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Bc tranh ca ho s H  Lan t-se (M.C.  Escher)  gm nhng hnh bng 
nhau m t cc chin binh trn l ng nga.  Cc hnh ny ph kn mt phng.  
Hai chin binh v  nga cng mu (trng hoc en)  t ng ng vi nhau qua 
mt php tnh tin.  Hai chin binh v  nga khc mu th t ng ng vi nhau 
qua mt php i xng trc v  tip theo l  mt php tnh tin.  

Ngh thut dng nhng hnh bng nhau  lp y mt phng  c pht 
trin mnh m vo th k XIII  n c I-ta-li-a.   

 

Ch ng  ny ni  v  cc php di  h nh  v  ng  dng  trong  mt phng.  
Hc sinh  s lm quen  vi  php tnh  tin,  php i  xng  trc,  php quay,  
php v  t,  . . .  v  s  h iu  th no l  hai  h nh  bng  nhau,  th no l  hai  
h nh  ng  dng  mt cch  tng  qut.  

Hc sinh  cn  nm  c nh  ngha ca cc php ni  trn  v  c th p 
dng  chng   g ii  cc b i  ton  khng  qu phc tp.  

Ch ng I  
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1 .  Php bin  hnh  

Trong i s,  ta  bit mt khi nim quan trng :  khi nim "hm s".  

Ta nhc li :  Nu c mt quy tc  vi mi s x   ,R  xc nh  c mt 

s duy nht  y    R  th quy tc  gi l  mt hm s xc nh trn tp s 
thc .R  

By gi,  trong mnh  trn ta thay s thc bng im thuc mt phng th 
ta  c khi nim v php bin hnh trong mt phng.  C th l  

Nu c mt quy tc  vi mi im  M thuc mt phng,  xc nh  c 
mt im duy nht  M' thuc mt phng y  th quy tc  gi l  mt php 
bin hnh (trong mt phng) .  

Vy ta c 

nh ngha 

Php bin hnh  (trong mt phng)  l  mt quy tc  vi mi 
im  M  thuc mt phng,  xc nh  c mt im duy nht  
M' thuc mt phng y.  im M' gi l  nh  ca im M  qua 
php bin hnh .  

2.  Cc v d  

V d 1  

Cho  ng thng d.  Vi mi im M,  ta xc nh 
M' l  hnh chiu (vung gc)  ca M  trn d (h.1 )  
th ta  c mt php bin hnh.  

Php bin hnh ny gi l  php chiu (vung 
gc)  ln  ng thng d.  

V d 2 

Cho vect ,u  vi mi im M  ta xc nh im 

M' theo quy tc MM' u=



 (h.2).  

Nh  vy ta cng c mt php bin hnh.  Php 
bin hnh  gi l  php tnh tin theo vect u.  

 

 

 

 

Hnh 1  

 

 
 
 

Hnh 2   
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V d 3  

Vi mi im M,  ta xc nh im M' trng vi M  th ta cng  c mt 
php bin hnh.  Php bin hnh  gi l  php ng nht.  

3.  K h iu  v  thut ng  

Nu ta k hiu mt php bin hnh no  l  F  v  im M' l  nh ca im M 
qua php bin hnh F  th ta vit M' =  F(M),  hoc F(M)  =  M'.  Khi ,  ta cn 
ni php bin hnh F bin im M th nh im M'.  

Vi mi hnh H,  ta gi hnh H ' gm cc im M' =  F(M),  trong  M   H,  l  

nh ca  qua php bin hnh F,  v  vit H ' =  F(H ).   

1 )  Hy v mt  ng  trn  v  mt  ng  thng  d ri  v nh  ca  ng  trn  qua 
php chiu  ln  d.  

2)  Hy v mt vect u  v  mt tam gic ABC  ri  ln l t v nh A', B', C' ca cc nh A,  
B, C  qua php tnh tin theo vect .u  C nhn xt g v hai  tam gic ABC  v  A'B'C' ? 

 
 

1 .  nh  ngha php tnh  tin  

Ta nhc li nh ngha php tnh tin  ni  V d 2 1  :   

Php tnh tin  theo vect u  l  mt php bin hnh bin im 

M th nh im M' sao cho MM' u=



.  

Php tnh tin theo vect u  th ng  c k hiu l  T  hoc .uT  Vect u  

 c gi l  vect tnh tin.  

?  Php ng nht c phi l  php tnh tin khng ?  

2.  Cc tnh  cht ca php tnh  tin  

1  

Gi s php tnh tin theo vect u  bin hai  im M,  N ln l t thnh hai  im M',  N'.  

C nhn  xt g   v hai  vect MN


 v  M'N'


 ?  So snh   d i  hai  vect .  
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Vy ta c  nh l  

nh l 1  

Nu php tnh tin bin hai im M v  N ln l t thnh hai 

im M' v  N' th M'N' =  MN.  

Ng i ta din t tnh cht trn ca php tnh tin l  :  Php tnh tin khng 
lm thay i khong cch gia hai im bt k.  

nh l 2  

Php tnh tin bin ba im thng hng thnh ba im 
thng hng v  khng lm thay i th t ba im .  

Chng minh 

Gi s php tnh tin bin ba im A ,  B,  C  thnh ba im A',  B',  C'.  Theo 

nh l 1 ,  ta c A'B' =  AB,  B'C' =  BC  v  A'C' =  AC.  

Nu A ,  B,  C  thng hng,  B  nm gia A  v  C  th AB  +  BC  =  AC.  Do  ta 

cng c A'B' +  B'C' =  A'C',  tc l  A',  B',  C' thng hng,  trong  B' nm 
gia A' v  C'.                       

T nh l trn,  ta d dng suy ra h qu sau y 

H qu 

Php tnh tin bin  ng thng thnh  ng thng,  bin 
tia thnh tia,  bin on thng thnh on thng bng n,  bin 
tam gic thnh tam gic bng n,  bin  ng trn thnh 
 ng trn c cng bn knh,  bin gc thnh gc bng n.  

3.  Biu  thc to  ca php tnh  tin  

Trong mt phng vi h trc to  Oxy,  cho php 
tnh tin theo vect .u  

Bit to  ca u  l  (a  ;  b) .  Gi s im M(x  ;  y)  
bin thnh im M'(x' ;  y')  (h.3).  

Khi  ta c   
.

= +


= +

x' x a

y' y b
             Hnh 3  



 7  

Cng thc trn gi l  biu thc to   ca php tnh tin theo vect 

( ; ).u a b  

2 

Hy gii  thch  v  sao c cng  thc trn.  

4.  ng  dng  ca php tnh  tin  

B i ton 1  

Cho hai im B,  C c nh trn  ng trn (O ;  R)  v  mt im A thay i 
trn  ng trn .  Chng minh rng trc tm tam gic ABC  nm trn mt 
 ng trn c nh.  

Gii 

Nu BC  l   ng knh th trc tm H ca tam gic 

ABC chnh l  A .  Vy H nm trn  ng trn c 

nh (O  ;  R).  

Nu BC khng phi l   ng knh,  v  ng knh 

BB' ca  ng trn (h.4).  

D thy rng nu H l  trc tm ca tam gic ABC  

th AH B'C=

 

 (trn hnh 4,  iu  suy t nhn xt 

t gic AHCB' l  hnh bnh hnh).    

Nh  vy,  php tnh tin theo vect c nh B'C


 bin im A  thnh im H.  

Do ,  khi A  thay i trn (O  ;  R)  th trc tm H lun nm trn  ng trn 

c nh l  nh ca  ng trn (O  ;  R)  qua php tnh tin ni trn.     

B i ton 2 

Hai thn nm  hai v tr A  v  B cch 
nhau mt con sng (xem rng hai b 
sng l  hai  ng thng song song)  
(h.5).  Ng i ta d nh xy mt chic 
cu MN bc qua sng (c nhin cu 
phi vung gc vi b sng)  v  lm hai 
on  ng thng t A n M v  t B 
n N.  Hy xc nh v tr chic cu 

MN sao cho AM +  BN ngn nht.  

 

 

 

 

 

Hnh 4  

 

 

 

 

 

 
 

Hnh 5  
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Nhn xt 

Bi ton s rt n gin nu con sng rt hp,  hp n mc hai b sng a  

v  b  xem nh  trng vi nhau.   

3 

Hy gii  b i  ton  trong  tr ng  hp c bit .  

Tr ng hp tng qut (h.5)  c th  a v tr ng hp trn bng mt php 

tnh tin theo vect MN


  a  trng b.  Khi  im A  bin thnh im A' 

sao cho AA MN=

 

'  v  do  A'N  =  AM.  

4 

T gi   ,  hy gii  b i  ton  trong  tr ng  hp tng  qut.   

5.  Php di  h nh  

Khng phi ch c php tnh tin "khng lm thay i khong cch gia hai 

im"  m  cn nhiu php bin hnh khc cng c tnh cht  (tnh cht ny 

cn  c gi l  tnh cht bo ton khong cch  gia hai im).  Ng i ta gi 

cc php bin hnh nh  vy l  php di hnh.  

nh ngha 

Php di hnh  l  php bin hnh khng lm thay i khong 

cch gia hai im bt k.  

Ch  rng cc tnh cht  nu ca php tnh tin  c chng minh ch 

da vo tnh cht "khng lm thay i khong cch gia hai im" .  Bi 

vy,  cc php di hnh cng c nhng tnh cht .  C th ta c 

nh l 

Php di hnh bin ba im thng hng thnh ba im thng 

hng v  khng lm thay i th t ba im ,  bin  ng 

thng thnh  ng thng,  bin tia thnh tia,  bin on thng 

thnh on thng bng n,  bin tam gic thnh tam gic 

bng n,  bin  ng trn thnh  ng trn c cng bn 

knh,  bin gc thnh gc bng n.  
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Cu hi  v  b i  tp 

1.  Qua php tnh tin T  theo vect 0u  ,   ng thng d bin thnh 

 ng thng d'.  Trong tr ng hp no th :  d trng d' ?  d song song vi d' ?  
d ct d' ?   

2.  Cho hai  ng thng song song a  v  a'.  Tm tt c nhng php tnh tin 
bin a  thnh a'.  

3.  Cho hai php tnh tin uT  v  .vT  Vi im M  bt k,  uT  bin M  thnh 

im M',  vT  bin M' thnh im M''.  Chng t rng php bin hnh bin M  

thnh M'' l  mt php tnh tin.  

4.  Cho  ng trn (O)  v  hai im A ,  B.  Mt im M  thay i trn  ng 

trn (O).  Tm qu tch im M' sao cho ' .MM MA MB+ =
  

 

5.  Trong mt phng to  Oxy,  vi ,  a,  b  l  nhng s cho tr c,  xt php 

bin hnh F  bin mi im M(x  ;  y)  thnh im M'(x' ;  y'),  trong  

' cos sin

' sin cos .

x x y a

y x y b

 

 

=  +


= + +
 

a)  Cho hai im M(x1  ;  y1 ),  N(x2  ;  y2)  v  gi M',  N' ln l t l  nh ca M,  

N  qua php F.  Hy tm to  ca M' v  N'.  

b)  Tnh khong cch d gia M  v  N  ;  khong cch d' gia M' v  N'.  

c)  Php F  c phi l  php di hnh hay khng ?  

d)  Khi   =  0,  chng t rng F  l  php tnh tin.  

6.  Trong mt phng to  Oxy,  xt cc php bin hnh sau y :  

  Php bin hnh F1  bin mi im M(x  ;  y)  thnh im M'(y  ;  x)  ;  

  Php bin hnh F2 bin mi im M(x  ;  y)  thnh im M'(2x  ;  y).  

Trong hai php bin hnh trn,  php no l  php di hnh ?   

 

 

 

 



 1 0 

 
 

 
 

1 .  nh  ngha php i  xng trc 

Ta nhc li  :  im M' gi l  i xng vi im M qua 
 ng thng a nu a l   ng trung trc ca on 
thng MM' (h.6).  Nu M nm trn  a th ta xem M i 
xng vi chnh n qua a.   

Php i xng qua  ng thng a   c nh ngha 
nh  sau 

nh ngha 1  

Php i xng qua  ng thng a l  php bin hnh bin mi 
im M thnh im M' i xng vi M qua a.  

K hiu v  thut ng 

Php i xng qua  ng thng a th ng  c k hiu l  a.  Php i xng 

qua  ng thng cn gi n gin l  php i xng trc.  

 ng thng a  gi l  trc ca php i xng,  hay n gin l  trc i xng.   

?1  Qua  php i xng trc a,  nhng im no bin thnh chnh n ?  

? 2  Nu php i xng trc a bin im M thnh im M' th n bin im M' 

thnh im no ?  Nu n bin hnh H thnh hnh H ' th n bin hnh H ' 

thnh hnh no ?  

2.  nh  l  

Php i xng trc l  mt php di hnh.  

1  ( chng  minh  nh  l )  

Gi s a  l  php i  xng qua  ng thng a.  Ta chn  h trc to   Oxy  m  Ox l  

 ng thng a  (h.7).  

 

 

 

 

 

 
Hnh 6 
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Ly hai  im tu  A(xA  ;  yA)  v  B(xB  ;  yB) ,  hy vit 

to  ca  A' =  a(A)  v  B' =  a(B)  ri  dng  cng  

thc tnh  khong  cch   chng  minh  A'B' =  AB.   

      Ch   

Qua hot ng trn,  ta thy nu 

php i xng qua trc Ox  bin 

im M(x  ;  y)  thnh im M'(x' ;  y')  th 

.

=


= 

x' x

y' y
 

Cng thc trn gi l  biu thc to  ca php i xng 

qua trc  Ox.  

? 3  Php i xng qua trc Oy c biu thc to  nh  th no ?  

3.  Trc i  xng ca mt hnh  

Chng ta hy quan st bn hnh sau y (mi ch ci l  mt hnh)  :  

A   d    P    q 

Ng i ta ni hnh th nht v  hnh th hai c tnh "cn xng"  v vi mi 

hnh,  c th tm thy mt  ng thng sao cho php i xng qua  ng 

thng  bin hnh y thnh chnh n.  Cc  ng thng  gi l  trc i 

xng ca mi hnh.  Hai hnh cn li khng "cn xng"  v chng khng c 

nhng  ng thng nh  vy.  

nh ngha 2  

 ng thng  d gi l  trc i xng ca hnh  H nu php i 

xng trc  d  bin  H thnh chnh n,  tc l  d(H )  =  H.  

Mt hnh c th khng c trc i xng,  cng c th c mt hay nhiu 

trc i xng.  
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? 4  Trong cc hnh sau y,  hnh no c trc i xng v  c  my trc ?  (Mi 

ch ci l  mt hnh)  

a   b    c    d        e    g    h    i    k   l  

m    n    O    p    q   r   s    t   u    v   x   y   z 

 

 

 

 

 

Hy l m th !  

Cc em hy nh mt git mc ln mt t giy trng,  ri gp t giy theo 

mt  ng thng i qua git mc .  p  hai phn ca t giy st vo nhau 
ri m ra.  Cc em s  c nhng hnh c trc i xng kh k th !   
D i y gii thiu vi cc em mt s hnh nh  vy.  

 

 
 
 
 

4.   p dng  

Ng i ta t  chc mt cuc chy thi 
trn bi bin vi iu kin sau :  Cc 
vn ng vin xut pht t a im 
A v  ch l  a im B,  nh ng tr c 
khi n  B phi nhng mnh vo n c 
bin (ta gi s rng mp n c bin l  
mt  ng thng) (h.8).  

 chin thng trong cuc chy ua 
ny,  ngoi  tc   chy,  cn c mt 
yu t quan trng l  vn ng vin 
phi xc  nh v tr M   mp n c m  mnh phi chy t A  ti  nhng 
mnh vo n c bin,  ri t  chy n B  sao cho qung  ng phi chy 
l  ngn nht.   
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Nh  vy,  bi ton c th pht biu d i dng 
ton hc thun tu sau y 

Cho hai im A  v  B nm v mt pha ca 
 ng thng d (h.9).  Hy xc nh im M trn 

d sao cho AM +  MB b nht.  

? 5  Nu hai im A v  B nm v hai pha ca  ng thng d th li gii bi 

ton trn rt n gin.  Trong tr ng hp ,  im M cn tm l  im no ?  

By gi xt tr ng hp A ,  B  nm v mt pha ca d.  Hy ly im A' i 

xng vi A  qua d,  v  ch  rng :  AM  +  MB  =  A'M  +  MB.  

2 

Vi  gi   trn  y,  hy nu  li  g ii  ca b i  ton.   

Cu hi  v  b i  tp 

7.  Qua php i xng trc a  (a  l  trc i xng),   ng thng d bin thnh 
 ng thng d'.  Hy tr li cc cu hi sau :  

a)  Khi no th d song song vi d' ?  

b)  Khi no th d trng vi d' ?  

c)  Khi no th d ct d' ?  Giao im ca d v  d' c tnh cht g ?  

d)  Khi no d vung gc vi d' ?  

8.  Trong mt phng to  Oxy,  cho cc  ng trn (C1 )  v  (C2)  ln l t c 

ph ng trnh :  

      (C1 )  :  
2 2 4 5 1 0x y x y+  + + =  ;  

      (C2)  :  .

2 2 10 5 0x y y+ +  =  

Vit ph ng trnh nh ca mi  ng trn trn qua php i xng c trc Oy.  

9.  Cho gc nhn xOy  v  mt im A  nm trong gc .  Hy xc nh im B  
trn Ox  v  im C  trn Oy  sao cho tam gic ABC  c chu vi nh nht.  

10.  Cho hai im B,  C  c nh nm trn  ng trn (O  ;  R)  v  im A  thay i 
trn  ng trn .  Hy dng php i xng trc  chng minh rng trc 
tm H ca tam gic ABC  nm trn mt  ng trn c nh.  

H ng dn.  Khi BC  khng phi l   ng knh,  gi H' l  giao im ca 
 ng thng AH vi  ng trn (O  ;  R).  Chng minh rng H i xng vi H' 
qua  ng thng BC.  
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11.  a)  Ch ra trc i xng (nu c)  ca mi hnh sau y (mi hnh l  mt t 
bao gm mt s ch ci)  :  

MM,  hoc,  nhanh,  he,  she,  coach,  is,  it,  

sos,  cheo 
b)  Chng minh rng  th ca hm s chn lun c trc i xng.  

 
 

 
 

1 .  nh  ngha php quay 

Trong mt phng cho mt im  O c nh v  gc l ng gic   
khng i.  Php bin hnh bin im O thnh im O,  bin 
mi im M khc O thnh im M' sao cho OM =  OM' v  

(OM,  OM')  =     c gi l  php quay tm O gc quay .   

Php quay th ng  c k hiu l  Q,  v  nu mun ch r tm quay O  v  

gc quay   th ta k hiu php quay  l  Q(O ,  ) .  

 

 

 

 

 
 

Hnh 1 0 

Hnh 1 0 cho ta thy php quay tm O  gc quay 
2


 bin im M  thnh im 

M',  bin l c C thnh l c C '.  

?1  Php ng nht c phi l  php quay hay khng ?  
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2.  nh  l  

Php quay l  mt php di hnh.  

Chng minh  

Gi s php quay  Q(O ,  )  bin im  M thnh  M' v  bin im  N thnh  N',  
trong  O,  M,  N  khng thng hng  (h.1 1 ).  Theo nh ngha ca php quay,  
ta c 

       OM  =  OM',  

       ON  =  ON' 

v   (OM,  OM')  =  (ON,  ON')  =  .   

Theo h thc Sa-l v gc l ng gic,  ta c  

   (OM,  ON)  =  (OM,  OM')  +  (OM',  ON)  

      =  (ON,  ON')  +  (OM',  ON)  

      =  (OM',  ON').  

Suy ra  
.  MON M'ON'=  Nh  vy hai tam gic  

MON v  M'ON' bng nhau, do   M'N' =  MN.   

Tr ng hp  O ,  M,  N thng hng,  ta thy ngay  M'N' =  MN.       

1  

Cho hnh  ng  gic u  ABCDE  tm O  (h . 1 2).  Hy 
ch ra mt s php quay bin  ng  gic  th nh  
chnh  n.  

 

                    Hnh 1 2  

3.  Php i  xng tm 

Mt tr ng hp c bit ca php quay l  php quay vi gc quay .
 
Khi 

,  nu O  l  tm quay th mi im M   c bin thnh im M' sao cho O  
l  trung im ca MM'.  Bi vy,  php quay  cn c tn gi l  php i 
xng qua im O .  

Php i xng qua im O  cn c th  c nh ngha nh  sau :  

Php i xng qua im O l  mt php bin hnh bin mi 
im M th nh im M' i xng vi M qua O,  c ngha l  

.0OM OM'+ =

 

 

 

 

 

 

 

 

 
 

Hnh 1 1  
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K hiu v  thut ng 

Php i xng qua im O  th ng  c k hiu l  O .  Php i xng qua 
mt im cn gi n gin l  php i xng tm.  

im O  gi l  tm ca php i xng,  hay n gin l  tm i xng.   

Biu thc to  

Trong h to  Oxy  cho im I(a  ;  b).  Nu php i xng tm I bin 
im  M(x  ;  y)  thnh im M'(x' ;  y')  th  

2

2 .

= 


= 

x' a x

y' b y
 

Cng thc trn gi l  biu thc to  ca php i xng tm  I.  

2 

Hy gii  thch  ti  sao c cng thc trn.  

Tm i xng ca mt hnh 

 Chng ta hy quan st cc hnh biu th cc ch ci sau y  

z    S     N  
Tuy cc hnh  khng c trc i xng nh ng chng cng c tnh "cn 
xng"  no .  L do l  vi mi hnh,  ta c th tm thy mt im O  sao cho 

php i xng tm O  bin hnh  thnh chnh n.   

? 2  im O nh  th ca mi hnh trn y l  im no ?   

Cc im O  nh  vy  c gi l  tm i xng ca mi hnh.  

im  O gi l  tm i xng ca mt hnh H nu php i 
xng tm O  bin hnh H thnh chnh n,  tc l  O(H )  =  H.  

? 3  Trong bng ch ci in hoa,  nhng ch no c tm i xng ?  Nhng ch 

no c tm i xng nh ng khng c trc i xng ?  

? 4  Trong cc hnh sau y,  hnh no c tm i xng ?  
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4.  ng  dng  ca php quay 

B i ton 1  

Cho hai tam gic u OAB v  OA'B' nh  hnh 1 3.  

Gi C v  D  ln l t l  trung im ca cc on thng 
AA' v  BB'.  Chng minh rng OCD l  tam gic u.  

Gii 

Xt php quay Q  tm O  vi gc quay bng mt gc 
l ng gic (OA,  OB).  R rng Q  bin A  thnh B  v  bin 
A' thnh B',  nn Q  bin on thng AA' thnh on thng BB'.  T  suy ra Q  
bin trung im C ca AA' thnh trung im D  ca BB'.  Do  OC  =  OD  v  


.

o60COD =  Vy OCD  l  tam gic u.              

B i ton 2 

Cho  ng trn (O ;  R)  v  hai im A,  B c nh.  Vi mi im M,  ta xc 

nh im M' sao cho .MM' MA MB= +

  

 Tm qu tch im M' khi im M 
chy trn (O ;  R) .  

Gii  (h.14)  

Gi I l  trung im ca AB  th I c nh v  

2MA MB MI+ =

  

.  

Bi vy,  MM' MA MB= +

  

 khi v  ch khi 

,2MM' MI=

 

 tc l  MM' nhn I lm trung 

im hay php i xng tm I  bin im M  
thnh M'.  Vy khi M  chy trn  ng trn 

(O  ;  R)  th qu tch M' l  nh ca  ng trn  qua I.  Nu ta gi O' l  im 
i xng ca O  qua im I th qu tch ca M' l   ng trn (O' ;  R).     

B i ton 3 

Cho hai  ng trn (O  ;  R)  v  (O1  ;  R1 )  ct nhau ti hai im A,  B.  Hy 

dng mt  ng thng d i qua A ct (O  ;  R)  v  (O1  ;  R1)  ln l t ti M v  

M1  sao cho A l  trung im ca MM1 .  

Gii  (h.1 5)  

Gi s ta  dng  c  ng thng d tho mn yu cu ca bi ton.  Gi 

A  l  php i xng qua A  th A  bin im M  thnh im M1  v  bin 

 

 

 

 

 

Hnh 1 3  

 

 

 

 

 

 
Hnh 1 4  
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 ng trn (O  ;  R)  thnh  ng 
trn (O' ;  R).  V M  nm trn (O  ;  R)  

nn M1  nm trn (O' ;  R).  Mt khc 

M1  li nm trn (O1  ;  R1 )  nn M1  l  
giao im khc A  ca hai  ng 

trn (O' ;  R)  v  (O1  ;  R1 ).   

T  suy ra cch dng :  

 Dng  ng trn (O' ;  R)  i 
xng vi (O  ;  R)  qua im A  (O' l  
im i xng ca O  qua A).  

 Ly giao im M1  ca hai  ng trn (O1  ;  R1 )  v  (O' ;  R),  M1  khc A .  

  ng thng d l   ng thng i qua A  v  M1 .  

? 5  V sao d tho m n iu kin ca bi ton ?  

Cu hi  v  b i  tp 

12.  Cho php quay Q  tm O  vi gc quay  v  cho  ng thng d.  Hy nu cch 
dng nh d' ca d qua php quay Q.  

13.  Cho hai tam gic vung cn OAB  v  OA'B' 
c chung nh O  sao cho O  nm trn on 
thng AB' v  nm ngoi  on thng A'B   
(h.1 6).  Gi G  v  G' ln l t l  trng tm 
cc tam gic OAA' v  OBB'.  Chng minh 
GOG' l  tam gic  vung cn.  

14.  Gi s php i xng tm O  bin  ng 

thng d thnh  ng thng d'.  Chng minh 

a)  Nu d khng i qua tm i xng O  th d' song song vi d,  O  cch u d  
v  d' ;  
b)  Hai  ng thng d v  d' trng nhau khi v  ch khi d i qua O .  

15.  Cho php i xng tm O  v   ng thng d khng i qua O .  Hy nu cch 

dng nh d' ca  ng thng d qua O.  Tm cch dng d' m  ch s dng 

compa mt ln v  th c thng ba ln.  

 

 

 

 

 

 

 

 

Hnh 1 5  
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16.  Ch ra cc tm i xng ca cc hnh sau y :  

a)  Hnh gm hai  ng thng ct nhau ;  

b)  Hnh gm hai  ng thng song song ;  

c)  Hnh gm hai  ng trn bng nhau ;  

d)   ng elip ;  

e)   ng hypebol.   

17.  Cho hai im B,  C  c nh trn  ng trn (O  ;  R)  v  mt im A  thay 
i trn  ng trn .  Hy dng php i xng tm  chng minh rng 
trc tm H  ca tam gic ABC  nm trn mt  ng trn c nh.  

H ng dn.  Gi I l  trung im ca BC.  Hy v  ng knh AM  ca  ng 
trn ri chng minh rng I l  trung im ca on thng HM.  

18.  Cho  ng trn (O  ;  R),   ng thng   v  im I.  Tm im A  trn 
(O  ;  R)  v  im B  trn   sao cho I l  trung im ca on thng AB.  

19.  Trong mt phng to  Oxy,  cho  ng thng   :  ax +  by  +  c  =  0 v  im 

I(x0  ;  y0).  Php i xng tm I  bin  ng thng   thnh  ng thng ' .  

Vit ph ng trnh ca ' .  

 
 

Chng ta bit rng php di hnh bin tam gic thnh tam gic bng n.  

By gi ta t vn  :  Cho hai tam gic bng nhau th c hay khng mt 
php di hnh bin tam gic ny thnh tam gic kia ?  

1 .  nh  l  

Nu ABC v  A'B'C' l  hai tam gic bng nhau th c php 
di hnh bin tam gic ABC thnh tam gic A'B'C'.  

Chng minh 

Ta xc nh mt php bin hnh F nh  sau :  F bin mi im M thnh im M' 

sao cho nu CM pCA qCB= +

  

 (p    ,  q    )  th C'M' pC'A' qC'B'= +

  

 

(h.17).   
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Ta chng minh F  l  php di hnh.  Tht 
vy,  gi s c thm im N v  F  bin N 

thnh N',  tc l  nu CN kCA lCB= +

  

 

th .C'N' kC'A' lC'B'= +

  

 Khi  

MN


= 

 

CN CM  

   ( ) ( ) .k p CA l q CB=  + 

 

 

Suy ra 

22MN MN=



 

     ( ) ( )
2 2 2 2k p CA l q CB=  +    

     ( )( ) . .2 k p l q CA CB+  

 

 

Hon ton t ng t,  ta cng c 

22M'N' M'N'=



 

    ( ) ( ) ( )( ) . .
2 2 2 2 2k p C'A' l q C'B' k p l q C'A' C'B'=  +  +  

 

 

V hai tam gic ABC  v  A'B'C' bng nhau nn CA  =  C'A',  CB  =  C'B' v  

. .CA CB C'A' C'B'=

   

.  Bi vy,  ta suy ra MN  =  M'N' hay F  l  php di hnh.  

R rng php di hnh  bin A ,  B,  C  ln l t thnh A',  B',  C',  tc l  bin 
tam gic ABC  thnh tam gic A'B'C'.               

2.  Th n o l  hai  hnh  bng  nhau  ? 

T nh l trn ta c th pht biu :  "Hai tam gic bng nhau khi v  ch khi 
c php di hnh bin tam gic ny thnh tam gic kia" .  Nh  vy,  khi 
nim "bng nhau"  ca hai tam gic c th  c nh ngha bng hai cch 
t ng  ng sau y :  

1 )  Hai tam gic gi l  bng nhau nu chng c cc cnh t ng ng bng 
nhau v  cc gc t ng ng bng nhau.  

2)  Hai tam gic gi l  bng nhau nu c php di hnh bin tam gic ny 
thnh tam gic kia.  

i vi s bng nhau ca cc hnh ni chung,  ng i ta dng cch nh 
ngha th hai.  Vy ta c nh ngha tng qut sau y 

Hai hnh gi l  bng nhau  nu c php di hnh bin hnh 
ny thnh hnh kia.  
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T nh ngha trn ta suy ra 

Nu hnh H1  bng hnh H2  v  hnh H2  bng hnh H3  th hnh 
H1  bng hnh H3 .  

Tht vy,  v H1  bng H2  nn c php di hnh F  bin H1  thnh H2,  v H2  
bng H3  nn c php di hnh G  bin H2  thnh H3 .  

Nu ta thc hin lin tip php di 
hnh F  v  php di hnh G  th hin 
nhin ta  c php di hnh bin 
H1  thnh H3 .  Vy H1  bng H3 .  

Chng hn,  trn hnh 1 8,  hnh H1  
bng hnh H2  v c php tnh tin 
bin H1  thnh H2  ;  hnh H2 bng  
hnh H3  v c php i xng trc 
bin H2 thnh H3 .  Vy hai hnh H1  
v  H3  bng nhau.  

