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1.  Php bin hnh 

1   Trong mt phng cho  ng  thng  d v  im M.  Dng hnh  chiu  vung  gc M' 
ca im M ln   ng thng  d.   

Ta  bit rng vi mi im M c mt 
im M' duy nht l hnh chiu vung gc 
ca im M trn  ng thng d cho tr c 
(h.1 .1 ).  

Ta c nh ngha sau.  

nh ngha 

Quy tc t t ng ng mi im M ca mt phng vi mt 

im xc nh duy nht M' ca mt phng   c gi l  

php bin hnh trong mt phng.  
 

Nu k hiu php bin hnh l  F  th ta vit F(M)  = M' hay M' = F(M)  v gi 
im M' l  nh ca im M qua php bin hnh F.  

Nu H  l mt hnh no  trong mt phng th ta k hiu H = F(H ) l tp 

cc im M' = F(M), vi mi im M thuc H .  Khi  ta ni F  bin hnh  H  
thnh hnh  H ,  hay hnh  H  l  nh ca hnh  H  qua php bin hnh F.   

Php bin hnh bin mi im M thnh chnh n  c gi l  php ng nht.   

2   Cho tr c s a  d ng,  vi  mi  im M trong  mt phng,  gi  M' l  im sao cho 
MM' =  a.  Quy tc t t ng  ng  im M vi  im M' nu  trn  c phi  l  mt php 
bin  hnh  khng  ? 

 

 

2. Php tnh tin 

Khi y mt cnh ca tr t sao cho cht ca 
dch chuyn t v tr A  n v tr B  ta thy tng 
im ca cnh ca cng  c dch chuyn 
mt on bng AB  v  theo h ng t A  n B  
(h.1 .2).  Khi  ta ni cnh ca  c tnh tin 

theo vect .AB


  

Hnh 1.1  

Hnh 1 .2 
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H '  

H

I.  nh ngha 

nh ngha 

Trong mt phng cho vect .v  Php bin hnh bin mi im 

M thnh im M' sao cho MM v


 =   c gi l  php tnh tin 

theo vect v  (h.1 .3).  
 

 

Php tnh tin theo vect v  th ng  c k 
hiu l ,vT  v   c gi l  vect tnh tin.   

Nh  vy  

vT (M)  = M'   .MM v =



 

Php tnh tin theo vect -  khng chnh l php ng nht.   
 

V d 

a) Php tnh tin uT  bin cc im A,  B,  C  t ng ng thnh cc im A',  B',  C' 

(h.1 .4a).  

b)  Php tnh tin vT  bin hnh H  thnh hnh H (h.1 .4b).  

 

      

a)                    b)  

 

 

 

 

1   Cho hai  tam gic u  ABE v  BCD  bng nhau 
trn  hnh  1 .5.  Tm php tnh  tin  bin  ba im A ,  B,  
E theo th t th nh  ba im B,  C,  D .   

 

 

 

 

 

Hnh 1.4 

Hnh 1 .3 

Hnh 1 .5 
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V nhng hnh ging nhau c th lt kn mt phng l hng th ca nhiu ho 
s.  Mt trong nhng ng i ni ting theo khuynh h ng  l M-rit Cooc-ne-li 
Et-se (Maurits Cornelis Escher), ho s ng i H Lan (1898   1972).  Nhng 
bc tranh ca ng  c hng triu ng i trn th gii a chung v chng 
nhng rt p m cn cha ng nhng ni dung ton hc su sc.  Sau y l 
mt s tranh ca ng.  

                 

II.  Tnh cht  

Tnh cht 1 

Nu vT (M) = M',  vT (N) = N' th   =

 

MN MN  v  t  suy ra 

M'N' = MN.  
 

Tht vy,    rng MM NN v = =

 

 

v MM v = 



 (h.1 .6),  ta c 

   = + +

   

MN MM MN NN  

.v MN v MN=  + + =

 

  
 

T  suy ra M'N' = MN.   

Ni cch khc,  php tnh tin bo ton khong cch gia hai im bt k.  

T tnh cht 1  ta chng minh  c tnh cht sau.  

Tnh cht 2 

Php tnh tin bin  ng thng thnh  ng thng song song 
hoc trng vi n,  bin on thng thnh on thng bng 
n,  bin tam gic thnh tam gic bng n,  bin  ng trn 
thnh  ng trn c cng bn knh (h.1 .7).  

Hnh 1.6 
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Hnh 1 .7 

2  Nu cch  xc nh  nh  ca  ng thng  d qua php tnh  tin theo vect v .  

III.  Biu thc to  

Trong mt phng to  Oxy  cho 
vect v = (a  ;  b) (h.1 .8).  Vi mi 
im M(x ;  y) ta c M'(x' ;  y')  
l nh ca M qua php tnh tin theo 

vect v .  Khi  MM v =


   

.

x x a

y y b

  =


  =
 T  suy ra 

.

x x a

y y b

 = +


 = +
  

Biu thc trn  c gi l  biu thc to   ca php tnh tin .vT  

3  Trong mt phng to  Oxy  cho vect v  = (1  ;  2).  Tm to  ca im M' l  nh 
ca im M(3  ;  1)  qua php tnh  tin  vT .  

B i tp 

1.  Chng minh rng :  ( ) ( ).v vM T M M T M
 =  =  

2.   Cho tam gic ABC  c G l  trng tm.  Xc nh nh ca tam gic ABC  qua 

php tnh tin theo vect 


.AG  Xc nh im D  sao cho php tnh tin theo 

vect AG


 bin D  thnh A.  

3.  Trong mt phng to  Oxy  cho vect v  = (1  ;  2),  hai im A(3  ;  5), B(1  ;  1 )  
v  ng thng d c ph ng trnh x  2y  + 3  = 0.   

a)  Tm to  ca cc im A',  B' theo th t l  nh ca A,  B  qua php tnh tin 
theo .v  

b)  Tm to  ca im C  sao cho A  l  nh ca C  qua php tnh tin theo .v  

c) Tm ph ng trnh ca  ng thng d' l nh ca d qua php tnh tin theo .v  

Hnh 1.8 
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4.   Cho hai  ng thng a  v b  song song vi nhau.  Hy ch ra mt php tnh tin 
bin a  thnh b.  C bao nhiu php tnh tin nh  th ? 

3. php i Xng trc 

          

 Cha Du  Bc Ninh                             Bn c t ng 
 

Hnh 1.9 

Trong thc t ta th ng gp rt nhiu hnh c trc i xng nh  hnh con 
b m, nh mt tr c ca mt s ngi nh,  mt bn c t ng.. .  .  Vic nghin 
cu php i xng trc trong mc ny cho ta mt cch hiu chnh xc khi 
nim .  

I.  nh ngha  

nh ngha  

Cho  ng thng d.  Php bin 
hnh bin mi im M thuc d 
thnh chnh n, bin mi im M 
khng thuc d thnh M' sao cho d 
l   ng trung trc ca on 
thng MM'  c gi l php i 
xng qua  ng thng d hay php 
i xng trc d (h.1 .10).  

 

 ng thng d  c gi l trc ca php i xng hoc n gin l trc i xng.  

Php i xng trc d th ng  c k hiu l  .d   

Hnh 1.10 
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Nu hnh H l  nh ca hnh H  qua php 

i xng trc d th ta cn ni H  i xng 

vi H qua d,  hay H  v  H i xng vi 

nhau qua d.  
 

V d 1 .  Trn hnh 1 .11  ta c cc im A',  
B',  C' t ng ng l nh ca cc im A,  B,  
C  qua php i xng trc d v ng c li.  

1   Cho hnh thoi  ABCD  (h.1 .1 2).  Tm nh ca cc 
im A,  B,  C,  D  qua php i  xng trc AC.  

Nhn xt 

1 ) Cho  ng thng d.  Vi mi im M,  
gi 0M  l  hnh chiu vung gc ca M trn 

 ng thng d.  Khi   

( )dM  M =    0 0M M M M = 
 

 

2)  ( )dM  M =    ( ).dM  M=  

2  Chng minh  nhn  xt 2.  
 

II.  Biu thc to  

1) Chn h to  Oxy  sao cho trc Ox trng 
vi  ng thng d.  Vi mi im M = (x ;  y),   
gi ( )dM  M =  = (x' ;  y') (h.1 .13) th  

.

x x

y y

 =


 = 
   

Biu thc trn  c gi l biu thc to  
ca php i xng qua trc Ox.  

3  Tm nh  ca cc im A(1  ;  2),  B(0 ;  5)  qua 
php i  xng  trc Ox.   

2) Chn h to  Oxy  sao cho trc Oy  trng vi  ng thng d.  Vi mi  
im M = (x ;  y),  gi ( )dM  M =  = (x' ;  y')  (h.1 .14) th :  

Hnh 1.11  

Hnh 1 .13 

Hnh 1 .12 
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.

x x

y y

 = 


 =
  

Biu thc trn  c gi l biu thc to 
 ca php i xng qua trc Oy.  

4  Tm nh  ca cc im A(1  ;  2),  B(5  ;  0)  
qua php i  xng trc Oy.   

III.  Tnh cht 
Ng i ta chng minh  c cc tnh cht sau.  

Tnh cht 1 

Php i xng trc bo ton khong cch gia hai im bt k.  

5  Chn  h to  Oxy  sao cho trc Ox trng  vi  trc i  xng,  ri  dng  biu  thc to 
 ca php i  xng  qua trc Ox  chng minh tnh cht 1 .  

Tnh cht 2 

Php i xng trc bin  ng thng thnh  ng thng,  bin 
on thng thnh on thng bng n,  bin tam gic thnh 
tam gic bng n,  bin  ng trn thnh  ng trn c cng 
bn knh  (h.1 .15).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                           Hnh 1 .15 
 

IV. Trc i xng ca mt hnh 

nh ngha  

 ng thng d  c gi l  trc i xng ca hnh H  nu 
php i xng qua d bin H  thnh chnh n.   

Khi  ta ni H   l  hnh c trc i xng.  

Hnh 1.14 
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V d 2  

a) Mi hnh trong hnh 1 .16 l hnh c trc i xng.  

                                     
 

                     
 

Hnh 1.16 

b)  Mi hnh trong hnh 1 .17 l  hnh khng c trc i xng.  

                                 

Hnh 1 .17 

6  a) Trong  nhng ch ci  d i  y,  ch no l  h nh  c trc i  xng ?  

h A L o N  G 
 b)  Tm mt s hnh  t gic c trc i  xng.  

B i tp 

1.  Trong mt phng Oxy  cho hai im A(1  ;  2) v B(3  ;  1 ).  Tm nh ca A,  B  v 
 ng thng AB  qua php i xng trc Ox.  

2.  Trong mt phng Oxy  cho  ng thng d c ph ng trnh 3x  y  + 2 = 0.  Vit 
ph ng trnh ca  ng thng d' l  nh ca d qua php i xng trc Oy.   

3.  Trong cc ch ci sau,  ch no l  hnh c trc i xng ?  
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4. php i xng tm   

 

 

 

Quan st hnh 1 .18  ta thy hai hnh 
en v  trng i xng vi nhau qua 
tm ca hnh ch nht.   hiu r loi 
i xng ny chng ta xt php bin 
hnh d i y.   

I.  nh ngha  

nh ngha  

Cho im I.  Php bin hnh bin im I thnh chnh n,  bin 

mi im M khc I thnh M' sao cho I l  trung im ca 

on thng MM'  c gi l  php i xng tm I.  
 

 

im I  c gi l  tm i xng (h.1 .19).  

Php i xng tm I th ng  c k hiu l  I .  

Nu hnh H l  nh ca hnh H  qua 

I  th ta cn ni H i xng vi H  

qua tm I,  hay H  v  H i xng vi 
nhau qua I.   
 

T nh ngha trn ta suy ra 

( )IM =  M  IM IM = 

 

.  

V d 1  

a) Trn hnh 1 .20 cc im X,  Y,  Z 
t ng ng l nh ca cc im D,  E,  C  
qua php i xng tm I v ng c li.  

b) Trong hnh 1 .21  cc hnh A  v  B l  

nh ca nhau qua php i xng tm I,  

cc hnh H  v  H  l  nh ca nhau 

qua php i xng tm I.    

Hnh 1.19 

Hnh 1 .20 

Hnh 1 .18 
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Hnh 1.21                                                   

1  Chng minh  rng   

( ) ( )M  M M  M =  =
I I

.  

2 Cho hnh bnh hnh  ABCD.  Gi  O  l  g iao im ca hai   ng  cho.   ng thng  
k qua O  vung  gc vi  AB,  ct AB   E v  ct CD   F.  Hy ch ra cc cp im 
trn  hnh  v i  xng  vi  nhau  qua tm O.   

II.  Biu thc to  ca php i xng qua gc to  

Trong h to  Oxy  cho M = (x ;  y),  
( )OM =  M  = (x' ;  y'),  khi   

x x

y y

 = 


 = 
 (h.1 .22) 

Biu thc trn  c gi l biu thc 
to  ca php i xng qua gc 
to .  

3 Trong mt phng  to  Oxy  cho im 
A(4 ;  3).  Tm nh  ca A  qua php 
i  xng  tm O.  

III.  Tnh cht 

Tnh cht 1 

Nu ( )I M M=  v  ( )I N N=  th M N MN=  
 

,  t  

suy ra M'N' = MN.  

Hnh 1.22 

I 

H   

H
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Tht vy,  v IM IM = 

 

 

v  IN IN = 

 

 (h.1 .23) nn  

MN IN IM   = 

  

 

( ) ( ) .IN IM IN IM MN=    =   = 

    

  

Do  M'N' = MN.  

Ni cch khc, php i xng tm bo ton khong cch gia hai im bt k.  

4 Chn  h to  Oxy,  ri  dng  biu  thc to  ca php i  xng  tm O  chng 
minh  li  tnh  cht 1 .  

T tnh cht 1  suy ra 

Tnh cht 2 

Php i xng tm bin  ng thng thnh  ng thng song 

song hoc trng vi n,  bin on thng thnh on thng 
bng n,  bin tam gic thnh tam gic bng n, bin  ng 
trn thnh  ng trn c cng bn knh  (h.1 .24).  

 

                 a)          b)                        c)  

Hnh 1.24 

IV. Tm i xng ca mt hnh 

nh ngha  

im I  c gi l  tm i xng ca hnh H  nu php i 

xng tm I bin H  thnh chnh n.  

Khi  ta ni H   l  hnh c tm i xng.  

Hnh 1.23 
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V d 2.  Trn hnh 1 .25  l nhng hnh c tm i xng.  

       

                                   

Hnh 1 .25 

5 Trong cc ch sau,  ch n o l  hnh  c tm i  xng  ?  
H A n  O i  

6 Tm mt s hnh  t gic c tm i  xng.  

B i tp 

1.  Trong mt phng to  Oxy  cho im A(1  ;  3)  v  ng thng d c ph ng 
trnh x  2y  + 3  = 0.  Tm nh ca A  v  d qua php i xng tm O.  

2.  Trong cc hnh tam gic u,  hnh bnh hnh, ng gic u,  lc gic u,  hnh 
no c tm i xng ?   

3.  Tm mt hnh c v s tm i xng.  

5.  php quay   

                               

Hnh 1 .26 

S dch chuyn ca nhng chic kim ng h,  ca nhng bnh xe rng c a 
hay ng tc xo mt chic qut giy cho ta nhng hnh nh v php quay m  
ta s nghin cu trong mc ny.  
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I.  nh ngha 

nh ngha 

Cho im O v  gc l ng gic  .  Php bin hnh bin O 

thnh chnh n,  bin mi im M khc O thnh im M' sao 

cho OM' = OM v  gc l ng gic (OM; OM') bng    c 

gi l  php quay tm O gc   (h.1 .27).  
 

 

 

 

im O   c gi l  tm quay  cn    c gi 
l gc quay  ca php quay .  

Php quay tm O  gc   th ng  c k hiu 
l ( , )OQ


.   

V d 1 .  Trn hnh 1 .28 ta c cc im A',  B',  
O  t ng ng l nh ca cc im A,  B,  O  qua 

php quay tm O,  gc quay 
2



   

1  Trong hnh  1 .29 tm mt gc quay thch  hp  
php quay tm O  

   Bin  im A  th nh  im B  ;  

   Bin  im C  th nh  im D.   

 

 

 

 

 

 

 

 

 

 
 

Nhn xt 

1 ) Chiu d ng ca php quay l  chiu d ng ca  ng trn l ng gic 
ngha l  chiu ng c vi chiu quay ca kim ng h.    

     

Chiu quay d ng     Chiu quay m 

Hnh 1 .28 

Hnh 1 .30 

Hnh 1 .29 

Hnh 1 .27 

A
B

C

D O
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  B                     A  

Hnh 1.31  

2 Trong hnh  1 .31  khi  bnh  xe A  quay theo chiu  d ng  th bnh  xe B  quay theo 
chiu  no ?  

 

 

2) Vi k l s nguyn ta lun c 

Php quay ( ,2 )O k
Q


 l php ng nht.  

Php quay ( ,(2 1) )O k
Q

+ 
 l  php i 

xng tm O  (h.1 .32).  

3 Trn  mt chic ng  h t lc 1 2 gi n  1 5 gi kim gi v  kim pht  quay mt 
gc bao nhiu   ?   

                                                   

                   Hnh 1 .33 

 

II.  Tnh cht 

Quan st chic tay li (v-lng) trn tay ng i li 
xe ta thy khi ng i li xe quay tay li mt gc 
no  th hai im A  v  B  trn tay li cng quay 
theo (h.1 .34).  Tuy v tr A  v B  thay i nh ng 
khong cch gia chng khng thay i.  iu  
 c th hin trong tnh cht sau ca php quay.   

Hnh 1.32 

Hnh 1.34 
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 Tnh cht 1 

Php quay bo ton khong 

cch gia hai im bt k.  

 

 

 

 

 

 

 

                Hnh 1 .35 

Php quay tm O,  gc (OA ; OA')  bin im A th nh A',  

                                     B th nh B'.  Khi  ta c A'B' =  AB.  

Tnh cht 2 

Php quay bin  ng thng thnh  ng thng, bin on thng 

thnh on thng bng n, bin tam gic thnh tam gic bng n, 

bin  ng trn thnh  ng trn c cng bn knh (h.1.36).  

 
                               Hnh 1.36 

Nhn xt 

Php quay gc  vi 0 < <  ,  bin 
 ng thng d thnh  ng thng d  
sao cho gc gia d v  d  bng   

(nu 0
2




<  ),  hoc bng    

(nu 
2



 <  )  (h.1 .37).   

 

4  Cho tam gic ABC  v  im O.  Xc nh  nh  ca tam gic  qua php quay tm O  

gc 60o.  

Hnh 1.37 
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B i tp  

1.  Cho hnh vung ABCD  tm O  (h.1 .38).  
a)  Tm nh ca im C  qua php 

quay tm A  gc o90 .  

b)  Tm nh ca  ng thng BC  qua 

php quay tm O  gc o90 .  

2.  Trong mt phng to  Oxy  cho im A(2 ;  0)  v  ng thng d c ph ng 

trnh x + y   2 = 0.  Tm nh ca A  v  d qua php quay tm O  gc o90 .  
 

6. KhI  nim v php di hnh 
v  hai  hnh bng nhau  

I.  khI nim v php di hnh 

Cc php tnh tin, i xng trc, i xng tm v php quay u c mt tnh 
cht chung l  bo ton khong cch gia hai im bt k.  Ng i ta dng tnh 
cht   nh ngha php bin hnh sau y.  

nh ngha  

Php di hnh l  php bin hnh bo to n khong cch gia 

hai im bt k.  
 

Nu php di hnh F bin cc im M,  N ln l t thnh cc im M',  N' th 
MN = M'N'.  

Nhn xt 

1 ) Cc php ng nht,  tnh tin,  i xng trc,  i xng tm v php quay 
u l nhng php di hnh.  

2)  Php bin hnh c  c bng cch thc hin lin tip hai php di hnh 
cng l mt php di hnh.  

 

V d 1  

a) Tam gic A'B''C'' l nh ca tam gic ABC  qua php di hnh (h.1 .39a).  

b)  Ng gic MNPQR  l  nh ca ng gic M'N'P'Q'R' qua php di hnh  
(h.1 .39b).   

Hnh 1.38 
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c) Hnh H  l  nh ca hnh H  qua php di hnh (h.1 .40).  

         

a)        b)  

Hnh 1.39 

                                                                             

          Hnh 1 .40 

1  Cho hnh  vung  ABCD ,  gi  O  l  g iao 
im ca AC  v  BD .  Tm nh ca cc 
im A ,  B,  O  qua php di  hnh c  c 
bng  cch  thc hin  l in  tip php quay 

tm O  gc 90o  v  php i  xng  qua 
 ng  thng  BD  (h.1 .41 ).   

 

 

V d 2.  Trong hnh 1 .42 tam gic 
DEF l  nh ca tam gic ABC  qua 
php di hnh c  c bng cch thc 
hin lin tip php quay tm B  gc 

o90  v php tnh tin theo vect 

v C F=



 = (2 ;  4).   
 

 

H

H '

Hnh 1.41  

Hnh 1 .42 
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II.  Tnh cht 
Php di hnh :  

1 )  Bin ba im thng hng thnh ba im thng hng v  bo 
ton th t gia cc im ; 

2)  Bin  ng thng thnh  ng thng,  bin tia thnh tia,  
bin on thng thnh on thng bng n ;  

3)  Bin tam gic thnh tam gic bng n,  bin gc thnh gc 
bng n ;  

4)  Bin  ng trn thnh  ng trn c cng bn knh.  

2 Hy chng minh  tnh  cht 1 .   

Gi .  S dng  tnh  cht im B  nm 
gia hai  im A  v  C  khi  v  ch khi  
AB + BC = AC  (h.1 .43).  

3 Gi  A',  B' ln  l t l  nh  ca A,  B  qua php di  hnh  F.  Chng minh  rng  nu  M l  
trung  im ca AB th M' = F(M)  l  trung  im ca A'B'.  

  Ch .  a)  Nu mt php di hnh bin tam gic ABC thnh tam gic A'B'C' 
th n cng bin trng tm,  trc tm,  tm cc  ng trn ni tip,  ngoi tip 
ca tam gic ABC t ng ng thnh trng tm,  trc tm,  tm cc  ng trn 
ni tip,  ngoi tip ca tam gic A'B'C' (h.1 .44).  

 
Hnh 1.44 

b) Php di hnh bin a gic n cnh thnh a 
gic n cnh,  bin nh thnh nh,  bin cnh 
thnh cnh.  

V d 3.  Cho lc gic u ABCDEF,  O  l tm 
 ng trn ngoi tip ca n (h.1 .45).  Tm nh 
ca tam gic OAB  qua php di hnh c  c 
bng cch thc hin lin tip php quay tm O,  

gc 60o  v php tnh tin theo vect .OE


  
Hnh 1.45 

Hnh 1 .43 
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Gi php di hnh  cho l  F.  Ch cn xc nh nh ca cc nh ca tam 

gic OAB  qua php di hnh F.  Ta c php quay tm O,  gc o60  bin O,  A  v 

B  ln l t thnh O,  B  v  C.  php tnh tin theo vect 


OE  bin O,  B  v  C  ln 
l t thnh E,  O  v  D.  T  suy ra F(O)  = E,  F(A) = O,  F(B)  = D.  Vy nh 
ca tam gic OAB  qua php di hnh F  l  tam gic EOD.  

4 Cho hnh  ch nht ABCD .  Gi  E,  F,  H,  I theo 
th t l  trung im ca cc cnh  AB,  CD ,  BC,  
EF.  Hy tm mt php di  hnh  bin  tam gic AEI 
th nh  tam gic FCH (h.1 .46).  

 

 

 

 

 

 

 

III.  Khi nim hai hnh bng nhau 

 

                             H         H 

 

Hnh 1 .47 

Quan st hnh hai con g trong tranh dn gian (h.1 .47),  v sao c th ni hai 

hnh H  v  H  bng nhau ?  

Chng ta  bit php di hnh bin mt tam gic thnh tam gic bng n.  

Ng i ta cng chng minh  c rng vi hai tam gic bng nhau lun c mt 

php di hnh bin tam gic ny thnh tam gic kia.  Vy hai tam gic bng 

nhau khi v  ch khi c mt php di hnh bin tam gic ny thnh tam gic 

kia.  Ng i ta dng tiu chun   nh ngha hai hnh bng nhau.  

nh ngha 

Hai hnh  c gi l  bng nhau nu c mt php di hnh 

bin hnh ny thnh hnh kia.  

Hnh 1.46 
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V d 4 

a) Trn hnh 1 .48,  hai hnh thang ABCD  v A''B''C''D'' bng nhau v c mt 

php di hnh bin hnh thang ABCD  thnh hnh thang A''B''C''D''.  

 
 

 

Hnh 1.48 

 

b)  php tnh tin theo vect v  bin 

hnh A  thnh hnh B,  php quay 

tm O  gc o90  bin hnh B thnh 

hnh C.  Do  php di hnh c 
 c bng cch thc hin lin tip 
php tnh tin theo vect v  v php 

quay tm O  gc o90  bin hnh A  

thnh hnh C.  T  suy ra hai hnh 

A  v C bng nhau (h.1 .49).    

5 Cho hnh ch nht ABCD.  Gi  I l  giao im ca AC v  BD.  Gi E,  F theo th t l  
trung im ca AD  v  BC.  Chng minh rng cc hnh thang AEIB v  CFID  bng nhau.  

B i tp 

1.  Trong mt phng Oxy  cho cc im A( 3  ;  2),  B( 4 ;  5)  v  C( 1  ;  3).   

a)  Chng minh rng cc im A'(2 ;  3),  B'(5  ;  4)  v C'(3  ;  1 )  theo th t l  nh 

ca A,  B  v C  qua php quay tm O  gc o90 .  

b)  Gi tam gic 1 1 1A B C  l nh ca tam gic ABC  qua php di hnh c  c 

bng cch thc hin lin tip php quay tm O  gc o90  v  php i xng 
qua trc Ox.  Tm to  cc nh ca tam gic 1 1 1 .A B C  

Hnh 1.49 

B 

A

C 

O 

v
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2.  Cho hnh ch nht ABCD .  Gi E,  F,  H,  K,  O,  I,  J ln l t l  trung im ca cc 
cnh AB,  BC,  CD,  DA,  KF,  HC,  KO.  Chng minh hai hnh thang AEJK v 
FOIC  bng nhau.   

3.  Chng minh rng :  Nu mt php di hnh bin tam gic ABC  thnh tam gic  
A'B'C' th n cng bin trng tm ca tam gic  ABC  t ng ng thnh trng tm 
ca tam gic  A'B'C'.  

7.  Php v  t 

I.  nh ngha 

nh ngha 

Cho im O v  s k 0.  Php bin hnh bin mi im M 

thnh im M' sao cho  =

 

.OM k OM   c gi l  php v t 

tm O,  t s k (h.1 .50).  

 

Hnh 1 .50 

Php v t tm O,  t s k th ng  c k hiu l  ( , )O kV .    

                            

           a)                          b)  
 

 

V d 1  

a) Trn hnh 1 .51a cc im A',  B',  O  ln l t l nh ca cc im A, B,  O  qua 
php v t tm O  t s 2.  

b) Trong hnh 1 .51b php v t tm O,  t s 2 bin hnh H  thnh hnh H .  

Hnh 1.51  

H

H '   

O
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1  Cho tam gic ABC.  Gi  E v  F  t ng  ng  l  trung im ca AB  v  AC.  Tm mt 
php v  t bin  B  v  C  t ng  ng  thnh  E v  F.  

Nhn xt 

1 ) Php v t bin tm v t th nh chnh n.  

2)  Khi k = 1 ,  php v t l  php ng nht.  

3)  Khi k = 1 ,  php v t l  php i xng qua tm v t.  

4)  M' = ( , )O kV (M)    M = 1
( , )

( ').
O

k

V M  

2  Chng minh  nhn  xt 4.  

II.  tnh cht  

Tnh cht 1  

Nu php v t t s k bin hai im M, N tu  theo th t 

th nh M',  N' th   =

 

.MN k MN  v  M'N' = |k| .MN.  

Gi O  l  tm ca php v t t s k.  Theo nh 

ngha ca php v t ta c :  OM kOM =

 

 v  

ON kON =

 

 (h.1.52). Do  :  

    =  = 

    

MN ON OM kON kOM  

= ( ) .k ON OM kMN =

  

 

T  suy ra M'N' = |k|  MN.   

V d 2.  Gi A',  B',  C' theo th t l  nh ca A,  B,  C  qua php v t t s k.  

Chng minh rng ,AB tAC=

 

 t     .A B tA C    =

 

 

Gi O  l  tm ca php v t t s k,  ta c A B kAB  =

 

,  .A C kAC  =

 

 Do  :  

1 1
AB tAC A B t A C

k k
   =  =

   

 A B tA C    =

 

.  

