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I    T nh  n  iu  ca hm s  

1   

T  th   (H .1 ,  H .2)  hy ch ra cc khong  tng,  g im ca hm s y  =  cosx trn  

on  
3

;
2 2

  
 

 
 v ca hm s y x=  trn  khong  ( ; ). +    

 

 
 

 
 
 
 

 
 

 Hnh 1                 Hnh 2    

1 .   Nhc li  nh  ngha  

K hiu K l khong hoc on hoc na khong.  Gi s hm s y  =  f(x)  

xc nh trn K.  Ta ni  

 Hm s y  =  f(x)  ng bin  (tng)  trn K nu vi mi cp 

x1 ,  x2  thuc K m x1  nh hn x2  th f(x1 )  nh hn f(x2),  tc  l  

1x  <  2x    f( 1x )  < 2( )f x  ;  

 Hm s y  = f(x) nghch bin  (gim) trn K nu vi mi cp 1 2,x x  

thuc K m 1x nh hn 2x  th 1( )f x  ln hn 2( )f x , tc l  

1x  <  2x   1 2( ) ( )f x f x> .  
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Hm s ng bin hoc nghch bin trn K c gi chung l 

hm s n iu  trn K.  

Nhn xt.  T nh ngha trn ta thy 

a) f(x)  ng bin trn K   2 1

2 1

( ) ( )f x f x

x x





 > 0,  1 ,x 2x K  

1 2( )x x  ;  

f(x)  nghch bin trn K   2 1

2 1

( ) ( )f x f x

x x





 < 0,  1 ,x 2x K  

1 2( )x x .   

b)  Nu hm s ng bin trn K th  th i ln  t tri sang 
phi (H.3a)  ;  

Nu hm s nghch bin trn K th   th i xung  t tri sang 

phi (H.3b).  

 

 
 

 

  

 

 

 

a)          b)  

 Hnh 3  

2.   Tnh n iu  v du  ca o hm 

2  

Xt cc hm s sau  v  th  ca chng  :  

a)  
2

x
y =   (H .4a)           b)  

1
y

x
=  (H .4b)  

x    0   +   x    0   +  

y'       y'       

y  

  

 0    

  

 y 0  

 

 

  

+    

0  
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  a)                                             b)  

Hnh 4  

Xt du  o hm ca mi  hm s v in  vo bng  tng  ng.  
T   hy nu  nhn  xt v  mi  quan  h  g ia  s ng  bin,  nghch  bin  ca  
hm  s v  du  ca  o hm.  

Ta tha nhn nh l sau y.  

nh l 

Cho hm s y  =  f(x)  c o hm trn K.  
a)  Nu '( ) 0f x >  vi mi  x thuc  K th hm s f(x) ng bin 

trn K.   
b)  Nu '( ) 0f x <  vi mi  x thuc  K th hm s f(x)  nghch 

bin trn K.  

Tm li,  trn K 

'( ) 0 ( ) ng bin

'( ) 0 ( )  nghch bin.

f x

f x

>


<

f x

f x
 

Ch  

Nu f '(x)  =  0,  x    K th f(x)  khng i trn K.  

V d 1 .  Tm cc khong n iu ca hm s :  

a)  y  = 
4

2 1x +  ;          b)  y  =  sinx  trn khong (0 ;  2).  

Gii 

a)  Hm s N cho xc nh vi mi x   .  

Ta c 3' 8y x= .  Bng bin thin 

x      0   +

y'    0  +   

y  
 +  
 
 

 
 
 
1  

 

 +
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Vy hm s y  =  42x  +  1  nghch bin trn khong (  ;  0),  ng bin trn 
khong (0 ;  +).  

b)  Xt trn khong (0 ;  2),  ta c ' cos .y x=  

Bng bin thin 

x 0  
2


    

2


  2  

' cosy x=   +  0     0  +   

y  =  sinx  

 
 
 
0  

 

1  
 
 
 

   

 

 

1  

 

0 
 
 
 

Vy hm s y  =  sinx ng bin trn cc khong 0 ;
2

 
 
 

 v 
3

; 2
2

 
 

 
,  

nghch bin trn khong 
3

; .
2 2

  
 
 

 

3  

Khng nh ngc li  vi  nh l  trn c ng khng  ?  
Ni  cch  khc,  nu  hm s ng  bin  (nghch  
bin)  trn  K th  o hm ca n c nht th it phi  
dng  (m)  trn   hay khng  ?  

Chng  hn,  xt hm s 3
y x=  c  th  trn  H nh  5.           

 

Hnh 5  

Ch   

Ta c nh l m rng sau y.   

Gi s hm s y =  f(x)  c o hm trn K.  Nu '( ) 0f x   

( '( ) 0),f x x K  v '( ) 0f x =  ch ti mt s hu hn im 

th hm s ng bin (nghch bin)  trn K.  

V d 2.  Tm cc khong n iu ca hm s 3 22 6 6 7.y x x x= + +   

Gii.  Hm s N cho xc nh vi mi  x   .  

Ta c y '  =  2 26 12 6 6( 1) .x x x+ + = +  
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Do  y '  =  0   x = 1  v  y '  >  0 vi mi  x   1 .  

Theo nh l m rng,  hm s N cho lun lun ng bin.  

II    Quy tc xt tnh n iu ca hm s 

1 .   Quy tc 

1 .  Tm tp xc nh.   

2.  Tnh o hm f '(x).  Tm cc im ix  (i = 1 , 2,  . . . ,  n)  m  ti  

o hm bng 0  hoc khng xc nh.  

3.  Sp xp cc im ix  theo th t tng dn v lp bng bin thin.  

4.  Nu kt lun v cc khong ng bin, nghch bin ca hm s.  

2.   p  dng  

V d 3.  Xt s ng bin, nghch bin ca hm s  

3 21 1
2 2.

3 2
y x x x=   +  

Gii.  Hm s xc nh vi mi x   .  Ta c  

y '  =  x
2
   x   2,   y '  =  0   

2.

x

x

= 


=

 

Bng bin thin 

x      1   2   +

y '   +  0    0  +   

y  

 

   

 6
 

 

 

 

3
  

 
+

 

Vy hm s ng bin trn cc  khong (  ;  1 )  v (2 ;  +),  nghch bin 

trn khong (1  ;  2).  
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V d 4.  Tm cc khong n iu ca hm s 
1

x
y

x


=

+
.  

Gii.  Hm s xc nh vi mi  x   1 .  Ta c  

2 2

( 1) ( 1) 2
' .

( 1) ( 1)

x x
y

x x

+  
= =

+ +

 

y '  khng xc nh ti  x = 1 .  

Bng bin thin 

x          1   +  

y'  +    +   

y  

1  

 +   

  

 1  

 

Vy hm s ng bin trn cc  khong (  ;  1 )  v (1  ;  +).  

V d 5.  Chng minh rng  x > sin x  trn khong 0 ;
2

 
 
 

 bng cch xt 

khong n iu ca hm s f(x)  = sin .x x  

Gii.  Xt hm s f(x)  =  sinx x  0
2

 
 < 

 
x ,  ta c  

'( ) 1 cos 0f x x=    (f '(x)  =  0 ch ti x  =  0)  nn theo ch  trn ta c f(x)  

ng bin trn na khong 0 ;
2

 


 
.  

Do ,  vi 0 < x  < 
2


 ta c f(x)  = x   sinx > f(0) = 0  

hay x > sin  x trn khong 0 ;
2

 
 
 

.  

Bi  tp 

1.  Xt s ng bin,  nghch bin ca cc  hm s :  

a)  y  =  4 + 3x    x
2
 ;         b)  y  =  

3 21
3 7 2

3
x x x+    ;  

c)  y  =  
4 22 3x x +  ;       d)

3 2 5y x x=  +  .  



 1 0 

2.  Tm cc khong n iu ca cc hm s :  

a)  y  =  
3 1

1

x

x

 ;           b)  y  =  
2 2

1

x

x





 ;  

c)  y  = 2 20x x   ;       d)  y  =
2

2

9

x

x 

.  

3.  Chng minh rng hm s y = 
2 1

x

x +

 ng bin trn khong (1  ;  1 )  ;  

nghch bin trn cc khong (  ;  1 )  v (1  ;  +).  

4.  Chng minh rng hm s y  =  22x x  ng bin trn khong (0 ;  1 )  v 
nghch bin trn khong (1  ;  2).  

5.  Chng minh cc  bt ng thc sau :  

a)  tanx > x   0
2

x
 

< < 
 

 ;     b)  tanx  >  x +
3

x
 0

2
x

 
< < 

 
.  

B  i    c  t h  m   

T  n h  c h t   n   i  u  c  a  h m  s   

iu kin  v  tnh  cht n  iu  ca hm s c chng  minh  da vo nh  l  
sau  y.   

nh l La-grng  

Nu  hm s y  =  f(x)  l in  tc trn  on  [a  ;  b]  v  c o hm trn  
khong  (a  ;  b)  th   tn  ti  mt im  c    (a  ;  b)  sao cho 

( ) ( ) '( )( )f b f a f c b a =   

hay     
( ) ( )

'( )
f b f a

f c
b a


=



.  

 

M inh  ho hnh  hc :  

Nu  hm s f(x)  tho  mn  cc g i   th it ca  
nh  l  La-grng  th   trn    th   tn  ti  im 
C  m  tip  tuyn  ti   song  song  hoc 
trng  vi  dy cung  AB  (H .  6) .  

 

Hnh 6 
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J.L.  Lagrange

(1736   1 81 3)  

H qu  

Nu  F' (x)  =  0  vi  mi  x  thuc khong  (a  ;  b)  th   F(x)  bng  hng  s 
trn  khong  .  

Chng minh.  Xt im c nh  
0

( ; ).x a b Vi  mi  ( ; )x a b  m  
0
,x x  cc g i  

th it ca  nh  l  La-grng  c tho  mn  trn  on  
0

[ ; ]x x  (hoc
0

[ ; ]x x ) .  Do  

tn  ti  im  
0

( ; )c x x  (hoc
0

( ; )c x x )  sao cho 
0 0

( ) ( ) '( )( ).F x F x F c x x =   V  

( ; )c a b  nn  '( ) 0.F c =  Vy 

0
( ) ( ) 0F x F x =  hay 

0
( ) ( ) constF x F x= =  

trn  ton  khong  (a  ;  b) .                 

nh l   

Cho hm s y  =  f(x)  c o hm trn  khong  (a  ;  b) .  

a)  Nu  '( )f x  >  0  vi  mi  x    (a  ;  b)  th  hm  s f(x)  ng  bin  

trn  khong   ;  

b)  Nu  '( )f x  <  0  vi  mi  x    (a  ;  b)  th   hm  s f(x)  nghch  bin  

trn  khong  .  
 

Chng minh.  Ly hai  im bt k 
1
,x

2
x  

1 2
( )x x<  trn khong (a  ;  b).  V  f(x)  c o 

hm trn khong (a  ;  b)  nn f(x)  l in tc trn on 
1 2

[ ; ]x x  v c o hm trn khong 

1 2
( ; ).x x  

Theo nh  l  La-grng,  tn  ti  mt im  
1 2

( ; ) ( ; )c x x a b   sao cho  

2 1

2 1

( ) ( )
'( )

f x f x
f c

x x



=



.  T   suy ra  :  

a)  Nu  '( )f x  >  0  vi  mi  x    (a  ;  b)  th   '( )f c  >  0  nn  
2 1

( ) ( ).f x f x>  Do ,  f(x)  

ng  bin  trn  khong  (a  ;  b) .  

b)  Nu  '( )f x  <  0  vi  mi  x    (a  ;  b)  th  '( )f c  <  0  nn  
2 1

( ) ( ).f x f x<  Do ,  f(x)  

nghch  bin  trn  khong  (a  ;  b) .                

B  n  c   b i  t   

L a - g rn g  ( J . L .  L ag ran g e )  

La-grng  l  nh ton  hc Php,  xut thn  trong  mt g ia 
nh  giu  c,  nhng  tr nn  khnh  kit kh i  ng  tng  nh 
sp c tha k g ia  sn.  Tuy nhin,  v sau  ng  xem tai  
ho ny l  mt iu  may mn.  
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ng ni  :  "Nu  c tha k mt ti  sn  th  chc l  ti  khng  dnh  i  mnh  cho 
ton  hc".  

ng ni  La-grng l ngi Php, b ni l ngi I-ta-li-a.  C gia nh ng nh c  Tu-rin 
(th ph ca x Pi--mng (Pimont) thuc I-ta-li-a) .  

La-grng  c c l m  g io  s ton  hc  Trng  Pho binh  Hong  g ia  Tu-rin  
nm 1 9  tui .  Tt c cc hc tr u  ln  tui  hn  ng.  Cng  vi  nhng  hc tr u  
t  ca mnh,  La-grng   lp ra Hi  nghin  cu,  tin  thn  ca Vin  Hn  lm khoa 
hc Tu-rin .  Tp bo co u  tin  ca Hi  xut h in  nm  1 759 kh i  ng  23  tui .  
Phn  ln  nhng cng  trnh  tt nht cng  b trong  tp san  u  ny l ca La-grng,  
di  nhiu  bt danh  khc nhau.  

 tui  23,  La-grng c coi  l nh ton hc ngang hng vi  nhng nh ton  hc ln  
nht thi  by g i l  -le  (Eu ler)  v  cc nh ton  hc h Bc-nu-l i  (Bernoul l i ) .  

Theo li  g ii  th iu  ca -le,  ngy 2-1 0-1 760,  kh i  mi  24  tui ,  La-grng  c bu  
l m  Vin  s nc ngoi  ca  Vi n  Hn  l m  khoa hc Bec-l i n .  V  sau ,  -le  v  
a-lm-be (d 'Alembert)  cn  vn  ng  vua  nc Ph mi  La-grng sang  Bc-l in  
l m  nh ton  hc ca Triu  nh.  

Nm 1 764,  l c 28  tui ,  La-grng  c gii  thng  ln  v bi  ton  bnh  ng  ca  
Mt Trng  (l bi  ton  l  g ii  v  sao khi  chuyn  ng,  Mt Trng  lun  l un  quay 
mt mt v pha Tri  t) .  