C  th  em  ch a  b i t  

T xa x a,  ng i  ta  bit trang tr bc t ng,  dt thu  thm hoa,  lt nn  nh,  . . .  
bng nhng hnh  v,  nhng vin  gch bng nhau vi  cc hoa vn ging nhau,  . . .   
 

 

 

 

 

 
 

 

 

Cc mu  h nh  v,  hoa vn ,  . . .  c th rt khc nhau  nh ng  ng i  ta  chng  minh  
 c rng  thc ra  ch c 1 7  cch  sp xp lp i  lp li  cc h nh  nh  th  lt 
khp mt phng.  

Nu  ch dng  cc php tnh  tin  v  php quay  bin  mt vin  gch  ny thnh  
mt vin  gch  khc th   c 5  cch  lt :  
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Cn nu dng thm c php i  xng trc th c thm 1 2 cch lt na :  
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Trong  1 7 cch  lt trn,  ng i  ta  tm  thy 1 1  cch  lt  n  Alhambra thnh  ph 
Granada (Ty Ban  Nha),  5  cch  khc  tm  thy  chu  Phi ,  cch  cn  li  cng   
tm thy trong  mt trang  tr c  Trung  Quc.  

Cu hi  v  b i  tp 

20.  Chng t rng hai hnh ch nht cng kch th c (cng chiu di v  chiu 
rng)  th bng nhau.   

21.  a)  Chng minh rng hai t gic li c cc cp cnh t ng ng bng nhau 
v  mt cp  ng cho t ng ng bng nhau th bng nhau.  

b)  Chng minh rng hai t gic li c cc cp cnh t ng ng bng nhau 
v  mt cp gc t ng ng bng nhau th bng nhau.  

c)  Hai t gic li c cc cp cnh t ng ng bng nhau th c bng nhau 
hay khng ?  

22.  a gic li n  cnh gi l  n-gic u nu tt c cc cnh ca n bng nhau 
v  tt c cc gc ca n bng nhau.  Chng t rng hai n-gic u bng 
nhau khi v  ch khi chng c cnh bng nhau.  

23.  Hnh H1  gm ba  ng trn (O1  ;  r1 ),  (O2  ;  r2)  v  (O3  ;  r3)  i mt tip xc 

ngoi vi nhau.  Hnh H2  gm ba  ng trn (I1  ;  r1 ),  (I2  ;  r2)  v  (I3  ;  r3)  i 

mt tip xc ngoi vi nhau.  Chng t rng hai hnh H1  v  H2  bng nhau.  

24.  Cho hai hnh bnh hnh.  Hy v mt  ng thng chia mi hnh bnh hnh 
 thnh hai hnh bng nhau.  
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                                       Hin-be (Hilbert)  

        Ai y ?  

Chng ta hy quan st hai bc chn dung  hnh v trn.  Tuy kch th c ca 
chng khc nhau nh ng hnh dng ca chng rt "ging nhau"  (ta ni chng 
"ng dng"  vi nhau).  V bc nh hn l  chn dung ca nh  ton hc Hin-be,  
nn bc ln hn cng l  chn dung ca nh  ton hc .  

Sau y,  chng ta s ni v cc php bin hnh khng lm thay i hnh 
dng ca hnh.  Tr c ht,  trong bi ny,  ta ni n php v t,  mt tr ng 
hp ring ca nhng php bin hnh nh  th.  

1 .  nh  ngha  

Cho mt im  O  c nh v  mt s k khng i,  k   0.  Php 
bin hnh bin mi im  M  thnh im M' sao cho  

'OM kOM=

 

  c gi l  php v t tm  O  t s k.  

Ta th ng k hiu php v t bi ch V,  nu cn ni r tm O  v  t  s k ca 

n th ta k hiu l  V(O,  k).  

Hnh 1 9 cho ta thy php v t tm O  t  s k  =  2  v  php v t tm O1  t  s 

k1  =  
1

2
  bin hnh H  thnh cc hnh nh  th no.  

 
 
 
 
 
 

Hnh 1 9 
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2.  Cc tnh  cht ca php v  t 

nh l 1  

Nu php v t t s k bin hai im M v  N ln l t thnh 
hai im M' v  N' th 

M'N' kMN=

 

 v  .MN k MN  =  

Chng minh 

Nu O  l  tm ca php v t th theo nh ngha,  ta c ,OM' kOM=

 

 

.ON' kON=

 

 

Vy  ( ) .M'N' ON' OM' kON kOM k ON OM kMN=  =  =  =

       

 

T  suy ra .M'N' k MN=                  

nh l 2  

Php v t bin ba im thng hng thnh ba im thng hng 
v  khng lm thay i th t ca ba im thng hng .  

Chng minh 

Gi s ba im A ,  B,  C  thng hng m  B  nm gia A  v  C,  tc l  

BA mBC=

 

 vi m  <  0.  Nu php v t t  s k  bin A ,  B,  C  ln l t thnh A',  

B',  C' th theo nh l 1 ,  ta c ,B'A' kBA=

 

 .B'C' kBC=

 

  

T  suy ra ( ) ( ) ,B'A' kBA k mBC m kBC mB'C'= = = =

    

 tc l  ba im A',  

B',  C' thng hng vi B' nm gia A' v  C'.             

H qu 

Php v t t s k bin  ng thng thnh  ng thng song 
song (hoc trng)  vi  ng thng ,  bin tia thnh tia,  
bin on thng thnh on thng m   di  c nhn ln 

vi ,k  bin tam gic thnh tam gic ng dng vi t s 

ng dng l  ,k  bin gc thnh gc bng n.  

?1  Nhng  ng thng no bin thnh chnh n qua php v t vi t s k   1  ?  

Nhng  ng trn no bin thnh chnh n qua php v t vi t s k   1  ?  
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3.  nh  ca  ng  trn  qua php v  t 

nh l 3  

Php v t t s k bin  ng trn c bn knh R thnh  ng 

trn c bn knh .k R  

Chng minh  (h.20)  

Gi s V  l  php v t 
tm O  t s k v  (I ;  R)  l   ng 
trn  cho.  Gi I' l  nh ca I v  
M' l  nh ca im M bt k th ta 

c .I'M' k IM=  

Bi vy IM  =  R  khi v  ch khi 

I'M' k R=  hay l  M' thuc 

 ng trn (I' ;  R') vi .R' k R=  
 chnh l  nh ca  ng 
trn (I ;  R)  qua php v t V.   

1  

Trn hnh 20,  hy v mt  ng thng d qua tm v t O,  ct  ng trn (I ;  R)  ti  A  v  
B,  ct  ng  trn  (I' ;  R')  ti  C  v  D .  Hy ni  r cc im A  v  B   c bin  thnh  
nhng  im no qua php v  t ,  v  g ii  thch  ti  sao.  

Nu  ng thng d ni  trn  tip xc vi   ng trn  (I ;  R)  th d c tip xc vi   ng 
trn  (I' ;  R')  hay khng  ?  Nhn  xt g  v cc tip im ? 

4.  Tm v  t ca hai   ng  trn  

Ta  bit rng php v t bin  ng trn thnh  ng trn.  By gi ta xt 
bi ton ng c li.  

B i ton 1  

Cho hai  ng trn (I ;  R)  v  (I' ;  R')  phn bit.  Hy tm cc php v t 

bin  ng trn (I ;  R)  thnh  ng trn (I' ;  R') .  

Gii 

Tr c ht,  ta c nhn xt :  Nu php v t tm O  t  s k  bin (I ;  R)  thnh 

(I' ;  R')  th 
R'

k
R

=  hay 
R'

k
R

=   v  .OI' kOI=

 

 T  ta xc nh  c 

cc php v t m  bi ton yu cu.  C th l  :  

 

 

 

 

 

 

 

 

Hnh 20 



 27  

Tr ng hp hai  ng trn (I ;  R)  v  
(I' ;  R')  ng tm,  R    R',  hin nhin khi 
 O  trng vi I.  Vy ta c hai php v 

t :  php v t V1  tm I t s 
R'

R
 v  

php v t V2  tm I t s .
R'

R
  (Trn 

hnh 21 ,  php v t V1  bin M thnh 

M'1  v  php v t V2  bin M thnh M'2).  

Tr ng hp I khng trng vi I' nh ng 

R  =  R',  tc l  k = 1 ,  khi  im O  

phi tho mn iu kin 'OI kOI=

 

 

nn k  ch c th bng 1 ,  v  O  l  
trung im ca on thng II'.  Vy 
trong tr ng hp ny ch c mt php 
v t :  tm O ,  t  s 1 ,   cng chnh 
l  php i xng qua im O  (h.22).   

Tr ng hp I khng trng I' v  R    R',  ta c th xc nh cc php v t nh  
sau (h.23)  :  

 

 

 

 

 

 
 

Hnh 23  

Ta ly M'1M'2  l  mt  ng knh ca (I' ;  R')  v  IM l  mt bn knh ca (I ;  R) 

sao cho hai vect 1I'M'


 v IM


 cng h ng.   ng thng II' ct MM'1  v  MM'2  

ln l t ti O1  v  O2.  

Khi  php v t V1  tm O1  t s 1
R'

k
R

=  v  php v t V2  tm O2  t s 

2
R'

k
R

=   u bin  ng trn (I ;  R)  thnh  ng trn (I' ;  R').      

 

 

 

 

 

 

 

Hnh 21  
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Thut ng 

Nu c php v t tm O  bin  ng trn ny thnh  ng trn kia th O  

 c gi l  tm v t ca hai  ng trn .   

Nu php v t  c t s d ng th im O  gi  l  tm v t ngoi,  nu 

php v t  c t s m th im O  gi l  tm v t trong.  

Trn hnh 23,  hai  ng trn (I ;  R)  v  (I' ;  R')  c 1O  l  tm v t ngoi,  

2O  l  tm v t trong.  

5.  ng dng ca php v  t  

B i ton 2 

Tam gic ABC c hai nh B,  C c nh cn nh A chy trn mt  ng trn  

(O  ;  R)  c nh khng c im chung vi  ng thng BC.  Tm qu tch trng 

tm G ca tam gic ABC.  

Gii (h.24)  

Gi I l  trung im ca BC  th I c nh.  

im G l  trng tm tam gic ABC khi v  

ch khi 

IG =

 1

3
IA


.  

Nh  vy php v t V  tm I t  s 
1

3
 bin im A  thnh im G.  T  suy ra 

khi A  chy trn  ng trn (O  ;  R)  th qu tch G  l  nh ca  ng trn  

qua php v t V,  tc l   ng trn (O' ;  R')  m  
1

3
IO' IO=

 

 v  .

1

3
R' R=   

B i ton 3 

Cho tam gic ABC vi trng tm G,  trc tm H v  tm  ng trn ngoi 

tip O.  Chng minh rng 2GH GO= 

 

 (nh  vy khi ba im G,  H,  O 

khng trng nhau th chng cng nm trn mt  ng thng,   c gi l  

 ng thng -le).  

 

 

 

 

 
 

Hnh 24  
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2  ( gii  b i  ton  3)  

Gi  A',  B',  C' ln  l t l  trung im cc cnh BC,  CA,  AB  
ca tam gic ABC  (h.25).  

1 )  Hy chng  minh  rng  O  l  trc tm ca tam gic 
A'B'C'.  

2)  Gi  V  l  php v  t tm G,  t s 2.  Hy tm  nh  ca 
tam gic A'B'C' qua V.  

3)  Qua php v  t V,  im O  bin  thnh  im no ? 
V  sao ?  T  suy ra kt lun  ca b i  ton.  

? 2  Gi O' l  tm  ng trn ngoi tip tam gic A'B'C'.  Qua php v t V ni 

trn,  im O' bin thnh im no ?  

Cu hi  v  b i  tp 

25.  Cc php sau y c phi l  php v t hay khng :  php i xng tm,  

php i xng trc,  php ng nht,  php tnh tin theo vect khc 0  ?  

26.  Cc khng nh sau y c ng khng ?  

a)  Php v t lun c im bt ng (tc l  im bin thnh chnh n).  

b)  Php v t khng th c qu mt im bt ng.  

c)  Nu php v t c hai im bt ng phn bit th mi im u bt ng.  

27.  Xc nh tm v t trong v  tm v t ngoi ca hai  ng trn trong cc 
tr ng hp sau :  

 a)  Hai  ng trn tip xc ngoi vi nhau.  

 b)  Hai  ng trn tip xc trong vi nhau.  

 c)  Mt  ng trn cha  ng trn kia.  

28.  Cho hai  ng trn (O)  v  (O')  ct nhau ti A  v  B.  Hy dng qua A  mt 
 ng thng d ct (O)   M v  ct (O')   N sao cho M l  trung im ca AN.  

29.  Cho  ng trn (O  ;  R)  v  im I c nh khc O .  Mt im M  thay i 
trn  ng trn.  Tia phn gic ca gc MOI ct IM  ti N.  Tm qu tch 
im N.  

30.  Cho hai  ng trn (O)  v  (O')  c bn knh khc nhau,  tip xc ngoi vi 
nhau ti A .  Mt  ng trn (O'')  thay i,  lun lun tip xc ngoi vi (O)  
v  (O')  ln l t ti B  v  C.  Chng minh rng  ng thng BC lun i qua 
mt im c nh.  
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1 .  nh  ngha php ng  dng  

Php bin hnh  F  gi l  php ng dng t s k  (k  >  0)  nu 
vi hai im  bt k  M,  N v  nh  M',  N' ca chng,  ta c  
M'N' =  kMN.  

?1  Php di hnh v  php v t c phi l  nhng php ng dng hay khng ?  

Nu c th t s ng dng l  bao nhiu ?   

Gi  V  l  php v  t tm O  t s k v  D  l  mt php di  h nh.  Vi  mi  im M bt k,  

V  bin  im M thnh  im M1  v  D  bin  im M1  thnh  im M'.  Nh  vy ta c 
mt php bin  h nh  F  bin  im M thnh  im M'.  C th ni  F  c  c bng  cch  
thc hin  l in  tip hai  php bin  hnh  V  v  D .  

Ng i  ta cn  ni  rng  F  l  php hp th nh  ca hai  php bin  hnh  V  v  D .  

Hy chng  t rng  F  l  mt php ng  dng  t s .k  

Nh  vy,  nu thc hin lin tip mt php v t v  mt php di hnh th 
kt qu l  mt php ng dng.  iu ng c li cng ng.  Ta c th chng 
minh  c nh l sau y.  

2.  nh  l  

Mi php ng dng F t s k u l  hp thnh ca mt php 
v t V t s k v  mt php di hnh D.  

H qu (tnh cht ca php ng dng)  

Php  ng dng bin ba im thng hng thnh  ba im 
thng hng (v  khng lm thay i th t ba im ),  
bin  ng thng thnh   ng thng,  bin tia thnh  tia,  
bin on thng thnh  on thng m    di   c nhn 
ln  vi k (k l  t s ca php  ng dng) ,  bin tam gic  
thnh  tam gic ng dng vi t s k,  bin  ng trn c  
bn knh  R thnh   ng trn c  bn knh  kR,  bin gc 
thnh  gc bng n.  
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? 2  C phi mi php ng dng u bin  ng thng thnh  ng thng 

song song hoc trng vi n hay khng ?   

3.  Hai  hnh  ng  dng  

Trn hnh 26,  ta c hai hnh H v  H1  v t vi nhau (ngha l  c  php v t 

V bin hnh H thnh hnh H1 ),  hai hnh H1  v  H ' bng nhau (ngha l  c php 

di hnh D  bin hnh H1  thnh hnh H ').  

 

 
 
 

 
 

Hnh 26 

Nu gi F  l  php hp thnh ca V v  D  th F  l  php ng dng bin hnh H 

thnh hnh H '.  

Ta ni rng hai hnh H v  H ' ng  dng vi nhau.  Nh  vy ta c :  

nh ngha  

Hai hnh gi l  ng dng vi nhau  nu c php ng dng 
bin hnh ny thnh hnh kia.  

    Ch    
 lp 8,  ta  bit th no l  hai tam gic ng dng.  Khi nim 

 ph hp vi nh ngha trn.  

Cu hi  v  b i  tp 

31.  Chng t  rng nu php ng dng F  bin tam gic  ABC  thnh tam gic  
A'B'C' th  trng tm,  trc  tm,  tm  ng trn ngoi tip tam gic  ABC 
ln l t bin thnh trng tm,  trc  tm,  tm  ng trn ngoi tip tam 
gic  A'B'C'.  

32.  Chng t rng cc a gic u c cng s cnh th ng dng vi nhau.  
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33.  Dng tam gic ABC  nu bit hai gc  ,B =  C =  v  mt trong cc yu 

t sau :  

a)   ng cao AH =  h  ;  

b)   ng trung tuyn AM  =  m  ;  

c)  Bn knh R  ca  ng trn ngoi tip.  

I  - Tm tt nhng kin  thc cn  nh 

1.  Php di hnh l  php bin hnh khng lm thay i khong cch gia hai 
im bt k,  ngha l  nu php di hnh bin hai im M,  N  ln l t thnh 
hai im M',  N' th M'N' =  MN.  

2.  Cc tnh cht ca php di hnh :  bin ba im thng hng thnh ba im 
thng hng v  khng lm thay i th t ba im ,  bin  ng thng 
thnh  ng thng,  bin tia thnh tia,  bin on thng thnh on thng 
bng n,  bin gc thnh gc bng n,  bin tam gic thnh tam gic bng 
n,  bin  ng trn thnh  ng trn c cng bn knh.  

3.  Cc php di hnh c th :  

a)  Php tnh tin uT  (theo vect u )  bin mi im M  thnh im M' sao 

cho ' .MM u=


  

b)  Php i xng trc d  (trc l   ng thng d)  bin mi im M  thnh 
im M' i xng vi M  qua d.  

c) Php quay Q(O,  )  (tm O,  gc quay ) bin O  thnh O,  bin mi im M khc 

O thnh im M' sao cho OM = OM' v gc l ng gic (OM,  OM') bng .   

d)  Php i xng tm O  (tm l  im O)  bin mi im M  thnh im M' 
i xng vi M  qua O .  

4.  nh ngha v hai hnh bng nhau :  Hai hnh gi l  bng nhau nu c php 
di hnh bin hnh ny thnh hnh kia.  

5.  Php ng dng t s k (k  >  0)  l  php bin hnh bin mi cp im M,  N  
thnh cp im M',  N' sao cho M'N' =  kMN.  

6.  Php ng dng c cc tnh cht :  bin ba im thng hng thnh ba im 
thng hng (v  khng lm thay i th t ba im ),  bin  ng thng 
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thnh  ng thng,  bin tia thnh tia,  bin on thng thnh on thng 
m   di  c nhn ln vi k (k  l  t  s ca php ng dng),  bin tam 
gic thnh tam gic ng dng vi t  s k,  bin mt gc thnh gc c cng 
s o,  bin  ng trn bn knh R  thnh  ng trn c bn knh kR.  

7.  Php v t ( , )O kV  tm O  t  s k  (k   0)  bin mi im M  thnh im M' sao 

cho .OM' kOM=
 

 

8.  Cc tnh cht ca php v t :  Php v t tm O  t  s k  l  mt php ng 

dng t s |k|  nn c cc tnh cht ca php ng dng.  Ngoi ra,  php v t 
c tnh cht c bit sau :   ng thng ni mt im v  nh ca n lun 
lun i qua O  ;  nh d' ca  ng thng d lun song song hoc trng vi d.  

9.  Mi php ng dng bao gi cng c th xem l  hp thnh ca mt php v 
t v  mt php di hnh.  

10.  nh ngha v hai hnh ng dng :  Hai hnh  c gi l  ng dng vi 
nhau nu c php ng dng bin hnh ny thnh hnh kia .  

I I  - Cc cu  hi  t kim tra 

1.  Cc khng nh sau y c ng khng ?  

a)  Php ng nht l  mt php tnh tin ;  

b)  Php ng nht l  mt php quay ;  

c)  Php ng nht l  mt php i xng tm ;  

d)  Php i xng tm l  mt php v t ;  

e)  Php quay l  mt php ng dng ;  

f)  Php v t l  mt php di hnh.  

2.  Cho hai im A ,  B  phn bit.  Cc khng nh sau y c ng khng ?  

a)  C duy nht mt php i xng trc bin A  thnh B  ;  

b)  C duy nht mt php i xng tm bin A  thnh B  ;  

c)  C duy nht mt php tnh tin bin A  thnh B  ;  

d)  C duy nht mt php quay bin A  thnh B  ;  

e)  C duy nht mt php v t bin A  thnh B.  

3.  Hy ch ra mt s hnh c mt trong cc tnh cht d i y :  

a)  C v s trc i xng ;  

b)  C v s tm i xng ;  

c)  C ng n  trc i xng.   
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I I I  - B i  tp 

1.  Cho hai  ng trn (O  ;  R),  (O' ;  R')  v  mt  ng thng d.  

a)  Tm hai im M,  N  ln l t nm trn hai  ng trn  sao cho d l  
 ng trung trc ca on thng MN.  

b)  Xc nh im I trn d sao cho tip tuyn IT  ca (O  ;  R)  v  tip tuyn 
IT' ca (O' ;  R')  hp thnh cc gc m  d l  mt trong cc  ng phn gic 
ca cc gc .  

2.  Chng minh rng nu mt hnh no  c hai trc i xng vung gc vi 
nhau th hnh  c tm i xng.  

3.  Cho  ng thng d i qua hai im phn bit P,  Q  v  hai im A ,  B  nm v 

mt pha i vi d.  Hy xc nh trn d hai im M,  N  sao cho MN PQ=

 

 

v  AM  +  BN  b nht.  

4.  Cho vect u  v  mt im O .  Vi im M  bt k,  ta gi M1  l  im i 

xng vi M  qua O  v  M' l  im sao cho .1M M' u=



 Gi F  l  php bin 

hnh bin M  thnh M'.  
a)  F  l  php hp thnh ca hai php no ?  F  c phi l  php di hnh 
hay khng ?  
b)  Chng t rng F  l  mt php i xng tm.  

5.  Cho tam gic ABC  ni tip trong  ng trn (O)  v  mt im M  thay i 
trn (O).  Gi M1  l  im i xng vi M  qua A ,  M2  l  im i xng vi 
M1  qua B,  M3  l  im i xng vi M2  qua C.  

a)  Chng t rng php bin hnh F  bin im M  thnh M3  l  mt php i 
xng tm.   

b)  Tm qu tch im M3.  

6.  Gi F  l  php bin hnh c tnh cht sau y :  Vi mi cp im M,  N v  nh 

M',  N' ca chng,  ta lun c ,M'N' kMN=

 

 trong  k l  mt s khng i 

khc 0.  Hy chng minh rng F  l  php tnh tin hoc php v t.  

7.  a)  Cho tam gic ABC  v  hnh vung MNPQ nh  

hnh 27.  Gi V  l  php v t tm A  t  s .

AB
k

AM
=  Hy 

dng nh ca hnh vung MNPQ  qua php v t V.  
b)  T bi ton  cu a)  hy suy ra cch gii bi ton 
sau :  Cho tam gic nhn ABC,  hy dng hnh vung 
MNPQ  sao cho hai nh P,  Q  nm trn cnh BC  v  
hai nh M,  N  ln l t nm trn hai cnh AB  v  AC.  

 

 

 

 

 

Hnh 27 
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8.  Cho  ng trn (O)  c  ng knh AB.  Gi C  l  im i xng vi A  qua B  
v  PQ  l   ng knh thay i ca (O)  khc  ng knh AB.   ng thng 
CQ  ct PA  v  PB  ln l t ti M  v  N.  

a)  Chng minh rng Q  l  trung im ca CM,  N  l  trung im ca CQ .  

b)  Tm qu tch cc im M  v  N  khi  ng knh PQ  thay i.   

9.  Cho  ng trn (O  ;  R)  v  im A  c nh.  Mt dy cung BC  thay i ca 
(O  ;  R)  c  di  khng i BC  =  m.  Tm qu tch cc im G  sao cho 

.0GA GB GC+ + =

  

 

IV.  Cc cu  hi  trc nghim 

1.  Cho hai  ng thng song song d v  d'.  C bao nhiu php tnh tin bin d 
thnh d' ?  

(A)  Khng c php tnh tin no ;   (B)  C duy nht mt php tnh tin ;  

(C)  Ch c hai php tnh tin ;     (D)  C v s php tnh tin.  

2.  Cho bn  ng thng a,  b,  a',  b' trong  a  // a',  b  // b',  a  ct b.  C bao 
nhiu php tnh tin bin a  v  b  ln l t thnh a' v  b' ?  

(A)  Khng c php tnh tin no ;   (B)  C duy nht mt php tnh tin ;  

(C)  Ch c hai php tnh tin ;     (D)  C rt nhiu php tnh tin.  

3.  Cho hai  ng thng ct nhau d v  d'.  C bao nhiu php i xng trc 
bin d thnh d' ?  
(A)  Khng c php i xng trc no ;  
(B)  C duy nht mt php i xng trc ;  
(C)  Ch c hai php i xng trc ;  

(D)  C rt nhiu php i xng trc.  

4.  Trong cc hnh sau y,  hnh no c bn trc i xng ?  
(A)  Hnh bnh hnh ;        (B)  Hnh ch nht ;  

(C)  Hnh thoi ;          (D)  Hnh vung.  

5.  Trong cc mnh  sau,  mnh  no sai   ?  
(A)  Hnh gm hai  ng trn khng bng nhau c trc i xng ;  
(B)  Hnh gm mt  ng trn v  mt on thng tu  c trc i xng ;  
(C)  Hnh gm mt  ng trn v  mt  ng thng tu  c trc i xng ;  

(D)  Hnh gm mt tam gic cn v   ng trn ngoi tip tam gic  c trc 
i xng.  

6.  Trong cc hnh sau y,  hnh no khng c tm i xng ?  
(A)  Hnh gm mt  ng trn v  mt hnh ch nht ni tip ;  
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(B)  Hnh gm mt  ng trn v  mt tam gic u ni tip ;  

(C)  Hnh lc gic u ;  

(D)  Hnh gm mt hnh vung v   ng trn ni tip.  

7.  Cho hnh vung ABCD  tm O .  Xt php quay Q  c tm quay O  v  gc 

quay .  Vi gi tr no sau y ca ,  php quay Q  bin hnh vung ABCD  
thnh chnh n ?  

(A)  
6




=  ;     (B)  
4




=  ;    (C)  
3




=  ;    (D)  .

2



=  

8.  Cho hai  ng thng song song d v  d'.  C bao nhiu php v t vi t s 
k =  1 00 bin d thnh d' ?  

(A)  Khng c php no ;       (B)  C duy nht mt php ;  

(C)  Ch c hai php ;         (D)  C rt nhiu php.  

9.  Cho  ng trn (O  ;  R).  Tm mnh  sai  trong cc mnh  sau y :  

(A)  C php tnh tin bin (O  ;  R)  thnh chnh n ;  

(B)  C hai php v t bin (O  ;  R)  thnh chnh n ;  

(C)  C php i xng trc bin (O  ;  R)  thnh chnh n ;  

(D)  Trong ba mnh  A ,  B,  C,  c t nht mt mnh  sai.  

10.  Trong cc mnh  sau y,  mnh  no sai ?  

(A)  Tm v t ngoi ca hai  ng trn nm ngoi hai  ng trn  ;  

(B)  Tm v t ngoi ca hai  ng trn khng nm gia hai tm ca hai 
 ng trn  ;  

(C)  Tm v t trong ca hai  ng trn lun thuc on thng ni tm hai 
 ng trn  ;  

(D)  Tm v t ca hai  ng trn c th l  im chung ca c hai  ng 
trn .  

11.  Php bin hnh no sau y khng c tnh cht :  "Bin mt  ng thng 
thnh  ng thng song song hoc trng vi n"  ?  

(A)  Php tnh tin ;         (B)  Php i xng tm ;  

(C)  Php i xng trc ;        (D)  Php v t.  

12.  Trong cc mnh  sau y,  mnh  no sai ?  

(A)  Php di hnh l  mt php ng dng ;  

(B)  Php v t l  mt php ng dng ;  

(C)  Php ng dng l  mt php di hnh ;  

(D)  C php v t khng phi l  php di hnh.  
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B i   c  thm  

Hnh trong mt phng  c gi  l  hnh t ng dng nu  mi  mu nh ca n u  
cha mt b phn ng dng vi  hnh  ,  tc l  khi  phng to b phn  ny theo mt t 
s thch  hp,  ta c th t chng kht ln  hnh   cho.  

V d  :  on thng,  hnh tam gic u,  hnh vung l  nhng hnh t ng dng.  

Nhiu  h nh  t ng  dng   c xy dng  bng  ph ng  php lp (xy dng  theo 
tng  b c).  V d  :  

 Tp Cng-to (Cantor)  :  Cho mt on  thng.    b c mt,  ch ia  on  thng   
thnh  ba on  con  bng  nhau  ri  xo khong   g ia (khng  k hai  mt) .    mi  
b c tip theo,  ch ia  mi  on  ch a xo thnh  ba on  con  bng  nhau  ri  xo 
khong   g ia (khng  k hai  mt) .  C lm th mi  th   h nh  cn  li  l  tp Cng-to.  

 
 
Xo th mi th phn cn li l  "tp Cng-to".  

  ng  Vn  Kc (Von  Koch)  :  Cho mt on  thng.   b c mt,  ch ia  on  
thng   thnh  ba on  con  bng  nhau,  dng  tam g ic u  trn  on  con   g ia 
ri  xo cnh  y ca tam g ic  th    c mt  ng  gp khc.    mi  b c tip 
theo,  ch ia  mi  on  ca  ng  gp khc thnh  ba on  con  bng  nhau,  dng  
tam g ic u  trn  on  con   g ia ri  xo cnh  y ca tam g ic .  C lm th 
mi  th    c " ng  Vn  Kc".  

 

 

Dng th mi th  c " ng Vn Kc".  

 Thm Xc-pin-xki  (Sierpinski)  :  Cho mt hnh  vung.    b c mt,  chia hnh  vung 
 thnh 9 hnh  vung con bng nhau (bng cc on thng song song vi  cc cnh 
hnh  vung)  ri  xo hnh  vung con  chnh  gia (khng xo cc cnh)  th  c hnh  
gm 8 hnh  vung con.    b c hai,  li  chia mi  hnh  vung con  ch a xo ny thnh 
9 hnh  vung con bng nhau,  ri  xo hnh  vung con  chnh gia.  C lm th mi  th 
hnh  cn li  l  "thm Xc-pin-xki".  

 

 

 

 

 

 

Xo th mi th phn cn li l  "thm Xc-pin-xki".  
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Nhiu  h nh  t ng  dng  phc tp nh  th l  nhng  i  t ng  nghin  cu  ca 
Hnh hc frac-tan,  mt mn  h nh  hc  c khi  u  nghin  cu  t cui  th k XX 
bi  nh  ton  hc Man-en-br (Benoit Mandelbrot)  nhm m t  h nh  hc nh iu  
cu  trc gp gy,  g gh,  li  lm,  k  d  ,  hn  n,  . . .  ca nh iu  h in  t ng  vt l ,  t 
nh in.  H nh  hc frac-tan  cn  nghin  cu  c  nhng  h nh  khng  t ng  dng  nh  
"bng  tuyt Vn  Kc".  