3   rng  :  im B  nm gia hai  im A  v  C  khi  v  ch khi  ,AB tAC=

 

 0 1 .t< <  
S dng  v d  trn  chng minh  rng  nu  im B  nm gia hai  im A  v  C  th 
im B' nm gia hai  im A' v  C'.   

Hnh 1.52 
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Tnh cht 2 

Php v t t s k :  

a)  Bin ba im thng hng thnh ba im thng hng v  bo 
ton th t gia cc im y  (h.1 .53).  

b) Bin  ng thng thnh  ng thng song song hoc trng 
vi n, bin tia thnh tia,  bin on thng thnh on thng.  

c)  Bin tam gic thnh tam gic ng dng vi n,  bin gc 
thnh gc bng n  (h.1 .54).  

d)  Bin  ng trn bn knh R thnh  ng trn bn knh |k|R 
(h.1 .55).  

         

Hnh 1 .53       Hnh 1 .54 
 

 

 

Hnh 1 .55 

 

 

 

 

4 Cho tam gic ABC  c A',  B',  C' theo th t 
l  trung  im ca cc cnh  BC,  CA ,  AB.  Tm 
mt php v  t bin  tam gic ABC  th nh  tam 
gic A'B'C' (h.1 .56).   

 

 

V d 3.  Cho im O  v   ng trn (I ;  R).  Tm nh ca  ng trn  qua 
php v t tm O  t s 2.  

Hnh 1.56 
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Ta ch cn tm I' = ( , 2) ( )OV I  bng cch ly trn tia i ca tia OI im I' sao 

cho OI' = 2OI.  Khi  nh ca (I ;  R)  l (I' ;  2R)  (h.1 .57).  

 

Hnh 1 .57 

III.  Tm v t ca hai  ng trn 

Ta  bit php v t bin  ng trn thnh  ng trn.  Ng c li,  ta c nh 
l sau 

nh l 

Vi hai  ng trn bt k lun c mt php v t bin  ng 

trn ny thnh  ng trn kia.  
 

Tm ca php v t   c gi l  tm v t ca hai  ng trn.  
 

Cch tm tm v t ca hai  ng trn 

Cho hai  ng trn (I ;  r)  v  (I' ;  r').  
C ba tr ng hp xy ra :  

  Tr ng hp I trng vi I'  

Khi  php v t tm I t  s 
R

R


 v  php v 

t tm I t s 
R

R
 bin  ng trn (I ;  R)  

thnh  ng trn (I ;  R )  (h.1 .58).   

  Tr ng hp I khc I' v  r    r'.  

Ly im M bt k thuc  ng trn (I ;  r),   ng thng qua I' song song vi 
IM ct  ng trn (I' ;  r')  ti M' v  M".  Gi s M,  M' nm cng pha i vi 
 ng thng I I  cn M,  M'' nm khc pha i vi  ng thng I .I  Gi s 

Hnh 1.58 



 28 

 ng thng MM' ct  ng thng I I  ti im O  nm ngoi on thng I ,I  

cn  ng thng MM'' ct  ng thng I I  ti im O 1  nm trong on 

thng I I  (h.1 .59).  

 
Hnh 1.59 

Khi  php v t tm O  t s k = 
R

R


 v  php v t tm 1O  t s 1

R
k

R


=   s 

bin  ng trn (I ;  R)  thnh  ng trn (I' ;  R').  Ta gi O l  tm v t ngoi 

cn 1O  l  tm v t trong ca hai  ng trn ni trn.  

  Tr ng hp I khc I' v  R = R'.  

Khi  MM' // I I  nn ch c 
php v t tm 1O  t s 

k = 
R

R
 = 1  bin  ng trn 

(I ;  R) thnh  ng trn (I' ;  R').  
N chnh l  php i xng tm 

1O  (h.1 .60).   

V d 4  

Cho hai  ng trn (O  ;  2R)  v  (O' ;  R)  nm ngoi nhau.  Tm php v t bin 
(O  ;  2R) thnh (O' ;  R).   

 

 

 

 

 

 

Hnh 1.60 

Hnh 1 .61  
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Ly im L  bt k trn  ng trn (O  ;  2R),   ng thng qua O',  song song 
vi OL  ct (O' ;  R)  ti M v N (h.1 .61 ).  Hai  ng thng LM v LN ct  ng 
thng OO' ln l t ti I v  J.  Khi  cc php v t 

1
,
2

I

V
 
 
 

 v  
1

,
2

J

V
 
 
 

 s 

bin (O  ;  2R)  thnh (O' ;  R).  

B i tp 

1.  Cho tam gic ABC  c ba gc nhn v H l  trc tm.  Tm nh ca tam gic 

ABC  qua php v t tm H,  t s 
1

2
  

2.  Tm tm v t ca hai  ng trn trong cc tr ng hp sau (h.1 .62) :  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

                

                                     a)                             b)                             c)  

Hnh 1.62 

3.  Chng minh rng khi thc hin lin tip hai php v t tm O  s  c mt php 
v t tm O.  

 Php ng dng 

Nh  ton hc c Hi Lp ni ting Py-ta-go 
(Pythagore) tng c mt cu ni  c 
ng i i nh mi :  "ng thy bng ca 
mnh  trn t ng rt to m t ng mnh v 
i".  Tht vy, bng cch iu chnh n 
chiu v v tr ng thch hp ta c th to 
 c nhng ci bng ca mnh trn t ng 
ging ht nhau nh ng c kch th c to nh 
khc nhau.  Nhng hnh c tnh cht nh  th 
gi l nhng hnh ng dng (h.1 .63).  Vy 
th no l hai hnh ng dng vi nhau ?  
hiu mt cch chnh xc khi nim  ta cn n php bin hnh sau y.   

Hnh 1.63 
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BA 

I.  nh ngha  

nh ngha 

Php bin hnh F  c gi l  php ng dng t s k (k >  0),  

nu vi hai im M, N bt k v  nh M',  N' t ng ng ca 

chng ta lun c M'N' = kMN (h.1 .64).  

                                  

                                  Hnh 1 .64  

Nhn xt 

1 ) Php di hnh l  php ng dng t s 1 .  

2)  Php v t t s k l php ng dng t s |k| .   

1  Chng minh  nhn  xt 2.  

3) Nu thc hin lin tip php ng dng t s k v php ng dng t s p  ta 
 c php ng dng t s pk.  

2 Chng minh  nhn  xt 3.  

V d 1 .  Trong hnh 1 .65 php v t tm O  t s 2 bin hnh A  thnh hnh B.  

Php i xng tm I bin hnh B thnh hnh C.  T  suy ra php ng 

dng c  c bng cch thc hin lin tip hai php bin hnh trn s bin 

hnh A  thnh hnh C.   

 

  
 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 1.65 

C 

I
O 
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II.  Tnh cht 

Tnh cht 

 Php ng dng t s k :  

 a)  Bin ba im thng hng thnh ba im thng hng v  
bo ton th t gia cc im y.  

 b)  Bin  ng thng thnh  ng thng,  bin tia thnh tia,  
bin on thng thnh on thng.  

 c)  Bin tam gic thnh tam gic ng dng vi n,  bin gc 
thnh gc bng n.  

 d) Bin  ng trn bn knh R thnh  ng trn bn knh kR.  

3 Chng  minh  tnh  cht a.  

4 Gi  A',  B' ln  l t l  nh  ca A,  B  qua php ng dng F,  t s k.  Chng minh  rng 
nu  M l  trung  im ca AB  th M' = F(M)  l  trung  im ca A'B'.  

 Ch .  a)  Nu mt php ng dng bin tam gic ABC thnh tam gic A'B'C' 
th n cng bin trng tm, trc tm,  tm cc  ng trn ni tip,  ngoi tip 
ca tam gic ABC t ng ng thnh trng tm, trc tm,  tm cc  ng trn 
ni tip,  ngoi tip ca tam gic A'B'C' (h.1 .66).  

                                 

Hnh 1 .66 

b) Php ng dng bin a gic n cnh thnh a gic n cnh,  bin nh thnh 
nh,  bin cnh thnh cnh.  

III.  Hnh ng dng  

Chng ta  bit php ng dng bin mt tam gic thnh tam gic ng 
dng vi n.  Ng i ta cng chng minh  c rng cho hai tam gic ng 
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dng vi nhau th lun c mt php ng dng bin tam gic ny thnh tam 
gic kia.  Vy hai tam gic ng dng vi nhau khi v  ch khi c mt php 

ng dng bin tam gic ny thnh tam gic kia.  iu  gi cho ta cch nh 
ngha cc hnh ng dng.  

nh ngha  

Hai hnh  c gi l  ng dng vi nhau nu c mt php 

ng dng bin hnh ny thnh hnh kia.  
 

V d 2  

a) Tam gic A'B'C' l hnh ng dng ca tam gic ABC  (h.1 .67a).  

b)  Php v t tm I t s 2 bin hnh A  thnh hnh B,  php quay tm O  gc 

90o  bin hnh B thnh hnh C.  Do  php ng dng c  c bng cch 

thc hin lin tip hai php bin hnh trn s bin hnh A  thnh hnh C.  T 

 suy ra hai hnh A  v  C ng dng vi nhau (h.1 .67b).  

                  
 

                                  a)        b)  

Hnh 1.67 

V d 3.  Cho hnh ch nht ABCD,  AC  v BD  ct nhau ti I.  Gi H,  K,  L  v  J 
ln l t l trung im ca AD,  BC,  KC  v  IC.  Chng minh hai hnh thang 
JLKI v IHAB  ng dng vi nhau.  

Gi M l trung im ca AB (h.1 .68).  Php v t tm C,  t s 2 bin hnh 

thang JLKI thnh hnh thang IKBA.  Php i xng qua  ng thng IM bin 

hnh thang IKBA  thnh hnh thang IHAB.  Do  php ng dng c  c 

B 

A

C

I
O 
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bng cch thc hin lin tip hai 

php bin hnh trn bin hnh thang 

JLKI thnh hnh thang IHAB.  T  

suy ra hai hnh thang JLKI v  IHAB  

ng dng vi nhau.  

5 Hai   ng trn  (hai  hnh vung,  hai  
hnh  ch nht)  bt k c ng  dng  vi  
nhau  khng ?  

 

 

Bi tp 

1.  Cho tam gic ABC.  Xc nh nh ca n qua php ng dng c  c bng 

cch thc hin lin tip php v t tm B  t s 
1

2
 v  php i xng qua  ng 

trung trc ca BC.  

2.  Cho hnh ch nht ABCD ,  AC  v  BD  ct nhau ti I.  Gi H,  K,  L  v  J ln l t l 
trung im ca AD,  BC,  KC  v IC.  Chng minh hai hnh thang JLKI v IHDC  
ng dng vi nhau.  

3.  Trong mt phng Oxy  cho im I(1  ;  1 )  v   ng trn tm I bn knh 2.  Vit 
ph ng trnh ca  ng trn l nh ca  ng trn trn qua php ng dng c 

 c bng cch thc hin lin tip php quay tm O,  gc o45  v php v t 

tm O,  t s 2 .  

4.  Cho tam gic ABC  vung ti A,  AH l   ng cao k t A.  Tm mt php ng 
dng bin tam gic HBA  thnh tam gic ABC.  

Cu hi n tp ch ng I 

1.   Th no l  mt php bin hnh, php di hnh, php ng dng ?  Nu mi lin 
h gia php di hnh v  php ng dng.  

2.  a)  Hy k tn cc php di hnh  hc.  

b)   Php ng dng c phi l  php v t khng ? 

3.   Hy nu mt s tnh cht ng i vi php di hnh m khng ng i vi 
php ng dng.  

Hnh 1.68 
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4.  Th no l hai hnh bng nhau, hai hnh ng dng vi nhau ? Cho v d.  

5.  Cho hai im phn bit A,  B  v   ng thng d.  Hy tm mt php tnh tin,  
php i xng trc, php i xng tm, php quay, php v t tho mn mt 
trong cc tnh cht sau :  

a)  Bin A  thnh chnh n ;  

b)  Bin A  thnh B  ;  

c)  Bin d thnh chnh n.  

6.   Nu cch tm tm v t ca hai  ng trn.  
 

Bi tp n tp ch ng I 

1. Cho  lc gic u  ABCDEF  tm O.  Tm nh ca tam gic AOF 

 a) Qua php tnh tin theo vect AB


 ;  

 b)  Qua php i xng qua  ng thng BE ;  

 c)  Qua php quay tm O  gc o120 .  

2.  Trong mt phng to  Oxy  cho im A( 1  ;  2)  v   ng thng d c ph ng 
trnh 3x + y  + 1  = 0.  Tm nh ca A  v d  

 a)  Qua php tnh tin theo vect v  = (2 ;  1 )  ;  

 b)  Qua php i xng qua trc Oy  ;  

 c)  Qua php i xng qua gc to  ;  

 d)  Qua php quay tm O  gc o90 .  

3.  Trong mt phng to  Oxy,  cho  ng trn tm I(3  ;  2),  bn knh 3.  

 a)  Vit ph ng trnh ca  ng trn .  

 b)  Vit ph ng trnh nh ca  ng trn (I ;  3)  qua php tnh tin theo vect 
v  = ( 2 ;  1 ).  

 c)  Vit ph ng trnh nh ca  ng trn (I ;  3) qua php i xng qua trc Ox.  

 d) Vit ph ng trnh nh ca  ng trn (I ;  3) qua php i xng qua gc to .  

4.  cho vect v ,   ng thng d vung gc vi gi ca .v  gi d  l  nh ca d qua 

php tnh tin theo vect 
1

.
2
v  Chng minh rng php tnh tin theo vect v  l 

kt qu ca vic thc hin lin tip php i xng qua cc  ng thng d v  d'.  
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5.  Cho hnh ch nht ABCD.  Gi O  l  tm i xng ca n.  Gi I,  F,  J,  E ln l t 
l  trung im ca cc cnh AB,  BC,  CD,  DA.  Tm nh ca tam gic AEO  qua 
php ng dng c  c t vic thc hin lin tip php i xng qua  ng 
thng IJ v php v t tm B,  t s 2.   

6.   Trong mt phng to  Oxy,  cho  ng trn tm I(1  ;  3),  bn knh 2.  Vit 
ph ng trnh nh ca  ng trn (I ;  2)  qua php ng dng c  c t vic 
thc hin lin tip php v t tm O  t s 3  v php i xng qua trc Ox.  

7.  Cho hai im A,  B  v   ng trn tm O  khng c im chung vi  ng thng 
AB.  Qua mi im M chy trn  ng trn (O)  dng hnh bnh hnh MABN.  
Chng minh rng im N thuc mt  ng trn xc nh.  

 

 

Cu hi trc nghim ch ng I 

1.  Trong cc php bin hnh sau, php no khng phi l  php di hnh ? 
(A) Php chiu vung gc ln mt  ng thng ;  

(B) Php ng nht ;  

(C) Php v t t s 1  ;  

(D) Php i xng trc.   

2.  Trong cc mnh  sau,  mnh  no sai ?  

(A) Php tnh tin bin  ng thng thnh  ng thng song song hoc trng 
vi n ;  

(B) Php i xng trc bin  ng thng thnh  ng thng song song hoc 
trng vi n ;  

(C) Php i xng tm bin  ng thng thnh  ng thng song song hoc 
trng vi n ;  

(D) Php v t bin  ng thng thnh  ng thng song song hoc trng vi n.  

3.  Trong mt phng Oxy  cho  ng thng d c ph ng trnh 2x  y  + 1  = 0.   
php tnh tin theo vect v  bin d thnh chnh n th v  phi l vect no trong 
cc vect sau ?   

(A) v  = (2 ;  1 )  ;       (B) v  = (2 ;  1 )  ;   

(C) v  = (1  ;  2)  ;       (D) v = ( 1  ;  2).   
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4.  Trong mt phng to  Oxy,  cho v  = (2 ;  1 ) v  im M(3  ;  2).  nh ca 
im M qua php tnh tin theo vect v  l  im c to  no trong cc to  
sau ?  

(A) (5  ;  3)  ;       (B) (1  ;  1 )  ;  

(C) (1  ;  1 )  ;       (D) (1  ;  1 ).  

5.  Trong mt phng to  Oxy  cho  ng thng d c ph ng trnh :  3x  2y  + 1  = 0.  
nh ca  ng thng d qua php i xng trc Ox c ph ng trnh l  :  

(A) 3x + 2y  + 1  = 0 ;     (B) 3x + 2y  + 1  = 0 ;  

(C) 3x + 2y   1  = 0 ;     (D) 3x   2y  + 1  = 0.  

6.  Trong mt phng to  Oxy  cho  ng thng d c ph ng trnh :  
3x  2y   1  = 0.  nh ca  ng thng d qua php i xng tm O  c ph ng 
trnh l :  

(A) 3x + 2y  + 1  = 0 ;     (B) 3x + 2y   1  = 0 ;  

(C) 3x + 2y   1  = 0 ;     (D) 3x   2y    1  = 0.  

7.  Trong cc mnh  sau,  mnh  no sai ?  

(A) C mt php tnh tin bin mi im thnh chnh n ;  

(B) C mt php i xng trc bin mi im thnh chnh n ;  

(C) C mt php quay bin mi im thnh chnh n ;  

(D) C mt php v t bin mi im thnh chnh n.   

8.  Hnh vung c my trc i xng ? 

(A) 1  ;        (B) 2 ;     

(C) 4 ;        (D) v s.  

9.  Trong cc hnh sau,  hnh no c v s tm i xng ? 

(A) Hai  ng thng ct nhau ;    (B)  ng elip ;  

(C) Hai  ng thng song song ;    (D) Hnh lc gic u.  

10.  Trong cc mnh  sau,  mnh  no sai ?  

(A) Hai  ng thng bt k lun ng dng ;  

(B) Hai  ng trn bt k lun ng dng ;  

(C) Hai hnh vung bt k lun ng dng ;  

(D) Hai hnh ch nht bt k lun ng dng.  
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p dng php bin hnh 
 gii ton 

Hai thnh ph M v  N nm  hai pha ca mt con sng rng c hai b a  v  b  
song song vi nhau.  M nm pha b a,  N nm pha b b.  Hy tm v tr A  nm 
trn b a,  B  nm trn b b   xy mt chic cu AB  ni hai b sng  
sao cho AB  vung gc vi hai b sng v  tng cc khong cch MA  + BN  
ngn nht.   

Gi s  tm  c cc im A,  B  tho 
mn iu kin ca bi ton (h.1 .69).  
Ly cc im C  v  D  t ng ng thuc 
a  v  b  sao cho CD  vung gc vi a.  

Php tnh tin theo vect CD


 bin A  
thnh B  v bin M thnh im M'.  Khi 
 MA  = M'B.  Do  :  

MA  + BN ngn nht  M'B  + BN ngn nht  

 M',  B,  N thng hng.   

Trn mt vng ng bng c hai khu  th A  v B  nm cng v mt pha 
i vi con  ng st d (gi s con  ng  thng).  Hy tm mt v tr C  
trn d  xy dng mt nh  ga sao cho tng cc khong cch t C  n trung 
tm hai khu  th  l ngn nht.  

T bi ton thc tin trn ta c bi ton hnh hc sau :   

Cho hai im A v  B nm v cng mt 
pha i vi  ng thng d.  Tm trn d 
im C sao cho AC + CB ngn nht.  

Gi s  tm  c im C.  Gi A' l 
nh ca A  qua php i xng trc d.  

Hnh 1.69 

Hnh 1 .70 
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Khi  AC  = A'C.  Do  :  

AC  + CB  ngn nht   A'C  + CB  ngn nht  

  B,  C,  A' thng hng (h.1 .70).  

Cho tam gic ABC.  Gi H l trc tm ca tam gic,  M l  trung im cnh 
BC.  Php i xng tm M bin H thnh H'.  Chng minh rng H' thuc 
 ng trn ngoi tip tam gic ABC.  

 C nhn xt g v t gic BHCH',  gc ABH' v gc ACH' (h.1 .71 )  ?  

 Chng minh t gic ABH'C  l t gic ni 
tip.  T  suy ra iu phi chng minh.  

Nhn xt.  Gi (O)  l  ng trn ngoi 
tip tam gic ABC.  C nh B  v  C  th M  
cng c nh.  Khi A  chy trn (O)  th theo 
bi ton 3,  H' cng chy trn (O).  V trc 
tm H l  nh ca H' qua php i xng 
tm M nn khi  H s chy trn  ng 
trn (O')  l nh ca (O)  qua php i 
xng tm M.   

 

 

Cho tam gic ABC nh  hnh 1 .72.  Dng v pha ngoi ca tam gic  cc 
tam gic BAE v  CAF vung cn ti A.  Gi I,  M v  J theo th t l trung im 
ca EB,  BC  v CF.  Chng minh rng tam gic IMJ l tam gic vung cn.  

Xt php quay tm A, gc o90  (h.1 .72).  
Php quay ny bin E v C  ln l t thnh B  

v F.  T  suy ra EC  = BF v EC   BF.  
V IM l   ng trung bnh ca tam gic 

BEC  nn IM // EC  v  IM  = 
1

2
EC.  T ng 

Hnh 1.71  

Hnh 1.72 
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t,  MJ // BF v MJ = 
1

2
BF.  T  suy ra IM = MJ v  IM   MJ.  Do  tam 

gic IMJ vung cn ti M.   
 

Cho tam gic ABC nh  hnh 1 .73.  Dng v pha ngoi ca tam gic  cc 
hnh vung ABEF v ACIK.  Gi M l trung im ca BC.  Chng minh rng 

AM vung gc vi FK v AM = 
1

.
2
FK  

Gi D  l nh ca B qua php i xng 
tm A (h.1.73). Khi  AD  = AB = AF v 

AD    AF.  Php quay tm A  gc o90  
bin on thng DC thnh on thng 
FK.  Do  DC = FK v DC   FK.  V 
AM l  ng trung bnh ca tam gic 

BCD  nn AM // CD  v AM = 
1

2
CD.  

T  suy ra AM   FK v  AM = 
1

.
2
FK   

Cho tam gic ABC  ni tip  ng trn tm O  bn knh R.  Cc nh B,  C  c 
nh cn A  chy trn  ng trn .  Chng minh rng trng tm G ca tam 
gic ABC chy trn mt  ng trn.  

Gi I l trung im ca BC.  Do B  v  C  c nh 
nn I c nh (h.1 .74).  Ta c G lun thuc IA  

sao cho 
1

.
3

IG IA=
 

 Vy c th xem G l nh ca 

A  qua php v t tm I,  t s 
1

3
  Gi O' l nh 

ca O  qua php v t ,  khi A  chy trn (O  ;  R)  

th tp hp cc im G l   ng trn 
 

 
 

1
;
3

O R  

l  nh ca (O  ;  R)  qua php v t trn.   Hnh 1.74 

Hnh 1.73 
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Cho im A  nm trn na  ng trn tm O,   ng knh BC nh  hnh 1 .75.  
Dng v pha ngoi ca tam gic ABC  hnh vung ABEF.  Gi I l tm i 
xng ca hnh vung.  Chng minh rng khi A  chy trn na  ng trn  
cho th I chy trn mt na  ng trn.  

Trn on BF ly im A' sao cho  
BA' = BA (h.1 .75).  Do  gc l ng 

gic (BA  ;  BA')  lun bng o45  v 

1 2

' 2 2

BI BI BF

BA BA BA
= = =  khng i, 

nn c th xem A' l  nh ca A  qua 

php quay tm B,  gc o45  ;  I l nh ca A' qua php v t tm B  t s 
2

2
  

Do  I l  nh ca A  qua php ng dng F c  c bng cch thc hin 

lin tip php quay tm B,  gc o45  v php v t tm B,  t s 
2

2
  T  

suy ra  khi A  chy trn na  ng trn (O)  th I cng chy trn na  ng 
trn (O')   l nh ca na  ng trn (O)  qua php ng dng F.   

 
 

 

 

Gii thiu 

v hnh hc fractan (fractal)  

 

Hnh 1 .75 

B-noa Man-en-b-r (Benoit Mandelbrot  sinh  nm 1 924) 
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Quan st cnh d ng x hay 
hnh v bn ta thy mi nhnh 
nh ca n u ng dng vi 
hnh ton th.  Trong hnh hc 
ng i ta cng gp rt nhiu 
hnh c tnh cht nh  vy.  
Nhng hnh nh  th gi l  
nhng hnh t ng dng.  Ta s 
xt thm mt s hnh sau y.  

Cho on thng AB.  Chia on thng  thnh ba on bng nhau AC = CD  = DB. 
Dng tam gic u CED  ri b i khong CD.  Ta s  c  ng gp khc 

ACEDB  k hiu l K1 .  Vic thay on AB  bng  ng gp khc ACEDB  gi l  
mt quy tc sinh.  Lp li quy tc sinh  cho cc on thng AC,  CE,  ED,  DB  

ta  c  ng gp khc K2.  Lp li quy tc sinh  cho cc on thng ca 

 ng gp khc K2  ta  c  ng gp khc K3. . .  .  Lp li mi qu trnh  ta 
 c mt  ng gi l  ng Vn Kc ( ghi nhn ng i u tin  tm ra 

n vo nm 1904  Nh ton hc Thu in Helge Von Koch).  

 
 ng Vn Kc 

Cng lp li quy tc sinh nh  trn cho cc cnh ca mt tam gic u ta 
 c mt hnh gi l bng tuyt Vn Kc.  

 
Bng tuyt Vn Kc 
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By gi ta xut pht t mt hnh vung.  Chia n 
thnh chn hnh vung con bng nhau ri xo i 
phn trong ca hnh vung con  chnh gia ta  c 

hnh X1 .  Ta lp li qu trnh trn cho mi hnh vung 

con ca X1  ta s  c hnh X2.  Tip tc mi qu trnh 
 ta s  c mt hnh gi l  thm Xc-pin-xki 
(Sierpinski).  

Cc hnh nu  trn l nhng hnh t ng dng hoc mt b phn ca 
chng l  hnh t ng dng.  Chng  c to ra bng ph ng php lp,  c 
quy tc sinh n gin nh ng sau mt s b c tr thnh nhng hnh rt phc 
tp.  Nhng hnh nh  th gi l  cc fractal (t fractal c ngha l gy,  v).  
Khng phi hnh t ng dng no cng l mt fractal.  Mt khong ca 
 ng thng cng c th xem l  mt hnh t ng dng nh ng khng phi l 
mt fractal.  

D i y l  mt s fractal khc.  

              

Mc d cc fractal   c bit n t u th k XX, nh ng mi n thp 
nin 80 ca th k XX nh  ton hc Php gc Ba Lan B-noa 
Man-en-b-r (Benoit Mandelbrot) mi  a ra mt l thuyt c h thng  
nghin cu chng.  ng gi  l Hnh hc fractal.  

Ngy nay vi s h tr ca cng ngh thng tin,  Hnh hc fractal ang pht 
trin mnh m.  L thuyt ny c nhiu ng dng trong vic m t v  nghin 
cu cc cu trc gp gy, li lm, hn n.. .  ca th gii t nhin, iu m  
hnh hc -clt thng th ng ch a lm  c.  N cng l  mt cng c mi,  
c hiu lc  gp phn nghin 
cu nhiu mn khoa hc khc nh  
Vt l,  Thin vn,  a l,  Sinh hc,  
Xy dng, m nhc,  Hi ho,. . .  

Sau y l  s hnh fractal trong 
t nhin.  
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 i  c ng v  ng thng v  mt phng 
 Hai   ng thng cho nhau v  hai   ng thng 
song song 
  ng thng v  mt phng song song 
 Hai  mt phng song song 
 Php chiu song song 

    Hnh biu din ca mt hnh khng gian 
 

 
 

                                            

                   Hnh 2.1  

 

Tr c y chng  ta  nghin  cu  cc tnh  cht ca 
nhng hnh  nm trong  mt phng.  Mn  hc nghin  
cu  cc tnh  cht ca hnh  nm trong  mt phng 
 c gi  l  Hnh hc phng.  Trong  thc t,  ta 
th ng  gp cc vt nh  :  hp phn,  k sch,  bn  
hc . . .  l  cc hnh  trong  khng  gian.  Mn  hc nghin  
cu  cc tnh  cht ca cc hnh  trong  khng  gian  
 c gi  l  Hnh hc khng gian  (h.2.1).  

CHNG  II 
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1.  i  c ng v  ng thng 
v  mt phng 

i.  khi nim m u  

1 .  Mt phng 

Mt bng, mt bn, mt n c h yn lng cho ta hnh nh mt phn ca mt 
phng.  Mt phng khng c b dy v khng c gii hn (h.2.2).  
 

