38  ngy (ngha l  sau 
138 ngy khi l ng ca nguyn t  ch cn mt na).  Tnh (chnh xc n 
hng phn trm) khi l ng cn li ca 20 gam poloni 210 sau 7314 ngy 
(khong 20 nm).  

36.  Tnh cc tng sau :  

a)   Tng tt c cc s hng ca mt cp s nhn, bit rng s hng u bng 
18,  s hng th hai bng 54 v  s hng cui bng 39 366 ;  

b)   Tng tt c cc s hng ca mt cp s nhn, bit rng s hng u bng 
1

256
,  s hng th hai bng 

1
512

 v  s hng cui bng  
1

1 048 576
  

37.  S o bn gc ca mt t gic li lp thnh mt cp s nhn.  Hy tm bn gc 
,  bit rng s o ca gc ln nht gp 8  ln s o ca gc nh nht.  

Luyn tp   

38.  Hy chn nhng khng nh ng trong cc khng nh d i y :  

a)   Nu cc s thc a,  b,  c  m  abc    0,   theo th t  lp thnh mt cp s 

cng vi cng sai khc 0 th cc s  
1
a
,  
1
b
,  
1
c
  theo th t  cng lp thnh 

mt cp s cng.  
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b)   Nu cc s thc a,  b,  c  m  abc    0,   theo th t  lp thnh mt cp s 

nhn th cc s  
1

a
 ,  

1

b
,  
1

c
  theo th t  cng lp thnh mt cp s nhn.  

c)   1  +   + 2  + . . .  + 100  = 
100 1

1

 


 
 

39.  Cc s x + 6y,  5x + 2y,  8x + y   theo th t  lp thnh mt cp s cng ;  ng 

thi,  cc s x  1 ,  y  + 2,  x  3y   theo th t  lp thnh mt cp s nhn.  Hy 

tm x v  y.  

40.  Cho cp s cng (un)  vi cng sai khc 0.  Bit rng cc s u1u2,  u2u3  v  u3u1  

theo th t  lp thnh mt cp s nhn vi cng bi q    0.  Hy tm q.  

41.  S hng th hai,  s hng u v  s hng th ba ca mt cp s cng vi cng 

sai khc 0 theo th t  lp thnh mt cp s nhn.  Hy tm cng bi ca cp 

s nhn .  

42.  Hy tm ba s hng u tin ca mt cp s nhn, bit rng tng ca chng 

bng 
148

9
 v  ng thi cc s hng  t ng ng l  s hng u, s hng th 

t  v  s hng th tm ca mt cp s cng.  

43.  Cho dy s (un)  xc nh bi 

  u1  =  1    v    un  + 1  =  5un  + 8    vi mi  n    1 .  

a)   Chng minh rng dy s (vn),  vi vn  = un  + 2,  l  mt cp s nhn.  Hy tm 

s hng tng qut ca cp s nhn .  

b)   Da vo kt qu phn a),  hy tm s hng tng qut ca dy s (un).  

Cu hi  v  bi  tp n tp ch ng III    

44.  Chng minh rng 

1 .22  + 2.32  + . . .  + (n   1 ).n2   =   
2( 1)(3 2)

12

n n n +
 

vi mi s nguyn n    2.  



 1 23  

45.  Cho dy s (un)  xc nh bi 

   u1  = 2  v   
1 1

2
n

n

u
u  +

=   vi mi n    2.  

Chng minh rng 

     
1

1

2 1

2

n

n n
u





+
=  

vi mi s nguyn d ng n.  

46.  Cho cc dy s (un)  v  (vn)  vi  
2 1

1n

n
u

n

+
=

+
  v   

2
1n

n
v

n
= 

+
  

a)   Hy xc nh s hng tng qut ca dy s (an)  vi  an  =  un  + vn.  

b)   Hy xc nh s hng tng qut ca dy s (bn)  vi  bn  =  un    vn.  

c)   Hy xc nh s hng tng qut ca dy s (cn)  vi  cn  =  un.vn.  

d)  Hy xc nh s hng tng qut ca dy s (dn)  vi  
n

n
n

u
d

v
=   

Ch   

Cc dy s (an),  (bn),  (cn)  v  (dn)  nu trn th ng  c k hiu t ng ng bi 

(un  + vn),  (un   vn),  (un.vn)  v   
n

n

u

v

 
 
 

.  

47.  Trong cc dy s d i y,  dy s no l  cp s cng, dy s no l  cp 

s nhn ?  Hy xc nh cng sai hoc cng bi ca mi cp s .  

a)   Dy s (un)  vi  un  = 8n  + 3  ;  

b)   Dy s (un)  vi  un  =  n
2  + n  + 1  ;  

c)   Dy s (un)  vi  un  = 3.8
n  ;  

d)   Dy s (un)  vi  un  =  (n  + 2).3
n.  

48.  Hy chn nhng khng nh ng trong cc khng nh d i y :  

a)   Dy s (un)  xc nh bi 

   u1  = 3   v   un+1  =  un  + 5   vi mi  n    1 ,  

l  mt cp s cng.  
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b)   Dy s (un)  xc nh bi 

   u1  = 3   v   un+1  =  un  + n   vi mi  n    1 ,  

l  mt cp s cng.  

c)   Dy s (un)  xc nh bi 

   u1  = 4  v   un+1  =  5un   vi mi  n    1 ,  

l  mt cp s nhn.  

d)   Dy s (un)  xc nh bi 

   u1  = 1   v   un+1  =  nun   vi mi  n    1 ,  

l  mt cp s nhn.  

49.  Cho dy hnh vung H1 ,  H2,    ,  Hn,  Vi mi s nguyn d ng n,  gi  un,  pn  

v  Sn  ln l t l   di cnh, chu vi v  din tch ca hnh vung Hn.  

a)  Gi s dy s (un)  l  mt cp s cng vi cng sai khc 0.  Hi khi  cc 

dy s (pn)  v  (Sn)  c phi l  cc cp s cng hay khng ? V sao ?  

b)  Gi s dy s (un)  l  mt cp s nhn vi cng bi d ng.  Hi khi  cc 

dy s (pn)  v  (Sn)  c phi l  cc cp s nhn hay khng ? V sao ?  

50.  Cho dy s (un)  xc nh bi 

   u1  = 3    v    1 6n nu u
+

= +    vi mi  n    1 .  

 Chng minh rng (un)  va l  cp s cng, va l  cp s nhn.  

51.  Tm hiu tin cng khoan ging  hai c s khoan ging, ng i ta  c bit :  

   C s A  :  Gi ca mt khoan u tin l  8  000 ng v  k t mt khoan 

th hai,  gi ca mi mt sau tng thm 500 ng so vi gi ca mt khoan 

ngay tr c n.  

   C s B  :  Gi ca mt khoan u tin l 6  000 ng v k t mt khoan 

th hai,  gi ca mi mt sau tng thm 7% gi ca mt khoan ngay tr c n.  

Vi mi s nguyn d ng n,  k hiu un  v  vn  t ng ng l  gi ca mt khoan 

th n  theo cch tnh gi ca c s A  v  ca c s B.  

a)  Hy tnh  u2,  u3,  v2,  v3.  

b)  Chng minh rng dy s (un)  l  mt cp s cng v  dy s (vn)  l  mt cp 

s nhn.  Hy tm s hng tng qut ca mi dy s .  
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c)  Mt ng i mun chn mt trong hai c s ni trn  thu khoan mt 
ging su 20 mt ly n c dng cho sinh hot ca gia nh.  Hi ng i y nn 
chn c s no, nu cht l ng cng nh  thi gian khoan ging ca hai c s 
l  nh  nhau ?  

d)  Cng cu hi nh  phn c),  vi gi thit  su ca ging cn khoan l  
25  mt.  

B i  tp trc nghim khch quan 

52.  Mi khng nh sau y ng hay sai  

a)  Tn ti mt cp s nhn ( )nu  c 5 0u <  v 75 0u > .  

b)  Nu cc s thc , ,a b c  theo th t  lp thnh mt cp s cng c cng 

sai khc 0 th cc s 2 2 2, ,a b c  theo th t  cng lp thnh mt cp s cng.  

c)  Nu cc s thc , ,a b c  theo th t  lp thnh mt cp s nhn th cc s 
2 2 2, ,a b c  theo th t  cng lp thnh mt cp s nhn.  

Trong cc b i t 53  n 57,  hy chn kt qu ng trong cc kt qu  cho.   

53.  Cho dy s ( )nu  xc nh bi  :   1
1
2

u = v  1 2n nu u n


= +  vi mi 2n  .  

Khi  50u  bng 

 (A) 1274,5  ;   (B) 2548,5  ;  (C) 5096,5  ;   (D) 2550,5.  

54.  Cho dy s ( )nu  xc nh bi  :   1 1u =   v 12 .n nu n u


=  vi mi 2n  .  Khi  

11u  bng 

 (A) 102 .11! ;   (B)  102 .11!  ;  (C) 10 102 .11  ;          (D) 10 102 .11 .  

55.  Cho dy s ( )nu  xc nh bi  :   1 150u =  v  1 3n nu u


=   vi mi 2n  .  

Khi  tng 100 s hng u tin ca dy s  bng 

(A) 150 ;    (B) 300 ;   (C)  29850  ;          (D) 59700.  

56.  Cho cp s cng ( )nu  c :   2 2001u =  v 5 1995u =  .  Khi  1001u  bng  

(A) 4005 ;    (B) 4003  ;   (C)  3   ;           (D) 1 .  

57.  Cho cp s nhn ( )nu  c :   2 2u =   v 5 54u =  .  Khi  tng 1000 s hng 

u tin ca cp s nhn  bng  

(A) 
10001 3
4


;   (B) 

10003 1
2


 ;  (C) 
10003 1

6


 ;             (D)
10001 3
6
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A. Gii hn ca dy s 

1.  nh ngha dy s c gii hn 0  

Xt dy s (un)  vi 
( 1)

,
n

n
u

n


=  tc l  dy s 

  1 ,  
1

2
,  

1

3
 ,  

1

4
,  

1

5
 ,  . . . ,  

1

10
,  

1

11
 ,  . . . ,  

1

23
 ,  

1

24
,  . . .  

Biu din cc s hng ca dy s  cho trn trc s,  ta thy khi n  tng th cc 
im biu din chm li quanh im 0 (h.  4.1 ).  

 

 

 

Hnh 4.1  

Khong cch 
1

n
u

n
=  t im un  n im 0 tr nn nh bao nhiu cng 

 c min l  n   ln.  

iu ny  c gii thch r hn trong bng sau :  

n  1  2 3 .. . 10 11 12 . . . 23 24 25 .. . 50 51  52 . . .  

 un 1  
1

2

1

3
. . .

1

10

1

11

1

12
. . .

1

23

1

24

1

25
. . .

1

50
 
1

51
 
1

52
 . . .  

  Mi s hng ca dy s  cho,  k t s hng th 1 1  tr i,  u c gi tr 

tuyt i nh hn 
1
,

10
 tc l  

    
1 1

10n
u

n
= <  vi mi n  > 10.  

1
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  Mi s hng ca dy s  cho,  k t s hng th 24 tr i,  u c gi tr 

tuyt i nh hn 
1
,

23
 tc l  

     
1
23n

u <  vi mi  n  > 23.  

H1  K t s hng th my tr i,  mi s hng ca dy s  cho u c gi tr 

tuyt i nh hn 
1

50
  

Cng cu hi  cho mi s : 
1

75
 ;     

1

500
 ;   

1

1 000 000
  

Nh  vy mi s hng ca dy s  cho,  k t mt s hng no  tr i,  u 

c gi tr tuyt i nh hn mt s d ng nh tu  cho tr c.  Ta ni rng 

dy s 
( 1) 

 
 

n

n

 c gii hn l  0.  

Mt cch tng qut,  ta c  

nh ngha 

Ta ni rng dy s (un)  c gii hn 0  (hay c gii hn l  0)  nu 

vi mi s d ng nh tu  cho tr c,  mi s hng ca dy s,  
k t mt s hng no  tr i,  u c gi tr tuyt i nh hn 
s d ng .  

Khi  ta vit 

  lim(u
n
)  = 0 hoc limu

n
 = 0 hoc u

n
   0.  

(K hiu " lim 0"
n
u =  cn  c vit " lim 0"

n

n

u


= ,  c l  dy s )(

n
u  c gii 

hn l 0 khi n  dn n v cc).  

Nhn xt 

T nh ngha suy ra rng 

a)  Dy s (u
n
)  c gii hn 0 khi v  ch khi dy s ( )n

u  c gii hn 0.  

Chng hn, ta c  
1

lim 0
n

=  v 
1 ( 1)n

n n


=   v   

( 1)
lim

n

n


 = 0.   

b)  Dy s khng i (u
n
),  vi 

n
u  = 0 c gii hn 0.  
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2.  Mt s dy s c gii hn 0   

Da vo nh ngha,  ng i ta chng minh  c rng 

   a)  
1

lim 0
n

=  ;    b)  
3

1
lim 0.

n
=  

nh l sau y th ng  c s dng  chng minh mt s dy s c gii hn 0.  

nh l 1  

Cho hai dy s (un)  v  (vn).  

Nu  un    vn  vi mi n  v  limvn  = 0 th limun  = 0.  

Chng minh.  Cho mt s d ng nh tu .  V limvn  = 0  nn k t s hng th 
N no  tr i mi s hng ca dy s (vn) u nh hn s d ng .  Do 

n nu v  nn mi s hng ca dy s (un  ),  k t s hng th N tr i, u c 

gi tr tuyt i nh hn s d ng  cho.  Vy limun  = 0.             

V d 1. Chng minh rng 
sin

lim 0
n

n
= .  

Gii 

Ta c 

    
sin 1n

n n
  v  

1
lim 0.

n
=       

T  suy ra iu cn chng minh.          

H2  Cho k l  mt s nguyn d ng.  Chng minh rng 
1

lim 0.=
kn

 

p dng nh l 1 ,  c th chng minh nh l sau :  

nh l 2 

Nu 1q <  th lim 0nq = .  

V d 2 

a) 
1

lim
2n

 = 
1

lim 0
2

n
 

= 
 

 ;   b)  
( 2)

lim
3

n

n


 = 

2
lim 0.

3

n
 

= 
 

 

H3  Chng minh rng 
cos

5lim 0.
4



=
n

n
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Cu hi  v  b i  tp 

1.  Chng minh rng cc dy s vi s hng tng qut sau y c gii hn 0 :  

a)  
( 1)

5

n

n



+
 ;     b)  

sin

5

n

n +
 ;    c)  

cos 2

1

n

n


+

 

2.  Chng minh rng hai dy s (u
n
)  v  (v

n
)  vi  

  
1

( 1)n
u

n n

=
+

,    
2

( 1) cos

1

n

n

n

v

n


=

+
 

c gii hn 0.  

3.  Chng minh rng cc dy s (u
n
)  sau y c gii hn 0 :  

a)  u
n
 = (0,99)n  ;       b)  u

n
 = 

( 1)

2 1

n

n



+
 ;    c)  u

n
 = 

sin
5

(1, 01)n

n

   

4.  Cho dy s (u
n
)  vi u

n
 = 

3n
n

  

a)  Chng minh rng 
1 2

3
n

n

u

u

+
  vi mi n.  

b)  Bng ph ng php quy np, chng minh rng  0 < u
n
   

2

3

n

 
 
 

 vi mi n.  

c)  Chng minh rng dy s (u
n
)  c gii hn 0.  

1.  nh ngha dy s c gii hn hu hn 

Xt dy s (u
n
)  vi 

( 1)
3

n

n
u

n


= +   Ta c 

    lim(u
n
   3)  = lim

( 1)
0.

n

n


=  

Ta ni rng dy s (u
n
)  c gii hn l 3 .  

2
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Mt cch tng qut,  ta c :  

nh ngha 

Ta ni rng dy s (un) c gii hn l  s thc L nu lim(un  L) = 0. 
Khi  ta vit 

  lim(un)  = L  hoc limun  = L  hoc un    L.  

Dy s c gii hn l  mt s thc gi l  dy s c gii hn 
hu hn.  

V d 1.  Dy s khng i (un)  vi un  = c  (c  l  hng s) c gii hn l  c  v 

   lim(un    c)  = lim(c    c)  = lim0 = 0.       

V d 2.  Chng minh rng 
( 1)

lim 1
n

n

 
  

 
 = 1 .       

Gii  

t un  = 
( 1)

1 .
n

n


  

V lim(un    (1 ))  = 
( 1)

lim 0
n

n


=  nn limun  = 1 .       

H1  Chng minh rng : 

a) 
2

lim 1 1
5

  
+ =   

n

 ;    b)  
2 5 5

lim
2 2

n

n

 
=     

Nhn xt 

1 ) T nh ngha va nu,  suy ra rng limun  = L  khi v ch khi khong 

cch nu L  t im un  n im L  tr nn nh bao nhiu cng  c min 

l  n   ln ;  ni mt cch hnh nh, khi n  tng cc im un  chm li quanh 
im L.  

2)  Khng phi mi dy s u c gii hn hu hn.  Chng hn dy s ((1 )n),  
tc l  dy s 

     1 ,  1 ,  1 ,  1 ,  . . .  .  

khng c gii hn hu hn.  
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Trn trc s,  cc s hng ca dy s   c biu din bi hai im 1  v  1 .  

Khi n tng cc im (1 )n  khng chm li quanh bt k mt im L  no.  

2.  Mt s nh l 

Ta tha nhn cc nh l sau  

nh l 1  

Gi s limun  = L.  Khi  

a)  lim un  =  L  v  
33lim ;nu L=  

b)  Nu un    0 vi mi n  th L    0 v  lim .nu L=  

V d 3.  
cos 2

lim 9 3
n

n
+ =  v 

cos 2
lim 9 9.

 
+ = 

 

n

n
     

H2  Tm 

2
3

2

27
lim

n n

n


  

nh l 2 

Gi s limun  = L,  limvn  = M v  c  l  mt hng s.  Khi   

    lim(un  + vn)  = L  + M,  

    lim(un    vn)  = L    M,  

    lim(un . vn)  = LM,  

    lim(cun)  = cL,  

    lim n

n

u L

v M
= (nu M  0).  

V d 4.  Tm lim nu ,  vi 
2

2

3 4 7
n

n n
u

n

+ 
=   

Gii 

Ta c  

2 2

4 7 4 7
lim lim 3 lim3 lim limnu

n nn n

 
= +  = +  

 
 

    = 
2

1 1
lim3 4 lim 7 lim 3 4.0 7.0 3.

n n
+  = +  =      
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V d 5. Tm limun  vi 
3 2

3

2 4 3 3

5 7

 + +
= 

 +
n

n n n
u

n n
 

Gii  

Chia t v mu ca phn thc cho n3  (n3  l  lu tha bc cao nht ca n  trong 

t v  mu ca phn thc),  ta  c 

    
2 3

2 3

4 3 3
2

5 7
1

n

n n n
u

n n

 + +

= 

 +

 

V  

  
2 3

4 3 3
lim 2

n n n

 
 + + 

 
 = 

2 3

4 3 3
lim 2 lim lim lim

n n n
 + +  = 2 

v  
2 3

5 7
lim 1

n n

 
 + 

 
 = 1    0 nn lim

3 2

3

2 4 3 3

5 7

n n n

n n

 + +

 +
 = 

2
2.

1
=   

H3  Tm gii hn ca dy s (un)  vi  
2

3

3

2
n

n n
u

n n

 +
= 

+
 

3.  Tng ca cp s nhn li v hn 

Xt cp s nhn v hn 

    u1 ,  u1q,  u1q
2,  . . . ,  u1q

n,  . . .  

c cng bi q vi | |q  < 1  (gi l mt cp s nhn li v hn).  

Ta bit rng tng ca n  s hng u tin ca cp s nhn  l  

 Sn  = u1  + u1q  + . . .  + u1q
n    1  = 1 (1 )

1

nu q

q




 = 1 1 .

1 1
nu u

q
q q


 

 

V |  q |  < 1  nn limq
n  = 0.  Do  

    1lim
1n

u
S

q
= 


 

Ta gi gii hn  l  tng ca cp s nhn  cho v  vit 

   S = 2 1
1 1 1 . . .

1

u
u u q u q

q
+ + + = 
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H4  Tm tng ca cp s nhn 

    
1

2
,  

2

1

2
,  

3

1

2
,  . . . ,  

1

2n
,  . . .  .  

V d 6. Biu din s thp phn v hn tun hon 0,777...  d i dng phn s.  

Gii  

Ta c   0,777.. .  = 
2 3

7 7 7
.. .

10 10 10
+ + +  .  

y l  tng ca mt cp s nhn li v hn vi s hng u 1
7

10
u =  v  

cng bi 
1
.

10
q =  Do  

    0,777.. .  = 

7
710

1 9
1

10

= 



       

H5  Biu din s thp phn v hn tun hon 0,313131 . . .  d i dng phn s.  

 

Cu hi  v  b i  tp 

5.  Tm cc gii hn sau :  

a)  lim
( 1)

2
2

n

n

 
+  +

 
 ;      b)  lim

sin 3
1

4

n

n

 
 

 
 ;  

c)  lim
1n

n


 ;       d)  lim

2

1

n

n

+


+
  

6.  Tm limun  vi 

a)  
2

2

3 5

2 1
n

n n
u

n

 +
=


 ;       b)  

2

4

2 2

3 5
n

n n
u

n

 + +
=

+
;  

c)  
2

2

2

1 3
n

n n
u

n


=


 ;     d)  

4

2.3 4

n

n n n
u = 

+
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7.  Cho dy s (un)  xc nh bi 

   1 10u =  v  1 3
5
n

n

u
u

+
= +  vi mi n    1 .  

a) Chng minh rng dy s (vn) xc nh bi vn  = un    
15
4

 l mt cp s nhn.  

b)  Tm limun.  

8.  Cho mt tam gic u ABC  cnh a.  Tam gic 1 1 1A B C  c cc nh l trung 

im cc cnh ca tam gic ABC,  tam gic 2 2 2A B C  c cc nh l  trung im 

cc cnh ca tam gic 1 1 1A B C ,  . . . ,  tam gic 1 1 1n n nA B C
+ + +

 c cc nh l trung 

im cc cnh ca tam gic n n nA B C ,  . . .  .  Gi p1 ,  p2,  . . . ,  pn,  . . .  v S1 ,  S2,  . . .,  Sn,  . . .  

theo th t l  chu vi  v  din tch ca cc tam gic 1 1 1 ,A B C 2 2 2 ,A B C  . . . ,  

,n n nA B C . . .  .  

a)  Tm gii hn ca cc dy s (pn)  v  (Sn).  

b)  Tm cc tng 

  p1  + p2  + . . .  + pn  + . . .   v  S1  + S2  + . . .  + Sn  + . . .  .  

9.  Biu din cc s thp phn v hn tun hon sau d i dng phn s :  

a)  0,444...  ;     b)  0,2121 .. .  ;    c)  0,32111 .. .  .  

10.  Gi C  l  na  ng trn  ng knh AB  = 2R,  

C1  l   ng gm hai na  ng trn  ng knh
2
AB

,  

C2  l   ng gm bn na  ng trn  ng knh ,
4
AB

 . . .  

Cn  l   ng gm 2n  na  ng trn  ng knh 
2n
AB

,  . . .  (h.  4.2).  

Gi pn  l   di ca Cn,  Sn  l  din 

tch hnh phng gii hn bi Cn  v  
on thng AB.  

a)  Tnh pn  v  .nS  

b)  Tm gii hn ca cc dy s ( )np  

v  (Sn).  Hnh 4.2
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Hnh 4.4 

 

on nhn gii  hn ca mt dy s thc 
bng hnh  hc 

1 )  Ta  bit tng ca cp s nhn l i  v hn  

   
2 3

1 1 1 1
, , , . . . , , . . .

2 2 2 2
n

 

l  

   
2 3

1 1 1
.. . 1

2 2 2
= + + + =S  

(xem H4  trong 2).  

C th on nhn  c kt qu ny nh hnh  4.3 hoc hnh  4.4.  

 

 

 

 

Hnh 4.3  

  h nh  4.3 :  trung im ca on [0 ;  1 ]  l  im 
1

2
,  trung  im ca on 

1
; 1

2

 
  

 l  

im 
2

1 1

2 2
+ ,  trung im ca on 

2

1 1
; 1

2 2

 
+ 

 
 l  im 

2 3

1 1 1

2 2 2
+ + ,  . . .  .  

Do  

  
2 3

1 1 1
.. . 1

2 2 2
+ + + = .  

  h nh  4.4 :  hnh  vung ABCD  c cnh  
di  1  n v  v  d in  tch  bng 1 ,  hnh  

ch nht AEFB  c din  tch  bng 
1

2
,  

hnh  vung DHGE  c din  tch  bng 

2

1

2
,  hnh  ch nht GIKF  c din  tch  

bng 
3

1

2
,  . . .  .   

Do   
2 3

1 1 1
.. . 1 .

2 2 2
+ + + =  
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2)  Xt b i  ton  sau  :  

Cho dy s thc (un)  xc nh bi 

  1 =u c  v  1n nu au b
+

= +  vi n   1 ,  

trong  a,  b,  c  l  nhng s thc cho tr c,  0  <  a <  1  v  b   0.  

Tm gii hn ca dy s  cho.  

 on nhn  gii  hn  ca dy s  cho,  ta s biu  d in  cc s hng ca n trn 

hai  trc to  (h.  4.5).  Dng hai   ng thng (d)  v  ()  theo th t c ph ng trnh 

l  y  = ax + b  v  y  = x ( y ta gi thit b  > 0  ;  trong tr ng hp b  < 0,  cch gii  v  

kt qu hon ton t ng t).  Gi  A1  v  B1  theo th t l  g iao im ca  ng thng 

1x u=  vi   ng thng (d)  v   ng thng ().  im A1  c tung  1 2au b u+ =  

v  im B1  c tung  l  u1 .   ng thng i  qua A1  v  song  song vi  trc honh ct 

()  ti  B2.  im B2  c honh  l  u2.   ng thng i  qua B2  v  song song vi  trc 

tung  ct (d)  ti  im A2.  Tung   ca A2  l  2 3 .au b u+ = Cc im B3 ,  A3,  B4,  A4, . . . ,  

Bn,  An,  . . .   c xc nh  mt cch t ng t.  

Gi  I (l ;  l)  l  g iao im ca hai   ng thng (d)  v  () .  Khi  n  tng th im An  ngy 

cng dn  n im I,  cc im un  trn  trc honh (v  trn  trc tung)  ngy cng dn 
n im l,  tc l  

     limun  = l.  

 

 

 

 

 

 

 

 

 

 

 

Hnh 4.5 

V I l  g iao im ca hai   ng thng (d)  v  ()  nn l  l  nghim ca ph ng trnh  

     ax + b  = x,  
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tc l  

    x = l = 
1

b

a




 

Nhn xt 

Gi  C1 ,  C2,  . . . ,  Cn,  . . .  l  cc giao im ca  ng thng y  = l  vi  cc  ng thng 

x = u1 ,  x = u2,  . . . ,  x = un,  . . .  .  