 Bng tuyt Vn Kc   c xy dng bng ph ng php lp nh  sau  :  Cho tam  

g ic u .   b c mt,  ch ia  mi  cnh  ca  tam  g ic thnh  ba  on  bng  nhau ,  
dng  tam  g ic u  trn  on   g ia  ( bn  ngo i  tam  g ic   cho)  ri  xo  cnh  

y ca  tam  g ic u  ny th    c mt  ng  gp khc kn .   mi  b c tip  
theo,  ch ia  mi  on  ca   ng  gp khc kn  thnh  ba  on  con  bng  nhau ,  
dng  tam  g ic u  trn  on  con   g ia  ( bn  ngo i   ng  gp khc kn  )  
ri  xo  cnh  y.  C lm th mi  th    c "bng  tuyt Vn  Kc".  

 

 

 

 

 

 

Dng th mi th  c "bng tuyt Vn Kc".  



 

 

 ng thng v mt phng trong khng Gian.  
  quan h song song  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
 
 

im,   ng  thng  v  mt phng  l  nhng  khi  n im  quen  thuc trong  
i  sng  hng  ngy ca chng  ta.  Chng  cng  l  nhng  i  t ng  c bn  
ca h nh  hc khng  g ian.  T chng,  ta  c th to nn  nhng  vt th khc 
nhau  nh  :  h nh  chp,  h nh  lng  tr ,  h nh  nn,  . . .  

Hc xong  ch ng  ny,  hc sinh  cn  nm vng  :  cch  xc nh  mt phng  ;  
mi  quan  h gia cc  ng  thng,  g ia cc mt phng,  g ia cc  ng  
thng  v  mt phng,  c bit l  quan  h song  song  gia chng  ;  cch  xc 
nh  th it d in  ca mt hnh  khi  ct bi  mt mt phng  ;  cch  v hnh  biu  
d in  v  cc tnh  cht ca hai  h nh  quan  trng  l  h nh  chp,  hnh  lng  tr.  

Ch ng I I  
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1 .  M u  v hnh  hc khng  gian  

Trong ch ng trnh hnh hc lp 1 0 v  ch ng I ca lp 1 1 ,  ta ch ni n 
nhng hnh trong mt phng nh  :  tam gic,   ng trn,  vect,  . . .  Chng 
 c gi l  nhng  hnh phng.  Nh ng xung quanh chng ta cn c cc 
hnh khng nm trong mt phng nh  :  cy bt ch (h.28),  quyn sch 
(h.29),  qu bng (h.30),  ngi nh  (h.31 ),  . . .  

 

 

 

 

  Hnh 28     Hnh 29     Hnh 30      Hnh 31  

Mn hc nghin cu cc tnh cht ca nhng hnh c th khng cng nm 
trong mt mt phng gi l  Hnh hc khng gian.  

Mt phng 

Trang giy,  mt bng en,  mt t ng lp hc,  mt h lng gi,  mt bn,  tm 
g ng phng, . . .  cho ta hnh nh mt phn mt phng trong khng gian.  

Ng i ta th ng biu din mt mt phng 
bng mt hnh bnh hnh (h.32)  v  dng mt 
ch ci t trong du ngoc (  )   t tn cho 
mt phng y.  V d :  mt phng (P),  mt 

phng (Q),  mt phng ( ) ,  mt phng ()  . . .  

v  vit tt l  mp(P),  mp(Q),  mp( ),  mp()  . . .  hoc (P),  (Q),  ( ),  ()  . . .  

im thuc mt phng 

Ta bit rng khi cho im A  v   ng thng a  th hoc im A  thuc  ng 
thng a,  hoc im A  khng thuc  ng thng a.  

T ng t nh  vy,  vi mt im A  v  mt mt phng (P),  cng c hai kh 
nng xy ra :  

 

 

 
Hnh 32  
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 Hoc im A  thuc mp(P),  khi  ta k hiu A    mp(P)  hay A    (P).  

 Hoc im A  khng thuc mp(P),  ta cn ni im A   ngoi mp(P)  v  k 

hiu A    mp(P)  hay A    (P).  

?1  Hy quan st hnh 33.  Xem mt bn l  mt 

phn ca mt phng  (P).  Trong cc im 
A,  B,  C,  D,  E,  F,  G,  H,  I,  K,  L,  im no 
thuc  mt phng (P)  v  im no khng 
thuc  mt phng (P)  ?  

Khi  im A  thuc  mt phng (P) ,  ta cn 
ni :  "im A  nm trn  mt phng  (P)"  
hay  "im  A  nm trong mt phng (P)",  
hoc cn ni "mt phng  (P)  i qua im  
A"  hay "mt phng  (P)  cha im  A" .  

Hnh biu din ca mt hnh trong khng gian 

Hnh lp ph ng l  hnh nm trong khng gian,  n c su mt l  hnh 
vung.  Hnh t din cng l  hnh nm trong khng gian,  n c bn mt l  
tam gic.   d hnh dung,  ng i ta tm cch v chng thnh nhng hnh 
phng,  gi l  hnh biu din  ca cc hnh khng gian .  

 

 

 

 

 
  Hai hnh biu din ca hnh lp ph ng      Hai hnh biu din ca hnh t din 
        Hnh 34                     Hnh 35 

Hnh lp ph ng,  hnh t din khng phi l  nhng hnh phng nh ng cc 
hnh biu din ca chng  c v trn mt phng.  Tuy th,  cc hnh biu 
din cng to cho chng ta cm gic nh  ang nhn thy hnh lp ph ng,  
hnh t din.  

 v hnh biu din ca mt hnh trong khng gian,  ng i ta  a ra nhng 
quy tc th ng  c p dng nh  :  

  ng thng  c biu din bi  ng thng.  on thng  c biu 
din bi on thng.  

 

 

 

 

 

 
 

Hnh 33  
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 Hai  ng thng song song (hoc ct nhau)   c biu din bi hai 
 ng thng song song (hoc ct nhau).  

 im A  thuc  ng thng a  c biu din bi mt im A' thuc 
 ng thng a',  trong  a' biu din cho  ng thng a.  

 Dng nt v lin ( )   biu din cho nhng  ng trng thy v  dng 
nt t on (-  -  -)   biu din cho nhng  ng b khut.  

Cc quy tc khc,  chng ta s  c hc sau.  

1  

V hnh  biu  d in  ca mp(P)  v  mt  ng  thng  a  xuyn  qua n.  

2 

V mt s hnh  biu  d in  ca hnh  t d in.  C th v hnh  biu  d in  ca h nh  t 
d in  m  khng  c nt t on  no hay khng  ?  

2.  Cc tnh  cht tha nhn  ca hnh  hc khng  gian  

Do thc tin,  kinh nghim v  quan st,  ng i ta tha nhn mt s tnh cht 
sau y ca hnh hc khng gian.  

Tnh cht tha nhn 1  

C mt v  ch mt  ng thng i qua hai im phn bit 
cho tr c.  

Nh  vy,  hai im phn bit A ,  B  xc nh duy nht mt  ng thng.  
 ng thng   c k hiu l   ng thng AB  hoc ngn gn l  AB.  

Tnh cht tha nhn 2 

C mt v  ch mt mt phng i qua ba im khng thng 
hng cho tr c.  

Nh  vy,  ba im khng thng hng A,  B,  C  xc nh duy nht mt mt 
phng.  Mt phng   c k hiu l  mt phng (ABC)  hay mp(ABC)  hay 
ngn gn l  (ABC).  

Trong thc t,  king ba chn hoc cc gi  ba chn khi t trn mt t 
khng b cp knh v theo tnh cht tha nhn 2,  ba im khng thng hng 
no cng xc nh mt mt phng.  
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King ba chn           Gi  ba chn 

    Hnh 36              Hnh 37 

Tnh cht tha nhn 3  

Tn ti bn im khng cng nm trn mt mt phng.  

Nu c nhiu im thuc mt mt phng th ta ni rng cc im  ng 
phng,  cn nu khng c mt phng no cha cc im  th ta ni rng 
chng khng ng phng.  

Nh  vy,  tnh cht tha nhn 3  c th  c pht biu nh  sau :  Tn ti bn 
im khng ng phng.  

3 

Gi s (P)  l  mt mt phng  n o .  Chng  minh  rng  c t nht mt im khng  
thuc mp(P).  

Tnh cht tha nhn 4 

Nu hai mt phng phn bit c mt im chung th chng 
c mt  ng thng chung duy nht cha tt c cc im 
chung ca hai mt phng .  

Gi s (P)  v  (Q)  l  hai mt phng phn bit c im chung A .  Theo tnh 
cht tha nhn 4 th (P)  v  (Q)  c  ng thng chung duy nht a  i qua 
im A .   ng thng a    c gi l  giao tuyn ca hai mt phng  (P)  
v  (Q),  cn ni hai mt phng (P)  v  (Q)  ct nhau  theo giao tuyn a,  k 

hiu a  =  (P)    (Q).  
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? 2  Quyn v ghi bi ang  tr c mt cc em  (h.38).  Hai ba 

v l  hnh nh ca hai mt phng phn bit.  Vy giao tuyn 
ca chng l  g ?  

Tnh cht tha nhn 5 

Trong mi mt phng,  cc kt qu  bit ca hnh hc 
phng u ng.  

Ta s thy rng trong khng gian c nhiu mt phng khc nhau.  Tnh cht 
tha nhn 5  khng nh rng trong bt k mt phng no,  ta u c th p 
dng cc kt qu ca hnh hc phng.  

Trn y l  cc tnh cht  c tha nhn m  khng chng minh.  Tip theo 
l  v d v mt nh l  c chng minh da vo mt s tnh cht .  

nh l 

Nu mt  ng thng i qua hai im phn bit ca mt 
mt phng th mi im ca  ng thng u nm trong 
mt phng .  

Chng minh.  Gi s A  v  B  l  hai im phn bit ca mt phng (P),   l  

 ng thng i qua A  v  B.  

Theo tnh cht tha nhn 5,  trong mt phng (P)  c mt  ng thng '  i 

qua A  v  B.  Theo tnh cht tha nhn 1  th  trng vi ' ,  do   nm 

trong mp(P).                       

Nu  ng thng a  nm trong mt phng (P)  th ta cn ni a  nm trn  (P),  

hoc (P)  i qua a,  hoc  (P)  cha a  v  k hiu l  a    (P),  hoc (P)    a.  

? 3  Mun xc nh giao tuyn ca hai mt phng phn bit th ta phi tm bao 

nhiu im chung ca chng ?  

4 

Trong  mp(P)  cho t g ic li  ABCD  c cc cnh  AB  v  CD  khng  song  song  ;  ngo i  

mp(P)  cho mt im S.  Hy tm  giao tuyn  ca :  

a)  Hai  mt phng  (SAC)  v  (SBD)  ;  

b)  Hai  mt phng  (SAB)  v  (SCD) .  
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V d 1  

Cho bn im O,  A,  B,  C,  khng ng phng.  Trn cc  ng thng OA,  
OB,  OC ln l t ly cc im A',  B',  C' khc O sao cho cc  ng thng 
sau y ct nhau :  BC v  B'C',  CA v  C'A',  AB v  A'B'.  

a)  Hy xc nh giao im ca mi  ng thng A'B',  B'C',  C'A' vi mp(ABC).  

b)  Chng minh rng cc giao im trn thng hng.  

Gii  (h.39)  

a) Gi s  ng thng A'B' ct  ng 
thng AB  ti im H.  Khi  im H 
thuc c hai  ng thng A'B' v  AB.  
Mt khc,   ng thng AB  nm trong 
mp(ABC)  nn H chnh l  giao im 
ca  ng thng A'B' vi mp(ABC).  

Gi I,  J ln l t l  giao im ca cc 
 ng thng B'C' v  BC,  C'A' v  CA  
th I,  J theo th t chnh l  giao im 
ca B'C',  C'A' vi mp(ABC).  

b)  Theo cu a),  ta c H,  I,  J ln l t 
thuc cc  ng thng A'B',  B'C',  
C'A' nn chng cng thuc 
mp(A'B'C').  Mt khc H,  I,  J cng thuc mp(ABC).  Theo tnh cht tha 

nhn 4,  ba im H,  I,  J thuc giao tuyn  ca hai mt phng phn bit 
(A'B'C')  v  (ABC)  nn chng phi thng hng.            

    Ch  1   
Qua v d trn,  ta thy :  

  Mun tm giao im ca  ng thng d vi mt phng (P),  ta 
tm mt  ng thng no  nm trn (P)  m  ct d.  Khi ,  giao 
im ca hai  ng thng ny l  giao im cn tm.   

  Mun chng minh cc im thng hng,  ta c th chng t 
rng chng l  nhng im chung ca hai mt phng phn bit.  

3.  iu  kin  xc nh  mt phng 

Ta  bit rng :  C mt v  ch mt mt phng i qua ba im khng thng 
hng (tnh cht tha nhn 2)  (h.40).  
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iu ny c ngha l  

Mt mt phng  c xc nh nu bit n i qua ba im 
khng thng hng.  

Mt khc,  nu  ng thng i qua hai im phn bit ca mt mt phng 
th nm trn mt phng y.  T  v  t iu kin xc nh mt phng ni 
trn,  ta cn suy ra (h.41 ,  h.42)  :  

Mt mt phng  c xc nh nu bit n i qua mt  ng 
thng v  mt im khng thuc  ng thng .  

Mt mt phng  c xc nh nu bit n i qua hai  ng 
thng ct nhau.  

 

 

      Hnh 40       Hnh 41         Hnh 42  

K hiu 

 Mt phng i qua  ng thng a  v  im A  khng nm trn a  c k 
hiu l  mp(a,  A)  hoc mp(A ,  a).  

 Mt phng i qua hai  ng thng ct nhau a  v  b   c k hiu l  mp(a,  b).  

4.  Hnh  chp v  hnh  t din  

Hnh chp 

Cc kim t thp Ai Cp l  cng trnh kin trc hng v   c xy dng 
cch y gn 4500 nm (h.43).  Chng gm nhiu hnh chp.  Sau y 
chng ta s ni v hnh chp v  cc tnh cht ca n.  

 

 

 

 

 

 

 
Hnh 43.  Kim t thp Ai Cp 
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Tr c ht ta quy c :  T nay,  khi ni n " tam gic" ,  ta c th hiu l  
hnh gm ba cnh ca n hoc l  hnh gm ba cnh v  cc im nm trong 
tam gic .  i vi a gic cng nh  th.  

nh ngha 

Cho a gic . . .1 2 nA A A  v  mt im S nm ngoi mt phng cha a gic .  
Ni S  vi cc nh ,1A  ,2A  . . . ,  nA    c n  tam gic :  ,1 2SA A  ,2 3SA A  . . . ,  

.1nSA A  

Hnh gm n tam gic  v  a gic . . .1 2 nA A A  gi l  hnh 

chp  v   c k hiu l  . . . . .1 2 nS A A A  
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im S  gi l  nh  ca hnh chp.  a gic . . .1 2 nA A A  gi l  mt y  ca 

hnh chp.  Cc cnh ca mt y gi l  cc  cnh y  ca hnh chp.  Cc 
on thng ,1SA  ,2SA  . . . ,  nSA  gi l  cc  cnh bn  ca hnh chp.  Mi 

tam gic ,1 2SA A  ,2 3SA A  . . . ,  1nSA A  gi l  mt mt bn  ca hnh chp.  

Nu y ca hnh chp l  mt tam gic,  t gic,  ng gic,  . . .  th  hnh 
chp t ng ng gi l  hnh chp tam 
gic,  hnh  chp t gic,  hnh chp 
ng gic  (h.44),  . . .  

5 

a) C hnh chp no m  s cnh (cnh bn v  
cnh y) ca n l  s l khng ? Ti  sao ? 
b)  H nh  chp c 1 6  cnh  th   c bao nh iu  
mt ?  

6 

Cho hnh  chp t gic S.ABCD .  Mt mt 
phng  (P)  ct cc cnh  SA ,  SB,  SC,  SD  ln  
l t ti  A',  B',  C',  D'.  
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Chng minh  rng  cc  ng  thng A'C',  B'D' v  SO  ng  quy (O  l  g iao im ca 

hai   ng  cho AC  v  BD  ca y)  (h.45).  

V d 2 

Cho hnh chp t gic S.ABCD vi hai  ng thng AB v  CD ct nhau.  Gi 

A' l  mt im nm gia hai im S v  A.  Hy tm cc giao tuyn ca 

mp(A'CD)  vi cc mt phng (ABCD),  (SAB),  (SBC),  (SCD),  (SDA).  

Gii (h.46)  

Cch 1 .  p dng kt qu ca hot ng 6 

 trn,  ta c mt phng (A'CD)  ct cc 

cnh SA,  SB,  SC,  SD  ln l t ti A',  B',  

C,  D  th B' l  giao im ca  ng thng 

DI vi cnh SB  ( y I l  giao im ca 

hai  ng thng SO  v  CA' ).  

T  d thy :  

  (ABCD)    (A'CD)  =  CD  ;  

   (SAB)    (A'CD)  =  A'B' ;  

      (SBC)    (A'CD)  =  CB' ;  

    (SCD)    (A'CD)  =  CD  ;  

    (SDA)    (A'CD)  =  DA'.  

Cch 2 .  Gi K l  giao im ca hai  ng thng AB  v  CD  th r rng giao 

tuyn ca mp(A'CD)  v  mp(SAB)  l   ng thng A'K.  Khi y giao im B' 

ca mp(A'CD)  v  cnh bn SB  ca hnh chp chnh l  giao im ca  ng 

thng A'K v  SB.  T  ta tm ra cc giao tuyn ca cc mt phng cha 

cc mt cn li ca hnh chp vi mp(A'CD).            

     Ch  2  

T gic A'B'CD  c cc cnh nm trn nhng giao tuyn ca mt 

phng (A'CD)  vi cc mt ca hnh chp S.ABCD .  T gic  

 c gi l  thit din  (hay mt ct)  ca hnh chp S.ABCD  khi 

ct bi mp(A'CD).  

Ni mt cch n gin :  Thit din  (hay mt ct)  ca hnh H khi ct bi 

mp(P)  l  phn chung ca mp(P)  v  hnh H.  
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Khi xy dng mt ngi nh,  ch 
to mt c my,  . . . ,   th hin 
hnh dng bn trong ca chng,  
ng i thit k  dng nhng 
mt phng ct  m t nhng 
thit din ca chng trn bn v 
(h.47).  

 

 
 
 

 

  Hnh 47.  Thit din ca thn my   

Hnh t din 

Cho bn im A ,  B,  C,  D  khng ng phng.  Hnh gm bn tam gic ABC,  
ACD ,  ABD  v  BCD  gi l  hnh t din  (hay ngn gn l  t din)  v   c 
k hiu l  ABCD .  Cc im A ,  B,  C,  D  gi l  cc  nh  ca t din.  Cc 
on thng AB,  BC,  CD ,  DA ,  CA ,  BD  gi l  cc  cnh  ca t din.  Hai cnh 
khng c im chung gi l  hai cnh i din.  Cc tam gic ABC,  ACD ,  
ABD ,  BCD  gi l  cc  mt ca t din.  nh khng nm trn mt mt gi l  
nh i din  vi mt .  

? 4  Mt t din ABCD  c th coi l  hnh chp tam gic bng bao nhiu cch ?  

H y ni c th mi cch.  

c bit,  hnh t din c bn mt l  nhng tam gic u  c gi l  hnh 
t din u.  

? 5  Cc cnh ca hnh t din u c bng nhau hay khng ?  

Cu hi  v  b i  tp 

1.  Trong cc mnh  sau y,  mnh  no ng ?  

a)  C duy nht mt mt phng i qua ba im cho tr c ;  

b)  C duy nht mt mt phng i qua ba im khng thng hng cho tr c ;  

c)  Ba im khng thng hng cng thuc mt mt phng duy nht.  
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2.  Em hy gii thch v sao cc  vt c bn chn nh  bn,  gh,  . . .  th ng d 
b cp knh.  

3.  Vi mt ci th c thng,  lm th no  pht hin mt mt bn c phng 
hay khng ?  Ni r cn c vo u m  ta lm nh  vy.  

4.  Cho hai mt phng (P)  v  (Q)  ct nhau theo giao tuyn .  Trn (P)  cho 
 ng thng a  v  trn (Q)  cho  ng thng b.  Chng minh rng nu a  v  b  

ct nhau th giao im phi nm trn .  

5.  Cho mt phng (P)  v  ba im khng thng hng A ,  B,  C  cng nm ngoi  
(P).  Chng minh rng nu ba  ng thng AB,  BC,  CA  u ct mp(P)  th 
cc giao im  thng hng.  

6.  Trong cc mnh  sau y,  mnh  no ng ?  

a) C duy nht mt mt phng i qua mt im v mt  ng thng cho tr c ;  

b)  C duy nht mt mt phng i qua mt im v mt  ng thng cha 
im  ;  

c)  C duy nht mt mt phng i qua mt im v  mt  ng thng khng 
cha im .  

7.  Hy tm mnh  ng trong cc mnh  sau y :  

a)  C mt mt phng duy nht i qua hai  ng thng cho tr c ;  

b)  C mt mt phng duy nht i qua hai  ng thng ct nhau cho tr c ;  

c)  C duy nht mt mt phng i qua hai  ng thng m  hai  ng thng 
 ln l t nm trn hai mt phng ct nhau.  

8.  Cho hai  ng thng a  v  b  ct nhau.  Mt  ng thng c  ct c a  v  b.  C 
th kt lun rng ba  ng thng a,  b,  c  cng nm trong mt mt phng 
hay khng ?  

9.  Cho ba  ng thng a,  b,  c  khng cng nm trong mt mt phng sao cho 
chng i mt ct nhau.  Chng minh rng chng ng quy.  

10.  Cho hai  ng thng a  v  b  ct nhau ti im O  v   ng thng c  ct 
mp(a,  b)   im I khc O .  Gi M  l  im di ng trn c  v  khc I.  Chng 
minh rng giao tuyn ca cc mt phng (M,  a),  (M,  b)  nm trn mt mt 
phng c nh.  

11.  Cho hnh bnh hnh ABCD  nm trong mt phng (P)  v  mt im S nm 
ngoi mp(P).  Gi M l  im nm gia S v  A  ;  N l  im nm gia S v  B  ;  
giao im ca hai  ng thng AC  v  BD  l  O .  
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a)  Tm giao im ca mt phng (CMN)  vi  ng thng SO .  

b)  Xc nh giao tuyn ca hai mt phng (SAD)  v  (CMN).  

12.  V mt s hnh biu din ca mt hnh chp t gic trong cc tr ng hp 
y l  t gic li,  y l  hnh bnh hnh,  y l  hnh thang.  

13.  Thit din ca mt hnh t din c th l  tam gic,  t gic hoc ng gic 
hay khng ?  

14.  Dng ba cng ct v  dn li  thnh :  

a)  Mt t din u ;  

b)  Mt hnh chp t gic c y l  hnh vung v  cc  mt bn l  nhng 
tam gic u.  

15.  Cho hnh chp t gic S.ABCD .  Ba im A',  B',  C' ln l t nm trn ba 
cnh SA ,  SB,  SC  nh ng khng trng vi S,  A ,  B,  C.  Xc nh thit din ca 
hnh chp khi ct bi mp(A'B'C').  

16.  Cho hnh chp S.ABCD .  Gi M  l  mt im nm trong tam gic SCD .  

a)  Tm giao tuyn ca hai mt phng (SBM)  v  (SAC).  

b)  Tm giao im ca  ng thng BM  v  mp(SAC).  

c)  Xc nh thit din ca hnh chp khi ct bi mp(ABM).  

 

 

 

1 .  V  tr t ng  i  gia hai   ng  thng phn  bit 

?1  Hy quan st hnh 48.  Ta coi cc mp bn  a,  c  

v  cnh b ca chn bn  l  cc  ng thng  a,  
b,  c.  

a)   ng thng  a  v   ng thng  b  c cng 
nm trn mt mt phng hay khng ?  

b)  C mt phng no cha hai  ng thng a  v  
c  hoc cha hai  ng thng b  v  c  hay khng ?  
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Nh  vy,  khi cho hai  ng thng phn bit a  
v  b  trong khng gian th c th xy ra hai 
tr ng hp :  

a)  Khng c mt phng no cha c a  v  b.  
Khi  ta ni rng hai  ng thng a v  b cho 
nhau  (h.49).  

b)  C mt phng cha c a  v  b.  Khi  ta ni rng chng ng phng.  
Trong tr ng hp ny,  theo kt qu ca hnh hc phng,  c hai kh nng 
xy ra :  

i)  a  v  b  khng c im chung.  Khi  ta ni rng chng song song  vi 
nhau  (hoc chng song song)  v  k hiu a  // b  (h.50).  

 
 
 

Hnh 50           Hnh 51  

ii)  a  v  b  c mt im chung duy nht.  Khi  ta ni rng chng  ct 
nhau.  Nu im chung ca chng l  I,  ta ni rng chng ct nhau  ti I 

hoc I l  giao im  ca chng v  vit a    b  =  { I}  hoc a    b  =  I (h.51 ).  

nh ngha 

Hai  ng thng gi l  ng phng nu chng cng nm trong 
mt mt phng.  

Hai  ng thng gi l  cho nhau  nu chng khng ng phng.  

Hai  ng thng gi l  song song  nu chng ng phng v  
khng c im chung.  

1  

Cho t d in  ABCD .  Hy xt v  tr t ng  i  g ia hai   ng  thng  AB  v  CD .  

2 

Cho hai   ng  thng  a  v  b  cho nhau.  C hay khng  hai   ng  thng  p,  q  song  
song  vi  nhau,  mi   ng  u  ct c a  v  b  ?  

2.  Hai   ng  thng song  song 

Da vo tin  -clt v  ng thng song song trong mt phng,  ta c 
th chng minh  c cc tnh cht sau y 
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Tnh cht 1  

Trong khng gian,  qua mt im nm ngoi mt  ng thng,  
c mt v  ch mt  ng thng song song vi  ng thng .  

Tnh cht 2 

Hai  ng thng phn bit cng song song vi mt  ng 
thng th ba th song song vi nhau.  

Gi s (P),  (Q),  (R)  l  ba mt phng i mt ct nhau theo ba giao tuyn phn 
bit a,  b,  c,  trong  :  a  =  (P)    (R),  b  =  (Q)    (R),  c  =  (P)    (Q)  (h.52).  
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? 2  C nhng v tr t ng i no gia hai giao tuyn a v  b  ?  

3 

Dng kt qu b i  tp 4  ca 1 ,  hy chng  t rng  ba giao tuyn  a,  b,  c  hoc ng  
quy hoc i  mt song  song.  

T  ta c nh l sau y :  

nh l (v giao tuyn ca ba mt phng)  

Nu ba mt phng i mt ct nhau theo ba giao tuyn phn 
bit th ba giao tuyn y hoc ng quy hoc i mt song song.  

H qu 

Nu hai mt phng ct nhau ln l t i qua hai  ng thng 
song song th giao tuyn ca chng song song vi hai  ng 
thng  (hoc trng vi mt trong hai  ng thng ).  

4 

Hy s dng  nh  l  v g iao tuyn  ca ba mt phng   chng  minh  h qu trn.  
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3.  Mt s v d  

V d 1.  Cho t din  ABCD .  Gi  M, N,  
P,  Q,  R,  S ln l t l  trung im ca cc 
on thng AB,  CD,  BC,  DA,  AC,  BD.  

Chng minh ba on thng  MN, PQ v  
RS ng quy ti trung im G ca mi 
on.  im G  gi l  trng tm  ca t 
din  ABCD  cho (h.53).   

Gii 

V MP  l   ng trung bnh ca tam gic 
ABC,  NQ  l   ng trung bnh ca tam 
gic ADC  nn MP  // AC,  NQ  // AC,  

,

1

2
MP AC=  .

1

2
NQ AC=  Vy MP  // NQ  v  MP  =  NQ,  do  t gic 

MPNQ l  hnh bnh hnh.  T ,  ta suy ra cc on thng MN  v  PQ  ct 
nhau ti trung im ca mi on.  

Chng minh t ng t,  cc on thng MN  v  RS  cng ct nhau ti trung 
im ca mi on.  Vy,  ba on thng MN,  PQ,  RS  ng quy ti trung 
im G ca mi on thng .                 

V d 2.  Cho hnh chp  S.ABCD c y l  hnh bnh hnh.  

a)  Tm giao tuyn ca hai mt phng (SAB)  v  (SCD) .  

b) Xc nh thit din ca hnh chp S.ABCD khi ct bi  mt phng  (MBC),  
trong   M  l  mt im nm gia hai im S  v  A .  

Gii (h.54)  

a)  mp(SAB)  v  mp(SCD)  c im 
chung S  v  ln l t i qua hai  ng 
thng song song AB  v  CD  nn chng 

ct nhau theo giao tuyn   i qua S  v  
song song vi AB  v  CD .  

b)  mp(MBC)  v  mp(SAD)  ln l t i 
qua hai  ng thng song song BC  v  
AD  v  c im chung M  nn giao 
tuyn ca chng l   ng thng  MN 
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song song vi AD (N    SD).  Vy thit din ca hnh chp S.ABCD  khi ct 
bi mp(MBC)  l  hnh thang MNCB.               

Cu hi  v  b i  tp 

17.  Tm mnh  ng trong cc mnh  sau y :  

a)  Hai  ng thng cho nhau th khng c im chung ;  

b)  Hai  ng thng khng c im chung th cho nhau ;  

c)  Hai  ng thng khng song song th cho nhau ;  

d) Hai  ng thng phn bit khng ct nhau v khng song song th cho nhau.  

18.  Cho t din ABCD .  Gi M,  N  l  hai im phn bit cng thuc  ng 
thng AB  ;  P,  Q  l  hai im phn bit cng thuc  ng thng CD .  Xt v 
tr t ng i ca hai  ng thng MQ,  NP  v  v tr t ng i ca hai 
 ng thng MP,  NQ .  

19.  Cho t din ABCD.  Bn im P,  Q,  R,  S  ln l t nm trn bn cnh AB,  
BC,  CD ,  DA  v  khng trng vi cc nh ca t din.  Chng minh rng 

a)  Bn im P,  Q,  R,  S  ng phng khi v  ch khi ba  ng thng PQ,  RS,  
AC  hoc i mt song song hoc ng quy ;  

b)  Bn im P,  Q,  R,  S  ng phng khi v  ch khi ba  ng thng PS,  RQ ,  
BD  hoc i mt song song hoc ng quy.  

20.  Cho t din ABCD  v  ba im P,  Q,  R  ln l t nm trn ba cnh AB,  CD ,  
BC.  Hy xc nh giao im S  ca mp(PQR)  vi cnh AD  nu :  

a)  PR  // AC  ;           b)  PR  ct AC.  