Cc nm 1 766,  1 772,  La-grng  l in  tip nhn  c cc g ii  thng  ca Vin  Hn  
lm  khoa hc Pa-ri  v  cc bi  ton  6  vt th,  3  vt th.  

Ngy 6-1 1 -1 776,  La-grng  c vua nc Ph -  "v  vua  ln  nht chu  u"  -  n  
tip nng  nhit v  c c lm  G im  c Ban  Ton  L ca Vin  Hn  lm  Bec-l in .  

Nm 1 787,  Hong  g ia  v Vin  Hn  lm  Pa-ri  n  tip  nng  hu  nh ton  hc ln  
La-grng  tr v v  cp cho ng  mt cn  h y   tin  nghi  trong  in  Lu-vr 
(Louvre,  nay l  vin  bo tng  ln   Pa-ri) .  

Nm 1 788,   tui  52,  ng  cng  b kit tc ca i  ng,  b "C hc g ii  tch",   
ti  m ng  p   t l c 1 9  tui .  

Nh s can  thip  ca La-grng,  ngi  ta   khng  tha  nhn  1 2  thay cho 1 0  
lm  c s cho mt h.  

ng  lp gia nh  hai  ln.  B v u  mt sm v  au  yu.   tui  ngoi  50,  La-grng  
sng  c n,  su  mun.  Nm 56  tui ,  ng  c mt th iu  n,  con  gi  bn  ng  l 
nh th in  vn  hc L-m-n i -  (Lemonier) ,  yu  v ng li  mun  kt hn  vi  ng.  
La-grng  nhn  li .  C  dnh  c cuc i  tr  trung,  ti  p ca mnh   chm  
sc ng,  ko ng  ra  khi  u  su,  thc tnh  ni  ng  lng  ham  sng.  ng  yu  tha  
th it v  cm thy kh s mi  kh i  phi  tm  xa b.  ng  khng  nh  rng  b v tr 
d u  dng,  tn  tu l   g ii  thng  qu bu  nht trong  mi  g ii  thng  ca i  ng.  

La-grng c ton th nhn dn  Php tn vinh.  C ln,  Ta-l-grng (Tallegrand),  mt 
v  tng,   ni  vi  cha ca La-grng :  "Con ng,  ngi  con ca nhn  dn Php,  sinh  
ra  Pi--mng,   lm vinh d cho ton th nhn loi  bi  thin ti  ca mnh".  

La-grng  mt ngy 1 0-4-1 81 3,  th 77 tui .  
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I    Khi  nim  cc  i ,  cc  t iu  

1    

Da vo  th  (H .7,  H .8) ,  hy ch ra cc im ti   mi  hm s sau  c g i tr  ln  
nht (nh nht)  :   

a)  2
1y x=  +  trong  khong  ( ; ) +  ;  

b)  2( 3)
3

x
y x=   trong  cc khong  ;

2 2


 
 

 v 
3
; 4

2


 
 

.   

 

 

 

 
 

 

 

Hnh 7               Hnh 8 

Xt du  o hm ca cc hm s  cho v in  vo cc bng  di  y.  

x    0   +   x    1   3   +  

y'       y'        

y  
 

  

 1    
 

  

 y  
 

  

 

3
 

 

  
 

0  

 +  

nh ngha  

Cho hm s y  =  f(x)  xc  nh v lin tc  trn khong (a  ;  b)  (c th 

a  l   ;  b  l +)  v im x0    (a  ;  b).   

a)  Nu tn ti s h  > 0 sao cho f(x)  < f(x0)  vi mi  x   (x0    h  ;  

x0  +  h)  v  x   x0  th ta ni hm s f(x)  t cc i  ti 0 .x  

b)  Nu tn ti s h  >  0 sao cho f(x)  > f(x0) vi mi  x   0(x   h  ;  

0x + h)  v  x   0x  th ta ni hm s f(x)  t cc tiu  ti  0 .x  
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Ch   

1 .  Nu hm s ( )f x  t cc i (cc tiu)  ti 0x  th 0x  c 

gi l im cc i  (im cc tiu)  ca hm s ;  0( )f x c 

gi l gi tr  cc i  (gi tr  cc tiu)  ca hm s,  k hiu 
l ( )C CTf f ,  cn im 0 0( ; ( ))M x f x  c gi l im cc i 

(im cc tiu) ca  th hm s.  

2.  Cc im cc i v cc tiu c gi chung l im cc tr.
Gi tr cc i (gi tr cc tiu)  cn gi l cc i  (cc tiu)  v 
c gi chung l cc tr  ca hm s.  

3.  D dng chng minh c rng,  nu hm s y  =  f(x)  c o 
hm trn khong (a ;  b)  v t cc  i hoc cc tiu ti 0x th 

0'( )f x = 0.  

2  

Gi s f(x)  t cc i  ti 0x .  Hy chng  minh  khng  nh  3  trong  ch   trn  bng  

cch  xt g ii  hn  t s 0 0( ) ( )f x x f x

x

+  


 khi  x   0 trong hai  trng  hp x > 0  v 

x < 0.   

I I     iu  kin      hm s  c  cc  tr  

3  

a)  S dng   th ,  hy xt xem cc hm s sau  y c cc tr  hay khng.  
 2 1y x=  +  ;  

2( 3)
3

x
y x=   (H .8) .  

b)  Nu  mi  l in  h g ia s tn  ti  cc tr  v du  ca o hm.  

Ta tha nhn nh l sau y.  

nh l 1   

Gi s hm s y = f(x) lin tc trn khong K = 0 0( ; )x h x h +  

v c o hm trn K hoc  trn K \{  x0} ,  vi h  >  0.  

a) Nu f '(x)  > 0 trn khong (x0    h  ;  x0) v f '(x) < 0 trn 

khong (x0  ;  x0  + h) th x0  l mt im cc i ca hm s f(x).  

b) Nu f '(x) < 0 trn khong (x0    h  ;  x0) v f '(x) > 0 trn 

khong (x0  ;  x0  + h) th x0  l mt im cc tiu ca hm s f(x).  
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x 0x h  0x   
0x h+  x 0x h  0x   

0x h+

'( )f x   +       '( )f x      +   

f(x)   

 

 
Cf     f(x)     

CTf  

  

V d 1 .  Tm cc im cc tr ca  th hm s f(x)  =  x
2
 +  1 .  

Gii.  Hm s xc nh vi mi x    .  

Ta c f ' (x)  =  2x  ;  f ' (x)  =  0   x = 0.  

Bng bin thin  
x      0   +

f '(x)    +  0     

f(x)  

 
 

   
 

1  

 
 

 


T bng bin thin suy ra x = 0 l im cc i ca hm s v  th ca 
hm s c mt im cc i (0 ;  1 )  (H.7).  

V d 2.  Tm cc im cc tr ca hm s 
3 2 3y x x x=   + .  

Gii.  Hm s xc nh vi mi x    .  

Ta c   y '  =  23 2 1x x   ;  

      y '  =  0 

1

.
3

x

x

=


 = 


 

Bng bin thin 

x      

3
  1  

 
+

y'   +  0    0  +   

y  

 

 

   
 27

 

 
 

 

 
 

2  

 +
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T bng bin thin suy ra x = 
3
l im cc i,  x = 1  l im cc tiu 

ca hm s N cho.   

V d 3.  Tm cc tr  ca hm s  

3 1
.

1

x
y

x

+
=

+
 

Gii.  Hm s xc nh ti mi  x   1 .  

Ta c
2

2
'

( 1)
y

x
=

+

 >  0,  x    1 .  

Vy hm s N cho khng c cc  tr (v theo khng nh 3  ca Ch  trn,  

nu hm s c cc  tr ti x0  th ti  y'  =  0).  

4  

Chng minh  hm s y x=  khng  c o hm ti  0.x =  Hm s c t cc tr  ti  

im  khng  ?   

I I I    Quy  tc  t m  cc  tr  

p dng nh l 1 ,  ta c quy tc tm cc tr sau y.  

Quy tc I   

1 .  Tm tp xc nh.   

2.  Tnh '( ).f x  Tm cc im ti  '( )f x  bng 0 hoc '( )f x  
khng xc nh.  

3 .  Lp bng bin thin.  
4.  T bng bin thin suy ra cc im cc tr.  

5  

p dng  quy tc I ,  hy tm  cc im cc tr  ca hm s 
2( ) ( 3).= f x x x  

Ta tha nhn nh l sau y.  

nh l 2   

Gi s hm s y  =  f(x)  c o hm cp hai trong khong 

0 0( ; )x h x h + ,  vi h  >  0.  Khi  :   

a)  Nu 0'( ) 0f x = ,  0' '( ) 0f x >  th x0  l im cc tiu ;  

b)  Nu 0'( ) 0f x = ,  0' '( ) 0f x <  th x0  l im cc i.  
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p dng nh l 2, ta c quy tc sau y  tm cc im cc tr ca mt hm s.  

Quy tc II  

1 .  Tm tp xc nh.   

2. Tnh f '(x).  Gii phng trnh f '(x) = 0 v k hiu ix  (i = 1 , 2, ..., n) 

l cc nghim ca n.  

3 .  Tnh f " (x)  v ' '( ).if x  

4.  Da vo du ca ' '( )if x  suy ra tnh cht cc tr ca im ix .  

V d 4.  Tm cc tr  ca hm s 

4
2( ) 2 6.

4

x
f x x=  +  

Gii.  Hm s xc nh vi mi  x   .  

f ' (x)  = 
3 24 ( 4)x x x x =   ;  '( ) 0f x =  x1  =  0,  x2  =  2,  x3  =  2.  

f ' ' (x)  =  3x
2
   4.  

f ' ' (  2)  =  8  >  0  x  =  2 v x  =  2 l hai im cc tiu ;  

f ' ' (0)  = 4 < 0  x = 0 l im cc i.  

Kt lun  

f(x)  t cc tiu ti  x  =  2 v x  =  2 ;  fCT  =  f(  2)  = 2.  

f(x)  t cc i ti  x = 0 v fC  =  f(0)  =  6.  

V d 5.  Tm cc im cc tr ca hm s f(x)  =  sin2x.   

Gii.  Hm s xc nh vi mi  x   .  

f ' (x)  = 2cos2x  ;  f '(x)  =  0   2x  =  
2


 +  l    x = 

4 2
l

 
+  (l    ).  

f ' ' (x)  =  4sin2x.  

f ' ' 4 sin
4 2 2

l l
     
+ =  +    

   
 =  

  4 nu = 2 +1

l k

l k





 (k  ) .  
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Kt lun 

x  =  
4

k

+   (k   )  l cc im cc  i ca hm s.  

x  =  
3

4
k


+   (k    )  l cc im cc tiu ca hm s.  

Bi  tp 

1.   p dng Quy tc I,  hNy tm cc im cc tr  ca cc hm s sau :  

a)  
3 22 3 36 10y x x x= +    ;     b)  

4 22 3y x x= +   ;  

c)  
1

y x
x

= +  ;           d)  3 2(1 )y x x=   ;  

e) 2 1y x x=  + .  

2.   p dng Quy tc II,  hNy tm cc im cc tr ca cc hm s sau :  

a)  y  =  x
4
   2x

2
 +  1  ;         b)  y  =  sin2x    x ;  

c)  y  =  sinx  +  cosx  ;        d)  y  =  
5 3 2 1 .x x x  +  

3.  Chng minh rng hm s y x=  khng c o hm ti  x = 0 nhng vn 

t cc tiu ti im .  

4.  Chng minh rng vi mi gi tr ca tham s m,  hm s  

3 2 2 1y x mx x=   +  

lun lun c mt im cc i v mt im cc tiu.  

5.   Tm a  v b   cc  cc tr  ca hm s 

2 3 25
2 9

3
y a x ax x b= +  +  

u l nhng s dng v 0 9
x =   l im cc i.  

6.  Xc nh gi tr ca tham s m   hm s 
2 1x mx

y
x m

+ +
=

+

 t cc i  

ti  x = 2.  
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I     nh  ngha 

Cho hm s y  =  f(x)  xc nh trn tp D.   

a)  S M  c gi l gi tr  ln nht  ca hm s y  =  f(x)  trn 

tp D  nu f(x)    M  vi mi x  thuc D  v tn ti 0x D  sao 

cho 0( ) .f x M=  

K hiu max
D

M f x=  

b)  S m  c gi l gi tr nh nht  ca hm s y  =  f(x)  trn 
tp D  nu ( )f x m  vi mi x  thuc D  v tn ti 0x D  sao 

cho 0( ) .f x m=  

K hiu min ( )
D

m f x= .  

V d 1 .  Tm gi tr nh nht v gi tr ln nht ca hm s 

1
5y x

x
=  +  

trn khong (0 ; + ) .  

Gii.  Trn khong (0 ;  +), ta c 
2

2 2

1 1
' 1 ;


=  =

x
y

x x
  

2' 0 1 0=   =y x    x  =  1 .  

Bng bin thin 

x 0  1   +  

y'    0  +   

y  
+  
 
 

 
 
 
3  

 
+  
 
 

 

T bng bin thin ta thy trn khong (0 ;  +)  hm s c gi tr  cc tiu 
duy nht,   cng l gi tr nh nht ca hm s.  
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Vy 
(0; )
min ( ) 3f x
+

=   (ti x  =  1 ).  Khng tn ti gi tr  ln nht ca f(x)  

trn khong (0 ; )+ .  

I I    Cch  tnh  gi  tr  ln  nht  v  gi  tr  nh  nht  
ca hm s  trn mt  on 

1   

Xt tnh  ng  bin,  nghch  bin  v tnh  gi tr  ln  nht,  g i  tr  nh nht ca hm s :  

a)  y  =  x
2
 trn  on  [3  ;  0]  ;        

b)  
1

x
y

x

+
=



trn  on  [3  ;  5 ] .  

1 .   nh  l   

Mi hm s lin tc  trn mt on u c gi tr ln nht 

v gi tr nh nht trn on .   

Ta tha nhn nh l ny.  