Khi   

    1 1

1 1
.

A C AE BI
a

B C OE AB
= = =  

V A1C1  = l   u2  v
  B1C1  = l    u1  nn  t  ta c  

    2

1

l

l





u

u
 = a.  

Chng minh  t ng t,  ta c 

    1l

l
+





n

n

u

u
 =  a  vi  mi  n.  

Do ,  nu t vn  = l   un  th  dy s (vn)  l  mt cp s nhn li  v hn.  

 

1.  Dy s c gii hn +  

Xt dy s (un)  vi un  = 2n    3 .  

Ta thy khi n  tng th un   tr nn  ln bao nhiu cng  c min l  n   ln.  

Ni cch khc,  mi s hng ca dy s,  k t mt s hng no  tr i,  u 

ln hn mt s d ng ln tu  cho tr c.  

Ta ni rng dy s (2n    3)  c gii hn l  +.  

3
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Mt cch tng qut,  ta c  

nh ngha 

Ta ni rng dy s (un)  c gii hn l  +  nu vi mi s d ng 

tu  cho tr c,  mi s hng ca dy s,  k t mt s hng no 
 tr i,  u ln hn s d ng .  

Khi  ta vit 

  lim(un)  = +  hoc limun  = +  hoc un    +.  

p dng nh ngha trn c th chng minh rng :  

a) limn  = +  ;    b)  lim n = +   ;    c)  3lim n = +  .  

2.  Dy s c gii hn  

nh ngha 

Ta ni rng dy s (un)  c gii hn l   nu vi mi s m tu 

 cho tr c,  mi s hng ca dy s,  k t mt s hng no  
tr i,  u nh hn s m .  

Khi  ta vit 

  lim(un)  =   hoc limun  =   hoc un    .  

D dng thy rng 

    lim nu =      lim ( ) .nu = +   

V d 1. V lim(2n    3)  = +   nn  lim(2n  + 3)  = .  

Ch  

Cc dy s c gii hn +  v    c gi chung l cc dy s c 
gii hn v cc hay dn n v cc.  

Nhn xt.  Nu lim nu = +  th nu  tr nn ln bao nhiu cng  c, min 

l  n   ln.  Do  
1 1

n nu u
=  tr nn nh bao nhiu cng  c,  min l  n  

 ln.  
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Ng i ta chng minh  c  

nh l 

Nu lim
n
u = +  th 

1
lim 0.

n
u

=  

3.  Mt v i quy tc tm gii hn v cc 

V +  v    khng phi l  nhng s thc nn khng p dng  c cc nh l 
trong 2 cho cc dy s c gii hn v cc.  Khi tm cc gii hn v cc,  ta c 
th s dng cc quy tc sau y.  

a) Quy tc 1  

Nu limun  =   v  limvn  =   th lim(unvn)   c cho trong 

bng sau :  

limun  limvn  lim(unvn)  

+  

+  

  

  

+  

  

+  

  

+  

  

  

+  

V d 2.  V n2  = n.n  v  limn  = +   nn  limn
2  = +.  

T ng t,  vi mi s nguyn d ng k,  ta c  limn
k = +.  

b) Quy tc 2 

Nu lim
n

u =    v  limvn  = L    0 th lim(unvn)   c cho trong 

bng sau :  

limun  Du ca L lim(unvn)  

+  

+  

  

  

+ 

 

+ 

 

+  

  

  

+  
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V d 3.  Tm a)  2lim (3 101 51)n n  ;   b)  
2

5
lim

3 101 51n n




 
 

Gii   

a)  Ta c 23 101 51n n   = 2
2

101 51
3 .n

n n

 
  

 
 

V  2lim n = +  v  
2

101 51
lim 3 3

n n

 
  = 

 
 > 0 nn 

  2lim (3 101 51)n n  = +.  

b)  V   2lim (3 101 51)n n  = +  nn  

   
2 2

5 1
lim 5 lim ( 5).0 0

3 101 51 3 101 51n n n n


=  =  =

   
.   

H1  Tm 

  a)   lim(n sinn    2n3)  ;    b)  
3

1
lim

sin 2n n n




 

c)  Quy tc 3 

Nu lim 0, lim 0n nu L v=  =  v  0nv >  hoc 0nv <  k t 

mt s hng no  tr i th lim n

n

u

v
  c cho trong bng sau :  

Du ca L  Du ca vn  lim n

n

u

v
 

+ 

+ 

 

 

+ 

 

+ 

 

+  

  

  

+  

V d 4.  Tm 
3

2

3 2 1
lim

2

n n

n n

+ 
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Gii  

Chia t v mu ca phn thc cho n
3
 (n

3
 l  lu tha bc cao nht ca n  trong 

t v  mu ca phn thc),  ta  c 

    
3

2

3 2 1

2

n n

n n

+ 


 = 

2 3

2

2 1
3

2 1
n n

n n

+ 





 

V 
2 3

2 1
lim 3

n n

 
+  

 
 = 3 > 0, 

2

2 1
lim

n n

 
 

 
 = 0 v 

2

2 1
0

n n
 >  vi mi n nn 

    
3

2

3 2 1
lim

2

n n

n n

+ 


 = +.      

H2  Tm 

32
lim

3 2

n n

n

 +



 

Cu hi  v  b i  tp 

11.  Tm gii hn ca cc dy s (un)  vi 

a)  un  = 2n
3
 + 3n  + 5  ;     b) 4 33 5 7 .nu n n n= +     

12.  Tm gii hn ca cc dy s (un)  vi 

a)  un  = 
32 3 2

3 2

n n

n

 + 


 ;     b)  

6 33 7 5 8

12n

n n n
u

n

  +
= 

+
 

13.  Tm cc gii hn sau :  

a)  lim(2 cos )n n+ ;       b)  21
lim 3 sin 2 5 .

2
n n

 
 + 

 
 

14.  Chng minh rng nu q > 1  th lim nq =+  .  

15.  Tm gii hn ca cc dy s (un)  vi 

 a)  un  = 
3 1

2 1

n

n

+


 ;       b)  un  = 2

n
   3n.       
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Luyn tp 

16.  Tm cc gii hn sau :  

a)  
2

3 2

4 5
lim

3 7

n n

n n

+ 

+ +
 ;     b)  

5 4

3 2

3 2
lim

4 6 9

n n n

n n

+  

+ +
 ;     

c)  
4

2

2 3 2
lim

2 3

n n

n n

+ 

 +
 ;    d)  

3 2 . 5
lim

7 3 . 5

n n

n




+
    

17.  Tm cc gii hn sau :  

a)  lim(3n3   7n  + 1 1 )  ;      b)  4 2lim 2 2n n n + +  ;   

c)  33lim 1 2n n+   ;      d) lim 2 . 3 2n n + .  

18.  Tm cc gii hn sau :  

a)  ( )2lim 1n n n+ +   ;    

H ng dn :  Nhn v  chia biu thc  cho vi 2 1n n n+ + + .     

b)  
1

lim
2 1n n+  +

;  

H ng dn :  Nhn t v  mu ca phn thc  cho vi 2 1.n n+ + +  

c)  ( )2lim 2 1n n n+ +  + ;   d)  
1

lim
3 2 2 1n n+  +

 ;  

e)  ( )lim 1n n n+   ;    f)  
2 1 1

lim
3 2

n n

n

+  +


+
 

19.  Tng ca mt cp s nhn li v hn l 
5
3
, tng ba s hng u tin ca n l 

39
25

  

Tm s hng u v  cng bi ca cp s .  

20.  Bng tuyt Vn Kc 

Ta bt u t mt tam gic u ABC  cnh a.  Chia mi cnh ca tam gic ABC  
thnh ba on thng bng nhau.  Trn mi on thng  gia,  dng mt tam 
gic u nm ngoi tam gic ABC  ri xo y ca n,  ta  c  ng gp khc 

khp kn H1 .  Chia mi cnh ca H1  thnh ba on thng bng nhau.  Trn mi 
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on thng  gia,  dng mt tam gic u nm ngoi H1  ri xo y ca n,  

ta  c  ng gp khc khp kn H2.  Tip tc nh  vy, ta  c mt hnh 

ging nh  bng tuyt,  gi l  bng tuyt Vn Kc  (*)  (h.  4.6).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 4.6 

a) Gi p1 ,  p2,. . . ,  pn,. . .  l  di ca H1 ,  H2,. . . ,  Hn,. . .  .  Chng minh rng (pn)  l 

mt cp s nhn.  Tm limpn.  

b)  Gi Sn  l  din tch ca min gii hn bi  ng gp khc Hn.  Tnh Sn  v  
tm gii hn ca dy s (Sn).  

H ng dn :  S cnh ca Hn  l 3 .4
n.  Tm  di mi cnh ca Hn,  t  tnh pn.  

 tnh Sn  cn ch  rng mun c Hn+1  ch cn thm vo mt tam gic u 

nh trn mi cnh ca Hn.  

  

(*) Helge von Koch (1879  1 924) l  mt nh ton hc Thu in.  Tn ca ng gn lin vi mt 
v d v mt hnh phng c chu vi v cc v din tch hu hn.  
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John Wall is (1 61 6 - 1 703)

 

Gin U-lit  Ng i  sng to k hiu  

T rt sm,  nh  ton hc Anh Gin  U-l it (John Wall is)   hc 
ting Hi  Lp,  ting La-tinh  v  ting  H-br.  Nm m i  lm tui,  
ng  bt u  say s a hc Ton.  

Nm 24 tui,  ng   c phong l inh  mc v  tr thnh gio s  

Ton ti  tr ng c-xpht (Oxford)   Anh.  ng  ging  dy v  
nghin  cu  ti   cho n  cui  i.  

ng c cng ln  v  pht hin  c thin  ti  ton  hc ca 
Niu-tn.  ng l  ng i  u  tin   nh  ngha mt cch chnh 
xc lu tha vi  cc s m  khng,  m v  hu  t.  

ng cn  l  ng i  sng to ra k hiu     ch khi  nim v cc.  

B. Gii hn ca h m s. H m s lin tc 

1.  Gii hn ca h m s ti mt im 

a) Gii hn hu hn 

Xt b i ton sau :  

Cho hm s f(x)  = 
2

2 8

2

x

x
 v  mt dy bt k x1 ,  x2,  . . . ,  xn,  . . .  nhng s thc 

khc  2 (tc l  xn    2 vi mi  n)  sao cho limxn  = 2.      (1 )  

Hy xc nh dy cc gi tr t ng ng f(x1),  f(x2),  . . . ,  f(xn),  . . .  ca hm s v  

tm  limf(xn).  

Em

cob i t

4
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V xn    2 nn 

  
22( 4)

( )
2

n
n

n

x
f x

x


=


 = 2(xn  + 2)  vi mi n.  

Do  

  f(x1)  = 2(x1  +2),    f(x2)  = 2(x2  + 2),  . . . ,    f(xn)  = 2(xn  + 2),  . . .  .  

T (1 )  suy ra 

  limf(xn)  = lim2(xn  + 2)  = 2(limxn  + 2)  = 2(2 + 2)  = 8.  

Ta ni rng h m s f c gii hn l  8  khi x dn n 2.  

Mt cch tng qut,  ta c 

nh ngha 1  

Gi s (a  ;  b)  l  mt khong cha im x0  v  f l  mt h m s xc 

nh trn tp hp (a  ;  b)\{ x0} .  Ta ni rng h m s f c gii hn 

l  s thc L  khi x dn n x0  (hoc ti im x0) nu vi mi dy s 

(xn) trong tp hp (a ;  b) \ {x0}  (tc l  xn   (a  ;  b)  v  xn    x0  vi 

mi n)  m  limxn  = x0,  ta u c limf(xn)  = L.  

Khi  ta vit 

  
0

lim ( )
x x

f x


 = L  hoc f(x)    L  khi x   x0.  

V d 1. Tm 
0

1
lim cos
x

x
x

 
 

 
 

Gii  

Xt h m s f(x)  = 
1

cosx
x
  Vi mi dy s ( )nx  m  0nx   vi mi n  v  

lim 0,nx =  ta c 
1

( ) cosn n
n

f x x
x

=   V 

   
1

( ) cosn n n
n

f x x x
x

=   v  lim 0nx =  
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nn  lim ( ) 0.nf x =  Do  

  
0 0

1
lim ( ) lim cos 0.
x x

f x x
x 

 
= = 

 
       

H1  Tm 

2

1

3 2
lim

1x

x x

x

+ +


+
 

Nhn xt.  p dng nh ngha 1 ,  d dng chng minh  c rng :  

a) Nu f(x)  = c  vi mi x   R,  trong  c  l mt hng s, th vi mi x0    R,  

    
0 0

lim ( ) lim .
x x x x

f x c c
 

= =  

b)  Nu g(x)  = x vi mi x   R  th vi mi x0    R,  

    
0 0

0lim ( ) lim .
x x x x

g x x x
 

= =  

b) Gii hn v cc 

Gii hn v cc ca hm s ti mt im  c nh ngha t ng t nh  gii 

hn hu hn ca hm s ti mt im.  Chng hn, 
0

lim ( )
x x

f x


= +  c ngha 

l  vi mi dy ( )nx  trong tp hp 0( ; ) \ { }a b x  m  0lim ,nx x=  ta u c 

lim ( ) .nf x = +   

V d 2. Tm 
21

3
lim

( 1)x x



 

Gii.  Xt hm s 
2

3
( )

( 1)
f x

x
= 


 Vi mi dy s ( )nx  m  xn    1  vi mi n  

v  lim 1,nx =  ta c
2

3
( )

( 1)
n

n

f x
x

= 


 V lim 3 3 0= > ,  2lim( 1) 0nx  =  

v 2( 1) 0nx  >  vi mi n  nn lim ( )nf x = + .  Do    

21 1

3
lim ( ) lim .

( 1)x x
f x

x 
= = +


         

2.  Gii hn ca h m s ti v cc 

Gii hn ca hm s ti v cc (khi x dn n +  hoc )   c nh ngha 
t ng t nh  gii hn ca hm s ti mt im.  
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nh ngha 2 

  Gi s hm s f xc nh trn khong (a  ;  +).  Ta ni rng 
hm s f c gii hn l  s thc L  khi x dn n +  nu vi mi 

dy s (xn)  trong khong (a  ;  +)  (tc l  xn  > a  vi mi n)  m 

limxn  = +,  ta u c 

    limf(xn)  = L.  

Khi  ta vit 

  lim ( )
x

f x
+

 = L  hoc ( )f x L  khi .x  +  

  Cc gii hn 

lim ( )
x

f x
+

= +  ,  lim ( )
x

f x
+

=   ,  lim ( ) ,


=
x

f x L  

lim ( )
x

f x


= +   v  lim ( )
x

f x


=     c nh ngha  

t ng t.  

V d 3 

a) 
1

lim 0,
x x

= v vi mi dy s m (xn)  m  lim ,nx =    ta u c 

1
lim 0.

nx
=  

b)  T ng t, ta c 
1

lim 0.
x x+

=          

Nhn xt 

p dng nh ngha gii hn ca hm s, c th chng minh  c rng :  

Vi mi s nguyn d ng k,  ta c  

a) lim k

x
x

+
= +   ;   b)  

nu  chn
lim

nu l
k

x

k
x

k

+
= 


 

c)  
1

lim 0
kx x+
=  ;    d)  

1
lim 0

kx x
= .  

3.  Mt s nh l v gii hn hu hn 

p dng cc nh l v gii hn ca dy s,  c th chng minh  c cc 

nh l sau y v gii hn ca hm s.  
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nh l 1  

Gi s 
0

lim ( )
x x

f x L


=  v  
0

lim ( )
x x

g x M


= (L,  M   R).  Khi  

a)  [ ]
0

lim ( ) ( )
x x

f x g x


+  = L  + M ;  

b)  [ ]
0

lim ( ) ( )
x x

f x g x


  = L    M ;  

c)  [ ]
0

lim ( ) ( )
x x

f x g x


 = LM ;  

c bit,  nu c  l  mt hng s th [ ]
0

lim ( )
x x

c f x


 = cL  ;  

d)  Nu M   0 th 
0

( )
lim

( )x x

f x L

g x M
=   

 d nh, ta ni 

Gii hn ca tng,  hiu,  tch,  th ng ca hai hm s ti mt im bng tng,  
hiu,  tch,  th ng cc gii hn ca chng ti im  (trong tr ng hp 
th ng,  gii hn ca mu phi khc khng).  

nh l 1  va nu v  nh l 2 tip theo vn ng khi thay x   x0  bi x   +  

hoc x   .  

Nhn xt 

Nu k l  mt s nguyn d ng v  a  l  mt hng s th vi mi x0    R,  ta c 

 
0

lim k

x x
ax


 = 

0 0 0 0

tha s

lim . lim . lim .. . lim
x x x x x x x x

k

a x x x
   



 =
0

0( lim )k k

x x
a x ax


= .  

V d 4.  Tm 

a)  3 2

2
lim ( 5 7)
x

x x


 +  ;    b)  
2

3 21

2
lim
x

x x

x x

 


+
 

Gii  

a)  Ta c 3 2

2
lim ( 5 7)
x

x x


 +  = 3 2

2 2 2
lim lim (5 ) lim 7
x x x

x x
  

 +  

            =  23   5 .  22  + 7  = 5.  
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b)  Vi x   1 ,  ta c 
2

3 2 2 2

2 ( 1) ( 2) 2

( 1)

x x x x x

x x x x x

  +  
= = 

+ +
 

Do  

   
2

3 2 21 1

2 2
lim lim 3.
x x

x x x

x x x 

  
= = 

+
     

H2  Tm 

2

21

2 1
lim

2x

x x

x x

 +


+
 

V d 5.  Tm 
2

3

2 10
lim

3 3x

x x

x x+

 +


+ 
 

Gii  

Chia t v  mu ca phn thc cho x
3
 (x

3
 l  lu tha bc cao nht ca x trong 

t v  mu ca phn thc),  ta  c 

   
2 2 3

3

2 3

2 1 10

2 10

3 33 3 1

x x x x x

x x

x x

 +
 +

=
+  + 

 vi mi 0.x   

V   
2 3 2 3

2 1 10 2 1 10
lim lim lim lim

x x x xx xx x x x+ + + +

 
 + =  + 

 
 

          = 
2 3

1 1 1
2 lim lim 10 lim
x x xx x x+ + +

 +  

          = 2 .  0   0 + 10 .  0 = 0,       

v  
2 3

3 3
lim 1

x x x+

 
+  

 
 = 1  nn theo nh l 1 .  d),  ta c 

   
2

3

2 10 0
lim 0.

13 3x

x x

x x+

 +
= =

+ 
      

H3  Tm 

4 3

4 2

2
lim

2 7x

x x x

x x

 +


+ 
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nh l 2 

Gi s 
0

lim ( )
x x

f x L


= .  Khi  

a)  
0

lim ( )
x x

f x L


=  ;  

b)  
0

33lim ( )
x x

f x L


=  ;  

c)  Nu f(x)    0 vi mi x   J\{ x0} ,  trong  J l  mt khong 

n o  cha x0,  th L    0 v  
0

lim ( ) .
x x

f x L


=  

V d 6.  Tm 
4 3

4 2

2
lim

2 7x

x x x

x x

 +

+ 

.  

Gii  

V 
4 3

4 2

2
lim

2 7x

x x x

x x

 +

+ 

 = 2 nn 
4 3

4 2

2
lim

2 7x

x x x

x x

 +

+ 

 = 2 .     

H4  Tm 
3

1
lim 7
x

x x


+   v  
3 3

1
lim 7
x

x x


+ .  

Cu hi  v  b i  tp 

21.  p dng nh ngha gii hn ca h m s,  tm cc gii hn sau :  

a) 
2

1

3 4
lim

1x

x x

x

 

+
 ;        b)  

1

1
lim

5x x





 

22.  Cho h m s f(x)  = 
1

cos
x
 v  hai dy s '( ),nx ' '( )nx vi 

   
1 ,'

2
=


nx n

  
1

' '

(2 1)
2

nx

n

= 


+

 

a)  Tm gii hn ca cc dy s ' ' ' '( ), ( ), ( ( ))n n nx x f x  v  ' '( ( )).nf x  

b)  Tn ti hay khng 
0

1
lim cos
x x

 ?  
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23.  Tm cc gii hn sau :  

a)  2

2
lim (3 7 11)
x

x x


+ + ;      b)  

3

41
lim

(2 1)( 3)x

x x

x x



 
 ;      

c)  
0

1
lim 1
x

x

x

 
 

 
 ;       d)  

29

3
lim

9x

x

x x




 ;  

e)  2

3
lim 4
x

x


  ;      f)  

4

22

3 1
lim

2 1x

x x

x

+ 



 

24.  Tm cc gii hn sau :  

a)  
2

3

3 7
lim

2 1x

x x

x

 +


 ;       b)  

4 3

4

2 7 15
lim

1x

x x

x

+ 

+
 ;   

c)  
6

3

2
lim

3 1x

x

x+

+


 ;       d)  

6

3

2
lim

3 1x

x

x

+



 

25.  Tm cc gii hn sau :  

a)  
2

3
2

2
lim

8 3x

x x

x x

+

 +
 ;    b)  

2
lim

2x

x x

x x+


 +
 

 

 

Cc nh l kp v  nh l v iu kin tn ti gii 
hn hu hn ca dy s tng hoc gim 

Trong b i  ny ta s  cp n mt vi  nh l  quan trng trong l thuyt gii  hn,  
 c s dng nhiu  trong  l  thuyt cng nh  trong thc hnh.  

1 .  Cc nh l kp 

Ta nhc li  mt nh  l   u  ch ng :  Cho hai  dy s (u
n
)  v  (v

n
).  Nu 

n n
u v  vi  

mi  n  v  lim 0
n
v =  th  lim 0

n
u = .  
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 l  mt tr ng hp ring ca nh  l  sau  :  

nh l 1  (nh  l  kp v gii  hn  ca dy s)  

Cho ba dy s  (un),  (vn)  v  (wn).  Nu   

   n n nu v w   vi  mi  n         (1 )  

v  lim lim ( )= = n nu w L L R  th  lim nv L= .  

Chng minh.  T (1 )  suy ra  

                       0 n n n nv u w u     vi  mi  n.  

V ( )lim lim lim 0n n n nw u w u L L =  =  =  nn  ( )lim 0n nv u = .  

Do  ( ) ( )lim lim lim lim 0n n n n n n nv v u u v u u L L =  + =  + = + =  .  

V d.  Tm gii  hn ca dy s (un)  vi  

                       
2 2 2

1 1 1
. . .

1 2
nu

n n n n

= + + + 
+ + +

 

Gii.  Vi  mi  s nguyn k m  1    k   n,  ta c  

                              
2 2 2

1 1 1

1n n n k n

  
+ + +

 

Do     

                               
2 2 1

n
n n

u

n n n

 
+ +

   vi  mi  n.  

D thy 
2 2

lim lim 1
1

n n

n n n

= =
+ +

,  do   lim 1nu = .      

T nh  l  1  v  nh  ngha gii  hn  ca hm s ta suy ra  

nh l 2  (nh  l  kp v gii  hn ca hm s)  

Gi s J l  mt khong cha 0x  v  f,  g,  h  l  ba hm s xc nh  trn  tp hp 

{ }0\J x .  Nu ( ) ( ) ( )f x g x h x   vi  mi  { }0\x J x  v  
0 0

lim ( ) lim ( )
x x x x

f x h x L
 

= =  

th
0

lim ( )
x x

g x L


= .  

p dng  nh l  2,  ng i  ta chng minh   c nh  l  sau  :  

nh l 3 

                                                
0

sin
lim 1 .
x

x

x
=  

Chng minh  

V x   0  nn ta ch cn  xt x trong mt khong no  cha im 0,  chng hn 

;
2 2

x
    

 
 v  x   0.  
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Hnh 4.7 

  Tr c ht gi s 0 ; .
2

x
 

  
 

 Trn  ng trn 

l ng gic,  ta t cung AM c s o bng x rad.  

Tia OM ct trc tang ti  im T (h.47).  Ta c din 

tch    OAM <  d in tch hnh  qut OAM <  d in  tch  

  OAT,  tc l   

  
1 1 1
sin tan .

2 2 2
x x x< <  

V 0 ;
2

x
 

  
 

 nn  sin 0x >  ;  do  chia cc v ca cc bt ng thc trn  cho 

1
sin ,

2
x  ta  c 

    
1

1
sin cos

x

x x
< <         (1 )  

V cos 0x >  vi  0 ;
2

x
 

  
 

 nn  t (1 )  suy ra 

    
sin

cos 1 .
x

x
x

< <        (2)  

Nu ; 0
2

x
 

  
 

 th  0 ;
2

x
 

   
 

 ;  p dng cng thc (2)  vi  (x),  ta  c 

  
sin( )

cos( ) 1,
x

x
x


 < <


 hay 

sin
cos 1 .

x
x

x
< <  

Vy vi  mi  ;
2 2

x
  

  
 

 v  x   0  ta lun lun c (2).  

V hm s cosy x=  l in  tc trn  R  nn
0

lim cos cos 0 1 .
x

x


= =  Theo nh  l  2,  t (2)  

suy ra 
0

sin
lim 1 .
x

x

x
=            

2.  iu kin  mt dy s tng hoc gim c gii  hn hu hn 

Ta tha nhn nh  l  sau  :  

nh l 4 

a)  Dy s tng v  b  chn  trn  th c gii  hn  hu hn.  

b)  Dy s gim v  b  chn d i  th c gii  hn  hu hn.  

p dng nh  l  4,  ng i  ta chng minh   c s tn  ti  gii  hn  hu hn ca nhiu 
dy s.    y ta ch nu  mt v d  quan trng.  Xt dy s (un)  vi   

                                                
1

1 .
n

nu n

 
= + 
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Dng my tnh  b ti,  ta tnh   c cc gi tr  gn  ng ca cc s hng  ca n :  

    2 ;  2,25  ;  2,37037037 ;  2,  44140625 ;  2,48832 ;  .  .  .  ;  1000 2, 71692393u  ;  .  .  .  ;   

    10000 2, 71814593u   ;  .  .  .  .  

Ng i  ta chng minh   c rng  y l  mt dy s tng  v  b  chn  trn  (chng hn  
bi  s 3).  Theo nh  l  4,  dy s ny c gii  hn hu hn.  Gii  hn   c k h iu  l  

e,  tc l  

                                           
1

e lim 1 .
n

n

 
= + 

 
 

Cng nh  s ,  s e  c mt vai  tr quan  trng trong ton hc.  Ng i  ta  chng 
minh  c rng n l  mt s v t v  c gi tr  l   
                                             e 2, 718281828459.. .=  

Trong nh ngha 
0

lim ( ),
x x

f x


 ta gi thit hm s f xc nh trn tp hp 

(a  ;  b)  \ { x0} ,  trong  (a  ;  b)  l  mt khong cha im 0x .  Nh  vy,  cc gi 

tr  c xt ca x l  cc gi tr gn 0 ,x  bao gm c cc gi tr ln hn ln nh 

hn 0 .x  Khi nim gii hn mt bn xut hin khi ta ch xt cc gi tr ca 

hm s vi 0x x>  hoc ch xt cc gi tr ca hm s vi 0x x< .  