21.  Cho t din ABCD .  Cc im P,  Q  ln l t l  trung im ca AB  v  CD  ;  

im R  nm trn cnh BC  sao cho BR  =  2RC.  Gi S  l  giao im ca 

mp(PQR)  v  cnh AD .  Chng minh rng AS  =  2SD .  

22.  Gi G l  trng tm ca t din ABCD .  

a)  Chng minh rng  ng thng i qua G v  mt nh ca t din s i 
qua trng tm ca mt i din vi nh y.  

b)  Gi A' l  trng tm ca mt BCD .  Chng minh rng GA  =  3GA'.  
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1 .  V  tr t ng  i  gia  ng thng  v  mt phng 

Cho mt  ng thng a  v  mt mt phng (P).  Ta thy c ba tr ng hp 
sau y xy ra :  

a)   ng thng a  v  mp(P)  c hai im chung phn bit.  Khi ,  theo nh 

l  1 ,   ng thng a  nm trn mp(P),  tc l  a    mp(P)  (h.55a).  

b)   ng thng a  v  mp(P)  c mt im chung duy nht A .  Khi  ta ni a  

v  (P)  ct nhau ti A  v  vit a    (P)  =  {A}  hoc a    (P)  =  A (h.55b).  

c)   ng thng a  v  mp(P)  khng c im chung no c.  Khi  ta ni 
rng  ng thng a song song vi mt phng (P),  hoc mt phng (P)  song 
song vi  ng thng a,  hoc a  v  (P)  song song vi nhau,  v  vit 
a  // (P)  hoc (P)  // a  (h.55c).  
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Vy ta c nh ngha sau y 

nh ngha 

Mt  ng thng v  mt mt phng gi l  song song vi nhau 
nu chng khng c im chung.  

2.  iu  kin   mt  ng  thng song song vi  mt mt phng 

Nhn xt 

Cho  ng thng b  nm trong mp(P)  v  mt  ng thng a  song song vi b.  
Ly mt im I tu  trn a.  Khi ,  nu I thuc (P)  th a  nm trong (P)  ;  
nu I khng thuc (P)  th a  song song vi (P)  (h.56).  
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Vy ta c nh l sau y 

nh l 1  

Nu  ng thng a khng nm trn mt phng (P)  v  song 

song vi mt  ng thng no  nm trn (P)  th a song 

song vi (P) .  

3.  Tnh  cht 

Cho  ng thng a  song song vi mt phng (P).  Khi ,   ng thng a  c  

song song vi  ng thng no nm trn (P)  hay khng ?  nh l sau y 

gip ta thy r iu .  

nh l 2  

Nu  ng thng a song song vi mt phng (P)  th mi mt 

phng (Q)  cha a m  ct (P)  th ct theo giao tuyn song 

song vi a.  

1  ( chng  minh  nh  l  2)  

Hy v qua a  mt mt phng (Q)  ct mt 

phng (P)  theo giao tuyn b  ri  dng  
ph ng  php phn  chng   chng  minh  

b  song  song  vi  a  (h .57).  

H qu 1  

Nu mt  ng thng song song vi mt mt phng th n 

song song vi mt  ng thng no  trong mt phng.  
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H qu 2  

Nu hai mt phng ct nhau cng song song vi mt  ng 

thng th giao tuyn ca chng cng song song vi  ng 

thng .  

2  ( chng  minh  h qu 2)  

Cho hai  mt phng (P),  (Q)  cng song song vi  mt 

 ng thng a  v  (P)    (Q)  = b.  Ly mt im M nm 

trn b.  Hy chng minh rng cc giao tuyn ca mp(M, a)  

vi  hai  mt phng (P)  v  (Q)  u trng vi  b  v  t  
suy ra kt lun ca h qu (h.58).  

nh l 3  

Nu a v  b  l  hai  ng thng cho nhau th c duy nht 

mt mt phng cha a v  song song vi b.  

Chng minh  

Ly mt im M  nm trn a.  K qua M  mt 

 ng thng b' song song vi b  (h.59).  Khi 

,  theo nh l 1 ,  hai  ng thng a  v  b' 

xc nh mp(P)  song song vi b.  

Nu c mt phng (Q)  khc (P)  cng i qua 

a  v  song song vi b  th  theo h qu 2,  a  l  

giao tuyn ca (P)  v  (Q)  nn a  // b,  tri 

vi gi thit.  Vy mp(P)  l  duy nht.    

V d 

Cho t din ABCD.  Gi M l  mt im nm trn cnh AB (M  khc  A  v  B).  

Gi s (P)  l  mt phng qua  M  song song vi cc  ng thng  AC  v  BD .  

Hy xc nh thit din ca hnh t din  ABCD  khi ct bi mt phng  (P).  

Thit din l  hnh g ?  

Gii (h.60)  

T M k  ng thng song song vi AC  ct BC  ti N  v  k  ng thng 

song song vi BD  ct AD  ti F.  Khi y,  (P)  chnh l  mp(MNF).  Gi E  l  
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giao im ca (P)  vi CD  th thit din l  t 

gic MNEF.  V  ng thng MN song song vi 

mp(ACD)  nn mp(P)  qua MN ct mp(ACD)  

theo giao tuyn EF  song song vi MN.  T ng 

t,  NE  song song vi MF.  Vy thit din cn 

tm l  hnh bnh hnh MNEF.          

 
 

 
 

Cu hi  v  b i  tp 

23.  Cho hai  ng thng a  v  b  cng song song vi mp(P).  Mnh  no ng 
trong cc mnh  sau ?  

a)  a  v  b  song song vi nhau ;      b)  a  v  b  cho nhau ;  

c)  a  v  b  c th ct nhau ;       d)  a  v  b  trng nhau.  

e)  Cc mnh  a),  b),  c),  d)  u sai.  

24.  Cho mp(P)  v  hai  ng thng song song a,  b.  Mnh  no ng trong 
cc mnh  sau y ?  

a)  Nu (P)  song song vi a  th (P)  cng song song vi b  ;  

b)  Nu (P)  song song vi a  th (P)  song song vi b  hoc cha b  ;  

c)  Nu (P)  song song vi a  th (P)  cha b  ;  

d)  Nu (P)  ct a  th (P)  cng ct b  ;  

e)  Nu (P)  ct a  th (P)  c th song song vi b  ;  

f)  Nu (P)  cha a  th (P)  c th song song vi b.  

25.  Cho hnh t din ABCD .  Gi M,  N  ln l t l  trung im ca cc cnh AB  
v  AC.  

a)  Xt v tr t ng i ca  ng thng MN  v  mp(BCD).  

b)  Gi d l  giao tuyn ca hai mt phng (DMN)  v  (DBC).  Xt v tr 
t ng i ca d v  mp(ABC).  

26.  Khi ct t din bng mt mt phng th thit din nhn  c c th l  
nhng hnh no sau y ?  

a)  Hnh thang ;     b)  Hnh bnh hnh ;     c)  Hnh thoi.  
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27.  Cho hnh chp S.ABCD  c y l  t gic li,  O  l  giao im ca hai  ng 
cho AC  v  BD .  Xc nh thit din ca hnh chp khi ct bi mt phng i 
qua O ,  song song vi AB  v  SC.  Thit din  l  hnh g ?  

28.  Cho hnh chp S.ABCD  c y l  hnh bnh hnh.  Xc nh thit din ca 
hnh chp khi ct bi mt phng i qua trung im M  ca cnh AB,  song 
song vi BD  v  SA .  

 
 

 

1 .  V  tr t ng  i  ca hai  mt phng phn  bit 

Trong khng gian cho hai mt phng phn bit (P)  v  (Q).  

?1  Mt phng  (P)  v  mt phng  (Q)  c th c ba im chung khng thng 

hng hay khng ?  

? 2  Nu hai mt phng (P)  v  (Q)  c mt im chung th chng c bao nhiu 

im chung ?  Cc im chung  c tnh cht nh  th no ?  

Nh  vy khi cho hai mt phng phn bit (P)  v  (Q),  c th xy ra mt 
trong hai tr ng hp sau y :  

a)  (P)  v  (Q)  c im chung.  Khi  ta bit rng (P)  v  (Q)  ct nhau theo 
mt  ng thng (h.61 a).  

b)  (P)  v  (Q)  khng c im chung.  Trong tr ng hp ny, ta ni chng  song 
song vi nhau  (hoc song song)  (h.61b) v k hiu (P)  // (Q),  hay (Q)  // (P).  
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nh ngha 

Hai mt phng gi l  song song nu chng khng c im chung.  

Trong thc t,  chng ta th ng gp hnh nh ca nhng mt phng song 
song :  cc bc cu thang (h.62a),  hai mt i din ca hp dim (h.62b),  . . .  

 

 

 

 

 
a)               b)  

Hnh 62  

2.  iu  kin   hai  mt phng song song  

Trong khng gian cho hai mt phng phn bit (P)  v  (Q).  

? 3  Khng nh sau y c ng khng ?  V sao ?  

Nu hai mt phng  (P)  v  (Q)  song song vi nhau th mi  ng thng 
nm trn  (P)  u song song vi  (Q).  

? 4  Khng nh sau y c ng khng ?  Ti sao ?  

Nu mi  ng thng nm trong mt phng (P)  u song song vi  mt 
phng (Q)  th (P)  song song vi  (Q).  

By gi,  nu ch bit trong mp(P)  c hai  ng thng ct nhau v  cng song 
song vi mp(Q)  th (P)  c song song vi (Q)  hay khng ?  nh l sau y tr 
li cu hi .  

nh l 1  

Nu mt phng (P)  cha hai  ng thng a,  b ct nhau v  
cng song song vi mt phng  (Q)  th (P)  song song vi (Q) .  

1  ( chng  minh  nh  l  1 )  
a)  Hy chng t rng hai  
mt phng (P)  v  (Q)  khng 
trng  nhau.  

b)  Gi  s (P)  v  (Q)  ct 
nhau  theo g iao tuyn  c.  
Hy chng  t rng  a  // c,  
b  // c  v  do  suy ra  iu  
v l  (h .63).  

Hnh 63
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3.  Tnh  cht 

Ta bit rng :  Qua mt im nm ngoi mt  ng thng,  c mt v  ch 
mt  ng thng song song vi  ng thng .  By gi nu ta thay cm 
t " ng thng"  trong mnh  trn bi cm t "mt phng" ,  ta cng c 
cc tnh cht t ng t nh  sau :  

Tnh cht 1  

Qua mt im nm ngoi mt mt phng,  c mt v  ch mt 
mt phng song song vi mt phng .  

Chng minh 

Gi s A  l  mt im nm ngoi mp(Q).  Trn 
(Q),  ly hai  ng thng a' v  b' ct nhau.  Gi a  
v  b  l  hai  ng thng qua A  v  ln l t song 
song vi a' v  b' .  Theo nh l 1 ,  hai  ng 
thng a  v  b  xc nh mp(P)  song song vi 
mp(Q)  (h.64).  

Gi s (P')  cng l  mt mt phng qua A  v  song song vi (Q) .  Khi ,  
(P')  song song vi a' v  b',  do  (P')  phi cha a  v  b.  Vy (P)  v  (P')  
trng nhau.                        

T tnh cht trn,  ta suy ra hai h qu sau (h.65)  

H qu 1  

Nu  ng thng a song song vi mt phng (Q)  th c duy 
nht mt mt phng (P)  cha a v  song song vi (Q) .  

H qu 2  

Hai mt phng phn bit cng song song vi mt phng th 
ba th song song vi nhau.  
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? 5  Cho mp(R)  ct hai mt phng song song (P)  v  

(Q)  ln l t theo hai giao tuyn a v  b.  Hi a v  
b  c  im chung hay khng ?  Ti sao ?  (h.66)  

Tr li cu hi trn,  ta  c tnh cht sau y 

 
 

Tnh cht 2 

Nu hai mt phng (P)  v  (Q)  song song th mi mt phng 
(R)   ct (P)  th phi ct (Q)  v  cc giao tuyn ca chng 
song song.  

4.  nh  l  Ta-lt (Thals)  trong  khng  gian  

 cp THCS, cc em  hc nh l Ta-lt trong 
mt phng ni v nhng  ng thng song song.  
By gi chng ta s hc mt nh l ni v 
nhng mt phng song song cng mang tn nh  
ton hc Hy Lp :  Ta-lt.  nh l y  c pht 
biu nh  sau 

nh l 2  (nh l Ta-lt)  

Ba mt phng i mt song song chn ra trn hai ct tuyn 
bt k cc on thng t ng ng t l.  

nh l trn c ngha l  :  Nu ba mt phng 
i mt song song (P),  (Q),  (R)  ct hai 
 ng thng a  v  a' ln l t ti A,  B,  C  v  
A',  B',  C' th 

.

AB BC CA

A'B' B'C' C'A'
= =  

 chng minh nh l,  gi B1  l  giao 
im ca AC' v  mp(Q)  ri p dng nh 
l Ta-lt trong mt phng (ACC')  v  trong 
mt phng (C'AA') .  

 

                       Hnh 67 
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Ta tha nhn nh l sau y,  th ng gi l  nh l Ta-lt o.  

nh l 3  (nh l Ta-lt o)  

Gi s trn hai  ng thng cho nhau a v  a' ln l t ly 
cc im A ,  B,  C v  A',  B',  C' sao cho 

.

AB BC CA

A'B' B'C' C'A'
= =  

Khi ,  ba  ng thng AA',  BB',  CC' ln l t nm trn ba 
mt phng song song,  tc l  chng cng song song vi mt 
mt phng.  

V d 

Cho t din ABCD .  Cc im M,  N  theo th t chy trn cc cnh AD  v  

BC  sao cho .=

MA NB

MD NC
 Chng minh rng MN  lun song song vi mt mt 

phng c nh.  

Gii  (h.68)  

V M,  N  ln l t nm trn cc on 

thng AD  v  BC  sao cho 
MA NB

MD NC
=  nn 

suy ra  

.

MA MD AD

NB NC BC
= =  

Vy theo nh l Ta-lt o,  cc  ng 
thng MN,  AB,  CD  cng song song vi 
mt mt phng (P)  no .  Ta c th ly 
mp(P)  i qua mt im c nh, song song 
vi AB  v  CD  ;  r rng (P)  c nh.    

5.  Hnh  lng  tr  v  hnh  hp 

Trong cuc sng hng ngy,  ta th ng gp nhiu  dng,  vt th c hnh 
dng hnh lng tr hay hnh hp nh  :  hp dim,  hp phn,  cy th c,  
quyn sch,  . . .  

nh ngha hnh lng tr 

Cho hai mt phng (P)  v  (P')  song song.  Trn (P)  cho a gic  . . . .1 2 nA A A  

Qua cc nh ,1A  ,2A  . . . ,  ,nA  ta v cc  ng thng song song vi nhau 
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v ln l t ct mp(P') ti ,A'1  ,A'2  . . .,  

nA'  (h.69).  D dng thy rng cc t 

gic ,A A A' A'1 2 2 1  ,A A A' A'2 3 3 2  . . . ,  

n nA A A' A'1 1  l  nhng hnh bnh hnh 

v  hai  a gic . . . ,1 2 nA A A  

. . . nA' A' A'1 2  c  cc cnh t ng ng 

song song v  bng nhau.  

 

Hnh hp bi cc hnh bnh hnh ,A A A' A'1 2 2 1  ,A A A' A'2 3 3 2  ...,  

n nA A A' A'1 1  v  hai a gic . . . ,1 2 nA A A  . . . nA' A' A'1 2  gi l  hnh 

lng tr hoc lng tr,  v  k hiu l  n nA A A A' A' A'1 2 1 2. . . . . . . .  

Mi hnh bnh hnh ni trn gi l  mt mt bn  ca hnh lng tr.  Hai a 

gic . . . ,1 2 nA A A  . . . nA' A' A'1 2  gi l  hai mt y  ca hnh lng tr.  Cc cnh 

ca hai a gic  gi l  cc cnh y  ;  cc on thng ,A A'1 1  ,A A'2 2  . . . ,  

n nA A'  gi l  cc cnh bn  ca hnh lng tr.  Cc nh ca hai mt y gi 

l  cc nh  ca hnh lng tr.  

Nu y ca hnh lng tr l  tam gic,  t gic,  ng gic th lng tr t ng 
ng  c gi l  lng tr tam gic,  lng tr t gic,  lng tr ng gic  
(h.70).  

 

 

 

 

 

 

     a)  Lng tr tam gic       b)  Lng tr t gic       c)  Lng tr ng gic 

Hnh 70 

Sau y,  ta s gii thiu mt dng c bit ca hnh lng tr,   l  hnh hp.  

Hnh lng tr c y l  hnh bnh hnh  c gi l  hnh hp.  
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Nh  vy,  hnh hp c su mt (bn mt bn v  hai mt y)  u l  nhng 
hnh bnh hnh (h.71 ).  Mi mt c mt mt song song vi n.  Hai mt nh  
th gi l  hai mt i din.  

? 6  C th xem hai mt i din n o  ca hnh hp l  hai mt y ca n 

hay khng ?  

Hnh hp c tm nh, hai nh ca hnh hp gi l  hai nh i din  nu 
chng khng cng nm trn mt mt no.  on thng ni hai nh i din 
gi l   ng cho  ca hnh hp.  

Hnh 71  cho ta thy hnh hp 
ABCD.A'B'C'D' c cc cp nh i din l  
A  v  C',  B  v  D',  C  v  A',  D  v  B',  v  c 
cc  ng cho l  AC',  BD',  CA',  DB'.  

Hnh hp c m i hai cnh chia lm ba 
nhm,  mi nhm gm c bn cnh song 
song v  bng nhau.  Hai cnh gi l  hai 
cnh i din  nu chng song song 
nh ng khng cng nm trn bt k  mt 
mt no ca hnh hp.  

2 

Chng  t  rng  bn   ng  cho  ca  h nh  hp  ct nhau  t i  trung  im  ca  mi  
 ng .   im  ct nhau    gi  l  tm ca hnh hp.  

6.  Hnh  chp ct 

nh ngha 

Cho hnh chp . . . .1 2 nS A A A  v mt mt phng 

(P) khng qua nh, song song vi mt phng 
y, ct cc cnh ,1SA  ,2SA  . . .,  nSA  ln l t 

ti ,A'1  ,2A'  . . .,  .nA'  Hnh hp bi thit din 

. . . nA' A' A'1 2  v y . . .1 2 nA A A  ca hnh chp 

cng vi cc t gic ,A' A' A A1 2 2 1  ,2 3 3 2A' A' A A  

. . .,  n nA' A' A A1 1  gi l mt hnh chp ct,  k 

hiu l . . . . . . .n nA' A' A' A A A1 2 1 2  (h.72).  

y ca hnh chp gi l  y ln  ca hnh 

chp ct,  cn thit din . . . nA' A' A'1 2  gi l  
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y nh  ca hnh chp ct.  Cc t gic ,1 2 2 1A' A' A A  ,2 3 3 2A' A' A A  . . . ,  

1 1n nA' A' A A  gi l  cc mt bn  ca hnh chp ct.  Cc on thng ,1 1A A'  

,2 2A A'  . . . ,  n nA A'  gi l  cc cnh bn  ca hnh chp ct.  

Tu theo y l  tam gic,  t gic,  ng gic,  . . . ,  ta c hnh chp ct tam 
gic,  hnh chp ct t gic,  hnh chp ct ng gic,  . . .  

Tnh cht 

V hnh chp ct  c ct ra t mt hnh chp nn ta d dng suy ra tnh 
cht sau y 

Hnh chp ct c :  
a)  Hai y l  hai a gic c cnh t ng ng song song v  t 
s cc cnh t ng ng bng nhau.  
b)  Cc mt bn l  nhng hnh thang.  
c)  Cc  ng thng cha cc cnh bn ng quy ti mt im.  

Cu hi  v  b i  tp 

29.  Trong cc mnh  sau,  mnh  no ng ?  
a)  Hai mt phng phn bit cng song song vi mt  ng thng th song 
song vi nhau ;  
b)  Hai mt phng phn bit cng song song vi mt mt phng th song 
song vi nhau ;  
c)  Nu hai mt phng song song th mi  ng thng nm trn mt phng 
ny u song song vi mt phng kia ;  
d)  Nu hai mt phng song song th mi  ng thng nm trn mt phng 
ny u song song vi mi  ng thng nm trn mt phng kia ;  
e)  Nu hai mt phng phn bit ln l t i qua hai  ng thng song song 
th song song vi nhau ;  

f)  Nu mt  ng thng ct mt trong hai mt phng song song th ct mt 
phng cn li.  

30.  Trong cc mnh  sau,  mnh  no ng ?  
a)  Hnh hp l  mt hnh lng tr ;  

b)  Hnh lng tr c tt c cc cnh song song ;  
c)  Hnh lng tr c tt c cc mt bn bng nhau ;  
d)  Hnh lng tr c cc mt bn l  hnh bnh hnh ;  

e)  Hnh hp c cc mt i din bng nhau.  
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31.  Cho hai  ng thng cho nhau.  Chng minh rng c ng hai mt phng 
song song vi nhau ln l t i qua hai  ng thng .  

32.  Cho hai  ng thng cho nhau a  v  b  ln l t nm trn hai mt phng 
song song (P)  v  (Q) .  Chng minh rng nu im M  khng nm trn (P)  
v  khng nm trn (Q)  th c  duy nht mt  ng thng i qua M  ct c a  
v  b.  

33.  Trong mt phng (P)  cho hnh bnh hnh ABCD .  Qua A ,  B,  C,  D  ln l t v 
bn  ng thng a,  b,  c,  d i mt song song vi nhau v  khng nm trn 
(P).  Mt mt phng ct a,  b,  c,  d ln l t ti bn im A',  B',  C',  D'.  Chng 
minh rng A'B'C'D' l  hnh bnh hnh.  

34.  Cho t din ABCD .  Gi M  l  trung im ca AB.  Hi mt phng (P)  qua 
im M,  song song vi c AD  v  BC  c  i  qua trung im N  ca CD  
khng ?  Ti sao ?  

35.  Cho hai im M,  N  ln l t thay i trn hai mt phng song song (P)  v  

(Q).  Tm tp hp cc im I thuc on thng MN  sao cho ,

IM
k

IN
=  k    0  

cho tr c.  

36.  Cho hnh lng tr tam gic ABC.A'B'C'.  Gi H l  trung im ca cnh A'B'.  

a)  Chng minh rng  ng thng CB' song song vi mp(AHC').  

b)  Tm giao tuyn d ca hai mt phng (AB'C')  v  (A'BC) .  Chng minh 
rng d song song vi mp(BB'C'C).  

c)  Xc nh thit din ca hnh lng tr ABC.A'B'C' khi ct bi mp(H,  d).  

37.  Cho hnh hp ABCD.A'B'C'D'.  Chng minh rng 

a)  mp(BDA')  // mp(B'D'C)  ;  

b)   ng cho AC' i  qua cc trng tm ,1G  2G  ca hai tam gic BDA' 

v  B'D'C  ;  

c)  1G  v  2G  chia on AC' thnh ba phn bng nhau ;  

d)  Cc trung im ca su cnh BC,  CD ,  DD',  D'A',  A'B',  B'B  cng nm 
trn mt mt phng.  

38.  Chng minh rng tng bnh ph ng tt c cc  ng cho ca mt hnh 
hp bng tng bnh ph ng tt c cc cnh ca hnh hp .  

39.  Cho hnh chp ct ABC.A'B'C' c y ln ABC  v  cc cnh bn AA',  BB',  
CC'.  Gi M,  N,  P  ln l t l  trung im ca cc cnh AB,  BC,  CA  v  M',  
N',  P' ln l t l  trung im ca cc cnh A'B',  B'C',  C'A'.  Chng minh 
MNP.M'N'P' l  hnh chp ct.  
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1 .  nh  ngha php chiu  song song  

Trong khng gian cho mt phng (P)  v   ng 
thng l  ct mp(P).   

Vi mi im M  trong khng gian,  v  ng 
thng i qua M  v  song song hoc trng vi l.  
 ng thng ny ct mp(P)  ti mt im M' 
no  (h.73).  

Php t t ng ng mi im  M  trong khng gian vi im  M' 
ca  mt phng (P)  nh  trn gi l  php chiu song song  ln 
mt phng  (P)  theo ph ng  l.  

Mt phng (P)  gi l  mt phng chiu,   ng thng l  gi l  ph ng chiu  ;  
im M' gi l  hnh chiu song song  (hoc nh)  ca im  M  qua php  
chiu song song ni trn.  

Cho hnh H.  Tp hp H ' gm hnh chiu song song ca tt c cc im 

thuc H gi l  hnh chiu song song  (hoc nh)  ca hnh  H qua php 

chiu ni trn.  

Bng trn mt t phng ca mt vt chnh l  hnh chiu song song ca vt 
y trn mt t (cc tia sng mt tri  c coi nh  song song vi nhau).  

?1  Nu im M thuc mt phng chiu (P)  th hnh chiu song song ca n  l  

im no ?  

? 2  Cho  ng thng a song song vi ph ng chiu  l.  Hnh chiu song song ca a  

(hoc mt phn ca n)  l  hnh no ?  

2.  Tnh  cht 

Trong cc tnh cht d i y ca php chiu song song theo ph ng l,  ta ch 
xt hnh chiu song song ca cc on thng hoc  ng thng khng 
song song v  khng trng vi l.  

Tnh cht 1  

Hnh chiu song song ca mt  ng thng l  mt  ng thng.  

 

 

 

 

 

 

 

Hnh 73  
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Chng minh (h.74)  

Xt php chiu song song ln mp(P)  theo 
ph ng l.  Gi s a  l  mt  ng thng khng 
song song v  khng trng vi l.  Gi M  l  mt 
im bt k ca a  v  M' l  hnh chiu ca n.  
V MM' song song (hoc trng)  vi l  nn M' 
nm trn mp(Q)  i qua a  v  song song vi l 
(hoc cha l).  Mt khc,  M' nm trn mp(P).  
Vy M' nm trn giao tuyn a' ca hai mt 
phng (P)  v  (Q).  

Ng c li,  d thy mi im M' nm trn a' l  hnh chiu ca mt im M  
nm trn a.  Vy hnh chiu ca a  chnh l   ng thng a'.        

? 3  Nu  ng thng  a  nm trong mt phng chiu  (P)  th hnh chiu song 

song ca  a  l  hnh no ?  

? 4  Nu  ng thng  a  ct mt phng chiu (P)  ti im  A  th hnh chiu song 

song ca a c i qua im A  hay khng ?  

H qu 

Hnh chiu song song ca mt on thng l  mt on thng,  
ca mt tia l  mt tia.  

T vic chng minh tnh cht 1 ,  ta thy hnh chiu song song ca  ng 
thng a  l  giao tuyn ca mt phng chiu (P)  v  mp(Q),  trong  (Q)  l  
mt phng i qua a  v  song song vi l hoc cha l.  Do  ta c 

Tnh cht 2 (h.75)  

Hnh chiu song song ca hai  ng thng song song l  hai 
 ng thng song song hoc trng nhau.  

 

 

 

 

 

Hnh 75 

 

 

 

 

 

 

Hnh 74  
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Tnh cht 3  

Php chiu song song khng lm thay i t s ca hai on 
thng nm trn hai  ng thng song song (hoc trng nhau).  

Tnh cht 3  c ngha l  :  Nu AB  v  CD  l  hai on thng nm trn hai 
 ng thng song song (hoc trng nhau)  c hnh chiu song song trn 
mp(P)  l  A'B' v  C'D' th 

.
A'B' AB

C'D' CD
=  

Hnh 76 minh ho tnh cht .  

 

 

 

 

 

 
 
 
 
 
 

Hnh 76 

3.  Hnh  biu  din  ca mt hnh  khng  gian  

 1  ca ch ng ny,  ta  nu ra mt s quy tc  v hnh biu din ca 
mt hnh khng gian trn mt phng.  Cc quy tc y da trn nh ngha 
sau y 

nh ngha 

Hnh biu din  ca mt hnh H trong khng gian l  hnh 

chiu song song ca hnh H trn mt mt phng hoc hnh 

ng dng vi hnh chiu .  

Nh  vy,  mun v ng hnh biu din,  ta phi p dng cc tnh cht 
ni trn ca php chiu song song.  Do ,  ngoi nhng quy tc  hc 
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tr c y ( c suy t cc tnh cht 1  v  2),  ta cn l u  thm quy tc sau 
(suy t tnh cht 3)  :  

Nu trn hnh H c hai on thng nm trn hai  ng thng 
song song (hoc trng nhau) th chng chng nhng  c biu 
din bi hai on thng nm trn hai  ng thng song song 
(hoc trng nhau),  m  t s ca hai on thng ny cn phi 
bng t s ca hai on thng t ng ng trn hnh H.  

? 5  Hnh biu din ca hnh bnh hnh l  hnh g ?  

     Ch   

Php chiu song song ni chung khng gi nguyn t s ca hai on 
thng khng nm trn hai  ng thng song song (hay khng cng 
nm trn mt  ng thng) v khng gi nguyn  ln ca mt gc.  
T  suy ra nu trn hnh H c hai on thng khng nm trn hai 
 ng thng song song th t s ca chng khng nht thit phi gi 
nguyn trn hnh biu din.  Cng nh  vy,  ln ca mt gc trn 
hnh H  khng nht thit  c gi nguyn trn hnh biu din.  

? 6  Hnh biu din ca hnh thang l  hnh g ?  

? 7  Hnh biu din ca hnh thoi,  hnh ch nht,  hnh vung l  hnh g ?  

? 8  C phi mt tam gic bt k u c th xem l  hnh biu din ca tam gic 
cn,  tam gic vung,  tam gic u hay khng ?  (h.77).  

 

 
 
 
 

 

 

 
 

       Hnh 77           Hnh 78 

? 9  Hnh biu din ca mt t din u c th v nh  hnh 78 hay khng ?  
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Hnh biu din ca mt  ng trn 

Ng i ta chng minh  c rng :  

Hnh chiu song song ca mt  ng trn l  mt  ng elip 
hoc mt  ng trn,  hoc c bit c th l  mt on thng.  

V vy,  ta th ng dng  ng elip lm hnh biu din ca  ng trn,  tm 
ca elip biu din cho tm ca  ng trn (h.79,  h.80).  

 

 

 

 

 

 

 

Hnh 79          Hnh 80 

1  

Gi s tam gic ABC  l  h nh  biu  d in  ca mt tam gic u.  Hy dng  hnh  biu  
d in  ca tm  ng  trn  ngoi  tip tam gic u  .  

2 

Cho mt  ng el ip l  h nh  biu  din  ca mt  ng trn.  Hy v hnh  biu  din  ca 
mi  hnh  sau  y :  
a)  Mt dy cung  v   ng  knh  vung  gc vi  dy cung   ca  ng  trn.  
b)  Hai   ng  knh  vung  gc ca  ng  trn.  
c)  Mt tam gic u  ni  tip  ng  trn.  

Vu i  m t  ch t  !  

 

 

 H nh  sau  c phi  l  h nh  biu  d in  ca mt 
h nh  khng  g ian  hay khng  ?  