 

     a)                      b)      c)  
 

Hnh 2.2 

   biu din mt phng ta th ng dng hnh bnh hnh hay mt min gc 
v  ghi tn ca mt phng vo mt gc ca hnh biu din (h.2.3).  

    

Hnh 2.3 

   k hiu mt phng,  ta th ng dng ch ci in hoa hoc ch ci Hi Lp 
t trong du ngoc ( ).  V d :  mt phng (P),  mt phng (Q),  mt phng ( ),  
mt phng ()  hoc vit tt l  mp(P),  mp(Q),  mp( ),  mp()  hoc (P),  (Q),  
( ),  (). . .  

2.  im thuc mt phng 

Cho im A  v  mt phng ( ).  

Khi im A thuc mt phng ( )  ta ni A nm trn ( )  hay ( )  cha A,  hay 
( )  i qua A  v  k hiu l  A    ( ).  
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Khi im A  khng thuc mt phng ()  
ta ni im A  nm ngo i  ()  hay ()  
khng cha  A  v  k hiu l  A    ().  

Hnh 2.4 cho ta hnh biu din ca im 
A  thuc mt phng (), cn im B khng 
thuc ().   

3.  Hnh biu din ca mt hnh khng gian 

 nghin cu hnh hc khng gian ng i ta th ng v cc hnh khng gian ln 
bng, ln giy.  Ta gi hnh v  l hnh biu din ca mt hnh khng gian.   

 Ta c mt vi hnh biu din ca hnh lp ph ng nh  trong hnh 2.5.   

 

Hnh 2.5 

 Hnh 2.6 l mt vi hnh biu din ca hnh chp tam gic.  

 

Hnh 2.6 

1  Hy v thm mt v i  h nh  biu  d in  ca hnh  chp tam gic.   

 v hnh biu din ca mt hnh trong khng gian ng i ta da vo nhng 
quy tc sau y.  

 Hnh biu din ca  ng thng l  ng thng, ca on thng l on thng. 

 Hnh biu din ca hai  ng thng song song l  hai  ng thng song song, 
ca hai  ng thng ct nhau l  hai  ng thng ct nhau.  

 Hnh biu din phi gi nguyn quan h thuc gia im v  ng thng.  

 Dng nt v lin  biu din cho  ng nhn thy v nt t on biu 
din cho  ng b che khut.  

Cc quy tc khc s  c hc  phn sau.  

Hnh 2.4 
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ii.  cc tnh cht tha nhn 

 nghin cu hnh hc khng gian,  t quan st thc tin v  kinh nghim 
ng i ta tha nhn mt s tnh cht sau.  

Tnh cht 1 

C mt v  ch mt  ng thng i qua hai im phn bit.   
 

 

 

Hnh 2.7 cho thy qua hai 
im A,  B  c duy nht mt 
 ng thng.   
 

 

 

 

 

 

 

 

 

Tnh cht 2 

C mt v  ch mt mt phng i qua ba im khng thng hng.  
 

Nh  vy mt mt phng hon ton xc nh 
nu bit n i qua ba im khng thng 
hng.  Ta k hiu mt phng qua ba im 
khng thng hng A,  B,  C  l  mt phng 
(ABC)  hoc mp (ABC)  hoc (ABC)  (h.2.8).  
 

                         

  Hnh 2.9.   Cu nh   Ho ng Th nh,  Hu                      Hnh 2.10 

Quan st mt my chp hnh t trn mt gi c ba chn.  Khi t n ln bt 
k a hnh no n cng khng b gp ghnh v ba im A,  B,  C  (h.2.10) lun 
nm trn mt mt phng.  

Hnh 2.7 

A 
B 

Hnh 2.8 

A 

B 

C 
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Tnh cht 3 

Nu mt  ng thng c hai im phn bit thuc mt mt 
phng th mi im ca  ng thng u thuc mt phng .  

2  Ti  sao ng i  th mc kim tra  phng 
mt bn  bng  cch  r th c thng  trn 
mt bn  ? (h.2.1 1 ).  

Nu mi im ca  ng thng d u 
thuc mt phng ( )  th ta ni  ng 
thng d nm trong ( )  hay ( )  cha d 
v  k hiu l d   ( )  hay ( )    d.   

3  Cho tam gic ABC,  M l  im thuc phn 
ko d i  ca on  BC  (h .2.1 2).  Hy cho 
bit M c thuc mt phng (ABC)  khng 
v   ng  thng  AM c nm trong  mt 
phng  (ABC)  khng  ?  

 

Tnh cht 4 

Tn ti bn im khng cng thuc mt mt phng.  
 

Nu c nhiu im cng thuc mt mt phng th ta ni nhng im  
ng phng,  cn nu khng c mt phng no cha cc im  th ta ni 
rng chng khng ng phng.  

Tnh cht 5 

Nu hai mt phng phn bit c mt im chung th chng 
cn c mt im chung khc na.  

 

T  suy ra :  Nu hai mt phng phn bit c mt im chung th chng s 
c mt  ng thng chung i qua im chung y.  

 

Hnh 2.13.  Mt n c v  thnh p giao nhau theo  ng thng.  

Hnh 2.11  

Hnh 2.12 
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 ng thng chung d ca hai mt phng 
phn bit ( ) v ()   c gi l giao tuyn  
ca ( ) v ()  v  k hiu l  d = ( )   () 
(h.2.14).  

 
 

 

 

 

 

 

                         Hnh 2.14 

 

 

 

4  Trong  mt phng  (P),  cho hnh bnh  
h nh  ABCD .  Ly im S nm ngo i  
mt phng  (P).  Hy ch ra mt im 
chung  ca hai  mt phng  (SAC)  v  
(SBD)  khc im S (h.2.1 5).  

 

 
 
 

5  H nh  2.1 6 ng  hay sai  ?  Ti  sao ?  
 

 

 

 

 

 

 

 

 

 

 

 

Tnh cht 6 

Trn mi mt phng, cc kt qu   bit trong hnh hc phng 

u ng.  

iii. cch xc nh mt mt phng 

1.  Ba cch xc nh mt phng 

Da vo cc tnh cht  c tha nhn trn,  ta c ba cch xc nh mt mt 
phng sau y.  

a)  Mt phng  c hon ton xc nh khi bit n i qua ba im khng 
thng hng.  

Hnh 2.16 

Hnh 2.15 
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Ba im A,  B,  C  khng thng hng xc nh mt mt phng (h.2.17).  

b)  Mt phng  c hon ton xc nh khi bit n i qua mt im v  cha 
mt  ng thng khng i qua im .  

Cho  ng thng d v  im A  khng thuc d.  Khi  im A  v   ng thng 
d xc nh mt mt phng, k hiu l mp (A,  d)  hay (A,  d),  hoc mp (d,  A)  hay 
(d,  A)  (h.2.18).  

              

 Hnh 2.17               Hnh 2.18 

 

Hnh 2.19 

c)  Mt phng  c hon ton xc nh khi bit n cha hai  ng thng ct nhau. 

Cho hai  ng thng ct nhau a  v  b.  Khi  hai  ng thng a  v b  xc nh 
mt mt phng v  k hiu l  mp (a,  b)  hay (a,  b),  hoc mp (b,  a)  hay (b,  a)  
(h.2.19).  

2.  Mt s v d 

V d 1 .  Cho bn im khng ng phng 
A,  B,  C,  D.  Trn hai on AB  v AC  ly hai 

im M v  N sao cho 
AM

BM
 = 1  v 

AN

NC
 = 2.  

Hy xc nh giao tuyn ca mt phng 
(DMN)  vi cc mt phng (ABD),  (ACD),  
(ABC),  (BCD)  (h.2.20).   

 

im D  v im M cng thuc hai mt phng (DMN)  v (ABD)  nn giao 
tuyn ca hai mt phng  l  ng thng DM.  
 

Hnh 2.20 
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T ng t ta c (DMN)    (ACD)  = DN,  (DMN)    (ABC)   = MN.  

Trong mt phng (ABC),  v 
AM AN

MB NC
  nn  ng thng MN v  BC  ct nhau 

ti mt im, gi im  l  E.  V D,  E cng thuc hai mt phng (DMN)  v 
(BCD)  nn (DMN)    (BCD)   = DE.  

V d 2.  Cho hai  ng thng ct nhau Ox,  Oy  v hai im A,  B  khng nm 
trong mt phng (Ox,  Oy).  Bit rng  ng thng AB  v  mt phng (Ox,  Oy)  
c im chung.  Mt mt phng ( )  thay i lun lun cha AB  v  ct Ox,  Oy  
ln l t ti M,  N.  Chng minh rng  ng thng MN lun lun i qua mt 
im c nh khi ( )  thay i.  

Gi I l  giao im ca  ng 
thng AB  v  mt phng (Ox,  Oy)  
(h.2.21 ).  V AB  v  mt phng 
(Ox,  Oy)  c nh nn I c nh.  V 
M,  N,  I l  cc im chung ca hai 
mt phng ( )  v (Ox,  Oy)  nn 
chng lun lun thng hng.  Vy 
 ng thng MN  lun lun i qua 
I c nh khi ( )  thay i.   

Nhn xt.   chng minh ba im thng hng ta c th chng minh chng 
cng thuc hai mt phng phn bit.  
 

V d 3.  Cho bn im khng ng phng A,  B,  C,  D.  Trn ba cnh AB,  AC  
v  AD  ln l t ly cc im M,  N v  K sao cho  ng thng MN ct  ng 
thng BC  ti H,   ng thng NK ct  ng thng CD  ti I,   ng thng KM 
ct  ng thng BD  ti J.  Chng minh ba im H,  I,  J thng hng.  

Ta c J l im chung ca hai mt phng (MNK)  v (BCD)  (h.2.22).  

Tht vy,  ta c 
( )

J MK

MK MNK





 J   (MNK)  

v  
( )

J BD

BD BCD





 J   (BCD).  

Hnh 2.21  
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Hnh 2.22 

L lun t ng t ta c I,  H cng l  
im chung ca hai mt phng 
(MNK)  v (BCD).  

Vy I,  J,  H nm trn giao tuyn 
ca hai mt phng (MNK)  v  
(BCD)  nn I,  J,  H thng hng.   

V d 4.  Cho tam gic BCD  v  
im A  khng thuc mt phng 
(BCD) .  Gi K l  trung im ca 
on AD  v  G l  trng tm ca 
tam gic ABC.  Tm giao im 
ca  ng thng GK v  mt 
phng (BCD) .  

Gi J l giao im ca AG v BC.  
Trong mt phng (AJD),  

2

3

AG

AJ
= ;  

1

2

AK

AD
=  nn GK v  JD  

ct nhau (h.2.23).  Gi L  l giao 
im ca GK v  JD.   
 

Ta c  
( )

L JD

JD BCD





  L    (BCD).  

Vy L  l  giao im ca GK v (BCD).  

Nhn xt.   tm giao im ca mt  ng thng v mt mt phng ta c th 
 a v vic tm giao im ca  ng thng  vi mt  ng thng nm 
trong mt phng  cho.  
 

iv. hnh chp v  hnh t din 

1.  Trong mt phng () cho a gic li 1 2 . . . .nA A A  Ly im S nm ngoi ().  

Ln l t ni S vi cc nh 1 2, ,A A  . .., nA  ta  c n tam gic 1 2 ,SA A  2 3 ,SA A  ..., 

1 .nSA A  Hnh gm a gic 1 2 . . . nA A A  v n  tam gic 1 2 ,SA A  2 3 ,SA A  . . . ,  

1nSA A  gi l  hnh chp,  k hiu l  S. 1 2 . . . nA A A .  Ta gi S l  nh  v  a gic 

Hnh 2.23 
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1 2 . . . nA A A  l  mt y.  Cc tam gic 1 2 ,SA A  2 3 ,SA A  1. . . , nSA A   c gi l  

cc mt bn ;  cc on 1 2, ,SA SA  . . . ,  nSA  l  cc cnh bn ;  cc cnh ca a 

gic y gi l cc cnh y  ca hnh chp.  Ta gi hnh chp c y l  tam 
gic,  t gic,  ng gic,  . . .  ln l t l  hnh chp tam gic,  hnh chp t gic,  
hnh chp ng gic,  . . .  (h.2.24).  
 

 

Hnh 2.24 

2.  Cho bn im A, B,  C,  D  khng ng phng. Hnh gm bn tam gic ABC,  
ACD, ABD  v BCD  gi l hnh t din  (hay ngn gn l t din) v  c k hiu 
l ABCD.  Cc im A,  B,  C, D  gi l cc nh  ca t din.  Cc on thng AB, 
BC,  CD,  DA,  CA,  BD  gi l cc cnh  ca t din.  Hai cnh khng i qua mt 
nh gi l hai cnh i din.  Cc tam gic ABC, ACD, ABD, BCD  gi l cc 
mt ca t din.  nh khng nm trn mt mt gi l nh i din  vi mt .  

Hnh t din c bn mt l cc tam gic u gi l hnh t din u.  

 Ch .  Khi ni n tam gic ta c th hiu l  tp hp cc im thuc cc cnh 
hoc cng c th hiu l  tp hp cc im thuc cc cnh v  cc im trong 
ca tam gic .  T ng t c th hiu nh  vy i vi a gic.  

6  K tn  cc mt bn,  cnh  bn,  cnh y ca hnh chp  hnh  2.24 .  

V d 5.  Cho hnh chp S.ABCD  y l hnh bnh hnh ABCD.  Gi M,  N,  P  
ln l t l  trung im ca AB,  AD,  SC.  Tm giao im ca mt phng (MNP)  
vi cc cnh ca hnh chp v  giao tuyn ca mt phng (MNP)  vi cc mt 
ca hnh chp.  

 ng thng MN ct  ng thng BC,  CD  ln l t ti K,  L.  

Gi E  l  giao im ca PK v  SB,  F  l giao im ca PL  v SD  (h.2.25).  

Ta c giao im ca (MNP)  vi cc cnh SB,  SC,  SD  ln l t l  E,  P,  F.  
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T  suy ra  

(MNP)    (ABCD)  = MN,  

(MNP)    (SAB)  = EM,  

(MNP)    (SBC)  = EP,  

(MNP)    (SCD)  = PF  

 v  (MNP)    (SDA)  = FN.  
 

 

  Ch .  a gic MEPFN  c cnh nm trn giao tuyn ca mt phng (MNP)  
vi cc mt ca hnh chp S.ABCD.  Ta gi a gic MEPFN  l  thit din  (hay 
mt ct)  ca hnh chp S.ABCD  khi ct bi mt phng (MNP).  

Ni mt cch n gin :  Thit din  (hay mt ct)  ca hnh H   khi ct bi mt 

phng ( )  l  phn chung ca H  v  ( ).  

B i tp 

1. Cho im A  khng nm trn mt phng ( )  cha tam gic BCD.  Ly E,  F  l 
cc im ln l t nm trn cc cnh AB,  AC.  

a)   Chng minh  ng thng EF  nm trong mt phng (ABC).  

b)   Khi EF  v  BC  ct nhau ti I,  chng minh I l  im chung ca hai mt phng 
(BCD)  v (DEF).  

2. Gi M l giao im ca  ng thng d v mt phng ( ).  Chng minh M l  
im chung ca ( )  vi mt mt phng bt k cha d.  

3. Cho ba  ng thng d1 ,  d2,  d3  khng cng nm trong mt mt phng v  ct 
nhau tng i mt.  Chng minh ba  ng thng trn ng quy.  

4. Cho bn im A,  B,  C  v  D  khng ng phng.  Gi GA,  GB,  GC,  GD  ln l t l 
trng tm ca cc tam gic BCD,  CDA,  ABD,  ABC.  Chng minh rng AGA,  

BGB,  CGC,  DGD  ng quy.  

5. Cho t gic ABCD  nm trong mt phng ( ) c hai cnh AB  v CD  khng song 
song.  Gi S l im nm ngoi mt phng ( ) v M l trung im on SC.  

a)   Tm giao im N ca  ng thng SD  v  mt phng (MAB).  

Hnh 2.25 
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b)   Gi O  l  giao im ca AC  v  BD.  Chng minh rng ba  ng thng SO,  
AM,  BN ng quy.  

6. Cho bn im A,  B,  C  v  D  khng ng phng.  Gi M,  N ln l t l trung 
im ca AC  v BC.  Trn on BD  ly im P  sao cho BP  = 2PD.  

a)  Tm giao im ca  ng thng CD  v  mt phng (MNP).  

b)   Tm giao tuyn ca hai mt phng (MNP)  v  (ACD).  

7. Cho bn im A,  B,  C  v D  khng ng phng.  Gi I,  K ln l t l trung im 
ca hai on thng AD  v  BC.  

a)   Tm giao tuyn ca hai mt phng (IBC)  v  (KAD).  

b)   Gi M v  N l hai im ln l t ly trn hai on thng AB  v  AC.  Tm giao 
tuyn ca hai mt phng (IBC)  v  (DMN).  

8. Cho t din ABCD.  Gi M v N ln l t l trung im ca cc cnh AB  v  CD,  
trn cnh AD  ly im P  khng trng vi trung im ca AD.   

a)   Gi E  l  giao im ca  ng thng MP  v  ng thng BD.  Tm giao 
tuyn ca hai mt phng (PMN)  v (BCD).  

b)   Tm giao im ca mt phng (PMN)  v BC.  

9. Cho hnh chp S.ABCD  c y l hnh bnh hnh ABCD.  Trong mt phng y 
v  ng thng d i qua A  v khng song song vi cc cnh ca hnh bnh hnh, 
d ct on BC  ti E.  Gi C' l mt im nm trn cnh SC.  

a)  Tm giao im M ca CD  v  mt phng (C'AE).  

b)  Tm thit din ca hnh chp ct bi mt phng (C'AE).  

10. Cho hnh chp S.ABCD  c AB  v  CD  khng song song.  Gi M l mt im 
thuc min trong ca tam gic SCD.  

a)  Tm giao im N ca  ng thng CD  v  mt phng (SBM).  

b)  Tm giao tuyn ca hai mt phng (SBM)  v  (SAC).  

c)  Tm giao im I ca  ng thng BM v mt phng (SAC).  

d)  Tm giao im P  ca SC  v mt phng (ABM),  t  suy ra giao tuyn ca 
hai mt phng (SCD)  v (ABM).  
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2. hai   ng thng cho nhau  

v  hai   ng thng song song  

 

 

Hnh 2.26 cho ta thy hnh nh ca 

nhng  ng thng song song,  ng 

thng cho nhau.  Cc khi nim ny s 

 c trnh by sau y.  

1  Quan st cc cnh  t ng  trong  lp hc v  
xem cnh  t ng  l  h nh  nh  ca  ng 
thng.  Hy ch ra mt s cp  ng thng  
khng th cng  thuc mt mt phng.   

 

 

 

i. v tr t ng i ca hai  ng thng trong khng gian 

Cho hai  ng thng a  v  b  trong khng gian.  Khi  c th xy ra mt trong 
hai tr ng hp sau.  

Tr ng hp 1 .  C mt mt phng cha a  v  b.  

Khi  ta ni a  v  b  ng phng.  Theo kt qu ca hnh hc phng c ba kh 
nng sau y xy ra (h.2.27).  
 

 
 

a    b  =  { }M           a  // b                     a    b  

Hnh 2.27 

 

i)  a  v  b  c im chung duy nht M.  Ta ni a  v  b  ct nhau ti M v  

k hiu l  a    b  = { } .M  Ta cn c th vit a    b  = M.  

ii)  a  v b  khng c im chung.  Ta ni a  v  b  song song vi nhau v k hiu 
l  a  // b.  

iii)  a trng b,  k hiu l a    b.  

Hnh 2.26 
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Nh  vy,  hai  ng thng song song l  hai  ng thng cng nm trong mt 
mt phng v  khng c im chung.  

Tr ng hp 2 .  Khng c mt phng no cha a  v  b.  

Khi  ta ni a  v  b  cho nhau hay a  cho vi b  (h.2.28).  

   

Hnh 2.28     Hnh 2.29 

2  Cho t d in  ABCD ,  chng minh  hai   ng  thng  AB  v  CD  cho nhau.  Ch ra cp 
 ng thng  cho nhau  khc ca t d in  ny (h.2.29).  

II.  TNH CHT 

Da vo tin  -clt v  ng thng song song trong mt phng ta c cc 
tnh cht sau y.   

nh l 1 

Trong khng gian,  qua mt im khng nm trn  ng thng 

cho tr c,  c mt v  ch mt  ng thng song song vi 

 ng thng  cho.  

Gi s ta c im M v   ng thng d 
khng i qua M.  Khi  im M v   ng 
thng d xc nh mt mt phng ( )  

(h.2.30).  Trong mt phng ( ),  theo tin 
 -clt v  ng thng song song ch c 
mt  ng thng d' qua M v song song 
vi d.  Trong khng gian nu c mt 
 ng thng d'' i qua M song song vi d th d'' cng nm trong mt phng 
( ).  Nh  vy trong mt phng ( )  c d',  d'' l  hai  ng thng cng i qua M 
v  song song vi d nn d',  d'' trng nhau.  

Hnh 2.30 
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Nhn xt.  Hai  ng thng song song a  v b  
xc nh mt mt phng, k hiu l mp (a,  b)  
hay (a,  b)  (h.2.31 ).  

3  Cho hai  mt phng  ( )  v  ().  Mt mt phng 
()  ct ( )  v  ()  ln  l t theo cc giao tuyn a  
v  b.  Chng minh  rng  khi  a  v  b  ct nhau  ti  I 
th I l  im chung  ca ( )  v  ()  (h.2.32).   

nh l 2 (v giao tuyn ca ba mt phng)  

Nu ba mt phng i mt ct nhau theo ba giao tuyn phn 

bit th ba giao tuyn y hoc ng quy hoc i mt song 

song vi nhau  (h.2.32 v  h.2.33).  

                                  

  Hnh 2.32                                                           Hnh 2.33  

H qu 

Nu hai mt phng phn bit ln l t cha hai  ng thng 

song song th giao tuyn ca chng (nu c) cng song song 

vi hai  ng thng  hoc trng vi mt trong hai  ng 

thng  (h.2.34a,  b,  c).  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 2.31  

Hnh 2.34 
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V d 1 .  Cho hnh chp S.ABCD  c y l  
hnh bnh hnh ABCD .  Xc nh giao 
tuyn ca cc mt phng (SAD)  v  (SBC).  

Cc mt phng (SAD)  v (SBC)  c im 
chung S v  ln l t cha hai  ng thng 
song song l  AD,  BC  nn giao tuyn ca 
chng l  ng thng d i qua S  v  song 
song vi AD,  BC  (h.2.35).   
 

V d 2.  Cho t din ABCD.  Gi I v  J ln l t l trung im ca BC  v  BD.  
(P)  l  mt phng qua IJ v  ct AC,  AD  ln l t ti M,  N.  Chng minh rng t 
gic IJNM l hnh thang.  Nu M l trung im ca AC  th t gic IJNM l 
hnh g ? 

Ba mt phng (ACD),  (BCD),  (P)  i mt 
ct nhau theo cc giao tuyn CD,  IJ,  MN.  
V IJ // CD  (IJ l   ng trung bnh ca tam 
gic BCD)  nn theo nh l 2 ta c 
IJ // MN.  Vy t gic IJNM l hnh thang 
(h.2.36).  
Nu M l trung im ca AC  th N l  trung 
im ca AD.  Khi  t gic IJNM c mt 
cp cnh i va song song va bng nhau 
nn l  hnh bnh hnh.  

Trong hnh hc phng nu hai  ng thng phn bit cng song song vi 
 ng thng th ba th chng song song vi nhau.  iu ny vn ng trong 
hnh hc khng gian.   

nh l 3 

Hai  ng thng phn bit 
cng song song vi  ng 
thng th ba th song song 
vi nhau (h.2.37).  

Khi hai  ng thng a  v b  cng song song 
vi  ng thng c  ta k hiu a  // b  // c  v 
gi l ba  ng thng song song.  

Hnh 2.36 

Hnh 2.35 

Hnh 2.37 
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Hnh 2.38 

V d 3.  Cho t din ABCD.  Gi M,  N,  P,  Q,  R v S ln l t l trung im ca 
cc on thng AC,  BD,  AB,  CD,  AD  v BC.  Chng minh rng cc on thng 
MN,  PQ,  RS ng quy ti trung im ca mi on.  

(Xem hnh 2.38)  

Trong tam gic ACD  ta c MR  l  
 ng trung bnh nn 

//

1
.

2

MR CD

MR CD





=

  (1 )  

T ng t trong tam gic BCD,  ta c 

//

1
.

2

SN CD

SN CD





=

  (2)   

T (1 ) v (2) ta suy ra 



=

//

.

MR SN

MR SN
 

Do  t gic MRNS l hnh bnh hnh.  Nh  vy MN,  RS ct nhau ti trung 
im G ca mi on.  

L lun t ng t,  ta c t gic PRQS cng l  hnh bnh hnh nn PQ,  RS ct 
nhau ti trung im G ca mi on.  Vy PQ,  RS,  MN ng quy ti trung 
im ca mi on.  

B i tp 

1. Cho t din ABCD.  Gi P,  Q,  R  v  S l  bn im ln l t ly trn bn cnh AB,  
BC,  CD  v  DA.  Chng minh rng nu bn im P,  Q,  R  v S ng phng th 

a)   Ba  ng thng PQ,  SR  v  AC  hoc song song hoc ng quy ;  

b)   Ba  ng thng PS,  RQ  v  BD  hoc song song hoc ng quy.  

2. Cho t din ABCD  v  ba im P,  Q,  R  ln l t ly trn ba cnh AB,  CD,  BC.  
Tm giao im S ca AD  v  mt phng (PQR)  trong hai tr ng hp sau y.  

a)   PR  song song vi AC  ;  

b)  PR  ct AC.  
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3. Cho t din ABCD.  Gi M,  N ln l t l  trung im ca cc cnh AB,  CD  v  G 
l trung im ca on MN.  

a)   Tm giao im A'  ca  ng thng AG v  mt phng (BCD).  

b)   Qua M k  ng thng Mx song song vi AA' v  Mx ct (BCD)  ti M'.  
Chng minh B,  M',  A'  thng hng v  BM' = M'A'  = A'N.  

c)   Chng minh GA  = 3GA'.  

 

3.  ng thng  
v  mt phng song song 

i.  v tr t ng i ca  ng thng v  mt phng 

Cho  ng thng d v mt phng ().  Tu theo s im chung ca d v  (),  ta 
c ba tr ng hp sau (h.2.39).  

 

                d // ()                                  d   ()  =  { }M                         d   ()  

 

Hnh 2.39 

  d v  ()  khng c im chung.  Khi  ta ni d song song vi ()  hay ()  
song song vi d v k hiu l  d // ()  hay ()  // d.  

  d v  ()  c mt im chung duy nht M.  Khi  ta ni d v ()  ct nhau  ti 
im M v  k hiu l  d   ()  = { }M  hay d   ()  = M.  

  d v  ()  c t hai im chung tr ln.  Khi ,  theo tnh cht 3  1 ,  d nm 
trong ()  hay ()  cha d v k hiu d   ()  hay ()    d.  

1  Trong  phng hc hy quan  st hnh nh  ca  ng thng  song  song  vi  mt phng.  
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ii.  tnh cht  

 nhn bit  ng thng d song song vi mt phng ()  ta c th cn c vo 
s giao im ca chng.  Ngoi ra ta c th da vo cc du hiu sau y.  

nh l 1 

Nu  ng thng d khng nm trong mt phng ()  v  d song 

song vi  ng thng d' nm trong ()  th d song song vi ().  

Gi ()  l  mt phng xc nh bi 
hai  ng thng song song d,  d'.   

Ta c ()     ()  = d' (h.2.40).  

Nu d   ()  = { }M  th M thuc 

giao tuyn ca ()  v  ()  l  d' hay 
d   d' = {M} .  iu ny mu 
thun vi gi thit d // d'.  

Vy d // ().   

2 Cho t d in  ABCD .  Gi  M,  N,  P  ln  l t l  trung  im ca AB,  AC,  AD .  Cc 
 ng  thng  MN,  NP,  PM c song  song  vi  mt phng  (BCD)  khng ? 

 

nh l 2 

Cho  ng thng a song song vi mt phng ().  Nu mt 

phng ()  cha a v  ct ()  theo giao tuyn b th b song song 

vi a (h.2.41 ).  

 

Hnh 2.41  

V d.  Cho t din ABCD.  Ly M l im thuc min trong ca tam gic ABC.  
Gi () l mt phng qua M v song song vi cc  ng thng AB  v CD.  Xc 
nh thit din to bi ()  v t din ABCD.  Thit din  l hnh g ? 

Hnh 2.40 
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Mt phng ( )  i qua M v  song song vi AB  nn ( )  ct mt phng (ABC)  
(cha AB)  theo giao tuyn d i qua M v song song vi AB.  Gi E,  F  ln l t 
l giao im ca d vi AC  v BC  (h.2.42).  