1.  Gii hn hu hn 

nh ngha 1  

Gi s hm s f xc nh trn khong (x0  ;  b)  (x0    R).  Ta ni 

rng hm s f c gii hn bn phi  l  s thc L  khi x dn n x0  

(hoc ti im  x0)  nu vi mi dy s (xn) trong khong (x0 ;  b) m 

limxn  = x0,  ta u c limf(xn)  = L.  
Khi  ta vit 

  
0

lim ( )
x x

f x
+

 = L  hoc f(x)    L  khi x   0 .x
+  

nh ngha gii hn bn tri ca hm s  c pht biu t ng t.  

5
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nh ngha 2 

Gi s hm s f xc nh trn khong (a  ;  x0)  (x0    R).  Ta ni 

rng hm s f c gii hn bn tri  l  s thc L  khi x dn n x0  

(hoc ti im x0)  nu vi mi dy s (xn)  trong khong (a  ;  x0)  

m  limxn  = x0,  ta u c limf(xn)  = L.  

Khi  ta vit 

  
0

lim ( )
x x

f x


= L   hoc f(x)    L  khi x   0 .x  

Nhn xt 

1 ) Hin nhin nu 
0

lim ( )
x x

f x L


=  th hm s f c gii hn bn phi v  gii 

hn  bn tri ti im x0  v
0 0

lim ( ) lim ( ) .
x x x x

f x f x L
 + 

= =  

2)  Ta tha nhn iu ng c li cng ng, ngha l  

Nu 
0 0

lim ( ) lim ( )
x x x x

f x f x L
 + 

= =  th hm s f c gii hn ti im 0x  v  

0

lim ( )
x x

f x L


= .  

3)  Cc nh l 1  v  nh l 2 trong 4 vn ng khi thay 0x x  bi 0x x   

hoc 0x x + .  

V d 1. Gi d l  hm du 

    d(x)  = 

1 vi 0,

0 vi 0,

1 vi 0.

x

x

x

 <


=
 >

 

Tm 
0 0

lim ( ), lim ( )
x x

d x d x
 + 

 v  
0

lim ( )
x

d x


 (nu c).  

Gii  

Vi x < 0,  ta c d(x)  = 1 .  Do  

   
0 0

lim ( ) lim ( 1)
x x

d x
  

=   = 1 .  
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Hnh 4.8 

T ng t, ta c 

 
0 0

lim ( ) lim 1 1 .
x x

d x
+ + 

= =  

V 
0 0

lim ( ) lim ( )
x x

d x d x
 + 

  nn khng tn 

ti 
0

lim ( )
x

d x


 (h.  4.8).             

H1  Tm gii hn bn phi,  gii hn bn tri 

v  gii hn (nu c)  ca h m s 

  f(x)  =  
3

2

vi 1,

2 3 vi 1

x x

x x

 < 


  

 

khi x dn n 1 .  

2.  Gii hn v cc 

1 ) Cc nh ngha 
0

lim ( )
x x

f x


= +  ,  
0

lim ( )
x x

f x


=   ,  
0

lim ( )
x x

f x
+

= +   

v 
0

lim ( )
x x

f x
+

=     c pht biu t ng t nh  nh ngha 1  v  nh 

ngha 2.  

2)  Nhn xt 1  v  nhn xt 2 vn ng i vi gii hn v cc.  

V d 2 

a) T nh ngha gii hn bn tri v gii hn bn phi ca hm s, ta c 

   
0

1
lim
x x

=   v
0

1
lim

x x+
= +  .  

V 
0 0

1 1
lim lim
x xx x + 

  nn khng tn ti 
0

1
lim
x x

 (h.  4.9a).  

b)  D dng thy rng 
0

1
lim

| |x x
 = +.  Do  

  
0

1
lim

| |x x
 = +  v  

0

1
lim

| |x x+
 = +  (h.  4.9b).      
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Hnh 4.9 

H2 Tm 

2

1
lim

2x x




 

Cu hi  v  b i  tp 

26.  p dng nh ngha gii hn bn phi v  gii hn bn tri ca h m s,  tm cc 

gii hn sau :  

a) 
1

lim 1
x

x
+

  ;        b)  ( )
5

lim 5 2
x

x x


 +  ;  

c)  
3

1
lim

3x x+ 
 ;         d)  

3

1
lim

3x x




    

27.  Tm cc gii hn sau (nu c) :  

a)  
2

| 2 |
lim

2x

x

x+




 ;    b)  

2

| 2 |
lim

2x

x

x




 ;   c)  

2

| 2 |
lim .

2x

x

x




 

28.  Tm cc gii hn sau :  

a)  
0

2
lim
x

x x

x x
+

+


 ;      b)  

2

2

4
lim ;

2x

x

x







 

c)  
2

5 4( 1)

3 2
lim

x

x x

x x
+

 

+ +

+
 ;     d)  

2

23

7 12
lim

9x

x x

x


 +
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29.  Cho h m s 

   f (x)  = 
2

2 1 vi 2,

2 1 vi 2.

x x

x x

   


+ > 

 

Tm 
( 2)

lim ( )
x

f x
 

,     
( 2)

lim ( )
x

f x
+ 

 v   
2

lim ( )
x

f x


 (nu c).  

Luyn tp 

30.  Tm  cc gii hn sau :  

a) 2

3
lim | 8 | ;

x
x


     b)  

2

22

1
lim

2x

x x

x x

+ +

+
 ;  

c)  
3

21
lim

3x

x

x 
 ;     d)  3

23

2 ( 1)
lim

6x

x x

x

+


 ;  

e)  
3

22

1 3
lim

2 3x

x x

x x

 

+ 
 ;    f)  

2

2

2 | 1 | 5 3
lim

2 3x

x x

x

+  


+
 

31.  Tm cc gii hn sau :   

a)  
3

2
2

2 2
lim

2x

x

x

+


 ;     b)  

4

23

27
lim

2 3 9x

x x

x x



 
 ;  

c)  
4

22

16
lim

6 8x

x

x x



+ +
 ;     d)  

2 31

1 1
lim
x

x x

x x


 + 



 

32.  Tm cc gii hn sau :  

a)  
5 3

3
2 3

2 1
lim

(2 1)( )x

x x

x x x+

+ 

 +
 ;   b)  

2

2 3
lim

5x

x

x x

+

+ +
 ;  

c)  
2 2

lim
2 3x

x x x

x

+ +

+
 ;    d)  

4 2
lim ( 1)

2 1x

x
x

x x+
+ 

+ +
 

33.  Cho h m s 

   f (x)  = 
2 2 3

4 3

x x

x

  +



   

vi 2,

vi 2.

x

x



>
 

Tm
2

lim ( )
x

f x
+

,  
2

lim ( )
x

f x


 v  
2

lim ( )
x

f x


 (nu c).  
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Cc nh l trong mc 3  4 ch ng i vi cc gii hn hu hn, khng p 
dng  c cho cc gii hn v cc.  Trong mc ny, ta s gii thiu mt nh 
l lin quan n gii hn v cc v  hai quy tc tm gii hn v cc.  nh l v  
cc quy tc ny  c p dng cho mi tr ng hp :  

   x   x0,    x  0x
+ ,    x  0x

 ,    x   +  v  x   .  

Tuy nhin,   cho gn, ta ch pht biu cho tr ng hp x   x0.  

nh l 

Nu 
0

lim ( )
x x

f x


= +   th 
0

1
lim 0

( )x x f x
= .  

D dng suy ra nh l trn t nh ngha gii hn ca hm s.  

Quy tc 1  

Nu
0

lim ( )
x x

f x


=    v  
0

lim ( ) 0
x x

g x L


=   th 
0

lim
x x

[f(x)g(x)]  

 c cho trong bng sau :  

0

lim ( )
x x

f x


 Du ca L  
0

lim [ ( ) ( )]
x x

f x g x


 

+  

+  

  

  

+ 

 

+ 

 

+  

  

  

+  

V d 1.  Tm  

a)  3 2

x
lim (2 3 5)x x x


 +  ;    b)
3 2x

1
lim

2 3 5x x x


 + 
 

Gii  

a)  Ta c 

  2x3   x2  + 3x  5  = 3
2 3

1 3 5
2x

x x x

 
 +  

 
 vi mi 0x  .  

6
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V 3lim
x

x


=    v  
2 3

1 3 5
lim 2

x x x x

 
 +  

 
 = 2 > 0 nn 

3 2lim (2 3 5)
x

x x x


 +  =   .  

b)  V 3 2lim 2 3 5
x

x x x


 +  = +  nn 
3 2x

1
lim

2 3 5x x x  + 
 = 0.   

V d 2. Tm 2lim 3 5
x

x x


 .  

Gii   

Vi x < 0,  ta c 

23 5x x  = 2 5
3x

x

 
 

 
 = 

5
| | 3x

x
 .  V lim | |

x
x


= +   v     

5
lim 3

x x
  = 3  > 0 nn 2lim 3 5

x
x x


  = +.      

H1  Tm 
2 33lim 2

x
x x

+
 .  

Quy tc 2 

Nu 
0

lim ( ) 0
x x

f x L


=  ,  
0

lim ( ) 0
x x

g x


=  v g(x) >  0 hoc g(x) <  0 

vi mi 0\{ } ,x J x  trong  J l  mt khong no  cha 0x  

th 
0

( )
lim

( )x x

f x

g x
  c cho trong bng sau :  

Du ca L Du ca g(x)  
0

( )
lim

( )x x

f x

g x
 

+ 

+ 

 

 

+ 

  

+ 

  

+  

  

  

+  
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V d 3.  Tm 
( )22

2 1
lim

2x

x

x 

+


+
 

Gii 

Ta c 
2

lim (2 1) 3
x

x
 

+ =   < 0, 2

2
lim ( 2) 0

x

x
 

+ =  v ( )22 0x + >  vi mi 

x    2.  Do   
( )22

2 1
lim .

2x

x

x 

+
= 

+
        

V d 4. Tm 
2

2

2
lim

2x

x x

x+

+ 


.  

Gii  

V 2

2
lim ( 2) 4

x

x x
+

+  =  > 0, 
2

lim ( 2) 0
x

x
+

 =  v x  2 > 0 vi mi x > 2  nn 

    
2

2

2
lim .

2x

x x

x+

+ 
= + 


      

H2  Tm 

2

2

2
lim

2x

x x

x

+ 



 

V d 5.  Tm 
3 2

2

2 5 1
lim

1x

x x

x x 

 +


 +
 

Gii  

Chia t v  mu ca phn thc cho x
3
 (x

3
 l  lu tha ca x c bc cao nht 

trong t v  mu ca phn thc),  ta  c 

   
3 2

2

2 5 1

1

x x

x x

 +

 +
 = 

3

2 3

5 1
2

1 1 1

x x

x x x

 +

 +
 vi mi 0x  .  

V 
3

5 1
lim 2

x x x 

 
 + 

 
 = 2 > 0,  

2 3

1 1 1
lim

x x x x 

 
 + 

 
 = 0 v   

2 3

1 1 1

x x x
 +  = 

2

1 1 1
1

x x x

 
 + 

 
 < 0  vi  x < 0 nn 

   
3 2

2

2 5 1
lim .

1x

x x

x x 

 +
=  

 +
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Cu hi  v  b i  tp 

34.  Tm cc gii hn sau :  

a)  3 2lim (3 5 7)
x

x x


 +  ;     b) 4lim 2 3 12
x

x x
+

 + .  

35.  Tm cc gii hn sau :  

a)  
2

2 1
lim

2x

x

x+

+


 ;      b)  

2

2 1
lim

2x

x

x

+


 ;   

c)  
20

1 1
lim
x x x

 
 

 
 ;     d)  

2
2

1 1
lim

2 4

 
     x x x

 

36.  Tm cc gii hn sau :  

a)  
3

2

5
lim

1x

x

x+



+
 ;       b)  

4

lim
1 2x

x x

x





    

37.  Tm cc gii hn sau :  

a)  
21

2 2 1
lim

2 3( 1)

 +
  x

x

xx
 ;     b)  

21

5
lim

( 1)( 3 2)x x x x


  +
   

Khi gii cc bi ton v gii hn,  ta c th gp mt s tr ng hp sau  y :  

1 )  Tm 
( )

lim
( )

f x

g x
,  trong    limf(x)  =  limg(x)  =  0  hoc  limf(x)  =     ,  

limg(x)  =     .  

2)  Tm lim[f(x)g(x)] ,  trong  limf(x)  = 0,  limg(x)  =   .  

7
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3)  Tm lim[f(x)    g(x)] ,  trong  limf(x)  = limg(x)  = +  

                 hoc  limf(x)  = limg(x)  = .   

(Khi x   x0,  hoc x  0x
+ ,  x  0x

 ,  x   +,  x   ).  

Khi  khng p dng  c cc nh l v gii hn hu hn cng nh  cc quy 
tc tm gii hn v cc.  Ta gi  l  cc dng v nh  v  k hiu chng, theo 
th t,  l  

1 )  
0
,

0





 ;    2)  0.  ;    3)  .   

Khi tm gii hn cc dng ny, ta cn thc hin mt vi php bin i  c 

th s dng  c cc nh l v  quy tc  bit.  Lm nh  vy gi l  kh dng 

v nh.  Sau y l  mt s v d.  

1.  Dng 
0

0
 v   

V d 1.  Tm 
21

2 1
lim .

12 11x

x x

x x

 

 +

 

Gii 

Ta c  dng  v  nh 
0
.

0
 Nhn t v  mu ca phn thc  vi  2 1,x x+   

ta  c  

 
2

2 1

12 11

x x

x x

 

 +

 = 
2

( 2 1 ) ( 2 1 )

( 12 11) ( 2 1 )

x x x x

x x x x

  + 

 + + 

 

    = 
2 2 1

( 1) ( 11) ( 2 1 )

x x

x x x x

 +

  + 

 

    = 
1

,
( 11) ( 2 1 )

x

x x x



 + 

 vi x   1 .  

Do  

  
21

2 1
lim

12 11x

x x

x x

 

 +

 = 
1

1
lim 0.

( 11) ( 2 1 )x

x

x x x


=

 + 

   

H1  Tm 

4

3 22

16
lim .

2x

x

x x



+
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V d 2.  Tm  
6

2

3
lim

2 1x

x x

x




+
 

Gii  

Ta c dng v nh 



.  Vi mi x < 0,  ta c 

  
36 6 3

5 5 5

3 3 3
3 1 1 1x x x x x

x x x

 
 =  =  =    

 
 

Do  

    

3
6 5

2 2

3
1

3

2 1 2 1

x
x x x

x x




= 
+ +

 = 
5

3

3
1

2 1
x

x x



 

+

 

V 
5

3
lim 1

x x
  = 1 ,    

3

2 1
lim

x x x

 
+ 

 
 = 0 v  

3

2 1
0

x x
+ <  vi mi x < 0 

nn 

    
6

2

3
lim .

2 1x

x x

x


= + 

+
      

H2  Tm 

6

2

3
lim

2 1x

x x

x+




+
 

2.  Dng 0.  

V d 3.  Tm 
2

2

lim ( 2)
4x

x
x

x
+

 


 

Gii  

Ta c dng v nh 0..  Vi mi x > 2,  ta c 

 ( 2)x 
2 4

x

x 
 = ( 2)

( 2)( 2)


 +

x
x

x x
 = 

2 .

2

x x

x




+
 

Do  

 
2

2

lim ( 2)
4x

x
x

x
+




 = 
2

2 .
lim

2x

x x

x+



+
 = 

0. 2

2
 = 0.     
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3.  Dng   

V d 4.  Tm lim ( 1 )
x

x x
+

+  .  

Gii  

Ta c dng v nh     .  Nhn v  chia biu thc  cho vi biu thc 

1 x x+ + ,  ta  c 

  
( 1 )( 1 ) 1

1
1 1

x x x x
x x

x x x x

+  + +
+  = = 

+ + + +
 

Do  

  
1

lim ( 1 ) lim 0.
1x x

x x
x x+ +

+  = =
+ +

 

( 1 x x+ +   c gi l biu thc lin hp ca biu thc 1 x x+  ).   

Cu hi  v  b i  tp 

38.  Tm cc gii hn sau :  

a)  
3

22

8
lim

4x

x

x




 ;       b)  

2

2
( 3)

2 5 3
lim

( 3)x

x x

x
+ 

+ 

+
 ;   

c)  
2

2
( 3)

2 5 3
lim

( 3)x

x x

x
 

+ 

+
 ;      d)  

3

20

1 1
lim
x

x

x x

+ 


+
 

39.  Tm cc gii hn sau :  

a)  
2

3

2 10
lim

9 3x

x x

x+

+ 


 ;      b)  

22 7 12
lim

3 | | 17x

x x

x

 +



     

40.  Tm cc gii hn sau :  

a)  3
2

( 1)
lim ( 1)

1x

x
x

x
+

 

+


 ;    b)  
3

1
lim ( 2)

x

x
x

x x+


+ 

+
 

41.  Tm cc gii hn sau :  

a)  ( )2lim 1
x

x x
+

+   ;      b)  
2

21

2 1
lim
x

x x

x x
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Luyn tp 

42.  Tm cc gii hn sau :  

a)  
20

1 1
lim
x x

x

 
+ 

 
 ;       b)  

3

2

8
lim

2x

x

x

+

+
 ;   

c)  
9

3
lim

9x

x

x




 ;       d)  

0

2 4
lim
x

x

x

 
 ;  

e)  
4 3

11
lim

2 7x

x x

x+

 +


 ;    f)  

4 4
lim

4x

x

x

+


+
 

43.   Tm cc gii hn sau :  

a)  
3

2
3

3 3
lim

3x

x

x

+


 ;     b)  

24

2
lim

4x

x

x x




 ;  

c)  
2

1

1
lim
x

x

x x
+




 ;     d)  

2

0

1 1
lim

3x

x x

x

+ + 
  

44.   Tm cc gii hn sau :  

a)  
3

5 2

2
lim

3x

x x

x

x x

+

 +
 ;    b)  

2

lim
10x

x x x

x

+ +

+
 ;  

c)  
4 22 1

lim
1 2x

x x

x+

+ 


 ;    d)  2lim ( 2 1 ).

x

x x


+ +  

45.   Tm cc gii hn sau :  

a)  
2

2
0

lim
x

x x x

x
+

+ 
 ;    b)  

1

1
lim

2 1 1x

x

x

x x




 + 
 ;  

c)  
33

3
lim

27x

x

x






 ;     d)  

3

2
2

8
lim

2x

x

x x
+
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Trong nh ngha gii hn ca hm s ti mt im, ta khng gi thit hm s 
xc nh ti im .  Hn na, nu hm s xc nh ti im  c xt th gii 
hn (nu c) v gi tr ca hm s ti im  khng nht thit bng nhau.  Tuy 
nhin vi nhng hm s th ng gp nh  cc hm a thc, cc hm phn thc 
hu t,  cc hm s l ng gic, . ..,  gii hn v gi tr ca hm s ti mi im m 
n xc nh l bng nhau.  Cc hm s c tnh cht va nu ng vai tr quan 
trng trong Gii tch v trong cc ngnh Ton hc khc.  Ng i ta gi chng l  
cc h m s lin tc.  

1.  H m s lin tc ti mt im 

nh ngha 

Gi s hm s f xc nh trn khong (a  ;  b)  v  x0    (a  ;  b).  Hm 

s f  c gi l  lin tc  ti im x0  nu 

   
0

0lim ( ) ( ).
x x

f x f x


=  

Hm s khng lin tc ti im x0   c gi l  gin on  ti 

im x0.  

V d 1  

a) Hm s f(x)  = x2  lin tc ti mi im 

x0    R  v 

  
0

2
0 0lim ( ) ( )

x x
f x x f x


= = .  

b)  Hm s 

  f(x)  = 
1

vi 0

0 vi 0





 =

x
x

x

 

gin on ti im x = 0 v khng tn ti 
0 0

1
lim ( ) lim
x x

f x
x 

=  (h.  4.10).    

8

Hnh 4.10 
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Hnh 4.1 1  

H1  Xt tnh lin tc ca h m s f(x)  = |x |  ti im x = 0 (h.  4.1 1 ).  

V d 2.  Xt tnh lin tc ca hm s 

 f(x)  = 

2 1 vi 1

1
vi 1

2

 +  



= 


x x

x
 

ti im x = 1 .  

Gii  
Ta c 

2

1 1
lim ( ) lim ( 1) 2
x x

f x x
 

= + =  v f(1) = 
1

2
  

V 
1

lim ( ) ( 1)
x

f x f


   nn hm s f gin on ti im x = 1  (h.  4.12).    

 

 

 

 

 

 
 

   Hnh 4.1 2       Hnh 4.13  

H2  Xt tnh lin tc ca h m s 

    f(x)  =  
 + 


 >

2 1 vi 1

1 vi 1

x x

x x
 

ti im x = 1  (h.  4.13).  

2.  H m s lin tc trn mt khong, trn mt on 

nh ngha 

a) Gi s hm s f xc nh trn tp hp J,  trong  J l  mt 
khong hoc hp ca nhiu khong.  Ta ni rng h m s f lin 
tc trn J  nu n lin tc ti mi im thuc tp hp .   

b)  Hm s f xc nh trn on [a  ;  b]   c gi l  lin tc trn 
on  [a  ;  b]  nu n lin tc trn khong (a  ;  b)  v 

  lim ( )
x a

f x
+

 = f(a),  lim ( )
x b

f x


 = f(b).  



 1 70 

V d 3.  Xt tnh lin tc ca hm s  

f(x)  = 21 x  trn on [1  ;  1 ] .  

Gii  

Hm s  cho xc nh trn on 

[1  ;  1 ].  

V vi mi x0    (1  ;  1 )  ta c 

 
0 0

2 2
0 0lim ( ) lim 1 1 ( )

x x x x
f x x x f x

 

=  =  = ,  

nn hm s f lin tc trn khong (1  ;  1 ).  Ngoi ra,  ta c 

  
( 1)

lim ( )
x

f x
+

 

= 
( 1)

lim
x +
 

21 x  = 0 = f(1 ) 

v      
1

lim ( )
x

f x




   = 
1

lim
x 


21 x  = 0 = f(1 ).  

Do  hm s  cho lin tc trn on [1  ;  1 ]  (h.  4.14).      

Ch  

Tnh lin tc ca hm s trn cc na khong [a  ;  b),  (a  ;  b] ,   

[a  ;  +)  v  (  ;  b]   c nh ngha t ng t nh  tnh lin tc ca 
hm s trn mt on.  

H3  Chng minh rng h m s f(x)  =  1x +  lin tc trn na khong [1  ;  +)  

(tc l  lin tc trn khong (1  ;  +)  v  
( 1)

lim ( ) ( 1)).
+

 

= 

x
f x f  

Qua cc v d  xt, chng hn v d 3,  ta thy hm s lin tc trn mt 

khong hoc trn mt on c  th l  mt  ng "lin nt".  Trong v d 2,  

hm s f gin on ti im x = 1  ;   th ca n khng phi l  mt  ng 

lin nt.  

Nhn xt.  T nh l 1  v  nhn xt sau nh l 1  trong 4,  d dng suy ra 

1 )  Tng, hiu,  tch,  th ng ca hai hm s lin tc ti mt im l  nhng hm 

s lin tc ti im  (trong tr ng hp th ng, gi tr ca mu ti im  

phi khc 0).  

Hnh 4.14 
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Hnh 4.15 

2) Hm a thc v hm phn thc hu t (th ng ca hai a thc) lin tc trn tp 
xc nh ca chng (tc l lin tc ti mi im thuc tp xc nh ca chng).  

Ta tha nhn nh l sau  

nh l 1  

Cc hm s l ng gic y  = sinx,  y  = cos x,  y  = tanx,  y  = cotx 
lin tc trn tp xc nh ca chng.  

3.  Tnh cht ca h m s lin tc 

nh l 2 (nh l v gi tr trung gian ca hm s lin tc)  

Gi s hm s f lin tc trn on [a  ;  b] .  Nu f(a)    f(b)  th 
vi mi s thc M nm gia f(a)  v  f(b),  tn ti t nht mt 

im c    (a  ;  b)  sao cho f(c)  = M.  

 ngha hnh hc ca nh l 

Nu hm s f lin tc trn on  [a  ;  b]  v  
M l  mt s thc nm gia  f(a)  v  f(b)  th 
 ng thng y  = M ct  th ca hm s 
y  = f(x)  t nht ti mt im c honh   

c    (a  ;  b)  (h.  4.15).  

H qu 

Nu hm s f lin tc trn on [a  ;  b]  v  f(a)  f(b)  < 0 th tn 

ti t nht mt im c    (a  ;  b)  sao cho f(c)  = 0.  

 ngha hnh hc ca h qu 

Nu hm s f lin tc trn on  [a  ;  b]  v  
f(a)f(b)  < 0 th  th ca hm s y  = f(x)  
ct trc honh t nht ti mt im c 
honh   c    (a  ;  b)  (h.  4.16).  

V d 4.  Cho hm s P(x)  = x3  + x 1 .  

p dng h qu,  chng minh rng ph ng 
trnh P(x)  = 0 c t nht mt nghim 
d ng nh hn 1 .  Hnh 4.16 
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Gii  
Hm s P  lin tc trn on [0 ;  1 ] ,  P(0) = 1  v  P(1 )  = 1 .  

V P(0)P(1 ) < 0 nn theo h qu, tn ti t nht mt im c    (0 ;  1 )  sao 
cho P(c)  = 0.  

x = c  chnh l  mt nghim d ng nh hn 1  ca ph ng trnh P(x)  = 0.   

H4  Cho h m s f(x)  =  
2 5 2

2 2

x x

x

+ 


+
 Chng minh rng tn ti t  nht mt im  

c   (0  ;  2) sao cho f(c)  =  0,8 .  

Cu hi  v  b i  tp 

46.  Chng minh rng :  

a)  Cc hm s 3( ) 3f x x x=  +  v  
3

2

1
( )

1

x
g x

x


=

+
 lin tc ti mi im 

.x  R  

b)  Hm s  

2 3 2
vi 2,

( ) 2

1 vi 2

x x
x

f x x

x

  +


= 
 =

 

lin tc ti im x = 2.   

c)  Hm s  

3 1
vi 1,

1( )

2 vi 1

x
x

xf x

x

 


= 


=

 

gin on ti im x = 1 .  