 
 
 

 Tranh ca t-se (M.C.  Escher)   
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 "Chuyn ng vnh cu ?" :  Liu  n c c chy mi  nh  th khng  ?  

 

 

 

 

 

 

 

 
 
 

 

 

 

 

Tranh ca t-se (M.C.  Escher)  

Cu hi  v  b i  tp 

40.  Trong cc mnh  sau,  mnh  no ng ?  
a)  Hnh chiu song song ca hai  ng thng cho nhau c th trng nhau ;  
b)  Hnh chiu song song ca hai  ng thng cho nhau th ct nhau ;  
c)  Hnh chiu song song ca hai  ng thng cho nhau c th song song 
vi nhau ;  
d)  Hnh chiu song song ca hai  ng thng cho nhau c th ct nhau,  
trng nhau,  song song vi nhau.  

41.  Trong cc mnh  sau,  mnh  no ng ?  
a)  Hnh chiu song song ca hai   ng thng ct nhau c  th song song 
vi nhau ;  
b)  Hnh chiu song song ca hai  ng thng ct nhau c th ct nhau ;  

c)  Hnh chiu song song ca hai  ng thng ct nhau c th trng nhau ;  
d)  Mt  ng thng c th song song vi hnh chiu song song ca n ;  

e)  Mt  ng thng lun ct hnh chiu song song ca n ;  
f)  Mt  ng thng c th trng vi hnh chiu song song ca n.  

42.  Tam gic ABC  c hnh chiu song song l tam gic A'B'C'.  Chng minh rng 
trng tm tam gic ABC  c hnh chiu song song l trng tm tam gic A'B'C'.  
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43.  V hnh biu din ca mt t din v  trng tm ca n.  

44.  V hnh biu din ca mt tam gic vung ni tip trong mt  ng trn.  

45.  V hnh biu din ca mt hnh vung ni tip trong mt  ng trn.  

46.  V hnh biu din ca mt lc gic u.  

47.  Cho hnh hp . .1 1 1 1ABCD A B C D  Tm im I trn  ng cho 1B D  v  im J 

trn  ng cho AC  sao cho IJ // .1BC  Tnh t s .

1

ID

IB
 

I  - Tm tt nhng kin  thc cn  nh 

1.  Mt mt phng  c xc nh nu bit mt trong cc iu kin sau y :  

a)  Mt phng  i qua ba im khng thng hng.  

b)  Mt phng  i qua mt im v  mt  ng thng khng cha im y.  

c)  Mt phng  i qua hai  ng thng ct nhau.  

d)  Mt phng  i qua hai  ng thng song song.  

e)  Mt phng  i qua mt  ng thng v  song song vi mt  ng 
thng cho vi  ng thng y.  

f)  Mt phng  i qua mt im v  song song vi mt mt phng khng 
cha im y.  

2.  nh l v giao tuyn ca ba mt phng :  

Nu ba mt phng ct nhau theo ba giao tuyn phn bit th ba giao tuyn 
 hoc ng quy hoc i mt song song.  

3.  Ba on thng ni trung im cc cnh i din ca mt t din ng quy 
ti trung im G  ca mi on.  im G   gi l  trng tm ca t din.  

4.   ng thng v  mt phng song song (tc l  chng khng c im chung)  :  

a)   ng thng a  (khng nm trn mp(P))  song song vi mp(P)  khi v  ch 
khi n song song vi mt  ng thng nm trong (P).  

b)  Nu mp(Q)  i qua  ng thng a  m  a  song song vi mp(P)  th giao 
tuyn ca mp(P)  v  mp(Q)  (nu c)  song song vi a.  

c)  Hai mt phng ct nhau cng song song vi mt  ng thng th giao 
tuyn ca chng song song vi  ng thng .  



 76 

5.  Hai mt phng song song (tc l  chng khng c im chung)  :  

a)  Nu mt phng (P)  cha hai  ng thng a,  b  ct nhau v  cng song 
song vi mp(Q)  th (P)  // (Q).  

b)  Nu hai mt phng (P)  v  (Q)  song song th mi mp(R)   ct (P)  th ct 
(Q)  v  cc giao tuyn ca chng song song.  

c)  nh l Ta-lt :  Ba mt phng i mt song song chn ra trn hai ct 
tuyn bt k cc on thng t ng ng t l.  

d)  nh l Ta-lt o :  Gi s trn hai  ng thng cho nhau a  v  a' ln 

l t ly cc im A ,  B,  C  v  A',  B',  C' sao cho :  .

' ' ' ' ' '

AB BC CA

A B B C C A
= =  Khi 

,  ba  ng thng AA',  BB',  CC' ln l t nm trn ba mt phng song 
song,  tc l  chng cng song song vi mt mt phng.  

6.  Hnh chp c y l  mt a gic v  cc mt bn u l  nhng tam gic c 
chung mt nh (nh ca hnh chp).  

7.  Hnh lng tr c hai y nm trn hai mt phng song song ;  cc mt bn u 
l  nhng hnh bnh hnh ;  cc cnh bn bng nhau v  i mt song song.  

8.  Hnh hp l  hnh lng tr c y l  hnh bnh hnh ;  bn  ng cho ca 
hnh hp ng quy ti trung im ca mi  ng,  im  gi l  tm ca 
hnh hp.  

9.  Hnh chp ct c hai y nm trn hai mt phng song song ;  cc mt bn u 
l  hnh thang ;  cc  ng thng cha cc cnh bn ng quy ti mt im.  

10.  Php chiu song song theo ph ng l  :  
a)  Khng lm thay i s thng hng v  th t ca cc im thng hng.  

b)  Bin hai  ng thng song song (nh ng khng song song vi l)  thnh 
hai  ng thng song song hoc trng nhau.  
c)  Gi nguyn t s ca hai on thng nm trn hai  ng thng song 
song hoc cng nm trn mt  ng thng.  

11.  Hnh biu din ca mt hnh trong khng gian l  hnh chiu song song ca 
hnh  trn mt mt phng hoc hnh ng dng vi hnh chiu .  

Hnh biu din ca  ng trn th ng l   ng elip hoc  ng trn.  

I I  - Cu  hi  t kim tra 

1.  Hy nu s khc bit gia hai  ng thng cho nhau v  hai  ng thng 
song song.  

2.  Nu ph ng php chng minh ba im thng hng.  

3.  Nu ph ng php chng minh ba  ng thng ng quy.  
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4.  Nu ph ng php chng minh  ng thng song song vi mt phng.  

5.  Nu ph ng php chng minh hai mt phng song song.  

I I I  - B i  tp 

1.  Trong cc mnh  sau,  mnh  no ng ?  
a)  Hai  ng thng cho nhau th khng c im chung ;  
b)  Hai  ng thng khng c im chung th cho nhau ;  
c)  Hai  ng thng cho nhau th khng cng thuc mt mt phng ;  
d)  Hai  ng thng khng song song th cho nhau.  

2.  Trong cc mnh  sau,  mnh  no ng ?  
a)  Hai  ng thng phn bit cng song song vi mt mt phng th song 
song vi nhau ;  
b)  Hai mt phng phn bit cng song song vi mt  ng thng th song 
song vi nhau ;  
c)  Hai mt phng phn bit khng song song th ct nhau ;  
d)  Hai mt phng phn bit cng song song vi mt mt phng th ba th 
song song vi nhau ;  
e)  Mt  ng thng ct mt trong hai  ng thng song song th ct  ng 
thng cn li ;  
f)  Mt mt phng ct mt trong hai  ng thng song song th ct  ng 
thng cn li ;  
g)  Mt  ng thng ct mt trong hai mt phng song song th ct mt 
phng cn li.  

3.  Trong cc hnh sau,  hnh no l  hnh biu din ca mt t din ?  

 

 

 

 

 
 

 

 
 

 

Hnh 81  
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4.  Cho hai hnh bnh hnh ABCD  v  ABEF  nm trong hai mt phng khc 
nhau.  Ly cc im M,  N  ln l t thuc cc  ng cho AC,  BF  sao cho 

MC  =  2AM  ;  NF  =  2BN.  Qua M,  N,  k cc   ng thng song song vi AB  

ct cc  cnh AD ,  AF  ln l t ti  ,1M  .1N  Chng minh rng :  

a)  MN  // DE  ;  

b)  1 1M N  // mp(DEF)  ;  

c)  ( )1 1mp MNN M  // mp(DEF).  

5.  Cho hnh lng tr tam gic ABC.A'B'C'.  Gi G,  G' ln l t l  trng tm ca 

tam gic ABC  v  A'B'C'.  Mt mt phng ()  ct cc cnh AA',  BB',  CC',  

GG' ln l t ti ,1A  ,1B  1C  v  .1G  Chng minh rng :  

a)  GG' song song v  bng cnh bn ca hnh lng tr ;  

b)  1G  l  trng tm ca tam gic 1 1 1A B C  ;  

c)  ( )1 1 1 1
1

3
G G' A A' B B' C C'= + +  ;  ( ).1 1 1 1

1

3
G G A A B B C C= + +  

6.  Cho hnh hp ABCD.A'B'C'D'.  V thit din ca hnh hp to bi mt phng 
i qua hai trung im M,  N ca cc cnh AB,  AD  v  tm O  ca mt CDD'C'.  

7.  Cho hnh hp ABCD.A'B'C'D'.  Trn ba cnh AB,  DD',  C'B' ln l t ly ba 

im M,  N,  P  khng trng vi cc nh sao cho .
AM D'N B'P

AB D'D B'C'
= =  

a)  Chng minh rng mp(MNP)  v  mp(AB'D')  song song vi nhau.  

b )  Xc nh thit din ca hnh hp khi ct bi mp(MNP).  

8.  Cho hai tia Ax  v  By  nm trn hai  ng thng cho nhau.  Mt im M  chy 

trn Ax  v  mt im N  chy trn By  sao cho AM  =  kBN (k > 0 cho tr c).  

a)  Chng minh rng MN  song song vi mt mt phng c nh.  

b)  Tm tp hp cc im I thuc on MN  sao cho IM  =  kIN.  

IV - Cc cu  hi  trc nghim 

1.  Cho t din ABCD .  Gi M,  N  ln l t l  trung im ca cc cnh AD  v  
BC  ;  G  l  trng tm tam gic BCD .  Khi y,  giao im ca  ng thng MG  
v  mp(ABC)  l  :  

(A)  im C  ;  



 79  

(B)  Giao im ca  ng thng MG  v   ng thng AN ;  

(C)  im N ;  

(D)  Giao im ca  ng thng MG  v   ng thng BC.  

2.  Cho t din ABCD v  ba im E,  F,  G  ln l t nm trn cc cnh AB,  AC,  
AD  m  khng trng vi cc nh.  Thit din ca hnh t din ABCD  khi ct 
bi mp(EFG)  l  :  

(A)  Mt on thng ;         (B)  Mt tam gic ;  

(C)  Mt t gic ;          (D)  Mt ng gic.  

3.  Cho t din ABCD  v  ba im I,  J,  K ln l t nm trn ba cnh AB,  BC,  
CD  m  khng trng vi cc nh.  Thit din ca hnh t din ABCD  khi ct 
bi mp(IJK)  l  :  

(A)  Mt tam gic ;         (B)  Mt t gic ;  

(C)  Mt hnh thang ;         (D)  Mt ng gic.  

4.  Cho hnh chp S.ABCD .  Gi AC    BD =  I,  AB    CD =  J,  AD    BC  =  K.  
ng thc no sai  trong cc ng thc sau y ?  

(A)  (SAC)    (SBD)  =  SI ;       (B)  (SAB)    (SCD)  =  SJ ;  

(C)  (SAD)    (SBC)  =  SK ;       (D)  (SAC)    (SAD)  =  AB.  

5.  Cho hnh chp S.ABCD .  Mt mt phng khng i qua nh no ca hnh 
chp ct cc cnh SA ,  SB,  SC,  SD  ln l t ti A',  B',  C',  D'.  Gi O  l  giao 
im ca AC  v  BD .  Tm mnh  ng trong cc mnh  sau y.  

(A)  Cc  ng thng A'C',  B'D',  SO  i mt cho nhau ;  

(B)  Cc  ng thng A'C',  B'D',  SO  ng phng ;  

(C)  Cc  ng thng A'C',  B'D',  SO  ng quy ;  

(D)  Hai  ng thng A'C' v  B'D' ct nhau cn hai  ng thng A'C' v  SO  
cho nhau.  

6.  Cho t din ABCD .  Gi G  v  E  ln l t l  trng tm ca tam gic ABD  v  
ABC.  Mnh  no d i y ng ?  

(A)   ng thng GE  song song vi  ng thng CD  ;  

(B)   ng thng GE  ct  ng thng CD  ;  

(C)  Hai  ng thng GE  v  CD  cho nhau ;  

(D)   ng thng GE  ct  ng thng AD .  

7.  Cho t din ABCD .  Gi M,  K ln l t l  trung im ca BC  v  AC,  N  l  

im trn cnh BD  sao cho BN  =  2ND .  Gi F  l  giao im ca AD  v  
mp(MNK).  Trong cc mnh  sau y,  mnh  no ng ?  
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(A)  AF  =  FD  ;           (B)  AF  =  2FD  ;  

(C)  AF  =  3FD  ;           (D)  FD  =  2AF.  

8.  Cho t din u ABCD  c cnh bng a.  Gi G  l  trng tm tam gic ABC.  
Ct t din bi mp(GCD)  th din tch ca thit din l  :  

(A)  
2 3

2

a
 ;                 (B)  

2 2

4

a
 ;  

(C)  
2 2

6

a
 ;            (D)  .

2 3

4

a
 

9.  Cho hnh chp S.ABCD  c y l  hnh bnh hnh.  Gi I,  J ln l t l  trung 
im ca AB  v  CB.  Khi y,  giao tuyn ca hai mt phng (SAB)  v  (SCD)  
l   ng thng song song vi :  

(A)   ng thng AD  ;        (B)   ng thng BJ ;  

(C)   ng thng BI ;         (D)   ng thng IJ.  

10.  Cho hnh chp S.ABCD c y l  mt hnh bnh hnh.  Gi A',  B',  C',  D' ln 
l t l  trung im ca cc cnh SA ,  SB,  SC  v  SD .  Tm mnh  ng trong 
cc mnh  sau y :  

(A)  A'B' // mp(SAD)  ;        (B)  A'C' // mp(SBD)  ;  

(C)  mp(A'C'D')  // mp(ABC)  ;      (D)  A'C' // BD .  

11.  Cho t din u ABCD  c cnh bng a,  im M trn cnh AB  sao cho 

AM  =  m  (0 < m  <  a).  Khi ,  din tch thit din ca hnh t din khi ct 
bi mt phng qua M  v  song song vi mp(ACD)  l  :  

(A)  
2 3

4

m
 ;            (B)  

( )
2 2

2

a m
 ;  

(C)  
( )

2 3

4

+a m
 ;          (D)  

( )
.


2 3

4

a m
 

12.  Cho hnh chp S.ABCD  c y l  mt hnh bnh hnh.  Mt mt phng (P)  
song song vi AC  v  SB  ln l t ct cc cnh SA ,  AB,  BC,  SC,  SD ,  BD  ti 
M,  N,  E,  F,  I,  J.  Trong cc mnh  sau y,  mnh  no ng ?  

(A)  Bn  ng thng MN,  EF,  IJ,  SB  i mt song song ;  

(B)  Bn  ng thng MN,  EF,  IJ,  SB  ng quy ;  

(C)  Bn  ng thng MN,  EF,  IJ,  SB  ng phng ;  

(D)  C ba mnh  trn u sai.  
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B i   c  thm  

1 .  Khi  mi  ra i,  Hnh  hc l  mn khoa hc thc nghim ny sinh  t vic o c,  

tnh  ton cc i  l ng v khong cch gia cc a im,  d in  tch  cc m t,  th 

tch  cc thng cha, . . .  Thi  c i,  ng i  vng Ba-bi-lon  v  Ai  Cp  tch  lu  c 

nhiu  kin thc hnh  hc kh phong ph,  chng hn cng thc Py-ta-go,  nh  l  Ta-
lt,  cng thc tnh  th tch  hnh  chp ct, . . .  Dn dn Hnh  hc tr thnh mt khoa hc 
suy d in,  tc l  thay v dng  thc nghim  kim tra s ng n ca cc s kin  
hnh  hc,  ng i  ta chng minh bng lp lun.  C nhiu  tc phm hnh  hc  ra i,  
nh ng ni  ting nht v  cn   c gi li  n  nay l  tp "C bn" ca -clt (Euclid,  
nh  ton hc Hy Lp,  sng vo khong th k th ba tr c Cng nguyn).  

Tp "C bn"  ca  -cl t gm  1 3  cun,  trong   c  8  cun  ni  v  H nh  hc.  
Ton  b  ni  dung  mn  H nh  hc s cp ca  bc Ph thng  ngy nay l  mt 
phn  trong  tc phm .  Cng  lao  to  ln  ca  -cl t l    tp  hp li  nhng  kt 
qu  ca  nh iu  tc g i  tr c,  sp  xp li  v  chng  minh  cht ch.   xy dng  
mn  H nh  hc,  -cl t   xut pht t 1 0  tin    v  nh     c tha nhn  l  
ng  m  khng  chng  minh .  T ,  da vo cc suy l un  lg ic,  ng    chng  
minh  cc nh  l  khc.   

Nh  vy,  c th ni  -cl t l  ng i  t nn  mng  cho ph ng  php xy dng  
H nh  hc m  ngy nay ta  gi  l  ph ng  php tin  .  

 trnh  by mn Hnh  hc theo ph ng php tin  ,  ng i  ta lm nh  sau  :  

1 )  Khng  nh  ngha mt s khi  n im  nh  :  im,   ng  thng,  mt phng,  im  
nm g ia hai  im,   d i  on  thng,   ln  ca gc, . . .  Cc khi  n im nh  vy 

gi  l  cc khi nim c bn.  Cc khi  n im khc s  c nh  ngha da vo 

nhng  khi  n im c bn.  Chng  hn,  s bng  nhau  ca cc tam g ic  c nh  
ngha da vo s bng  nhau  ca cc on  thng  v  s bng  nhau  ca cc gc.   

2)  Nu  ra mt s mnh   c tha nhn  l  ng m  khng chng minh.  Cc 

mnh  nh  th gi  l  tin .  Chng hn ta tha nhn tin   :  "C mt v  ch mt 
 ng thng i qua hai im phn bit cho tr c" hoc tin   :  "C mt v  ch mt 
mt phng i qua ba im khng thng hng cho tr c".  

Mi  mnh   khc u  phi   c chng  minh  da vo cc tin   v  cc mnh  
   c chng  minh  tr c .  

Chng  ta  cn  ch   rng  tuy im,   ng  thng,  mt phng  khng   c nh  
ngha,  nh ng  chng  buc phi  tho mn  cc tin  .  Cho nn  c th ni  chng  
 c nh  ngha mt cch  g in  tip qua cc tin  .   



 82 

 

 

 

 

 

 

 

Euclid (khong 330 -  275 TCN)      Lobachevsky (1 792  -  1 856)  

2.  Trong  h thng  cc tin   hnh  hc c mt tin   gi  l  tin   -clt (n t ng  
 ng  vi  nh   V trong  tc phm C bn  ca -clt) .  Tin     c pht biu  
nh  sau  :  "Cho im A khng nm trn  ng thng b th trong mt phng (A,b)  
ch c mt  ng thng i qua A v  khng ct b".  

Trong  l ch  s,  khi  nghin  cu  cc tin   ca -clt,  nht l  nh   V ni  trn,  cc 
nh  ton  hc  nghi  ng rng  c th chng  minh   c n da vo cc tin   
khc v  nu  qu tht nh  vy th  cn  phi  loi  n ra khi  danh  sch  cc tin  .  
Nhiu  nh  ton  hc ni  ting  nh  :  Xc-k-ri  (Saccheri ,  1 667 - 1 733),  Lm-be 
(Lambert,  1 728 - 1 777),  L-ging--r (Legendre,1 752 - 1 833), . . .   tn  nhiu  
sc lc v  tr tu  tm  cch  chng  minh  nh   V nh ng  khng  thnh  cng.  Vo 
u  th k XIX,  cc nh  ton  hc :  Gau-x (Gauss,  1 777 - 1 855),  B-l i-ai  (Bolyai ,  
1 802 - 1 860),  c bit l  nh  ton  hc Nga L-ba-sp-xki  (Lobachevsky),  trong  
qu trnh  chng  minh  nh   V ca -clt,   xy dng  mt H nh  hc mi  trong   
khng  tha nhn  nh   V m  tha nhn  tin   ph  nh  nh   V :  "Cho im A 
khng nm trn  ng thng b th trong mt phng (A,b)  c t nht hai  ng thng 
i qua A v  khng ct b".  

Ngy nay,  ng i  ta  th ng  gi  h nh  hc  l  Hnh hc L-ba-sp-xki (mt loi  
H nh  hc phi  -cl t) .  

Nm m i  nm sau  kh i  L-ba-sp-xki  cng  b tc phm ni  trn,  ng i  ta  chng  
minh   c rng  H nh  hc L-ba-sp-xki  khng  h c mu  thun  v  nh  vy,  tin  
 -cl t ng  l  mt tin  .  

Ngy nay,  ph ng  php tin    thm nhp vo nhiu  ngnh  ton  hc khc 
nhau  v  n l  mt cng  c  quan  trng  trong  vic xy dng  nn  nhng  b mn  
ton  hc h in  i .  



 

vect trong khng gian.  

   Quan h vung gc  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

  ch ng I I ,  chng ta  xt quan  h song  song trong  khng gian.  Trong 
ch ng ny ta nghin  cu quan h vung gc gia hai   ng thng,  gia 
 ng thng vi  mt phng,  gia hai  mt phng.  Kin  thc v vect l  c 
s  xy dng quan h vung gc trong khng gian.  
Khi  hc ch ng ny,  hc sinh  cn bit vn dng cc kin thc  c v 
vect trong mt phng  p dng vo khng gian,  ng thi  b c u  gii  
quyt  c mt s bi  ton  hnh  hc khng gian  c l in  quan n cc yu 
t vung gc.  

Ch ng I I I  
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1 .  Vect trong  khng gian  

Khi nim vect v  cc php ton vect   c  cp trong ch ng trnh 
hnh hc lp 1 0.  Tuy nhin,  khi  tt c cc vect m  chng ta xem xt 
u nm trn cng mt mt phng.  

 ch ng II,  chng ta  lm quen vi vic 
nghin cu hnh hc khng gian m  i 
t ng ca n l  cc  hnh c th khng cng 
nm trong mt mt phng.  Chng hn,  t 
din ABCD  l  mt hnh c tnh cht  v  

nh  th cc  vect ,AB



 ,BC



 CD


 khng cng 

nm trong mt mt phng no c (h.82).  

Trong ch ng ny,  chng ta s ni n cc 
vect trong khng gian.  Vect,  cc php ton 
vect trong khng gian  c nh ngha hon 
ton ging nh  trong mt phng,  chng cng 
c cc tnh cht  bit nn khng nhc li.  Sau y,  chng ta nu ln mt 
s hot ng v  v d nhm mc ch n tp li nhng kin thc  c v 
vect trong mt phng  p dng vo khng gian.  

1  

Cho h nh  hp ABCD.A'B'C'D' vi  tm O 

(h.83).  
a)  Hy ch ra trn  hnh  83 nhng vect bng  

nhau  khc vect 0  v  kim tra tnh  ng n  
ca ng thc 

    .AC' AB AD AA'= + +

   

    (1 )  

b)  Chng  minh  rng  

' .AB B'C' D'D AD D'C' B'B A C+ + = + + =

      

 

    Ch  

Cng thc (1 )  gi l  quy tc hnh hp  ( tm tng ca ba vect).  
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2 

Cho t d in  ABCD  vi  trng  tm G v  cc trung  im cc cnh  ca n (h.84).  

Hy ch ra trn  hnh  84 nhng vect khc 0  bng nhau v  kim tra xem ng thc 

4AB AC AD AG+ + =

   

 

c ng  khng  ?  
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3 

Cho hnh  lng  tr  ABC.A'B'C'.  t  ,AA' a=



 ,AB b=



 AC c=



 (h.85).  

1 ) Hy biu th mi vect ,B'C


 BC'


 qua cc vect ,a  ,b  .c  

2)  Gi  G' l  trng tm tam gic A'B'C'.  Biu th vect AG'


 qua ,a  ,b  .c  

V d 1  

Cho t din ABCD.  

1 .  Gi  M v  N ln l t l  trung im ca AB v  CD.  Chng t rng 

( ) ( )
1 1

2 2
MN AD BC AC BD= + = +

    

.  

2.  Chng minh rng im G l  trng tm ca t din ABCD khi v  ch khi 
mt trong hai iu kin sau xy ra :  

a)  0GA GB GC GD+ + + =

   

 ;  

b)  ( )
1

4
PG PA PB PC PD= + + +

    

 vi mi im P.  

Gii (h.86)  

1 .  S dng quy tc ba im,  ta c 

,MN MA AD DN= + +

   

 

.MN MB BC CN= + +
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Do    0MA MB+ =

 

 

v     0DN CN+ =

 

 

nn    ( ).
1

2
MN AD BC= +

  

 

T ng t nh  trn,  ta c 

   ( ).
1

2
MN AC BD= +

  

 

2.  a)  Ta c 

   ,2GA GB GM+ =

  

 

   .2GC GD GN+ =

  

 

im G l  trng tm ca t din ABCD  khi v  ch khi 

0GM GN+ =

 

 hay ( ) .2 0GM GN+ =

 

 

iu ny t ng  ng vi .0GA GB GC GD+ + + =

   

 

b)  G l  trng tm ca t din ABCD  khi v  ch khi 

.0GA GB GC GD+ + + =

   

 

iu ny c ngha l  vi im P  bt k,  ta c 

0PA PG PB PG PC PG PD PG +  +  +  =

       

,  

hay        ( ).
1

4
PG PA PB PC PD= + + +

    

        

V d 2 

Cho t din ABCD c AB =  c,  CD =  c',  AC =  b,  BD =  b',  BC =  a,  AD =  a'.  

Tnh gc gia cc vect  BC


 v  DA


.  

Gii.  Ta c  

      . .( ) . .BC DA BC DC CA CB CD CB CA= + = 

        

 

        ( ) ( )
2 2 2 2 2 21 1

2 2
CB CD BD CB CA AB= +   +   

        ( ).
2 2 2 21

2
AB CD BD CA= +      

T  gc ( , )BC DA
 

 xc nh bi 

    
'

.cos( , )

2 2 2 2

2

c c' b b
BC DA

aa'

+  
=
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2.  S ng  phng  ca cc vect.  iu  kin   ba vect ng  phng  

Ta bit rng,  vi hai  ng thng phn bit cho tr c trong khng gian,  

lun c mt phng song song vi hai  ng thng .  Nh ng ni chung,  

khng c mt phng song song vi ba  ng thng phn bit cho tr c.  

Nu c mt phng nh  vy th ta ni rng ba vect nm trn ba  ng 

thng y l  ng phng.  

nh ngha 

Ba vect gi l  ng phng  nu cc gi ca chng cng song 

song vi mt mt phng.  

Trn hnh 87,  gi ca ba vect 

,a  ,b  c  u song song vi mt 

phng (P)  nn ba vect  ,a  ,b  c  

ng phng.  

Nhn xt 

T nh ngha trn,  suy ra :  Nu ta 

v ,OA a=



 ,OB b=



 OC c=



 th 

ba vect ,a  ,b  c  ng phng khi 

v  ch khi bn im O ,  A ,  B,  C  cng nm trn mt mt phng hay ba  ng 

thng OA ,  OB,  OC  cng nm trong mt mt phng.  

B i ton 1  

Cho t din  ABCD.  Gi M v  N ln 

l t l  trung im ca AB v  CD.  

Chng minh rng ba vect ,BC


 ,MN


 

AD


 ng phng.  

4  ( gii  b i  ton  1 )  

Gi  P  v  Q  ln  l t l  trung  im ca AC  v  

BD .  Khi   MPNQ  l  h nh  bnh  hnh.  T 

,  hy suy ra iu  phi  chng  minh  (h.88).  
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iu kin  ba vect ng phng 

T nh ngha ba vect ng phng v  s khai trin mt vect theo hai 
vect khng cng ph ng trong hnh hc phng,  chng ta c th chng 
minh  c nh l sau (h.89).  

nh l 1  

Cho ba vect ,a  ,b  ,c  trong  a  v  b  khng cng 

ph ng.  iu kin cn v    ba vect ,a  ,b  c  ng 

phng l  c cc s m,  n sao cho .c ma nb= +  Hn na,  cc 
s m,  n l  duy nht.  

 
 
 

 

 

Hnh 89 

5 

Chng minh rng 

1 ) Nu c 0ma nb pc+ + =  v  mt trong ba s m,  n,  p  khc khng  th  ba vect ,a  

,b  c  ng  phng  ;  

2) Nu ,a  ,b  c  l  ba vect khng ng phng v  0ma nb pc+ + =  th m = n = p  = 0.  

B i ton 2 

Cho t din ABCD.  Cc im M v  N 
ln l t l  trung im ca AB v  CD.  
Ly cc im P,  Q  ln l t thuc cc 
 ng thng AD v  BC sao cho 

,PA kPD=

 

 QB kQC=

 

 (k    1 ) .  Chng 

minh rng cc im M,  N,  P,  Q  cng 
thuc mt mt phng (h.90).  

6  ( gii  b i  ton  2)  

1 )  T h thc ,PA kPD=

 

 hy chng  t 

.
1

MA kMD
MP

k


=
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T ng t,  ta cng  c  

.
1

MB kMC
MQ

k


=



 



 

2 )  T hai  ng  thc trn ,  chng  minh  rng  

k
MP MQ MN

k

2
.

1
+ =



  

 

Vy cc im M,  N,  P,  Q  cng  thuc mt mt phng.  

nh l 1  ni n iu kin  c th biu th mt vect qua hai vect 
khng cng ph ng.  nh l d i y s ni v biu th mt vect qua ba 
vect khng ng phng.  

nh l 2  

Nu ,a  ,b  c  l  ba vect khng ng phng th vi mi vect 

,d  ta tm  c cc s m,  n,  p sao cho .d ma nb pc= + +  Hn 

na,  cc s m,  n,  p l  duy nht.  

Chng minh 

T im O ,  ta t ,OA a=



 ,OB b=



 

,OC c=



 OD d=



 th O ,  A ,  B,  C  khng 

cng thuc mt mt phng.  