V d 2.  Tnh gi tr nh nht v gi tr ln nht ca hm s y  = sinx  

a)  Trn on 
7

;
6 6

  
 
 

 ;       

b)  Trn on ; 2
6

 
 

 
.  

Gii 

 

 

 

 

 

 

 

 

Hnh 9 
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T  th ca hm s y  =  sinx  (H.9),  ta thy ngay :  

a)  Trn on D  =  
7

;
6 6

  
 
 

 ta c  

1

6 2
y

 
= 

 
 ;  1

2
y

 
= 

 
 ;  

7 1

6 2
y

 
=  

 
.  

T  max 1
D

y =  ;
1

min
2D

y =  .  

b)  Trn on E  =  ; 2
6

 
 

 
 ta c  

1

6 2
y

 
= 

 
,  1

2
y

 
= 

 
,  1

2
y

3 
=  

 
,   y(2)  =  0.  

Vy max 1
E

y =  ;   min 1
E

y =  .  

2.   Quy tc tm  gi tr  ln  nht,  gi  tr  nh nht ca hm s l in  tc 
trn mt on  

2  

Cho hm s 
2 2 2 1

1 3

x x
y

x x

 +   
= 

< 

nu

nu
 

c  th  nh Hnh 1 0.  Hy ch ra gi tr  
ln  nht v gi tr  nh  nht ca hm s 
trn  on  [2 ;  3]  v nu  cch  tnh.   

  

Hnh 1 0 

Nhn xt  

Nu o hm f ' (x)  gi nguyn du trn on [a  ;  b]  th hm s 

ng bin hoc nghch bin trn c on.  Do ,  f(x)  t c 
gi tr ln nht v gi tr nh nht ti cc u mt ca on.  

Nu ch c mt s hu hn cc  im xi  (xi  <  xi+1 )  m ti   
'( )f x  bng 0 hoc khng xc nh th hm s ( )y f x= n 

iu trn mi khong 1( ; )i ix x + .  R rng gi tr  ln nht (gi 

tr nh nht)  ca hm s trn on [ ; ]a b  l s ln nht (s 

nh nht)  trong cc gi tr  ca hm s ti hai u mt a,  b  v 
ti cc im x

i  ni trn.  
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Quy tc  

1.  Tm cc im 1 2, , . . . , nx x x trn khong (a  ;  b),  ti  f '(x)  

bng 0 hoc f ' (x)  khng xc nh.  

2.  Tnh f(a),  1 2( ), ( ), . . . , ( ),nf x f x f x  f(b).  

3 .  Tm s ln nht M v s nh nht m  trong cc s trn.  Ta c 

M  =
[ ; ]
max ( )
a b

f x ,  
[ ; ]
min ( )
a b

m f x= .  

Ch   

Hm s lin tc trn mt khong c th khng c gi tr  ln 
nht v gi tr nh nht trn khong .  Chng hn,  hm s 

1
( )f x

x
=  khng c gi tr  ln nht,  gi tr nh nht trn 

khong (0 ;  1 ) .  Tuy nhin,  cng c  nhng hm s c gi tr 
ln nht hoc gi tr nh nht trn mt khong nh trong V d 3  
di y.  

V d 3.  Cho mt tm nhm hnh vung cnh a.  Ngi ta ct  bn gc bn 
hnh vung bng nhau,  ri gp tm nhm li nh Hnh 1 1   c mt ci hp 
khng np.  Tnh cnh ca cc hnh vung b ct sao cho th tch ca khi hp 
l ln nht.  

 

 
 
 
 
 

 

 

 Hnh 1 1  

Gii.  Gi x  l  di cnh ca hnh vung b ct.  

R rng x  phi tho mNn iu kin 0 < x  <  
2

a
.  

Th tch ca khi hp l 

2( ) ( 2 )V x x a x=   0 .
2

a
x


< < 
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Ta phi tm 0 0;
2

a
x


  

 
 sao cho V(x0) c gi tr ln nht.  

Ta c  2'( ) ( 2 ) .2( 2 ).( 2) ( 2 )( 6 )V x a x x a x a x a x=  +   =   .  

Trn khong 0 ; ,
2


 
 

a
 ta c 

V ' (x)  =  0    .
6

=
a

x  

Bng bin thin  

x 0  
6

a
  

2

a
 

V'(x)   +  0    

V(x)  

 

 

0  

 

3

27

a
 

 

  

0  

T bng trn ta thy trong khong 0 ;
2

a 
 
 

 hm s c mt im cc tr duy 

nht l im cc i x  =  
6

a
 nn ti  V(x)  c gi tr  ln nht :  

3

0 ;
2

2
max ( ) .

27a

a
V x


 
 

=  

3  

Lp bng  bin  th in  ca hm s  
2

1
( )

1
f x

x
= 

+

.  

T  suy ra g i tr  nh nht ca f(x)  trn  tp xc nh.  

 

Bi  tp 

1.  Tnh gi tr  ln nht,  gi tr nh nht ca hm s :  

a)  y  =  x
3
   3x

2
   9x  +  35  trn cc on [4 ;  4]  v [0 ;  5 ]  ;  
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b)  y  =  x
4
   3x

2
 +  2  trn cc  on [0 ;  3 ]  v [2  ;  5]  ;  

c)  
2

1

x
y

x


=



trn cc on [2 ;  4]  v [3  ;  2]  ;  

d)  5 4y x=  trn on [1  ;  1 ] .  

2.  Trong s cc hnh ch nht cng c chu vi 1 6  cm,  hNy tm hnh ch nht c 

din tch ln nht.  

3.  Trong tt c cc hnh ch nht cng c din tch 48  m
2
,  hNy xc  nh hnh 

ch nht c chu vi nh nht.  

4.  Tnh gi tr ln nht ca cc hm s sau :  

a)  
2

4

1
y

x
=

+

 ;           b)  y  =  4x
3
   3x

4
.  

5.  Tnh gi tr  nh nht ca cc hm s sau :  

a)  y  =  x  ;             b)  
4

y x
x

= +  (x  >  0).  

 

B  i    c  t h  m   

 C u n g  l  i ,  c u n g  l  m  v   i  m  u  n  

1 .  Khi  nim v cung li ,  cung lm v im un 
Xt  th  ACB  ca hm s ( )y f x=  biu  d in  trn  H nh  1 2.  Gi s  th  c tip 

tuyn  ti  mi  im.  

 

 

 
 
 
 
 

 
 

 

 Hnh 1 2  
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Ti  mi  im ca cung AC ,  tip tuyn lun  lun  pha trn ca AC .  Ta 

ni  AC  l mt cung li .  Nu a  l honh  ca im A,  c l honh  

ca im C,  th khong (a  ; c)  c gi  l mt khong li  ca  th.  

Ti  mi  im ca cung CB ,  tip tuyn  lun  lun   pha di  ca CB .  

Ta ni  CB  l mt cung lm .  K h iu  b  l honh  ca im B  th 

khong  (c  ; b)  c gi  l mt khong lm  ca  th.  

im phn  cch  g ia cung  li  v cung  lm c gi  l  im un  ca 
 th  .  Trn  H nh  1 2,  C  l   mt im un.  

Ch   

1 .  Ti  im un,  tip tuyn  i  xuyn  qua  th  (H .1 2).  

2.  Trong mt s g io trnh,  nht l  g io trnh  Gii  tch  ton  hc  

i  hc,  ngi  ta gi  AC  trn Hnh 1 2 l cung lm v CB  l cung li .  

2.  Du  hiu  li ,  lm v im un  

Ta c hai  nh  l  sau  y.  

nh l 1   

Cho hm s ( )y f x=  c o hm cp hai  trn khong (a  ;  b).  

Nu ' '( ) 0f x <  vi  mi  ( ; )x a b  th  th  ca hm s li  trn  

khong  .  

Nu  ' '( ) 0f x >  vi  mi  ( ; )x a b  th    th   ca hm  s lm trn  

khong  .  

nh l 2   

Cho hm s ( )y f x=  c o hm cp hai  trn  khong  (a  ;  b)  

v
0

( ; )x a b .  Nu  ' '( )f x  i  du  khi  x i  qua 
0
x  th   im 

0 0 0
( ; ( ))M x f x  l   im un  ca  th  hm s  cho.   

3.  p dng  

V d 1.  Tm cc khong  li ,  lm v im un  ca  th  cc hm s :  

a) 5
y x=  ;         b)  siny x=   trn  on  [0  ;  2] .  

Gii  

a)  Tp xc nh  :  .  

Ta c 4
' 5y x= , 3

' ' 20y x= .  

Bng  xt du  ' 'y  
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x      0   +

' 'y     0  +  

 th  ca 
hm s 

 Li  
im un  

(0 ; 0)O  Lm  

Vy  th  hm s li  trn  khong  (  ;  0) ,  lm 
trn  khong  (0 ;  +) .  im O(0  ;  0)  l im un  
ca  th  hm s (H .1 3).  

b)  Ta c       

' cosy x=  ,     ' ' siny x= .  

Bng  xt du  ' 'y   

x   0      2

' 'y   + 0     

 th  ca 
hm s  Lm 

im un  
( ; 0)A  Li   

Vy trn on [0 ;  2),   th  hm s lm trn 
khong  (0  ;  ) ,  l i  trn  khong  (  ;  2) .  im 
A(  ;  0)  l im un ca  th  hm s (H.1 4).  

 

 

 

 

Hnh 1 4  

V d 2.  Tm cc khong  li ,  lm ca  th  hm s 

1

+
=



x
y

x
.  

Gii.  Tp xc nh  :R \{1} .  

2

2
'

( 1)
y

x
= 



,  xc nh  vi  mi  1x   ;  

3

4
''

( 1)
y

x
=



,  xc nh  vi  mi 1x  .  

Bng  xt du  ' 'y  

x     1   +

y' '      +  

 th  ca hm s  Li   Lm  

Vy  th  ca hm s li  trn  khong  (  ;  1 )  v lm  trn  khong  (1  ;  +) .  

Hnh 1 3  
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( th  khng  c im un  v  hm s  

khng  xc nh  ti  im x  =  1 )  (H . 1 5) .  

 

 

 

 
 

 

 

 

Hnh 1 5 

 

 
 

 

I    ng Tim  cn ngang 

1   

Cho hm s  

2

1

x
y

x


=



 (H .1 6).  

c  th  (C).  

Nu  nhn  xt v khong  cch  t 
im M(x  ;  y)    (C)  ti  ng  thng  

y  =  1  khi  x  + .  

 
 

 

Hnh 1 6 

 V d 1 .  Quan st  th (C)  ca hm s 

f(x)  = 
1

2
x
+  (H.17).  
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Nu nhn xt v khong cch t im M(x  ;  y)    (C)  ti ng thng y  =  2 

khi x  +  v cc  gii hn 

lim [ ( ) 2] ,
x

f x
+

 lim [ ( ) 2]
x

f x


 .  

Gii.  K hiu M, M'  ln lt l cc  im thuc (C)  v ng thng y  =  2 c 

cng honh  x  (H.1 7).  Khi  x  cng ln th cc im M,  M'  trn cc   
th cng gn nhau.   

Ta c 

lim [ ( ) 2]
x

f x
+

 =  
1 1

lim 2 2 lim 0.
x xx x+ +

 
+  = =    

 

Tng t,  lim [ ( ) 2] 0.
x

f x


 =   

 

 
 
 
 
 
 
 
 

 

Hnh 1 7 

Ch  

Nu lim
x+

f(x) = lim
x

f(x) = l,  ta vit chung l lim ( ) .
x

f x l


=  

nh ngha  

Cho hm s y  = f(x)  xc nh trn mt khong v hn (l 
khong dng (a  ; + ),  (   ;  b)  hoc (   ; + )).  ng 

thng y  =  y0  l ng  tim cn ngang  (hay tim cn ngang)  
ca  th hm s y  =  f(x)  nu t nht mt trong cc iu kin 
sau c tho mNn 

lim
x+

f(x)  =  y0  , lim
x

 f(x)  = y0.  
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Trong V d 1 ,  ng thng y  =  2  l tim cn ngang ca ng hypebol 
1

2.y
x

= +  

V d 2.  Cho hm s 

f(x)  =  
1

1
x
+  

xc nh trn khong (0 ;  +).  

 th hm s c tim cn ngang y  =  1  v  

1
lim ( ) lim 1 1

x x
f x

x+ +


= + = 

 
.  

I I    ng Tim  cn ng 

2  

Tnh  
0

1
lim 2
x x


+ 

 
 v nu  nhn  xt v khong  cch  MH khi  x    0  (H .1 7).  

nh ngha  

ng thng x = x0  c gi l ng  tim cn ng  (hay tim 

cn ng) ca  th hm s y  = f(x)  nu t nht mt trong cc 
iu kin sau c tho mNn 

0

lim ( )
x x

f x
+



= + ,  
0

lim ( )
x x

f x




=  ,  

0

lim ( )
x x

f x
+



=  ,
0

lim ( )
x x

f x




= + .  

V d 3.  Tm cc tim cn ng v ngang ca  th (C)  ca hm s 

2

x
y

x


=

+

.             

Gii.  V 
2

1
lim

2x

x

x+



= 

+

 (hoc
2

1
lim

2x

x

x



= +

+

)  nn ng thng 

x = 2 l tim cn ng ca (C).  
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V 
1

lim 1
2x

x

x


=

+
 nn ng thng 

y  =  1  l tim cn ngang ca (C) .   

 th ca hm s c cho trn 
Hnh 1 8.  

 

 

 

 

 

 

Hnh 1 8 

V d 4.  Tm tim cn ng ca  th hm s 
22 1

2 3

x x
y

x

+ +
=


.  

Gii.  V 
2

3

2

2 1
lim

2 3
x

x x

x+


  
 

+ +
= +



 (hoc
2

3

2

2 1
lim

2 3
x

x x

x


  
 

+ +
= 


)  nn 

ng thng 
2

x =  l tim cn ng ca  th hm s N cho.  

Bi  tp 

1.  Tm cc tim cn ca  th hm s :  

a)
2

x
y

x
=


 ;           b)

1

x
y

x

 +
=

+
 ;  

c)
2

5 2

x
y

x


=


 ;            d)

7
1y

x
=  .  