47.  Chng minh rng :  

a)  Hm s 4 2( ) 2f x x x=  +  lin tc trn R  ;  

b)  Hm s 
2

1
( )

1
f x

x
=


 lin tc trn khong(1  ;  1 )  ;  

c)  Hm s 2( ) 8 2f x x=   lin tc trn on [2 ;  2]  ;  

d)  Hm s ( ) 2 1f x x=   lin tc trn na khong 
1
;

2
 

+  
 

.  
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48.  Chng minh rng mi hm s sau y lin tc trn tp xc nh ca n :  

a)  
2 3 4

( )
2 1

x x
f x

x

+ +
=

+

 ;    b)  ( ) 1 2 .f x x x=  +   

49.  Chng minh rng ph ng trnh 

    x
2
cos x + x sinx + 1  = 0 

c t nht mt nghim thuc khong (0 ;  ).  

tm gi tr  gn ng nghim  

ca ph ng trnh 

Ta s  a ra mt k thut tm gi tr  gn  ng nghim ca mt ph ng trnh  nh p 
dng h qu ca nh  l  v gi tr  trung gian  ca hm s l in  tc.  

Gi s hm s f l in  tc trn  on [a  ;  b]  v  f(a),  f(b)  tri  du.  Khi  ,  khong (a  ;  b)  
cha t nht mt nghim ca ph ng trnh  f(x)  = 0.  

Gi  m  l  trung im ca on [a  ;  b] ,  tc l  m  = 
2

a b+
.  

1 .  Nu f(m)  =  0  th  m  l  mt nghim ca ph ng trnh.  

2.  Nu  f(m)    0  th  f(m)  tri  du vi  f(a)  hoc tri  du  vi  f(b).  

a)  Nu  f(m)  tri  du  vi  f(a)  th  ph ng trnh  c nghim nm trong khong (a  ;  m) .  

b)  Nu  f(m)  tri  du  vi  f(b)  th  ph ng trnh  c nghim nm trong khong (m  ;  b).  

Gi s xy ra tr ng hp a).  Gi  m1  l  trung  im ca on [a  ;  m] ,  tc l  

m1  =  .
2

a m+
 Ta li  xt gi tr  f(m1)  nh   lm ban u.  

Tip tc qu trnh  ,  sau  mt s hu  hn b c,  ta tm  c hoc mt nghim ca 
ph ng trnh hoc gi tr  gn ng ca mt nghim vi   chnh xc mong mun v 
cc on cha nghim ngy cng "tht" li .  

V d  1 .  Hm s f(x)  =  3 22 7 6 21x x x + +   l i n  tc trn  R .  V  f(2)  = 1 1  v  

f(1 ) = 18,  nn  ph ng trnh  3 22 7 6 21 0x x x + +  =  c t nht mt nghim 

trong khong (2 ;  1).  Ta tm gi tr  gn  ng ca nghim  theo cch  nu.  
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  Trung im ca on [2 ;  1 ]  l  1 ,5  ;  V f(1 ,5) = 7,5  nn  ph ng trnh c 

nghim nm trong khong  (2 ;  1 ,5).  

 Trung im ca on [2 ;  1 ,5]  l  1 ,75  ;  V f(1 ,75) = 0,65625 nn ph ng trnh  

c nghim nm trong khong (1 ,75  ;  1 ,5).  

Ta tip tc lm nh  vy cho n khi  t  c gi tr  gn  ng  ca nghim vi   
chnh xc cn c.   

Quy tc thc h nh 

Trong tnh ton ta khng quan tm n cc gi tr  l in  tip ca f(x)  m  ch quan tm 

n du  ca chng.  V vy,  ta ghi  cc gi tr  l in  tip ca x trong mt bng gm hai  

ct :  ct +  v  ct .  

 Trong  ct +  ta ghi  cc gi tr  ca x,  ti   f(x)  ly gi tr  d ng.  

 Trong ct   ta ghi  cc gi tr  ca x,  ti    f(x)  ly gi tr  m.  

 Mi  gi tr  tip theo ca x l  trung  bnh  cng ca gi tr  sau  cng ca ct +  v  g i tr  
sau  cng ca ct   tr c n.  

 Nghim ca ph ng trnh nm gia gi tr  sau  cng ca ct +  v  g i tr  sau  cng 
ca ct .  
Chng hn,  vi  v d  1 ,  ta c bng sau  :  

 +     

f(2) = 1 1  2    

  1  f(1 ) = 18  

  1 ,5  f(1 ,5) = 7,5  

f(1 ,75)  = 0,65625 1 ,75    

  1 ,625 f(1 ,625) = 3,68359375 

  1 ,6875 f(1 ,6875) = 1 ,5805664063  

  1 ,71875  

Ph ng trnh  c nghim 0x  tho mn 

   1 ,75  < 0x  < 1 ,71875.  

Gi tr  gn  ng ca nghim l  1 ,7  sai  khc khng qu 0,1 .      

V d  2.  Tm gi tr  gn  ng  ca 2  vi  ba ch s thp phn.  

Gii 

Ta thy 2  l  mt nghim ca ph ng trnh  

   f(x)  = 
2

2 0.x  =  

V f(1) = 1  v  f(2) = 2  nn ph ng trnh trn c mt nghim nm trong khong  (1  ;  2) ;  

 l  2  (cn  nghim 2  ca ph ng trnh  nm ngoi  on [1  ;  2] ).  Bng sau  

y cho ta gi tr  gn  ng ca 2.  
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  + 
1   
 2 
 1 ,5  

1 ,25   
1 ,375  

 1 ,4375 
1 ,40625  

 1 ,421875  
1 ,4140625  

 1 ,41796875 

 1 ,416015625 

 1 ,4150390625 

 1 ,41455078125  

T bng trn ta c 

  1 ,4140625 < 2  < 1 ,41455078125.  

Gi tr gn ng ca 2  l  1 ,414  sai khc khng qu  0,001 .                                     

Luyn tp 

50.  Chng minh rng :  

a)  H m s 

   
2

2

( 1) vi 0
( )

2 vi 0

 + 
= 

+ >

x x
f x

x x
 

gin on ti im x = 0.   

b)  Mi h m s 

   ( ) 3g x x=   v  

1
vi 1

2
( )

1
vi 1


 

= 
  >


x
x

h x

x
x

 

lin tc trn tp xc nh ca n.  

51.  Gii thch v sao 

a)  H m s f(x)  = 2 2sin 2 cos 3x x x +  lin tc trn R  ;  

b)  H m s g(x)  = 
3 cos sin

2 sin 3

x x x x

x

+ +

+
 lin tc trn R  ;  
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Augustin  Louis Cauchy  
(1 789 - 1 857)  

Em

cob i t

c) Hm s h(x) = 
3(2 1) sin cos

sin
x x x

x x

+ 
 lin tc ti mi im x   k,  k   Z.  

52.  Chng minh rng hm s f(x)  = 2 1
3

2
x x

x
+ + +


 lin tc trn tp xc nh 

ca n.  

53.  Chng minh rng ph ng trnh 3 1 0x x+ + =  c t nht mt nghim m 
ln hn 1 .  

54.  Cho hm s 

   
1

vi 0
( )

1 vi 0

x
f x x

x




= 
  =

 

a)  Chng t rng ( 1) (2) 0f f < .  

b) Chng t rng ph ng trnh ( ) 0f x =  khng c nghim thuc khong 

(1  ;  2).  
c) iu khng nh trong b) c mu thun vi nh l v gi tr trung gian ca 
hm s lin tc hay khng ? 

 

C-si,  nh  ton hc ln 

Nh  ton  hc Php C-si  (Cauchy)  l  mt trong  nhng ng i  sng lp ra Gii  tch  
hin i,  ng thi  ng cng c nhiu ng gp su sc trong cc ngnh ton hc v  
khoa hc khc.  ng   li  du n thin ti  ca mnh trong nn Ton hc th k XIX.  

Sinh   Pa-ri ,  t rt sm ng  ham m ton  hc.  Nm 
m i  su  tui  ng vo hc i  hc Bch khoa Pa-ri  v  
tr thnh k s .  Sau  ,  ng tham gia xy dng qun 
cng Sec-bua (Cherbourg).  Hng say lao ng nh ng 
sc kho khng tt,  ng nh phi  tr v ging dy 
Gii  tch  v  C hc ti  i  hc Bch khoa Pa-ri.  

T th k XVI I I ,  nh  ton hc Thu S L--na -le 
(Leonhard  Euler,  1 707   1 783)   pht trin  php tnh  
vi phn ca nh  ton hc Anh Niu-tn (Newton, 1 642  1 727) 
v  nh  ton hc c Lai-b-nt (Leibniz,  1 646   1 71 6).  
Tuy nhin,  cc khi  nim v cc,  v cng b v  v cng 
ln  vn  cn ti  ngha,  khng r rng,  lp lun  cn  thiu  
cht ch.  
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Trong ging dy,  C-si  quan tm c bit n  vic nh  ngha cc khi  n im mt 
cch cht ch.  Nhiu  nh  l  v  ph ng php do ng chng minh v  pht minh mang 
tn  ng.  Chnh  ng  l  ng i  u  tin   trnh  by khi  n im gii  hn  ca hm s 
bng ngn ng nh  hin  nay ang  c ging  dy trong cc tr ng i  hc.  

Gio trnh  Gii  tch  m  ng  ging  dy v  cng b  ngay lp tc b  cc sinh  vin  v  
cc ng nghip ph phn  bi  v  ni  dung  ca n v t xa mc tiu  o to cc k s  
t ng  lai  thi  .  Cuc cch mng nm 1 830  lm gin  on s nghip ca ng.  
Trung thnh vi  Sc-l X (Charles X),  ng  t chi  khng tuyn  th trung thnh vi  
vua Lu-i  Phi-l ip ooc-l-ng (Louis Phi l ippe d'Orlan),  ng i  thay th Sc-l.  

ng  b  i  y  Tu-rin,  sau    Pra-ha.  Ti  y ng  lm gia s  cho cng t c 
Booc- (Bordeaux),  chu  ca vua Php b  ph trut.  

Tr v Pa-ri  nm 1 838,  tnh c chp ca ng v chnh  tr  i  vi  ch  mi   khin  
ng  b l nhiu  v  tr cng  tc m  nhiu  ng i  ao c.  

Cuc Cch mng Cng ho  nm 1 848  gii  li  th trung thnh cho cc cng chc.  

Nh  ton hc thin  ti   ht u  phin  v  nhn  gh Gio s  Thin  vn   Ton ti  
i  hc Sooc-bon (Sorbonne).  ng ging dy v  nghin  cu    cho n cui  i.  

ng  c nhiu  ng gp v Gii  tch,  i  s,  Hnh  hc,  S hc,  L thuyt hm s 
phc,  C hc,  Quang hc,  Thin  vn hc,  . . .  

Cu hi  v  bi  tp n tp ch ng IV 

A. Gii hn ca dy s 

55.  Tm gii hn ca cc dy s (u
n
)  vi 

a)  
32 3

5 1n

n n

u

n

 
=



 ;        b)  
4

2

2 3

2 3
n

n n

u

n

 +

=

 +

 ;  

c)  u
n
 = 2n

2
 + 3n    7  ;       d)  u

n
 = 9 23 8 7n n+  .    

56.  Tm gii hn ca cc dy s (u
n
)  vi 

a)  u
n
 = 3 1 2 1n n    ;     b)  u

n
 = 

4 5

2 3.5

n n

n n




+

   

57.  Cho mt cp s nhn (u
n
),  trong  

   243u8  = 32u3    vi u3    0.  
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a)  Tnh cng bi ca cp s nhn  cho.  

b)  Bit rng tng ca cp s nhn  cho bng 3
5,  tnh u1 .  

58.  Tm gii hn ca dy s (un)  xc nh bi 

   un  = 
1 1 1

.. .
1 .2 2.3 ( 1)n n

+ + + 
+

 

H ng dn :  Vi mi s nguyn d ng k,  ta c 
1 1 1

( 1) 1k k k k
=  

+ +
 

B. Gii hn ca h m s. H m s lin tc 

59.  Tm cc gii hn sau :  

a)  
4

3
22

2 3 1
lim

2x

x x

x x

+ +

 +
 ;    b)  

2 5
lim

2 1x

x x

x

 +


 ;  

c)  
4

2
( 3)

1
lim

4 3x

x

x x 

+

+ +
 ;      d)  

22

3 4
lim

4( 2)x

x

xx

+


 ;  

e)  
( 2)

8 2 2
lim

2x

x

x+ 

+ 

+
 ;      f)  ( )2 2lim 4

x
x x x


+  +   

60.  Hm s 

   

3 8
vi 2( ) 4 8

3 vi 2

x
x

f x x

x

 +  = +
 = 

 

c lin tc trn R khng ? 

61.  Tm cc gi tr ca tham s m    hm s 

   

2

2

3 2
vi 2

( ) 2

+ + 1 vi 2

x x
x

f x x x

mx m x

  +
<

=  
 

 

lin tc trn R.  

62.  Chng minh rng ph ng trnh 

    4 23 5 6 0x x x +  =  

c t nht mt nghim thuc khong (1  ;  2).  
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B i  tp trc nghim khch quan 

Trong mi cu ca cc b i t 63 n 65,  hy chn kt qu ng trong cc kt 
qu  cho.  

63.  a) 
2 sin 2

lim
2

n n n

n


 l  :  

(A) 1  ;    (B) 
1

2
 ;   (C) 1  ;     (D) 0.  

b)  
2 3

3

3
lim

2 5 2

n n

n n



+ 
 l  :  

(A) 
1

2
;    (B) 

1

5
 ;   (C) 

3

2
  ;     (D) 0.  

c)  
3 1

lim
2 2.3 1

n

n n



 +
 l  :  

(A) 
1

2
 ;    (B) 

3

2
 ;   (C) 

1

2
 ;     (D) 1 .  

d)  
3

lim(2 3 )n n  l  :  

(A) +   ;    (B)     ;   (C) 2 ;     (D)   3 .  

64.  a) 
3

2

2
lim

1 3

n n

n




 l  :  

(A) 
1

3
 ;    (B) 

2

3
 ;   (C) +   ;     (D) .  

b)  ( )lim 2 5
n n  l  :  

(A) +   ;    (B) 1  ;   (C)     ;     (D) 
5

2
  

c)  ( )lim 1n n+   l  :  

(A) +   ;    (B)     ;   (C) 0 ;    (D) 1 .     

d)  
2

1
lim

n n n+ 
 l  :  

(A) +   ;    (B) 0 ;   (C) 2 ;    (D) 2 .   
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65.  a) 
1 2

lim
3 1

n

n



+
 l  :  

(A) 
2

3
 ;   (B) 0 ;   (C) 1  ;    (D) 

1

2
.  

b)  Tng ca cp s nhn v hn  

     
( )11 1 1

, , , . . . , , . . .
2 4 8 2

n

n


   

l  :  

(A) 
1

4
 ;   (B) 

1

2
;   (C) 1  ;     (D) 

1

3
  

c)  S thp phn v hn tun hon 0,5111   c biu din bi phn s 

(A) 
6

11
 ;   (B) 

46

90
 ;   (C) 

43

90
 ;     (D) 

47

90
  

66.  a) Trong bn gii hn sau y,  gii hn no l  1  ?  

(A) 
2 3

lim
2 3

n

n

+


 ;      (B) 

2 3

3
lim

2 1

n n

n



+
 ;     

(C)  
2

2
lim

2

n n

n n

+

 
 ;     (D) 

3

2
lim

3

n

n


+

 

b)  Trong bn gii hn sau y,  gii hn no l  +   ?  

(A) 
2

2

3 2
lim

n n

n n

 +

+
;     (B)  

3

3

2 1
lim

2

n n

n n

+ 


 ;   

(C) 
2

3

2 3
lim

3

n n

n n



+
;      (D)  

2 1
lim

2 1

n n

n

 +



 

c)  Trong bn gii hn sau y,  gii hn no l  0 ?  

(A) 
2 1

lim
3.2 3

n

n n

+


 ;     (B)  

2 3
lim

1 2

n

n

+


 ;   

(C)  
3

2

1
lim

2

n

n n



+
 ;      (D) 

2

3

(2 1)( 3)
lim

2

n n

n n

+ 



 

67.  Hy chn kt qu ng trong cc kt qu sau y :  

a)  
2

31

3
lim

2x

x

x



+
 l  

(A)  2 ;      (B)  1  ;     (C)    2 ;   (D) 
3

2
     



 1 81  

b)  
2

33
lim

6x

x

x x  

 l  

(A)  
1

2
 ;      (B) 2 ;      (C)  3  ;      (D) 

2

2
    

c)  
2

24

3 4
lim

4x

x x

x x

+ 

+

 l  

(A)  
5

4
 ;       (B) 1  ;      (C)  

5

4
 ;      (D) 1 .  

68.  Hy chn kt qu ng trong cc kt qu sau y  

a)  
2

6 5

2 3
lim

5x

x

x x+



+

 l  

(A)  2 ;      (B)  0 ;      (C)   
3

5
 ;      (D) 3.  

b)  
5 3

5 4

3 7 11
lim

3x

x x

x x x

 + 

+ 

 l   

(A)  0 ;      (B)  3  ;      (C)  3  ;      (D)  .  

c)  
5 4

2

2 3
lim

3 7x

x x

x

 + 



 l  

(A)    ;      (B)  2 ;      (C)   0 ;      (D)  +.  

69.  Hy chn kt qu ng trong cc kt qu sau y  

a)  
2

1
lim

1x

x

x
+





 l  

(A)  1  ;      (B) 1  ;      (C)   0 ;      (D) + .  

b)  
0

1 1
lim
x

x

x

 
 l   

(A)  
1

2
 ;      (B) 

1

2
 ;      (C)  +   ;     (D)  0.  

c)  
21

2 1
lim

( 1)x

x

x





 l  

(A)  2 ;      (B) 1  ;       (C)  +   ;     (D)   .  
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d)  
2

21
lim

3 2x

x x

x x

+

+ +
 l  

(A)  2 ;      (B) 
2
3
 ;       (C)  1  ;      (D)  0.  

70.  a) Trong bn gii hn sau y,  gii hn n o l  1  ?  

(A)  
2

2

2 1
lim

3x

x x

x x+

+ 

+
 ;      (B) 

2

2 3
lim

5x

x

x x

+


 ;      

(C)  
3 2

2 3

3
lim

5x

x x

x x+

 +


 ;       (D) 

2 1
lim

1x

x

x




+
 

b)  Trong bn gii hn sau y,  gii hn n o l  0 ?  

(A)  
31

1
lim

1x

x

x




 ;        (B) 

2

2 5
lim

10x

x

x

+
+

;       

(C)  
2

21

1
lim

3 2x

x

x x



 +
 ;       (D) ( )2lim 1

x
x x

+
+  .  

c)  Trong  bn gii hn sau y,  gii hn n o khng tn ti ?  

(A)  
2

2 1
lim

1x

x

x

+

+
 ;        (B)  lim cos

x
x

+
 ;      

(C)   
0

lim
1x

x

x +
 ;        (D) 

( )21
lim

1x

x

x


+
 

71.  Tm khng nh ng trong cc khng nh sau :  

H m s  

   f(x)  = 

2

vi 1, 0

0 vi  0

vi 1


< 


=






x
x x

x

x

x x

 

(A)  Lin tc ti mi im tr cc im x thuc on [0 ;  1 ] .  

(B)  Lin tc ti mi im thuc R.  

(C)  Lin tc ti mi im tr im x = 0.  

(D)  Lin tc ti mi im tr im x = 1 .  
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1.  V d m u 

T v tr O  ( mt  cao nht nh no ),  ta th mt vin bi cho ri t do 
xung t v  nghin cu chuyn ng ca vin bi.  Trong Vt l 10  ta  bit :  
Nu chn trc Oy  theo ph ng thng ng, chiu d ng h ng xung t,  
gc O  l  v tr ban u ca vin bi (ti thi im t = 0)  v  b qua sc cn ca 
khng kh th ph ng trnh chuyn ng ca vin bi l   

  y  = f(t)  = 21
2
gt  (g l  gia tc ri t do,  g   9,8  m/s2).  

Gi s ti thi im t0,  vin bi  v tr M0  c to  y0  = f(t0)  ;  ti thi im 

t1  (t1  > t0),  vin bi  v tr M1  c to  y1  = f(t1).  Khi ,  trong khong thi 

gian t t0  n t1 ,  qung  ng vin bi i  c l  M0M1  = f(t1)   f(t0)  (h.5.1 ).  

Vy vn tc trung bnh  ca vin bi trong khong thi gian  l   

    1 0

1 0

( ) ( )f t f t

t t
.        (1 )  

Nu t1   t0  cng nh th t s (1 )  cng phn nh 

chnh xc hn s nhanh chm ca vin bi ti 

thi im t0.  T ,  ng i ta xem gii hn ca t 

s 1 0

1 0

( ) ( )f t f t

t t
 khi t1  dn n t0  l  vn tc tc 

thi  ti thi im t0 ca vin bi,  k hiu l  v(t0).  
Ni cch khc,   

 v(t0)  = 
1 0

1 0

1 0

( ) ( )
lim
t t

f t f t

t t

           

Nhiu vn  ca ton hc,  vt l,  ho hc,  sinh 
hc,  . . .  dn n bi ton tm gii hn  

  
0

0

0

( ) ( )
lim
x x

f x f x

x x

,  

trong  y = f(x)  l  hm s no .   

 

 

 

 

 

 

 

 

Hnh 5.1  

1
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Trong ton hc, ng i ta gi gii hn ,  nu c v  hu hn, l  o h m ca 

h m s y = f(x)  ti im x0.  

2.  o h m ca h m s ti mt im  

a) Khi nim o h m ca h m s ti mt im   

Cho hm s y  = f(x)  xc nh trn khong (a  ;  b)  v  im x0  thuc khong .  

nh ngha 

Gii hn hu hn (nu c) ca t s 0

0

( ) ( )f x f x

x x




 khi x dn 

n x0   c gi l  o h m  ca hm s  cho ti im x0,  k 

hiu l  f '(x0)  hoc y'(x0),   ngha l  

  f '(x0)  =
0

0

0

( ) ( )
lim
x x

f x f x

x x




.  

Trong nh ngha trn,  nu t x = x   x0  v  y = f(x0  + x)    f(x0)  th ta c  

    f '(x0)  = 
0 0

0 0

( ) ( )
lim lim
   

+   
= 

 x x

f x x f x y

x x
   (2)  

Ch    

1 ) S x = x   x0   c gi l  s gia ca bin s ti im  x0 ;  s 

y  = f(x0  + x)    f(x0)   c gi l  s gia ca h m s ng vi s gia 

x ti im x0.  

2)  S x khng nht thit ch mang du d ng.  

3)  x v  y  l nhng k hiu, khng nn nhm ln rng :  x l  tch 

ca   vi x,  y  l  tch ca   vi y.  

H1  Tnh s gia ca h m s y  =  x2  ng vi s gia x ca bin s ti im x0  =  2.  

b) Quy tc tnh o h m theo nh ngha  

Ta c quy tc tnh o hm ca hm s y  = f(x)  theo nh ngha nh  sau :  



 186 

Quy tc  

Mun tnh o hm ca hm s f ti im x0  theo nh ngha,  

ta thc hin hai b c sau :  

 B c 1 .  Tnh y  theo cng thc y  = f(x0  + x)    f(x0),  trong 

 x l  s gia ca bin s ti  x0 

 B c 2 .  Tm gii hn 
0

lim
 




x

y

x
 

Trong quy tc trn v  i vi mi hm s  c xt sau y,  ta lun hiu y  l  

s gia ca hm s ng vi s gia x  cho ca bin s ti im ang xt.  

V d 1. Tnh o hm ca hm s y  = x2  ti im x0  = 2.  

Gii.  t  f(x)  = x2,  ta thc hin quy tc trn nh  sau :  

 Tnh y   

  y  = f(x0  + x)    f(x0)  = (2 + x)
2    22  = x(4 + x).  

 Tm gii hn  

   
0

lim
x

y

x 




 = 

0
lim (4 )
x

x
 

+   = 4.  

Vy f '(2) = 4.                  

Nhn xt  

Nu hm s y = f(x)  c o hm ti im  x0  th n lin tc ti im  x0.  

Tht vy,  gi s hm s f c o hm f '(x0),  tc l  
0

lim
x

y

x 




 = f '(x0).   

Ta c  

 
0

lim
x

y
 

  = 
0

lim
x

y
x

x 


 


 = 

0 0
lim lim
x x

y
x

x   


 


 = f '(x0).  0 = 0.  

Do  ( )
0

0lim ( ) ( )
x x

f x f x


  = 
0

lim
x

y
 

  = 0.  iu ny chng t 

     
0

0lim ( ) ( )
x x

f x f x


= .  

T  suy ra rng hm s f  lin tc ti im x0.   
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3.   ngha hnh hc ca o h m  

Cho hm s y  = f(x)  c  th (C),  

mt im M0  c nh thuc (C)  c 

honh  x0.  Vi mi im M 

thuc (C)  khc M0,  ta k hiu xM l  

honh  ca n v  kM l  h s gc 

ca ct tuyn M0M.  Gi s tn ti 

gii hn hu hn 
0

0 lim
M

M
x x

k k


=  .  

Khi ,  ta coi  ng thng M0T i 

qua M0  v  c h s gc k0  l  v tr gii hn  ca ct tuyn M0M khi M di 

chuyn dc theo (C)  dn n M0.   

 ng thng M0T  c gi l  tip tuyn  ca (C)  ti im  M0,  cn M0  gi l  

tip im.  

By gi gi s hm s f c o hm ti im x0.   

Ch  rng ti mi v tr ca M trn (C), ta lun c 0

0

( ) ( )M
M

M

f x f x
k

x x



=



 (h.  5.2).  

V hm s f c o hm ti im x0 nn  

   
0 0

0
0 0

0

( ) ( )
'( ) lim lim .

M M

M
M

x x x xM

f x f x
f x k k

x x 



= = =



 

T  ta c th pht biu  ngha hnh hc ca o hm nh  sau :   

o hm ca hm s y = f(x) ti im x0  l  h s gc ca 

tip tuyn ca  th hm s  ti im M0(x0  ;  f(x0)).  

Ghi nh 

Nu hm s y = f(x) c o hm ti im x0  th tip tuyn ca  th 

hm s ti im M0(x0  ;  f(x0))  c ph ng trnh l    

y  = f '(x0)(x   x0)  + f(x0).  

 

 

 

 

Hnh 5.2  



 1 88 

V d 2.  Vit ph ng trnh tip tuyn ca  th hm s y  = x3  ti im c 

honh  x0  = 1 .  

Gii  

Tr c ht ta tnh o hm ca hm s f(x)  = x3  ti x0 = 1 .  

 Tnh y  

 y  = f(x0  + x)    f(x0)  = (1  + x)
3    (1)3  = x (3    3x + x2).  

 Tnh gii hn  

   
0

lim
x

y

x 




 = ( )2

0
lim 3 3
x

x x
 

  +   = 3.  

Vy f '(1 ) = 3.  

Ngoi ra,  ta c f (x0)  = (1 )
3  = 1  nn ph ng trnh tip tuyn cn tm l   

   y  = 3(x + 1 )    1 ,  hay y  = 3x + 2.        

H2  Da vo kt qu ca v d 1,  hy vit ph ng trnh tip tuyn ca  th hm 

s y = x2  ti im 0 (2 ; 4)M .  