T im D  k  ng thng song song (hoc 
trng)  vi  ng thng OC,  ct mt phng 
(OAB)  ti im D' (h.91 ).  Khi  

.= +

  

OD OD' D'D  

Theo nh l 1 ,  ta c cc s m,  n  sao cho 

.OD' ma nb= +



 Ngoi ra do D'D


 v  c  

cng ph ng nn c s p   .D'D pc=



 Vy 

.OD ma nb pc= + +



 

Gi s cn c OD m'a n'b p'c= + +



 th 

m m' a n n' b p p' c( ) ( ) ( ) 0. +  +  =  

V a,  b ,  c  khng ng phng nn m    m' =  n    n' =  p    p' =  0 hay m  =  m',  

n  =  n',  p  =  p'.  Suy ra cc s m,  n,  p  l  duy nht.           
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B i ton 3 

Cho hnh hp ABCD.A'B'C'D'.  Xt cc im M v  N ln l t thuc cc  ng 

thng A'C v  C'D sao cho  ,MA' kMC=
 

 NC' lND=
 

 (k v  l  u khc  1 ).  

t  ,BA a=


 ' ,BB b=


 .BC c=


 

a)  Hy biu th cc vect BM


 v  BN


 qua cc vect ,a  ,b  .c  

b)  Xc nh cc s k,  l   ng thng MN song song vi  ng thng BD'.  

Gii  (h.92)  

a)  T gi thit ta c :  

  
'

,
1

BA kBC
BM

k


=



 



  do   

  = + 
  

 1 1

1 1 1

k
BM a b c

k k k
 ;  

  
'

,
1

BC lBD
BN

l


=



 



 do   

  .
1

1 1

l
BN a b c

l l
=  + +

 



 

b)  V BD' v  C'D  l  hai  ng thng cho nhau v  N thuc  ng thng C'D  
nn  ng thng MN  khng th trng vi  ng thng BD'.  Vy  ng 

thng MN  song song vi  ng thng BD' khi v  ch khi .MN pBD'=
 

 

Do MN BN BM= 
  

 nn ta c 

.
1 1 1

1
1 1 1 1 1

l k
MN a b c

l k l k k

     
=   +  + +     

          



 

Mt khc BD' a b c= + +


 (quy tc hnh hp) m  ,a  ,b  c  l  ba vect 

khng ng phng nn 

MN pBD'=
 

   

1

1 1
1 1

1 1

1
1

l
p

l k

p
l k
k

p
k


  =  




 =
 


+ = 

    l  =  1 ,   k =  3, .
1

4
p =  
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Vy khi k  =  3,  l  =  1  th  ng thng MN  v   ng thng BD' song song 

vi nhau.                         

Cu hi  v  b i  tp 

1.  Ba vect ,a  ,b  c  c ng phng khng nu mt trong hai iu sau y 

xy ra ?  

a)  C mt vect trong ba vect  bng .0  

b)  C hai vect trong ba vect  cng ph ng.  

2.  Cho hnh chp S.ABCD .  

a)  Chng minh rng nu ABCD  l  hnh bnh hnh th .SB SD SA SC+ = +

   

 

iu ng c li c ng khng ?  

b)  Gi O  l giao im ca AC  v BD.  Chng t rng ABCD  l  hnh bnh hnh 

khi v  ch khi .4SA SB SC SD SO+ + + =

    

 

3.  Cho hnh lng tr tam gic ABC.A'B'C'.  Gi G  v  G' ln l t l  trng tm 

ca tam gic ABC  v  A'B'C',  I l  giao im ca hai  ng thng AB' v  

A'B.  Chng minh rng cc  ng thng GI v  CG' song song vi nhau.  

4.  Cho hnh hp ABCD.A'B'C'D'.  Gi M v  N ln l t l trung im ca CD  v  

DD' ;  G v  G' ln l t l  trng tm ca cc t din A'D'MN v  BCC'D'.  Chng 

minh rng  ng thng GG' v  mt phng (ABB'A')  song song vi nhau.  

5.  Trong khng gian cho tam gic ABC.  

a)  Chng minh rng nu im M  thuc mp(ABC)  th c ba s x,  y,  z  m  

x  +  y  +  z  =  1  sao cho OM xOA yOB zOC= + +

   

 vi mi im O .  

b)  Ng c li,  nu c mt im O  trong khng gian sao cho 

,OM xOA yOB zOC= + +

   

 trong  x  +  y  +  z  =  1  th  im M  thuc 

mp(ABC) .  

6.  Cho hnh chp S.ABC.  Ly cc im A',  B',  C' ln l t thuc cc tia SA ,  SB,  

SC  sao cho SA  =  aSA',  SB  =  bSB',  SC  =  cSC',  trong  a,  b,  c  l  cc s thay 

i.  Chng minh rng mt phng (A'B'C')  i qua trng tm ca tam gic 

ABC  khi v  ch khi a  +  b  +  c  =  3 .  
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1 .  Gc gia hai   ng thng 

Cho hai  ng thng ,1  2  bt k trong khng 

gian.  T im O  no ,  ta v hai  ng thng 
' ,1  '2  ln l t song song (hoc trng) vi 

,1  .2  D thy rng khi im O  thay i th 

gc gia '1  v  '2  khng thay i (h.93).  V 

vy ta c nh ngha sau 

nh ngha 1  

Gc gia hai  ng thng  1  v  2  l  gc gia hai  ng 

thng '1  v  '2  cng i qua mt im v  ln l t song song 

(hoc trng)  vi 1  v  2 .  

Nhn xt 

1 )   xc nh gc gia hai  ng thng 1  v  ,2  ta c th ly im O  

ni trn thuc mt trong hai  ng thng .  

2)  Gc gia hai  ng thng khng v t qu 90
o
.  

3 )  Nu ,1u  2u  ln l t l  vect ch ph ng ca cc  ng thng ,1  2  v  

( , )1 2u u =  th gc gia hai  ng thng 1  v  2  bng   nu     90
o
 

v  bng o180   nu .
o90 >  

V d 1  

Cho hnh chp  S.ABC  c 

SA  =  SB  =  SC  = AB  =  AC  =  a v  2BC a= .  

Tnh gc gia hai  ng thng SC  v  AB  (h.94).  

?  Cc mt ca hnh chp  S.ABC  l  nhng tam 

gic c g c bit ?  
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Gii 

Cch 1 .  Ta tnh gc gia hai vect SC


 v  .AB


 

Ta c 

. ( ) .
cos( , )

.
2

SC AB SA AC AB
SC AB

aSC AB

+
= =

    
 

   

  
. .

.

2

2 2

0
12
2

a
SA AB AC AB

a a

 +
+

= = = 

   

 

Suy ra SC AB o( , ) 120 .=

 

 

Vy gc gia hai  ng thng SC  v  AB  bng 60
o
.  

Cch 2 .  Gi M,  N,  P  ln l t l  trung im ca SA,  SB,  AC.  Khi  MN // AB,  

MP  // SC.   tnh gc gia hai  ng thng SC  v  AB,  ta cn tnh NMP .  

Ta c    MN  =  MP  = ,
2

a
    ,

2
2 3

4

a
SP =    ,

2
2 5

4

a
BP =  

.
2

2 2 22
2

SB
BP SP NP+ = +  

Vy .
2

2 3

4

a
NP =  

Mt khc 

. cos ,
2 2 2 2NP NM MP MN MP NMP= +   

do     cos ,

. .

2

14
22

2 2

a

NMP
a a

=  =   suy ra  .
o120NMP =  

Vy gc gia hai  ng thng SC  v  AB  bng 60
o
.          

2.  Hai   ng  thng vung gc 

nh ngha 2  

Hai  ng thng  c gi l  vung gc vi nhau  nu gc 

gia chng bng  90
o
.  
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Khi hai  ng thng a  v b  vung gc vi nhau, ta cn ni gn l hai  ng 
thng a  v b  vung gc, v k hiu a    b  hay b    a.  Nh  vy a    b    . ,0u v =  

  u  v  v  ln l t l  cc vect ch ph ng ca a  v  b.  

T nh ngha trn,  ta c nhn xt sau 

Nhn xt 

Mt  ng thng vung gc vi mt trong hai  ng thng song song th 
vung gc vi  ng thng cn li.  

1  

Cho hnh  hp ABCD.A'B'C'D' c tt c cc cnh  bng  nhau  (hnh  hp nh  th gi  
l  hnh hp thoi) .  Hy gii  thch  ti  sao AC    B'D'.  

V d 2 

Cho hnh hp thoi  ABCD.A'B'C'D' c tt 
c cc cnh bng a v  

   .
o60ABC B'BA B'BC= = =  

Tnh din tch t gic  A'B'CD.  

Gii (h.95)  

Tr c ht ta d thy A'B'CD l  hnh bnh 
hnh,  ngoi ra B'C  =  a  =  CD  nn A'B'CD  
l  hnh thoi.  Ta s chng minh A'B'CD  l  
hnh vung.  

Tht vy,  ta c 

. ( ).CB' CD CB BB' BA= +

    

 . .CB BA BB' BA= +

   

 
2 2

0
2 2

a a
=  + = .  

Vy c CB'   CD ,  do  A'B'CD  l  hnh vung.  

T  din tch hnh vung A'B'CD  bng a
2
.   

V d 3  

Cho hnh t din  ABCD,  trong   AB    AC,  
AB    BD .  Gi  P  v  Q  l  cc im ln l t 
thuc cc  ng thng  AB  v  CD  sao cho 

,PA kPB=

 

 QC kQD=

 

 (k   1 ) .  Chng 

minh rng  AB  v  PQ  vung gc vi nhau 
(h.96).  

 

 

 

 

 

 

 
 
 

Hnh 95 
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2  ( gii  v d  3)  

B iu  th   PQ


 theo ,PA


 ,AC


 CQ


 v  PQ


 theo ,PB


 ,BD


 DQ


  c  

(1 ) .k PQ AC kBD = 
  

 

Tnh  tch  v h ng ca (1 )k PQ


 vi  .AB


 T  suy ra iu  phi  chng  minh.  

V d 4 

Tnh cc gc gia cc cp  ng thng DA v  BC,  DB v  AC,  DC v  AB 
ca t din ABCD,  bit rng DA  =  BC =  a,  DB  =  AC  =  b,  DC  =  AB  =  c.  

Gii 

Theo kt qu  v d 2 1 ,  ta c 

.cos( , )


=
 

2 2

2

c b
BC DA

a
 

Vy gc gia hai  ng thng BC  v  AD  l    m  .cos


=
2 2

2

c b

a
  

T ng t nh  trn,  nu gi   v    ln l t l  gc gia cc cp  ng thng 
AC  v  BD,  AB  v  DC  th  

       cos ,

2 2

2

a c

b



=     .cos


=

2 2

2

a b

c
        

Cu hi  v  b i  tp 

7.  Mi khng nh sau c ng khng ?  

a)  Hai  ng thng cng vung gc vi  ng thng th ba th song song 
vi nhau.  

b)  Hai  ng thng cng vung gc vi  ng thng th ba th vung gc 
vi nhau.  

8.  a)  Cho vect n  khc 0  v  hai vect ,a  b  khng cng ph ng.  Chng minh 

rng nu vect n  vung gc vi c hai vect a  v  b  th ba vect ,n  ,a  b  

khng ng phng.  

b)  Chng minh rng ba vect cng vung gc vi vect 0n   th ng 
phng.  T  suy ra cc  ng thng cng vung gc vi mt  ng thng 
th cng song song vi mt mt phng.  
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9.  Cho hnh chp S.ABC  c SA  =  SB  =  SC  v    
.ASB BSC CSA= =  Chng minh 

rng SA    BC,  SB   AC,  SC    AB.  

10.  Cho hnh t din ABCD.  Chng minh rng nu . . .AB AC AC AD AD AB= =

     

 

th AB    CD,  AC    BD,  AD    BC.  iu ng c li c ng khng ?  

11.  Cho hnh t din ABCD c AB  =  AC =  AD  v   ,

o60BAC =   .

o60BAD =  

Chng minh rng :   

a)  AB    CD  ;  

b)  Nu I v  J ln l t l  trung im ca AB  v  CD  th IJ   AB  v  IJ   CD .  

 

1 .  nh  ngha  ng  thng vung gc vi  mt phng  

B i ton 1  

Cho hai  ng thng ct nhau  b v  c  cng nm trong mt phng  (P) .  

Chng minh rng nu   ng thng a vung gc vi c b v  c  th n vung 
gc vi mi  ng thng nm trong  (P).  

1  ( gii  b i  ton  1 )  

 K h iu  ,u  ,v  ,w  r  l n  l t l  vect ch  

ph ng  ca  cc  ng  thng  a ,  b ,  c ,  d,  
trong   d  l   ng  thng  bt k  nm  trong  

(P)  (h .97) .  G i  th it ca  b i  ton  c  ngha 

l  . . 0.u v u w= =  

Hy chng  t . 0.u r =  

Khi a  vung gc vi mi  ng thng nm trong mt phng (P)  th ta ni 

rng  ng thng a vung gc vi mt phng (P).  Vy ta c nh ngha 

 

 

 

 
 
 

Hnh 97 
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nh ngha 1  

Mt  ng thng gi l  vung gc  vi mt mt phng nu n 
vung gc vi mi  ng thng nm trong mt phng .  

Khi  ng thng a  vung gc vi mt phng (P),  ta cn ni mt phng (P)  
vung gc vi a  hoc a  v  (P)  vung gc vi nhau,  v  k hiu a    (P)  hoc 

(P)    a.  

T bi ton 1  v  nh ngha trn,  ta c nh l sau ni v iu kin  
 ng thng v  mt phng vung gc vi nhau.  

nh l 1  

Nu  ng thng d vung gc vi hai  ng thng ct nhau 
a v  b  cng nm trong mt phng (P)  th  ng thng d 
vung gc vi mt phng (P) .  

2 

Chng t rng  nu  mt  ng  thng  vung  gc vi  hai  
cnh  ca mt tam gic th  n cng  vung  gc vi  cnh  
th ba,  tc l  phi  chng  minh  (h.98)  :  

.
a AB

a BC
a AC

 
 

 
 

2.  Cc tnh cht 

T nh ngha nu trn,  ta c cc tnh cht sau :  

Tnh cht 1  

C duy nht mt mt phng (P)  i qua mt im O cho tr c 
v  vung gc vi mt  ng thng a cho tr c.  

Tnh cht 2 

C duy nht mt  ng thng  i qua mt im O cho 
tr c v  vung gc vi mt mt phng (P)  cho tr c.  

Nhn xt 

 Mt phng (P)  ni trong tnh cht 1   c xc nh bi hai  ng thng phn 
bit b  v  c  cng i qua im O  v  cng vung gc vi  ng thng a (h.99).  
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       Hnh 99           Hnh 1 00 

  ng thng  trong tnh cht 2 l  giao tuyn 
ca hai mt phng (Q)  v  (R)  cng i qua O  v  
ln l t vung gc vi hai  ng thng ct nhau 
a  v  b  nm trong mt phng (P)  (h.1 00).  

 T tnh cht 1 ,  ta thy c duy nht mt mt 
phng vung gc vi AB  ti trung im O  ca on 
thng AB.  Mt phng  gi l mt phng trung 
trc  ca on thng AB  (h.101 ).  

D thy rng  mt phng trung trc ca on 
thng l  tp hp cc im cch u hai u mt 
ca on thng .  

3 
Tm tp hp cc im cch  u  ba nh  ca tam gic ABC.  

Trong ch ng II,  ta   cp n quan h song song gia hai  ng thng, 
gia  ng thng v  mt phng, gia hai mt phng.  Kt hp vi cc tnh cht 
nu trn,  ta c th chng minh  c mt s tnh cht ni v mi lin h gia 
quan h song song v  quan h vung gc ca  ng thng v  mt phng.  

3.  Lin  h gia quan  h song  song v  quan  h vung gc ca  ng  
thng v  mt phng  

Tnh cht 3  (h.1 02)  

a)  Mt phng no vung gc vi mt trong hai  ng thng 
song song th cng vung gc vi  ng thng cn li.  

b)  Hai  ng thng phn bit cng vung gc vi mt mt 
phng th song song vi nhau.  
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Tnh cht 3   c vit gn l  :  

//
( )

( )






a b
P b

P a
 ;  

( )

( ) // .

a P

b P a b

a b





 

           

Tnh cht 4 (h.103)  

a)   ng thng no vung gc vi mt trong hai mt phng 

song song th cng vung gc vi mt phng cn li.  

b)  Hai mt phng phn bit cng vung gc vi mt  ng 

thng th song song vi nhau.  

Tnh cht 4  c vit gn l  :  

( ) //( )
( )

( )

P Q
a Q

a P





 ;  

( )

( ) ( ) //( ).

( ) ( )

P a

Q a P Q

P Q





 

 

Nhn xt 

Trong tnh cht 3 ,  nu ta thay cc cm t 

"mt phng"  thnh " ng thng",  " ng 

thng"  thnh "mt phng",  cn cc t khc gi nguyn th ta c tnh cht 4.  

Tnh cht 5  (h.104)  

a) Cho  ng thng a v  mt phng (P)  song song vi nhau.  

 ng thng no vung gc vi (P)  th cng vung gc vi a.  

b)  Nu mt  ng thng v  mt mt phng (khng cha 

 ng thng )  cng vung gc vi mt  ng thng th 

chng song song vi nhau.  

Hnh 1 02
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Tnh cht 5   c vit gn l  :  

// ( )

( )

a P
b a

b P





 ;  

( )

( )

a P

a b

P b

 





   a  // (P).  

4.  nh  l  ba  ng  vung gc  

Php chiu vung gc 

Mt tr ng hp th ng gp ca php chiu song song l  php chiu 
vung gc.  

nh ngha 2  

Php chiu song song ln mt phng (P)  theo ph ng l vung gc 
vi mt phng (P) gi l  php chiu vung gc  ln mt phng (P).  

V php chiu vung gc ln mt phng (P)  l  tr ng hp c bit ca php 
chiu song song nn n c mi tnh cht ca php chiu song song.  Php 
chiu vung gc ln mt phng (P)  cn  c gi n gin l  php chiu ln 
mt phng (P).  Nu H ' l hnh chiu vung gc ca hnh H trn mp(P) th ta 

cng ni H ' l  hnh chiu  ca H trn mt phng (P).  

nh l ba  ng vung gc 

nh l 2  

Cho  ng thng a khng vung gc vi mt phng (P)  v  
 ng thng b nm trong (P).  Khi ,  iu kin cn v    b 
vung gc vi a l  b vung gc vi hnh chiu a' ca a trn (P).  

Chng minh 

Nu a  nm trong (P) th kt qu l hin nhin.  

Nu a  khng nm trong (P)  th ta ly hai 
im phn bit A  v  B  thuc a.  Gi A' v  
B' ln l t l  hnh chiu ca A  v  B  trn 
(P),  khi  hnh chiu a' ca  ng thng 
a  trn (P)  chnh l   ng thng i qua hai 
im A' v  B' (h.1 05).  

Hnh 1 04  

 

 

 

 

 

 

 

Hnh 1 05 
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V b    (P)  nn b    AA'.  

Vy nu b    a  th b    mp(a',  a),  do  b    a'.  

Ng c li,  nu b    a' th b    mp(a',  a),  do  b    a.          

5.  Gc gia  ng thng v  mt phng  

Cho  ng thng a  v  mt phng (P).  Ta c nh ngha sau (h.1 06)  

 

 
 

 
 

 

a)             b)  
Hnh 1 06 

nh ngha 3  

Nu  ng thng a vung gc vi mt phng (P)  th ta ni 

rng gc gia  ng thng a v  mt phng (P)  bng 90
o
.  

Nu  ng thng a khng vung gc vi mt phng (P)  th 
gc gia a v  hnh chiu a' ca n trn (P)  gi l  gc gia 
 ng thng a v  mt phng (P) .  

L u  rng gc gia  ng thng v  mt phng khng v t qu  90
o
.  

V d 

Cho hnh chp  S.ABCD  c y l  hnh vung, SA    mp(ABCD).  

1 .  Gi  M v  N ln l t l  hnh chiu ca im A  trn cc  ng thng SB 
v  SD.  

a)  Chng minh rng  MN  // BD  v  SC    (AMN).  

b)  Gi K l  giao im ca SC  vi mp(AMN).  Chng minh t gic AMKN  
c hai  ng cho vung gc.  

2.  Tnh gc gia  ng thng SC  v  mt phng  (ABCD)  khi ,2SA a=  

AB  =  a.  



 1 02 

Gii (h.1 07)  

1 .  a)  Hai tam gic vung SAB  v  SAD  
bng nhau c cc  ng cao t ng 

ng l  AM  v  AN  nn BM  =  DN.  Mt 

khc,  tam gic SBD  cn ti  nh S  

nn MN  song song vi BD .  

Ta c BC    (SAB)  nn BC    AM  ;  mt 

khc SB    AM,  do  AM    SC.  

T ng t,  AN   SC.  Vy SC    (AMN).  

b)  Do MN  // BD  m  BD    (SAC)  nn 

MN    (SAC),  t  MN    AK.  

2.  Ta c AC  l  hnh chiu ca SC  trn mt phng (ABCD).  Mt khc 

,2AC a=  2SA a=  nn .

o45SCA =  Vy,  gc gia SC  v  mt phng 

(ABCD)  bng 45
o
.                      

Cu hi  v  b i  tp 

12.  Khng nh "Mt  ng thng vung gc vi hai  ng thng phn bit 

trong mt phng (P)  th n vung gc vi (P)"  c ng khng ?  V sao ?  

13.  Cho hai  ng thng a,  b  v  mt phng (P).  Cc mnh  sau ng hay sai ?  

a)  Nu a  // (P)  v  b    (P)  th b    a.  

b)  Nu a  // (P)  v  b    a  th b    (P).  

c)  Nu a  // (P),  b  // a  th b  // (P).  

14.  Cho im S  c hnh chiu trn mp(P)  l  H.  Vi im M  bt k trn (P)  

(M  khng trng H),  ta gi on thng SM  l   ng xin,  on thng HM  l  

hnh chiu ca  ng xin  .  Chng minh rng :  

a)  Hai  ng xin bng nhau khi v  ch khi hai hnh chiu ca chng 
bng nhau.  

b)  Vi hai  ng xin cho tr c,   ng xin no di hn th c hnh chiu 
di hn v  ng c li,   ng xin no c hnh chiu di hn th di hn.  

15.  Cho t din ABCD .  Tm im O  cch u bn nh ca t din.  
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16.  Cho hnh t din ABCD  c AB,  BC,  CD  i mt vung gc v  AB  =  a,  

BC  =  b,  CD  =  c.  

a)  Tnh  di AD .       b)  Ch ra im cch u A ,  B,  C,  D .  

17.  Cho hnh t din OABC  c ba cnh OA ,  OB,  OC  i mt vung gc.  

a)  Chng minh tam gic ABC  c  ba gc nhn.  

b)  Chng minh rng hnh chiu H ca im O  trn mp(ABC)  trng vi trc 
tm tam gic ABC.  

c)  Chng minh rng .

2 2 2 2

1 1 1 1

OH OA OB OC

= + +  

18.  Cho hnh chp S.ABC  c SA    mp(ABC)  v  tam gic ABC khng vung.  Gi 
H v  K ln l t l  trc tm ca cc tam gic ABC  v  SBC.  Chng minh rng :  

a)  AH,  SK,  BC  ng quy ;  

b)  SC    mp(BHK)  ;  

c)  HK   mp(SBC).  

19.  Cho hnh chp S.ABC  c y l  tam gic u cnh a  v  SA  =  SB  =  SC  =  b.  
Gi G  l  trng tm tam gic ABC.   

a)  Chng minh rng SG    (ABC).  Tnh SG.  

b)  Xt mt phng (P)  i qua A  v  vung gc vi  ng thng SC.  Tm h 

thc lin h gia a  v  b   (P)  ct SC  ti im 1C  nm gia S  v  C.  Khi  

hy tnh din tch thit din ca hnh chp S.ABC  khi ct bi mp(P).  

20.  a) Cho t din ABCD  c AB    CD,  AC    BD.  Chng minh rng AD    BC.  
Vy,  cc cnh i din ca t din  vung gc vi nhau.  T din nh  th 
gi l  t din trc tm.  

b)  Chng minh cc mnh  sau y l  t ng  ng :  

i)  ABCD  l  t din trc tm.  

ii)  Chn  ng cao ca t din h t mt nh trng vi trc tm ca mt 
i din.  

iii)  2 2 2 2 2 2
AB CD AC BD AD BC+ = + = + .  

c)  Chng minh rng bn  ng cao ca t din trc tm ng quy ti mt 
im.  im  gi l  trc tm ca t din  ni trn.  
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1 .  Gc gia hai  mt phng  

Cho hai mt phng (P)  v  (Q).  Ly hai 
 ng thng a  v  b  ln l t vung gc vi 
(P)  v  (Q)  (h.108).  Khi ,  gc gia hai 
 ng thng a  v  b  khng ph thuc vo 
cch la chn chng v   c gi l  gc 
gia hai mt phng (P)  v  (Q).  

nh ngha 1  

Gc gia hai mt phng  l  
gc gia hai  ng thng 
ln l t vung gc vi hai 
mt phng .  

Cch xc nh gc gia hai mt phng 

?1  Khi  hai mt phng (P)  v  (Q)  song song hoc trng nhau th gc gia 

chng bng bao nhiu ?  

By gi,  gi s (P)  v  (Q)  ct nhau 
theo giao tuyn .  Ta v mt mt 
phng (R)  vung gc vi  v  gi p,  
q  ln l t l  giao tuyn ca (R)  vi 
(P)  v  (R)  vi (Q).  Khi ,  gc gia 
(P)  v  (Q)  bng gc gia p  v  q.  

Tht vy,  trong mp(R),  xt cc 
 ng thng a  v  b  ln l t vung 
gc vi p  v  q  th a    (P),  b    (Q)  
v  d thy gc gia hai  ng thng 
a,  b  bng gc gia hai  ng thng 
p,  q  (h.109).  Nh  vy ta c :  

     Ch   

Khi hai mt phng (P)  v  (Q)  ct nhau theo giao tuyn ,   tnh 
gc gia chng,  ta ch vic xt mt mt phng (R)  vung gc vi 
,  ln l t ct (P)  v  (Q)  theo cc giao tuyn p  v  q.  Lc ,  gc 

gia (P)  v  (Q)  bng gc gia hai  ng thng p,  q.  
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V d 

Cho hnh chp S.ABC c SA    (ABC).  Gi   
l  gc gia hai mt phng  (ABC)  v  (SBC).  
Chng minh rng  . cos ,=ABC SBCS S    y 

k hiu  SABC  l  din tch tam gic ABC.  

Gii (h.1 1 0)  

K  ng cao AH  ca tam gic ABC.  Do 

SA   mp(ABC) nn SH   BC.  Suy ra SHA =  

v  AH =  SH.cos.  T  ta c 

    . . . cos . cos .= = =
1 1

2 2ABC SBCS BC AH BC SH S        

M rng kt qu ca v d trn,  ta c nh l tng qut sau y :  

nh l 1  

Gi S l  din tch ca a gic H trong mt phng (P)  v  S' 
l  din tch hnh chiu H ' ca H trn mt phng (P')  th 

. cos ,S' S =  trong    l  gc gia hai mt phng (P)  v  (P').  

2.  Hai  mt phng  vung  gc 

nh ngha 2  

Hai mt phng  gi l  vung gc  vi nhau  nu gc gia chng 

bng  90o.  

Khi hai mt phng (P)  v  (Q)  vung gc vi nhau 
th ta cn ni gn l  hai mt phng  (P)  v  (Q)  
vung gc,  k hiu (P)    (Q)  hay (Q)    (P).  

1  
Cho hnh  t d in  ABCD  c AB,  AC,  AD  i  mt vung  
gc (h. 1 1 1 ).  Hy ch ra cc  ng  thng ln  l t vung  
gc vi  cc mt phng  (ABC) ,  (ACD) ,  (ABD)  v  t  
suy ra cc mt phng  y i  mt vung  gc.  

iu kin  hai mt phng vung gc 

nh l d i y ni v mt iu kin  hai mt phng vung gc.  

nh l 2  

Nu mt mt phng cha mt  ng thng vung gc vi mt 
mt phng khc th hai mt phng  vung gc vi nhau.  
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Chng minh (h.1 12)  

Gi s (P)  l  mt phng cha  ng thng a  
m  a  vung gc vi mp(Q).  Gi H l  giao 
im ca a  v  (Q)  th H thuc giao tuyn c  
ca (P)  v  (Q).  Trong (Q),  k  ng thng b  
i qua H v  vung gc vi c.  Khi ,  gc 
gia (P)  v  (Q)  chnh l  gc gia a  v  b.  V 
a   (Q)  nn a   b,  t  suy ra hai mt 
phng (P)  v  (Q)  vung gc vi nhau.     

Ng c li,  nu cho hai mt phng vung gc 
vi nhau th mt phng ny c cha  ng thng vung gc vi mt phng 
kia hay khng ?  nh l 3  sau y tr li cu hi .  

Tnh cht ca hai mt phng vung gc 

nh l 3  

Nu hai mt phng (P)  v  (Q)  vung gc vi nhau th bt c 
 ng thng a  no nm trong (P),  vung gc vi giao tuyn 
ca (P)  v  (Q)  u vung gc vi mt phng (Q).  

Chng minh  (h.1 12)  

Gi c  l  giao tuyn ca (P)  v  (Q),  H l  giao im ca a  v  c.  Trong 
mp(Q),  k  ng thng b  i  qua im H v  vung gc vi c.  Khi ,  gc 
gia (P)  v  (Q)  chnh l  gc gia a  v  b.  V (P)   (Q)  nn a   b.  Nh  vy,  
ta c  ng thng a  vung gc vi hai  ng thng b,  c  ct nhau cng 
thuc (Q),  suy ra a   (Q).                   

T nh l 2 v  nh l 3 ,  ta d dng suy ra cc h qu sau :  

H qu 1  (h.1 1 3)  

Nu hai mt phng (P)  v  (Q)  vung gc vi nhau v  A  l  
mt im nm trong (P)  th  ng thng a i qua im A v  
vung gc vi (Q)  s nm trong (P) .  

H qu 1   c vit gn l  :  

  (P)   (Q)  
  A    (P)  
  a   (Q)  
  A    a  

                Hnh 1 1 3  

 

 

 

 

 

 

 
 

Hnh 1 1 2  

( ).a P
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H qu 2  (h.1 14)  

Nu hai mt phng ct nhau v  cng vung gc vi mt phng 
th ba th giao tuyn ca chng vung gc vi mt phng th ba.  

H qu 2  c vit gn l  :  

  (P)    (Q)  =  a  

  (P)    (R)         a    (R) .  

  (Q)    (R)  

 

 
 

            Hnh 1 1 4  

T nh l 2,  ta nhn thy nu  ng 
thng a  vung gc vi mt phng (P) 
th qua a  c  v s mt phng 
vung gc vi (P)  (h.1 1 5).  Vy 
khi a  khng vung gc vi (P)  th 
c bao nhiu mt phng cha a  v  
vung gc vi (P)  ?  

H qu sau s tr li cu hi .  

 

H qu 3                   

Qua  ng thng a khng vung gc vi mt phng (P)  c 
duy nht mt mt phng (Q)  vung gc vi mt phng (P) .  