2.  Tm cc tim cn ng v ngang ca  th hm s :  

a)
2

2

9

x
y

x


=



 ;          b)
2

2

1

3 2 5

x x
y

x x

+ +
=

 

 ;  

c)
2 3 2

1

x x
y

x

 +
=

+
 ;         d)

1

x
y

x

+
=



.   
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i   s    kho  st  hm s  

1 .   Tp xc nh  

Tm tp xc nh ca hm s.  

2.   S bin  thin  

 Xt chiu bin thin ca hm s :  

+  Tnh o hm y'  ;  

+  Tm cc im ti  o hm y '  bng 0 hoc khng xc nh ;  

+  Xt du o hm y '  v suy ra chiu bin thin ca hm s.  

 Tm cc tr.  

 Tm cc gii hn ti v cc,  cc  gii hn v cc v tm tim cn (nu c).  

 Lp bng bin thin.  (Ghi cc  kt qu tm c vo bng bin thin).  

3.    th  

Da vo bng bin thin v cc yu t xc nh  trn  v  th.  

Ch  

1 .  Nu hm s tun hon vi chu k  T  th ch cn kho st s 

bin thin v v  th trn mt chu k,  sau  tnh tin  th 

song song vi trc Ox.  

2.  Nn tnh thm to  mt s im,  c bit l to  cc 

giao im ca  th vi cc trc to .  

3 .  Nn lu  n tnh chn,  l  ca hm s v tnh i xng ca 

 th  v cho chnh xc.   
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I I    kho  st  mt  s  hm a  thc  v  hm phn thc  

1   

Kho st s bin  thin  v v  th   ca cc hm s  hc 

y  = ax  + b,    y  =  ax
2
 +  bx + c  

theo s  trn.  

1 .   Hm s y  =  ax
3
 +  bx

2
 +  cx  +  d (a   0)  

V d 1 .  Kho st s bin thin v v  th ca hm s y  =  
3 23 4.x x+   

Gii 

1 )  Tp xc  nh : .  

2)  S bin thin 

 Chiu bin thin 

y '  =  3x
2
 +  6x  =  3x(x  +  2)  ;  

y '  =  0 
0.

x

x

= 


=

 

Trn cc khong (  ;  2)  v (0 ;  +),  y '  dng nn hm s ng bin.  

Trn khong (2 ;  0),  y '  m nn hm s nghch bin.  

 Cc tr  

Hm s t cc i ti  x = 2 ;  yC  =  y(2)  =  0.  

Hm s t cc tiu ti  x = 0 ;  yCT =  y(0)  = 4.  

 Cc gii hn ti v cc 

      3
3

3 4
lim lim 1 ,

x x
y x

x x 

 
= +  =  

 
 

      3
3

3 4
lim lim 1 .

x x
y x

x x+ +

 
= +  = + 
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 Bng bin thin 

x     2   0   +  

y '   +  0    0  +   

y  

 
 

  

 

0  

 

 
 

4  

 

+  

 
 

3 )   th 

Ta c x
3
 +  3x

2
   4  =  (x    1 )(x  +  2)

2
 =  0  

  
1 .

x

x

= 


=

 

Vy (2 ;  0)  v (1  ;  0)  l cc giao im ca  th vi trc Ox.  

V y(0)  = 4 nn (0 ;  4)  l giao im ca  th  vi trc Oy.  im  
cng l im cc tiu ca  th.  

 th ca hm s c cho trn Hnh 1 9.  

Lu .   th ca hm s bc ba N cho c 

tm i xng l im I (1  ;  2) (H.19).  

Honh  ca im I l nghim ca 

phng trnh y'' =  0.  

 

 

 

Hnh 1 9 

2  

Kho st s bin  thin  v v  th  ca hm s y  =  x
3
 + 3x

2
   4.  Nu  nhn  xt v  

 th  ca hm s ny vi   th  ca hm s kho st trong  V d  1 .  

V d 2.  Kho st s bin thin v v  th ca hm s  

3 23 4 2.y x x x=  +  +  

Gii 

1 )  Tp xc nh :  .  
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2)  S bin thin 

 Chiu bin thin 

V y '  =  3x
2
 +  6x    4 = 3(x    1 )

2
   1  <  0 vi mi x   ,  

nn hm s nghch bin trn khong (  ;  +).  Hm s khng c cc tr.  

 Gii hn ti v  cc 

    3
2 3

3 4 2
lim lim 1

x x
y x

x x x+ +

 
=   +  =   

  
,  

    3
2 3

3 4 2
lim lim 1

x x
y x

x x x 

 
=   +  = +  

  
.  

 Bng bin thin 

x        +  

y '         

y  

+  
    

 

 

 

 

  

3 )   th 

 th ca hm s ct trc Ox ti im (1  ;  0), 

ct trc Oy  ti im (0 ;  2).  

 th ca hm s c cho trn Hnh 20.  

 

 

 

 

 

 

 

Hnh 20  
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Dng ca  th  hm s bc ba y  =  ax
3
 +  bx

2
 +  cx  +  d (a   0)  

 a  >  0  a  <  0  

Phng trnh  

y '  =  0  

c hai nghim 
phn bit 

 
 

 
 

 
 

 

Phng trnh 

y '  =  0  

c nghim kp 

 

 

 

 

 

 

Phng trnh

y '  =  0  

v nghim 

 

 

 

 

 

 

3  

Kho st s bin  thin  v v  th  ca hm s 
3

2 1
3

x
y x x=  + + .  

2.   Hm s y  =  ax
4
 +  bx

2
 +  c  (a  0)   

V d 3.  Kho st s bin thin v v  th ca hm s y  =  x
4
   2x

2
   3 .  

Gii 

1 .  Tp xc nh :  .   

2.  S bin thin 

 Chiu bin thin 

3 2' 4 4 4 ( 1) ; ' 0y x x x x y=  =  =   

1

0.

x

x

x

=

 = 
 =
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Trn cc khong (1  ;  0)  v (1  ;  +),  y '  >  0  nn hm s ng bin.  

Trn cc khong (  ;  1 )  v (0 ;  1 ),  y '  <  0 nn hm s nghch bin.  

 Cc tr  

Hm s t cc tiu ti hai im x  =  1  v x =  1  ;  yCT  =  y(1 )  =  4.  

Hm s t cc i ti im  x = 0 ;  yC  =  y(0)  = 3.  

 Gii hn ti v cc 

     4
2 4

2 3
lim lim 1

x x
y x

x x 


=   = + 

 
,  

     4
2 4

2 3
lim lim 1

x x
y x

x x+ +


=   = + 

 
.  

 Bng bin thin 

x     1   0   1   +  

y '     0  +  0    0  +   

y  
+  
 

 
 

4  
 

3  
 

 
 

4  
 

+  

 

3 .   th 

Hm s N cho l hm s chn,  v  

y(x)  = (x)
4
   2(x)

2
   3   

  =  x
4
   2x

2
   3  =  y(x).  

Do ,   th nhn trc Oy  lm trc i xng.  

 th ct trc honh ti cc im ( 3 ; 0)  v 

( 3 ; 0) , ct trc tung ti im (0 ;  3) (H.  21 ).   

4  

Kho st s bin  thin  v v  th   ca hm s 4 22 3.y x x=  + +  

Bng   th ,  bin  lun  theo m  s nghim ca phng  trnh  
4 22 3 .x x m + + =  

V d 4.  Kho st s bin thin v v  th ca hm s 

y  =
4

2 3 .
2 2

x
x  +  

Hnh 21  
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Gii 

1 .  Tp xc nh :  .   

2.  S bin thin 

 Chiu bin thin 

y '  =  2x
3
   2x  =  2x(x

2
 +  1 )  ;  y '  = 0   x = 0.  

Trn khong (  ;  0),  y '  >  0 nn hm s ng bin.  

Trn khong (0 ;  +),  y '  <  0  nn hm s nghch bin.  

 Cc tr 

Hm s t cc i ti  x = 0,  yC  =  y(0)  = .
2

 

Hm s khng c im cc tiu.  

 Gii hn ti v cc 

    4
2 4

1 1 3
lim lim

2 2x x
y x

x x 

 
=  +  =   

  
.  

 Bng bin thin 

x     0   +

y '   +  0     

y  

 
 

  
 2

 

 

 
 
 


3.   th 

Hm s N cho l hm s chn v  

4 4
2 2( ) 3 3

( ) ( ) ( ).
2 2 2 2

x x
y x x x y x


 =    + =   + =  

Do ,   th nhn trc Oy  lm trc i xng.  

Mt khc,  y  =  0   x
4
   2x

2
 +  3  =  0 

         (x
2
   1 )(x

2
 +  3 )  = 0   x = 1 .  

 th ct trc honh ti cc im (1  ;  0) v (1  ;  0),  

ct trc tung ti im ;
2

 
 
 

 (H.  22).       
Hnh 22  
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Dng ca  th  hm s 4 2
= + +y ax bx c  (a   0)  

 a  >  0  a  <  0 

Phng trnh 

y '  =  0 

c ba nghim 

phn bit 

 

 

 

 

 

 
 

 

Phng trnh 

y '  =  0 

c mt 
nghim 

 

 

 

 

 

 

 

 

5  

Ly mt v d  v hm s dng  4 2
= + +y ax bx c  sao cho phng  trnh  y' =  0  ch c  

mt nghim.  

3.   Hm s 
+

=

+

ax b
y

cx d
 (c   0,  ad  bc   0)  

V d 5.  Kho st s bin thin v v  th ca hm s .
1

x
y

x

 +
=

+

 

Gii 

1 .  Tp xc nh : \ { 1} .  

2.  S bin thin  

 Chiu bin thin 
2 2

( 1) ( 2) 3
'

( 1) ( 1)

x x
y

x x

 +   + 
= =

+ +

 ;  

y '  khng xc nh khi x  =  1  ;  y '  lun lun m vi mi x    1 .  
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Vy hm s nghch bin trn cc khong (  ;  1 )  v (1  ;  +).  

 Cc tr  

Hm s N cho khng c  cc tr.  

 Tim cn 
1 1

2
lim lim

1x x

x
y

x 
 

 +
= = 

+
 ;  

1 1

2
lim lim

1x x

x
y

x+ +
 

 +
= = +

+
.  

Do ,  ng thng 1x =   l tim cn ng.  

2
lim lim 1 .

1x x

x
y

x 

 +
= = 

+

 

Vy ng thng 1y =   l tim cn ngang.  

 Bng bin thin 

x    1   +  

y '          

y  1    

  

+  
 

  

1  

3 .   th  

 th ct trc tung ti im (0 ;  2) v 
ct trc  honh ti im (2 ;  0)  (H.  23 ).  

Lu .  Giao im ca hai  tim cn l 
tm i xng ca  th.   

 

 

 

 

 

 

 

              Hnh 23  
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V d 6.  Kho st s bin thin v v  th ca hm s   

2 .
2 1

x
y

x


=

+
 

Gii 

1 .  Tp xc nh : { }.\
2

              

2.  S bin thin   

 Chiu bin thin 

2 2

2 1 2( 2) 5
'

(2 1) (2 1)

x x
y

x x

+  
= =

+ +
 ;  

y '  khng xc nh khi 
2

x =   ;  

y '  lun lun dng vi mi .
2

x    

Vy hm s ng bin trn cc  khong 
1

;
2


  

 
 v 

1
; + .

2


  

 
 

 Cc tr  

Hm s N cho khng c cc tr.  

 Tim cn     

1 1

2 2

2
lim lim

2 1
x x

x
y

x 
 

      
   


= = +

+
 ;  

1 1

2 2

2
lim lim .

2 1
x x

x
y

x+ +
 

      
   


= = 

+
 

Do ,  ng thng 
2

x =   l tim cn ng.  

        
2 1 .lim lim

2 1 2x x

x
y

x 


= =

+
 

Vy ng thng 
2

y =  l tim cn ngang.  
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 Bng bin thin 

x     
2

   +  

y'  +    +   

y  

 

2
 

 
+

 
 

 

 

  

 2
 

 

3 .   th 

 th  ct trc tung ti im (0 ;  2)  v 
ct trc  honh ti im (2 ;  0)  (H.  24).  

 

 

 

 

 

 
 

 

 

Hnh 24  

Dng ca  th hm s 
ax b

y
cx d

+
=

+

 (c   0,  ad  bc   0)   

D  =  ad   bc > 0  D  =  ad   bc  <  0  
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I I I    S tng giao  ca cc    th  

6  

Tm to  g iao im ca  th  hai  hm s  

y  =  x
2
 +  2x   3 ,  

y  =  x
2
   x + 2.  

Gi s hm s y  =  f(x)  c  th l (C1)  v hm s y  =  g(x)  c  th l (C2).  

 tm honh  giao im ca (C1) v (C2), ta phi gii phng trnh f(x) = g(x) .  

Gi s phng trnh trn c cc nghim l x0,  x1 ,  . . .  Khi ,  cc  giao im 

ca (C1) v (C2) l M0(x0  ;  f(x0)), M1(x1  ;  f(x1)), ...  .  

V d 7.  Chng minh rng  th (C)  ca hm s 

1

x
y

x


=

+
 

lun lun ct ng thng (d)  :  y m x=  vi mi gi tr  ca m.  

Gii.  (C)  lun ct (d)  nu phng trnh 

1

1

x
m x

x


= 

+

            (1 )  

c nghim vi mi m.  

Ta c        

1

1

x
m x

x


= 

+

1 ( 1)( )

1

x x m x

x

 = + 
 

 
 

 
2 (2 ) 1 0

1 .

x m x m

x

 +    = 
 

       
(2)
 

Xt phng trnh (2),  ta c   =
2

8m +  >  0  vi mi gi tr  ca m v x  =  1  
khng tho mNn (2)  nn phng trnh lun c hai nghim khc 1 .  Vy (C)  
v (d)  lun ct nhau ti hai im.  