Mt khc,  ( )  song song vi CD  nn 

( )  ct (ACD)  v  (BCD)  (l cc mt 
phng cha CD)  theo cc giao tuyn 
EH v  FG cng song song vi CD 
(H   AD  v G   BD).  

Ta c thit din l t gic EFGH.  Hn 
na ta c 

( )  // AB  v  (ABD)    ( )  = HG,  t  
suy ra HG // AB.   

T gic EFGH c EF // HG (// AB) v EH // FG (// CD) nn n l hnh bnh hnh. 

T nh l 2 ta suy ra h qu sau.  

H qu 

Nu hai mt phng phn 

bit cng song song vi 

mt  ng thng th giao 

tuyn ca chng (nu c)  

cng song song vi 

 ng thng  (h.2.43).    
 

Hai  ng thng cho nhau th khng th cng nm trong mt mt phng.  
Tuy nhin, ta c th tm  c mt phng cha  ng thng ny v song song 
vi  ng thng kia.  nh l sau y th hin tnh cht .  

nh l 3 

Cho hai  ng thng cho nhau.  C duy nht mt mt phng 

cha  ng thng ny v  song song vi  ng thng kia.   
 

Gi s ta c hai  ng thng cho nhau a  v b.  

Hnh 2.42 

Hnh 2.43 
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Ly im M bt k thuc a.  Qua M k 
 ng thng b' song song vi b.  Gi 
( )  l  mt phng xc nh bi a  v b' 
(h.2.44).  

Ta c :  b  // b' v b'   ( ),  t  suy ra 
b  // ( ).  

Hn na ( )    a  nn ( )  l  mt phng cn tm.   
 

Ta chng minh ( )  l  duy nht.  Tht vy,  nu c mt mt phng ()  khc ( ),  
cha a  v song song vi b  th khi  ( ),  ()  l  hai mt phng phn bit cng 
song song vi b  nn giao tuyn ca chng l  a,  phi song song vi b.  iu 
ny mu thun vi gi thit a  v  b  cho nhau.  

T ng t ta c th chng minh c duy nht mt mt phng cha b  v song 
song vi a.  

B i tp 

1.  Cho hai hnh bnh hnh ABCD  v ABEF khng cng nm trong mt mt phng.  

a)  Gi O  v O' ln l t l  tm ca cc hnh bnh hnh ABCD  v ABEF.  Chng 
minh rng  ng thng OO' song song vi cc mt phng (ADF)  v  (BCE).  

b)  Gi M v  N ln l t l  trng tm ca hai tam gic ABD  v  ABE.  Chng 
minh  ng thng MN song song vi mt phng (CEF).  

2.  Cho t din ABCD.  Trn cnh AB  ly mt im M.  Cho ( ) l mt phng qua M,  
song song vi hai  ng thng AC  v BD.  

a)  Tm giao tuyn ca ( )  vi cc mt ca t din.  

b)  Thit din ca t din ct bi mt phng ( )  l  hnh g ?  

3.  Cho hnh chp S.ABCD  c y ABCD  l  mt t gic li.  Gi O  l giao im 
ca hai  ng cho AC  v BD.  Xc nh thit din ca hnh chp ct bi mt 
phng ( )  i qua O,  song song vi AB  v  SC.  Thit din  l hnh g ?  

 

 

Hnh 2.44 
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4. hai  mt phng song song 
 

 

Hnh 2.45 

i.  nh ngha 

Hai mt phng ( ),  ()   c gi l  song song 
vi nhau nu chng khng c im chung.  

Khi  ta k hiu ( )  // ()  hay ()  // ( )  
(h.2.46).   

1  Cho hai  mt phng  song  song  ( )  v  ().  
 ng  thng  d nm trong  ( )  (h.2.47).  Hi  d 
v  ()  c im chung  khng ? 

 

ii.  tnh cht 

nh l 1 

Nu mt phng ( )  cha hai  ng thng ct nhau a,  b v  a,  b 

cng song song vi mt phng ()  th ( )  song song vi ().   

Gi M l  giao im ca a  v  b.  

V ( )  cha a  m  a  song song vi ()  nn ( )  v  ()  l  hai mt phng phn 
bit.  Ta cn chng minh ( )  song song vi ().  

Hnh 2.46 

Hnh 2.47 
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Gi s ()  v  ()  khng song song v  
ct nhau theo giao tuyn c  (h.2.48).  
Ta c 

// ( )

( )

( ) ( )

a

a

c




 





  =

   c  // a 

v   

// ( )

( )

( ) ( )

b

b

c




 





  =

   c  // b.   

Nh  vy t M ta k  c hai  ng thng a,  b  cng song song vi c.  Theo 
nh l 1 ,  2,  iu ny mu thun.  Vy ()  v ()  phi song song vi nhau.  

2  Cho t d in  SABC.  Hy dng mt phng  ()  qua trung im I ca on  SA  v  song  
song  vi  mt phng  (ABC).  

V d 1 .  Cho t din ABCD.  Gi 1 2 3, ,G G G  ln l t l  trng tm ca cc tam 

gic ABC,  ACD,  ABD.  Chng minh mt phng 1 2 3( )G G G  song song vi mt 

phng (BCD).  

Gi M,  N,  P  ln l t l trung im ca 
BC,  CD,  DB  (h.2.49).  Ta c :  

1M AG  v  1 2

3

AG

AM
=  ;  

2N AG  v  2 2

3

AG

AN
=  ;  

3P AG  v 3 2

3

AG

AP
=   

Do  =1 2AG AG

AM AN
 suy ra 1 2 // .G G MN  

V MN nm trong (BCD)  nn 1 2 // ( ).G G BCD  

T ng t =1 3AG AG

AM AP
 suy ra 1 3 // .G G MP  V  MP  nm trong (BCD)  nn 

1 3 // ( ).G G BCD  Vy 1 2 3( ) // ( ).G G G BCD  

Hnh 2.49 

Hnh 2.48 
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Ta bit rng qua mt im khng thuc  ng thng d c duy nht mt 
 ng thng d' song song vi d.  Nu thay  ng thng d bi mt phng ( )  
th  c kt qu sau.   

nh l 2 

Qua mt im nm ngoi mt 

mt phng cho tr c c mt v  

ch mt mt phng song song 

vi mt phng  cho  (h.2.50).   

T nh l trn ta suy ra cc h qu sau.  

H qu 1 

Nu  ng thng d song song 

vi mt phng ( )  th  qua d c 

duy nht mt mt phng song 

song vi ( )  (h.2.51 ).  

 

 

H qu 2 

Hai mt phng phn bit cng song song vi mt phng th 

ba th song song vi nhau.  

H qu 3 

Cho im A khng nm trn 

mt phng ( ).  Mi  ng 

thng i qua A v  song song 

vi ( )  u nm trong mt 

phng i qua A v  song song 

vi ( )  (h.2.52).  
 

V d 2.  Cho t din SABC  c SA  = SB  = SC.  Gi Sx,  Sy,  Sz  ln l t l  phn 
gic ngoi ca cc gc S trong ba tam gic SBC,  SCA,  SAB.  Chng minh :  

a)  Mt phng (Sx,  Sy)  song song vi mt phng (ABC)  ;  

b)  Sx,  Sy,  Sz  cng nm trn mt mt phng.  

Hnh 2.50 

Hnh 2.51  

Hnh 2.52 
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Hnh 2.53 

a) Trong mt phng (SBC),  v Sx l  phn gic ngoi ca gc S trong tam gic 
cn SBC (h.2.53) nn Sx // BC.  T  suy ra Sx // (ABC).   (1 )  

T ng t,  ta c Sy  // (ABC).  (2) v  Sz // (ABC).  

T (1 ) v  (2)  suy ra :  (Sx,  Sy)  // (ABC).  

b)  Theo h qu 3,  nh l 2,  ta c Sx,  Sy,  Sz  l cc  ng thng cng i qua S 
v cng song song vi (ABC)  nn Sx,  Sy,  Sz  cng nm trn mt mt phng i 
qua S v  song song vi (ABC).  

nh l 3 

Cho hai mt phng song song.  Nu mt mt phng ct mt 

phng n y th cng ct mt phng kia v  hai giao tuyn song 

song vi nhau.   
 

Gi ()  v ()  l hai mt phng song song.  Gi 
s ()  ct ()  theo giao tuyn a.  Do ()  cha a  
(h.2.54) nn ()  khng th trng vi ().  V vy 
hoc ()  song song vi ()  hoc ()  ct ().  Nu 
()  song song vi ()  th qua a  ta c hai mt 
phng ()  v ()  cng song song vi ().  iu 
ny v l.  Do  ()  phi ct ().  Gi giao tuyn 
ca ()  v ()  l  b.   

Hnh 2.54 
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Ta c a    ()  v  b    ()  m ()  // ()  nn a    b  = .  Vy hai  ng thng 
a  v b  cng nm trong mt mt phng ()  v  khng c im chung nn a  // b.  

H qu 

Hai mt phng song song chn trn hai ct tuyn song song 

nhng on thng bng nhau.   

Gi () v () l hai mt phng song song v  
() l mt phng xc nh bi hai  ng 
thng song song a,  b.  Gi A,  B  ln l t l  
giao im ca  ng thng a  vi ()  v () ;  
A',  B' ln l t l  giao im ca  ng thng b  
vi () v () (h.2.55).  Theo nh l 3  ta c  

( ) // ( )

( ) ( )

( ) ( ) .

AA

BB

 

 
 


  =
  =

  

T  suy ra AA' // BB'.  

V AB  song song vi A'B' (do a  song song vi b)  nn t gic AA'B'B  l  hnh 
bnh hnh.   

Vy AB  = A'B'.  
 

iii.  nh l ta-lt (thals) 

3  Pht biu  nh  l  Ta-lt trong  hnh  hc phng.  

nh l 4 (nh l Ta-lt)  

Ba mt phng i mt song 
song chn trn hai ct tuyn 
bt k nhng on thng 
t ng ng t l.  

 

Nu d,  d' l hai ct tuyn bt k ct ba mt phng song song (),  (),  ()  ln 
l t ti cc im A,  B,  C  v A',  B',  C' (h.2.56) th 

AB BC CA

A B B C C A
= = 

     
  

Hnh 2.56 

Hnh 2.55 
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iv. Hnh lng tr v  hnh hp 

Cho hai mt phng song song ()  v  (  ).  Trn ()  cho a gic li 

1 2 . . . nA A A .  Qua cc nh 1 ,A  2 ,A   ,  An  ta v cc  ng thng song song 

vi nhau v  ct (  )  ln l t ti 1 2, ,A A   . . . , nA .  

Hnh gm hai a gic 1 2 . . . nA A A ,  1 2 . . .A A   nA  v cc hnh bnh hnh 

1 1 2 2 ,A A A A   2 2 3 3 ,A A A A   . . . ,  1 1n nA A A A    c gi l  hnh lng tr  v  c k 

hiu l  1 2 1 2. . . . . . .n nA A A A A A    (h.2.57).  

 Hai a gic 1 2 . . . nA A A  v  

  1 2 . . . nA A A   c gi l hai mt y  

ca hnh lng tr.  

 Cc on thng 
1 1 ,A A  

2 2 , . . . ,A A  


n nA A   c gi l  cc cnh bn  ca 

hnh lng tr.   

 Cc hnh bnh hnh 1 1 2 2 ,A A A A   

2 2 3 3 ,A A A A   . . . ,  1 1n nA A A A    c gi 

l  cc mt bn  ca hnh lng tr.  

  Cc nh ca hai a gic  c gi 
l cc nh  ca hnh lng tr.   

Nhn xt 

  Cc cnh bn ca hnh lng tr bng nhau v  song song vi nhau.  

  Cc mt bn ca hnh lng tr l  cc hnh bnh hnh.  

  Hai y ca hnh lng tr l hai a gic bng nhau.  

Ng i ta gi tn ca hnh lng tr da vo tn ca a gic y, xem hnh 2.58.   
 

                                                              

Hnh  lng  tr  tam gic             H nh  lng tr  t gic                 H nh  lng tr  lc gic 

Hnh 2.57 

Hnh 2.58 
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  Hnh lng tr c y l  hnh tam gic 
 c gi l hnh lng tr tam gic.  

  Hnh lng tr c y l  hnh bnh hnh 
 c gi l hnh hp  (h.2.59).   
 

 

V. hnh chp ct 

nh ngha 

Cho hnh chp S. 1 2 . . . nA A A  ;  mt mt 

phng (P)  khng qua nh, song song vi 
mt phng y ca hnh chp ct cc 
cnh 1 ,SA  2 ,SA  . . . , nSA  ln l t ti 1 ,A  

2 ,A  . . . , nA .  Hnh to bi thit din 

1 2A A  . . . nA  v  y 1 2 . . . nA A A  ca hnh 

chp cng vi cc t gic 1 2 2 1 ,A A A A  

2 3 3 2 ,A A A A  . . . ,  1 1n nA A A A  gi l  hnh 

chp ct (h.2.60).  

y ca hnh chp gi l y ln  ca hnh chp ct, cn thit din 1 2 . . .A A  nA  

gi l  y nh ca hnh chp ct.  Cc t gic 1 2 2 1 ,A A A A  2 3 3 2 ,A A A A  . . . ,  

1 1n nA A A A  gi l  cc mt bn  ca hnh chp ct.  Cc on thng 

1 1 2 2, , . . . , n nA A A A A A  gi l  cc cnh bn  ca hnh chp ct.  

Tu theo y l  tam gic,  t gic,  ng gic . . . ,  ta c hnh chp ct tam gic,  
hnh chp ct t gic,  hnh chp ct ng gic,  . . .  

V hnh chp ct  c ct ra t mt hnh chp nn ta d dng suy ra cc tnh 
cht sau y ca hnh chp ct.  

Tnh cht 

1 ) Hai y l  hai a gic c cc cnh t ng ng song song v  

cc t s cc cp cnh t ng ng bng nhau.  

2)  Cc mt bn l  nhng hnh thang.  

3)  Cc  ng thng cha cc cnh bn ng quy ti mt im.  

Hnh 2.59 

Hnh 2.60 
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B i tp 

1. Trong mt phng ( )  cho hnh bnh hnh ABCD.  Qua A,  B,  C,  D  ln l t v 
bn  ng thng a,  b,  c,  d song song vi nhau v  khng nm trn ( ).  Trn a,  
b,  c  ln l t ly ba im A',  B',  C' tu .  

a)   Hy xc nh giao im D' ca  ng thng d vi mt phng (A'B'C').  

b)   Chng minh A'B'C'D' l  hnh bnh hnh.  

2. Cho hnh lng tr tam gic ABC.A'B'C'.  Gi M v M' ln l t l  trung im ca 
cc cnh BC  v B'C'.  

a)   Chng minh rng AM song song vi A'M'.  

b)   Tm giao im ca mt phng (AB'C')  vi  ng thng A'M.  

c)   Tm giao tuyn d ca hai mt phng (AB'C')  v  (BA'C').  

d)   Tm giao im G ca  ng thng d vi mt phng (AM'M).  

 Chng minh G l trng tm ca tam gic AB'C'.  

3. Cho hnh hp ABCD.A'B'C'D'.  

a)   Chng minh rng hai mt phng (BDA')  v  (B'D'C)  song song vi nhau.  

b)   Chng minh rng  ng cho AC' i qua trng tm 1G  v  2G  ca hai tam 

gic BDA' v B'D'C.  

c)   Chng minh 1G  v  2G  chia on AC' thnh ba phn bng nhau.  

d)   Gi O  v  I ln l t l  tm ca cc hnh bnh hnh ABCD  v  AA'C'C.  Xc 
nh thit din ca mt phng (A'IO)  vi hnh hp  cho.  

4.  Cho hnh chp S.ABCD.  Gi A1  l  trung im ca cnh SA  v  A2  l trung im 

ca on AA1 .  Gi ( )  v ()  l  hai mt phng song song vi mt phng 

(ABCD)  v ln l t i qua A1 ,  A2.  Mt phng ( )  ct cc cnh SB,  SC,  SD  ln 

l t ti B1 ,  C1 ,  D1 .  Mt phng ()  ct cc cnh SB,  SC,  SD  ln l t ti B2,  C2,  

D2.  Chng minh :  

a)  B1 ,  C1 ,  D1  ln l t l  trung im ca cc cnh SB,  SC,  SD  ;  

b)  B1B2  = B2B,  C1C2  = C2C,  D1D2  = D2D  ;  

c)  Ch ra cc hnh chp ct c mt y l t gic ABCD.  
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5.  php chiu  song song. 
hnh biu  din ca mt hnh khng gian 

I.  Php chiu song song 

Cho mt phng ()  v   ng thng   ct ().  

Vi mi im M trong khng gian,   ng 
thng i qua M v  song song hoc trng 
vi   s ct ()  ti im M' xc nh.  
im M'  c gi l  hnh chiu song song 
ca im M trn mt phng ()  theo 
ph ng ca  ng thng   hoc ni gn 
l  theo ph ng   (h.2.61 ).   

Mt phng ()  gi l  mt phng chiu.  Ph ng   gi l  ph ng chiu.  

Php t t ng ng mi im M trong khng gian vi hnh chiu M' ca n 
trn mt phng ()   c gi l php chiu song song ln ()  theo ph ng .  

Nu H  l mt hnh no  th tp hp H ' cc hnh chiu M' ca tt c 

nhng im M thuc H   c gi l  hnh chiu ca H  qua php chiu song 
song ni trn.  

  Ch .  Nu mt  ng thng c ph ng trng vi ph ng chiu th hnh 
chiu ca  ng thng  l mt im.  Sau y ta ch xt cc hnh chiu ca 
nhng  ng thng c ph ng khng trng vi ph ng chiu

II.  Cc tnh cht ca php chiu song song 

nh l 1 

a) Php chiu song 
song bin ba im 
thng hng thnh ba 
im thng hng v  
khng lm thay i 
th t ba im  
(h.2.62).   

Hnh 2.61  

Hnh 2.62 
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b) Php chiu song song bin  ng thng thnh  ng 
thng,  bin tia thnh tia,  bin on thng thnh on thng.  

 

c) Php chiu song song bin hai  ng thng song song thnh 
hai  ng thng song song hoc trng nhau  (h.2.63  v  h.2.64).  

    

Hnh 2.63                                                       Hnh 2.64 

 

d)  Php chiu song song khng lm thay i t s  di ca 
hai on thng nm trn hai  ng thng song song hoc 
cng nm trn mt  ng thng (h.2.65  v  h.2.66).  

          

AB A B

CD C D

 
=

 
     

AB A B

CD C D

 
=

 
 

      Hnh 2.65           Hnh 2.66 

1  Hnh chiu song song ca mt hnh 
vung c th l  hnh bnh hnh 
 c khng ? 

2  H nh  2.67 c th l  h nh  chiu 
song  song  ca hnh  lc g ic u  
 c khng ? Ti  sao ?   

Hnh 2.67 
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III. Hnh biu din ca mt hnh khng gian trn mt phng 

Hnh biu din ca mt hnh H  trong khng gian l  hnh chiu song song 

ca hnh H  trn mt mt phng theo mt ph ng chiu no  hoc hnh 
ng dng vi hnh chiu .  

3  Trong  cc hnh  2.68,  hnh  no biu d in cho hnh  lp ph ng ?  

                                          

        a)                  b)     c)  

Hnh 2.68 

Hnh biu din ca cc hnh th ng gp 

  Tam gic.  Mt tam gic bt k bao gi cng c th coi l  hnh biu din ca 
mt tam gic c dng tu  cho tr c (c th l  tam gic u,  tam gic cn,  
tam gic vung, v.v . . .)  (h.2.69).  
 

 

 

          a)                         b)                   c)  

Hnh 2.69 

 

 

 Hnh bnh h nh.  Mt hnh bnh hnh bt k bao gi cng c th coi l  hnh 
biu din ca mt hnh bnh hnh tu  cho tr c (c th l  hnh bnh hnh, 
hnh vung, hnh thoi,  hnh ch nht . . .)  (h.2.70).  
 

 

 

a)             b)           c)                   d )  

Hnh 2.70 
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  Hnh thang.  Mt hnh thang bt 
k bao gi cng c th coi l  hnh 
biu din ca mt hnh thang tu 
 cho tr c,  min l  t s  di 
hai y ca hnh biu din phi 
bng t s  di hai y ca hnh 
thang ban u.   

  Hnh trn.  Ng i ta th ng 
dng hnh elip  biu din cho 
hnh trn (h.2.71 ).  

4  Cc hnh 2.69a,  2.69b,  2.69c l  hnh  
biu din ca cc tam gic no ? 

5 Cc hnh  2.70a,  2.70b,  2.70c,  2.70d 
l  h nh  biu  d in  ca cc hnh  bnh 
hnh  no (hnh  bnh  hnh,  hnh 
thoi,  hnh  vung,  hnh  ch nht)  ?  

6 Cho hai  mt phng  ( )  v  ()  song 
song  vi  nhau.   ng  thng a  ct 
( )  v  ()  ln  l t ti  A  v  C.  
 ng thng  b  song  song  vi  a  ct 
( )  v  ()  ln  l t ti  B  v  D .   

 H nh  2.72 minh ho ni  dung nu  trn  ng hay sai  ?  
 

 

 

 

 

 

 

 

Cch biu din ng gic u 
 

 

Mt tam gic bt k c th coi l hnh biu din ca mt tam gic u.  Mt 
hnh bnh hnh c th coi l  hnh biu din ca mt hnh vung.  i vi ng 
gic u,  hnh biu din nh  th no ?  

Gi s ta c ng gic u ABCDE  vi cc  ng cho AC  v  BD  ct nhau  
im M (h.2.73).  Ta thy hai tam gic ABC  v  BMC  l ng dng (tam gic 
cn c chung gc C   y).  

Hnh 2.72 

Hnh 2.71  
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Ta c 
AC BC

BC MC
=      (1 )   

   

Hnh 2.73               Hnh 2.74 

Mt khc v t gic AMDE  l  hnh thoi nn AM = AE  = BC,  do  

(1 ) 
AC AM

AM MC
 =  

 

t AM = a,  MC  = x,  ta c  

a x a

a x

+
=  2 2

( 5 1)
2

0

( 5 1) (loi).
2

a
x

x ax a
a

x


= 

 +  =  
 =  


  

Suy ra 
5 1 2

2 3

MC

AM


=    v   

2

3

BM

MD
    

 

Cc t s ny gi nguyn trn hnh biu din.   xc nh hnh biu din,  ta 

v mt hnh bnh hnh A1M1D1E1  bt k lm hnh biu din ca hnh thoi 

AMDE  (h.2.74).  Sau  ko di cnh A1M1  mt on 1 1 1 1
2

3
M C M A=  v ko 

di cnh D1M1  thm mt on M1B1  = 1 1
2

.
3
M D   

Ni cc im A1 ,  B1 ,  C1 ,  D1 ,  E1  theo th t  ta  c hnh biu din ca mt 
ng gic u.  
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Cu hi n tp ch ng II 

1.  Hy nu nhng cch xc nh mt phng, k hiu mt phng.  

2.  Th no l   ng thng song song vi  ng thng ?  ng thng song song 
vi mt phng ? Mt phng song song vi mt phng ? 

3.  Nu ph ng php chng minh ba im thng hng.  

4.  Nu ph ng php chng minh ba  ng thng ng quy.  

5.  Nu ph ng php chng minh 

  ng thng song song vi  ng thng ;  

  ng thng song song vi mt phng ;  

 Mt phng song song vi mt phng.  

6.  Pht biu nh l Ta-lt trong khng gian.  

7.  Nu cch xc nh thit din to bi mt mt phng vi mt hnh chp, hnh 
hp, hnh lng tr.  

Bi tp n tp ch ng II 

1.  Cho hai hnh thang ABCD  v ABEF  c chung y ln AB  v  khng cng nm 
trong mt mt phng.  

a)   Tm giao tuyn ca cc mt phng sau :  

(AEC)  v (BFD)  ;  (BCE)  v  (ADF).  

b)   Ly M l  im thuc on DF.  Tm giao im ca  ng thng AM vi mt 
phng (BCE).   

c)  Chng minh hai  ng thng AC  v BF khng ct nhau.  

2.  Cho hnh chp S.ABCD  c y ABCD  l hnh bnh hnh.  Gi M,  N,  P  theo th 
t l  trung im ca cc on thng SA,  BC,  CD.  Tm thit din ca hnh chp 
khi ct bi mt phng (MNP).  

Gi O  l giao im hai  ng cho ca hnh bnh hnh ABCD,  hy tm giao 
im ca  ng thng SO  vi mt phng (MNP).  

3.  Cho hnh chp nh S c y l hnh thang ABCD  vi AB  l y ln.  Gi M,  N 
theo th t l  trung im ca cc cnh SB  v  SC.  

a)   Tm giao tuyn ca hai mt phng (SAD)  v (SBC).  



 78 

b)  Tm giao im ca  ng thng SD  vi mt phng (AMN).  

c)  Tm thit din ca hnh chp S.ABCD  ct bi mt phng (AMN).  

4.  Cho hnh bnh hnh ABCD.  Qua A,  B,  C,  D  ln l t v bn na  ng thng 
Ax,  By,  Cz,  Dt  cng pha i vi mt phng (ABCD),  song song vi nhau v  
khng nm trong mt phng (ABCD).  Mt mt phng ( )  ln l t ct Ax,  By,  
Cz  v  Dt ti A',  B',  C' v  D'.  

a)   Chng minh mt phng (Ax,  By)  song song vi mt phng (Cz,  Dt).  

b)   Gi I = AC    BD,  J = A'C'   B'D'.  Chng minh IJ song song vi AA'.  

c)   Cho AA' = a,  BB' = b,  CC' = c.  Hy tnh DD'.  

Cu hi trc nghim ch ng II 

1.   Tm mnh  sai trong cc mnh  sau y :  

(A) Nu hai mt phng c mt im chung th chng cn c v s im chung 
khc na ;  

(B) Nu hai mt phng phn bit cng song song vi mt phng th ba th 
chng song song vi nhau ;  

(C) Nu hai  ng thng phn bit cng song song vi mt mt phng th song 
song vi nhau ;  

(D) Nu mt  ng thng ct mt trong hai mt phng song song vi nhau th 
s ct mt phng cn li.  

2.  Nu ba  ng thng khng cng nm trong mt mt phng v i mt ct 
nhau th ba  ng thng  

(A) ng quy ;    (B) To thnh tam gic ;  

(C) Trng nhau ;       (D) Cng song song vi mt mt phng.  

Tm mnh  ng trong cc mnh  trn.  

3.  Cho t din  ABCD.  Gi I,  J v  K ln l t l 
trung im ca AC,  BC  v  BD (h.2.75).  Giao 
tuyn ca hai mt phng (ABD)  v (IJK)  l 

(A) KD ;       

(B) KI ;  

(C)  ng thng qua K v  song song vi AB ;  

(D) Khng c.   

Hnh 2.75 
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4.  Tm mnh  ng trong cc mnh  sau :  

(A) Nu hai mt phng ( )  v  ()  song song vi nhau th mi  ng thng nm 
trong ( )  u song song vi ()  ;  

(B) Nu hai mt phng ( )  v  ()  song song vi nhau th mi  ng thng nm 
trong ( )  u song song vi mi  ng thng nm trong ()  ;  

(C) Nu hai  ng thng song song vi nhau ln l t nm trong hai mt phng 
phn bit ( )  v ()  th ( )  v ()  song song vi nhau ;  

(D) Qua mt im nm ngoi mt phng cho tr c ta v  c mt v ch mt 
 ng thng song song vi mt phng cho tr c .  

5.  Cho t din ABCD.  Gi M v  N ln l t l 
trung im ca AB  v  AC  (h.2.76),  E  l  
im trn cnh CD  vi ED  = 3EC.  Thit 
din to bi mt phng (MNE)  v  t din 
ABCD  l :  

(A) Tam gic MNE  ;  

(B) T gic MNEF  vi F  l  im bt k 
trn cnh BD  ;  

(C) Hnh bnh hnh MNEF  vi F  l  im 
trn cnh BD  m  EF  // BC  ;  

(D) Hnh thang MNEF  vi F  l im trn 
cnh BD  m EF  // BC.   

6.  Cho hnh lng tr tam gic ABC.A'B'C'.  
Gi I,  J ln l t l  trng tm ca cc tam 
gic ABC  v A'B'C' (h.2.77).  Thit din to 
bi mt phng (AIJ)  vi hnh lng tr  
cho l  

(A) Tam gic cn ;     

(B) Tam gic vung ;  

(C) Hnh thang ;     

(D) Hnh bnh hnh.  