 

2  ( chng  minh  h qu 3)  

  Ly im O  thuc a,  dng   ng  thng  
b  i  qua im O  v  vung  gc vi  (P) .  
Hy chng  t mp(a,  b)  chnh  l  mp(Q)  
phi  tm (h.1 1 6).  
  S dng h qu 2  chng minh  tnh  
duy nht ca mt phng  (Q) .  

 

 

 

 

 

 

 
 

Hnh 1 16 

Hnh 1 1 5



 1 08  

3.  Hnh  lng  tr  ng.  Hnh  hp ch nht.  Hnh  lp ph ng  

Trong ch ng II,  ta  nu nh ngha hnh lng tr.   phn ny,  ta s xt 
mt s hnh lng tr c bit.  

nh ngha 3  Hnh v  ? 2  

Hnh lng tr ng 

L  hnh lng tr c cnh 
bn vung gc vi mt 
y (h.117).  

 

 

 

 
 
 

Hnh 1 17 

  Cc mt bn ca hnh 
lng tr ng l  hnh g ?  

 Cc mt bn ca hnh 
lng tr ng c vung 
gc vi mt y khng ?  

 Hnh lng tr u 

L  hnh lng tr ng c 
y l  a gic u 
(h.1 18).  

 

 

 

 

 

 

 
 
 

Hnh 1 18 

Cc mt bn ca hnh 
lng tr u c bng 
nhau khng ?  

 Hnh hp ng 

L  hnh lng tr ng c
y l  hnh bnh hnh 
(h.119).  

 

 

 

 

 

 

Hnh 1 19 

Hnh hp ng c bao 
nhiu mt l  hnh
ch nht ?  

Hnh hp ch nht 

L  hnh hp ng c
y l  hnh ch nht 
(h.120)  

 

 

 

 

 

Hnh 1 20 

Su mt ca hnh hp ch 
nht c phi l  nhng 
hnh ch nht khng ? 
Ng c li, mt hnh hp 
m  su mt ca n l  hnh 
ch nht c phi l  hnh 
hp ch nht khng ? 
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nh ngha 3  Hnh v  ? 2  

Hnh lp ph ng 

L  hnh hp ch nht c 
tt c cc cnh bng 
nhau (h.121).  

 

 

 

 

 

Hnh 1 21  

Hnh hp ch nht m  
din tch cc mt u 
bng nhau c phi l  
hnh lp ph ng hay 
khng ?  

Bi  ton 

Tnh  di  ng cho ca hnh hp ch nht khi bit  di ba cnh xut 
pht t mt nh l  a,  b,  c  (a,  b,  c  gi l  ba kch th c ca hnh hp ch nht).  

Gii (h.1 22)  

 T     AC' AB AD AA'= + +

   

 

v     . . . 0AB AD AB AA' AD AA'= = =

     

 

ta c      
2 2 2 2AC' a b c= + +



 

hay    .

2 2 2AC' a b c= + +          Hnh 1 22  

T ng t cc  ng cho cn li cng bng .

2 2 2a b c+ +       

? 3   di  ng cho ca hnh lp ph ng cnh a bng bao nhiu ?  

4.  Hnh  chp u  v  hnh  chp ct u  

nh ngha 4 

Mt hnh chp  c gi l  hnh chp u  nu y ca n l  
a gic u v  cc cnh bn bng nhau.  

 
 
 

 

 

 

 

 

Hnh 1 23  
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Ta bit rng i vi mt hnh chp bt k,   ng thng vung gc vi mt 
y k t nh gi l   ng cao  ca hnh chp.  

? 4  Cc kt qu sau y v hnh chp u c ng khng ?  V sao ?  

 Mt hnh chp l  hnh chp u khi v  ch khi y ca n l  a gic u 
v   ng cao ca hnh chp i qua tm ca y (tm ca a gic u 
chnh l  tm  ng trn ngoi tip v  ni tip a gic ).  

 Mt hnh chp l  hnh chp u khi v  ch khi y ca n l  a gic u 
v  cc cnh bn to vi mt y cc gc bng nhau.  

nh ngha 5 

Khi ct hnh chp u bi mt 
mt phng song song vi y 
  c mt hnh chp ct th 
hnh chp ct   c gi l  
hnh  chp ct u.  

on ni tm ca hai y  c gi l  
 ng cao  ca hnh chp ct u.  

? 5  Ti sao trong hnh chp ct u,  cc mt 

bn l  nhng hnh thang cn bng nhau ?  

Em  c  b i t  

Nhiu  Kim  t thp (t 
Hn  - Vit ngha l  ci  

thp h nh  ch kim  ,  
tc l  h nh  chp)    c 
xy dng   Ai  Cp bt 
u  khong  2500 nm 
tr c cng  nguyn.  Cc 
thp  l  nhng  ngi  m 
ca vua,  hong  hu,  . . .  
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Kim  t thp K-p (Chops)  ( h nh  trn)  l  thp ln  nht.  N  c coi  l  mt 
trong  by k  quan  ca  th g ii .   l  mt h nh  chp t g ic u ,  y l  mt h nh  
vung  c  cnh  d i  khong  230m,  ngy x a  c  ch iu  cao khong  1 47m,  ngy 
nay ch cn  cao 1 38m do b  xi  mn   nh.  Trong  hn  4000 nm,   l  kin  trc 
cao nht th g ii .  Mi  n  thi  Trung  c mi  c mt s nh  th cao hn.  Thp 
nng  khong  6  triu  tn  v   c to thnh  bi  hn  2  300 000  tng  .  

 bn  trong  kim  t thp K-p c "bung  ca vua"  dng  h nh  hp ch nht,  d i  
20  "cnh  tay",  rng  1 0  "cnh  tay",  cao 1 1 , 1 8  "cnh  tay"  ("cnh  tay"  l  n  v   
d i  thi  c,  xp x 52,5cm).  S o kh l 1 1 , 1 8 ny  hp dn  cc nh  kho cu  :  
phi  chng  c th g ii  thch  iu  ny khi  tnh   d i   ng  cho h nh  hp v   
d i   ng  cho mt bn  ca h nh  hp  ?  

Cu hi  v  b i  tp 

21.  Cc mnh  sau ng hay sai ?  

a)  Hai mt phng cng vung gc vi mt phng th ba th song song 
vi nhau ;  

b)  Hai mt phng cng vung gc vi mt phng th ba th vung gc 
vi nhau ;  

c)  Qua mt  ng thng cho tr c c duy nht mt mt phng vung gc 
vi mt mt phng cho tr c ;  

d)  C duy nht mt mt phng i qua mt im cho tr c v  vung gc vi 
hai mt phng ct nhau cho tr c ;  

e)  Cc mt phng cng i qua mt im cho tr c v  vung gc vi mt 
mt phng cho tr c th lun i qua mt  ng thng c nh ;  

f)  Hnh lng tr c hai mt bn l  hnh ch nht l  hnh lng tr ng ;  

g) Hnh chp c y l a gic u v ba cnh bn bng nhau l hnh chp u.  

22.  Cho hnh hp ABCD.A'B'C'D' c AB  =  a,  BC  =  b,  CC' =  c.  Nu 

AC' =  BD '  = B'D =  2 2 2
a b c+ +  

th hnh hp  c phi l  hnh hp ch nht khng ?  V sao ?  

23.  Cho hnh lp ph ng ABCD.A'B'C'D' c cnh bng a.  

a)  Chng minh rng AC' vung gc vi hai mt phng (A'BD)  v  (B'CD') .  

b)  Ct hnh lp ph ng bi mt phng trung trc ca AC'.  Chng minh thit 
din to thnh l  mt lc gic u.  Tnh din tch thit din .  

24.  Cho hnh chp S.ABCD  c y l  hnh vung cnh a  v  SA    (ABCD),  SA  =  x.  

Xc nh x   hai mt phng (SBC)  v  (SDC)  to vi nhau gc 60o.  
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25.  Cho hai mt phng vung gc (P) v (Q) c giao tuyn .  Ly A,  B  cng thuc 

  v ly C    (P),  D    (Q) sao cho AC    AB,  BD    AB  v  AB  =  AC  =  BD .  

Xc nh thit din ca t din ABCD  khi ct bi mt phng () i qua 

im A  v vung gc vi CD.  Tnh din tch thit din khi AC  =  AB  =  BD  =  a.  

26.  Hnh hp ABCD.A'B'C'D' l  hnh hp g nu tho mn mt trong cc iu 

kin sau ?  

a)  T din AB'CD' c  cc cnh i bng nhau ;  

b)  T din AB'CD' c cc cnh i vung gc ;  

c)  T din AB'CD' l  t din u.  

27.  Cho hai tam gic ACD ,  BCD  nm trn hai mt phng vung gc vi nhau 

v  AC  =  AD  =  BC  =  BD  =  a,  CD  =  2x.  Gi I,  J ln l t l  trung im ca 

AB  v  CD .  

a)  Tnh AB,  IJ theo a  v  x.  

b)  Vi gi tr no ca x  th hai mt phng (ABC)  v  (ABD)  vung gc ?  

28.  Cho tam gic ABC  v  mt phng (P).  Bit gc gia mp(P)  v  mp(ABC)  

l    (    90
o
)  ;  hnh chiu ca tam gic ABC  trn mp(P)  l  tam gic A'B'C'.  

Chng minh rng  

SA'B'C' =  SABC  .  cos.  

H ng dn.  Xt hai tr ng hp :  

a)  Tam gic ABC  c mt cnh song song hoc nm trong mp(P)  ;  

b)  Tam gic ABC  khng c cnh no song song hay nm trong mp(P).  

 

1 .  Khong cch t mt im n mt mt phng,  n mt  ng thng 

 i n khi nim khong cch t mt im n mt mt phng hoc 
mt  ng thng,  ta xt hnh chiu vung gc ca im  trn mt phng 
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hoc  ng thng.  Trn hnh 1 25a),  ta c H l  hnh chiu ca M  trn 

mp(P)  v  trn hnh 1 25b),  ta c H l  hnh chiu ca M  trn  ng thng .  

 

 

 
 

 

Hnh 1 25 

Ta c nh ngha sau :  

nh ngha 1  

Khong cch t im  M  n mt phng  (P)  (hoc n  ng 

thng )  l  khong cch gia hai im M v  H,  trong  H l  
hnh chiu ca im M trn mt phng (P)  (hoc trn  ng 

thng ).  

Khong cch t im M  n mt phng (P)   c k hiu l  d(M  ;  (P)).  

Khong cch t im M  n  ng thng    c k hiu l  d(M  ;  ).  

?1  Trong cc  khong cch t M n mt im bt k thuc  mt phng (P) ,  

khong cch no l  nh nht ?  

? 2  Cng cu hi nh  trn nu thay mt phng (P)  bi  ng thng .  

2.  Khong cch  gia  ng thng  v  mt phng song  song,  gia hai  
mt phng  song song  

Cho  ng thng a  song song vi mt phng 
(P).  Vi hai im A,  B  bt k trn a,  hin 

nhin ta c d(A  ;  (P))  =  d(B  ;  (P))  (h.126).  
Nh  vy,  d(A  ;  (P))  khng ph thuc vo v 
tr ca im A  khi A  thay i trn a.  T  ta 
c nh ngha 

nh ngha 2  

Khong cch gia  ng thng a  v  mt phng (P) song song 
vi a l  khong cch t mt im no  ca a n mt phng (P).  

 

 

 

 

 

Hnh 1 26 
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K hiu khong cch gia  ng thng a  v  mt phng (P)  song song vi 
n l  d(a  ;  (P)).  

? 3  Khi  ng thng a song song vi mt phng (P),  trong cc khong cch t mt 

im bt k ca a n mt im bt k ca (P),  khong cch no l  nh nht ?  

Cho hai mt phng song song (P)  v  (Q).  Khi 

y,  d thy d(A  ;  (Q))  =  d(B  ;  (Q))  vi A,  B  l  
hai im bt k thuc (P),  tc l  d(A  ;  (Q))  
khng ph thuc vo v tr ca im A  khi A  
thay i trn (P)  (h.1 27).  

T  ta c nh ngha 

nh ngha 3 

Khong cch gia hai mt phng song song  l  khong cch 
t mt im bt k ca mt phng ny n mt phng kia.  

K hiu khong cch gia hai mt phng song song (P)  v  (Q)  l  d((P)  ;  (Q))  
th d((P)  ;  (Q))  =  d(A  ;  (Q))  =  d(C  ;  (P)),  trong  A  l  mt im no  
thuc (P)  v  C  l  mt im no  thuc (Q).  

? 4  Trong cc khong cch gia hai im bt k ln l t thuc hai mt phng 

song song,  khong cch no l  nh nht ?  

3.  Khong  cch  gia hai   ng  thng  cho nhau  

B i ton 

Cho hai  ng thng cho nhau  a v  b.  Tm  ng thng c ct c a v  b  
ng thi vung gc vi c a v  b.  

Gii  

Do a  v  b  cho nhau nn c duy nht 
mt phng (Q)  cha  ng thng b  v  
song song vi  ng thng a.  

Mt phng (P)  i qua a  v  vung gc 
vi (Q)  ct  ng thng b  ti im J.  
Gi c  l   ng thng i qua J v  vung 
gc vi (Q)  th c  nm trong mp(P),  do 
 c  ct a  ti im I.  Khi y c  l   ng 
thng phi tm (h.1 28).       

 

 

 

 

 

Hnh 1 27 

 

 

 

 
 

 

Hnh 1 28 
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Chng minh  tnh  duy nht ca  ng  thng  c  trong  b i  ton  trn.  

Thut ng 

 ng thng c  ni trn gi l   ng vung gc 
chung ca hai  ng thng cho nhau a v  b.  
Nu  ng vung gc chung ct hai  ng thng 
cho nhau ti I v  J th on thng IJ gi l  on 
vung gc chung ca hai  ng thng  (h.1 29).  

nh ngha 4 

Khong cch gia hai  ng thng cho nhau  l   di 
on vung gc chung ca hai  ng thng .  

? 5  Trong cc khong cch gia hai im bt k ln l t nm trn hai  ng 

thng cho nhau,  khong cch no l  nh nht ?  

Nu gi (P)  v  (Q)  l  hai mt phng song 
song vi nhau ln l t i qua hai  ng thng 
a  v  b  th r rng :  

    IJ =  d(a  ;  (Q))  =  d(b  ;  (P))  

=  d((P)  ;  (Q))     (h.1 30).  

Vy ta c :  

Nhn xt 

1 ) Khong cch gia hai  ng thng cho nhau bng khong cch gia mt 
trong hai  ng thng  v  mt phng song song vi n,  cha  ng thng 
cn li.  

2 )  Khong cch gia hai  ng thng cho nhau bng khong cch gia 
hai mt phng song song ln l t cha hai  ng thng .  

4.  Mt s v d  

V d 1  

Cho hnh hp ch nht ABCD.A'B'C'D' c  AB  =  a,  AD  =  b,  AA' =  c.  

a)  Tnh khong cch t im B  n  mt phng (ACC'A').  

b)  Tnh khong cch gia hai  ng thng  BB' v  AC'.  

c)  Tnh khong cch gia hai mt phng  (AB'C)  v  (A'C'D)  trong tr ng 
hp a  =  b  =  c.  

 

 

 

 

 
 

Hnh 1 29 

 

 

 

 
 

Hnh 1 30 
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Gii (h.1 31 )  

a)  K BH vung gc vi AC,  do 

      BH   AA' 

nn      BH   (ACC'A') .  

Vy d(B  ;  (ACC'A'))  =  BH.  Ta c 

BH .  AC  =  BA  .  BC.  

hay       .
2 2

ab
BH

a b
=

+
 

b) BB' v AC' cho nhau m BB' // (ACC'A')  
nn 

d(BB' ;  AC')  =  d(BB' ;  (ACC'A'))  =  d(B  ;  (ACC'A'))  =  .
2 2

ab

a b+
 

c)  D thy mp(AB'C)  v  mp(A'C'D)  song song vi nhau.  Do a  =  b  =  c  nn 
ABCD.A'B'C'D' l  hnh lp ph ng.  Khi ,  gi K v  K' ln l t l  tm ca 
hai hnh vung ABCD  v  A'B'C'D' th mp(KK'D'D)  l  mt phng trung trc 
ca A'C'.  T  suy ra mp(KK'D'D)  vung gc vi mp(DA'C').  K KI 

vung gc vi giao tuyn DK' ca hai mt phng  th KI   mp(A'C'D).  
Vy khong cch gia hai mt phng (AB'C)  v  (A'C'D)  bng KI.  

Ta c tam gic KK'D  vung ti K nn 

,= + = + =
 
 
 

2 2 2 2 2 2

1 1 1 1 1 3

2

2

KI DK KK' a aa
 

tc l       .
3

3

a
KI =  

Ch  rng BD' vung gc vi hai mt phng (ACB'),  (DA'C')  v  i qua 
tm G,  G' ca hai tam gic u AB'C,  DA'C'.  T  suy ra khong cch cn 

tm cng bng GG' v  bng ' .
1

3
BD                

V d 2 

Cho hnh chp S.ABCD c y l  hnh vung cnh a,  SA    (ABCD)  v  

SA  =  a.  Tnh khong cch gia hai  ng thng 

a)  SB  v  AD  ;           b)  BD  v  SC.  

 

 

 

 

 

 

 

 
 

Hnh 1 31  
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Gii (h.1 32)  

a)  Ta c AD    (SBA),  k AH vung gc vi 
SB  th AH l   ng vung gc chung ca SB  
v  AD .  Vy 

     d(AD  ;  SB)  =  AH.  
V AH l   ng cao ca tam gic vung cn 
SAB  nn 

      .

2

2

a
AH =  

T       d(AD  ;  SB)  =  .

2

2

a
 

b)  Ta c BD  vung gc vi mp(SAC)  ti tm O  ca hnh vung ABCD .  
Trong mp(SAC),  k OK vung gc vi SC  th OK l   ng vung gc 

chung ca BD  v  SC.  D thy d(BD  ;  SC)  =  OK =  
1

2
AI  (AI l   ng cao 

ca tam gic vung SAC).  Ta c 

2 2 2

1 1 1

AI AS AC

= +
2 2

1 1

2a a

= +  

nn ,

6

3

a
AI =  t  d(BD  ;  SC)  =  .

6

6

a
            

Cu hi  v  b i  tp 

29.  Cho t din ABCD  c AC  =  BC  =  AD  =  BD  =  a,  AB  =  c,  CD  =  c'.  Tnh 
khong cch gia hai  ng thng AB  v  CD .  

30.  Cho hnh lng tr ABC.A'B'C' c tt c cc cnh u bng a.  Gc to bi 
cnh bn v  mt phng y bng 30

o
.  Hnh chiu H  ca im A  trn mt 

phng (A'B'C')  thuc  ng thng B'C'.  
a)  Tnh khong cch gia hai mt phng y.  
b)  Chng minh rng hai  ng thng AA' v  B'C' vung gc,  tnh khong 
cch gia chng.  

31.  Cho hnh lp ph ng ABCD.A'B'C'D' c  cnh bng a.  Tnh khong cch 
gia hai  ng thng BC' v  CD'.  

32.  Cho hnh hp ch nht ABCD.A'B'C'D' c  AB  =  AA' =  a,  AC' =  2a.  
a)  Tnh khong cch t im D  n mt phng (ACD').  
b)  Tm  ng vung gc chung ca cc  ng thng AC' v  CD'.  Tnh 
khong cch gia hai  ng thng y.  

Hnh 1 32  
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33.  Cho hnh hp thoi ABCD.A'B'C'D' c cc cnh u bng a v  
   .

o60BAD BAA' DAA'= = =  Tnh khong cch gia hai mt phng y 
(ABCD)  v  (A'B'C'D') .  

34.  Cho hnh chp S.ABCD  c y l  hnh ch nht v  AB  =  2a,  BC  =  a.  Cc 

cnh bn ca hnh chp bng nhau v  bng .2a  

a)  Tnh khong cch t S  n mt phng y (ABCD).  

b)  Gi E  v  F  ln l t l  trung im ca cc cnh AB  v  CD  ;  K l  im bt 
k thuc  ng thng AD .  Chng minh rng khong cch gia hai  ng 
thng EF  v  SK khng ph thuc vo K,  hy tnh khong cch  theo a.   

35.  Cho t din ABCD .  Chng minh rng nu AC  =  BD ,  AD  =  BC  th  ng 
vung gc chung ca AB  v  CD  l   ng thng ni trung im ca AB  v  
CD .  iu ng c li c ng khng ?  

I  - Tm tt nhng kin  thc cn  nh 

1.  nh ngha vect v  cc  php ton vect trong khng gian cng ging nh  
trong mt phng.  Ngoi ra :  
a)  Ba vect gi l  ng phng khi cc gi ca chng cng song song vi 
mt mt phng.  

b)  iu kin cn v    ba vect ,a  ,b  c  ng phng l  c  ba s m,  n,  p  

khng ng thi bng 0 sao cho .0ma nb pc+ + =  

c)  Nu ba vect ,a  ,b  c  khng ng phng th mi vect d  u c th 

vit d i dng ,d ma nb pc= + +  vi cc s m,  n,  p  duy nht.  

2.  Hai  ng thng gi l  vung gc vi nhau nu gc gia chng bng .
o90  

3.    Mt  ng thng gi l  vung gc vi mt mt phng nu n vung gc 
vi mi  ng thng trong mt phng .  
   ng thng a  vung gc vi mp(P)  khi v  ch khi a  vung gc vi hai 
 ng thng ct nhau cng nm trong (P).  
  nh l ba  ng vung gc :   ng thng b  nm trn mp(P)  vung gc 
vi  ng thng a  (a  khng vung gc vi (P))  khi v  ch khi n vung 
gc vi hnh chiu (vung gc)  ca a  trn (P).  

  Gc gia  ng thng v  mt phng l  gc gia  ng thng v  hnh 
chiu ca  ng thng  trn mt phng (nu hnh chiu  l  mt im 
th xem gc gia  ng thng v  mt phng bng ).

o90  
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4.    Gc gia hai mt phng l  gc gia hai  ng thng ln l t vung gc 
vi hai mt phng .  

  Hai mt phng gi l  vung gc vi nhau nu gc gia chng bng .

o90  

  iu kin cn v    hai mt phng vung gc vi nhau l  mt phng 
ny cha  ng thng vung gc vi mt phng kia.  

5.    Khong cch t mt im n mt mt phng ( ng thng)  l  khong 
cch t im  n hnh chiu ca n trn mt phng ( ng thng).  

  Khong cch gia  ng thng a  v  mt phng (P)  song song vi a  l  
khong cch t mt im no  ca a  n mt phng (P).  

  Khong cch gia hai mt phng song song l  khong cch t mt im 
bt k ca mt phng ny n mt phng kia.  

6.    Khong cch gia hai  ng thng cho nhau a  v  b  l   di ca on 
vung gc chung IJ,  trong  I,  J l  cc giao im ca  ng vung gc 
chung ca a  v  b  vi a  v  b.  

  Khong cch gia hai  ng thng cho nhau bng khong cch gia 
mt trong hai  ng thng  v  mt phng song song vi n,  cha  ng 
thng cn li.  

  Khong cch gia hai  ng thng cho nhau bng khong cch gia hai 
mt phng song song ln l t cha hai  ng thng .  

7.    Mt phng i qua trung im O  ca on thng AB  v  vung gc vi AB 
gi l  mt phng trung trc ca AB.  

  Mt phng trung trc ca mt on thng l  tp hp cc im cch u 
hai u mt ca on thng .  

  Tp hp cc im cch u ba nh ca tam gic ABC  l   ng thng 
vung gc vi mt phng (ABC)  v  i qua tm  ng trn ngoi tip tam 
gic ABC.   ng thng   c gi l  trc ca tam gic  ABC.  

I I  - Cu  hi  t kim tra 

1.  Cho t din ABCD .  Gi G  l  trng tm ca t din v  A' l  trng tm tam 
gic BCD .  Cc khng nh sau ng hay sai ?  

a)  + + + =

   

0GA GB GC GD  ;  

b)  4MA MB MC MD MG+ + + =

    

 vi M  l  mt im tu  ;  

c)  = 

 2

3
GA AA'  ;  

d)  .3AB AC AD AA' + + =
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2.  Trong khng gian,  hy nu cch chng minh :  
a)   ng thng vung gc vi  ng thng ;  
b)   ng thng vung gc vi mt phng ;  
c)  Hai mt phng vung gc vi nhau.  

3.  Hy nu cch tnh :  
a)  Khong cch t mt im n mt  ng thng ;  
b)  Khong cch t mt im n mt mt phng ;  
c)  Khong cch gia mt  ng thng v  mt mt phng song song vi n ;  
d)  Khong cch gia hai mt phng song song ;  
e)  Khong cch gia hai  ng thng cho nhau.  

I I I  - B i  tp 

1.  T din OABC  c OA  =  OB  =  OC  =  a  v  ,

o60AOB AOC= =  .

o90BOC =  

a)  Chng t rng ABC  l  tam gic vung v  OA    BC.  
b)  Tm  ng vung gc chung IJ ca OA  v  BC  ;  tnh khong cch gia 
hai  ng thng OA  v  BC.  
c)  Chng minh rng hai mt phng (ABC)  v  (OBC)  vung gc vi nhau.  

2.  Cho hnh chp S.ABC  c SA  =  SB  =  SC  =  a,  ,

o120ASB =  ,

o60BSC =  

.

o90CSA =  

a)  Chng t rng ABC  l  tam gic vung.  
b)  Tnh khong cch t S  n mt phng (ABC) .  

3.  Cho hnh chp S.ABCD  c y l  hnh vung cnh a,  SA    (ABCD).  Hai im 
M  v  N  ln l t thay i trn hai cnh CB  v  CD ,  t CM  =  x,  CN  =  y.  Tm 
h thc lin h gia x  v  y   :  

a)  Hai mt phng (SAM)  v  (SAN)  to vi nhau gc 45o  ;  
b)  Hai mt phng (SAM)  v  (SMN)  vung gc vi nhau.  

4.  Tam gic ABC  vung c cnh huyn BC  nm trong mp(P),  cnh AB  v  AC 
ln l t to vi mp(P)  cc gc   v  .  Gi   l  gc to bi mp(P)  v  

mp(ABC).  Chng minh rng .

2 2 2sin sin sin  = +  

5.  Cho t din OABC  c OA ,  OB,  OC  i mt vung gc vi nhau v  OA  =  a,  
OB  =  b,  OC  =  c.  Gi H l  hnh chiu ca O  trn mt phng (ABC).  Tnh 
din tch cc tam gic HAB,  HBC  v  HCA .  

6.  Cho hnh lng tr ng ABC.A'B'C' c y ABC  l  tam gic vung ti 
nh C,  CA  =  a,  CB  =  b  ;  mt bn ABB'A' l  hnh vung.  Gi (P)  l  mt 
phng i qua C  v  vung gc vi AB'.  
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a)  Xc nh thit din ca hnh lng tr  cho khi ct bi (P).  Thit din 
l  hnh g ?  
b)  Tnh din tch thit din ni trn.  

7.  Mt t din  c gi l  gn u  nu cc cnh i bng nhau tng i mt.  
Vi t din ABCD ,  chng t cc tnh cht sau l  t ng  ng :  
a)  T din ABCD  l  gn u ;  
b)  Cc on thng ni trung im cp cnh i din i mt vung gc 
vi nhau ;  
c)  Cc trng tuyn  (on thng ni nh vi trng tm mt i din)  
bng nhau ;  

d)  Tng cc gc ti mi nh bng .

o180  

8.  Cho t din ABCD .  Ct t din  theo cc cnh AB,  AC,  AD  v  tri cc 
mt ABC,  ACD ,  ADB  ln mt phng (BCD)  (xem hnh 1 33).  Hnh phng 
gm cc tam gic BCD ,  ,1A BC  ,2A CD  3A BD  gi l  hnh khai trin  ca 

t din ABCD  trn mt phng (BCD).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 1 33  
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a)  Chng t hnh khai trin ca t din gn u ABCD  trn mp(BCD)  lm 
thnh mt tam gic nhn.  

b)  Dng ba cng ct v  dn  c mt t din gn u.  

IV - Cc cu  hi  trc nghim 

1.  Cho hnh t din ABCD c trng tm G.  Mnh  no sau y l  sai  ?  

(A)  ( )1

4
OG OA OB OC OD= + + +
    

 ;   (B)  0GA GB GC GD+ + + =
   

 ;  

(C)  ( )2

3
AG AB AC AD= + +
   

 ;     (D)  ( )
.

1

4
AG AB AC AD= + +
   

 

2.  Mnh  no sau y l  ng ?  

(A)  Hai  ng thng cng vung gc vi mt  ng thng th song song 
vi nhau ;  

(B)  Hai  ng thng cng vung gc vi mt  ng thng th vung gc 
vi nhau ;  

(C)  Mt  ng thng vung gc vi mt trong hai  ng thng song song 
th vung gc vi  ng thng kia ;  

(D)  Mt  ng thng vung gc vi mt trong hai  ng thng vung gc 
vi nhau th song song vi  ng thng cn li.  

3.  Cho hai  ng thng phn bit a,  b  v  mt phng (P),  trong  a    (P).  
Mnh  no sau y l  sai  ?  

(A)  Nu b  // (P)  th b    a  ;       (B)  Nu b    (P)  th b  // a  ;  

(C)  Nu b // a  th  b    (P)  ;      (D)  Nu b    a  th b  // (P).  

4.  Tm mnh  ng trong cc mnh  sau :  

(A)  Hai  ng thng cng vung gc vi mt mt phng th song song ;  

(B)  Hai  ng thng phn bit cng vung gc vi mt  ng thng th 
song song ;  

(C)  Hai mt phng phn bit cng vung gc vi mt  ng thng th 
song song ;  

(D)  Hai mt phng phn bit cng vung gc vi mt mt phng th 
song song.  

5.  Mnh  no sau y l  ng ?  

(A)  Hai mt phng vung gc vi nhau th mi  ng thng nm trong mt 
phng ny s vung gc vi mt phng kia ;  
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(B)  Hai mt phng phn bit cng vung gc vi mt mt phng th 
vung gc vi nhau ;  

(C)  Hai mt phng phn bit cng vung gc vi mt mt phng th 
song song vi nhau ;  

(D)  Ba mnh  trn u sai.  

6.  Trong cc mnh  sau,  mnh  no ng ?  

(A)  C duy nht mt  ng thng i qua mt im cho tr c v  vung gc 
vi mt  ng thng cho tr c ;  

(B)  C duy nht mt mt phng i qua mt  ng thng cho tr c v  
vung gc vi mt mt phng cho tr c ;  

(C)  C duy nht mt mt phng i qua mt im cho tr c v  vung gc 
vi mt mt phng cho tr c ;  

(D)  C duy nht mt mt phng i qua mt im cho tr c v  vung gc 
vi mt  ng thng cho tr c.  

7.  Tm mnh  ng trong cc mnh  sau :  

(A)  Nu hnh hp c hai mt l  hnh ch nht th n l  hnh hp ch nht ;  

(B)  Nu hnh hp c ba mt l  hnh ch nht th n l  hnh hp ch nht ;  

(C)  Nu hnh hp c bn mt l  hnh ch nht th n l  hnh hp ch nht ;  

(D)  Nu hnh hp c nm mt l  hnh ch nht th n l  hnh hp ch nht.  