V d 8 

a)  V  th ca hm s 

y  =  x
3
 +  3x

2
   2.  

b)  S dng  th,  bin lun theo tham s m s nghim ca phng trnh 

x
3
 +  3x

2
   2  =  m.          (3 )  
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Gii 

a)  y'  =  3x
2
 +  6x ;  

   y '  =  0   x  =  0,  x  =  2.  

 th  c im cc i l (2 ;  2) v im 

cc tiu l (0 ;  2).  

 th ca hm s y  =  x
3
 +  3x

2
   2  c 

biu din trn Hnh 25.  

b) S nghim ca phng trnh (3) bng s 

giao im ca  th hm s y  = x
3
 + 3x

2
  2 

v ng thng y  =  m.  

Da vo  th, ta suy ra kt qu bin lun v s nghim ca phng trnh (3).  

m  > 2 :  Phng trnh (3)  c mt nghim.  

m  =  2 :  Phng trnh (3)  c hai nghim.  

2 < m  <  2 :  Phng trnh (3)  c ba nghim.  

m  =  2 :  Phng trnh (3)  c hai nghim.  

m  < 2 :  Phng trnh (3)  c mt nghim.  

Bi  tp 

1.  Kho st s bin thin v v   th ca cc hm s bc ba sau :  

a)  32 3y x x= +   ;          b)  
3 24 4y x x x= + +  ;     

c)  
3 2 9y x x x= + +  ;        d)  

3
2 5.y x=  +  

2.  Kho st s bin thin v v  th ca cc hm s bc bn sau :  

a)  
4 28 1y x x=  +   ;        b)  

4 22 2y x x=  +  ;  

c)  
4 21 3

2 2
y x x= +   ;        d)  

2 42 3.y x x=   +  

3.   Kho st s bin thin v v   th ca cc hm s phn thc :  

a)  
1

x
y

x

+
=



 ;     b)  
1

2 4

x
y

x


=



 ;     c)  
2 .

2 1

x
y

x

 +
=

+

 

Hnh 25 
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4.  Bng cch kho st hm s,  hNy tm s nghim ca cc  phng trnh sau :  

a)  
3 23 5 0x x + =  ;  b)  

3 22 3 2 0x x +  =  ;   c)  
2 42 1 .x x =   

5.  a)  Kho st s bin thin v v  th (C)  ca hm s     

y  =  x
3
 +  3x  +  1 .  

b)  Da vo  th (C),  bin lun v s nghim ca phng trnh sau theo 
tham s m  

x
3
   3x  +  m  =  0.  

6.  Cho hm s 
1 .

2

mx
y

x m


=

+

 

a)  Chng minh rng vi mi gi tr  ca tham s m,  hm s lun ng bin 
trn mi khong xc nh ca n.  

b)  Xc nh m    tim cn ng ca  th i qua ( 1 ; 2 ).A   

c)  Kho st s bin thin v v  th ca hm s khi m  =  2.  

7.   Cho hm s 4 21 1
.

4 2
y x x m= + +  

a)  Vi gi tr no ca tham s m,   th ca hm s i qua im (1  ;  1 )  ?  

b)  Kho st s bin thin v v  th (C)  ca hm s khi m  =  1 .  

c)  Vit phng trnh tip tuyn ca (C)  ti im c tung  bng .
4

 

8.  Cho hm s   

y  =  x
3
 +  (m  +  3 )x

2
 +  1    m  (m  l tham s)  

c  th l (Cm).  

a)  Xc nh m   hm s c im cc  i l x  =  1 .  

b)  Xc nh m     th (Cm)  ct trc  honh ti x  =  2.  

9.  Cho hm s   

( 1) 2 1

1

m x m
y

x

+  +
=



 (m  l tham s)  

c  th l (G).  

a)  Xc nh m    th (G)  i qua im (0 ;  1 ).  

b)  Kho st s bin thin v v  th ca hm s vi m  tm c.  

c)  Vit phng trnh tip tuyn ca  th trn ti giao im ca n vi  
trc tung.  
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n tp chng I  

1.  Pht biu cc  iu kin  hm s ng bin,  nghch bin.  Tm cc khong 
n iu ca cc hm s 

3 22 7,y x x x=  +    

5 .
1

x
y

x


=



 

2.  Nu cch tm cc  i,  cc  tiu ca hm s nh o hm.  Tm cc  cc tr 
ca hm s  

4 22 2.y x x=  +  

3.  Nu cch tm tim cn ngang v tim cn ng ca   th hm s.  p dng 

 tm cc  tim cn ca  th hm s 

2 3 .
2

x
y

x

+
=



 

4.  Nhc li s  kho st s bin thin v v  th ca hm s.  

5.  Cho hm s y  =  2x
2
 +  2mx  + m    1  c  th l (Cm),  m  l tham s.   

a)  Kho st s bin thin v v  th ca hm s khi m  =  1 .  

b)  Xc nh m    hm s :  

i)  ng bin trn khong (1  ;  +)  ;  

ii)  C cc tr  trn khong (1  ;  +) .  

c)  Chng minh rng (Cm)  lun ct trc honh ti hai im phn bit vi 

mi m.  

6.   a)  Kho st s bin thin v v  th (C)  ca hm s 

f(x)  =  x
3
 +  3x

2
 +  9x  +  2.       

b)  Gii bt phng trnh '( 1) 0.f x  >  

c)  Vit phng trnh tip tuyn ca  th (C) ti im c honh  0 ,x  bit 

rng 0' '( ) 6.f x =   

7.  a)  Kho st s bin thin v v  th (C)  ca hm s 

y  =  x
3
 +  3x

2
 +  1 .        
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b) Da vo  th (C),  bin lun s nghim ca phng trnh sau theo m  

3 2 .3 1
2

m
x x+ + =  

c)  Vit phng trnh ng thng i qua im cc i v im cc tiu ca 
 th (C).  

8.  Cho hm s     

 f(x)  =  x
3
   3mx

2
 +  3 (2m    1 )x  +  1   (m  l tham s).  

a)  Xc nh m   hm s ng bin trn tp xc nh.  

b)  Vi gi tr  no ca tham s m,  hm s c mt cc i v mt cc tiu ?  

c)  Xc nh m   ' '( ) 6 .f x x>  

9.  a)  Kho st s bin thin v v  th (C)  ca hm s 

4 21 3 .( ) 3
2 2

f x x x=  +  

b)  Vit phng trnh tip tuyn ca  th (C)  ti im c honh  l 
nghim ca phng trnh ' '( ) 0.f x =  

c)  Bin lun theo tham s m  s nghim ca phng trnh 
4 26 3 .x x m + =  

10.  Cho hm s      

y  =  x
4
 +  2mx

2
   2m  +  1  (m  l tham s)  

c  th l (Cm).      

a)  Bin lun theo m  s cc tr ca hm s.  

b)  Vi gi tr  no ca m  th (Cm)  ct trc  honh ?  

c)  Xc nh m   (Cm)  c cc  i,  cc  tiu.  

11.  a)  Kho st s bin thin v v  th (C)  ca hm s     

.
1

x
y

x

+
=

+

   

b)  Chng minh rng vi mi gi tr  ca m,  ng thng y  =  2x  +  m  lun 

ct (C)  ti hai im phn bit M  v N.  

c)  Xc nh m  sao cho  di MN  l nh nht.  

d)  Tip tuyn ti mt im S  bt k ca (C)  ct hai tim cn ca (C)  ti P

v Q .  Chng minh rng S  l trung im ca PQ.  
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12.  Cho hm s 3 21 1
( ) 4 6.

3 2
f x x x x=   +  

a)  Gii phng trnh '(sin ) 0.f x =  

b)  Gii phng trnh ' '(cos ) 0.f x =  

c)  Vit phng trnh tip tuyn ca  th hm s N cho ti  im c honh 

 l nghim ca phng trnh ' '( ) 0.f x =  

 

Bi  tp trc nghim 

Chn khng nh ng trong cc bi sau y.  

1.  S im cc tr ca hm s 31
7

3
y x x=   +  l :  

(A)  1  ;      (B)  0  ;       (C)  3  ;        (D)  2.  

2.  S im cc i ca hm s 4 100y x= +  l :  

(A)  0 ;      (B)  1  ;       (C)  2 ;        (D)  3 .  

3.  S ng tim cn ca  th hm s 
1

1

x
y

x


=

+

 l :  

(A)  1  ;       (B)  2  ;       (C)  3  ;        (D)  0.  

4.  Hm s 
2

3

x
y

x


=

+

 ng bin trn :  

(A)   ;     (B)  (  ;  3 )  ;     (C)  (3  ;  +)  ;    (D)  \ {3} .  

5.  Tip tuyn ti im cc tiu ca  th hm s 

3 21
2 3 5

3
y x x x=  +   

(A)  Song song vi ng thng x  =  1  ;  

(B)  Song song vi trc  honh ;  

(C)  C h s gc dng ;  

(D)  C h s gc bng 1 .  
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I    khi  nim  Lu  tha 

1 .   Lu tha vi  s m  nguyn  

1   

Tnh  

3
4 52

(1, 5) ; ; ( 3 ) .
3


 

 
 

Cho n  l mt s nguyn dng.   

Vi a  l s thc tu , lu tha  bc n  ca a l tch ca n  tha s a  

tha s

. . . . . .n

n

a a a a=


 

Vi 0a   

0 1,

1 .n

n

a

a

a



=

=

 

Trong biu thc m
a ,  ta gi a  l c s,  s nguyn m  l s m.  

Ch .   

00 v 0 n  khng c ngha.  

Lu tha vi s m nguyn c cc  tnh cht tng t ca lu 
tha vi s m nguyn dng.  

V d 1 .  Tnh gi tr  ca biu thc 
10 9

3 4 2 11 1
. 27 (0, 2) . 25 128 . .

3 2
A

 

    
= + +   

  
 

Gii.  10 9
3 4 2

1 1 1 1
3 . . . 2

12827 0, 2 25
A = + + = 3  +  1  +  4 = 8.  

V d 2.  Rt gn biu thc 
3

2 1 1 2

2 2 2 .
(1 ) 1

a a
B

a a a



  

 
=  

+   
   (a    0,  a    1 ).  
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Gii.  Vi a    0,  a    1 ,  ta c   

2
3 2

1.2(1 ) 2 2
(1 )

B a a a
a a


= +  


 

( )3
3

1.2 2 2 2a a a
a a

= + 


 

2
2

1.2( 1) 2.
( 1)

a a
a a

=  =


 

2.   Phng  trnh  
n

x = b  

2  

Da vo  th  ca cc hm s 3
y x=  v 4

y x= (H.26,  H .27) ,  hy bin  lun  theo b  

s nghim ca cc phng  trnh  
3
x b=  v

4
x b= .  

 

 

 

 

 

 

 

 

Hnh 26            Hnh 27 

 th ca hm s 2 1k
y x

+
=  c dng tng t  th hm s 3

y x=  v  th 

hm s 2k
y x=  c  dng tng t  th hm s 4

y x= .  T  ta c kt 

qu bin lun s nghim ca phng trnh 
n

x b=  nh sau :  

a)  Trng hp n  l  :   

Vi mi s thc b,  phng trnh c nghim duy nht.  

b)  Trng hp n  chn :   

Vi b  <  0,  phng trnh v nghim ;   

Vi b  =  0,  phng trnh c mt nghim x  =  0 ;  

Vi b  >  0,  phng trnh c hai nghim i nhau.   
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3.   Cn bc n  

Cho s nguyn dng n,  phng trnh 

n
a b=  

a n hai bi ton ngc nhau :  

 Bit a,  tnh b.  

 Bit b,  tnh a.  

Bi ton th nht l tnh lu tha ca mt s.  Bi  ton th hai  dn n 

khi nim ly cn ca mt s.  

a)  Khi nim  

Cho s thc  b  v s nguyn dng n  (n    2).  S a  c  gi l 

cn bc n  ca s b  nu .n
a b=  

Chng hn,  2 v 2 l cc cn bc  4 ca 1 6 ;  
1

3
 l cn bc 5  ca 

243

1 .  

T nh ngha v kt qu bin lun v s nghim ca phng trnh
n

x b= ,  

ta c :   

Vi n l v b    :  C duy nht mt cn bc n ca b, k hiu l .n
b  

     b  <  0 :  Khng tn ti cn bc n  ca b  ;

Vi  n  chn v   b  =  0 :  C mt cn bc n ca b l s 0 ;  

b  >  0  :  C hai cn tri du,  k hiu gi tr  dng l n b ,  

cn gi tr m l n
b .  

b)  Tnh cht ca cn bc n 

T nh ngha ta c cc  tnh cht sau :  

.n n n
a b ab=  ;    

n

n
n

a

bb
=  ;               

( )
m

n mn
a a=  ;             
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, khi l

, khi chn ;

n n a n
a

a n


= 



          

.n k nka a=               

3  

Chng minh  tnh  cht . .n n na b ab=   

V d 3.  Rt gn cc  biu thc :  

a)  5 54 . 8 ;             b) 3 3 3 .  

Gii 

a)  555 5 54 . 8 32 ( 2) 2. =  =  =   

b) ( )
333 3 3 3 3= = .  

4.   Lu tha vi  s m  hu  t  

Cho s thc a  dng v s hu t  ,
m

r
n

=  trong  ,m   

,n    n    2.  Lu tha ca a  vi s m r l s r
a  xc nh bi  

.

m
nr mna a a= =  

V d 4.   

1

3 3
1 1 1

8 8 2


= = 

 
 ;   

3
32

3

1 1
4 4

84




= = =  ;  

       

1
nna a=    (a  >  0,  n    2).  

V d 5.  Rt gn biu thc  
5 5

4 4

4 4

x y xy
D

x y

+
=

+
 ( , 0)x y > .  
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Gii.  Vi x  v y  l nhng s dng,  theo nh ngha,  ta c 
1 1

4 4

1 1

4 4

( )
.

xy x y
D xy

x y

+
= =

+

 

5.   Lu tha vi  s m  v t 

  lp di,  ta c  bit s 2  l mt s v t  c biu din di dng 

s thp phn v hn khng tun hon :  

2 1, 414 213 562.. .=  

Gi nr  l s hu t  thnh lp t n  ch s u tin dng  vit 2   dng 

thp phn,  n  =  1 ,  2,  . . . ,  1 0.  