7.   Cho t din u SABC  cnh bng a.  Gi I 
l trung im ca on AB,  M l im di 
ng trn on AI.  Qua M v mt phng 
( )  song song vi (SIC).  

Hnh 2.76 

Hnh 2.77 
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   Thit din  to bi ( )  v  t din SABC  l 

(A) Tam gic cn ti M ;     (B) Tam gic u ;  

(C) Hnh bnh hnh ;     (D) Hnh thoi.  

8.  Vi gi thit ca bi tp 7,  chu vi ca thit din tnh theo AM = x l  

(A) x(1  + 3 )  ;      (B) 2x(1  + 3 )  ;  

(C) 3x(1  + 3 )  ;      (D) Khng tnh  c.  

9. Cho hnh bnh hnh ABCD.  Gi Bx,  Cy,  Dz  l  cc  ng thng song song vi 
nhau ln l t i qua B,  C,  D  v  nm v mt pha ca mt phng (ABCD),  ng 
thi khng nm trong mt phng (ABCD).  Mt mt phng i qua A  v  ct Bx,  
Cy,  Dz  ln l t ti B',  C',  D' vi BB' = 2,  DD' = 4.  Khi  CC' bng 

(A) 3  ;       (B) 4 ;    

(C) 5  ;       (D) 6.  

10. Tm mnh  ng trong cc mnh  sau :  

(A) Hai  ng thng phn bit cng nm trong mt mt phng th khng 
cho nhau ;  

(B) Hai  ng thng phn bit khng ct nhau th cho nhau ;  

(C) Hai  ng thng phn bit khng song song th cho nhau ;  

(D) Hai  ng thng phn bit ln l t thuc hai mt phng khc nhau th 
cho nhau.  

11. Cho hnh vung ABCD  v  tam gic u SAB  nm trong hai mt phng khc 
nhau.  Gi M l  im di ng trn on AB.  Qua M  v mt phng ( )  song song 
vi (SBC).  

Thit din to bi ( )  v  hnh chp S.ABCD  l  hnh g ?  

(A) Tam gic ;      (B) Hnh bnh hnh ;  

(C) Hnh thang ;      (D) Hnh vung.  
 

12.  Vi gi thit ca bi tp 11 ,  gi N,  P,  Q  ln l t l giao ca mt phng ( )  vi 
cc  ng thng CD,  DS,  SA.  Tp hp cc giao im I ca hai  ng thng 
MQ  v  NP  l  

(A)  ng thng ;      (B) Na  ng thng ;  

(C) on thng song song vi AB  ;   (D) Tp hp rng.  
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Ta-lt,  ng i u tin  

pht hin ra nht thc 
 

 

 

Mi ng i chng ta u bit n nh l Ta-lt trong hnh hc phng v  trong 
hnh hc khng gian.  Ta-lt l mt th ng gia,  mt ng i thch i du lch v  
mt nh thin vn kim trit hc.  ng l mt nh  bc hc thi c Hi Lp v  l 
ng i sng lp ra tr ng phi trit hc t nhin  Mi-lt.  ng cng  c xem 
l thu t ca b mn Hnh hc.  Trong lch s b mn Thin vn, Ta-lt l  
ng i u tin pht hin ra nht thc vo ngy 25  thng 5  nm 585 tr c 

Cng nguyn.  ng  khuyn nhng ng i i bin xc nh ph ng h ng 
bng cch da vo chm sao Tiu Hng Tinh.  
 

 

 

 

 

 

 

 

 

 

 

 

 

Gii thiu ph ng php tin  

trong vic xy dng hnh hc 
Trong lc chuyn tr, H in-be (Hilbert)  ni  a rng 

Trong hnh hc, thay cho im,  ng thng,  
mt phng ta c th ni v ci bn, ci gh  

v nhng cc bia. 
 

 

 

T th k th ba tr c Cng nguyn, qua tc phm C bn,  -clt l  ng i 
u tin t nn mng cho vic p dng ph ng php tin  trong vic xy 

dng hnh hc.   t ng tuyt vi ny ca -clt   c hon thin bi nhiu 
th h ton hc tip theo v mi n cui th k XIX, Hin-be,  nh ton hc 
c, trong tc phm C s hnh hc xut bn nm 1899    a ra mt h 
tin  ngn, gn,  y  v khng mu thun.  Ngy nay c nhiu tc gi 
khc  a ra nhng h tin  mi ca hnh hc -clt nh ng v c bn vn 
da vo h tin  Hin-be.  Sau y chng ta s tm hiu s l c v ph ng 
php tin .  
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1.  Tin  l  g ? 

Trong sch gio khoa hnh hc  tr ng ph thng, chng ta  gp nhng 
khi nim u tin ca hnh hc nh  im,  ng thng, mt phng,  im 
thuc  ng thng, im thuc mt phng.v.v.. .  Cc khi nim ny  c m 
t bng hnh nh ca chng v u khng  c nh ngha.  Ng i ta gi  l  
cc khi nim c bn  v  dng chng  nh ngha cc khi nim khc.  Hn 
na, khi hc Hnh hc,  chng ta cn gp nhng mnh  ton hc tha nhn 
nhng tnh cht ng n n gin nht ca  ng thng v mt phng m  
khng chng minh,   l  cc tin  hnh hc.  

Th d nh  :  

 C mt v ch mt  ng thng i qua hai im phn bit cho tr c ;  

 C mt v ch mt mt phng qua ba im khng thng hng cho tr c ;  

 Nu c mt  ng thng i qua hai im ca mt mt phng th mi im 
ca  ng thng u thuc mt phng  ;  

 v.  v. . .  

Ng i ta da vo cc tin  Hnh hc  chng minh cc nh l ca Hnh 
hc v xy dng ton b ni dung ca n.  Mt h tin  hon chnh phi 
tho mn mt s iu kin sau :  

 H tin  phi khng mu thun ;  

 Mi tin  ca h phi c lp vi cc tin  cn li ;  

 H tin  phi y .  
 

2.  Cc l thuyt hnh hc.  Chng ta bit rng mi l thuyt hnh hc c mt 
h tin  ring ca n.  Ring hnh hc -clt v hnh hc L-ba-sp-xki ch 
khc nhau v tin  song song, cn tt c cc tin  cn li ca hai l thuyt 
hnh hc ny u ging nhau.  Trong sch gio khoa Hnh hc lp 7,  tin  
-clt v  ng thng song song  c pht biu nh  sau :  

 

 

 

Qua mt im M nm ngoi mt  ng thng a ch c mt  ng thng d 
song song vi  ng thng a  .  Trong cc gio trnh v c s hnh hc, tin 
 ny  c gi l tin  V ca -clt.  Sut hn 2000 nm ng i ta  nghi 
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ng cho rng tin  V l  mt nh l ch khng phi l  mt tin  v  tm 
cch chng minh tin  V t cc tin  cn li,  nh ng tt c u khng i 
n kt qu.  Tin  V cn  c pht biu mt cch chnh xc nh  sau:  

Trong mt phng xc nh bi  ng thng a  v  mt im M khng thuc a  
c nhiu nht l  mt  ng thng i qua im M v  khng ct a.  Sau  
ng i ta t tn cho  ng thng khng ct a  ni trn l   ng thng song 
song vi a.  

L-ba-sp-xki l ng i u tin t vn  thay tin  -clt bng tin  
L-ba-sp-xki nh  sau :  

Trong mt phng xc nh bi  ng thng a v  mt im M khng thuc a 
c t nht hai  ng thng i qua M v  khng ct a.   
 

 

 

 

T tin  ny ng i ta chng minh  c tng cc gc trong mi tam gic 
u nh hn hai vung v xy dng nn mt mn Hnh hc mi l  Hnh hc 
L-ba-sp-xki.  Ngy nay,  Hnh hc L-ba-sp-xki c nhiu ng dng trong 
ngnh Vt l v tr v  to nn mt b c ngot trong vic lm thay i t  
duy khoa hc ca con ng i.  

 



 84 

 
 

 

 

 

 

 

 

 

 

 

 

 Vect trong khng gian 
 Hai   ng thng vung gc 
  ng thng vung gc vi  mt phng 
 Hai  mt phng vung gc 
 Khong cch  

 

 

 

  
 

 

 

Trong ch ng ny chng ta s nghin  cu v vect 

trong khng gian,  ng thi  da vo cc kin thc c 

l in  quan n tp hp cc vect trong khng gian  

xy dng quan h vung gc ca  ng thng,  mt 

phng trong khng gian.  
 

CHNG  III 
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1.  VECT TRONG KHNG GIAN 

 lp 10 chng ta   c hc v vect trong mt phng.  Nhng kin thc c 
lin quan n vect  gip chng ta lm quen vi ph ng php dng vect 
v  dng to   nghin cu hnh hc phng.  Chng ta bit rng tp hp cc 
vect nm trong mt phng no  l mt b phn ca tp hp cc vect trong 
khng gian.  Do  nh ngha vect trong khng gian cng vi mt s ni 
dung c lin quan n vect nh   di ca vect, s cng ph ng, cng 
h ng ca hai vect,  gi ca vect,  s bng nhau ca hai vect v cc quy tc 
thc hin cc php ton v vect  c xy dng v xc nh hon ton t ng 
t nh  trong mt phng.  Tt nhin trong khng gian,  chng ta s gp nhng 
vn  mi v vect nh  vic xt s ng phng hoc khng ng phng ca 
ba vect hoc vic phn tch mt vect theo ba vect khng ng phng.  
Nhng ni dung ny s  c xt n trong cc phn tip theo sau y.  

I. nh ngha v  cc php ton v vect trong khng gian 

Cho on thng AB  trong khng gian.  Nu ta chn im u l A,  im cui 

l  B  ta c mt vect,   c k hiu l  .AB


  

1 .  nh ngha 

Vect trong  khng gian l  mt on thng c h ng.  K hiu 

AB


 ch vect c im u A,  im cui B.  Vect cn  c k 

hiu l  , , ,a b x y ,  . . .  

Cc khi nim c lin quan n vect nh  gi ca vect,   di ca vect,  s 
cng ph ng,  cng h ng ca hai vect,  vect -  khng, s bng nhau ca hai 
vect,  . . .   c nh ngha t ng t nh  trong mt phng.  

1   Cho hnh t din ABCD .  Hy ch ra cc vect c im u l  A  v  im cui  l  cc 
nh cn li  ca hnh t din.  Cc vect  c cng nm trong mt mt phng khng ? 

2   Cho hnh  hp ABCD.A'B'C'D'.  

Hy k tn  cc vect c im u  v  im cui  l  cc nh  ca hnh  hp v  bng 

vect .AB


 

2.  Php cng v  php tr vect trong khng gian 

Php cng v  php tr hai vect trong khng gian  c nh ngha t ng t 

nh  php cng v  php tr hai vect trong mt phng.  Php cng vect trong 
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khng gian cng c cc tnh cht nh  php cng vect trong mt phng.  Khi 

thc hin php cng vect trong khng gian ta vn c th p dng quy tc ba 

im, quy tc hnh bnh hnh nh  i vi vect trong hnh hc phng.  

V d 1 .  Cho t din ABCD.  Chng minh :  .AC BD AD BC+ = +

   

 

Theo quy tc ba im ta c 

AC AD DC= +

  

 (h.3.1 ).  

Do  :  AC BD AD DC BD+ = + +

    

 

= ( )AD BD DC+ +

  

 

= AD BC+

 

.   
 

3   Cho hnh  hp ABCD.EFGH.  Hy thc 

hin  cc php ton  sau  y (h.3.2)  :  

a)  AB CD EF GH+ + +

   

;  

b)  .BE CH

 

 
 

 

Quy tc hnh hp  

Cho hnh hp ABCD.A'B'C'D' c ba 
cnh xut pht t nh A  l AB,  AD,  
AA' v c  ng cho l  AC'.  Khi  
ta c quy tc hnh hp l  :  

AB AD AA AC + + =

   

   (h.3.3).  

Quy tc ny  c suy ra t quy tc 
hnh bnh hnh trong hnh hc 
phng.   

3.  Php nhn vect vi mt s 

Trong khng gian,  tch ca vect a  vi mt s k   0 l vect ka   c nh 
ngha t ng t nh  trong mt phng v  c cc tnh cht ging nh  cc tnh 
cht   c xt trong mt phng.  

Hnh 3.2 

Hnh 3.3 

Hnh 3.1  
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V d 2.  Cho t din ABCD.  Gi M,  N ln l t l  trung im ca cc cnh 
AD,  BC  v G l trng tm ca tam gic BCD.  Chng minh rng :  

a)  
1
( )

2
MN AB DC= +

  

 ;     b)  3 .AB AC AD AG+ + =

   

  

a)  Ta c MN MA AB BN= + +

   

 v  MN MD DC CN= + +

   

 (h.3.4).  

Do  :  2MN MA MD AB DC BN CN= + + + + +

      

 

V M l  trung im ca on AD  nn 

0MA MD+ =

 

 v  N l trung im ca 

on BC  nn 0.BN CN+ =

 

 

Do  
1
( ).

2
MN AB DC= +

  

 

b)  Ta c  AB AG GB= +

  

,  

   AC AG GC= +

  

,  

   .AD AG GD= +

  

 

Suy ra 3 .AB AC AD AG GB GC GD+ + = + + +

      

 

V G l trng tm ca tam gic BCD  nn 0.GB GC GD+ + =

  

 

Do  ta suy ra 3 .AB AC AD AG+ + =

   

 

4   Trong khng gian  cho hai  vect a  v  b  u  khc vect - khng.  Hy xc nh  cc 

vect 2 ,m a=  3n b=   v  .p m n= +  

II.  iu kin ng phng ca ba vect 

1.  Khi nim v s ng phng ca ba vect trong khng gian 

Trong khng gian cho ba vect , ,a b c  u khc vect - khng.  Nu t mt 

im O  bt k ta v ,OA a=



 ,OB b=



 OC c=


 th c th xy ra hai tr ng hp :  

  Tr ng hp cc  ng thng OA,  OB,  OC  khng cng nm trong mt mt 

phng, khi  ta ni rng ba vect , ,a b c  khng ng phng (h.3.5a).  

Hnh 3.4 
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 Tr ng hp cc  ng thng OA,  OB,  OC  cng nm trong mt mt phng 

th ta ni ba vect , ,a b c  ng phng (h.3.5b).  

Trong tr ng hp ny gi ca cc vect , ,a b c  lun lun song song vi  
mt mt phng.  

     

a)  Ba vect , ,a b c  khng  ng phng        b)  Ba vect , ,a b c  ng  phng 

Hnh 3.5 

 Ch .  Vic xc nh s ng phng hoc khng ng phng ca ba vect ni 
trn khng ph thuc vo vic chn im O.  

T  ta c nh ngha sau y :   

2.  nh ngha 

Trong khng gian ba vect  c gi l  ng phng nu cc 

gi ca chng cng song song vi mt mt phng (h.3.6).  

 

Hnh 3.6 

V d 3.  Cho t din ABCD.  Gi M v  N  ln l t l trung im ca AB  v  

CD.  Chng minh rng ba vect , ,BC AD MN
  

 ng phng.   
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Gi P v Q  ln l t l trung im ca AC  
v BD  (h.3.7).  Ta c  PN song song vi 

MQ  v PN = MQ  = 
1

2
AD.  Vy t gic 

MPNQ  l hnh bnh hnh.  Mt phng 
(MPNQ) cha  ng thng MN v song 
song vi cc  ng thng AD  v BC.  

Ta suy ra ba  ng thng MN,  AD,  BC  
cng song song vi mt mt phng.  Do 

 ba vect ,BC


 ,MN


 AD


 ng phng.   

5   Cho hnh  hp ABCD.EFGH.  Gi  I v  K ln  l t l  trung  im ca cc cnh  AB  v  
BC.  Chng minh  rng  cc  ng  thng  IK v  ED  song  song  vi  mt phng  (AFC).  

T  suy ra ba vect , ,AF K ED
  

I  ng phng.  

3.  iu kin  ba vect ng phng 

T nh ngha ba vect ng phng v  t nh l v s phn tch (hay biu th)  
mt vect theo hai vect khng cng ph ng trong hnh hc phng chng ta 
c th chng minh  c nh l sau y :  

nh l 1 

Trong khng gian cho hai vect ,a b  khng cng ph ng v  
vect .c  Khi  ba vect , ,a b c  ng phng khi v  ch khi 
c cp s m,  n sao cho .c ma nb= +  Ngoi ra cp s m,  n l  
duy nht.  

6   Cho hai  vect a  v  b  u  khc vect 0 .  Hy xc nh  vect 2c a b=   v  g ii  

thch  ti  sao ba vect , ,a b c  ng phng.  

7   Cho ba vect , ,a b c  trong khng g ian.  Chng minh  rng nu 0ma nb pc+ + =  

v  mt trong  ba s m,  n,  p  khc khng th ba vect , ,a b c  ng  phng.  
 

V d 4.  Cho t din ABCD.  Gi M v  N  ln l t l trung im ca AB  v  
CD.  Trn cc cnh AD  v  BC  ln l t ly cc im P  v Q  sao cho 

2

3
AP AD=

 

 v  
2

.
3

BQ BC=

 

 Chng minh rng bn im M,  N,  P,  Q  cng 

thuc mt mt phng.  

Hnh 3.7 
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Ta c MN MA AD DN= + +

   

 

v  MN MB BC CN= + +

   

 (h.3.8).  

Do  2MN AD BC= +

  

 

hay 
1
( ).

2
MN AD BC= +

  

 (1 )  

Mt khc v 
2

3
AP AD=

 

 nn 
3

,
2

AD AP=

 

 

2

3
BQ BC=

 

 nn 
3

.
2

BC BQ=

 

 

Do  t (1 )  ta suy ra :   

1 3 3
( ) ( ).

2 2 4
MN AP BQ AM MP BM MQ=  + = + + +

      

 

3
( )

4
MN MP MQ= +

  

,  v 0.AM BM+ =

 

 

H thc 
3 3

4 4
MN MP MQ= +

  

 chng t ba vect , ,MN MP MQ
  

 ng phng 

nn bn im M,  N,  P,  Q  cng thuc mt mt phng.   

nh l 1  cho ta ph ng php chng minh s ng phng ca ba vect thng 
qua vic biu th mt vect theo hai vect khng cng ph ng.  

V vic biu th mt vect bt k theo ba vect khng ng phng trong 
khng gian,  ng i ta chng minh  c nh l sau y.  

nh l 2 

Trong khng gian cho ba 
vect khng ng phng 
, , .a b c  Khi  vi mi 

vect x  ta u tm  c mt 
b ba s m,  n,  p sao cho 

= + + .x ma nb pc  Ngoi ra 
b ba s m,  n,  p l  duy nht  
(h.3.9).  

Hnh 3.8 

Hnh 3.9 
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V d 5.  Cho hnh hp ABCD.EFGH c , , .AB a AD b AE c= = =

  

 Gi I l  

trung im ca on BG.  Hy biu th vect AI


 qua ba vect , , .a b c  

V I l  trung im ca on BG nn ta c 
1
( )

2
AI AB AG= +

  

 

trong  AG AB AD AE= + +

   

  

= a b c+ +  (h.3.10).  

Vy 
1
( ),

2
AI a a b c= + + +



 suy ra 

1 1
.

2 2
AI a b c= + +



  

 

 

B i tp 

1.   Cho hnh lng tr t gic ABCD.A'B'C'D'.  Mt phng (P)  ct cc cnh bn AA',  
BB',  CC',  DD' ln l t ti I,  K,  L,  M.  Xt cc vect c cc im u l  cc 
im I,  K,  L,  M v  c cc im cui l cc nh ca hnh lng tr.  Hy ch ra 
cc vect :  

a)  Cng ph ng vi IA


 ;  

b)  Cng h ng vi IA


 ;  

c)  Ng c h ng vi .IA



 

2.   Cho hnh hp ABCD.A'B'C'D'.  Chng minh rng :  

a)     + + =

   

AB B C DD AC  ;  

b)       =

   

BD D D B D BB  ;  

c)  0.AC BA DB C D + + + =

   

 

3.   Cho hnh bnh hnh ABCD.  Gi S l mt im nm ngoi mt phng cha hnh 

bnh hnh.  Chng minh rng :  .SA SC SB SD+ = +

   

 

Hnh 3.10 
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4.   Cho hnh t din ABCD.  Gi M v N ln l t l  trung im ca AB  v  CD.  
Chng minh rng :  

a)  
1
( )

2
MN AD BC= +

  

 ;     

b)
1
( ).

2
MN AC BD= +

  

 

5. Cho hnh t din ABCD.  Hy xc nh hai im E,  F sao cho :  

a)  AE AB AC AD= + +

   

 ;     

b)  .AF AB AC AD= + 

   

 

6.   Cho hnh t din ABCD.  Gi G l trng tm ca tam gic ABC.  Chng minh 

rng :  3 .DA DB DC DG+ + =

   

 

7.   Gi M v N ln l t l  trung im ca cc cnh AC  v BD  ca t din ABCD.  
Gi I l  trung im ca on thng MN v  P  l  mt im bt k trong khng 
gian.  Chng minh rng :  

a)  0IA IB IC ID+ + + =

   

 ;     

b)  
1
( ).

4
PI PA PB PC PD= + + +

    

 

8.   Cho hnh lng tr tam gic ABC.A'B'C' c , , .AA a AB b AC c = = =

  

 Hy phn 

tch (hay biu th) cc vect ,B C BC 

 

 qua cc vect , , .a b c  

9. Cho tam gic ABC.  Ly im S nm ngoi mt phng (ABC).  Trn on SA  ly 

im M sao cho 2MS MA= 

 

 v  trn on BC  ly im N sao cho 
1

.
2

NB NC= 

 

 Chng minh rng ba vect , ,AB MN SC
  

 ng phng.  

10. Cho hnh hp ABCD.EFGH.  Gi K l giao im ca AH v DE,  I l giao im 

ca BH v DF.  Chng minh ba vect , ,AC KI FG
  

 ng phng.  
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2. Hai   ng thng vung gc 

 

I.  tch v h ng ca hai vect trong khng gian 

1.  Gc gia hai vect trong khng gian 

nh ngha 

Trong khng gian,  cho u  v  

v  l  hai vect khc vect -  

khng.  Ly mt im A bt 

k, gi B v  C l  hai im 

sao cho =



,AB u  =



.AC v  

Khi  ta gi gc BAC  
o o(0 180 )BAC    l  gc 

gia hai vect u  v  v  

trong khng gian, k hiu l   

( , )u v  (h.3.11).   

1   Cho t d in  u  ABCD  c H l  trung  im ca cnh  AB.  Hy tnh  gc gia cc cp 
vect sau  y :  

a)  AB


 v  BC


 ;     b)  CH


 v  AC


.  

2.  Tch v h ng ca hai vect trong khng gian 

nh ngha 

Trong khng gian cho hai vect u  v  v  u khc vect -  khng.  

Tch v h ng ca hai vect u  v  v  l  mt s,  k hiu l  

. ,u v   c xc nh bi cng thc :  
 

 

. . . cos( , )u v u v u v=  
 

 

 

Tr ng hp 0u =  hoc 0v =  ta quy c .u v  = 0.  

V d 1 .  Cho t din OABC  c cc cnh OA, OB, OC  i mt vung gc v  
OA = OB = OC  = 1 .  Gi M l  trung im ca cnh AB.  Tnh gc gia hai 

vect OM


 v  .BC


 

Hnh 3.11  
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Ta c cos =

 

 

 

.
( , )

.

OM BC
OM BC

OM BC
 

= 
.

2
2

2

OM BC



 

 (h.3.12).  

Mt khc ( )= + 
1

. .( )
2

OM BC OA OB OC OB
     

  

= 
21

( . . . )
2

OA OC OA OB OB OC OB + 
      

 

V OA,  OB,  OC  i mt vung gc v  OB  = 1  nn  

. . . 0OA OC OA OB OB OC= = =
     

 v 
2

OB


= 1 .  

Do  cos
1

( , )
2

OM BC =  
 

 Vy o( , ) 120 .OM BC =
 

 

2  Cho hnh  lp ph ng ABCD.A'B'C'D'.  

a)  Hy phn  tch  cc vect AC


 v  BD


 theo ba vect , , .AB AD AA
  

 

 b)  Tnh  cos ( , )AC BD
 

 v  t  suy ra AC


 v  BD


 vung  gc vi  nhau.  

II.  Vect ch ph ng ca  ng thng 

1 .  nh ngha 

Vect a  khc vect -  khng  c 

gi l  vect ch ph ng ca  ng 

thng d nu gi ca vect a  song 

song hoc trng vi  ng thng d 

(h.3.13).   

2.  Nhn xt 

a) Nu a  l vect ch ph ng ca  ng thng d th vect k a  vi k   0 cng 
l  vect ch ph ng ca d.  

Hnh 3.12 

Hnh 3.13 
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b)  Mt  ng thng d trong khng gian hon ton  c xc nh nu bit mt 
im A  thuc d v mt vect ch ph ng a  ca n.   

c)  Hai  ng thng song song vi nhau khi v ch khi chng l hai  ng 
thng phn bit v  c hai vect ch ph ng cng ph ng.  

III.  Gc gia hai  ng thng trong khng gian 

Trong khng gian cho hai  ng thng a,  b  bt k.  T mt im O  no  
ta v hai  ng thng a' v  b' ln l t song song vi a  v  b.  Ta nhn thy 
rng khi im O  thay i th gc gia a' v  b' khng thay i.  Do  ta c  
nh ngha :  

1 .  nh ngha 

Gc gia hai  ng thng a v  b trong khng gian l  gc gia 

hai  ng thng a' v  b' cng i qua mt im v  ln l t 

song song vi a v  b (h.3.14).  
 

 

                  Hnh 3.14 

2.  Nhn xt 

a)  xc nh gc gia hai  ng thng a  v b  ta c th ly im O  thuc 
mt trong hai  ng thng  ri v mt  ng thng qua O  v  song song vi 
 ng thng cn li.  

b)  Nu u  l vect ch ph ng ca  ng thng a  v v  l vect ch ph ng 
ca  ng thng b  v  ( , )u v =  th gc gia hai  ng thng a  v  b  bng   

nu  
o o0 90  v  bng 

o180  nu o90  <     o180 .  Nu a  v  b  song 

song hoc trng nhau th gc gia chng bng o0 .  

3   Cho hnh lp ph ng ABCD.A'B'C'D'.  Tnh gc gia cc cp  ng thng sau y :  

a)  AB  v  B'C' ;    b)  AC  v  B'C' ;    c)  A'C' v  B'C.  
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V d 2.  Cho hnh chp S.ABC  c SA = SB = SC = AB = AC = a  v BC = a 2 .  
Tnh gc gia hai  ng thng AB  v  SC.  

Ta c  cos =

 

 

 

.
( , )

.

SC AB
SC AB

SC AB
 

= 
+

  

( ).

.

SA AC AB

a a
 (h.3.15).  

  cos
2

. .
( , )

SA AB AC AB
SC AB

a

+
=

   

 

  

V 2 2 2 2 2 2( 2 )CB a a a AC AB= = + = +  nn .AC AB
 

 = 0.  Tam gic SAB  

u nn ( ,SA AB
 

)  = o120   v  do  .SA AB
 

= a.a.cos o120   = 
2

2

a
  Vy :  

cos

2

2

12( , )
2

a

SC AB
a



= =  

 

 Do  ( ,SC AB
 

)  = o120 .  

Ta suy ra gc gia hai  ng thng SC v AB bng o o o180 120 60 . =  

IV. Hai  ng thng vung gc 

1 .  nh ngha 

Hai  ng thng  c gi l  vung gc vi nhau nu gc 

gia chng bng o90 .  
 

 

Ng i ta k hiu hai  ng thng a  v  b  vung gc vi nhau l  a    b.  

2.  Nhn xt 

a) Nu u  v v  ln l t l  cc vect ch ph ng ca hai  ng thng a  v  b  
th :   a    b    .u v  = 0.  

b)  Cho hai  ng thng song song.  Nu mt  ng thng vung gc vi  
 ng thng ny th cng vung gc vi  ng thng kia.  

c)  Hai  ng thng vung gc vi nhau c th ct nhau hoc cho nhau.  

Hnh 3.15 
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V d 3.  Cho t din ABCD  c AB    AC  v  AB    BD.  Gi P v  Q  ln l t l 
trung im ca AB  v  CD.  Chng minh rng AB  v  PQ  l  hai  ng thng 
vung gc vi nhau.   

Ta c PQ PA AC CQ= + +

   

 

v  PQ PB BD DQ= + +

   

 (h.3.16).  

Do  2 .PQ AC BD= +

  

 

Vy 2 . ( ).PQ AB AC BD AB= +

    

 

= . .AC AB BD AB+

   

= 0 

hay .PQ AB
 

 = 0 tc l  PQ    AB.   