4.   ngha c hc ca o h m  

Xt s chuyn ng ca mt cht im.  Gi s qung  ng s  i  c ca n 
l  mt hm s s  = s(t)  ca thi gian t (s  = s(t)  cn gi l  ph ng trnh chuyn 
ng ca cht im).   

T ng t nh  v d m u, khi |  t |  cng nh (khc 0)  th t s  

    0 0( ) ( )s t t s t

t

+  


 

cng phn nh chnh xc  nhanh chm ca chuyn ng ti thi im t0.  

Ng i ta gi gii hn hu hn 

    v(t0)  =  
0 0

0

( ) ( )
lim
 

+  

t

s t t s t

t
 

(nu c) l  vn tc tc thi  ca chuyn ng ti thi im t0.  

T ,  ta c th pht biu  ngha c hc ca o hm nh  sau :  

Vn tc tc thi v(t0)  ti thi im t0  (hay vn tc ti t0)  ca mt 
chuyn ng c ph ng trnh s = s(t)  bng o hm ca hm s  

s = s(t)  ti im t0,  tc l   

     v(t0)  = s'(t0).  
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Chng hn,  trong v d m u, ta c  

f(t)    f(t0)  =   
2 2

0
1
2
g t t     

= ( ) ( )0 0
1
2
g t t t t+  .  

Do   o hm ca hm s y  = f(t)  l   

f '(t0)  = 
0

0

0

( ) ( )
lim
t t

f t f t

t t




  

= ( )
0

0
1

lim
2t t
g t t


+  = 0gt .  

Vy vn tc ca vin bi ti t0  l  v(t0)  = f '(t0)  = 0gt .  

H3  Mt cht im chuyn ng c ph ng trnh s = t2  (t tnh bng giy,  s  tnh 

bng mt) .  Vn tc ca cht im ti thi im t0  = 2  (giy) bng : 

 (A)  2  m/s  ;  (B)  3  m/s  ; (C)  4  m/s  ; (D)  5  m/s.  

Chn kt qu ng trong cc kt qu trn.  

5.  o h m ca h m s trn mt khong 

a) Khi nim  

Cho hm s f xc nh trn tp J,  trong  J l  mt khong hoc l  hp ca 
nhng khong no .  Ta c nh ngha sau y.   

nh ngha 

1) Hm s f gi l c o h m trn J  nu n c o hm f '(x)  ti 
mi im x thuc J.   

2)  Nu hm s f c o hm trn J th hm s f '  xc nh bi 

'( )
' :

x f x
f J R  gi l  o h m ca h m s f.  

o hm ca hm s y  = f(x)  cng  c k hiu bi y'.  

V d 3. Tm o hm ca hm s y  = x3  trn khong (  ;  +).  

Gii 

Vi mi x thuc khong (  ;  +)  ta c :  

 y  = (x + x)3    x3  = x (3x2  + 3x.x + x2)  ;  



 190 

 
0

lim
x

y

x 




 = 2 2

0
lim (3 3 . )
x

x x x x
 

+  +   = 3x2.   

Vy h m s y  = x3  c o h m trn khong (  ;  +)  v  y'  = 3x2.         

H4  a)  Chng minh rng h m s hng y = c  c o h m trn R.  Tm o h m .  

b)  Chng minh rng h m s y = x c o h m trn R.  Tm o h m .  

b) o hm ca mt s hm s th ng gp  

Ta c nh l sau :  

nh l 

a) H m s hng y  = c  c o h m trn R v  y'  = 0 ;  

b)  H m s y  = x c o h m trn R  v  y'  = 1 ;  

c) H m s y  = xn  (n   N , n   2) c o h m trn R  v  y'  = nxn
1  ;  

d) H m s y  = x  c o h m trn khong (0 ;  +) v  y'  = 
1

2


x
 

Chng minh  

Qua hot ng H4 ,  ta  chng minh cc kt lun a)  v  b).  Sau y ta chng 

minh hai kt lun cn li.  

c)  Vi mi x thuc R  ta tnh o h m ca h m s ti im x theo nh ngha :  

 Tnh y  :  p dng cng thc nh thc Niu-tn i vi (x + x)n,  ta c 

y  = (x + x)n    xn  = 1 1 2 2 2 1 1C C ... C .n n n n n
n n nx x x x x x x

    +  + +  +   

 Tm gii hn (ch  rng 1Cn n= )  

( )1 1 2 2 1 2 1

0 0
lim lim C C ... Cn n n n n

n n n
x x

y
x x x x x x

x
    

   


= +  + +  + 


 

       =  nxn  
  1 .        

Vy h m s  cho c o h m trn R v  y'  = nxn
1 .  
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d)  Vi mi x thuc  khong (0 ;  +)  ta c :  

 y  = +  x x x  = 
( ) ( )x x x x x x

x x x

+   +  +

+  +
 

    = 
x

x x x




+  +
 

 
0

lim
x

y

x 




 = 

0

1
lim
x x x x  +  +

 = 
1

2 x
.  

Vy hm s y  = x  c o hm trn khong (0 ;  +)  v  y'  = 
1

2


x
    

   Ch   

Hm s y  = x  xc nh ti x = 0,  tuy nhin ng i ta chng minh 

 c rng n khng c o hm ti im x = 0.  

V d 4  

a) Tm o hm ca hm s y  = x4.  

b)  Tm o hm ca hm s y  = x  ti im x = 9.  

Gii  

a)  Vi y  = x4,  ta c y'  = 4x3  (vi mi x  R ).  

b)  Vi y  = x ,  ta c y'  = 
1

2 x
 (vi mi x (0 ;  +)).   

Do  y'(9)  = 
1 1

62 9
= .            

H5  Cho hm s y = f(x).  Tnh f '(1 )  v  f '(1 )  (nu c)  trong mi tr ng hp sau : 

a)  f(x)  =  x10  ;   b)  f(x)  =  x .  
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Cu hi  v  b i  tp 

1.  Tm s gia ca hm s y  = x2   1  ti im x0  = 1  ng vi s gia x,  bit 

a)  x = 1  ;      b)  x =  0,1 .  

2.  Dng nh ngha,  tnh o hm ca mi hm s sau ti im x0.  

a)  y  = 2x + 1 ,  x0  = 2 ;    b)  y  = x2  + 3x ,  x0  = 1 .  

3.  Dng nh ngha,  tnh o hm ca mi hm s sau ti im x0  (a  l  hng s).  

a)  y  = ax + 3  ;     b)  y  = 21

2
ax .  

4.  Cho parabol y  = x2  v  hai im A(2 ;  4)  v  B(2 + x ;  4 + y)  trn parabol .  

a)  Tnh h s gc ca ct tuyn AB  bit x ln l t bng 1  ;  0,1  v  0,01 .  

b)  Tnh h s gc ca tip tuyn ca parabol  cho ti im A.  

5.  Vit ph ng trnh tip tuyn ca  th hm s y  = x3,  bit 

a)  Tip im c honh  bng 1  ;  

b)  Tip im c tung  bng 8  ;  

c)  H s gc ca tip tuyn bng 3.  

6.  Mt vt ri t do c ph ng trnh chuyn ng l S = 21

2
gt , trong  g = 9,8 m/s2 

v  t  c tnh bng giy (s).  

a)  Tm vn tc trung bnh trong khong thi gian t t n t + t vi  

chnh xc 0,001 ,  bit t = 5  v  t ln l t bng 0,1  ;  0,01  ;  0,001 .  

b)  Tm vn tc ti thi im t = 5.  

7.  Tm o hm  ca hm s f (x)  = x5  trn R  ri suy ra f '( 1 ),  f '( 2)  v  f '(2).  

8.  Tm o hm  ca mi hm s sau trn R .  

a)  y  = ax2  (a  l  hng s) ;   b)  y  = x3  + 2.  

9.  Tnh o hm  ca mi hm s sau.  

a)  y  = 
1

2 1x
  vi x   

1

2
 ;   b)  y  = 3 x  vi x < 3.  
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o h m mt bn 

Ta  bit rng  o hm ca hm s f ti  im x0  l  g ii  hn sau  y 

    
0

0

0

( ) ( )
lim .

x x

f x f x

x x





      (1 )  

Nu thay v xt gii  hn (1 ),  ta xt gii  hn mt bn ca cng biu  thc  th gii  

hn  mt bn y s  c gi  l  o h m mt bn  ca hm s  cho ti  im x0.   

1 .  Khi  nim o h m mt bn ti  mt im  

nh ngha.  Cho hm s f xc nh  trn  na khong [x0  ;  b).  Gii  hn bn phi  (nu 

c)  ca t s 0

0

( ) ( )f x f x

x x





 khi  x dn  n x0   c gi  l  o h m bn phi ca hm 

s  cho ti  im x0,  k hiu  l  f '( 0x
+
)  hoc y'( 0x

+
).  

    f '( 0x
+ )  =  

0

0

0

( ) ( )
lim

+






x x

f x f x

x x
 

o h m bn tri ca hm s f xc nh  trn  na khong (a  ;  x0] ,  k hiu  l  f '( 0x
 )  

hoc y'( 0x

),  cng  c nh  ngha t ng t,  ngha l   

    f '( 0x

)  =  

0

0

0

( ) ( )
lim








x x

f x f x

x x
 

o hm bn tri  v  o hm bn phi   c gi  chung l  o h m mt bn.  

  T nh  ngha v  cc kt qu  bit v gii  hn mt bn,  ta d dng suy ra :  

1 )  Nu  hm s f xc nh  trn  khong (a  ;  b)  c o hm ti  im x0  thuc khong 

 th  n cng c o hm bn phi  v  bn  tri  ti  x0,  v   f '( 0x
+
)  =  f '( 0x


)  =  f '( 0x ).  

2)  Ng c li,  nu  hm s f xc nh  trn  khong (a  ;  b)  c o hm bn phi  v  o 

hm bn tri  ti  im x0  sao cho f '( 0x
+
)  =  f '( 0x


)  th n cng c o hm ti  x0.  

3)  Tuy nhin,  mt hm s c o hm bn phi  v  o hm bn tri  ti  im x0  vn 

c th khng c o hm ti  im x0  (khi   f '( 0x
+
)   f '( 0x


)).  

  Sau  y l  mt s v d.  

V d 1 .  Xt hm s y  =  x2.   D thy hm s c o hm ti  x = 3 ,  do  n c o 
hm bn phi,  o hm bn tri  ti  x =  3  v    

      y'( 3
+
)  = y'( 3


)  = y'(3) = 6.       
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V d 2.  Xt hm s 2
( ) 2f x x x=  .  

Ta c  :  

2

0 0

( ) (0) 2
lim lim 2,

0x x

f x f x x

x x+ + 

 
= = 


 

2

0 0

( ) (0) 2
lim lim 2.

0x x

f x f x x

x x  

 +
= =


 

Do  ti  im x = 0,  hm s f c o 

hm bn phi  f '( 0+ )  =  2   v   o hm 

bn tri  f '( 0 )  = 2,  nh ng  khng c 
o hm ti  im .     

  Cng vi  khi  n im o hm mt bn,  ng i  ta cn xy dng khi  n im tia tip 
tuyn mt bn  ca mt  ng cong ti  mt im.  Tia tip tuyn bn  phi  ca  th  

hm s y  = f(x)  ti  im M0  c honh  x0  c h s gc bng o hm bn phi  

0'( ).f x
+  iu  t ng  t cng xy ra i  vi  tia tip tuyn bn tri  (h.5.3).  

Nu  ti  im x0  hm s f c o hm bn phi  v  o hm bn tri,  nh ng  chng 

khng bng nhau th  th  hm s y  = f(x)  gi  l  gy ti  im  M0  (x0 ;  f(x0)) .  

2.  o h m ca h m s trn mt na khong hay mt on 

nh ngha.  Cho hm s f xc nh  trn  tp K,  trong ,  K l  mt na khong 
hay mt on.  

Hm s f gi  l  c o hm trn na khong K = [a  ;  b)  nu  n c o hm ti  

mi  im thuc khong (a  ;  b)  v  c o hm bn phi  ti  a.   

(T ng t nu K = [a  ;  +)).  

Hm s f gi  l  c o hm trn na khong K = (a  ;  b]  nu n c o hm ti  

mi  im thuc khong (a  ;  b)  v  c o hm bn tri  ti  b.  

(T ng t nu K = (  ;  b] ).  

Hm s f gi  l  c o hm trn on K = [a  ;  b]  nu n c o hm ti  mi  im 

thuc khong (a  ;  b),  c o hm bn phi  ti  a  v  o hm bn tri  ti  b.  

V d 3.  Hm s y  = |  x |  c o hm bng 1  trn  na khong [0 ;  +)  v  c o 

hm bng 1  trn  na khong (  ;  0] .  

 

 

 

 

 

 

 

Hnh 5.3  
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Luyn tp  

10.  a) Tnh f '(3)  v  f '(4) nu f (x)  = x3.  

b)  Tnh f '(1 )  v  f '(9)  nu f (x)  = x .  

11.  Cho hm s y = f(x)  c o hm ti im x0  v  th (G).  Mnh  sau y 
ng hay sai ? 

a)  Nu f '(x0)  = 0 th tip tuyn ca (G)  ti im M(x0  ;  f(x0)) song song vi 
trc honh. 

b)  Nu tip tuyn ca (G)  ti im M(x0  ;  f(x0))  song song vi trc honh th  

f '(x0) = 0.  

12.  Hnh 5.4 l  th ca hm s y  = f(x)  
trn khong (a ;  b).  Bit rng ti cc 

im M1 ,  M2  v  M3,   th hm s c 
tip tuyn  c th hin trn hnh v.  

Da vo hnh v,  em hy nu nhn xt v 

du ca f '(x1),  f '(x2)  v  f '(x3).   

13.  Chng minh rng   ng thng y  = ax + b 
l  tip tuyn ca  th hm s y = f(x)  

ti im (x0  ;  f(x0)),  iu kin cn v   

l  0

0 0

'( )

( ).

=


+ =

a f x

ax b f x
 

14.  Cho hm s y  = |  x | .  
a)  Chng minh rng hm s  cho lin tc ti im x = 0.  

b)  Tnh o hm ca hm s ti x = 0, nu c.  

c)  Mnh  "Hm s lin tc ti im x0  

th c o hm ti x0"  ng hay sai ?  

15.  Hnh 5.5  l   th ca hm s  
y  = f(x)  xc nh trn khong (a  ;  b).  Da 

vo hnh v,  hy cho bit ti mi im x1 ,  

x2,  x3  v  x4  :    

a)  Hm s c lin tc hay khng ?  

b)  Hm s c o hm hay khng ? Hy 
tnh o hm nu c.  

 

 

 

 

 

 

 

 

Hnh 5.4  

 

 

 

 

 

 

 

Hnh 5.5 
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Em

cob i t

 

mt s chuyn ng 
c vn tc ln 

* Vn tc m thanh :  khong 343m/s.  

* Vn tc chuyn  ng ca v tinh  cch 
Tri  t 200km :  22km/s.  

* Vn  tc chuyn ng ca Tri  t quanh 
Mt Tri  :  30km/s.  

* Vn tc nh sng :  300 000km/s.  

* Vn tc my bay E-bt (Airbus)  :  270m/s.  

* Vn tc tn  la  a ng i  ln  v  tr  :  khong 

11km/s.  
 

Ni chung, vic tnh o hm bng nh ngha th ng rt phc tp.  Bi ny s 
cung cp cho chng ta nhng quy tc tnh o hm, nh  vic tnh o hm 
ca mt hm s phc tp s  c quy v tnh o hm ca nhng hm s n 
gin hn.  

 tin cho vic din t,  k t bi ny, ta s s dng k hiu J  ch tp con 
ca R  gm mt khong hoc hp ca nhiu khong.  

1.  o h m ca tng hay hiu hai h m s  

nh l 1  

Nu hai hm s u  = u(x)  v  v = v(x)  c o hm trn J th hm 

s y  = u(x)  + v(x)  v  y  = u(x)   v(x)  cng c o hm trn J,  v   

a)  [u(x)  + v(x)] '  = u'(x)  + v'(x)  ;  

b)  [u(x)   v(x)] '  = u'(x)   v'(x)  .  

2
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Ghi ch.  Cc cng thc trn c th vit gn l  

   ( ) ' ' 'u v u v+ = +  v  ( ) ' ' 'u v u v =   

Chng minh  

a) Ti mi im x   J,  ta c 

 y  = [ ] [ ]( ) ( ) ( ) ( )u x x v x x u x v x+  + +   +  

        = [ ] [ ]( ) ( ) ( ) ( )u x x u x v x x v x+   + +    = u  + v.  

 
0

lim
x

y

x 




 = 

0 0 0
lim lim lim '( ) '( )
x x x

u v u v
u x v x

x x x     

 +   
= + = +

  
.  

Vy [u(x)  + v(x)] '  = u'(x)  + v'(x).  

b)  Kt lun ny  c chng minh t ng t.            

Nhn xt  

C th m rng nh l trn cho tng hay hiu ca nhiu hm s :  Nu cc 

h m s u,  v,  . . . ,  w  c o h m trn  J th trn  J ta c   

   (u    v    . . .    w)'  = u'    v'    . . .    w'.  

V d 1.  Tm o hm ca hm s  f(x)  = x6    x  + 2  trn khong (0 ;  +).  

Gii  

Trn khong (0 ;  +)  ta c  

 6 6( 2) ' ( ) ' ( ) ' (2) ' + =  +x x x x  = 6x5  
1

2


x
 

Vy f '(x)  = 6x5  
1

2


x
               

H1  a)  Tnh  f '(1 )  nu f(x)  = x5    x4  + x2    1 .  

b)  Cho hai h m s f(x) =  
2

1

1x



+
 v  g(x)  =  

2

2 1

x

x


+
 Bit rng hai h m s n y c o 

h m trn R .  Chng minh rng vi mi x thuc R ,  ta c f '(x) = g'(x).  

2.  o h m ca tch hai h m s  

nh l 1  c th ni gn l  :  o hm ca tng (hay hiu) hai hm s bng 

tng (hay hiu) cc o hm ca hai hm s .   

Liu iu t ng t c xy ra i vi tch ca hai hm s hay khng ?  

nh l sau s tr li cu hi .  
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nh l 2 

Nu hai hm s u  = u(x)  v  v = v(x)  c o hm trn J th hm 
s y  = u(x)v(x)  cng c o hm trn J,  v   

  [u(x)  v(x)] '  = u'(x)  .  v(x)  + u(x)  .  v'(x)  ;  

c bit,  nu k l  hng s th [ku(x)] '  = ku'(x).   

Ghi ch.  Cc cng thc trn c th vit gn l   

 ( ) ' ' ' v ( ) ' ' .uv u v uv ku ku= + =   

Chng minh  

t f(x)  = u(x)v(x).  Ta s tm o hm ca f ti mt im x tu  thuc J.   

Khi bin s nhn s gia x th u  = u(x + x)    u(x)  nn 

   u(x + x)  = u(x)  + u.  

T ng t, do v  = v(x + x)    v(x)  nn 

   v(x + x)  = v(x)  + v.  

Ta s s dng cc ng thc trn  tnh o hm ca hm s f.  

 y  = f(x + x)    f(x)  = u(x + x)    v(x + x)    u(x)    v(x)   

        = [u(x)  + u]    [  v(x)  + v]    u(x)    v(x)   

        = u   v(x)  + u(x)    v  + u   v.  

 
0

lim
x

y

x 




 = 

0

( ) ( )
lim
x

u v x u x v u v

x 

  +   +   


 

       = 
0

lim ( )
x

u
v x

x 

 
  

 + 
0

lim ( )
x

v
u x

x 

 
  

 + 
0

lim
x

u v

x 

  


.  

  rng  

 
0 0

lim ( ) lim ( )
x x

u u
v x v x

x x   

    
=       

= u'(x)    v(x),  

 
0

lim ( )
x

v
u x

x 

 
  

 = 
0

( ) lim
x

v
u x

x 




 = u(x)    v'(x),  

 
0

lim
x

u v

x 

  


 = 

0 0 0
lim lim lim
x x x

u v
x

x x     

 
  

 
 = u'(x)    v'(x)    0 = 0,  
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ta c kt qu 

  f '(x)  = 
0

lim
x

y

x 




 = u'(x)v(x)  + u(x)v'(x).  

Khi v(x)  = k (hng s) th v'(x)  = 0 nn ta c [k   u(x)] '  = k   u'(x).     

H2  Cch tnh o hm nh  sau ng hay sai,  ti sao ? 

  [x
3
(x

2
   4)] ' = (x3)'   (x2    4)' = (3x2  )(2x)  = 6x3 .  

V d 2.  Tnh o hm ca hm s y  = f(x)  trong mi tr ng hp sau :  

a)  f(x)  = 
8 62

3
4 3

x x
x + ;  

b)  f(x)  = (2x
2
 + 1 ) x .  

Gii  

a)  f '(x)  = 
8 6 '2

3
4 3

x x
x

 
 +  

 
 = 8 61 2

( ) ' ( ) ' 3( ) '
4 3

x x x + = 2x
7
   4x5  + 3 .  

b)  f '(x)  = 2 '(2 1)x x +
 

 = 2 2 '(2 1) ' (2 1)( )x x x x+ + +  

    =  2 1
4 (2 1)

2
x x x

x
+ + .          

H3  a)  Chng minh rng nu cc hm s u,  v  v  w  c o hm trn J th hm s 

f xc nh bi f(x)  = u(x)v(x)w(x)  (vi mi x   J)  cng c o hm trn J v   

    (uvw)'  = u'vw  + uv'w  + uvw' .  

b) p dng,  tnh o hm ca hm s y = x2(1    x)(x + 2)  ti im x = 2.  

3.  o hm ca th ng hai hm s  

S dng nh ngha,  ta cng chng minh  c nh l sau  

nh l 3 

Nu hai hm s u  = u(x) v v = v(x) c o hm trn J v v(x)    0 

vi mi x  J th hm s y  = 
( )

( )

u x

v x
 cng c o hm trn J,  v   

  
2

'( ) '( ) ( ) ( ) '( )

( ) ( )

u x u x v x u x v x

v x v x

 
=  
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Ghi ch.  Cng thc trn c th vit gn l   

    
2

' ' ' 
=  

 

u uv uv

v v
 

H4  Chng minh h qu d i y 

H qu  

a) Trn (  ;  0)    (0 ;  +)  ta c   
2

1 1'

x x

 
=   

 
 

b)  Nu h m s v = v(x)  c o h m trn J v  v(x)    0 vi mi x 

thuc J th trn J ta c 
2

1 '( )'

( ) ( )

v x

v x v x

 
=   

 
 

Ghi ch.  Cng thc th hai trong h qu trn c th vit gn l   

     
2

'1 ' 
=   

 

v

v v
 

V d 3. Tnh o h m ca h m s y  = f(x),  nu :  

a)  f(x)  = 
1 9

2

x

x a

+

+
 (a  l  hng s) ;  

b)  f(x)  = 
2

1

1


x
 

Gii  

a)  p dng nh l 3  ( y u  =1  + 9x v  v  = x + 2a),  ta c  

f '(x) = 
2

(1 9 ) '( 2 ) (1 9 )( 2 ) '

( 2 )

x x a x x a

x a

+ +  + +

+
 = 

2

9( 2 ) (1 9 )

( 2 )

x a x

x a

+  +

+
 

       = 
2

18 1

( 2 )

a

x a




+
 

b)  p dng h qu ca nh l 3  ( y v  = x2    1 ),  ta c  

   f '(x)  = 
2

2 2

( 1) '

( 1)

x

x





 = 

2 2

2

( 1)

x

x
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H5   Chn kt qu ng trong cc kt qu cho sau y.   

o h m  ca h m s y  =  
2 3 1

2 1

x x

x

 +



 bng 

(A)  
2

2 3

(2 1)

x

x





 ;  (B)  
2

2 3

(2 1)

x

x






 ;   (C)  
2

2

2 2 1

(2 1)

x x

x

 +



 ;  (D)  
2

2

6 14 5

(2 1)

x x

x

 +



.  

4.  o h m ca h m s hp  

a) Khi nim h m s hp 

V d 4.  Cho hai hm s y  = f(u)  v  u = u(x),  trong   

   f(u)  = u3  v  u(x)  = x2  + 3x + 1 .  

Nu trong f(u),  ta thay th bin s u  bi u(x)  th  c  

   f[u(x)]  = (x2  + 3x + 1 )3.   

t g(x)  = f[u(x)]  = (x2  + 3x + 1 )3.  R rng y  = g(x)  l  mt hm s bin s x.  

Ta gi g l  h m s hp ca hm s f qua hm s trung gian u.      

Mt cch tng qut,  ta c khi nim hm s hp nh  sau ( y ta ch xt cc 
hm s  c cho bi biu thc).  

Cho hai hm s y = f(u) v u = u(x). Thay th bin u trong biu thc f(u) 
bi biu thc u(x), ta  c biu thc f[u(x)]  vi bin x.  Khi , hm 
s y  = g(x)  vi g(x)  = f[u(x)]   c gi l  h m s hp  ca hai 
hm s f v  u ;  hm s u  gi l  h m s trung gian.   

Trong nh ngha trn,  tp xc nh ca hm s hp y  = g(x)  l  tp cc gi tr 
ca x sao cho biu thc f[u(x)]  c ngha.  

H6  Cho f(u)  =  u  v  u(x)  = x   1 .  Hy tm h m s hp y = f[u(x)]  v  tp xc nh 

ca n.  

b) Cch tnh o h m ca h m s hp 

nh l 4 

a) Nu hm s u  = u(x)  c o hm ti im x0  v  hm  
s y = f(u)  c o hm ti im u0  = u(x0)  th hm s hp  
g(x)  = f[u(x)]  c o hm ti im x0,  v  

   g '(x0)  = f '(u0)    u'(x0).  

b)  Nu gi thit trong phn a)   c tho mn i vi mi im 
x thuc J th hm s hp y  = g(x)  c o hm trn J,  v   

   g '(x)  = f '[u(x)]    u'(x).  
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Ghi ch.  Cng thc th hai trong nh l trn cn  c vit gn l  

     ' ' '
x u xg f u=   

V d 5.  i vi hm s g(x)  = f[u(x)]  = (x2  + 3x + 1 )3   c nu trong v d 4,  

ta tnh o hm ca n nh  sau :  

Ta c  f '(u)  = ( )3 'u  = 3u2.  Do u(x)  = x2  + 3x + 1  nn  

 f '[u(x)]  = 3(x2  + 3x + 1 )2   v  u'(x)  = (x2  + 3x + 1 )'  = 2x + 3.  

Vy  g '(x)  = f '[u(x)]    u'(x)  = 3(x2  + 3x + 1 )2(2x + 3).       