S dng my tnh,  ta tnh c 3 nr  tng ng.  Ta c bng ghi cc dcy s 

( )nr  v (3 )nr  vi n  =  1 ,  2,  . . . ,  1 0 nh sau :  

n nr  3 nr  

1  

2 
3  

4 

5  

6  

7  

8  

9  

1 0 

1  

1 ,4 
1 ,41  

1 ,414 

1 ,4142 

1 ,414 21  

1 ,414 21 3  

1 ,414 21 3  5  

1 ,414 21 3  56 

1 ,414 21 3  562 

3  

4,655  536 722 
4,706 965  002 

4,727  695  035  

4,728  733  93  

4,728  785  881  

4,728  801  466 

4,728  804 064 

4,728  804 376 

4,728  804 386 

Ngi ta chng minh c rng khi n  +  th dcy s (3 )nr  dn n mt 

gii hn m ta gi l 23 .   

S dng my tnh b ti (c mi ch s thp phn),  ta c  

23 4, 728 804 388 .  
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Cho a  l mt s dng,   l mt s v t.  Ta tha nhn rng lun c mt 

dcy s hu t ( )nr  c gii hn l   v dcy s tng ng ( )nra  c gii hn 

khng ph thuc vo vic chn dcy s ( )nr .  

Ta gi gii hn ca dcy s ( )nra  l lu tha ca a  vi s m ,  

k hiu l a .  

lim n
r

n

a a


+

=  vi lim n

n

r
+

= .  

 Ch .  T  nh ngha,  ta c 1 1 =  (    R).  

I I    T nh  cht  ca lu  tha vi  s  m  thc  

4  

Hy nhc li  cc tnh  cht ca lu tha vi  s m  nguyn  dng.  

Lu tha vi s m thc c cc  tnh cht tng t lu tha vi s m 
nguyn dng.  

Cho a,  b  l nhng s thc dng ;  ,    l nhng s thc tu .  Khi ,  ta c :  

.a a a
   +=  ;             

a
a

a


 


=  ;    

( )a a
  =  ;            

( )ab a b
  = ;    

a a

b b






= 

 
;                  

Nu a  >  1  th  a a
 > khi v ch khi   >   .      

Nu a  <  1  th  a a
 >  khi v ch khi   <   .       

V d 6.  Rt gn biu thc  

( )

7 1 2 7

2 2
2 2

.a a
E

a

+ 

+


=     (a  >  0).  
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Gii.  Vi a  >  0,  ta c   

7 1 2 7 3
5

2( 2 2)( 2 2)
.

a a
E a

aa

+ + 

 +
= = =  

5  

Rt gn  biu  thc 
( )

3 1
3 1

5 3 4 5.

a

a a

+


 

 (a  >  0) .  

V d 7.  Khng s dng my tnh,  hcy so snh cc s 2 35  v 3 25 .  

Gii.  Ta c 2 3 12,=  3 2 18.=  

Do 1 2 <  1 8  nn 2 3 3 2.<  

V c s 5  ln hn 1  nn 2 3 3 25 5 .<  

6  

So snh cc s 
8

3

4


 
 

 v  
3

4


 
 

.  

 

Bi  tp 

1.  Tnh :  

a)  

2

5 59 . 27 ;           b)  

3

4 4144 : 9 ;  

c)  

50,75
21

0, 25
16

 
+ 

 
;       d)  

2
1,5 3(0, 04) (0,125) .




  

2.  Cho a,  b  l nhng s thc dng.  Vit cc  biu thc sau di dng lu tha 
vi s m hu t  :  

a)  

1

3 .a a ;           b)  

11
632 . .b b b ;  

c)  

4
33 :a a ;            d)  

1
3 6: .b b  
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3.  Vit cc s sau theo th t tng dn :  

a)  3,751 ;  12  ;  
3

1
.

2




 
 

     b)   098 ;
1

3

7




 
 

 ;  532 .  

4.  Cho a,  b  l nhng s thc dng.  Rt gn cc biu thc sau :  

 a)  

4 1 2

3 3 3

1 3 1

4 4 4

a a a

a a a






 
 + 


 
 + 

;       b)  
( )

( )

1
5 54 15

2
3 233

b b b

b b b









;  

 c)  

1 1 1 1

3 3 3 3

3 32 2

a b a b

a b

 





;       d)

1 1

3 3

6 6
.a b b a

a b

+

+
 

5.   Chng minh rng :  

  a)
2 5 3 2

1 1

3 3

 
<   

   
;        b) 6 3 3 67 7> .  

 

 

 

I    Khi  NIM  

Ta c bit cc hm s n
y x=  *( )n   ,  11

,y x
x


= = 2= =y x x  (x  >  0).  

By gi,  ta xt hm s y x


=  vi   l s thc cho trc.   

Hm s ,y x


=  vi ,  c gi l hm s lu tha.  

Chng hn, cc hm s ,y x=  2 ,y x=  
4

1
,y

x
=  3 ,y x=  2 ,y x=  y x


=  

l nhng hm s lu tha.  
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1    

V trn  cng  mt h trc to   th  ca cc hm s sau  v nu  nhn  xt v  tp 

xc nh  ca chng  :  2 ,y x=  2 ,y x=
1 .y x


=  

Ch   

Tp xc nh ca hm s lu tha y x


=  tu thuc vo gi tr 

ca .  C th,  

Vi   nguyn dng,  tp xc nh l  ;   

Vi   nguyn m hoc bng 0,  tp xc nh l \ {0} ;   

Vi   khng nguyn,  tp xc nh l (0 ;  +).  

I I    o  hm ca hm s  lu  tha 

  lp 1 1 ,  ta c bit o hm ca cc  hm s n
y x=  ( , 1)n n   v 

y x=  l 

 1( ) 'n n
x nx


= ( )x  ;  

1
( ) '

2
x

x

=  hay 

1 1
1

2 2

'
1

2
x x


 
  =  (x  >  0).  

Mt cch tng qut, ngi ta chng minh c hm s lu tha y x


=  

( )   c o hm vi mi 0x >  v 

1( ) ' .x x
 




=  

V d 1  

a)  

'3 1

4 4
4

3 3

4 4
x x

x


 
  = = (x  >  0)  ;     b)  ( )

'
3 3 13x x


= (x  >  0).  

2  

Tnh  o hm ca cc hm s :   

3 ,y x



=  ,y x


=   2 .y x=  
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Ch  

Cng thc tnh o hm ca hm hp i vi hm s lu tha 
c dng  

1( ) ' . ' .u u u
 




=  

V d 2  

2 1
2 2 23 3

3 2

'
2

(2 1) (2 1) (2 1) '
3

2(4 1)
.

3 2 1

x x x x x x

x

x x




 
+  = +  +  

+
=

+ 

 

 
3  

Tnh  o hm ca hm s 2 2(3 1) .y x


=   

I I I    Kho  st  hm s  lu tha =y x  

Tp xc nh ca hm s lu tha y x


=  lun cha khong (0 ;  +)  vi 

mi .   Trong trng hp tng qut,  ta kho st hm s y x


=  trn 

khong ny (gi l tp  kho st).  

,y x


=   > 0 ,y x


=   < 0 

1.  Tp kho st :  (0 ;  +).  

2.  S bin thin  

        1'y x





= > 0,    x  >  0.  

Gii hn c bit :  

0
lim 0,

x

x


+


= lim .
x

x


+

= +  

Tim cn :  Khng c.   

 

1 .  Tp kho st :   (0 ;  +).  

2.  S bin thin  

        1'y x





= < 0,     x  >  0.  

Gii hn c  bit :  

0
lim ,

x

x


+


= + lim 0.
x

x


+

=  

Tim cn :  

Trc  Ox l tim cn ngang,   

Trc Oy  l tim cn ng ca  th.  
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3 .  Bng bin thin          3 .  Bng bin thin  

x  0   +   x  0   +  

y '   +    y '      

y  
 

0  
 

+  

 
 y  

+  

 
 

 

0  

4.   th (H.  28  vi 0 > ).       4.   th (H.  28  vi 0 < ) .  

 

 

 

 

 

 

 
 

 
Hnh 28 

 th ca hm s lu tha y x


=  lun i qua im (1  ;  1 ).  

Trn Hnh 28  l  th ca hm s lu tha trn khong (0 ;  +)  ng vi 
cc  gi tr  khc nhau ca .  

 Ch  

Khi kho st hm s lu tha vi s m c th,  ta phi xt 
hm s  trn ton b tp xc  nh ca n.   

Di y l dng  th ca ba hm s : 3
y x=  (H.  29a),  2

y x


= (H.  29b),  

y x


=  (H.  29c).  

 
 
 
 
 

a)              b)          c)  

Hnh 29 
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V d 3.  Kho st s bin thin v v  th ca hm s 4 .y x


=  

1 .  Tp xc nh :  D  =  (0 ;  +).  

2.  S bin thin 

Chiu bin thin :    43
' .

4
y x



=   

Ta c y '  <  0 trn khong (0 ;  +)  nn hm s c cho nghch bin.  

Tim cn :     
0

lim ,
x

y
+



= + lim 0.
x

y
+

=  

 th c tim cn ngang l trc honh v 
c tim cn ng l trc tung.  

Bng bin thin  

x  0   +  

y '      

y  
+  

 
 

 

0 

3 .   th (H.30).                Hnh 30 

Bng tm tt cc tnh cht ca hm s lu tha y x=  trn khong (0 ;  + ) 

   >  0   <  0  

o hm 1'y x





= .  1'y x





= .  

Chiu bin thin Hm s lun ng bin.  Hm s lun nghch bin.  

Tim cn Khng c.  
Tim cn ngang l trc  Ox,  
tim cn ng l trc Oy.  

 th  th lun i qua im (1  ;  1 ).  

Bi  tp 

1.  Tm tp xc nh ca cc  hm s :  

a)  3(1 )y x


=  ;         b)  5(2 )y x=  ;  

c)  2 2( 1)y x


=  ;         d) 2 2( 2)=  y x x .  
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2.  Tnh o hm ca cc  hm s :  

a)  
1
32(2 1)=  +y x x ;        b)  4(4 )y x x=   ;  

c)  2(3 1)y x



= + ;          d)  3(5 ) .y x=   

3.  Kho st s bin thin v v   th ca cc hm s :  

a)  3y x=  ;            b)  3
y x


= .     

4.  Hcy so snh cc s sau vi 1  :  

a)  2,7(4,1) ;             b)  0,3(0, 2) ;       

c)  3,2(0, 7) ;             d)  0,4( 3 ) .  

5.  Hcy so snh cc cp s sau :  

a)  7,2(3,1)  v 7,2(4, 3)  ;  b)  
2,3

10

11


 
 

v 
2,3

12

11


 
 

 ;    c)  0,3(0, 3) v 0,3(0, 2)  ;

  

 

I    Khi  nim  lgarit  

1   

Tm x   :  

a) 2 8=x ;     b)
1

2
4

=
x ;     c) 3 81=

x ;    d )  
1

5
125

= .x  

Cho s a  dng,  phng trnh 

a b
=  

a n hai bi ton ngc nhau :  

 Bit   ,  tnh b.  

 Bit b  ,  tnh .  
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Bi ton th nht l tnh lu tha vi s m thc ca mt s.  Bi ton th 
hai dn n khi nim ly lgarit ca mt s.  Ngi ta chng minh c 

rng vi hai s dng a, b,  a    1 ,  lun tn ti duy nht s  sao cho a b
= .   

1 .   nh  ngha 

Cho hai s dng a,  b  vi a    1 .  S   tho mcn ng thc 

a b

=  c gi l lgarit c s a  ca b  v k hiu l log .a b   

log .a b a b


 =  =    

V d 1  

a)  2log 8 3=  v  
3

2 8=  ;        b)  1

3

log 9 2=  v 
2

1
9.

3




= 
 

 

2  

a)  Tnh  
1
2

log 4,  
3

1 .log
27

 

b)  C cc s x,  y  no  3 0,=
x  2 3= 

y  hay khng  ?  

Ch  

Khng c lgarit ca s m v s 0.  

2.   Tnh cht 

Cho hai s dng a v  b,  a    1 .  Ta c cc  tnh cht sau y.  

log

log 1 0, log 1,

, log ( ) .a

a a

b
a

a

a b a




= =

= =

 

3  

Hy chng  minh  cc tnh  cht trn.   

V d 2  

a) ( )3 3
22 log 5 log 5 23 3 5 25.= = =      

b)  
3

1 1

2 2

1
log 8 log 3.

2




= =  
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4  

Tnh  
2
1

log
74 ,

5 31

25


 
 

.  

I I    quy  tc  tnh  lgarit  

5  

Cho 3
1 2 ,b =  5

2 2 .b =  

Tnh 2 1 2 2log logb b+  ;  2 1 2log ( )b b v so snh cc kt qu.   

1 .   Lgarit ca mt tch  

nh l 1   

Cho ba s dng  a,  1 ,b 2b  vi 1,a   ta c 

1 2 1 2log ( ) log loga a ab b b b= + .  

Lgarit ca mt tch bng tng cc lgarit.  

Chng minh.  t 1 1log ,a b =  2 2log ,a b =  ta c  

1 2 1 2log loga ab b + = + .        (1 )  

Mt khc,  v 1
1 ,b a=  2

2 ,b a=  suy ra 1 2 1 2
1 2 .b b a a a   +

= = .  

Do      1 2 1 2log ( ).a b b + =           (2)  

T (1 ),  (2)  suy ra   

1 2 1 2log ( ) log log .a a ab b b b= +         

V d 3.  Tnh 6 6log 9 log 4.+  

Gii.  6 6 6 6log 9 log 4 log (9.4) log 36 2.+ = = =  

Ch   

nh l 1  c  th m rng cho tch ca n  s dng :  

1 2 1 2log ( .. . ) log log .. . loga n a a a nb b b b b b= + + +  

1 2( , , , . . . , 0, 1).na b b b a>   
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6  

Tnh  
1 1 1

2 2 2

1 3
log 2 2 log log .