4   Cho hnh  lp ph ng ABCD.A'B'C'D'.  Hy nu  tn  cc  ng  thng  i  qua hai  
nh  ca hnh  lp ph ng   cho v  vung  gc vi  :  

a)   ng  thng AB  ;    b)   ng  thng AC.  

5   Tm nhng hnh  nh  trong  thc t minh  ho cho s vung  gc ca hai   ng  thng 
trong  khng gian  (tr ng  hp ct nhau  v  tr ng hp cho nhau).  

B i tp 

1.   Cho hnh lp ph ng ABCD.EFGH.  Hy xc nh gc gia cc cp vect 
sau y :  

a)  AB


 v  EG


 ;    b)  AF


 v  EG


 ;    c)  AB


 v  .DH


 

2.   Cho t din  ABCD.  

a)  Chng minh  rng . . . 0.AB CD AC DB AD BC+ + =

     

 

b) T ng thc trn hy suy ra rng nu t din ABCD c AB   CD  v AC   DB 
th AD   BC.  

3.   a)  Trong khng gian nu hai  ng thng a  v  b  cng vung gc vi  ng 
 thng  c  th a  v b  c song song vi nhau khng ?  

b) Trong khng gian nu  ng thng a  vung gc vi  ng thng b v  ng 
thng b vung gc vi  ng thng c  th a  c vung gc vi c  khng ? 

Hnh 3.16 
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4.  Trong khng gian cho hai tam gic u ABC  v  ABC' c chung cnh AB  v 
nm trong hai mt phng khc nhau.  Gi M,  N,  P,  Q  ln l t l  trung im ca 
cc cnh AC,  CB,  BC',  C'A.  Chng minh rng :  

a)  AB    CC' ;  

b)  T gic MNPQ  l hnh ch nht.  

5.   Cho hnh chp tam gic S.ABC  c SA = SB = SC  v  c   .ASB BSC CSA= =  
Chng minh rng SA    BC,  SB    AC,  SC    AB.  

6.   Trong khng gian cho hai hnh vung ABCD  v  ABC'D' c chung cnh 
AB  v nm trong hai mt phng khc nhau, ln l t c tm O  v  O'.  Chng 
minh rng AB   OO' v  t gic CDD'C' l  hnh ch nht.  

7.   Cho S l  din tch ca tam gic  ABC.  Chng minh rng :  

S = 
2 2 21
. ( . ) .

2
AB AC AB AC

   

 

8.   Cho t din ABCD  c AB = AC = AD  v  BAC BAD=  = o60 .  Chng minh rng :  

a)  AB    CD  ;  

b) Nu M,  N ln l t l trung im ca AB  v CD  th MN   AB  v MN   CD.  
 

 

 

 

 

3.  ng thng vung gc vi  mt phng 

Trong thc t,  hnh nh ca si dy di vung gc vi nn nh  cho ta khi 
nim v s vung gc ca  ng thng vi mt phng.  
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I.  nh ngha 

ng thng d  c gi 
l  vung gc vi mt 
phng ()  nu d vung 
gc vi mi  ng thng 
a nm trong mt phng 
()  (h.3.17).   

Khi d vung gc vi ()  ta cn ni ()  vung gc vi d,  hoc d v  ()  vung 
gc vi nhau v  k hiu l  d  ().  
 

 

II.  iu kin   ng thng vung gc vi mt phng 

nh l  

Nu mt  ng thng vung gc vi hai  ng thng ct 
nhau cng thuc mt mt phng th n vung gc vi mt 
phng y.  

Gi s hai  ng thng ct nhau cng thuc mt phng ()  l a,  b  ln l t c 
cc vect ch ph ng l  ,m  n  (h.3.18).  Tt nhin khi  m  v  n  l  hai vect 

khng cng ph ng.  Gi c  l  mt  ng thng bt k nm trong mt phng 
()  v  c vect ch ph ng .p  V ba vect , ,m n p  ng phng v  

,m  n  l  hai vect khng cng ph ng nn ta c hai s x v  y  sao cho 
.p xm yn= +  

Gi u  l  vect ch ph ng ca 
 ng thng d.  V  d   a  v d   b  
nn ta c .u m  = 0 v  .u n = 0.  

Khi   

. .( ) . . . . 0.u p u xm y n x u m y u n= + = + =  

Vy  ng thng d vung gc vi 
 ng thng c  bt k nm trong mt 
phng () ngha l  ng thng d 
vung gc vi mt phng ().   

Hnh 3.17 
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H qu 

Nu mt  ng thng vung gc vi hai cnh ca mt tam 

gic th n cng vung gc vi cnh th ba ca tam gic .  

1  Mun chng  minh  ng thng  d vung  gc vi  mt mt phng ( ),  ng i  ta phi  
lm nh  th no ? 

2   Cho hai   ng  thng  a  v  b  song  song  vi  nhau.  Mt  ng thng  d vung gc vi  
a  v  b.  Khi    ng thng  d c vung gc vi  mt phng  xc nh  bi  hai   ng  
thng  song  song a  v  b  khng ? 

III.  Tnh cht 

T nh ngha v iu kin   ng thng vung gc vi mt phng ta c 
cc tnh cht sau :  

Tnh cht 1 

C duy nht mt mt 
phng i qua mt 
im cho tr c v   
vung gc vi mt 
 ng thng cho tr c 
(h.3.19).   

 

Mt phng trung trc ca mt on thng  

Ng i ta gi mt phng i qua trung 
im I ca on thng AB  v  vung 
gc vi  ng thng AB  l  mt phng 
trung trc ca on thng AB  
(h.3.20).   

Tnh cht 2 

C duy nht mt 
 ng thng i qua 
mt im cho tr c v  
vung gc vi mt 
mt phng  cho tr c 
(h.3.21 ).   

Hnh 3.19 

Hnh 3.20 
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IV. Lin h gia quan h song song v  quan h vung gc 
ca  ng thng v  mt phng 

Ng i ta c th chng minh  c mt s tnh cht sau y v s lin quan 
gia quan h vung gc v  quan h song song ca  ng thng v mt phng.  

Tnh cht 1 

a) Cho hai  ng thng song song.  Mt phng no vung gc 
vi  ng thng ny th cng vung gc vi  ng thng 
kia  (h.3.22).  

b)  Hai  ng thng phn 
bit cng vung gc vi 
mt mt phng th song 
song vi nhau.   

 

Tnh cht 2 

a) Cho hai mt phng 
song song.   ng 
thng no vung gc 
vi mt phng ny th 
cng vung gc vi mt 
phng kia (h.3.23).  

b) Hai mt phng phn bit 
cng vung gc vi mt 
 ng thng th song 
song vi nhau (h.3.23).  

 

Tnh cht 3 

a) Cho  ng thng a v  
mt phng ( )  song 
song vi nhau.   ng 
thng no vung gc 
vi ( )  th cng vung 
gc vi a (h.3.24).  

b)  Nu mt  ng thng v  mt mt phng (khng cha 
 ng thng ) cng vung gc vi mt  ng thng khc 
th chng song song vi nhau (h.3.24).  

Hnh 3.22 

Hnh 3.23 

Hnh 3.24 
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V d 1 .  Cho hnh chp S.ABC  c y l  tam gic ABC  vung ti B  v c cnh 
SA  vung gc vi mt phng (ABC).  

a)  Chng minh BC    (SAB).  

b)  Gi AH l   ng cao ca tam gic SAB.  Chng minh AH  SC.  

a)  V  SA   (ABC)  nn SA    BC  (h.3.25).  

Ta c ,BC SA  .BC AB  

T  suy ra ( ).BC SAB  

b)  V  BC    (SAB)  v  AH nm trong (SAB)  

nn BC    AH.  Ta li c 

AH ,BC  AH SB  nn ( ).AH SBC   

T  suy ra .AH SC  

V. Php chiu vung gc v  nh l ba  ng vung gc 

1.  Php chiu vung gc 

Cho  ng thng  vung gc vi mt phng 
().  Php chiu song song theo ph ng ca  
ln mt phng ()  c gi l php chiu 
vung gc ln mt phng ()  (h.3.26).  

Nhn xt.  Php chiu vung gc ln mt 
mt phng l tr ng hp c bit ca php 
chiu song song nn c y  cc tnh cht 
ca php chiu song song.  Ch  rng ng i 
ta cn dng tn gi "php chiu ln mt 
phng ()"  thay cho tn gi "php chiu vung gc ln mt phng ()"  v 

dng tn gi H '  l hnh chiu ca H  trn mt phng ()  thay cho tn gi 

H '  l  hnh chiu vung gc ca H  trn mt phng ().  

2.  nh l ba  ng vung gc 

Cho  ng thng a nm trong mt phng ()  v  b l   ng 
thng khng thuc ()  ng thi khng vung gc vi ().  
Gi b' l  hnh chiu vung gc ca b trn ().  Khi  a vung 
gc vi b khi v  ch khi a vung gc vi b'.  

Hnh 3.25 

Hnh 3.26 
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Trn  ng thng b  ly hai im A, B  
phn bit sao cho chng khng thuc 
( ).  Gi A' v B' ln l t l hnh chiu 
ca A  v  B  trn ( ).  Khi  hnh chiu b' 
ca b  trn ( )  chnh l  ng thng i 
qua hai im A' v  B' (h.3.27).  

V a  nm trong ( ) nn a  vung gc vi AA'.  

 Vy nu a  vung gc vi b  th a  vung 
gc vi mt phng (b',  b).  Do  a  
vung gc vi b'.   

 Ng c li nu a  vung gc vi b' th a  vung gc vi mt phng (b',  b).  Do 
 a  vung gc vi b.  

3.  Gc gia  ng thng v  mt phng 

nh ngha 

Cho  ng thng d v  mt phng ( ).   

Tr ng hp  ng thng d vung gc vi mt phng ( ) th ta 
ni rng gc gia  ng thng d v  mt phng ( )  bng o.90  

Tr ng hp  ng thng d khng vung gc vi mt phng ( )  
th gc gia d v  hnh chiu d' ca n trn ( )  gi l  gc gia 
 ng thng d v  mt phng ( ).  

 

Khi d khng vung gc vi ( ) v d ct 
( ) ti im O,  ta ly mt im A  tu  
trn d khc vi im O.  Gi H l hnh 
chiu vung gc ca A  ln ( ) v   l gc 

gia d v ( ) th AOH  =    (h.3.28).  

  Ch .  Nu   l  gc gia  ng thng d 
v  mt phng ( )  th ta lun  c 
o o0 90 .   

 

V d 2.  Cho hnh chp S.ABCD  c y l  hnh vung ABCD  cnh a,  c cnh 

SA  = a 2  v  SA  vung gc vi mt phng (ABCD).  

Hnh 3.27 

Hnh 3.28 
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a) Gi M v N ln l t l  hnh chiu ca im A  ln cc  ng thng SB  v  
SD.   Tnh gc gia  ng thng SC v   mt phng (AMN).  

b)  Tnh gc gia  ng thng SC  v mt phng (ABCD).  

a)  Ta c ,BC AB  ,BC AS  suy ra ( ).BC ASB   

T  suy ra ,BC AM  m  SB AM  

nn ( ).AM SBC  Do  AM SC  (h.3.29).  

T ng t ta chng minh  c AN  SC.   

Vy SC   (AMN).  

Do  gc gia SC v  mt phng 

(AMN)   bng o90 .   

b)  Ta c AC  l  hnh chiu ca SC ln mt phng (ABCD)  nn SCA  l gc 
gia  ng thng SC vi mt phng (ABCD).  Tam gic vung SAC  cn ti A  

c AS = AC = a 2.  Do  SCA  = o45 .  
 

B i tp 

1.   Cho hai  ng thng phn bit a, b  v mt phng ().  Cc mnh  sau y 
ng hay sai ?  

a)  Nu a // ()  v  b  ()  th  a  b.  

b)  Nu a  // ()  v  b  a  th  b ().  

c)  Nu a  // ()  v  b  // ()  th  b // a.  

d)  Nu a ()  v  b   a  th  b // ().  

2.   Cho t din ABCD  c hai mt ABC  v  BCD  l hai tam gic cn c chung cnh 
y BC.  Gi I l  trung im ca cnh BC.  

a)  Chng minh rng BC  vung gc vi mt phng (ADI).  

b)  Gi AH l   ng cao ca tam gic ADI,  chng minh rng AH vung gc vi 
mt phng (BCD).  

3.   Cho hnh chp S.ABCD  c y l hnh thoi ABCD  v c SA = SB = SC = SD.  Gi O  
l  giao im ca AC  v  BD.  Chng minh rng :  

a)   ng thng SO  vung gc vi mt phng (ABCD)  ;  

Hnh 3.29 
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b)   ng thng AC  vung gc vi mt phng (SBD)  v   ng thng BD  vung 
gc vi mt phng (SAC).  

4.   Cho t din OABC  c ba cnh OA, OB, OC  i mt vung gc.  Gi H l  chn 
 ng vung gc h t O  ti mt phng (ABC).  Chng minh rng :  

a)  H l  trc tm ca tam gic ABC  ;  

b)  
2 2 2 2

1 1 1 1

OH OA OB OC
= + +   

5.   Trn mt phng ()  cho hnh bnh hnh ABCD.  Gi O  l giao im ca AC  v  
BD,  S l mt im nm ngoi mt phng ()  sao cho SA = SC,  SB = SD.  Chng 
minh rng :  

a)  SO    ()  ;  

b)  Nu trong mt phng (SAB)  k SH vung gc vi AB  ti H th AB  vung gc 
vi mt phng (SOH).  

6.   Cho hnh chp S.ABCD  c y l  hnh thoi ABCD  v c cnh SA  vung gc vi 
mt phng (ABCD).  Gi I v K l  hai im ln l t ly trn hai cnh SB v SD 

sao cho 
SI SK

SB SD
=   Chng minh :  

a)  BD  vung gc vi SC ;  

b)  IK vung gc vi mt phng (SAC).  

7.   Cho t din SABC  c cnh SA  vung gc vi mt phng (ABC)  v c tam gic 
ABC  vung ti B.  Trong mt phng (SAB)  k AM vung gc vi SB  ti M. Trn 

cnh SC ly im N sao cho 
SM SN

SB SC
=   Chng minh rng :  

a)  BC    (SAB)  v  AM   (SBC)  ;  

b)  SB    AN.  

8.   Cho im S khng thuc mt phng ()  c hnh chiu trn ()  l im H.  Vi 
im M bt k trn ()  v  M khng trng vi H,  ta gi SM l   ng xin v 
on HM l hnh chiu ca  ng xin .  Chng minh rng :  

a)  Hai  ng xin bng nhau khi v ch khi hai hnh chiu ca chng bng 
nhau ;  

b)  Vi hai  ng xin cho tr c,  ng xin no ln hn th c hnh chiu ln 
hn v  ng c li  ng xin no c hnh chiu ln hn th ln hn.  
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4. HAI  MT PHNG VUNG GC 
 

 

 

Hnh nh ca mt cnh ca chuyn 
ng v hnh nh ca b mt bc t ng 
cho ta thy  c s thay i ca gc 
gia hai mt phng.  
 

 

 

 

 

 

I.  GC GIA HAI MT PHNG 

1 .  nh ngha 

Gc gia hai mt phng l  gc gia hai  ng thng ln l t 

vung gc vi hai mt phng  (h.3.30).  

Nu hai mt phng song song hoc trng nhau th ta ni rng gc gia hai 

mt phng  bng o0 .  

 

Hnh 3.30 
 

 

 

 

2.  Cch xc nh gc gia hai mt phng ct nhau  

Gi s hai mt phng ( )  v  ()  ct 
nhau theo giao tuyn c.  T mt im I 
bt k trn c  ta dng trong ( )   ng 
thng a  vung gc vi c  v  dng trong 
()   ng thng b  vung gc vi c.   

Ng i ta chng minh  c gc gia hai 
mt phng ( )  v ()  l  gc gia hai  
 ng thng a  v  b  (h.3.31 ).  

Hnh 3.31  
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3.  Din tch hnh chiu ca mt a gic 

Ng i ta  chng minh tnh cht sau y :   

Cho a gic H  nm trong mt phng ()  c din tch S v  H ' l  hnh chiu 
vung gc ca H  trn mt phng ().  Khi  din tch S' ca H '  c tnh 

theo cng thc :   

S' = Scos  

vi   l  gc gia ()  v ().  

V d.  Cho hnh chp S.ABC  c y l tam gic u ABC  cnh a,  cnh bn SA  

vung gc vi mt phng (ABC)  v  SA  = 
2

a
   

a)  Tnh gc gia hai mt phng (ABC)  v (SBC).  

b)  Tnh din tch tam gic SBC.  

a)  Gi H l  trung im ca cnh BC.  Ta c BC    AH.   (1 )  

V SA (ABC)  nn SA    BC.   (2) 

T (1 ) v  (2)  suy ra BC    (SAH)  nn 
BC    SH.  Vy gc gia hai mt phng 

(ABC)  v  (SBC)  bng SHA .  t  

SHA =  (h.3.32),   ta c 

1 32tan
33 3

2

a
SA

AH a
 = = = =   

Ta suy ra   = o30 .  

Vy gc gia (ABC)  v (SBC)  bng o30 .  

b)  V SA    (ABC)  nn tam gic ABC  l  hnh chiu vung gc ca tam gic 
SBC.  Gi S1 ,  S2  ln l t l din tch ca cc tam gic SBC  v ABC.  Ta c 

S2
 = S1 .cos    S1  = 

2

cos

S


  

Suy ra :  
2 2

1
2 3

4 23

a a
S =  =   

Hnh 3.32 
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II.  HAI MT PHNG VUNG GC 

1 .  nh ngha 

Hai mt phng gi l  vung gc vi nhau nu gc gia hai 
mt phng  l  gc vung.  

  

Nu hai mt phng ()  v ()  vung gc vi nhau ta k hiu ()   ().  

2.  Cc nh l 

nh l 1 

 iu kin cn v    hai mt phng vung gc vi nhau l  
mt phng ny cha mt  ng thng vung gc vi mt 
phng kia.   

Gi s (),  ()  l  hai mt phng vung gc vi 

nhau.  Gi c  l  giao tuyn ca ()  v  ().  T 

im O  thuc c,  trong mt phng ()  v  ng 
thng a vung gc vi c  v  trong ()  v  ng 
thng b  vung gc vi c  (h.3.33).  Ta c gc 
gia hai  ng thng a  v b  l gc gia hai 
mt phng ()  v ().  V ()  vung gc vi 
()  nn gc gia hai  ng thng a  v  b  bng 

o90 ,  ngha l  a  vung gc vi b.  Mt khc 
theo cch dng ta c a  vung gc vi c.   

Do  a  vung gc vi mt phng (c,  b)  hay a  vung gc vi ().  

L lun t ng t ta tm  c trong mt phng ()   ng thng b  vung gc 
vi ().  

Ng c li,  gi s mt phng ()  c cha mt  ng thng a' vung gc vi 
mt phng ().  Gi O' l  giao im ca a' vi () th tt nhin O' thuc giao 
tuyn c ca ()  v  ().  Trong mt phng ()  dng  ng thng b' i qua O' v 

vung gc vi c.  V a' vung gc vi ()  nn a' vung gc vi c v a' vung 
gc vi b'.  Mt khc ta c a' vung gc vi c  v  b' vung gc vi c  nn gc 

gia hai mt phng ()  v ()  l  gc gia hai  ng thng a',  b' v  bng o90 .  

Vy ()  vung gc vi ().  

Hnh 3.33 
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1  Cho hai  mt phng  ()  v  ()  vung gc vi  nhau v  ct nhau  theo giao tuyn  d.  
Chng  minh  rng  nu  c mt  ng thng   nm trong  ()  v   vung  gc vi  d 
th  vung gc vi  ().  

H qu 1 

Nu hai mt phng vung gc vi nhau th bt c  ng 
thng no nm trong mt phng ny v  vung gc vi giao 
tuyn th vung gc vi mt phng kia.  

H qu 2 

Cho hai mt phng ()  v  ()  vung gc vi nhau.  Nu t 
mt im thuc mt phng ()  ta dng mt  ng thng 
vung gc vi mt phng ()  th  ng thng ny nm trong 
mt phng ().  

nh l 2 

Nu hai mt phng ct nhau v  cng vung gc vi mt phng 
th ba th giao tuyn ca chng vung gc vi mt phng th 
ba .  

Gi s ()  v () l  hai mt phng ct 
nhau v  cng vung gc vi mt 
phng ().  
 

T mt im A  trn giao tuyn d ca 
hai mt phng ()  v () ta dng  ng 
thng d' vung gc vi mt phng ().  
Theo h qu 2 th d' nm trong () v  
d' nm trong ().  Vy d' trng vi d 
ngha l d vung gc vi () (h.3.34).   
 

 

2   Cho t d in  ABCD  c ba cnh  AB,  AC,  AD  i  mt vung  gc vi  nhau.  Chng 
minh  rng cc mt phng (ABC),  (ACD),  (ADB)  cng i  mt vung  gc vi  nhau.  

3   Cho hnh  vung  ABCD .  Dng on  thng  AS vung  gc vi  mt phng  cha hnh 
vung  ABCD .  

a)  Hy nu  tn cc mt phng  ln  l t cha cc  ng thng  SB,  SC,  SD  v  vung 
gc vi  mt phng  (ABCD).  

b)  Chng minh rng mt phng  (SAC)  vung  gc vi  mt phng  (SBD).  

Hnh 3.34 
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III. HNH LNG TR NG, hnh hp ch nht, hnh lp ph ng 

1 .  nh ngha 

Hnh lng tr ng l  hnh lng tr c cc cnh bn vung gc 

vi cc mt y.   di cnh bn  c gi l  chiu cao ca 

hnh lng tr ng.  
 

 Hnh lng tr ng c y l tam gic,  t gic,  ng gic, v.v.. .   c gi l  
hnh lng tr ng tam gic,  hnh lng tr ng t gic,  hnh lng tr ng 
ng gic,  v.v. . .  

 Hnh lng tr ng c y l  mt a gic u  c gi l  hnh lng tr u.  
Ta c cc loi lng tr u nh  hnh lng tr tam gic u,  hnh lng tr t 
gic u,  hnh lng tr ng gic  u  . . .  

 Hnh lng tr ng c y l  hnh bnh hnh  c gi l hnh hp ng.  

 Hnh lng tr ng c y l  hnh ch nht  c gi l  hnh hp ch nht.  

 Hnh lng tr ng c y l hnh vung v cc mt bn u l  hnh vung 
 c gi l hnh lp ph ng.   
 

 

 

        
 

Hnh  lng  tr  ng tam gic            Hnh  lng  tr  ng ng gic 

 

  

 

 

      
 

         Hnh  hp ch nht           H nh  lp ph ng 

Hnh 3.35 
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4   Cho bit mnh   n o sau  y l  ng  ?  

a)  Hnh  hp l  hnh  lng  tr  ng.  

b)  Hnh  hp ch nht l  hnh  lng  tr  ng.  

c)  Hnh  lng tr  l  h nh hp.  

d)  C hnh  lng  tr  khng  phi  l  h nh  hp.  
 

2.   Nhn xt 

Cc mt bn ca hnh lng tr ng lun lun vung gc vi mt phng y v 
l nhng hnh ch nht.  

5 Su  mt ca hnh  hp ch nht c phi  l  nhng hnh  ch nht khng ? 
 

 

 

V d.  Cho hnh lp ph ng ABCD.A'B'C'D' c cnh bng a.  Tnh din 
tch thit din ca hnh lp ph ng b ct bi mt phng trung trc ()  ca 
on AC'.  

Gi M l trung im ca BC.  Ta c MA  = MC' = 
5

2

a
 nn M thuc mt 

phng trung trc ca AC' (h.3.36).  

Gi N,  P,  Q,  R,  S ln l t l trung im 
ca CD,  DD',  D'A',  A'B',  B'B.  Chng 
minh t ng t nh  trn ta c cc im 
ny u thuc mt phng trung trc ca 
AC'.  Vy thit din ca hnh lp ph ng 

b ct bi mt phng trung trc ()  ca 
on AC' l  hnh lc gic u MNPQRS 

c cnh bng 
2

2

a
  

Din tch S ca thit din cn tm l :    

S = 

2
22 3 3 3

6
2 4 4

a
a

 
  =   
 

 

 

 

 

 

 

Hnh 3.36 
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IV. HNH CHP U V  HNH CHP CT U 

1 .  Hnh chp u 

Cho hnh chp nh S c y l  a gic 1 2 . . . nA A A  v  H l  hnh chiu vung 

gc ca S trn mt phng y ( 1 2 . . . nA A A ).  Khi  on thng SH gi l  

 ng cao  ca hnh chp v  H gi l  chn  ng cao.  

Mt hnh chp  c gi l  hnh chp u nu n c y l  

mt a gic u v  c chn  ng cao trng vi tm ca a 

gic y.  

Nhn xt 

a) Hnh chp u c cc mt bn l  nhng tam gic cn bng nhau.  Cc mt 
bn to vi mt y cc gc bng nhau.  

b)  Cc cnh bn ca hnh chp u to vi mt y cc gc bng nhau.  

2.  Hnh chp ct u 

Phn ca hnh chp u nm gia y v  mt thit din song 

song vi y ct cc cnh bn ca hnh chp u  c gi l  

hnh chp ct u.  
 

 

 

 

 

 

 

 

 

 

V d hnh A1A2A3A4A5A6.B1B2B3B4B5B6  
trong hnh 3.37 l  mt hnh chp ct u.  
Hai y ca hnh chp ct u l  hai a 
gic u v  ng dng vi nhau.   

Nhn xt.  Cc mt bn ca hnh chp 
ct u l  nhng hnh thang cn v  cc 
cnh bn ca hnh chp ct u c  
d i bng nhau.  
 

 

 

 

                             

6  Chng  minh  rng  hnh chp u c cc mt bn l  nhng tam gic cn  bng  nhau.  

7  C tn  ti  mt hnh  chp t gic S.ABCD  c hai  mt bn  (SAB)  v  (SCD)  cng  
vung  gc vi  mt phng y hay khng  ? 

Hnh 3.37 
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Kim t thp K-p (Chops)  
 

 

 

Kim t thp K-p do ng vua K-p 
ca n c Ai Cp ch tr vic xy 
dng.  y l kim t thp ln nht 
trong cc kim t thp  Ai Cp.  Thp 
ny  c xy dng vo khong 
2500 nm tr c Cng nguyn v  
 c xem l mt trong by k quan 
ca th gii.  Thp c hnh dng l mt 
khi chp t gic u v c y l 
mt hnh vung mi cnh di khong 230 m.  Tr c y chiu cao ca thp l  
147 m, nay do b bo mn  nh nn chiu cao ca thp ch cn khong 138 m.  
Ng i ta khng bit ng i c Ai Cp  xy dng thp bng cch no, lm 
th no  lp ghp cc tng  li vi nhau v lm th no   a  c cc 
tng  nng v  to ln cc  cao cn thit.  Thp nng khong su triu tn v  
 c lp ghp bi 2 300 000 tng .  Tht l  mt cng trnh k v !  

B i tp 

1.  Cho ba mt phng (),  (),  (),  mnh  no sau y ng ?  

a)  Nu ()    ()  v  ()  // ()  th ()    ()  ;  

b)   Nu ()    ()  v  ()    ()  th ()  // ().  

2.   Cho hai mt phng ()  v  ()  vung gc vi nhau.  Ng i ta ly trn giao tuyn 
 ca hai mt phng  hai im A  v B  sao cho AB  = 8  cm.  Gi C  l  mt im 

trn ()  v  D  l  mt im trn ()  sao cho AC  v  BD  cng vung gc vi giao 
tuyn  v AC  = 6 cm, BD  = 24 cm.  Tnh  di on CD.  

3.  Trong mt phng ()  cho tam gic ABC  vung  B.  Mt on thng AD  vung 
gc vi ()  ti A.  Chng minh rng :  

a)  ABD  l  gc gia hai mt phng (ABC)  v  (DBC)  ;  

b)   Mt phng (ABD)  vung gc vi mt phng (BCD)  ;  
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c)   HK // BC vi H v  K ln l t l  giao im  ca DB  v  DC  vi mt phng (P)  
i qua A  v  vung gc vi DB.  

4.   Cho hai mt phng (),  ()  ct nhau v  mt im M khng thuc ()  v khng 
thuc ().  Chng minh rng qua im M c mt v ch mt mt phng (P)  
vung gc vi ()  v  ().  Nu ()  song song vi ()  th kt qu trn s thay i 
nh  th no ? 

5. Cho hnh lp ph ng ABCD.A'B'C'D'.  Chng minh rng :  

a)   Mt phng (AB'C'D)  vung gc vi mt phng (BCD'A')  ;  

b)    ng thng AC' vung gc vi mt phng (A'BD).  