8.  Trong cc mnh  sau,  mnh  no ng ?  

(A)  Nu hnh hp c hai mt l  hnh vung th n l  hnh lp ph ng ;  

(B)  Nu hnh hp c ba mt chung mt nh l  hnh vung th n l  hnh 
lp ph ng ;  

(C)  Nu hnh hp c su mt bng nhau th n l  hnh lp ph ng ;  

(D)  Nu hnh hp c bn  ng cho bng nhau th n l  hnh lp ph ng.  

9.  Cho hnh chp S.ABC  c y l  tam gic u.  Tm mnh  ng trong cc 
mnh  sau :  

(A)  S.ABC  l  hnh chp u nu cc mt bn ca n l  tam gic cn ;  

(B) S.ABC  l hnh chp u nu cc mt bn ca n l tam gic cn vi nh S ;  

(C)  S.ABC  l  hnh chp u nu gc gia cc mt phng cha cc mt bn 
v  mt phng cha y bng nhau ;  

(D)  S.ABC  l  hnh chp u nu cc mt bn c din tch bng nhau.  

10.  Tm mnh  ng trong cc mnh  sau :  

(A)   ng vung gc chung ca hai  ng thng cho nhau th nm trong 
mt phng cha  ng thng ny v  vung gc vi  ng thng kia ;  



 1 24 

(B)   ng vung gc chung ca hai  ng thng cho nhau th vung gc 
vi mt phng cha  ng thng ny v  song song vi  ng thng kia ;  

(C)  Mt  ng thng l   ng vung gc chung ca hai  ng thng cho 
nhau nu n vung gc vi c hai  ng thng  ;  

(D)  Cc mnh  trn u sai.  

11.  Hnh t din ABCD c AB,  AC,  AD  i mt vung gc v  AB  = AC  = AD  = 3.  
Din tch tam gic BCD  bng  

(A)  
9 3

2
 ;      (B)  

9 2

3
 ;      (C)  27  ;      (D)  .

27

2
 

12.  Hnh hp ABCD.A'B'C'D' c AB  = AA' = AD  = a  v .

o60A'AB A'AD BAD= = =  
Khi ,  khong cch gia cc  ng thng cha cc cnh i din ca t 
din A'ABD  bng :   

(A)  
2

2

a
 ;      (B)  

3

2

a
 ;      (C)  2a  ;     (D)  .

3

2

a
 

1.  Cho tam gic ABC  v  cc im M,  N,  P  ln l t l  trung im ca cc cnh 
BC,  CA ,  AB.  

a)  Xt bn tam gic APN,  PBM,  NMC,  MNP.  Tm php di hnh bin tam 
gic APN  ln l t thnh mt trong ba tam gic cn li.  

b)  Php v t no bin tam gic ABC  thnh tam gic MNP  ?  

c)  Xt tam gic c ba nh l  trc tm  ca ba tam gic APN,  PBM  v  
NCM.  Chng t rng tam gic  bng tam gic APN.  Chng minh iu  
cng ng nu thay trc tm  bng trng tm,  hoc  tm  ng trn ngoi 

tip,  hoc tm  ng trn ni tip .  

2.  Cho t gic ABCD  ni tip  ng trn (O).  Gi M,  N,  P,  Q  ln l t l  
trung im ca cc cnh AB,  BC,  CD  v  DA .  K MM',  NN',  PP',  QQ'  ln 
l t vung gc vi CD ,  DA ,  AB,  BC.  

a)  Gi I l  giao im ca MP  v  NQ .  Php i xng tm I  bin cc 

 ng thng MM',  NN',  PP',  QQ' thnh nhng  ng thng no ?  

b)  Chng t rng bn  ng thng MM',  NN',  PP',  QQ' ng quy ti mt 
im.  Nhn xt g v v tr im ng quy v  hai im I,  O  ?  
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3.  Cho tam gic ABC  v  hai hnh vung ABMN,  ACPQ  nh  hnh 1 34.  

a)  Xc nh php quay bin tam gic ABQ  thnh tam gic ANC.  

 

 

 

 

 

 
 
 

 
Hnh 1 34  

b) Chng t rng hai on thng BQ,  CN bng nhau v  vung gc vi nhau.  

c)  Gi O ,  O' l  tm ca cc hnh vung,  I l  trung im ca BC.  Chng 
minh rng tam gic OIO' l  tam gic vung cn.  

4.  Cho t din ABCD .  Gi M,  N  ln l t l  trung im ca BC  v  BD  ;  P  l  
mt im thay i trn on thng AD .  

a)  Xc nh giao im Q  ca mp(MNP)  v  cnh AC.  T gic MNPQ  l  
hnh g ?  

b)  Tm qu tch giao im I ca QM  v  PN.  

c)  Tm qu tch giao im J ca QN  v  PM.  

5.  Cho hnh hp ABCD.A'B'C'D'.  im M  nm gia A  v  D ,  im N  nm gia 

C  v  C' sao cho .

AM CN

MD NC'
=  

a)  Chng minh rng  ng thng MN  song song vi mp(ACB').  

b)  Xc nh thit din ca hnh hp khi ct bi mt phng i qua MN  v  
song song vi mp(ACB').  

6.  Cho ba tia Ox,  Oy,  Oz  khng ng phng.  Chng minh rng cc tia phn 
gic ngoi ca cc gc xOy,  yOz v  zOx  ng phng.  

7.  Cho hnh chp S.ABC.  Gi K v  N  ln l t l  trung im ca SA  v  BC  ;  
M  l  im nm gia S  v  C.  

a)  Chng minh rng mt phng i qua K,  song song vi AB  v  SC  th i qua 
im N.  

b)  Xc nh thit din ca hnh chp S.ABC  khi ct bi mp(KMN).  
Chng t rng KN  chia thit din thnh hai phn c din tch bng nhau.  
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8.  Cho hnh chp t gic  u S.ABCD  c  cnh y bng a  v  cnh bn 

bng .2a  

a)  Tnh khong cch t S  n mp(ABCD).  

b)  Tnh khong cch gia  ng thng AB  v  mp(SCD).  

c)  Tnh khong cch gia hai  ng thng AB  v  SC.  

d)  Gi (P)  l  mt phng i qua A  v  vung gc vi SC.  Hy xc nh thit 
din ca hnh chp khi ct bi (P).  Tnh din tch thit din.  

e)  Tnh gc gia  ng thng AB  v  mp(P).  

9.  Cho tam gic ABC  vung ti A ,  AB  =  a,  BC  =  2a.  Hai tia Bx  v  Cy  cng 

vung gc vi mp(ABC)  v  nm v mt pha i vi mt phng .  Trn 

Bx,  Cy  ln l t ly cc im B',  C' sao cho BB' =  a,  CC' =  m.  

a)  Vi gi tr no ca m  th AB'C' l  tam gic vung ?  

b)  Khi tam gic AB'C' vung ti B',  k AH   BC.  Chng minh rng B'C'H 

l  tam gic vung.  Tnh gc gia hai mt phng (ABC)  v  (AB'C').  
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H ng dn gii   p s 

Ch ng I  

1.  d  trng d' khi d  song song vi gi ca .u  

d song song vi d' khi d  khng song song 
vi gi ca .u  

d  khng bao gi ct d'.  

2.  Ly hai im A  v  A' ln l t nm trn a  

v  a'.  Php tnh tin theo vect AA'


 bin 
a  thnh a'.   

4.  Qu tch M' l  nh ca  ng trn (O)  qua 

php tnh tin theo vect .AB


 

5.  b)  = =  + 
2 2

1 2 1 2' ( ) ( ) .d d x x y y  

 c)  F  l  php di hnh.  

d)  Khi   =  0,  F  l  php tnh tin theo 
vect ( ; ).u a b  

6.  1F  l  php di hnh.  

7.  a)  Khi d // a.  

b)  Khi d   a  hoc d trng vi a.  

c)  Khi d ct a  nh ng khng vung gc vi a.  
Khi ,  giao im ca d v  d nm trn a.  

d)  Khi gc gia d v  a  bng 45o.  

8.  nh ca (C1 )  l   ng trn (C '1 )  :  

2 2 4 5 1 0.x y x y+ + + + =  

nh ca (C2)  chnh l  (C2) .  

9.  Gi X l  im i xng vi A  qua Ox,  Y l  
im i xng vi A  qua Oy.  on thng 
XY ct Ox,  Oy  ln l t ti B  v  C.  Tam 
gic ABC  c chu vi nh nht.  

11.  b)  Ch  rng nu hm s y  =  f(x)  chn 
th f(x)  =  f(x).  

13.  Dng php quay tm O  vi gc quay 90o  th 
G bin thnh G'.  

16.  a)  Giao im ca hai  ng thng .  

b) Nhng im cch u hai  ng thng .  

c)  Trung im on thng ni tm hai 
 ng trn.  

d)  Trung im ca on thng ni hai tiu 
im ca elip.  

e)  Trung im ca on thng ni hai tiu 
im ca hypebol.  

19.  Ph ng trnh ca '  l  :  

ax  +  by  +  c    2(ax0  +  by0  +  c)  =  0.  

21.  c)  C th khng bng nhau.  

23.  Hy chng minh hai tam gic 1 2 3O O O  v  

1 2 3I I I  bng nhau.  

24.   ng thng i qua hai tm ca hai hnh 
bnh hnh.  

28.  Dng php v t tm A ,  t  s 2  bin 
im M  thnh im N.  

29.  Dng php v t tm I bin M  thnh N.  

30.   ng thng BC  i  qua tm v t ngoi 
ca (O)  v  (O') .  

n tp ch ng I 

1 .  Dng php i xng qua  ng thng d.  

2.  Tm i xng l  giao im ca hai trc i 
xng.  

3.  Ly im A' sao cho .AA' PQ=

 

 

5.  M  v  3M  i xng vi nhau qua im I,  

trong  ABCI l  hnh bnh hnh.  

6.  F  l  php tnh tin khi k  =  1  v  l  php v 
t khi k    1 .  

9.  Hy tm qu tch trung im ca BC,  t  
suy ra qu tch G.  

Cc cu hi  trc nghim ch ng I 

1.  (D)  ;  2.  (B)  ;  3.  (C)  ;  4.  (D)  ;  5.  (B)  ;  6.  (B)  ;  
7. (D) ;  8.  (D) ;  9.  (D) ;  10.  (A) ;  11.  (C) ;  12. (C).  

Ch ng I I  

9.  S dng ph ng php phn chng.  

10.  Hy chng minh giao tuyn ca hai mt 
phng (M,  a),  (M,  b)  nm trn mp(O ,  c) .  
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11.  a)  Hy chng minh giao im I ca CM  
v  SO  l  giao im ca mp(CMN)  vi SO .  

b)  S dng kt qu cu a) .  

16.  Gi N  l  giao im ca SM  v  CD  ;  O  l  
giao im ca AC  v  BN.  

 a)  mp(SBM)    mp(SAC)  =  SO  ;  

 b)  Giao im ca BM  vi mp(SAC)  l  giao 
im ca BM  vi SO  ;  

 c)  S dng kt qu cu b).  

19.  a),  b)  :  S dng nh l v giao tuyn ca 
ba mt phng.  

21.  Gi I l  giao im ca RQ  vi BD .  Hy 
chng minh S  l  trng tm tam gic ABI.  

22.  a)  Gi P,  Q  ln l t l  trung im ca AB  
v  CD  ;  A' l giao im ca AG vi BQ.  K 

PP' // AA' (P'   BQ).  Hy chng minh A' l  
trng tm tam gic BCD.  T  suy ra b).  

27.  Thit din l  hnh thang c hai cnh y 
song song vi AB.  

28.  Thit din l  mt ng gic c mt cnh 
song song vi BD  v  c  hai cnh song 
song vi SA .  

35.  Gi 0 ,M  0N  l  hai im c nh ln l t 

nm trn (P)  v  (Q)  ;  0I  l  im thuc 

on 0 0M N  sao cho 0 0

0 0

.
I M

k
I N

=  Tp hp 

cc im I l  mt phng (R)  qua 0I  ng 

thi song song vi c (P)  v  (Q) .  

37.  b),  c)  Xt mt phng (ACC'A').  

38.  S dng tnh cht :  Tng bnh ph ng cc 
 ng cho ca mt hnh bnh hnh bng 
tng bnh ph ng cc cnh.  

42.  Hy chng minh cc trung tuyn ca tam 
gic A'B'C' l  hnh chiu ca cc trung 
tuyn ca tam gic ABC.  

47.  Thc hin php chiu song song ln 

mp(ABCD)  theo ph ng 1 .BC  Gi '
1B  l  

hnh chiu ca 1 .B  Khi  J l  giao im 

ca 1DB'  vi AC.  Trong 1 1mp( ),B B' D  k JI 

song song vi 1 1B' B  (I   1 ).B D  
1

1
.

2

ID

IB
=  

n tp ch ng II 

3.  Cc hnh a),  b),  d),  f),  g),  h).  

4.  a)  Hy chng minh DM  v  EN  ct nhau ti 
trung im I ca AB.  

 b)  Hy chng minh 1 1 // .M N DF  

 c)  S dng a)  v  b) .  

5.  b)  S dng php chiu song song ln 

1 1 1mp( )A B C  theo ph ng 1 .AA  

c)  Gi L,  L' ln l t l  trung im ca AG,  
A'G' v  1L  l  giao im ca LL' vi 1 1 .A G  

S dng tnh cht  ng trung bnh ca 
hnh thang  suy ra iu phi chng minh.  

7.  S dng nh l Ta-lt o.  

8.  a)  Gi 0 ,M  0N  ln l t l  hai im c 

nh thuc cc tia Ax  v  By  sao cho 

0

0

.
AM

k
BN

=  Hy chng minh MN  song 

song vi mt phng c nh cha 0 0M N  

v  song song vi AB.  

 b) Gi O  l im thuc on AB  sao cho 

OA
k

OB
=  ;  Ox',  Oy' ln l t l  cc tia song 

song vi Ax v  By.  Tp hp cc im I l tia 
phn gic Ot ca gc x'Oy'.  

Cc cu hi trc nghim ch ng II 

1.  (B)  ;  2.  (B)  ;  3.  (B)  ;  4.  (D)  ;  5.  (C)  ;  6.  (A)  ;  
7.  (B) ;  8.  (B) ;  9.  (C) ;  10.  (C) ;  11.  (D) ;  12.  (A).  

Ch ng I I I  

1.  a) ,  b)  :  C.  

2.  b)  H thc 

4SA SB SC SD SO+ + + =

    

 

  0OA OB OC OD+ + + =
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  2( ) 0OM ON+ =

 

 (M  v  N  ln l t l  

trung im ca AC  v  BD) .  T  
O    M    N.  

3.  t ' ,AA a=



 ,AB b=



 .AC c=


 Tnh GI


 

v  'CG


 theo ,a  ,b  ,c  t  suy ra iu 

phi chng minh.  

4.  t AB a=



,  AD b=


,  'AA c=


 v  chng 

minh 
1

' (5 )
8

GG a c= 



.  

5.  b)  T OM xOA yOB zOC= + +

   

 vi 

x  +  y  +  z  =  1 ,  suy ra x  =  1    y    z,  t  i 

n .AM yAB zAC= +

  

 

6.  S dng kt qu bi tp 5 .  

8.  a)  Chng minh bng phn chng.  

b)  Gi s ba vect ,a  ,b  c  cng vung 

gc vi .n  Nu ,a  b  khng cng ph ng 

th ,a  ,b  n  khng ng phng,  t  

.c xa yb zn= + +  T = = =. . . 0a n b n c n  

suy ra z  =  0.   

9.  Vit . ( ).BC SA SC SB SA= 

    

 v  s dng 

SA  =  SB  =  SC,   .ASB ASC=  

10.  . .AB AC AC AD=

   

   .( ) 0AC AB AD =

  

 

  . 0AC DB =

 

   AC    DB.  

11.  b)  C 
1
( ).

2
IJ AD BC= +

  

 Tnh .AB IJ
 

 v  

. .CD IJ
 

 

13.  a)  ng ;  b),  c)  Sai.  

16.  Chng minh   o90 .ABD ACD= =  

17.  a)  Chng minh :  

BC
2  <  AB2  +  AC2,  

AC
2  <  AB2  +  BC2,  

AB
2  <  AC2  +  BC2.  

b)  Dng nh l ba  ng vung gc.  

c)  S dng cng thc tnh  ng cao ng 
vi cnh huyn trong tam gic vung.  

19.  a)  K SH   mp(ABC) .  Do SA  =  SB  =  SC  
v  ABC  l  tam gic u nn H  trng vi 
trng tm G  ca tam gic ABC.  

b)  K 1AC SC  th (P)  chnh l  

mp(ABC1 ).  V SAC  l  tam gic cn,  m  

AC1    SC  nn C1  nm gia S  v  C  khi v  

ch khi  o90ASC <  hay 2 22 .a b<  

1

2 2 23 .
4ABC

a b a
S

b


=  

20.  b)  i)    iii)  :  AB2  +  CD2  =  AC2  +  BD2  

  
2 22 2( ) ( )AB AD AC AC AD AB+  = + 

     

 

  . 0.AD CB =

 

 T ng t ta c pcm.  

c)  Chng minh ba  ng cao ca t din 
i mt ct nhau v  khng cng nm 
trong mt mt phng.  

21.  a) ,  b),  c),  f)  :  Sai.  

d),  e),  g)  :  ng.  

22.  S dng 

2 2 2 2
AC' A'C BD' B'D+ + +  

2 2 24( )a b c= + +  

 i n AC' =  A'C  =  BD' =  B'D .  

23.  a)  Chng minh AC'   BD  v  AC'   BA'.  

b)  Cnh ca thit din bng 
2 .

2

a
 

Din tch thit din bng 23 3 .
4

a  

24.  Gi O  l  giao im ca AC  v  BD .  K 

OO1    SC  th SC    mp(BO1D) .  Hy 

chng minh 1BO D  >  90o  v  quy bi ton 

v xc nh x    o
1 120 .BO D =  

p s :  x  =  a.  

25.  Gi I l  trung im ca BC.  K IJ   CD  
th thit din l  tam gic vung AIJ.  

2 3 .
12AIJ

a
S =  
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26.  a)  Hnh hp ch nht.  

b)  Hnh hp thoi.  

c)  Hnh lp ph ng.  

27.  a) 2 22( ) ,AB a x=   (a  >  x  >  0)  ;  

     = 2 21
2( ) .

2
IJ a x  

 b)  
3
.

3

a
x =  

28.  b)  Bng cch xt mp(P)  i qua A  sao cho 
B,  C  nm v cng mt pha i vi (P),  
sau  gi D  l  giao im ca (P)  vi 
 ng thng BC  v  s dng kt qu ca 
cu a)   i n iu phi chng minh.  

29.  Gi I v  J ln l t l  trung im ca AB,  
CD  th IJ   AB,  IJ   CD .  Khi  

2 2 21
4 ( ' )

2
IJ a c c=  +  vi 4a2  > c2  + c'2.  

30.  a)  .
2

a
AH =  

b)  K  ng cao HK ca tam gic vung 
AHA' th HK l   ng vung gc chung 

ca AA' v  B'C'.  Tnh  c 
3 .

4

a
HK =  

31.  
3 .

3

a
 

32.  a)  Xt DACD' l  t din c DA ,  DC,  DD' 
i mt vung gc ;  t  tnh  c 

10 .( ; ( ))
5

a
d D ACD' =  

b) Chng minh AC'  CD'.   ng vung gc 
chung ca AC' v CD' l IJ,   I l trung 
im ca CD' v J l chn  ng vung gc 

k t I xung AC'.  Ta tnh  c .
2

a
IJ =  

33.  Chng minh  A'ABD l  t din u v  suy 

ra khong cch phi tnh l  
6 .

3

a
 

34.  a)  
3
.

2

a
SH =  

b)  d(EF  ;  SK)  =  d(H  ;  (SAD))  =  HJ (HJ l  
 ng cao ca tam gic vung SHI vi I 

l  trung im ca AD)  v  
21 .
7

a
HJ =  

35.  a)  Gi I l  trung im ca AB,  J l  trung 
im ca CD .  S dng tnh cht :  Trong 
tam gic cn th  ng trung tuyn v t 
nh cng l   ng cao ca tam gic.  

b)  T  
2

2 2 22 ,
2

CD
AC AD AJ+ = +  

2
2 2 22

2

CD
BC BD BJ+ = +  

suy ra 2 2 2 2 .AC AD BC BD+ = +  

H thc 2 2 2 2
CB CA DB DA+ = +  cng 

 c suy ra t ng t nh  trn v  t  i 
n iu phi chng minh.  

n tp ch ng III 

2.   a)  2AC a= ,  BC =  a,  3AB a=  nn 
tam gic ABC  vung ti C.  

b)  .
2

a
 

3.   a)  2a2  +  xy  =  2a(x  +  y).  

b)  ay  =  x(a    x) .  

4.  ,ABA' =  ,ACA' =  AHA' =  (AA'   (P),  

AH    BC)  v  dng cng thc 

2 2 2

1 1 1 .
AH AB AC

= +  

5.  
2 2

2 2 2 2 2 2
,

2
HAB

a b
S

a b b c c a

=

+ +

  

2 2

2 2 2 2 2 2
,

2
HBC

b c
S

a b b c c a

=

+ +

 

2 2

2 2 2 2 2 2
.

2
HCA

c a
S

a b b c c a

=

+ +

 

6.  a)  Thit din l  tam gic vung  CHK,    

CH   AB,  HK   AB'.  
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 b)  
3

2 2

2 .
2( )

HCK

a b
S

a b
=

+
 

7.  a)    d)   S dng tnh cht bng nhau ca 
hai tam gic v  tng cc gc trong ca 

mt tam gic bng 1 80o.  

 Tri cc mt ABC,  ACD ,  ADB  ln 
mp(BCD)  v  khng nh hnh khai trin 
ca t din ABCD  trn mp(BCD)  l  tam 
gic nhn BC,  CD ,  DB  l  ba  ng trung 
bnh ca tam gic  v  t  suy ra iu 
phi chng minh.  

8.  Theo kt qu bi  7,  hnh khai trin ca t 
din ABCD  trn mt phng (BCD)  l  tam 

gic A1A2A3  trong  BC,  CD ,  DB  l  ba 

 ng trung bnh ca tam gic ny.  

Chng minh t din AA1A2A3  c  AA1 ,  

AA2,  AA3  i mt vung gc,  t  suy ra 

iu phi chng minh.  

Cc cu hi  trc nghim ch ng III 

1.  (C) ;  2.  (C) ;  3.  (D) ;  4.  (C) ;  5.  (D) ;  6.  (D) ;  
7.  (D) ;  8.  (B) ;  9.  (B)  ;  10.  (B)  ;  11. (A) ;  
12.  (A).  

n tp cui  nm 

1.  b)  Php v t tm G,  t  s 
1

2
k =   (G  l  

trng tm ca tam gic ABC) .  

2.  a)  Php i xng tm  I  bin :   ng 
thng MM' thnh  ng thng PO ,   ng 
thng NN' thnh  ng thng QO ,   ng 
thng PP' thnh  ng thng MO ,   ng 
thng QQ' thnh  ng thng NO .  

3.  a)  Php quay tm A,  gc quay o90 . =   

5.  a)  S dng nh l Ta-lt o.  

7.  b)  Tr ng hp M  khng l  trung im 
ca SC  th thit din l  MKPN,  trong  

P  =  QN    AB,  Q  =  MK   AC.  Do 

 KMN PKNS S=  

  OM  =  OP  (O  =  MP    KN)  

  d(M ;  ()) =  d(P  ;  ()) (() l mt phng 
qua K,  song song vi AB  v SC),  v do 

d(M  ;  ())  =  d(S  ;  ()),  

 d(P  ;  ())  =  d(A  ;  ()),  

 d(S  ;  ())  =  d(A  ;  ()),  

nn suy ra kt lun ca bi  ton.  

8.   a)  
6
.

2

a
SH =  

b)  d(AB  ;  (SCD))  =  d(E  ;  (SCD))  =  
42

7

a
 

(E  l  trung im ca AB) .  

c)  d(AB  ;  SC)  =  d(AB  ;  (SCD))  =  
42 .
7

a
 

d)  Thit din l  AB1C1D1  trong  C1  l  

trung im ca SC,  B1D1  // BD ,  B1D1  i 

qua giao im ca AC1  v  SH.  

1 1 1

2 3

3AB C D

a
S = .  

e)  K HI // SC,  ly im J sao cho BHIJ l  

hnh bnh hnh.  Khi  BJ   (P)  nn BAJ  

l  gc gia AB  v  (P).  

2 .sin
4

BAJ =  

9.  a)  m  =  2a  ;  m  =  0.  

b)  Chng t 
2

2 5 ,
4

a
B'H =  

2
2 25 ,

4

a
C'H =  

2 25 ,B'C' a=  t  B'C'H l  tam gic 

vung ti B'.  

T h thc . cosAIC AIC'S S =  (vi I l giao 

im ca B'C' v BC,   l gc gia mp(ABC) 

v mp(AB'C')), ta c 
30 .cos
10

 =  
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Bng thut ng 
A 

nh  ca mt im  (4,  69)  
nh  ca mt h nh   (5,  69)  

B 

Biu  thc to     (6,  1 1 ,  1 6)  
Bng  tuyt Vn  Kc  (38)  

C 

Cc tnh  cht tha nhn  (42)  

 

nh  l  ba  ng  vung  gc  (1 00)  
nh  l  Ta-lt o    (64)  
nh  l  Ta-lt trong  khng  g ian  (63)  
nh  l  v  g iao tuyn  ca ba mt  phng   (53)  
ng  phng  ca cc im    (43)  
ng  phng  ca cc vect    (87)  
ng  phng  ca hai   ng  thng      (52)  
 ng  thng  song  song  vi  mt phng  (56)  
 ng  thng  vung  gc vi  mt phng  (96)  
 ng  Vn  Kc  (37)  
 ng  vung  gc chung  ca hai   ng  thng   
cho nhau   (1 1 5)  

G 

Giao tuyn  ca hai  mt phng     (43)  
Gc g ia  ng  thng  v mt phng  (1 01 )  
Gc g ia hai   ng  thng   (92)  
Gc g ia hai  mt phng  (1 04)  
Gc quay    (1 4)  

H  

Hai   ng  thng  cho nhau   (52)  
Hai   ng  thng  song  song   (52)  
Hai   ng  thng  vung  gc  (93)  
Hai  mt  phng  ct nhau  (43)  
Hai  mt  phng  song  song   (60)  
Hai  mt phng  vung  gc  (1 06)  
H nh  bng  nhau   (20)  
H nh  biu  d in   (41 ,  71 )  
H nh  ch iu  song  song   (69)  
H nh  chp  (46)  
H nh  chp ct  (66)  
H nh  chp ct u   (1 1 0)  
H nh  chp  u   (1 09)  
H nh  ng  dng   (31 )  
H nh  hc frac-tan   (37)  
H nh  hc khng  g ian   (40)  
H nh  hc L-ba-sp-xki   (82)  
H nh  hp  (65)  
H nh  hp ch nht (1 08)  
H nh  hp ng  (1 08)  
H nh  hp thoi   (94)  
H nh  khai  trin  ca t d in     (1 21 )  
H nh  lng  tr   (64)  

H nh  lng  tr  u   (1 08)  
H nh  lng  tr  ng   (1 08)  
H nh  lp  ph ng   (1 09)  
H nh  t d in   (49)  

K 

Khong  cch  g ia  ng  thng  v mt phng   
song  song   (1 1 3)  

Khong  cch  g ia hai   ng  thng  cho nhau   (1 1 5)  
Khong  cch  g ia hai  mt phng  song  song   (1 1 4)  
Khong  cch  t mt  im  n  mt  ng  thng   (1 1 3)  
Khong  cch  t mt  im  n  mt  mt phng   (1 1 3)  

L 

Lt mt phng   (21 )  

M 

Mt phng   (40)  
Mt phng  trung  trc ca on  thng     (98)  

P 

Php bin  h nh   (4)  
Php ch iu  song  song  (69)  
Php ch iu  vung  gc    (1 00)  
Php di  h nh   (8)  
Php i  xng  tm   (1 5)  
Php i  xng  trc  (1 0)  
Php ng  dng   (30)  
Php ng  nht   (5)  
Php hp  thnh   (30)  
Php quay  (1 4)  
Php tnh  tin   (4,  5)  
Php v  t  (24)  
Ph ng  php  tin     (81 )  

Q 

Quy tc h nh  hp    (84)  

T 

Tm ca h nh  hp   (66)  
Tm  i  xng   (1 6)  
Tm quay  (1 4)  
Tm v  t ca hai   ng  trn   (28)  
Tm v  t ngoi ,  tm  v  t trong   (28)  
Tp Cng-to  (37)  
Thm Xc-pin-xki  (37)  
Th it d in    (48)  
Trng  tm  ca t d in  (54)  
Trng  tuyn  (1 21 )  
Trc ca tam  g ic  (1 1 9)  
Trc i  xng  (1 0,  1 1 )  
T d in  u  (49)  
T d in  gn  u    (1 21 )  
T d in  trc tm    (1 03)  

V 

Vect tnh  tin  (5)  
Vect trong  khng  g ian    (84)
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Mc lc 

  Trang 

Ch ng I -  php di  h nh  v php ng dng trong mt phng 3 
1 .  M u  v php bin  h nh  4  

2.  Php tnh  tin  v php di  h nh  5 

3.  Php i  xng  trc 1 0  

4.  Php quay v php i  xng  tm 1 4  

5.  Hai  h nh  bng  nhau  1 9  

6.  Php v  t 24   

7.  Php ng  dng  30 

n  tp  ch ng  I  32  

Bi c thm :  H nh  t ng  dng  v H nh  hc frac-tan  (fractal )  37  

Ch ng II -   ng thng v mt phng trong khng gian.  
               Quan  h song song 39 

1 .  i  c ng  v  ng  thng  v mt phng  40 

2.  Hai   ng  thng  song  song  51  

3.   ng  thng  song  song  vi  mt phng  56 

4.  Hai  mt phng  song  song  60 

5.  Php chiu  song  song  69 

n  tp  ch ng  I I  75  

Bi c thm : Ph ng  php tin   trong  h nh  hc 81  

Ch ng III -  vect trong khng gian.  
               quan  h vung gc 83  

1 .  Vect trong  khng  g ian.  S ng  phng  ca cc vect 84  

2.  Hai   ng  thng  vung  gc 92  

3.   ng  thng  vung  gc vi  mt phng  96 

4.  Hai  mt phng  vung  gc 1 04 

5.  Khong  cch  1 1 2  

n  tp  ch ng  I I I  1 1 8  

Bi  tp n  cui  nm  1 24 

H ng  dn  g ii  -  p s 1 27 

Bng  thut ng 1 32  

 