3 8
+ +  

2.   Lgarit ca mt thng 

7  

Cho 5
1

2 ,b =  3
2

2 .b =  Tnh  
2 1 2 2log log ,b b  1

2
2

log
b

 v so snh  cc kt qu.   

nh l 2   

Cho ba s dng 1 2, ,a b b  vi a    1 ,  ta c 

1
1 2

2

log log loga a a
b

b b
b

=  .  

Lgarit ca mt thng bng hiu cc lgarit.  

c bit 
1

log loga a b
b
=   (a  >  0,  b  >  0,  a    1 ).   

nh l 2 c chng minh tng t nh l 1 .  

V d 4.  Tnh 7 7log 49 log 343 .  

Gii.    7 7 7 7 7
49 1

log 49 log 343 log log log 7 1 .
343 7

 = = =  =   

3.   Lgarit ca mt lu tha 

nh l 3   

Cho hai s dng  a,  b ;  a    1 .  Vi mi ,  ta c 

log loga ab b
= .  

Lgarit ca mt lu tha bng tch ca s m vi lgarit ca 
c s.  

c bit    
1

log log .n
a ab b

n
=   
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Chng minh .  t loga b =  th .b a
=  

Do     ( )b a a
   = = .  

Suy ra     log
a
b
 = hay log log .a ab b

 =       

V d 5.  Tnh gi tr  ca cc biu thc :  

a)  7
2log 4 ;          b) 5 5

1
log 3 log 15

2
 .  

Gii 

a)  

1 2

7 7
2 2 2

2 2
log 4 log 2 log 2

7 7
= = = ;  

b)  5 5 5 5
1

log 3 log 15 log 3 log 15
2

 =   

    

1

2
5 5 5

3 1 1
log log log 5 .

215 5


= = = =   

I I I    i  c  s  

8  

Cho a  =  4,  b  =  64,  c  =  2.  Tnh  log ,
a
b  log ,

c
a  log .

c
b  

Tm mt h thc l in  h g ia ba kt qu thu  c.  

nh l 4  

Cho ba s dng  a,  b,  c vi a    1 ,  c    1 ,  ta c 
log

log
log

c
a

c

b
b

a
= .  

c  bit      
1

log
loga

b

b
a

=    ( 1)b   

         
1

log log
aa

b b


=   ( 0)  .  
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Chng minh .  Theo tnh cht ca lgarit v nh l 3 ,  ta c  

loglog log ( ) log . log .a
b

c c a cb a b a= =  

V 1a   nn log 0.c
a   Do  

log
log .

log
c

a

c

b
b

a
=         

IV    v  d  p  dng 

V d 6.  Tnh :  

a)  4log 152 ;           b)
1
27

log 2

3 .  

Gii  

a)  Ta c 24 2 22

1
log 15 log 15 log 15 log 15

2
= = = .  

Do  4 2log 15 log 152 2 15= = .  

b)  V 
1
3

1 3
27

3 3 33 3

1 1
log 2 log 2 log 2 log 2 log

3 2




= =  = =  

nn 
1 3 3
27

1
log 2 log

2
3

1
3 3

2
= = .  

V d 7.  Cho 2log 20 = .  Hcy tnh 20log 5  theo .  

Gii.  Ta c  

2
2 2 2 2 2log 20 log (2 .5) 2 log 2 log 5 2 log 5 = = = + = + ,  

suy ra    2log 5 2=  .  

Vy    2
20

2

log 5 2
log 5

log 20






= = .  

V d 8.  Rt gn biu thc  

1
3

9 3

1
log 7 2 log 49 log

7
A = +  .  
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Gii.  Ta c  

1 2 1
2

2 1
3 3

3

log 7 2 log (7 ) log (7 )A 
= +   

           3 3 3 3log 7 2 log 7 2 log 7 3 log 7=  + + = .  

V d 9.  So snh cc s 2log 3  v 6log 5 .  

Gii.  t 2log 3 = , 6log 5 = .  

Ta c  12 3 2 = > nn   >  1  ;  16 5 6 = < nn 1 < .  

Suy ra  > .  

Vy 2 6log 3 log 5> .  

V   Lgarit  thp  phn.  Lgarit  t nhin 

1 .   Lgarit thp phn  

Lgarit thp phn l lgarit c s 10.   

10log b  thng c vit l logb  hoc lgb.  

2.   Lgarit t nhin  

Ngi ta chng minh c dcy s ( )nu vi 
1

1
n

nu
n


= + 

 
 c gii hn l 

mt s v t v gi gii hn  l e,  

1
lim 1

n

n n+


= + 

 
e .  

Mt gi tr gn ng ca e l e  2,718  281  828  459 045.    

Lgarit t nhin l lgarit c s e.   

loge b c vit l lnb.  

Ch   

Mun tnh loga b ,  vi 10a   v ea  ,  bng my tnh b ti,  

ta c th s dng cng thc i c s.  
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Chng hn,  

2
log 3

log 3 1, 584 962 501 .=

log 2
  

3
ln 0, 8

log 0, 8 0, 203 114 013.=

ln 3
   

 

Bi  tp 

1.  Khng s dng my tnh,  hcy tnh :  

a)  2 8
;           b)  

4

log 2 ;  

c)  4
3log 3 ;            d)  0,5log 0,125.  

2.  Tnh :  

a)  2log 34 ;           b)  9log 227 ;  

c)  3
log 2

9 ;           d)  8log 274 .  

3.  Rt gn biu thc :  

a) 3 8 6log 6. log 9. log 2  ;      b)  2
2 4log log .a a

b b+  

4.  So snh cc cp s sau :  

a)  3log 5 v 7log 4  ;          

b)  0,3log 2 v 5log 3  ;  

c)  2log 10 v 5log 30.  

5.  a)  Cho 30log 3,a =  30log 5.b =  Hcy tnh 30log 1350  theo a,  b.  

b)  Cho 15log 3.c =  Hcy tnh 25log 15  theo c.  
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B  n  c   b i  t   

A i     p h t  m i n h  r a  l  g ar i t  ?   

N-pe (John  Napier)  l  nh ton  hc Xct-len  (Scotland) .  
ng  si nh  nm  1 550  ti  Me-ti -ston  (Metiston-Castle) ,  
gn  thnh  ph -in-bc (Ed inburgh)  v  tt ngh ip  
trng  i  hc Tng  hp -in-bc.  

N-pe l ngi  pht minh ra lgarit.  Thut ng "Lgarit" do 

ng  ngh  xut pht t s kt hp hai  t Hi  Lp o (c 

l "logos" c ngha l t s) v '   (c l "aritmos" c 
ngha l s).  Trong ton hc c,  bnh phng,  lp phng,  . . .  
c gi  l cc t s kp,  bi  ba,. . .  Nh vy,  i  vi  N-pe,  t 
os 'i  s c ngha l "s t s".  Lgarit c N-pe 
xem l s tr gip  tnh  t s ca hai  s.  

Trong  tc phm "M t  bng  lgari t k  d iu"  (1 61 4),  N-pe a ra nh  ngha v  

cc tnh  cht ca  lgari t.  Lgari t m N-pe xt c c s gn  bng  
e
.  

Thut ng "Lgari t t nhin"  do Men-g-l i  (P.  Mengol i   1 659)  v Men-ca-t 

(N .  Mencator  1 668)  a ra.  Nm 1 893,  Prin-xm (A.  Pringshelm)   k h iu  
lgari t t nhin  ca s N  bi  l n  N.  Bi  vy,  vic gi  l gari t t nh in  l  l gari t N-
pe  khng  c c s.  Tuy nh in,  ngi  ta  vn  thng  gi  nh vy c l   l   do   
gn  lgari t t nhin  vi  tn  ngi  th it lp  bng  lgari t u  tin.  

Ngoi  ra,  N-pe cn  l  tc g i  ca mt l ot cc cng  thc dnh  cho vic g ii  cc 
tam  g ic cu,  rt tin  li  cho vic ly lgari t.  

Ngy 4-4-1 61 7,  N-pe qua i  ti  qu hng  ng.  

 

 

 

 

 

 

 

 

 

 

J.  Napier 

(1 550  1 617)  
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I    Hm  s  m 

V d 1 .  Bi ton " lci kp"  

Mt ngi gi s tin 1  triu ng vo mt ngn hng vi lci sut 7%/nm.  
Bit rng nu khng rt tin ra khi ngn hng th c sau mi nm, s tin lci 
s c nhp vo vn ban u (ngi ta gi  l lci kp).  Hi ngi  c 

lnh bao nhiu tin sau n  nm *( ),n   nu trong khong thi gian ny 

khng rt tin ra v lci sut khng thay i ?  

Gii.  Gi s n    2.  Gi s vn ban u l P, lci sut l r.  Ta c P = 1  (triu ng),

r = 0,07.  

 Sau nm th nht :  

Tin lci l  1 1 . 0, 07 0, 07T r= = =P  (triu ng).  

S tin c lnh (cn gi l vn tch lu)  l  

1 1 (1 ) 1, 07P P T P Pr P r= + = + = + = (triu ng).  

 Sau nm th hai :  

Tin lci l  2 1 1, 07 . 0, 07 0,0749T P r= = =  (triu ng).  

Vn tch lu l 2 1 2 1 1 1 (1 )P P T P P r P r= + = + = +  

 ( )
2 21 (1, 07) 1,1449P r= + = = (triu ng).  

 Tng t,  vn tch lu sau n  nm l 

(1 ) (1, 07)n n

nP P r= + = (triu ng).  

Vy sau n  nm,  ngi  c lnh (1 ,07)
n
 triu ng.  

V d 2.  Trong Vt l,  s phn rc ca cc  cht phng x c biu din 
bng cng thc 

0
1

( )
2

T
m t m


=  

 
,  
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trong  0m  l khi lng cht phng x ban u (ti thi im t  =  0),  m(t)  

l khi lng cht phng x ti thi im t,  T  l chu k bn rc  (tc l 
khong thi gian  mt na s nguyn t ca cht phng x b bin thnh 
cht khc).  

V d 3.  Dn s th gii c c tnh theo cng thc ,ni
S Ae= trong  A  

l dn s ca nm ly lm mc tnh,  S  l dn s sau n  nm,  i  l t  l tng 
dn s hng nm.  

1   

Cho bit nm 2003,  Vit Nam c 80 902 400 ngi  v t l tng  dn  s l 1 ,47%.  
Hi  nm 201 0 Vit Nam s c bao nhiu  ngi ,  nu  t l tng  dn  s hng  nm 
khng  i  ?  

Nhng bi ton thc t nh trn a n vic xt cc hm s c dng .xy a=  

1 .   nh  ngha  

Cho s thc dng a  khc 1 .  

Hm s x
y a= c gi l hm s m  c s a.  

2  

Trong  cc hm s sau  y,  hm s no l hm s m  ?  Vi  c s bao nhiu  ?  

a)  ( 3 )xy = ;     b) 35

x

y = ;      c) 4
y x


= ;     d )  4 .xy


=  

2.   o hm ca hm s m  

Ta tha nhn cng thc 

0

1
1 .lim

t

t

e

t


=           (1 )  

nh l 1   

Hm s x
y e=  c o hm ti mi x  v 

( ) 'x x
e e= .  

Chng minh.  Gi s x  l s gia ca x,  ta c  

( 1)x x x x x
y e e e e

+ 
 =  =  .  
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Do        

1
.

x
xy e

e
x x


 

=
 

 

p  dng (1 ),  ta c  

0

1
lim 1

x

x

e

x



 


=


.  

T  suy ra 

0
' lim .x

x

y
y e

x 


= =



        

Ch   

Cng thc o hm ca hm hp i vi hm s u
e  (u  =  u(x))  

l '( ) ' .u u
e u e= .  

nh l 2   

Hm s x
y a=  ( 0, 1)a a>   c o hm ti mi x  v 

( ) ' lnx x
a a a= .  

Chng minh.  Ta c     

ln lnx
x a x a

a e e= = .  

t ( ) ln ,u x x a=  theo Ch  trn,  ta c 

ln ln( ) ' ( ) ' ( ln ) ' ln .x x a x a x
a e e x a a a= = =     

Ch   

i vi hm hp ( ) ,u x
y a=  ta c 

( ) ' ln . ' .u u
a a a u=  

V d 4.  Hm s 
2 18x x

y
+ +

=  c o hm l 

2 21 2 1' 8 ( 1) ' ln 8 8 (2 1) ln 8.x x x x
y x x x

+ + + +
= + + = +  
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3.   Kho st hm s m =
x

y a  (a  >  0,  a   1)  

,xy a=  a > 1  ,xy a=  0 < a  < 1  

1.  Tp xc nh :  .  

2.  S bin thin  

' ln 0,x
y a a= >     x.  

Gii hn c bit  

lim 0,x

x
a



=
+

= +lim .x

x
a  

Tim cn :  

Trc Ox l tim cn ngang.   

3 .  Bng bin thin  

1 .  Tp xc nh :  .  

2.  S bin thin  

' ln 0,x
y a a= <       x.  

Gii hn c bit :  



= +lim ,x

x
a lim 0.x

x
a

+

=  

Tim cn :  

Trc Ox l tim cn ngang.   

3 .  Bng bin thin  
 

x   0  1  +   x    0  1   +  

y' + + +  y '         

y  

 

 

0  

 

1  

a +   y  +   

1  

 

 

a  

  

 

 

0  

4.   th (H.31 )          4.   th (H.32)  

 

 

 

 

 

 

 

 

 

 

Hnh 31                Hnh 32  
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Bng tm tt cc tnh cht ca hm s m =
x

y a  (a >  0,  a  1)  

Tp xc nh  (  ;  +).  

o hm  ' ln .x
y a a=  

Chiu bin thin 
a  >  1  :  hm s lun ng bin ;  

0 <  a  <  1  :  hm s lun nghch bin.  

Tim  cn  trc Ox  l tim cn ngang.  

 th   

i qua cc im (0 ;  1 )  v (1  ;  a),  nm pha 
trn trc honh 

( 0, ).= >  
x

y a x  

I I    Hm  s  lgarit     

1 .   nh  ngha  

Cho s thc dng a  khc 1 .  