6.   Cho hnh chp S.ABCD  c y ABCD  l  mt hnh thoi cnh a  v c SA  = SB  = 
= SC  = a.  Chng minh rng :  

a)   Mt phng (ABCD)  vung gc vi mt phng (SBD)  ;  

b)   Tam gic SBD  l tam gic vung.  

7.  Cho hnh hp ch nht ABCD.A'B'C'D' c AB  = a,  BC  = b,  CC' = c.  

a)   Chng minh rng mt phng (ADC'B')  vung gc vi mt phng (ABB'A').  

b)   Tnh  di  ng cho AC' theo a,  b,  c.  

8.  Tnh  di  ng cho ca mt hnh lp ph ng cnh a.  

9.  Cho hnh chp tam gic u S.ABC  c SH l   ng cao.  Chng minh SA    BC  
v SB    AC.  

10. Cho hnh chp t gic u S.ABCD  c cc cnh bn v cc cnh y u bng a.  
Gi O  l  tm ca hnh vung ABCD.  

a)   Tnh  di on thng SO.  

b)  Gi M l  trung im ca on SC.  Chng minh hai mt phng (MBD)  v 
(SAC)  vung gc vi nhau.  

c)   Tnh  di on OM v  tnh gc gia hai mt phng (MBD)  v (ABCD).  

11. Cho hnh chp S.ABCD  c y ABCD  l mt hnh thoi tm I cnh a  v  c gc 

A  bng o60 ,  cnh SC  = 
6

2

a
 v SC vung gc vi mt phng (ABCD).  

a)   Chng minh mt phng (SBD)  vung gc vi mt phng (SAC).  

b)   Trong tam gic SCA  k IK vung gc vi  SA  ti K.  Hy tnh  di IK.  

c)   Chng minh = o90BKD  v  t  suy ra mt phng (SAB)  vung gc vi 
mt phng (SAD).  
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5.  khong cch 

i.   khong cch t mt im n mt  ng thng, N 
MT MT PHNG 

1.  Khong cch t mt im n mt  ng thng 

Cho im O  v  ng thng a.  Trong 
mt phng (O,  a)  gi H l  hnh chiu 
vung gc ca O  trn a.  Khi  khong 
cch gia hai im O  v  H  c gi l  
khong cch t im O n  ng 
thng a  (h.3.38),  k hiu l d(O,  a).   

1  Cho im O  v   ng  thng  a.  Chng minh  rng  khong cch  t im O  n  
 ng  thng  a  l  b nht so vi  cc khong cch  t O  n  mt im bt k ca 
 ng  thng  a.  

2.  Khong cch t mt im n mt mt phng 

Cho im O  v  mt phng ( ).  Gi H 
l  hnh chiu vung gc ca O  ln mt 

phng ( ).  Khi  khong cch gia 
hai im O  v  H  c gi l khong 

cch t im O n mt phng ( )  

(h.3.39) v   c k hiu l  d(O,  ( )).   
 

2 Cho im O  v  mt phng  ( ) .  Chng  minh  rng  khong  cch  t im O  n  
mt phng  ( )  l  b  nht so vi  cc khong  cch  t O  ti  mt im bt k ca 
mt phng  ( ) .  

 

ii.  khong cch gia  ng thng v  mt phng SONG 
SONG, GIA HAI MT PHNG SONG SONG 

1.  Khong cch gia  ng thng v  mt phng song song 

nh ngha 

Cho  ng thng a song song vi mt phng ( ).  Khong 
cch gia  ng thng a v  mt phng ( )  l  khong cch t 

Hnh 3.39 

Hnh 3.38 
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mt im bt k ca a n mt 
phng (),  k hiu l  d(a,  ())   
(h.3.40).  

 

 

 

 

 

 

 

 

 

 

 

3 Cho  ng  thng  a  song  song  vi  mt phng  ().  Chng  minh  rng  khong cch 
gia  ng  thng  a  v  mt phng  ()  l  b nht so vi  khong cch  t mt im 
bt k thuc a  ti  mt im bt k thuc mt phng  ().  

2.  Khong cch gia hai mt phng song song 

nh ngha 

Khong cch gia hai mt phng song song l  khong cch t 
mt im bt k ca mt phng n y n mt phng kia (h.3.41).   

 

Ta k hiu khong cch gia hai mt 
phng ()  v  ()   song song vi nhau l  
d((),  ()).  Khi  d((),  ()) = d(M,  ()) 
vi M   (),  v  d((),  ())  = d(M',  ())  
vi M'  ()  (h.3.41).   
 

 

 

4 Cho hai  mt phng  ()  v  ( ).  Chng minh  rng  khong cch  gia hai  mt phng 
song  song  ()  v  ()  l  nh nht trong  cc khong cch  t mt im bt k ca mt 
phng  ny ti  mt im bt k ca mt phng kia.  

III.    ng vung gc chung V  KHONG CCH gia hai 

 ng thng cho nhau 
 

5 Cho t d in  u  ABCD .  Gi  M,  N ln  l t l  
trung  im ca cnh  BC  v  AD .  Chng minh  
rng  :  MN  BC  v  MN  AD  (h.3.42).  

 

 

Hnh 3.41  

Hnh 3.42 

Hnh 3.40 
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1 .  nh ngha 

a)  ng thng  ct hai  ng 
thng cho nhau a,  b v  cng 
vung gc vi mi  ng 
thng y  c gi l   ng 
vung gc chung ca a v  b.  

b)  Nu  ng vung gc chung 
ct hai  ng thng cho 

nhau a,  b ln l t ti M,  N 
th  di on thng MN gi 
l  khong cch gia hai 
 ng thng cho nhau a v  b  
(h.3.43).   

2.  Cch tm  ng vung gc chung ca hai  ng thng cho nhau 

Cho hai  ng thng cho nhau a  v b.  Gi ()  l mt phng cha b  v song 
song vi a,  a' l  hnh chiu vung gc ca a  trn mt phng ().   

V a  // ()  nn a  // a'.  Do  a' v  b  ct 
nhau ti mt im.  Gi im ny l  N.  
Gi ()  l mt phng cha a  v  a',  l  
 ng thng i qua N v vung gc vi 
().  Khi  ()  vung gc vi ().  Nh  
vy  nm trong ()  nn ct  ng 
thng a  ti M v  ct  ng thng b  ti N,  
ng thi  cng vung gc vi c a  v  
b.  Do   l   ng vung gc chung 
ca a  v  b  (h.3.44).   

3.  Nhn xt  

a)  Khong cch gia hai  ng thng 
cho nhau bng khong cch gia mt 
trong hai  ng thng  n mt 
phng song song vi n v  cha  ng 
thng cn li.  

b)  Khong cch gia hai  ng thng 
cho nhau bng khong cch gia hai 
mt phng song song ln l t cha hai 
 ng thng  (h.3.45).  

Hnh 3.43 

Hnh 3.44 

Hnh 3.45 



 118 

'  

6  Chng minh  rng khong  cch g ia hai   ng  thng  cho nhau  l  b nht so vi  
khong cch  gia hai  im bt k ln  l t nm trn hai   ng  thng  y.   

V d.  Cho hnh chp S.ABCD  c y l hnh vung ABCD  cnh a,  cnh SA  
vung gc vi mt phng (ABCD)  v SA  = a.  Tnh khong cch gia hai 
 ng thng cho nhau SC  v BD.  

Gi O  l tm ca hnh vung ABCD.  Trong mt phng (SAC)  v OH   SC 
(h.3.46).  

Ta c  BD AC  v  BD SA  nn  BD    (SAC),  suy ra BD    OH.  

Mt khc OH   SC.   Vy OH l  on vung gc chung ca SC  v  BD.  

 di on OH l  khong cch gia hai  ng thng cho nhau SC  v  BD.  

Hai tam gic vung SAC  v  OHC  ng dng v c chung gc nhn C.  

Do  =
SA OH

SC OC
 (= sinC).  

Vy OH = 
.SA OC

SC
  

Ta c SA  = a,  OC  = 
2 ,

2

a
 

2 2
SC SA AC= +  

2 22 3a a a= + =  

nn 

2
62

63

a
a

a
OH

a



= =    

Vy khong cch gia hai  ng thng cho nhau SC  v  BD  l  OH = 
6

6

a
  

 

 

 

 

 

 

 

 

 

 

Hnh 3.46 
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B i tp 
 

 

1.   Trong cc mnh  sau y,  mnh  no l  ng ?  

a)    ng thng  l   ng vung gc chung ca hai  ng thng a  v  b  nu  
vung gc vi a  v  vung gc vi b  ;  

b)   Gi (P)  l mt phng song song vi c hai  ng thng a,  b  cho nhau.  Khi 
  ng vung gc chung  ca a  v  b  lun lun vung gc vi (P)  ;  

c)   Gi  l   ng vung gc chung ca hai  ng thng cho nhau a  v  b  th 
 l  giao tuyn ca hai mt phng (a,  )  v (b,  )  ;  

d)   Cho hai  ng thng cho nhau a  v  b.   ng thng no i qua mt im 
M trn a  ng thi ct b  ti N v  vung gc vi b  th  l   ng vung gc 
chung ca a  v  b  ;  

e)    ng vung gc chung  ca hai  ng thng cho nhau a  v  b  nm trong 
mt phng cha  ng ny v vung gc vi  ng kia.  

2.   Cho t din S.ABC  c SA  vung gc vi mt phng (ABC).  Gi H,  K ln l t l 
trc tm ca cc tam gic ABC  v  SBC.  

a)   Chng minh ba  ng thng AH,  SK,  BC  ng quy.  

b)   Chng minh rng SC  vung gc vi mt phng (BHK)  v  HK vung gc vi 
mt phng (SBC).  

c)   Xc nh  ng vung gc chung ca BC  v  SA.  

3.   Cho hnh lp ph ng ABCD.A'B'C'D' cnh a.  Chng minh rng cc khong 
cch t cc im B,  C,  D,  A',  B',  D' n  ng cho AC' u bng nhau.  Tnh 
khong cch .  

4.   Cho hnh hp ch nht ABCD.A'B'C'D' c AB  = a,  BC  = b,  CC' = c.  

a)   Tnh khong cch t B  n mt phng (ACC'A').  

b)   Tnh khong cch gia hai  ng thng BB' v  AC'.  

5.   Cho hnh lp ph ng ABCD.A'B'C'D' cnh a.  

a)   Chng minh rng B'D  vung gc vi mt phng (BA'C').  

b)   Tnh khong cch gia hai mt phng (BA'C')  v (ACD').  

c)   Tnh khong cch gia hai  ng thng BC' v CD'.  

6.  Chng minh rng nu  ng thng ni trung im hai cnh AB v CD  ca t din 
ABCD  l  ng vung gc chung ca AB  v CD  th AC  = BD  v AD  = BC.  
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7.   Cho hnh chp tam gic u S.ABC  c cnh y bng 3a,  cnh bn bng 2a.  
Tnh khong cch t S ti mt y (ABC).  

8.   Cho t din u ABCD  cnh a.  Tnh khong cch gia hai cnh i ca t din 
u .  

Cu hi n tp ch ng III   

1.   Nhc li nh ngha vect trong khng gian.   

Cho hnh lng tr tam gic ABC.A'B'C'.  Hy k tn nhng vect bng vect 




AA  c im u v im cui l nh ca hnh lng tr.  

2.   Trong khng gian cho ba vect , ,a b c  u khc vect -  khng.  Khi no ba 

vect  ng phng ? 

3.   Trong khng gian hai  ng thng khng ct nhau c th vung gc vi nhau 
khng ? Gi s hai  ng thng a,  b  ln l t c vect ch ph ng l  u  v  v .  
Khi no ta c th kt lun a  v b  vung gc vi nhau ? 

4.   Mun chng minh  ng thng a  vung gc vi mt phng ( )  c cn chng 
minh a  vung gc vi mi  ng thng ca ( )  hay khng ?  

5.   Hy nhc li ni dung nh l ba  ng vung gc.  

6.   Nhc li nh ngha :  

a)  Gc gia  ng thng v  mt phng ;  

b)  Gc gia hai mt phng.  

7.  Mun chng minh mt phng ( )  vung gc vi mt phng ()  th phi chng 
minh nh  th no ?  

8.   Hy nu cch tnh khong cch :  

a)  T mt im n mt  ng thng ;  

b)  T  ng thng a  n mt phng ( )   song song vi a  ;  

c)  Gia hai mt phng song song.  

9.   Cho a v b  l hai  ng thng cho nhau.  C th tnh khong cch gia hai 
 ng thng cho nhau ny bng nhng cch no ? 

10. Chng minh rng tp hp cc im cch u ba nh ca tam gic ABC  l 
 ng thng vung gc vi mt phng (ABC)  v  i qua tm ca  ng trn 
ngoi tip tam gic ABC.  
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Bi tp n tp ch ng III 

1.   Trong cc mnh  sau y, mnh  no l  ng ? 

a)   Hai  ng thng phn bit cng vung gc vi mt mt phng th chng 
song song ;  

b)   Hai mt phng phn bit cng vung gc vi mt  ng thng th chng 
song song ;  

c)   Mt phng ()  vung gc vi  ng thng b  m b  vung gc vi  ng 
thng a,  th a  song song vi ()  ;  

d)  Hai mt phng phn bit cng vung gc vi mt mt phng th chng song song ;  

e)   Hai  ng thng cng vung gc vi mt  ng thng th chng song song.  

2.   Trong cc iu khng nh sau y, iu no l  ng ?  

a)   Khong cch ca hai  ng thng cho nhau l  on ngn nht trong cc 
on thng ni hai im bt k nm trn hai  ng thng y v ng c li ;  

b)  Qua mt im c duy nht mt mt phng vung gc vi mt mt phng khc ;  

c)   Qua mt  ng thng c duy nht mt mt phng vung gc vi mt mt 
phng khc ;  

d)   ng thng no vung gc vi c hai  ng thng cho nhau cho tr c l 
 ng vung gc chung ca hai  ng thng .  

3.   Hnh chp S.ABCD  c y l  hnh vung ABCD  cnh a,  cnh SA  bng a  v 
vung gc vi mt phng (ABCD).  

a)   Chng minh rng cc mt bn ca hnh chp l nhng tam gic vung.  

b)  Mt phng ()  i qua A  v  vung gc vi cnh SC  ln l t ct SB,  SC,  SD  
ti B',  C',  D'.  Chng minh B'D' song song vi BD  v AB' vung gc vi SB.  

4.   Hnh chp S.ABCD  c y l  hnh thoi ABCD cnh a  v  c gc o60 .BAD =  
Gi O  l  giao im ca AC  v BD.   ng thng SO  vung gc vi mt phng 

(ABCD)  v  
3

4

a
SO =   Gi E l  trung im ca on BC,  F l trung im ca 

on BE.  

a)   Chng minh mt phng (SOF)  vung gc vi mt phng (SBC).  

b)   Tnh cc khong cch t O  v  A  n mt phng (SBC).  

5.  T din ABCD  c hai mt ABC  v  ADC  nm trong hai mt phng vung gc 
vi nhau.  Tam gic ABC  vung ti A  c AB  = a,  AC  = b.  Tam gic ADC  vung 
ti D  c CD  = a.  
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a)  Chng minh cc tam gic BAD  v  BDC  l nhng tam gic vung.  

b)  Gi I v K ln l t l trung im ca AD  v BC.  Chng minh IK l  ng  
vung gc chung ca hai  ng thng AD  v BC.  

6.   Cho hnh lp ph ng ABCD .A'B'C'D' cnh a.  

a)   Chng minh BC' vung gc vi mt phng (A'B'CD).  

b)   Xc nh v  tnh  di on vung gc chung ca AB' v  BC'.  

7.   Cho hnh chp S.ABCD  c y l  hnh thoi ABCD  cnh a c gc  = o60BAD  

v  SA  = SB  = SD  = 
3

2

a
  

a)   Tnh khong cch t S n mt phng (ABCD)  v   di cnh SC.  

b)   Chng minh mt phng (SAC)  vung gc vi mt phng (ABCD).  

c)   Chng minh SB  vung gc vi BC.  

d)   Gi   l  gc gia hai mt phng (SBD)  v  (ABCD).  Tnh tan.  

Cu hi  trc nghim ch ng III 

1.   Trong cc mnh  sau y, mnh  no l  ng ? 

(A) T =
 

3AB AC  ta suy ra 3 .BA CA= 
 

 

(B) T 3AB AC= 
 

 ta suy ra 2 .CB AC=
 

 

(C) V =  +
  

2 5AB AC AD  nn bn im A,  B,  C,  D  cng thuc mt mt phng.  

(D) Nu = 
 1

2
AB BC  th B  l trung im ca on AC.  

2.   Tm mnh  sai trong cc mnh  sau y :  

(A) V + =
 

0NM NP  nn N l  trung im ca on MP  ;  

(B) V I l trung im ca on AB  nn t mt im O  bt k ta c 

    ( )= +
  1

2
OI OA OB  ;  

(C) T h thc = 
  

2 8AB AC AD  ta suy ra ba vect 
  

, ,AB AC AD  ng phng ;  

(D) V + + + =
   

0AB BC CD DA  nn bn im A,  B,  C,  D  cng thuc mt 
mt phng.  
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3.   Trong cc kt qu sau y, kt qu no ng ? 

Cho hnh lp ph ng ABCD .EFGH c cnh bng a.  Ta c .AB EG

 

 bng 

(A) 2
a  ;      (B) 2 2a  ;  

(C) 2 3a  ;     (D) 
2 2

2

a
  

4.   Trong cc mnh  sau y,  mnh  no l ng ?  

(A) Nu  ng thng a  vung gc vi  ng thng b  v  ng thng b  vung 
gc vi  ng thng c  th  a  vung gc vi c  ;  

(B) Nu  ng thng a  vung gc vi  ng thng b  v   ng thng b  song 
song vi  ng thng c  th a vung gc vi c ;  

(C) Cho ba  ng thng a,  b,  c  vung gc vi nhau tng i mt.  Nu c mt 
 ng thng d vung gc vi a  th  d song song vi b  hoc c  ;  

(D) Cho hai  ng thng a  v  b  song song vi nhau.  Mt  ng thng c  vung 
gc vi a  th c  vung gc vi mi  ng thng nm trong mt phng (a,  b).  

5.   Trong cc mnh  sau y, hy tm mnh  ng.  

(A) Hai mt phng phn bit cng vung gc vi mt mt phng th ba th 
song song vi nhau.  

(B)  Nu hai mt phng vung gc vi nhau th mi  ng thng thuc mt 
phng ny s vung gc vi mt phng kia.  

(C) Hai mt phng ( )  v  () vung gc vi nhau v ct nhau theo giao tuyn d.  
Vi mi im A  thuc ( )  v mi im B  thuc ()  th ta c  ng thng 
AB  vung gc vi d.  

(D) Nu hai mt phng ( )  v  ()  u vung gc vi mt phng ()  th giao 
tuyn d ca ( )  v  ()  nu c s vung gc vi ().  

6.   Tm mnh  sai trong cc mnh  sau y :  

(A) Hai  ng thng a  v  b  trong khng gian c cc vect ch ph ng ln l t 
l  u  v  .v  iu kin cn v   a  v b  cho nhau l  a  v b  khng c im 
chung v  hai vect u ,  v  khng cng ph ng ;  

(B) Cho a,  b  l  hai  ng thng cho nhau v vung gc vi nhau.   ng 
vung gc chung ca a v  b  nm trong mt phng cha  ng ny v  vung 
gc vi  ng kia ;  

(C) Khng th c mt hnh chp t gic S.ABCD  no c hai mt bn (SAB)  v  
(SCD)  cng vung gc vi mt phng y ;  
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(D) Cho ,u v  l hai vect ch ph ng ca hai  ng thng ct nhau nm trong 

mt phng ()  v  n  l vect ch ph ng ca  ng thng .  iu kin cn 
v       ()  l  n . u  = 0 v n . v  = 0.  

7.   Trong cc mnh  sau y,  mnh  no l ng ?  

(A) Mt  ng thng ct hai  ng thng cho tr c th c ba  ng thng  
cng nm trong mt mt phng.  

(B) Mt  ng thng ct hai  ng thng ct nhau cho tr c th c ba  ng 
thng  cng nm trong mt mt phng.  

(C) Ba  ng thng ct nhau tng i mt th cng nm trong mt mt  phng.  

(D) Ba  ng thng ct nhau tng i mt v khng nm trong mt mt phng 
th ng quy.  

8.   Trong cc mnh  sau, mnh  no l  ng ?  

(A) Hai  ng thng phn bit cng vung gc vi mt mt phng th song song. 

(B)  Hai mt phng phn bit cng vung gc vi mt mt phng th song song.  

(C) Hai  ng thng phn bit cng vung gc vi mt  ng thng th 
song song.  

(D) Hai  ng thng khng ct nhau v khng song song th cho nhau.  

9.   Trong cc mnh  sau, mnh  no l  ng ?  

(A) Hai  ng thng phn bit cng song song vi mt mt phng th song 
song vi nhau.  

(B) Hai mt phng phn bit cng vung gc vi mt mt phng th ct nhau.  

(C)  Hai  ng thng phn bit cng vung gc vi mt  ng thng th 
vung gc vi nhau.  

(D) Mt mt phng ()  v mt  ng thng a  khng thuc ()  cng vung gc 
vi  ng thng b  th ()  song song vi a.  

10.  Tm mnh  ng trong cc mnh  sau y.  

(A) on vung gc chung ca hai  ng thng cho nhau l  on ngn nht 
trong cc on thng ni hai im bt k ln l t nm trn hai  ng thng 
y v  ng c li.  

(B) Qua mt im cho tr c c duy nht mt mt phng vung gc vi mt 
mt phng cho tr c.  

(C) Qua mt im cho tr c c duy nht mt  ng thng vung gc vi mt 
 ng thng cho tr c.  
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(D) Cho ba  ng thng a,  b,  c  cho nhau tng i mt.  Khi  ba  ng 
thng ny s nm trong ba mt phng song song vi nhau tng i mt.  

11. Khong cch gia hai cnh i ca mt t din u cnh a  bng kt qu no 
trong cc kt qu sau y ?  

(A) 
3

2

a
 ;      (B) 

2

2

a
 ;    

(C) 
3

2

a
 ;      (D) 2.a  

B i tp n tp cui nm 
 

1.  Trong mt phng to  Oxy,  cho cc im A(1  ;  1 ),  B(0 ;  3),  C(2 ;  4).  Xc 
nh nh ca tam gic ABC  qua cc php bin hnh sau :  

a)  Php tnh tin theo vect v  = (2 ;  1 )  ;  

b)  Php i xng qua trc Ox ;  

c)  Php i xng qua tm I(2 ;  1 )  ;  

d)  Php quay tm O  gc o90  ;  

e)  Php ng dng c  c bng cch thc hin lin tip php i xng qua 
trc Oy v  php v t tm O  t s k = 2.  

2.  Cho tam gic ABC ni tip  ng trn tm O.  Gi G v  H t ng ng l trng 
tm v trc tm ca tam gic, cc im A',  B',  C' ln l t l trung im ca cc 
cnh BC, CA,  AB.   

 a)  Tm php v t F  bin A, B,  C t ng ng thnh A',  B',  C'.  

 b)  Chng minh rng O, G,  H thng hng.  

 c)  Tm nh ca O  qua php v t F.  

 d)  Gi A'',  B'',  C'' ln l t l  trung im ca cc on thng AH,  BH,  CH ;  

1 1 1, ,A B C  theo th t l  giao im th hai ca cc tia AH,  BH,  CH vi 

 ng trn (O) ;  1 1 1, ,A B C    t ng ng l chn cc  ng cao i qua A, B,  C.  

Tm nh ca A,  B,  C,  1 1 1, ,A B C  qua php v t tm H t s 
1

2
  

 e)  Chng minh chn im A',  B',  C',  A'',  B'',  C'',  1 1 1, ,A B C    cng thuc mt 

 ng trn ( ng trn ny gi l  ng trn -le ca tam gic ABC).  
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3.   Cho hnh chp S.ABCD  c y ABCD  l  hnh thang vi AB  l  y ln.  Gi M 
l  trung im ca on AB,  E  l  giao im ca hai cnh bn ca hnh thang 
ABCD  v  G l  trng tm ca tam gic ECD.  

a)   Chng minh rng bn im S,  E,  M,  G cng thuc mt mt phng ()  v  
mt phng ny ct c hai mt phng (SAC)  v  (SBD)  theo cng mt giao 
tuyn d.  

b)   Xc nh giao tuyn ca hai mt phng (SAD)  v  (SBC).  

c)   Ly mt im K trn on SE  v  gi C' = SC    KB,  D' = SD  KA.  

 Chng minh rng giao im ca AC' v  BD' thuc  ng thng d ni trn.  

4.  Cho hnh lng tr t gic ABCD.A'B'C'D' c E,  F,  M v  N ln l t l  trung 
im ca AC,  BD,  AC' v  BD'.  Chng minh MN = EF.  

5.   Cho hnh lp ph ng ABCD.A'B'C'D' c E  v  F  ln l t l trung im ca cc 
cnh AB  v  DD'.  Hy xc nh cc thit din ca hnh lp ph ng ct bi cc 
mt phng (EFB),  (EFC),  (EFC')  v (EFK)  vi K l  trung im ca cnh B'C'.  

6.   Cho hnh lp ph ng ABCD.A'B'C'D' c cnh bng a.  

a)   Hy xc nh  ng vung gc chung ca hai  ng thng cho nhau BD' 
v   B'C.  

b)   Tnh khong cch ca hai  ng thng BD' v  B'C.  

7.   Cho hnh thang ABCD  vung ti A  v B, c AD  = 2a, AB = BC = a.   Trn tia Ax 
vung gc vi mt phng (ABCD)  ly mt im S.  Gi   C',  D' ln l t l hnh 
chiu vung gc ca A  trn SC  v  SD.  Chng minh rng :  

a)   o90 .SBC SCD= =  

b)   AD',  AC' v  AB  cng nm trn mt mt phng.  

c)   Chng minh rng  ng thng C'D' lun lun i qua mt im c nh khi  
S di ng trn tia Ax.  
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H ng dn giI  v p s

Ch ng i 

2. 

1.    rng ( ) .vM T M MM v =  =



 

2.  L  tam gic GB'C' sao cho cc t gic 
ABB'G v  ACC'G l  cc hnh bnh hnh.  

Dng D  sao cho AD GA=

 

.  

3.  a)  vT (A)  = (2 ;  7),  vT (B)  = (2 ;  3)  ;  

 b)  C  = ( )vT A


 = (4 ;  3)  ;  

c)  d' c ph ng trnh x   2y  + 8  = 0.  

4.  C v s.  

3.  

1.  A'(1  ;  2),  B'(3  ;  1 )  

 ng thng A'B' c ph ng trnh l  

3x + 2y    7  = 0.  

2.  3x + y    2 = 0.  

3.  Cc ch V,  I ,  E,  T,  A,  M,  W,  O  u c 
trc i xng.  

4.  

1.  A'(1  ;  3),  d' c ph ng trnh 
x  2y    3  = 0.  

2.  Hnh bnh hnh v  hnh lc gic u l 
nhng hnh c tm i xng.  

3.   ng thng,  hnh gm hai  ng thng 
song song,  . . .  l  nhng hnh c v s tm 
i xng.  

5.   

1.  Gi E l im i xng vi C  qua tm D.   

a)  o( , 90 )A
Q (C)  = E  ;  

b)  ng thng CD.  

2.  B(0 ;  2).  nh ca d l   ng thng c 
ph ng trnh x   y  + 2 = 0.  

 

6.   

1.  a) Chng minh . 0OA OA =
 

 v OA  = OA'.  

b)  1A (2 ;  3), 1B (5  ;  4),  1C (3  ;  1 ).  

2.  Thc hin lin tip php i xng qua EH 

v  php tnh tin theo vect .EO


 

3.  S dng tnh cht ca php di hnh.  

7.   

1.  L  tam gic ni trung im ca cc cnh 
HA,  HB,  HC.  

2.  S dng cch xc nh tm v t ca hai 
 ng trn.  

3.  Dng nh ngha php v t.  

8.  

1.  Thc hin lin tip cc php bin hnh 
theo nh ngha.  

2. Thc hin lin tip php i xng tm I v 
php v t tm A,  t s 2  bin hnh 
thang JLKI thnh hnh thang IHDC.  

3. Ph ng trnh ca n l   x2  + (y    2)2  = 8.  

4. Thc hin lin tip php i xng qua 
 ng phn gic ca gc B  v  php v t 

tm B,  t s 
AC

AH
  

 

 

 

1.  a) Tam gic BCO  ;    

b)  Tam gic COD  ;    

c)  Tam gic EOD.  