Tng qut ta xt hm s y  = (u(x)n) (vi n    N  v n    2).  C th xem hm s 

ny l  hm s hp ca hm s f(u)  = un  v  hm s trung gian u  = u(x).  Do ,  

nu hm s u  = u(x)  c o hm trn J th ta p dng nh l 4  tnh o hm 

ca hm s hp y  = (u(x))n  (cn vit l  y  = un(x))  nh  sau :  

  f(u)  = un     f '(u)  = 1. n
n u    f '[u(x)]  = 1. n

n u (x)  ;  

  1'( ) '[ ( )] '( ) ( ) '( )n n
u x f u x u x n u x u x

  =  =    .  

Vy ta c 

H qu 1  

Nu hm s u  = u(x)  c o hm trn J th hm s y = un(x)  

(vi n    N v  n    2)  c o hm trn J,  v    

   1'( ) . ( ) . '( )n nu x n u x u x  =  .  

Ghi ch.  Cng thc nu trong h qu 1   c vit gn l  

     ( ) 1' 'n n
u nu u

= .  

T ng t,  ta xt hm s y  = ( )u x .  

H7  a)  Tm h m s f sao cho h m s y  =  ( )u x  l  h m s hp ca h m s f v  

h m s trung gian u = u(x).  

b)  Chng minh rng nu h m s u = u(x)  c o h m trn J v  ( ) 0u x >  vi mi 

x J  th h m s y  =  ( )u x  cng c o h m trn J v   ( ) '( )'( )
2 ( )

= 
u x

u x
u x
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H qu 2 

Nu hm s u  = u(x) c o hm trn J v u(x) > 0 vi mi x   J 

th hm s y = ( )u x  c o hm trn J,  v    

    ( ) '( )'( )
2 ( )

= 
u x

u x
u x

 

Ghi ch.  Cng thc nu trong h qu 2  c vit gn l  

    ( ) ''
2

u
u

u
=   

V d 6. ( )
4 2

4 2

4 2

( 3 7) ''
3 7

2 3 7

x x
x x

x x

 +
 + =

 +
 = 

3

4 2

2 3

3 7




 +

x x

x x
   

Ghi nh 

a)  o hm ca mt s hm s th ng gp  ( y u  = u(x))  

(c)' = 0   (c l  hng s)  

(x)' = 1   

(x
n
)'= nx

n1
 (n  ,N  n   2) ( ) 1' 'n nu nu u=  

2

'1 1

x x

 
=  

 
 (x   0)  

2

'1 'u

u u

 
=  

 
 

( ) 1'
2

x
x

=  (x >  0)  ( ) ''
2

u
u

u
=  

b)  Cc quy tc tnh o hm  ( y u  = u(x),  v  = v(x))  

(u   v)' = u'   v' 

(uv)'= u'v + uv' 

2

' ''u u v uv

v v

 
= 

 

c)  o hm ca hm s hp  ( y g(x)  = f[u(x)] )  

   ' ' 'x u xg f u=   
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Cu hi  v  b i  tp 

16.  Tnh o hm ca mi hm s sau ti im x0   c cho km theo 

a)  y  = 7  + x   x2,   x0  = 1  ;   b)  y  = x3    2x +1 ,   x0  = 2 ;  

c)  y  = 2x5  2x + 3,   x0  = 1 .  

17.  Tm o hm ca mi hm s sau (a  v  b l  hng s)  

a)  y  = x5    4x3  + 2x   3 x  ;   b)  y  = 2 41 1
0, 5

4 3
x x x +   ;  

c)  y  = 
4 3 2

3

4 3 2

x x x
x a +  +  ;   d)  y  = 

ax b

a b

+


+
  

18.  Tm o hm ca mi hm s sau  

a)  y  = (x7  + x)2  ;     b)  y  = (x2  + 1 )(5    3x2)  ;  

c)  y  = 
2

2

1

x

x 

 ;     d)  y  = 
2

5 3

1

x

x x



+ +

 ;  

e)  y  = 
2 2 2

1

x x

x

+ +

+
 ;    f)  y  = x(2x   1 )(3x + 2).  

19.  Tm o hm ca mi hm s sau  

a)  y  = (x   x2)32  ;     b)  y  = 
1

x x
 ;  

c)  y  = 
1

1

x

x

+



 ;     d)  y  = 
2 2

x

a x

 (a  l  hng s).  

20.  Cho hm s f(x)  = 2 2x x .  Hy gii bt ph ng trnh f '(x)     f(x).  

Luyn tp 

21.  Cho hm s f(x)  = x3    3x2  + 2.  Hy gii bt ph ng trnh :  

a)  f '(x)  > 0 ;      b)  f '(x)    3 .   
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��.  Tm cc nghim ca ph ng trnh sau (lm trn kt qu nghim gn ng n 

hng phn nghn) 

a) f '(x) = 0 vi f(x)  = 
3

22 6 1
3

x
x x   ;  

b)  f '(x) = 5 vi f(x)  = 
4 2

3 3
3

4 2

x x
x   .  

�3.  Tnh o hm ca mi hm s sau  

a)  y  = 
2

2 3

5 5

x

x x

+

 +

 ;     b)  y  = 
2 5

1

( 1)x x +

 ;  

c)  y  = x2  + x x  + 1  ;    d)  y  = (x + 1 )(x + 2)2(x + 3)3  ;  

e)  y  = 
2 1x

x

+
  

24.  Vit ph ng trnh tip tuyn ca  th hm s  

a)  y  = 
1

1

x

x



+

,  bit honh  tip im l  x0  = 0 ;  

b)  y  = 2x + ,  bit tung  tip im l  y0  = 2.  

25.  Vit ph ng trnh tip tuyn ca parabol y  = x2,  bit rng tip tuyn  i qua 

im A(0 ;  1 ).  

H ng dn :  Tr c ht vit ph ng trnh tip tuyn ti im c honh  x0  

thuc parabol  cho.  Sau  tm x0  tip tuyn i qua im A  (ch  rng 

im A  khng thuc parabol).  

26.  Hnh 5.6 th hin mn hnh ca mt tr 

chi in t.  Mt my bay xut hin  

bn tri mn hnh ri bay sang phi theo 

mt qu o (C)  l   th ca hm s 

y  = f(x),  trong  f(x)  = 1  
1

x
,  (x > 0).  

Bit rng tn la  c bn ra t my bay 
ti mt im thuc (C)  s bay theo 
ph ng tip tuyn ca (C)  ti im .  
Tm honh  cc im thuc (C)  

 

 

 

 

 

 

 

Hnh 5.6 
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sao cho tn la bn ra t  c th bn trng mt trong bn mc tiu nm  
trn mn hnh c to  (1  ;  0),  (2 ;  0),  (3  ;  0)  v  (4 ;  0)  (lm trn kt qu n 
hng phn vn).  

27.  Mt vin n  c bn ln t mt t theo ph ng thng ng vi tc  ban 

u v0  = 196 m/s (b qua sc cn ca khng kh).  Tm thi im ti  tc  

ca vin n bng 0.  Khi ,  vin n cch mt t bao nhiu mt ?  

Mun xy dng cng thc tnh o hm ca cc hm s l ng gic,  tr c ht 
chng ta cn nghin cu gii hn c bn sau y.  

1.  Gii hn 
0

sin
lim
x

x

x

 

 hnh dung gi tr ca gii hn ny, ta dng my tnh b ti lp bng gi tr 

ca biu thc 
sin x

x
khi x nhn cc gi tr d ng v  rt gn im 0 nh  sau :  

x 

(raian) 180
 

360
 

720
 

1800
 

5400
 

sin x

x
 0,999949321 0,999987307 0,999996826 0,999999492 0,999999943 

Qua bng trn ta thy khi x cng nh th gi tr ca biu thc 
sin x

x
 cng gn 

n 1 .  

Ta  chng minh  c nh l sau y (xem bi c thm trang 154).  

nh l 1  

   
0

sin
lim

x

xx

 = 1 .  

3
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Ch  

Ng i ta cng chng minh  c kt qu sau y :  Nu hm s 

( )u u x=  tho mn cc iu kin :  ( ) 0u x   vi mi 0x x  v  

0

lim ( ) 0
x x

u x


=  th   

    
0

sin ( )
lim 1 .

( )x x

u x

u x
=  

V d 1. Tm cc gii hn  

a)  
0

sin 2
lim
x

x

x
;      b)  

20

1 cos
lim





x

x

x
 

Gii  

a)  
0

sin 2
lim
x

x

x
 = 

0

sin 2
lim 2

2x

x

x

 
 
 

 = 2
0

sin 2
lim

2x

x

x
 = 2.1  = 2.  

b)  
20

1 cos
lim
x

x

x


 = 

2

20

2 sin
2lim

x

x

x
 = 

2

0

sin1 2lim
2

2
x

x

x

 
 
 
 
 

 = 
1

2

2

0

sin
2lim

2
x

x

x

 
 
 
 
 

 

           = 
1

2
1  = 

1

2
           

H1  Cho m =  
0

lim ( cot 3 )
x

x x


.  Hy tm kt qu ng trong cc kt qu sau y.  

(A)  m = 0  ;   (B)   m = 3  ;    (C)  m = 1  ;   (D)   m =  
1

3
  

2.  o h m ca h m s y  =  sinx  

nh l 2 

a) Hm s y  = sinx c o hm trn R ,  v  (sinx)'  = cosx.  

b)  Nu hm s u  = u(x)  c o hm trn J th trn J ta c 

  ( ) ( )sin ( ) ' cos ( ) '( ).= u x u x u x  

Ghi ch.  Cng thc nu trong nh l 2b) c th vit gn l   

    (sin ) ' (cos ) . ' ' cos .= =u u u u u  
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Chng minh  

a) Ta tnh o hm ca hm s y  = sinx ti im x bt k thuc R  bng nh 
ngha.  

 y  = sin(x + x)    sinx = 2 cos sin
2 2

  +  
 

x x
x  

 Tm gii hn 
0

lim
x

y

x 




 =
0

sin 12lim 2 cos
2 2

2
x

x
x

x
x 

 
  

+     
 

.  

Do 
0

sin
2lim 1

2
x

x

x 



=


 v  
0

lim cos cos
2x

x
x x

 

 
+ = 

 
 (v hm s cosy x=  lin 

tc) nn 
0

lim
x

y

x 




 = cosx.  Vy (sinx)'  = cosx.          

b)  Cng thc o hm ca sin(u(x))   c suy ra t kt qu trn v  cng thc 

ly o hm ca hm s hp.                

V d 2.  Tnh o hm ca hm s y  = sin(x3    x + 2).  

Gii  

[sin(x3    x + 2)] '  = [cos(x3    x + 2)]    (x3    x + 2)'  = (3x2    1 )cos(x3    x + 2).     

H2  Cho h m s  y =  sin x .  Hy chn kt qu ng trong cc kt qu sau : 

(A)  y' =  
cos

2

x

x
 ;  (B)   y' =  

cos x

x
 ;  (C)  y' =  cos x  ; (D)  y' =  

1
cos

2


x
 

3.  o h m ca h m s y  =  cosx  

T cng thc tnh o hm ca hm s y  = sinu(x),  ta c  

 ( ) '
cos ' sin

2
x x

  =   
  

 = 
'
cos

2 2
x x

        
   

 

      =  cos
2

x
 

 
 

 =   sinx.  
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Ta suy ra nh l sau  

nh l 3 

a) H m s y  = cos x  c o h m trn R  v  (cos x )'  = sin x .  

b)  Nu h m s u  = u(x)  c o h m trn J th trn J ta c 

  (cos ( ))' ( sin ( )) '( ).= u x u x u x  

Ghi ch.  Cng thc nu trong nh l 3b) c th vit gn l   

    (cos ) ' ( sin ) . ' .= u u u  

H3  Cho  hm s y = cos2x.  Hy chn kt qu ng trong cc kt qu sau : 

(A)  y' =  sin2x ;  (B)  y' =    sin2x ;   (C)  y' = sin2x  ;   (D)   y' =   sin2x .  

4.  o h m ca h m s y  =  tanx  

H4  S dng quy tc tnh o hm ca mt th ng hai hm s,  hy tnh o hm 

ca hm s y  =  
sin

cos

x

x
.   

T  suy ra nh l sau  :  

nh l 4 

a) H m s y  = tan x  c o h m trn mi khong  

;
2 2

k k
  

 +  +  
 

 (vi k   Z ),  v   

   (tanx)'  = 
2

1

cos x
  

b)  Gi s h m s u  = u(x)  c o h m trn J v  u(x)    
2

k


+   

(k  Z )  vi mi x   J.  Khi ,  trn J ta c 

   ( )
2

'( )
tan ( ) '

cos ( )
= 

u x
u x

u x
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Ghi ch.  Cng thc nu trong nh l 4b) c th vit gn l   

    
2

'
(tan ) '

cos

u
u

u
=   

V d 3.  Tnh o hm ca hm s y  = tan x .  

Gii  

 ( ) 'tan x  = 
2

1 1 1
(tan ) '

2 tan 2 tan cos
x

x x x
=   = 

2

1

2 cos tanx x
  

Do 2
2

1
1 tan

cos
x

x
= +  nn kt qu trn cn vit l   

    
21 tan

( tan ) '
2 tan

x
x

x

+
=         

5.  o h m ca h m s y  =  cot x  

T ng t nh l 4,  ta c  

nh l 5 

a) Hm s y  = cotx c o hm trn mi khong ( ); ( 1)k k +   

(vi k   Z ),  v  

   (cot x )'  = 
2

1

sin x
   

b)  Gi s hm s u  = u(x)  c o hm trn J v  u(x)    k   

(k  Z )  vi mi x   J.  Khi   trn J ta c 

  ( )
2

'( )
cot ( ) '

sin ( )
=  

u x
u x

u x
 

Ghi ch.  Cng thc nu trong nh l 5b) c th vit gn l   

    
2

'
(cot ) '

sin
=  

u
u

u
 

V d 4.  Tnh o hm ca hm s y  = cot32x.  



 21 1  

Gii  

( )3 2'cot 2 3(cot 2 )(cot 2 ) 'x x x=  = 3(cot
2
2x)

2

(2 ) '

sin 2

x

x

 
 

 
 = 

2

4

6 cos 2

sin 2

x

x
   

V  2
2

1
1 cot 2

sin 2
x

x
= +  nn kt qu trn cn vit l   

   ( )3 2 2'cot 2 6(cot 2 )(1 cot 2 ).x x x=  +                 

H5  Hy chn kt qu ng trong cc kt qu nu sau y i vi mi h m s 

 cho.  

a)  Cho  y  = tan2x + cot2x.  

 (A)   y'  =  
2 2

1 1

cos 2 sin 2x x
   ;    (B)   y'  = 

2 2

2 2

sin 2 cos 2x x
  ;    

 (C)   y'  = 2(tan22x   cot22x)  ;     (D)   y'  =  tan22x   cot22x.  

b) Cho  y  = cot(sin5x).  

 (A)   y'  = (1  + cot2(sin5x))cos5x  ;   (B)   y'  =  5(1  + cot2(sin5x))cos5x  ;    

 (C)   y'  =  (1  + cot2(sin5x))cos5x  ;    (D)   y'  =  5(1  + cot
2
(sin5x))cos5x.  

Cu hi  v  b i  tp  

28.  Tm cc gii hn sau :  

a)  
0

tan 2
lim

sin 5x

x

x
 ;  b) 

2

0

1 cos
lim

sin 2x

x

x x


 ;  c) 

0

1 sin cos
lim

1 sin cosx

x x

x x

+ 


 
 

29.  Tm o h m ca cc h m s sau :  

a)  y  = 5sinx   3cosx ;     b) y  = 2sin( 3 2)x x +  ;  

c)  y  = cos 2 1x +  ;     d) y  = 2sin3x cos5x ;  

e)  y  = 
sin cos

sin cos

x x

x x

+


 ;     f) y  = cos 2x .  

30.  Chng minh rng h m s y  = sin
6
x + cos

6
x + 3sin

2
x cos

2
x c o h m bng 0.  
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31.  Tm o hm ca cc hm s sau :  

a)  y  =  
1

tan
2

x +
 ;      b) y  = 2cot 1x +  ;  

c) y  = tan3x + cot 2x ;     d) y  = tan 3 cot 3x x  ;  

e)  y  = 1 2 tan x+ ;     f)  y  = x cot x.  

32.  Chng minh rng :  

a)  Hm s y  = tan x  tho mn h thc y'    y2    1  = 0 ;  

b)  Hm s y  = cot 2x tho mn h thc y'  + 2y2  + 2 = 0.  

Luyn tp 

33.  Tm o hm ca mi hm s sau :  

a)  y  =  
sin

sin
x x

x x
+  ;    b)  y  = 

2sin
1 tan 2

x

x+
 ;  

c)  y  = tan(sinx)  ;     d)  y  = x cot(x2    1 )  ;  

e)  y  = 2cos 2
4

x

  ;    f)  y  = sin 3x x .  

34.  Tnh f '()  nu f(x)  = 
sin cos
cos sin

x x x

x x x




.  

35.  Gii ph ng trnh y'  = 0 trong mi tr ng hp sau :  

a)  y  = sin 2x   2cos x ;    b)  y  = 3sin 2x + 4cos 2x + 10x ;  

c)  y  = cos2x + sin x ;    d)  y  = tan x  + cot x .  

36.  Cho hm s f(x)  = 2cos2(4x   1 ).  Chng minh rng vi mi x ta c  

|  f '(x) |    8.  Tm cc gi tr ca x  ng thc xy ra.   

37.  Cho mch in nh  hnh 5.7.  Lc u 

t in c in tch Q0.  Khi ng 

kho K,  t in phng in qua cun 
dy ;  in tch q  ca t in ph 
thuc vo thi gian t theo cng thc  

 q(t)  = Q0  sin t,  

 

 

 

 

 

Hnh 5.7 
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trong ,    l  tc  gc.  Bit rng c ng  I(t)  ca dng in ti thi im t 

 c tnh theo cng thc  

     I(t)  = q'(t).  

Cho bit Q0  = 10
8  C v   = 106   rad/s.  Hy tnh c ng  ca dng in ti 

thi im t = 6 s  (tnh chnh xc n 10
5  mA).  

38.  Cho hm s y  = cos2x + msinx (m  l tham s) c  th l  (C).  Tm m  trong 

mi tr ng hp sau :  

a)  Tip tuyn ca (C) ti im vi honh  x =    c h s gc bng 1 .  

b)  Hai tip tuyn ca (C)  ti cc im c honh  x = 
4


  v  x = 
3

 song 

song hoc trng nhau.  

1.  Vi phn ca h m s ti mt im 

Cho hm s y  = f(x)  c o hm ti im x0.  Khi  ta c  

    0
0

'( ) lim
x

y
f x

x 


=


.  

ng thc trn cho thy :  Nu |x|  kh nh th t s 
y

x




 rt gn vi f '(x0),  do 

 ta c th coi rng f '(x0)    
y

x




,   

hay         y    f '(x0)x.         (1 )  

Ta c khi nim vi phn ca hm s ti mt im nh  sau :  

Tch f '(x0)x  c gi l  vi phn  ca hm s y  = f(x)  ti im x0  

(ng vi s gia x)  v   c k hiu l  df(x0),  tc l  

     df(x0)  = f '(x0)x.  

4
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V d 1   

Vi phn ca hm s f(x)  = sinx ti im x0  = 4


 l  

  d '
4 4

f f x
    

=     
   

 =  
2

cos . .
4 2


  = x x     

H1  Tnh vi phn ca hm s f(x)  =  
1

x

x +
 ti im  x0  =  2,  ng vi x ln l t bng 

0,2  v  0,02  (lm trn kt qu n hng 10
3

) .  

2.  ng dng ca vi phn v o tnh gn ng 

T (1 ) v  nh ngha vi phn ca hm s ti mt im, ta thy :   

Khi x  kh nh th s gia ca hm s ti im 0x  ng vi s gia x  xp x 

bng vi phn ca hm s ti 0x  ng vi s gia x  ,  tc l  

   f(x0  + x)    f(x0)    f '(x0)x.  

T  ta c  

    0 0 0( ) ( ) '( ) .f x x f x f x x+   +            (2)  

Cng thc (2)  cho php ta tnh xp x gi tr ca hm s f ti im x0  + x khi 

vic tnh cc gi tr f(x0)  v  f'(x0)  l  kh n gin.  

V d 2.  Tnh gi tr ca sin3030'  (ly 4 ch s thp phn trong kt qu).  

Gii 

Do 3030'  = 
6 360

 
+  nn ta s xt hm s  f(x)  = sinx ti im x0  = 6


 vi s 

gia x = 
360


.  p dng cng thc (2),  ta  c 

 '
6 360 6 6 360

f f f
         

+  +      
     

,  hay 

 sin
6 360

  
+ 

 
   sin

6


 + cos

6 360

  
 
 

 = 
1 3

2 2 360


+     0,5076.  

Vy  sin3030'  = sin
6 360

  
+ 

 
   0,5076.        
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Nhn xt  

Nu dng my tnh b ti,  ta tnh  c sin3030'    0,5075.  So snh vi kt 
qu trn,  ta thy vic p dng cng thc (2)  cho ta kt qu kh chnh xc.  

3.  Vi phn ca h m s 

Nu hm s f c o hm f'  th tch '( )f x x  gi l  vi phn ca hm s  

y  = f(x),  k hiu l  

    df(x)  = f '(x)x.         (3)  

c bit vi hm s y  = x,  ta c  dx = (x)'x = x.  Do  ta c th vit (3)  
d i dng 

    d ( ) '( )d=f x f x x  hay d ' d .=y y x  

V d 3 

a) d(x3    2x2  + 1 )  = (x3    2x2  + 1 )'dx = (3x2    4x)dx = x(3x   4)dx.  

b)  d(sin2x)  = (sin2x)'dx = (2sinx cosx)dx = (sin2x)dx.       

H2  Hy chn ph ng n tr li ng trong cc ph ng n  cho i vi mi 

tr ng hp sau y : 

a)  Vi phn ca hm s y =  2 3 1x x+   l  : 

 (A)  dy =  
2

1
d

3 1
x

x x+ 

 ;   (B)  dy =  
2

2 3
d

3 1

x
x

x x

+

+ 

 ;  

 (C)  dy =  
2

1
d

2 3 1
x

x x+ 

 ;   (D)  dy =  
2

2 3
d .

2 3 1

x
x

x x

+

+ 

 

b)  Vi phn ca hm s y =  sin3x l  : 

 (A)  dy = 3cos3x dx ;      (B)  dy = 3sin3x dx ;      

 (C)  dy = 3cos3xdx ;       (D)  dy = 3sin3x dx.  

Cu hi  v  b i  tp 

39.  Tnh vi phn ca hm s f(x)  = sin2x ti im x = 
3


 ng vi x = 0,01  ;   

x = 0,001 .  
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40.  Tnh vi phn ca cc hm s sau :  

a)  y  = 
x

a b+
 (a  v  b  l  cc hng s) ;   b)  y  = x sinx ;  

c)  y  = x2  + sin2x ;       d)  y  = tan3x.  

41.  p dng cng thc (2),  tm gi tr gn ng ca cc s sau (lm trn kt qu 

n hng phn nghn).  

a) 
1

0, 9995
;    b)  0, 996 ;   c)  cos4530'.  

 

1.  o h m cp hai 

Xt hm s  f(x)  = x3    x2  + 1 .  Hm s ny c o hm f '(x)  = 3x2    2x.  Hin 

nhin, y'  = f '(x)  cng l  mt hm s c o hm v  o hm ca n l   

    [ ]'( ) 'f x = (3x2    2x)'  = 6x   2.  

Ta gi  l o h m cp hai  ca hm s ban u.  

Mt cch tng qut,  ta c nh ngha sau y 

nh ngha 

Cho hm s f c o hm f ' .  Nu f '  cng c o hm th o 
hm ca n  c gi l  o h m cp hai  ca hm f v  k hiu l  
f " ,  tc l   

    f "  = ( )' 'f .  

 f' cn gi l  o h m cp mt ca hm s f.  o hm cp hai ca hm s 
( )y f x=  cn  c k hiu l y".  

5
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V d 1.  Tm o hm cp hai ca mi hm s sau 

a)  3 22 1y x x=  + ;   b)  tan .y x=  

Gii 

a) y'  = 3x2    4x ;  y"  = (3x2    4x)'  = 6x   4.  

b)  y'  = 1  + tan2x  ;  y' '  = (1  + tan2x)'  = 2tanx (1+ tan2x).           

H1  Tm o h m cp hai ca cc h m s : a)  y =  x  ;  b)  y = sinx.  

2.   ngha c hc ca o h m cp hai 

Ta  bit :  Nu mt cht im chuyn ng c ph ng trnh s  = s(t)  th vn 

tc ti thi im t0  ca cht im  l  v(t0)  = s'(t0).  

By gi nu t0 nhn mt s gia t th v(t0) nhn mt s gia l v = v(t0 + t)  v(t0).  

Khi t  cng nh (khc 0)  th v  cng phn nh chnh xc s bin thin vn 

tc ca cht im ti thi im 0t .  

Trong c hc,  gii hn hu hn (nu c) ca t s 
v

t




 khi t dn n 0  c 

gi l  gia tc tc thi ti thi im  t0  (hay gia tc ti thi im t0)  ca cht 

im ,  v   c k hiu l  0( )a t .  Vy  

    0( )a t  = 
0

lim
t

v

t 




.  

Do ,  ta c th pht biu  ngha c hc ca o hm cp hai nh  sau :  

Gia tc (tc thi) 0( )a t  ti thi im t0  ca mt cht im chuyn 

ng cho bi ph ng trnh s = s(t)  bng o hm cp hai ca hm 

s s = s(t)  ti im  t0,  tc l   

     0( )a t  = s"(t0).  

Gia tc ti thi im t0  c tr ng cho s bin i vn tc ca chuyn ng ti 

thi im .  

V d 2.  Mt cht im chuyn ng c ph ng trnh S(t)  = ( )sinA t + .  

(Ph ng trnh ny gi l  ph ng trnh dao ng iu ho).  Khi ,  vn tc tc 
thi ca chuyn ng ti thi im t l  

   v(t)  = S '(t)  = A  cos(  t + ).  
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Gia tc tc thi ti thi im t l   

   a(t)  = S''(t)  = v'(t)  = A2  sin(t + ).      

H2  Ph ng trnh chuyn ng ca mt cht im l  S(t)  = 5t   3t2  (S tnh bng mt 

(m) ,  t tnh bng giy (s)) .  Tnh gia tc ca chuyn ng ti thi im t = 4s.  

3.  o h m cp cao 

o hm cp mt f '  v  o hm cp hai f "  ca hm s f cn  c k hiu ln 

l t l   f (1 )  v  f (2).  Nu f (2)  l  mt hm s c o hm th o hm ca n gi 

l  o hm cp ba ca hm s f,  k hiu l  f(3).  T ng t,  o hm cp n  ca 

mt hm s  c nh ngha bng quy np nh  sau :  

Cho hm s f c o hm cp n    1  (vi n   N ,  n    2)  l  f (n1).  