2.  Gi A' v  d' theo th t l  nh ca A  v  d 
qua cc php bin hnh trn.  

a)  A'(1  ;  3),  d' c ph ng trnh :  

3x + y    6 = 0.  

b)  A'(1  ;  2),  d' c ph ng trnh :  

3x   y   1  = 0.  

c)  A'(1  ;  2), d' c ph ng trnh :  

3x + y    1  = 0.  

d)  A'(2 ;  1 ),  d' c ph ng trnh :  

x   3y   1  = 0.  
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3.   a)  (x   3 )2  + (y  + 2)2  = 9 ;  

b)  (x   1 )2  + (y  + 1 )2  = 9 ;  

c)  (x   3 )2  + (y    2)2  = 9 ;  

d)  (x + 3)2  + (y    2)2  = 9.  
4.  Dng nh ngha ca php tnh tin v 

php i xng trc.  

5.  Tam gic BCD.  

6.  (x   3)2 + (y    9)2 = 36.  
7.  N chy trn  ng trn (O')  l  nh ca 

(O)  qua php tnh tin theo AB


.  

ch ng ii 

1.  

1.  a)  E,  F    (ABC)    EF    (ABC)  ;  

b)  
( )

I BC

BC BCD





   I   (BCD).  

T ng t I   (DEF).  

2.  
( )

M d

d 





   M   ().  

3.  Gi I = d1    d2.  Chng minh I   d3 .  

4.  Chng minh BGB  ct AGA  ti im G vi 

3.
A

GA

GG
=  Lp lun t ng t CGC,  DGD  

cng ct AGA  ln l t ti cc im 

G',  G'' vi 3, 3.
A A

G A G A

G G G G

 
= =

 
 

T  suy ra iu cn chng minh.  

5.  a)  Gi E  = AB    CD .  

Ta c ME  = (MAB)    (SCD),  

N = SD    ME.  

b) Gi I = AM   BN.  Chng minh I  SO.  

6.  a)  Gi E  = CD    NP.  

Chng minh E  = CD    (MNP).  

b)  (MNP)    (ACD)  = ME.  

7.  a)  (IBC)    (KAD)  = IK.  

b)  Gi E = BI   MD,  F  = CI   DN.  

Ta c (IBC)    (DMN)  = EF.  

8.  a)  (PMN)    (BCD)  = EN.  

b)  Gi Q  = EN   BC.  

Ta c Q  = BC    (PMN).  

9.  a)  Gi M = AE   DC.  

Ta c M = DC    (C'AE).  

b)  Gi F = MC'   SD.  Thit din l  t 
gic AEC'F.  

10.  a)  Gi N = SM   CD .  

Ta c N = CD    (SBM).  

b)  Gi O  = AC    BN.  

Ta c (SAC)    (SBM)  = SO.  

c)  Gi I = SO    BM.  

Ta c I = BM   (SAC).  

d)  Gi R = AB    CD,  P  = MR   SC.  

Ta c P  = SC    (ABM)  ;  

MP  = (SCD)    (AMB)  

2.  

1.   p dng nh l v giao tuyn ca ba 
mt phng.  

2.  a)  Khi PR // AC,  qua Q  v  ng thng 
song song vi AC  ct AD  ti S.  

b)  Khi PR ct AC  ti I  ta c S = IQ    AD.  

3.  a)  A' = BN   AG.  

b)  Chng minh B,  M',  A' l  im chung 
ca hai mt phng (ABN)  v (BCD).   
chng minh BM' = M'A' = A'N dng tnh 
cht  ng trung bnh trong hai tam gic 
NMM' v  BAA'.  

c)  Ta c GA' = 
1

2
MM',  MM' = 

1

2
AA  suy 

ra kt qu.  
 

3.  

1.  a)  Chng minh OO' // DF  v  OO' // CE.  

b)  Gi I l  trung im ca AB.  Chng 
minh MN // DE.  

2.   a) Giao tuyn ca () vi cc mt ca t 
din l cc cnh ca t gic MNPQ  c 
MN // PQ  // AC  v  MQ // NP  // BD.  
b)  Hnh bnh hnh.  

3. ()  ct (SAB),  (ABCD)  theo cc giao tuyn 
song song vi AB  v  ()  ct (SBC)  theo 
giao tuyn song song vi SC.  
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4.  

1.  Dng tnh cht mt mt phng ct hai 
mt phng song song theo hai giao tuyn 
song song.  

2.  a)  Chng minh t gic AA'M'M l  hnh 
bnh hnh.  

b)  Gi I = AM'   A'M.  

Ta c I = A'M   (AB'C').  

c)  Gi O  = AB'   A'B.  

Ta c OC' = (AB'C')    (BA'C').  

d)  G = OC'   AM'.  

3.  a)  Dng tnh cht "nu mt mt phng 
cha hai  ng thng a,  b  ct nhau v  a,  
b  cng song song vi mt mt phng th 
hai mt phng  song song".  

b)  Gi O  l tm ca hnh bnh hnh 

ABCD,   G1  = AC'   A'O.  Chng minh 

1 2

3

A G

A O


= 


 T ng t cho G2.  

c)  G1 ,  G2  ln l t l trung im ca AG2  

v  C'G1 .  

d)  Thit din l  hnh bnh hnh AA'C'C.  

4.   ng dng nh l Ta-lt.  
 

 

 

 

 

1.  a)  Gi G = AC    BD  ;  H = AE    BF.  

Ta c GH = (AEC)    (BFD).  

Gi I = AD    BC ;  K = AF    BE.  

Ta c IK = (BCE)    (ADF).  

b)  Gi N = AM   IK.  

Ta c N = AM   (BCE).  

c) Nu ct nhau th hai hnh thang  cho 
cng nm trong mt mt phng.  V l.  

2.  a)  Gi E  = AB    NP,  F  = AD    NP,  

R = SB    ME  ,  Q  = SD    MF.  

Thit din l  ng gic MQPNR.  

Gi H = NP    AC,  

I = SO    MH.  Ta c I = SO    (MNP).  

3.  a)  Gi E  = AD    BC.  

Ta c (SAD)    (SBC)  = SE.  

b)  Gi F = SE    MN,  P  = SD    AF.  

Ta c P  = SD    (AMN).  

c)  T gic AMNP.  

4.   a)  Ch  Ax // Dt v AB  // CD.  

b)  IJ l   ng trung bnh ca hnh thang 
AA'C'C  nn IJ // AA'.  

c)  DD' = a  + c    b.  
 

 

Ch ng III 

1.   

1.   a)  Cc vect cng ph ng vi IA


 :   

, , , , , , .IA KB KB LC LC MD MD   
      

 

b)  Cc vect cng h ng vi IA


 :   

, , .KB LC MD
  

 

c)  Cc vect ng c h ng vi IA


 :   

, , , .IA KB LC MD   
   

 

2.   a)     + + = + +
     

AB B C DD AB BC CC  

.AC =


 

b)         = + +
     

BD D D B D BD DD D B  

.BB=


 

c)   + + +
   

AC BA DB C D  = 

AC CD D B B A   = + + +
   

 

0.AA= =


 

3.  Gi O  l  tm ca hnh bnh hnh ABCD .  
Ta c :  

2

2

SA SC SO

SB SD SO

+ = 


+ = 

  

  

 

SA SC SB SD + = +
   

 

4.  a) = + + 


= + + 

   

   

MN MA AD DN

MN MB BC CN
 

 = +
  

2MN AD BC  

 = +
  1

( )
2

MN AD BC  
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b) = + + 


= + + 

   

   

MN MA AC CN

MN MB BD DN

 

 = +
  

2MN AC BD  

1
( ).

2
MN AC BD = +
  

 

5.  a)  ( ) ,AE AB AC AD AG AD= + + = +
     

 
vi G l nh th t  ca hnh bnh hnh 

ABGC  v .AG AB AC= +
  

 

Vy ,AE AG AD= +
  

 vi E  l nh th t  

ca hnh bnh hnh AGED.  

Do  AE  l  ng cho ca hnh hp 
c ba cnh l  AB,  AC,  AD.  

b)  = +  = 
     

( )AF AB AC AD AG AD  

.DG=


 

Vy F  l nh th t  ca hnh bnh hnh 
ADGF.  

6. = +



= + 


= + 

  

  

  

DA DG GA

DB DG GB

DC DG GC

 

 + + =
   

3DA DB DC DG  

v 0GA GB GC+ + =
   

 

7.  a)  Ta c 0IM IN+ =
  

 

m  2IM IA IC= +
  

,  2IN IB ID= +
  

 

suy ra 0IA IB IC ID+ + + =
    

 

b)  Vi im P  bt k trong khng gian 
ta c :  

 ,IA PA PI IB PB PI=  = 
     

 

 ,IC PC PI ID PD PI=  = 
     

 

Vy + + +
   

IA IB IC ID  = 

= + + + 
    

4PA PB PC PD PI  

M  0IA IB IC ID+ + + =
    

 

nn 
1

4
PI =


( PA PB PC PD+ + +
   

).  

8.     =  =  +
     

( )B C AC AB AC AA AB  

=  


 

c a b   

  =  = + 
     

( )BC AC AB AA AC AB  

.a c b= + 


 

 

9.   MN MS SC CN= + +
   

  (1 )  

= + +
   

MN MA AB BN  

 = + +
   

2 2 2 2MN MA AB BN  (2)  

Cng (1 )  vi (2)  ta  c  

0 0

3 2 2 2MN MS MA SC AB CN BN= + + + + +
 

      

 

  
1 2

.
3 3

MN SC AB= +
  

 

Vy ba vect , ,MN SC AB

  

 ng phng.  

10.  Ta c KI // EF  // AB.  

FG // BC  v  AC    (ABC).  

Do  ba vect , ,AC KI FG

  

 ng phng v 

chng c gi cng song song vi mp ().  
Mt phng ny song song vi mp (ABC).  

2.   

1.   a)  o( , ) 45AB EG =
 

 ;   b)  o( , ) 60AF EG =
 

 ;   

c)  o( , ) 90 .AB DH =
 

 

2.  a)

 

. .( )

. .( )

. .( )

AB CD AB AD AC

AC DB AC AB AD

AD BC AD AC AB

= 



=  


=  

    

    

    

 

 . . . 0AB CD AC DB AD BC+ + =
     

 

b) . 0,AB CD =
 

 . 0AC DB =
 

 

 . 0AD BC =
 

   AD    BC.  

3.   a)  a  v  b  ni chung khng song song.  

b)  a  v c  ni chung khng vung gc.  

4.   a)   = 
    

. .( )AB CC AB AC AC  

=  =
   

. . 0AB AC AB AC  
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Vy AB    CC'.  

b)  MN = PQ  = 
2

AB
 

v   MQ  = NP  = 
2

CC 
  V AB    CC' m 

MN // AB,  MQ  // CC' nn MN   MQ.  
Vy hnh bnh hnh MNPQ  l  hnh 
ch nht.  

5.   = 
    

. . ( )SA BC SA SC SB  

=  =
   

. . 0SA SC SA SB  

  SA    BC.  

T ng t ta c SB    AC,  SC    AB.  

6.    = 
    

. .( )AB OO AB AO AO  

=  =
   

. . 0AB AO AB AO  

  AB    OO'.  

T gic CDD'C' l  hnh bnh hnh c 
CC'   AB  nn CC'   CD.  

Do  t gic CDD'C' l  hnh ch nht.  

7.   Ta c =
1

. . sin
2ABCS AB AC A  

21
. 1 cos .

2
AB AC A=   

V cosA  = 
.

.

AB AC

AB AC

 

 

 nn  

2 2 2
2

2 2

. ( . )
1 cos

.

AB AC AB AC
A

AB AC


 =

   

 

 

Do  
2 2 21
. ( . )

2ABCS AB AC AB AC= 
   

 

8.   a)  = 
    

. .( )AB CD AB AD AC  

=  =
   

. . 0AB AD AB AC  

  AB    CD.  

b)  Ta tnh  c  

1
( )

2
MN AD BC= +
  

 

1
( )

2
AD AC AB= + 
  

 

21
. ( . . )

2
AB MN AB AD AB AC AB= +  =
      

 

= + 2 o 2 o 21
( cos 60 cos 60 )

2
AB AB AB  

= 0  

Vy . 0,AB MN =
 

 do  MN   AB.  

T ng t ta chng minh  c MN   CD  
bng cch tnh  

=  + 
      1

. ( ).( )
2

CD MN AD AC AD AC AB
 

0.=  

3.  

1.   a)  ng ;   b)  Sai ;     

c)  Sai ;    d)  Sai.  

2.  a)
 ( )
BC AI

BC ADI
BC DI

 
 

 
 

b)  BC    (ADI)    BC    AH 

m  ID    AH nn AH   (BCD).  

3.  a)
 ( )
SO AC

SO ABCD
SO BD

 
 

 
 

b)
( )

AC BD
AC SBD

AC SO

 
 

 
 

( )
BD AC

BD SAC
BD SO

 
 

 
.  

 

4.  a)
 

 


 

BC OH

BC OA
( )BC AOH   

.BC AH   

T ng t ta chng minh  c CA    BH 
v  AB    CH,  nn H l  trc tm ca tam 
gic ABC.  

b)  Gi K l  giao im ca AH v  BC.  Ta 
c OH l   ng cao ca tam gic vung 
AOK nn  

2 2 2

1 1 1

OH OA OK
= +    (1 )  

Trong tam gic vung OBC  vi  ng cao 
OK ta c :  

2 2 2

1 1 1

OK OB OC
= +     (2)  
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T (1 )  v  (2)  ta c :   

2 2 2 2

1 1 1 1

OH OA OB OC
= + +   

5.  a)   
 

 
( ).

SO AC
SO ABCD

SO BD
 

b)  
 

 
 

( ).
AB SH

AB SOH
AB SO

 

6.  a)  
 

 


 

BD AC

BD SA
 ( )BD SAC   

.BD SC   

b)  ( )BD SAC  m  IK // BD  nn 

IK  (SAC).  
 

7.   a)  
 

 
 

 
( )

BC AB
BC SAB

BC SA
  

  AM  BC,  m  AM   SB  nn  

AM   (SBC).  

b)  Chng minh ( )SB AMN  

.SB AN   

8.   a)  Gi s c hai  ng xin SM v  SN 
bng nhau.  Khi  ta c hai tam gic 
vung SHM v   SHN bng nhau.   

Do  :  SM = SN   HM = HN.  

b)  Gi s c hai  ng xin :  SA  >  SB.  
Trn tia HA  ta ly im B' sao cho 
HB' =  HB,  khi   SB' =  SB  v  SA  >  SB'.  
Dng nh l Py-ta-go,  xt hai tam 
gic vung SHA  v  SHB' ta suy ra iu 
cn chng minh.  

4.  

1.  a)  ng ;   b)  Sai.   

2.  CD  = 26 (cm).  

3.  a) Chng minh BC    (ABD),  suy ra 
ABD  l gc gia hai mt phng (ABC) 
v (DBC).  

b)  Chng minh BC    (ABD).  

c)  Chng minh DB    AH v DB   HK.  

Trong mt phng (BCD),  chng minh 
HK // BC.  

4.  Xt hai tr ng hp () ct () v () // (). 
Nu ()  ct ()  giao tuyn   c xc 

nh duy nht.  Qua M c mt v  ch mt 
mt phng (P)  vung gc vi .  

Nu () // () th ta c v s mt phng (P).  

5.  a)  Chng minh AB'   (BCD'A').  

b)  Chng minh (ACC'A')  l  mt phng 
trung trc ca on BD  v  (ABC'D')  l  mt 
phng trung trc ca on A'D.  Hai mt 
phng ny cng vung gc vi mt phng 
(BDA')  nn c giao tuyn AC' vung gc 
vi (BDA').  

6.  a)  Chng minh AC    (SBD)  v  suy ra 
(ABCD)    (SBD).  

b)  Chng minh OS = OB  = OD  v  suy ra 
tam gic SBD  vung ti S.  

 

7.  a)  Chng minh AD    (ABB'A').  

b)  AC' = 2 2 2 .a b c+ +  

8.   di  ng cho ca hnh lp ph ng 

cnh a bng 3 .a  

9.  Chng minh BC    (SAH) v suy ra BC    SA.  
T ng t,  chng minh AC    SB.  

10. a) SO  = 
2

2

a
  

b)  Chng minh SC    (BDM)   

  (SAC)    (BDM).  

c)  Chng minh OM = 
2

a
 v  c MC  = 

2

a
 

m   90OMC =  nn  o45 .MOC =  

11.  a)  


 

BD AC

BD SC
 ( )BD SAC   

( ) ( ).SBD SAC   

b)  Hai tam gic vung SCA v  IKA  ng 

dng nn IK = 
.

2

SC AI a

SA
=   

c)   90BKD =  v IK = ID  = IB  = 
2

a
  

SA    (BDK)  v   90 ,BKD =  

suy ra  (SAB)   (SAD).  

5.  

1.  a)  Sai ;  b)  ng ;  c)  ng ;  

  d)  Sai ;  e)  Sai .  
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2.  a)  Cn chng minh  SA    BC 

v  BC    (SAH)    BC    SE.  

(Vi E  = AH   BC)  

Vy AH,  SK,  BC  ng quy.  
 

b) Cn chng minh BH   (SAC)  v  suy 
ra SC    (BKH),  

   


   

( )

( )

SC BKH SC HK

BC SAE BC HK
 

( ).HK SBC   
 

c) AE  l   ng vung gc chung ca 
SA  v  BC.  

3.  Khong cch d t cc im B,  C,  D,  A',  
B',  D' n  ng cho AC' u bng 
nhau v chng u l  di  ng cao 
ca cc tam gic vung bng nhau.  

ABC' = AA'C' = . . .  

Ta tnh  c d = 
6

3

a
  

4.  a) K BH   AC ti H, ta c BH   (ACC'A), 
ta tnh  c 

BH = 
2 2

ab

a b



+

 

b)  Khong cch gia BB' v AC' chnh l 

khong cch BH = 
2 2

ab

a b



+

 

5.  a)  Chng minh B'D  vung gc vi hai 
 ng thng ct nhau ca (BA'C').  

b)  Gi I v H ln l t l  trng tm ca 
ACD' v  BA'C' th IH l  khong cch 
gia hai mt phng song song (BA'C')  v 
(ACD'),  

IH = 
3

3 3

B D a
=   

c)  Gi d l  khong cch gia hai  ng 

thng cho nhau BC' v  CD',  d = 
3

3

a
  

6.  V qua trung im K ca cnh CD  
 ng thng song song vi AB  sao cho 
ABB'A' l  hnh bnh hnh vi K l  
trung im ca A'B'.   

Chng minh  hai tam gic vung BCB' v 
ADA' bng nhau.  T  suy ra BC  = AD.  
Chng minh t ng t ta c AC  = BD.  

7.  Khong cch t nh S ti mt y (ABC)  
bng  di  ng cao SH ca hnh chp 
tam gic u.  Ta tnh  c :  

SH = 2 2
SA AH  = a.  

8.  Gi I v K ln l t l trung im ca cc cnh 
AB v CD.  V  IC  = ID  nn IK   CD.  
T ng t chng minh  c IK   AB.   
Vy IK l   ng vung gc chung ca AB  
v  CD.  

Do  IK = 
2

2

a
  

1.  a)  ng ;   b)  ng ;  

c)  Sai ;    d)  Sai ;  

e)  Sai.  

2.  a)  ng ;   b)  Sai ;   

 c)  Sai ;    d)  Sai.  

3.  a)  p dng nh l ba  ng vung gc ta 
chng minh  c bn mt bn ca hnh 
chp l  nhng tam gic vung.  

b)  Chng minh BD    SC  v  suy ra 
 B'D'   SC.  V BD  v  B'D' cng nm 
trong mt phng (SBD)  nn BD  // B'D'.  

Ta chng minh AB'   (SBC)  

  AB'   SB.  

4.  a)  Chng minh  

( ) ( ) ( )BC SOF SBC SOF    ;  

b)  d(O,  (SBC))  = OH = 
3

8

a
 ;  

d(A,  (SBC))  = d(I,  (SBC))  = IK  

= 2OH = 
3

4

a
  

5.  a)  Ta chng minh BA    (ADC)    tam 
gic BAD  vung ti A.  

Dng nh l ba  ng vung gc ta chng 
minh BDC  l  tam gic vung ti D.  
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b) Chng minh tam gic AKD  cn ti K 
v  suy ra KI   AD.  

Chng minh tam gic IBC  cn ti I v 
suy ra IK   BC.  

Do  IK l on vung gc ca AD  v 
BC.  

6.  a)  
  

      
( )

BC B C
BC A B CD

BC A B
 

b)  on vung gc chung ca AB' v 

BC' l  KI = 
3

3

a
  

7.  a)  d(S,  (ABCD))  = SH = 
1 5 ,
6

a
  

SC  = 
7

2

a
  

b)  V SH   (ABCD)  vi H   AC  nn 
(SAC)    (ABCD).  

c)  V SB2  + BC2  = SC2  nn SB    BC.  

d)  tan 5 .
SH

HO
 = =  

1.  Gi tam gic A'B'C' l  nh ca tam gic 
ABC  qua cc php bin hnh trn,  khi  

a)  A'(3  ;  2),  B'(2 ;  4),  C'(4 ;  5)  ;   

b)  A'(1  ;  1),  B'(0 ;  3),  C'(2 ;  4) ;  

c)  A'(3  ;  1 ),  B'(4 ;  1 ),  C'(2 ;  2)  ;  
d)  A'(1  ;  1 ),  B'(3  ;  0),  C'(4 ;  2)  ;  

e)  A'(2 ;  2), B'(0 ;  6), C'(4 ;  8).  

2.  a)  F  l  php v t tm G,  t s 
1

2
   

b)    rng O  l  trc tm ca tam gic 
A'B'C'.  

c)  F(O)  = 1O  l  trung im ca OH.  

d)  nh ca A,  B,  C,  
1 1 1
, ,A B C  qua php 

v t tm H t s 
1

2
 t ng ng l A'',  B'',  

C'',  
1 1 1
, ,A B C   .  

e)  Chng minh A'',  B'',  C'',  1 1 1
, ,A B C    

cng thuc  ng trn 
1

( ).O  Sau  

chng minh A',  B',  C' cng thuc  ng 
trn 

1
( ).O  Chng hn, chng minh 

1 1 1
.O A O A =   

3.   a)  Gi ()  = (ES,  EM), ()  ct (SAC)  v 
(SBD)  theo giao tuyn l   ng thng SO  
vi O  = AC    BD.  

b)  SE  = (SAD)    (SBC).  

c)  Gi O' = AC'   BD'.  Chng minh 
O'   SO  = (SAC)    (SBD).  

4.    Chng minh t gic MNFE  l  hnh bnh 
hnh.  

5.   Gi L  l  hnh lp ph ng.  

  (EFB)  L  = ABIF  vi FI // AB.  

  (EFC)  L  = ECFH vi CF  // EH.  

  (EFC')  L  = EMC'FL  vi EM // FC' 

v  FL  // C'M.  

  Thit din to bi (EFK)  v  hnh lp 
ph ng l  hnh lc gic u.  

6.   a)  Gi I l tm hnh vung BCC'B'.  V 
IK   BD' ti K.  IK l   ng vung gc 
chung ca BD' v  B'C.  

b)  KI = 
6

6

a
  

7.   a)  S dng nh l ba  ng vung gc.  

b)  Chng minh AD',  AC' v  AB  cng 
vung gc vi SD.  

c)  C'D' lun i qua I vi I = AB    CD.  
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Bng thut ng
B 

Biu thc to  ca php tnh tin  7 
Biu thc to  ca php i  xng qua 
gc to   1 3 
Biu thc to  ca php i  xng qua 
trc 9 
Bng tuyt Von Kc 41  

C 

Cc tnh  cht tha nhn 46 

D 

Din tch  hnh chiu ca mt a gic 1 07  

 

nh l ba  ng vung gc 1 02 
nh l  Ta-lt  68 
 ng thng vung gc vi  
mt phng 99 
 ng vung gc chung ca hai   ng 
thng cho nhau 1 1 7 

G 

Giao tuyn  48 
Gc gia  ng thng 
v  mt phng 1 03 
Gc gia hai   ng thng 95 
Gc gia hai  mt phng 1 06 
Gc gia hai  vect trong 
khng gian 93 

H 

Hai   ng thng cho nhau 55 
Hai   ng thng song song 55 
Hai   ng thng vung gc 96 
Hai  mt phng song song 64 
Hai  mt phng vung gc 1 08 
Hnh bng nhau 22 
Hnh biu d in 45,  74 
Hnh chiu song song 72 
Hnh chp 51  
Hnh chp ct 70 
Hnh ng dng 31  
Hnh hc khng gian 43 
Hnh hc Frac-tan 40 
Hnh hc L-ba-sp-xki  83 
Hnh hc -cl it 82 
Hnh hp 69 
Hnh hp ch nht 1 1 0 
Hnh hp ng 1 1 0 
Hnh lng tr 69 
Hnh lng tr  u 1 1 0 
Hnh lng tr  ng 1 1 0 
Hnh lp ph ng 1 1 0 
Hnh t d in 52 
Hnh c tm i  xng 1 4 
Hnh c trc i  xng 1 0 

K 

Khong cch gia  ng thng 
v  mt phng song song 1 1 5 
Khong cch gia hai   ng thng cho 
nhau 1 1 6 
Khong cch gia hai  mt phng song 
song 1 1 6 
Khong cch t mt im n 
mt  ng thng 1 1 5 
Khong cch t mt im n 
mt mt phng 1 1 5 
Kim t thp K-p 1 1 3 

M 

Mt phng  44 
Mt phng trung trc ca mt 
on thng 1 00 

P 

Php bin  hnh 4 
Php chiu song song 72 
Php di  hnh 1 9 
Php i  xng trc 8 
Php i  xng tm 1 2 
Php ng nht 5 
Php ng dng 30 
Php quay 1 6 
Php tnh tin 4 
Php v  t 24 
Ph ng php tin  81  

Q 

Quy tc hnh  hp 86 

S 

S ng phng ca ba vect 
trong  khng gian 87 

T 

Tm i  xng 1 2 
Tm v  t ca hai   ng trn 27 
Tm v  t ngoi  28 
Tm v  t trong 28 
Thm Xc-pin-xki  42 
Thit d in 53 
Tch v h ng ca hai  vect 
trong  khng gian 93 
Trc i  xng 8 
T din  u 52 

V 

Vect trong khng gian 85 
Vect ch ph ng ca 
 ng thng 94 
V  tr t ng i  ca  ng thng 
v  mt phng 60 
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mc lc 
  Trang 

Ch ng i.   php di  hnh v php ng dng trong mt phng   

1 .  Php bin  hnh  4  
2.  Php tnh  tin  4 
3.  Php i  xng trc 8 
4.  Php i  xng tm 1 2 
5.  Php quay 1 5 
6.  Khi  n im v php di  hnh  v  hai  hnh  bng  nhau  1 9 
7.  Php v  t 24 
8.  Php ng dng  29 

Cu  hi  n  tp ch ng I  33 
Bi  tp n  tp ch ng I  34 
Cu  hi  trc nghim ch ng I  35 
B i c thm :  p dng  php bin  hnh   gii  ton  37 
B i c thm :  Gii  thiu  v Hnh hc Frac-tan  40 

 

Ch ng ii.    ng thng v  mt phng trong khng gian.  quan h song song  

1 .  i  c ng v  ng thng v  mt phng  44 
2.  Hai   ng thng  cho nhau  v  hai   ng  thng song song  55  
3.   ng  thng v  mt phng song song  60 
4.  Hai  mt phng song song  64 
5.  Php chiu  song song.  Hnh  biu  din  ca mt hnh  khng g ian  72 

B i c thm :  Cch biu  din  ng  g ic u  75  
Cu  hi  n  tp ch ng I I  77 
Bi  tp n  tp ch ng I I  77 
Cu  hi  trc nghim ch ng I I  78 
Bn c bit ? Ta-lt,  ng i  u tin  pht h in  ra nht thc  81  
B i c thm :  Gii  thiu  ph ng php tin    

  trong vic xy dng Hnh hc 81  
 

Ch ng iii.  vect trong khng gian.  quan h vung gc trong khng gian   

1 .  Vect trong khng gian  85  
2.  Hai   ng thng  vung gc 93 
3.   ng  thng vung gc vi  mt phng  98 
4.  Hai  mt phng vung gc 1 06 

Bn c bit ?  Kim t thp K-p 1 1 3 
5.  Khong cch  1 1 5 
Cu hi  n  tp ch ng I I I  1 20  
Bi  tp n  tp ch ng I I I  1 21  
Cu hi  trc nghim ch ng I I I  1 22 
Bi  tp n  tp cui  nm 1 25 
H ng dn g ii  v  p s 1 27 
Bng thut ng 1 35 
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