Nu  f(n1 )  l  hm s c o hm th o hm ca n  c gi l 

o h m cp n  ca hm s f  v  k hiu l  f (n).  Ni cch khc,   

  f 
(n)  = ( 1) 'n

f
 

  ,   (n   N ,  n    2).  

o hm cp n  ca hm s ( )y f x=  cn  c k hiu l  y(n).  

V d 3. a) i vi hm s y  = x3  + 7x2    4x,  ta c :  

 y'  = 3x2  + 14x   4 ;   y"  = 6x + 14 ;    y(3)  = 6  v   y(n)  = 0 vi mi n   4.  

b)  i vi hm s y  = sinx,  ta c :  

y'  = cos x  ;  y"  = (cos x )'  =   sin x  ;        y
(3)  = y" '  = (sin x )'  = cos x  ;  

y
(4)  = (cos x )'  = sin x  ;     y

(5)  = (sin x )'  = cos x  ;  . . .         

H3  Quan st v d 3b)  v  cho bit khng nh sau ng hay sai : Nu y = sin x  th 

y
(n)  =  sin

2

n
x

 
+ 

 
.  

Cu hi  v  b i  tp  

42.  Tm o hm ca mi hm s sau n cp  c cho km theo.  

a)  f(x)  = x4    cos2x,   f(4)(x)  ;  
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b)  f(x)  = cos
2
x,   f(5)(x)  ;  

c)  f(x)  = (x + 10)6,   f(n)(x).  

43.  Chng minh rng vi mi n    1 ,  ta c :  

a)  Nu f(x)  = 
1

x
 th f(n)(x)  = 

1

( 1) !
+

 


n

n

n

x
 

b)  Nu f(x)  = cosx  th  f(4n)(x)  = cosx.  

c)  Nu f(x)  = sinax (a  l  hng s) th f(4n)(x)  = a4n  sinax.  

44.  Vn tc ca mt cht im chuyn ng  c biu th bi cng thc 

v(t)  = 8t + 3t2,  trong  t > 0,  t tnh bng giy (s)  v  v(t)  tnh bng mt/giy 

(m/s).  Tm gia tc ca cht im  

a)  Ti thi im t = 4 ;  

b)  Ti thi im m  vn tc ca chuyn ng bng 1 1 .  

Luyn tp 

45.  Tm vi phn ca mi hm s sau :  

a)  y  = tan23x   cot3x2  ;  

b)  y  = 2cos 2 1x + .  

46.  Dng vi phn  tnh gn ng (lm trn kt qu n hng phn nghn) :  

a) 
1

20, 3
.  H ng dn :  Xt hm s y = 

1

x
 ti im x0 = 20,25 = 4,5

2  vi x = 0,05.  

b) tan2930'.  H ng dn  :  Xt hm s y  = tanx ti im x0  = 6


 vi x = 

360


  

47.  a)  Cho hm s  f(x)  = tanx.  Tnh f(n)(x)  vi n  = 1 ,  2,  3 .  

b)  Chng minh rng nu f(x)  = sin2x th  f(4n)(x)  = 24n  
  1  cos2x.  

48.  Chng minh rng :  

a)  Nu y  = Asin( t  + )  + Bcos( t  + ),  trong  A, B,    v    l  nhng hng 

s,  th y"  + 2
y  = 0.  

b)  Nu y  = 22x x  th y3y"  + 1  = 0.  
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Em

cob i  t

 

V i  nt v s ra i  ca khi nim o h m 

Php tnh  o hm hay cn  c gi  l  php tnh vi phn    c manh nha t na 
u  th k XVI I .  

Sau  khi  -cc (Descartes 1 596  1 650)  pht minh  ra ph ng php xc nh  to  
mt im trong h trc to  vung gc (ngy nay gi  l  h to  -cc vung 
gc)  v  cch biu  din  hm s bng  th  th ng  v  nh  ton hc Phc-ma (Fermat 
1 601   1 665)   t ra cc bi  ton :  Tm tip tuyn ca  ng cong,  tm cc i  v  
cc tiu  ca hm s.   gii  quyt cc bi  ton  ny,  cc ng   tip cn   c iu 
"ct li"  ca khi  nim o hm.  

C th xem Phc-ma l  ng i  i  tin  phong trong lnh  vc xy dng  "php tnh  vi  
phn".  ng l  ng i  u tin   gii  quyt mt s bi  ton  l in  quan n vn  cc 
tr  v  vn   tip tuyn trn c s cc "v cng b".  iu  ny khng xa vi  khi  thu 
ca khi  nim o hm.  

Tuy nhin  phi  n na cui  th k XVI I ,  cc nh  ton hc mi  t  c nn mng 
vng chc cho php tnh  vi  phn.  Cc nh  ton  hc c cng ln  trong  l nh  vc ny 
phi  k n Niu-tn  (Newton 1 642  1 727)  v  Lai-b-nt (Leibniz 1 646  1 71 6).  
Trong li  ni  u  ca mt tc phm ca mnh in  nm 1 684,  Lai-b-nt  vit :  

"Vi  s hiu  bit v php tnh  m  ti  gi  l  vi phn,  ng i  ta c th gii  quyt  c 
cc bi  ton  tm cc i,  cc tiu  v  tm tip tuyn".  

n cui  th k XVI I I  v  u  th k XIX,  php tnh  vi  phn v  bn  ng hnh vi  n l  
php tnh  tch  phn    c xy dng hon chnh bi  cc nh  ton  hc Gau-x 
(Gauss 1 777  1 855),  A-ben (Abel  1 802  1 829),  C-si  (Cauchy 1 789  1 857)  v  

Vai--xtrt (Weierstrass 1 81 5  1 897).  

Cu hi  v  bi  tp n tp ch ng V 

49.  Tm o h m ca cc h m s sau :  

a) 
4 35

2 1
2 3

x x
y x= +  + ;    b)  

2 23

1

x x a
y

x

+ 
=



 (a  l  hng s) ;  

c)  y  = (2   x
2
)  cos x  + 2x sin x  ;    d)  y  = tan

2
x + tan x

2
.  
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50.  a) Chng minh rng 
1

'1
n n

n

x x +

 
=  

 
,  trong  n    

N .  

b)  Vi x   0 v  n    
N ,  ta t 

1
. =n

n
x

x
 T  hy so snh ng thc trong 

cu a)  vi cng thc (xn)'  = nxn
1  v  nu nhn xt.  

51.  Tm o hm n cp  c nu km theo ca cc hm s sau (n   
N ).  

a)  y  = sinx,   y" '  ;      b)  y  = sinx sin5x,   y(4)  ;  

c)  y  = (4   x)5,  y(n)  ;     d)  y  = 
1

2 x+
,   y(n)  ;  

e)  y  =
1

2 1x +
,  y(n)  ;     f)  y  = cos2x,   y(2n).  

52.  Tnh vi phn ca hm s y  = 
2

1

(1 tan )x+
 ti im x = 

6

 ng vi x = 

360


 

(tnh chnh xc n hng phn vn).  

53.  Gi (C)  l   th ca hm s f(x)  = x4  + 2x2    1 .  Vit ph ng trnh tip tuyn 

ca (C)  trong mi tr ng hp sau :  

a)  Bit tung  ca tip im bng 2 ;  

b)  Bit rng tip tuyn song song vi trc honh ;  

c)  Bit rng tip tuyn vung gc vi  ng thng y  = 
1

3
8
x +  ;  

d)  Bit rng tip tuyn i qua im A(0 ;  6).  

54.  Tm mt im trn  th ca hm s y  = 
1
1x 
 sao cho tip tuyn ti  cng 

vi cc trc to  to thnh mt tam gic c din tch bng 2.  

55.   th (P)  ca mt hm s bc hai 

y = P(x)   b xo i,  ch cn li trc 

i xng ,  im A  thuc (P)  v  tip 

tuyn ti A  ca (P)  (h.  5.8).  Hy tm 

P(x)  v  v li  th (P).  

56.  Cho parabol (P)  :  y  = x2.  Gi M1  v  M2  

l  hai im thuc (P),  ln l t c honh 

 l  x1  = 2 v  x2  = 1 .  
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Hy tm trn (P)  mt im C  sao cho tip tuyn ti C  song song vi ct tuyn 

M1M2.  Vit ph ng trnh ca tip tuyn .  

57.  Mt cht im chuyn ng c ph ng trnh s  = t3    3t2    9t + 2,   ,  t > 0,  

t tnh bng giy (s)  v  s  tnh bng mt (m).  

a)  Tnh vn tc ti thi im t = 2.  

b)  Tnh gia tc ti thi im t = 3.  

c)  Tnh gia tc ti thi im vn tc bng 0.  

d)  Tnh vn tc ti thi im gia tc bng 0.  

B i  tp trc nghim khch quan 

58.  Mi khng nh sau y ng hay sai ?  

a)  Hm s y  = cotx  c o hm ti mi im m  n xc nh.         

b)  Hm s y  = x  c o hm ti mi im m  n xc nh.          

c)  Hm s y  =  x   c o hm ti mi im m  n xc nh.         

Vi mi b i t 59 n b i 62,  hy chn kt qu ng trong cc kt qu  cho.  

59.  Tip tuyn ca  th hm s y  = 
4
1x 
 ti im vi honh  x = 1  c 

ph ng trnh l  

(A) y = x 3  ;       (B) y  = x + 2 ;        (C) y  =  x 1  ;    (D) y  = x + 2.  

60.  Tip tuyn ca  th hm s y  = 
1

2x
 ti im vi honh  x = 

1
2
 c 

ph ng trnh l  

(A) 2x   2y  = 1  ;     (B) 2x   2y   = 1 ;      (C) 2x + 2y  = 3  ;     (D) 2x + 2y  = 3.  

61.  Hm s c o hm bng 2x + 
2

1

x
 l  

(A) y = 
3 1x

x

+
 ;      (B)  y  = 

3 5 1x x

x

+ 
 ;   

(C) y  =  
( )2

3

3 x x

x

+
 ;     (D)  y  = 

22 1x x

x

+ 
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62.  o hm cp 2010 ca hm s y  = cosx l  

(A) sin x  ;    (B) sin x  ;    (C) cos x  ;    (D) cos x .  

63.  in ni dung thch hp vo ch trng.  

a)  Hm s hp ca hm s y  = cot u  v  hm s trung gian u  = x  l  
y  = . . . . . . . . . . . .  

b) Hm s hp ca hm s y  = un  v hm s trung gian u  = cosx + sinx l y  = .....  

c)  Hm s y  = tan 3x l  hm s hp ca hm s y  = . . . . . . . . . . . .  v  hm s trung 
gian u  = . . . . . . . . . . . . . .  

d) Hm s y  = cos x  l hm s hp ca hm s y  = . . . . . . . .. . . .  v hm s trung 
gian u  = . . . . . . . .. . . . . .  

Cu hi  v  b i  tp n tp cui nm 

1.  a) Tnh sin
8

 v  cos

8

.  

b)  Chng minh rng c hng s 0C >   c ng thc 

sin ( 2 1) cosx x+   = 
3

cos
8

C x
 

 
 

 vi mi x.  

2.  Gii ph ng trnh  

     tan cot 2 .x x=  

Biu din cc nghim trn  ng trn l ng gic.  

3.  a) Tm gi tr nh nht ca biu thc P(x)  = (sin x  + cos x )3.  

b)  Tm gi tr nh nht ca biu thc Q(x)  = 
2 2

1

sin cosx x
  

c)  Tm gi tr nh nht ca biu thc R(x)  = P(x)  + Q(x).   

4.  Gii cc ph ng trnh :  

a)  sin4x + cos4x = 
3
4
 ;     b)  sin22x   sin2x = 2sin

4

 ;  

c)  cos x  cos 2x = cos 3x ;    d)  tan 2x   sin 2x + cos 2x   1  = 0.  
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5.  Gii cc ph ng trnh sau :   

a)  2sin(x + 10o)   12 cos(x + 10o)  = 3  ;  

b)  3 cos 5x + sin 5x = 2cos 3x ;  

c)  sin2x   3sin x  cos x  + 2cos2x = 0.  

6.  Gii cc ph ng trnh sau :  

a)  2tan2x + 3  = 
3

cos x
 ;     b)  tan2x  = 

1 cos

1 sin

x

x

+

+

 ;     

c)  
sin 3

tan tan 2 .
cos

x
x x

x
+ =  

7.  Mt on tu nh c 3  toa khch   sn ga.  C 3  hnh khch b c ln tu.  

Hi :  

a)  C bao nhiu kh nng trong  3  hnh khch ln 3  toa khc nhau ? 

b) C bao nhiu kh nng trong  2 hnh khch cng ln mt toa,  cn hnh 

khch th ba th ln toa khc ?   

8.  Cho tp hp  A  = { 1 ,  2,  3,  . . . ,  n}  vi n    N,  n  > 1 .  Hi c bao nhiu cp (x ;  y)  

vi x   A,  y    A  v  x > y  ?  

9.  Mt ti cha 16 vin bi,  trong  c 7 vin bi trng, 6 vin bi en v  3  vin 

bi .  

a)  Ly ngu nhin 2 vin bi trong ti.  

   Tnh xc sut   c 2 vin bi en.   

   Tnh xc sut   c 1  vin bi en v  1  vin bi trng.  

b)  Ly ngu nhin 3  vin bi trong ti.  

   Tnh xc sut   c 3  vin bi .  

   Tnh xc sut   c 3  vin bi vi 3  mu khc nhau.  

10.  Gi X l  bin ngu nhin ch s im m  mt vn ng vin bn cung nhn 

 c khi bn mt ln.  Gi s X c bng phn b xc sut nh  sau :  

X 9 7  5  3  1  

P 0,2 0,36 0,23 0,14 0,07
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a)  Tnh im trung bnh khi vn ng vin  bn mt ln.  

b)  Tnh im trung bnh khi vn ng vin  bn 48 ln.   

11.  Ta  bit  cos
22


 = 

1
2

2
.  Chng minh rng :  

a)  cos
32


 = 

1
2 2

2
+  ;  

b)  cos
2n

 = 

1 du cn

1
2 2 . . . 2

2
n 

+ + +


  vi mi s nguyn n    2.  

12.  Cho dy s (u
n
)  xc nh bi 

  u1  = 3  v  u
n
 = 4u

n1    1   vi mi n    2.  

Chng minh rng :  

a)  u
n
 = 

2 12 1

3

n+
+

 vi mi s nguyn n    1  ;  

b)  (u
n
)  l  mt dy s tng.  

13.  Cho dy s (u
n
)  xc nh bi 

  u1  = 5  v  u
n
 = u

n1   2 vi mi n    2.  

a)  Hy tm s hng tng qut ca dy s (u
n
).  

b)  Hy tnh tng 100 s hng u tin ca dy s (u
n
).  

14.  Cho dy s (u
n
)  xc nh bi 

  u1  = 2 v  u
n
 = 3u

n1  vi mi n    2.  

a)  Hy tm s hng tng qut ca dy s (u
n
).  

b)  Hy tnh tng 10 s hng u tin ca dy s (u
n
).  

15.  Cc s x   y,  x + y  v  3x   3y  theo th t  lp th nh mt cp s cng, ng 

thi cc s x   2,  y  + 2 v  2x + 3y  theo th t  lp th nh mt cp s nhn.  

Hy tm x v  y.  
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16.  Tnh gii hn ca cc dy s sau :  

a)  lim
4 3

4

40 15 7

100

n n n

n n

 + 

+ +
 ;     b)  lim 

3 2

5 3

2 35 10 3

5 2

n n n

n n n

+  +

 +
 ;  

c)  lim
46 1

2 1

n n

n

+ +

+
 ;      d)  lim

3.2 8.7

4.3 5.7

n n

n n




+
 

17.  Tnh cc gii hn sau :  

a)  lim 43 10 12n n +  ;    b)  lim (2.3n    5 .4n)  ;   

c)  lim ( )4 2 21n n n+ +   ;   d)  lim 
2

1

2n n n


+ 

  

18.  Tm s hng u v cng bi ca mt cp s nhn li v hn, bit rng s 

hng th hai l  
12

5
 v  tng ca cp s nhn ny l  1 5.  

19.  Tnh gii hn ca cc hm s sau :  

a)  
1

lim
x

2

3

10

6

x x

x

+ +

+
 ;      b)  

2

25

11 30
lim

25x

x x

x

+ +


 ;   

c)  

( )

6 2

23

4 2
lim

2
x

x x x

x


+ + 

+

 ;     d)  
2

5 4

40
lim

2 7 21x

x x

x x+

+ 

+ +
 ;  

e)  
4 22 4 3

lim
2 1x

x x

x

+ +

+
 ;    f)  ( )

3

1
lim 2 1

2x

x
x

x x+

+
+

+
 ;  

g)  2lim 9 11 100
x

x x
+

+   ;    h)  ( )2lim 5 1 5
x

x x
+

+   ;  

i)  
2

1
lim

1+


+ + x x x x

 

20.  Chng minh rng ph ng trnh x3  + ax2  + bx + c  = 0 lun c t nht 

mt nghim.  

21.  Tm o hm ca cc hm s sau :  

a)  y  = 
3 2

( )

ax bx c

a b x

+ +

+
 (a,  b,  c  l  cc hng s) ;  
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b)  y  = 
4

3
3

1
3x

x

 
 + 

 
 ;    c)  y  = 3 2cosx x  ;  

d)  y  = 2sin 4 x+  ;     e)  y  = 
1

1 tan x
x

 
+ + 

 
.  

22.  Cho hm s y  = 3
mx  + x2  + x   5 .  Tm m   :  

a )  y '  bng bnh ph ng ca mt nh thc bc nht ;  

b )  y '  c hai nghim tri du ;  

c )  y '  > 0 vi mi x.  

23.  Gii cc ph ng trnh sau :  

a )  y '  = 0,  vi y  = 
1
2
sin 2x + sin x    3  ;  

b )  y '  = 0,  vi y  = sin 3x   2cos 3x   3x + 4.  

24.  Cho hyperbol (H )  xc nh bi ph ng trnh y  = 
1
x
.  

a)  Tm ph ng trnh tip tuyn (T)  ca (H )  ti tip im A  c honh  a  (vi 

a    0).  

b)  Gi s (T)  ct trc  Ox ti im I v  ct trc  Oy  ti im J.  Chng minh 
rng A  l  trung im ca on thng IJ.  T  suy ra cch v tip tuyn (T).  

c)  Chng minh rng din tch tam gic OIJ khng ph thuc vo v tr ca 
im A.  

25.  Mt im M chuyn ng trn parabol y  =   x2  + 17x   66 theo h ng tng 

ca x.  Mt ng i quan st ng  v tr P(2 ;  0).  

Hy xc nh cc gi tr ca honh  im M  ng i quan st c th nhn 
thy  c im M.  
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Ch ng I 

1 .   a)  R  ;  b)  R \ {k k   Z}  ;  

c)  R \ { (2k + 1 ) k   Z}  ;  

d)  R \
12 2

k k
  

+  
 

Z .  2. a) L ;  b)  Khng 

l,  khng chn ;  c)  Khng l,  khng chn ;  

d) L.  3. a) 5  v  1  ;  b)  2 1 v 1  ;  

c)  4 v  4.  5.  a)  Sai.  HD :  Xt khong 

;
2 2

   
 

 ;  b)  ng.  HD :  S dng cng thc 

cos
2
x = 1    sin2x.  6.  b)   

x 
2


  

4


 0 

4


 

2


 

2x   
2


 0 

2


   

2sin2x 0 
 

2 
0 

2 
0 

7.  a)  Khng l,  khng chn ;  b)  Chn ;  c)  L.  
10.  HD :  Ch  n cc giao im ca  ng 

thng 
3

x
y =  vi cc  ng thng y  = 1 .  

13.  b)   

x 2    0   2  

2

x
   

2


 0 

2


   

cos
2

x
 

 
1  

0 
1  

0 
 

1  

14.  a)  ,
20 2

k
 

+
5 2

k
 

+  ;   

b)  
11

6


 + k10,  

29

6


+ k10  ;  

c)  2 2  + k4  ;  d)      
18


 + k2  ,  

vi cos   = 
2

5
 ;  16.  a)   

7

12


,  
11

12


 ;  

b)  5  
11

6


,  5  

13

6


.  17.  a)  C 12 gi nh sng 

vo ngy th  80 v ngy th 262 trong nm ;  
b)  t gi c nh sng nht (9 gi) vo ngy th 
353 trong nm ;  c)  Nhiu gi c nh sng nht 
(15  gi) vo ngy th 171  trong nm.  

18.  a) 
5


 + k

3


 ;  b) a  +15o  + k180o, vi tana  = 5  

(c th chn  a    78o41 '24'') ;  c)  
6


 + 

1

2
+ k

2


 ;  

d)  
1

6
+ k

2


 ;  e) 200o  +k720o  ;   

f)  
30


+ k

3


.  

20.  a)  150o  ,  60o,  30o  ;  b) 
4

9


,  

9


 .  

21.  C hai bn u gii ng.  22.  B = 45o,  

C   35o15'52", A   99o44'8"  hoc B  = 1 35o,  

C   35o15'52",  A   9o44'8".  

23.  a) D = R \ {
4

m
  + k2  |   k   Z,  m  = 1  ;  3}  ;  

b) R \{ }2

3
k k


Z  ;   

c) R \ { }4
k k

 
 +  


Z    { },

2
k k


+   


 ;  

d)  R \ { } .
6 2 2

k k k
     

 +     
  

Z Z  

24.  a)  h   3064,178(km) ;  b)  25  pht.  HD :  Xt 

ph ng trnh 4000cos ( )10
45

t
   

 = 2000 

v tm nghim d ng nh nht ca n ;  
c) 37 pht.  HD :  T ng t phn a).  
25.  a) 0 pht,  1  pht,  2 pht,  3  pht,  . . .  

b)  0,5  pht ;  1 ,5  pht ;  2,5  pht ;  3,5  pht ;  . . .  

c)  
1

4
pht.  26.  a)  

2


 + k2,  

10


 + k

2

5


 ;  

b)  210o  + k360o,  70o  + k120o  ;  

27.  a) 
6


 + k2  ;  b)  

9 3
k

 
+  ;  

H ng dn gii,  p s cc bi  tp 
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c)  2
2

k


+   ;  
8

k


+  .   

28.  a) k2, 
3


 + k2  ;  b)   2

2
k


+   ;   

c)  
4


 + k,  

6


 + k.  

29.  a)      0,34 ;  b)  1 ,21  ;  c)    0,20  ;    2,68 ;  
d)    0,34.  

HD : x  ;
6 6

   
 

   3x  ;
2 2

   
 

.  

30. a)   + (2k + 1 ), vi cos  = 
3

5
 v sin  = 

4

5
 ;  

b)  
5

24


 + k,  

13

24


+ k  ;  

c)  V nghim.  

31.  a)  t   0,11  (s)  v  t   0,64 (s).  

HD :  5sin6t   4cos 6t 

   = 41
5 4

sin 6 cos 6
41 41

t t
 

 
 

 

   = 41  sin ( )6t   vi  

cos   = 
5

41
 v   sin  = 

4

41
.  

Chn     0,675  v  tm nghim ca ph ng 
trnh sin(6t   )  = 0 tho mn 0   t    1 .  
b)  t   0,37  (s)  v  t    0,90 (s).  HD :  Tm 
nghim ca ph ng trnh sin ( )6t   =   1  

tho mn 0   t    1 .  32.  a)  2 2
a b+ v 

2 2
a b +  ;  b)  

5
2

2
+ v  

5
2

2
 +   

33.  a)  V nghim ;  

b) 
3


 + k,   arctan

8
3

3
 
 + 

 
 + k  ;  

c)  
4


+ k  ,  arctan(5) + k.  34.  a)  k,  k

3


 ;  

b) k
2


,  
14 7

k
 

+  ;  c) k
2


,  k .

3

 
 (Ch  :  h  k   

nm trong h  k
2


)  ;  d)    + k2,  

2

6 3
k

 
+ .  

35.  a)  k
2


,  k .

5


 (Ch  :  h 

2


 + k   nm trong 

h  k
2


)  ;  b)  

10 5
k

 
+ ,  

4 2
k

 
+ ,  

2
k


+  .  

36.  a)  2k   ;  b) o o80 180k+  ;  

c)  k,  
4


 + k.  HD :  t t = tanx.  

d)  k
3


  (Ch  :  h k   nm trong h k

3


)  ;  

e)  k
3


 vi k nguyn v khng chia ht cho 3.  

37.  a) 
1

2
s v  2s.  HD :  Tm t tho mn 

cos ( )2 1
3

t
 

  
=   1  v   0   t   2.  

b)  t   0,10s ;  t   0,90s v  t   1 ,60s.  HD :  Tm t  

tho mn 3cos ( )2 1
3

t
 

  
 =   2 v  0   t   2.  

38.  a)  
6


 + k  ;  b)  

4
k


+  .  

HD :  t y  = tanx + cotx vi |  y  |    2 ;  

c)  arctan
1

2
 + k.  39.  a)  V nghim, HD :   a 

v dng sin(x   )  = m  vi |  m  |  > 1  ;  
b)  HD :  t t = sinx + cos x.  40.  a)  90o,  270o  ;  

b)  225o,    243o26'5,8".  41.  a)  
4


 + k,  

arctan
1

3
 
 

 
+ k  ;  b)  

1

2
arctan(2) + k

2


,  

1

2
arctan3  + k

2


 ;  c)  

4


 + k,   

6


 + k.  

42.  a)  
8 2

k
 

+ ,  
2

3


+ k2  ;  b)  

16 2
k

 
+ ,   

8 3
k

 
+ ;  c)  V nghim.  HD :  Ch    KX l  

sin4x   0 ;  d)  k2,  
4


 + k  ,  

2


 + k2.  

43.  a)  ng ;  b)  Sai ;  c)  ng ;  d)  Sai ;  e)  Sai ;  

f)  ng ;  g)  Sai.  45.  a)  
1

sin
7

cos
7

x
 

+   
 ;  

b)  
1 5

sin
14

cos
7

x
 

+   
.  46.  a)  

7 2

18 3
k

 
+ ,  

7
2 .

6
k


 +   HD :    rng 

cos 2 sin 2
2

x x
 

=  
 

 ;  b)  o o30 120k+  ;  
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c) 
1 1
arccos

2 3
k +   ;  d)  

4
k


+  ,  

2
arctan

5
k

 
 +  

 
.  47.  a)  

1 1
arctan

2 2 2
k


+  ;  

b) 
4

k


 +  v  
1

arctan
2

k
 
 +  

 
 ;  

c)  2
2

k


+   ;  2arctan ( 5) 2 .k +   HD :  Vit v 

phi d i dng 2 21
sin cos .

2 2 2

x x 
+ 

 
 

48.  b)  2
6

k


+  ,  
4

2 .
3

k


+   

49.  2
6

k


+  ,  
5

2 .
6

k


+   

50.  b)  ,
2

k


+ 
4

k


 +   v  
1

arctan
2

k+   

(HD :  Nu ,
2

x k


 +   t tan ).t x=  

51.  (B).  52. (C).  53. (D).  54. (A).  55. (C).   

56.  (D).  57. (B).  58. (A).  59. (C).  60. (A).   

61.  (D).  62. (B).  63. (D).   

Ch ng II 

1.  9.  2.  20.  3.  a)  605  ;  b) 91  000.  4.  a)  256 ;  

b)  24.  5.  120.  6.  336.  7.  a) 
( 1)

2

n n 
 ;  

b)  n(n   1 ).  8.  a)  35  ;  b)  210.  9.  1  048 576.  

10.  1 80 000.  11.  252.  12.  15.  13.  a)  1365 ;  

b) 2730.  14.  a)  94 109 400 ;  b) 941  094 ;  

c)  3  764 376.  15.  1 96.  16.  1 26.  

17.  
101 101 99
200C 2 3 .  18.  1287.  19.  330  

20.  94 595 072.  21.  1  + 30x + 405x2  + 3240x3 .  

22.  
7 8 7
15C 3 2 .  23. 3003.  24. 32.  25. c) 0,3  ;   

d)  0,06.  

26.  a)  0,5  ;  b)  0,25.  27.  a)  
1

30
 ;  b)  

29

30
 ;  c)  

11

30
.  

28.  b)  P(A)  = 
7

12
 ;  c)  P(B)  = 

11

36
 ;  P(C)  = 

5

18
.  

29. 

5
10
5
20

C
0,016

C
 .  30.   a) 

5
99
5
199

C
0,029

C
  ;  

b)  
5
50
5
199

0, 0009
C

C
.  31. 

97

105
.  32. 

30

49
.  33. 

2

9
 

34.  a)  
1

8
 ;  b)  

7

8
 ;  c)  

3

8
.  

35.  a)  0,384  ;  b)  0,488.  36.  a)
1

8
 ;  b)  

1

64
.  

37.  (0,8)
10
   0,1074.  38. 

23

144
.  39.  a)  Khng 

xung khc ;  b)  Khng c lp.  40. n  = 6.  

41.  
5

36
.  42. 

25

216
.  43.  C.  44.  

X 0 1  2 3  
P 0,125 0,375 0,375 0,125  

45.  a)  0,35  ;  b) 0,85.  46. 0,35.  47.  E(X )  = 1 ,5  ;  
V(X )  = 0,75  ;  (X )    0,87.  48.  E(X ) = 2,05 ;  

V(X)   1 ,85 ;    (X )   1 ,36 ;  49.  E(X )  = 1 ,85  ;     
V(X )    2,83  ;  (X )    1 ,68.  50. 

X 0 1  2 3  

P 1

6
 0,5  0,3  

1

30
 

51.   a)  0,8  ;  b)  0,2 ;  c)  2,2.  52.  a)  0,72 ;  b)  0,27.  

53.  E(X ) = 1,875 ;  V(X )  0,609 ; (X )  0,781. 

54.  E(X ) = 18,375  ;  V(X )  5,484 ; (X )  2,342. 
55.  1 68.  56. 24.  57.  a)  512 ;  b)  315.  58. 126.  

59.  a)  12 650 ;  b)  13  800.  60.  8 8 9
17C 3 2 .   

61.  a)  0,334 ;  b)  0,2.  62. 
5
52

1

C
.   

63.  1  
5
48
5
52

C
0, 341

C
 .  64.  0,96.  

65.  a)  0,992 ;  b)  0,08.  66.  a)  0,9 ;  b)  0,9.  

67.  a)  

X 5  6 7  8  9 10 1 1  

P 
1

12

1

6

1

4

1

6

1

6
 

1

12
 

1

12
 

b)  E(X)  = 7,75.  

68.  a)   
X 0 1  2 3  

P 
4

35

18

35

12

35
 

1

35
 

b)  E(X )  =  
9

7
 ;  V(X )    0,49.  

69.  C).  70.  A).  71.  B).  72.  B).  73.  B).  
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Ch ng III 

11.   1nu +  = 2( 1) 1nu  + .   12.  Gi  :  

Chng minh bng ph ng php quy np.   
13.  a)  Tng ;  b)  Gim ;  c)  Gim.   14.  Gi  :  

Vit li cng thc xc nh nu  d i dng :  

2 5

3 3(3 2)nu n
= +

+
.  20.  Gi   :  Tm cng 

thc ca s hng tng qut nu .  p s :  Cng 

sai 
4

d


= .   22.  1 1  ;  14 ;  17  ;  20 ;  23.   25.  Cng 

sai d = 3  v  nu  = 5  3n.   27.  690.   28.   30o ;  

60o  ;  90o.   31. 1

8

3
u =  .   32.  2 ;  1  ;

1

2
 ;
1

4
 ;
1

8
.   

34.  un  = 5  .  (3)
n3.  35.    2,22.10

15  gam.    

36.  a) 59 040 ;  b) 
2 731

1 048 576
.   37.  24o  ;  48o ;  96o  ;  

1 92o.  39.  x = 6,  y  = 2.  40.  q = 2.  41.  q = 2.  

42.  4,  
16

,
3

64

9
 ;  

148

27
,  
148

27
,  
148

27
.  44.  Gi  :  

S dng ph ng php quy np.   45.  Gi  :  S 

dng ph ng php quy np.  51 .  a)  u2  = 8500, 

u3  =  9000, v2   =  6420, v3  =  6869,4 ;   

b)  nu  =  7500 + 500n  ,  nv =  6000 .  (1 ,07)n   1  ;  

c)  C s B  ;  d)  C s A.  52.  a)  Sai ;  b)  Sai ;  
c) ng. 53.  (B) ;  54.  (B).  55.  (A).  56.  (C).  57.  (D).  

Ch ng IV 

 

1.  a)  HD.  
( 1) 1

5

n

n n


<

+
vi mi n.   

2.  HD.  
2

1
nv

n
< vi mi n.  5.  a)  2 ;  b) 1  ;  c)  1  ;  

d)  1 .  6.  a)  
1

2
,  b)  0 ;  c)  0 ;  d)  1 .  HD :  Chia c t 

v mu ca phn thc cho 4n .  7. a) HD.  

1

1

5n nv v+ = vi mi n  ;   b)  
15

4
.  8. a) 0 v 0 ;   b)  

1 2 . . . 3p p a+ + = ;  
2

1 2

3
.. .

12
+ + = 

a
S S  

9. a)
4

9
;   b)  

21

99
;  c)  

289

900
.  10.  a) np R=  ;  

2 1
.

2 2
n n

R
S


=  ;  b)  lim np R=  ;  lim 0nS = .  

11.  a)   ;  b)  +  .  12. a)   ;    b)  +  .   
13.  a) +  ;  b)  +  .  15. a) +  ;    b)    .  

16.  a) 0 ;    b)  +  ;   c)  
2

2
;  d)  

2

3
 .  

17.  a) +  ;  b)  +  ;  c)    ;  d)  +.  18.  a)  
1

2
;  

b)  +  ;  c)  +  ;  d)  0 ;  e)  
1

2
  ;  f)  

1
.

3
 1. 1u =19 ;  

2

5
q = .  20.  a)  +  ;  

b)  
2

4 4 4

3 3 9 3 9n

S S
S S

    
= + +    

    
 + . . .  +

1
4

3 9

n
S


   
   
   

 

vi 
2 3

4

a
S =   ; 22 3

lim .
5nS a=  21.  a)  5 ;  

b)  
1
.

2
 22.  a)  0,  0,  1  v 0 ;  b)  khng tn ti.   

23.  a)  37  ;  b)  0 ;  c)  1  ;  d)  
1

54
 ;  e)   1  ;  f)  3.  

24.  a)  0 ;  b) 2 ;  c) 
1

3
;  d) 

1
.

3
  25.  a) 

1

2
;  b) 0.   

26.  a) 0 ;  b) 10 ;  c) + ;  d) .  27.  a) 1  ;   b) 1  ;   

c) Khng tn ti.  28.  a) 2 ;  b) 0 ;  c)  0 ;  d)  
6
.

6
  

29. 3 ;  3  v 3.  30.  a)  5  ;  b) 
7

8
;  c) 

2

2
; d) 2 ; e) 3 ; 

f) 3. 31. a) 
3 2

2
 ; b) 9 ;  c) 16 ; d) 1. 32. a) 1  ;  b) 2 ;  

c)  
1

2
;  d)  0.  33.  5  ;  3  ;  Khng tn ti.  34.  a)    ;  

b)  +.  35.  a)  +  ;  b)    ;  c)    ;  d)  .  
36.  a)  +  ;  b)  +.  37.  a)    ;  b)  .  38.  a)  3  ;  

b)    ;  c)  +  ;  d)  0.  39.  a)  0 ;  b) 
2
.

3
 40.  a)  0 ;  

b) 1 .  41.  a)  0 ;  b) 0.  42. a) +  ;   

b) 12 ;  c) 
1

6
 ;  d) 

1

4
;  e) +  ;  f) .  43.  a) 

3 3

2
 ;  

b)  
1

16
 ;  c)  +  ;  d)  

1

6
  44.  a)  2 ;  b)  2 ;   
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c)   ;  d)  +.  45.  a)  +  ;  b)  
1

2
;  c)  0 ;  d)  +.  

55.  a)  +  ;  b)  
1

2
 ;  c)    ;  d)  +.  56.  a)  +  ;  

b)  
1
.

3
  57.  a)  

2

3
;  b) 81 .   

58. 1.  HD.  
1

1 .
1nu n

= 
+

 59.  a) 
3

2
 ;  b)  

1

2
  ;  

c)  +  ;  d) +  ;  e)  0 ;  f)  
1
.

2
  60.  f lin tc trn 

.  61.  
1
.

6
m =   63.  a)  (B)  ;  b)  (C) ;  c)  (A) ;  

d)  (B).  64.  a)  (D) ;  b)  (C) ;  c)  (C) ;  d)  (C).  

65.  a)  (B) ;  b)  (D) ;  c)  (B).  66.  a)  (C) ;  b)  (D) ;  

c)  (A).  67.  a)  (C) ;  b)  (D)  ;  c)  (A).  68.  a)  (B)  ;  

b)  (B) ;  c)  (D).  69.  a)  (A) ;  b)  (B) ;  c)  (C) ;  

d)  (C).  70.  a)  (C) ;  b)  (D) ;  c)  (B).  71.  (B).  

Ch ng V 

1.  a)  3  ;  b)  0,19.   2.  a)  2 ;  b)  5.   3.  a)  a  ;  

b)  axo.   4.  a)  5  ;  4,1  v  4,01 .  b)  4.    

5.  a) y  = 3x + 2 ;  b) y = 4(3x  4) ;  c) y = 3x  2.    

6.  a)  49,49 m/s ;  49,049 m/s v    49,005  m/s ;  
b) 49 m/s.   

7.  f '(1 ) = 5  ;  f '(2) = 80 ;  f '(2)  = 80.    

8.  a) 2ax ;  b) 3x
2
 (x   R).  

9.  a) 
2

2

(2 1)x




 vi 

1

2
x   ;  b) 

1

2 3 x




 vi 

x < 3.  10.  a)  f '(3)  = 27,   f '(4) = 48  ;   

b)  f '  (1 )  = 
1

2
 ;  f '(9)  = 

1

6
   

11.  a)  Mnh  sai ;  b)  Mnh  ng.  12.  

f' (x1)  < 0 ;  f' (x2)  = 0 ;  f' (x3)  > 0.   

14. b) Khng tn ti f '(0)  ;  c) Mnh  sai.   

15.  H m s gin on ti x1  v  x3,  lin tc ti x2  

v  x4  ;  c o h m ti x4  v  f '(x4) = 0.   

16.  a) 1  ;  b)  10 ;  c)  8.   

17.  a) 5x
4
  12x

2
 + 2 

3

2 x
  ;  b) 2x

3
 + 2x  

1

3
 ;  

c)  x
3
   x

2
 + x 1  ;  d)  

a

a b+
.  

18.  a) 2x(x
6
 + 1 )(7x

6
 + 1 )  ;  b)  4x(3x

2
 + 1 )  ;   

c)  
2

2 2

2( 1)

( 1)

x

x

 +


;  d)  

2

2 2

5 6 8

( 1)

x x

x x

 + +

+ +
;  

e)  
2

( 2)

( 1)

x x

x

+

+
;  f)  2(9x

2
 + x 1 ).  

19.  a)  32(x   x
2
)
31
(1    2x)  ;  b)  

2

3

2x x
 ;   

c)  
3

3

2 (1 )

x

x




;  d)

2

2 2 3( )

a

a x
.   

20.  x < 0 hoc x   
3 5

2

+
.   21. a) x < 0 hoc 

x > 2 ;  b)  1    2    x   1  + 2 .   
22.  a)  1 5,162x  ;  2 1,162x    ;  b) 1 1x =  ;  

2 3, 449x  ;  3 1, 449 .x    

23.  a)  
2

2 2

2 6 25

( 5 5)

x x

x x

  +

 +
;  b)  

2 6

5(2 1)

( 1)

x

x x

 

 +
;  

c) 
3

2
2

x x+   ;  d) 2(x + 2) (x + 3)
2
 (3x

2
 + 11x + 9) ;  

e)  
2

2
2

1

1
2

x

x
x

x



+
 (hay 

2

3 2

1

2 ( 1)

x

x x



+
).    

24.  a) y  = 2x  1  ;  b) y  =
6

4

x +
.   25.  y =  2x  1 .   

26.  x0    0,4142 ;  x1    0,7321  ;  x2  = 1  ;   

x3    1 ,2361 .   27.  t = 20s ;  y(20) = 1960m.   

28.  a)
2

5
 ;  b)  

1

2
;  c)  1 .   

29.  a) 5cosx + 3sinx ;  b) (2x   3)cos(x
2
   3x + 2) ;  

c) 
sin 2 1

2 1

x

x

+


+
;  d)  2(4cos 8x   cos 2x)  ;  

e)  
2

2

(sin cos )x x



;  f)  

sin 2

cos 2

x

x
 .   

31.  a) 
2

1

1
2 cos

2

x +
 ;   

b) ( )2 2

2
1 cot ( 1)

1

x
x

x

 + +
+

;  

c) 
2

4 2

3sin 2

cos sin 2

x

x x
  d) 

2

12

sin 6x
  ;  
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e)  
2

1

cos 1 2 tanx x+
 ;   

f)  cotx   
2sin

x

x
.  

33.  a)  (xcos x   sinx)
2 2

1 1

sinx x

 
 

 
 ;   

b)  
2 2

2

sin 2 2 sin (1 tan 2 )

1 tan 2 (1 tan 2 )

x x x

x x

+


+ +
 ;   

c)  
2

cos

cos (sin )

x

x
 ;  d)  

2 2

2 2

sin 2( 1) 4

2 sin ( 1)

x x

x

 


 ;   

e)  
2 sin 8

8

x

x

 

 
 ;  f)

2 sin 3 3 cos 3

2 sin 3

x x x

x

+
    

34.  2
.   

35.   a)  2
2

k


+   ;  2
6

k


+   ;  
7

6


 + k2  ;  

b) 
1

2
(  + 

2


+ k2)  trong  cos   = 

4

5
 v  

sin  = 
3

5
.  

c) 
2

k


+  ;  2
6

k


+   ;  
5

2
6

k


+  ;  d) 
4 2

k
 

+ .  

36.
1

( 4 2 )
16

x k=  + +  .   37.   31 ,41593 mA.  

38. a) m = 1 ; b) m = 
3 2

2 1

 


 . 39.  0,01 ;  0,001.  

40.  a)  
1

2( )a b x+
dx ;  b)  (sin x + x cos x)dx ;   

c)  (2x + sin2x)dx ;  d)  
2

4

3 sin
d

cos

x
x

x
.   

41.  a)    1 ,0005 ;  b)    0,998  ;  c)    0,7009.    

42.  a)  24   1 6cos 2x ;  b)  16sin2x.  

c)  f '(x)  = 6(x + 10)
5
 ;  f ' '(x)  = 30(x + 10)

4
 ;  

f ' ' '(x)  = 1 20(x + 10)
3
 ;  f

 (4)
(x)  = 360(x + 10)

2
 ;  

f 
(5)

(x) = 720(x + 10) ;  f 
(6)

(x)  = 720 ;  f 
(n)

(x) = 0 

(n    7).   

44.  a)  a(4)  = 32 m/s
2
 ;  b)  a  (1 )  = 14 m/s

2
.   

45.  a) dy  = 
4 2

3 3

6(2 cos 3 1 2 cos 3 )
d

sin 3 cos 3

x x
x

x x

+ 
.    

b)  dy  = 
2

sin 4
d

cos 2 1

x
x

x


+

.  

46.  a)    0,222 ;   b)    0,566.  

47. a) f '(x) = 1  + tan
2
x ;  f "(x) = 2tanx (1  + tan

2
x) ; 

f
(3)

(x)  = 2(1  + tan
2
x)

2
 + 4tan

2
x (1  + tan

2
x).   

49.  a) 2x
3
 + 5x

2
   

1

2x
 ;   

b)  
2 2

2

2 3

( 1)

x x a

x

 + 


;  c)  x

2
sinx ;   

d)  
3 2 2

sin
2

cos cos

x x

x x

 
+ 

 
.   

51.  a)  cos x ;  b)  128cos 4x   648cos 6x ;   

c)  y'  = 5(4   x)4  ;  y' '  = 20(4   x)3  ;  y' ' '  = 60(4 

  x)2  ;  y(4)  = 120(4   x)  ;  y(5)  = 120 ;  y(n)  = 0 

(n    6)  ;  d) 
1

( 1) . !

(2 )

n

n

n

x
+



+
;  e) 

1

( 1) ! 2

(2 1)

n n

n

n

x
+



+
;  

f) 
2 1

( 1) . 2 . cos 2
 n n

x .  

52.      0,0059.   53. a) y  = 2(4x   3)  v  y  

 = 2(4x + 3)  ;  b) y  = 1  ;  c)  2 (4 3)y x=   ;  

d)  y  = 2(4x   3)  v  y  =   2(4x + 3).   

54.
3

; 4
4

 
 

 
.  55. P(x)  = 21 1 3

4 2 4
x x  .    

56.  y = x 
1

4
.  57. a) 9 m/s ;  b) 12 m/s

2
 ;   

c) 12 m/s
2
 ;  d)  12 m/s.  

58.  a)  ng ;  b)  sai ;  c)  sai.   59. (A).  60. (C).   

61.  (B).  62.  (D).   

63.  a)  cot x  ;  b)  ( )cos sin
n

x x+  ;  c)  y  = tanu  

v   u  = 3x ;  d)  y  = u  v   u  =  cosx.  

 

n tp cui nm 

1.  a)  sin
8


 = 

1
2 2

2
  ;  

cos
8


 = 

1
2 2

2
+ .  
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b) C  = 4 2 2  

2.  
6

x k


=  +   

3. a) 2 2 ;  b)  4 ;  c)  4   2 2 .  

4.  a)  x = 
8


 + k

4


 ;  

b)  x = 
4


 + k

2


,  x = 

6


 + k  ;  

c)  x = k
2


.  HD :  cos 3x = cos (x +  2x)  ;  

d)  x = 
8 2

k
 

+  ;  .x k=   

5.  a)  x =   a    40o  + k360o  vi cos a  = 
3

4
.  

b)  x = 
12


+ k  ,  x = 

48


 + k

4


.  

c)  x = 
4


 +  k,  x = arctan 2 + k  .  

6.  a)  x = k2.  HD :  t y  =
1

cos x
.  

b)  x =   + k2,  x = 
4


 +  k.  

HD :  tan
2
x = 

2

2

1 cos

1 sin

x

x




.  

c)  x = 
3

k
.  

7. a) 3!  = 6 tr ng hp.  b)  18  tr ng hp.  

8. 
( 1)

.
2

n n 
 9.  a)  

2
6
2
16

C

C

 = 
1

8
 ;  

2
16

6 . 7

C

=
7

20
.  

b)  
3
3
3
16

C

C

 = 
1

560
 ;  

6 . 7 . 3

560
 =

9

40
.  

10.  a)  5,96 ;  b)  48 . 5,96 = 286,08.  

11.  b)  HD :  Chng minh bng quy np.  

12.  a)  Chng minh bng quy np ;  

b) HD :  2
2(n+1)+1   > 22n+1  ;  

13.  a)  un  = 7    2n  ;  b)  S100  = 9400.  

14.  a) un  = 2.3
n1

 ;  b)  S10  = 3
10
   1 .  

15.  (x ;  y)  = (3 ; 1) ,  (x ;  y)  =
6 2

;
13 13

 
  

 
.   

16.  a) 1  ;  b)  0 ;  c)  +  ;  d)  
8

5
.  17. a) +  ;  

b)    ;  c)
1

2
;  d)  1 .  18.  u1  = 12 ;  q = 

1

5
 hoc 

u1  = 3  ;  q =
4

5
.   19. a) 2 ;  b)

1

10
;  c)  1  ;  d)  0 ;  

e)    ;  f) 2 ;  g)  +  ;  h)  0 ;  i)  2.  

20.  HD :  Do tnh lin tc ca hm s 

    f(x)  = x
3
 + ax

2
 + bx + c 

v  lim  f(x)   = +,  lim  f(x)   = .  

21.  a)
3 2

2

2

( )

ax bx c

a b x

+ 

+
;  

b)  
3

3 2

3 4

1 1
12 3x x

x x

   
 + +   

   
;  

c)  2 2(3 cos sin 2 )x x x x ;  d)  
2

2

cos 4

4

x x

x

+

+
 

e)  
2

2 2

1

1 1
2 cos 1 tan

x

x x x
x x



   
+ + +   

   

.  

22.  a) m  = 
1

3
 ;  b)  m  < 0 ;  c)  m  >

1

3
.  

23.  a) x =   + k2  ;  x = 
3


 + k2  ;  

b)  x = k
2

3


 ;  x = 

2

3


+  k

2

3


 vi tan  = 2.  

24.  a)  y  = 
2

1 2
x

aa
+  ;  

b)  HD :  I (2a  ;  0),  
2

0 ;J
a

 
 
 

.  c)  2OIJS =  (n 

v din tch).  25.  4   x   8 .   
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Bng tra cu thut ng 

thut ng trang 

Bng phn b xc sut 87 

Bin c 70 

Bin c chc chn 71  

Bin c c lp 81  

Bin c i 79 

Bin c khng th 71  

Bin c xung khc 78  

Bin ngu nhin ri rc 86 

Cp s cng 1 10 

Cp s nhn 1 16 

Chnh hp 58  

Cng bi 1 16 

Cng sai 1 10 

Cng thc nh thc Niu-tn 64 

Dng v nh 163  

Dy s 101  

Dy s b chn 104 

Dy s b chn d i 104 

Dy s b chn trn 104 

Dy s c gii hn hu hn 131  

Dy s c gii hn 0  1 29 

Dy s c gii hn +  1 39 

Dy s c gii hn    1 39 

Dy s c gii hn v cc 139 

Dy s gim 104 

Dy s hu hn 102 

Dy s khng i 109 

Dy s tng 104 

Dy s v hn 101  

o hm cp cao 218 
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thut ng trang 

o hm cp hai 216 

o hm cp mt 216 

o hm ca hm s hp 201  

o hm ca hm s ti mt im 185 

o hm ca hm s trn mt khong 189 

 lch chun 89 

 ng hnh sin 7  

 ng tim cn (ca  th hm s tan , cot )y x y x= =  1 2 

Gia tc tc thi  217 

Gi thit quy np 98 

Giao ca hai bin c 81  

Giao ca k  bin c 81  

Gii hn v cc ca hm s  ti mt im 147 

Gii hn ca hm s ti mt im  145  

Gii hn ca hm s ti v cc 147 

Gii hn 
sin

lim
0

x

xx
 1 53, 206  

Gii hn mt bn 155  

Gii hn bn phi 155  

Gii hn bn tri 156 

Hm s c o hm trn mt khong 189 

Hm s hp 201  

Hm s lin tc 168  

Hm s lin tc ti mt im 168 

Hm s lin tc trn mt on 169 

Hm s lin tc trn mt khong 169 

Hm s lin tc trn mt na khong 170 

Hm s tun hon 1 3  

Hm s tun hon vi chu k T 1 3  

Hm s trung gian 201  
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thut ng trang 

H thc truy hi 103  

Hon v 56 

Hp ca hai bin c 78  

Hp ca k  bin c 78  

Kt qu thun li cho bin c A  71  

Khng gian mu  70 

K vng 88  

Php th ngu nhin 70 

Ph ng php quy np ton hc 97 

Ph ng sai 89 

Ph ng trnh bc nht i vi sin x  v  cos x  35  

Ph ng trnh l ng gic c bn 19 

Ph ng trnh thun nht bc hai i vi sin x  v cos x  37  

Ph ng trnh tip tuyn 187 

Quy tc cng  52 

Quy tc cng xc sut 78  

Quy tc nhn 53  

Quy tc nhn xc sut 81  

S gia ca bin s  1 85  

S gia ca hm s  1 85  

S hng ca dy s 101  

S hng tng qut ca dy s 103  

Tam gic Pa-xcan 66 

Tip im 187 

Tip tuyn 187 

T hp 59 

Vn tc tc thi  1 88 

Vi phn 213,  215  

Xc sut ca bin c 71  
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Mc lc 

          Trang 

Ch ng I.       hm s l ng gic v ph ng trnh l ng gic  

1 .  Cc hm s l ng gic 4  

2.  Ph ng trnh l ng gic c bn 19  

3 .  Mt s dng ph ng trnh l ng gic n gin 33  

Cu hi v  bi tp n tp ch ng I  47 

Ch ng II.         t hp v xc sut 

A. T hp  

1 .  Hai quy tc m c bn 51  

2.  Hon v,  chnh hp v  t hp 56 

3.  Nh thc Niu-tn 64 

B. Xc sut  

4.  Bin c v  xc sut ca bin c 69  

5.  Cc quy tc tnh xc sut 78  

6.  Bin ngu nhin ri rc 86 

Cu hi v  bi tp n tp ch ng II 93   

Ch ng III.   dy s.  cp s cng v cp s nhn 

1 .  Ph ng php quy np ton hc 97  

2.  Dy s 101  

3.  Cp s cng 109 

4.  Cp s nhn 1 15  

Cu hi v  bi tp n tp ch ng III  1 22 
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Ch ng IV.     gii  hn  

A. Gii hn ca dy s  

1 .  Dy s c gii hn 0 127 

2.  Dy s c gii hn hu hn 130 

3.  Dy s c gii hn v cc 138 

B. Gii hn ca hm s. Hm s lin tc  

4.  nh ngha v  mt s nh l v gii hn ca hm s 145 

5.  Gii hn mt bn 155  

6.  Mt vi quy tc tm gii hn v cc 160 

7.  Cc dng v nh 163  

8.  Hm s lin tc 168 

Cu hi v  bi tp n tp ch ng IV  1 77  

Ch ng V.      o h m 

1 .  Khi nim o hm 184 

2.  Cc quy tc tnh o hm 196 

3.  o hm ca cc hm s l ng gic 206 

4.  Vi phn 213  

5.  o hm cp cao 216 
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