Hm s logay x=  c gi l hm s lgarit  c s a.  

V d 5.  Cc hm s 3log ,y x=

4

log ,y x=
5

log ,y x= ln ,y x= logy x=  

l nhng hm s lgarit vi c s ln lt l 3 ,  ,
4

5,  e  v 1 0.  

2.   o hm ca hm s lgarit 

Ta c nh l sau y.  

nh l 3   

Hm s logay x=  (a  >  0,  a    1 )  c o hm ti mi x  >  0 v 

1
(log ) '

lna x
x a

= .  

c bit    
1

(ln ) ' .x
x

=  
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Ch   

i vi hm hp log ( ),ay u x=  ta c  

'
.(log ) '

ln
a

u
u

u a
=  

V d 6.  Hm s 2log (2 1)y x= +  c o hm l  

2
(2 1) ' 2

' (log (2 1)) '
(2 1) ln 2 (2 1) ln 2

x
y x

x x

+
= + = =

+ +
.  

3  

Tm o hm ca hm s 2ln( 1 ).= + +y x x  

3.   Kho st hm s lgarit ay x= log  (a  >  0,  a   1)  

log ,ay x=  a > 1  log ,ay x=  0 <  a < 1  

1.  Tp xc nh :  (0 ;  +).  

2.  S bin thin  

1
'

ln
y

x a
= > 0,    x  >  0.  

Gii hn c bit :  

0

lim log ,a
x

x
+



=   

lim log .a
x

x
+

= +  

Tim cn :  

Trc Oy l tim cn ng.  

3 .  Bng bin thin  

1 .  Tp xc nh :  (0 ;  +).  

2.  S bin thin  

1
'

ln
y

x a
= < 0,        x  >  0.  

Gii hn c bit :  

0

lim log ,a
x

x
+



= +  

lim log .a
x

x
+

=   

Tim cn :  

Trc Oy l tim cn ng.  

3 .  Bng bin thin  
 

x 0 1   a +   x  0 a  1   +  

y' + + +   y '         

y  

 

 

  

 

 

 

0  

 
 
1  

+   y  +  1    
0  
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4.   th (H.33)          4.   th (H.34)  

 

 

 
 

 

 

Hnh 33              Hnh 34  

Bng tm tt cc tnh cht ca hm s = log
a

y x  (a  >  0,  a   1)  

Tp xc nh  (0 ;  +) .  

o hm 
1

'
ln

y
x a

= .  

Chiu bin thin 
a  >  1  :  hm s lun ng bin ;  

0 <  a  <  1  :  hm s lun nghch bin.  

Tim  cn  trc Oy  l tim cn ng.  

 th   
i qua cc  im (1  ;  0)  v (a  ;  1 )  ;  nm pha 
bn phi trc  tung.  

Di y l  th  ca cc  hm s :   

3

log ,y x=  
3

x

y


=  
 

 (H.35)  ;      
2

log ,y x=   (H.36).  

 

 

 

 

 
 

 

 
  

Hnh 35               Hnh 36 
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4 

Nu  nhn  xt v mi  l in  h g ia  th   ca cc hm s trn  H nh  35 v H nh  36.  

Nhn xt  

 th ca cc hm s y  = a
x

 v log
a

y x=  ( 0, 1)a a>   i 

xng vi nhau qua ng thng y  =  x.  

Bng o hm ca cc hm s lu tha,  m,  lgarit 

Hm s cp Hm hp  ( ( ))u u x=  

1( ) 'x x
 




=  

2

'1 1

x x


=  

 
 

( ) 1'

2
x

x

=  

1( ) ' . 'u u u


=
 

  

2

'1 'u

u u


=  

 
 

'
( ) '

2

u
u

u

=  

( ) 'x x
e e=  

( ) ' lnx x
a a a=  

( ) ' 'u u
e e u=  

( ) ' . ln . 'u u
a a a u=  

( )
1

ln 'x =  

( )
1

log '
lna

x

x a
=  

( )
'

ln '
u

u =  

( )
'

log '
lna

u
u

u a
=  

Bi  tp 
1.   V  th ca cc hm s :  

a) 4x
y =  ;            b)  

4

x

y


=  
 

.  

2.   Tnh o hm ca cc  hm s :  

a) 2 3 sin 2x
y xe x= +  ;    b)

2
5 2 cosx

y x x=   ;     c)
1

3x
x

y
+

= .  

3.  Tm tp xc nh ca cc hm s :  

a)  2log (5 2 )y x=  ;       b)  
2

3log ( 2 )y x x=  ;  

c)  
2

1

5

log ( 4 3)y x x=  + ;     d) 0,4
3 2

log
1

x
y

x

+
=


.  
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4.  V  th ca cc hm s :  

a) logy x= ;          b)

2

logy x= .       

5.   Tnh o hm ca cc  hm s :  

a)
2

3 ln 4 siny x x x=  +  ;    

b)
2

log( 1)= + +y x x  ;    

c) 3log x
y

x
= .  

 

I    Phng  trnh  m  

Bi ton  

Mt ngi gi tit kim vi lci sut 8,4%/nm v lci hng nm c nhp 
vo vn.  Hi sau bao nhiu nm ngi  thu c gp i s tin ban u ?  

Gii.  Gi s tin gi ban u l P.  Sau n  nm,  s tin thu c l 

(1 0, 084) (1, 084)n n
nP P P= + = .  

 2nP P=  th phi c (1, 084) 2.n
=  

Do        1,084log 2 8, 59.n =   

V n  l s t nhin nn ta chn n  =  9.  

Vy mun thu c gp i s tin ban u,  ngi  phi gi 9  nm.  

 Nhng bi ton thc t nh trn a n vic gii cc phng trnh c cha 
n s  s m ca lu tha.  Ta gi  l cc phng trnh m.  

Chng hn,  cc phng trnh 3 8x
= ,  

1 4
3 0

9 3

x

x


 + = 

 
 l nhng phng 

trnh m.  
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1 .   Phng  trnh  m  c bn  

Phng trnh m c bn c dng  

xa b= ( 0, 1)a a>  .  

 gii phng trnh trn,  ta s dng nh ngha lgarit.  

Vi b  >  0,  ta c logx
aa b x b=  = .  

Vi 0b  ,  phng trnh v nghim.   

Minh ho bng  th 

Honh  giao im ca  th hai hm s xy a=  v y b=  l nghim ca 

phng trnh 
x

a b= .   

S nghim ca phng trnh l s giao im ca hai  th.  

R rng, nu 0b   th hai  th khng ct nhau nn phng trnh v nghim.  

Nu b  >  0 ta c hai  th trn cc hnh 37  v 38 .  Trn mi hnh,  hai  th 
lun ct nhau ti mt im nn phng trnh c nghim duy nht.  

 

 

 

 
 

 

 

 

 

Hnh 37            Hnh 38 

Kt lun  

Phng trnh ( 0, 1)xa b a a= >   

0b >  c nghim duy nht log .ax b=  

0b   v nghim.  
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V d 1 .  Gii phng trnh 
2 1 12 4 5x x +

+ = .  

Gii.  a v tri v cng c s 4,  ta c 

1
. 4 4 . 4 5

2
x x
+ =  hay 

10 .4
9

x
=  

Vy 4
10 .log
9

x =  

2.   Cch  gii  mt s phng  trnh  m n gin  

Ngi ta thng s dng cc phng php sau  gii mt s phng trnh m.  

a)  a v cng c s 

1   

Gii  phng  trnh  
2 3

6 1
=

x
 bng  cch  a v dng  

( ) ( )
=

A x B x
a a  v g ii  phng  

trnh  ( ) ( ).=A x B x  

V d 2.  Gii phng trnh 
1

5 7 2
(1, 5)

3

x

x

+

 
=  

 
.  

Gii.  a hai v v cng c s ,
2

ta c 

5 7 1
3 3

2 2

x x  

 
=   

   
.  

Do  5 7 1 1 .x x x =    =  

Vy phng trnh c nghim duy nht x  =  1 .  

b)  t n ph 

V d 3.  Gii phng trnh  

9 4. 3 45 0x x
  = .  

Gii.  t 3 ,xt =  t  >  0,  ta c phng trnh 

2 4 45 0.t t  =  

Gii phng trnh bc hai ny,  ta c hai nghim 1 29, 5.t t= =   



 81  

Ch c nghim 1 9t =  tho mcn iu kin t  > 0.  

Do  3 9.x
=  Vy x  =  2.  

2  

Gii  phng  trnh  21
.5 5.5 250

5
+ =

x x  bng  cch  t n  ph  5 .xt =  

c)  Lgarit ho 

V d 4.  Gii phng trnh 
2

3 . 2 1 .x x
=  

Gii.  Ly lgarit hai v vi c s 3  (cn gi l lgarit ho),  ta c 

2

3 3log (3 . 2 ) log 1x x
= 

2

3 3log 3 log 2 0x x
+ = .  

T  ta c 

2
3log 2 0x x+ =  3(1 log 2) 0x x+ = .  

Vy phng trnh c cho c cc nghim l 

1 0x = v 2 2
3

1
log 3.

log 2
x =  =   

I I    Phng trnh  lgarit  

Phng trnh lgarit  l phng trnh c cha n s trong 

biu thc di du lgarit.  

Chng hn,  cc  phng trnh  

1

2

log 4x =  v 
2
4 4log 2 log 1 0x x + =  

u l phng trnh lgarit.  

1 .   Phng  trnh  lgarit c bn  

3  

Tnh  x,  bit 3
1 .log
4

x =  
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Phng trnh lgarit c bn c dng  

loga x b= ( 0, 1).a a>   

Theo nh ngha lgarit,  ta c  

log b
a x b x a=  = .  

Minh ho bng  th 

V  th hm s logay x=  v ng thng y  =  b  trn cng mt h trc 

to  (H.  39 v H.  40).  

 

 

 

 
 
 
 
 

 

Hnh 39            Hnh 40 

Trong c hai trng hp,  ta u thy  th ca cc hm s logay x=  v 

ng thng y  =  b  lun ct nhau ti mt im vi mi .b   

Kt lun  

Phng trnh loga x b=  ( 0, 1)a a>   lun c nghim duy 

nht bx a=  vi mi b.  

2.   Cch  gii  mt s phng  trnh  lgarit n  gin  

Ngi ta thng s dng cc  phng php sau  gii mt s phng trnh 
lgarit.  

a)  a v cng c s 

4  

Cho phng trnh
3 9log log 6x x+ = .  Hy a cc lgarit  v tri  v cng  c s.   
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V d 5.  Gii phng trnh 3 9 27log log log 11x x x+ + = .  

Gii.  a cc s hng  v tri v cng c s 3 ,  ta c 

2 33 3 3
log log log 11x x x+ + =  

  3 3 3
1 1

log log log 11
2 3

x x x+ + =   3log 6x = .  

Vy 63 729.x = =  

b)  t n ph 

5  

Gii  phng  trnh  
2

2 2log 3 log 2 0x x + =  bng  cch  t n  ph  2logt x= .   

V d 6.  Gii phng trnh  

1 2
1

5 log 1 logx x

+ =

 +

.  

Gii.  iu kin ca phng trnh l x  >  0,  log 5x  v log 1 .x    

t logt x=  ( 5, 1),t t    ta c phng trnh 

1 2
1

5 1t t

+ =

 +

.  

T  ta c phng trnh 

1 2(5 ) (5 )(1 )t t t t+ +  =  +  

  211 4 5t t t + =  + +    
2

5 6 0.t t + =  

Gii phng trnh bc  hai theo t,  ta c hai nghim 1 2,t =  2 3t =  u 

tho mcn iu kin t    5 ,  t    1 .  

Vy 1log 2,x =  2log 3x =  nn 1 100,x =  2 1000.x =  

6  

Gii  phng  trnh  2
1 2

2

log log 2.x x+ =  
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c)  M ho 

V d 7.  Gii phng trnh 2log (5 2 ) 2 .x
x =   

iu kin ca phng trnh l 5 2 0.x
 >  

Gii.  Theo nh ngha,  phng trnh c cho tng ng vi phng trnh 

2log (5 2 ) 22 2 .
x

x 
=  

(Php bin i ny thng c gi l m ho).  T  ta c 

24
5 2 2 5.2 4 0.

2

x x x

x
 =   + =  

t 2x
t =  (t > 0),  ta c phng trnh bc hai 

2
5 4 0t t + =  vi hai nghim 

dng t =  1 ,  t =  4.  Vy nghim ca phng trnh c cho l x = 0,  x = 2.  

Bi  tp 

1.  Gii cc phng trnh m :  

a)  
3 2(0, 3) 1x

= ;         b)  
1

25
5

x


= 

 
;  

c)  
2 3 22 4x x +

= ;         d)  
7 1 2(0, 5) .(0, 5) 2.x x+ 

=  

2.  Gii cc phng trnh m :  

a)  
2 1 23 3 108x x

+ = ;       b)  
1 12 2 2 28x x x+ 
+ + = ;  

c)  64 8 56 0x x
  = ;       d)  3.4 2.6 9 .x x x

 =  

3.  Gii cc phng trnh lgarit :  

a)  3 3log (5 3) log (7 5)x x+ = + ;     

b)  log( 1) g(2 11) g 2x x   =lo lo ;  

c)  2 2log ( 5) log ( 2) 3x x + + = ;     

d)  
2

log( 6 7) log( 3).x x x + =   
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4.  Gii cc phng trnh lgarit :  

a)  
21 1

log( 5) log 5 log
2 5

x x x
x

+  = + ;  

b)  
21

log( 4 1) log 8 log 4
2

x x x x  =  ;  

c)  4 82
log 4 log log 13.x x x+ + =  

 

 

I  -  Bt  phng trnh  m 

1 .   Bt phng  trnh  m  c bn   

Bt phng trnh m c bn c dng 
x

a b>  (hoc ,x
a b  

,x
a b<  

x
a b )  vi a  > 0,  a    1 .  

Ta xt bt phng trnh dng .x
a b>  

 Nu b    0,  tp nghim ca bt phng trnh l  v 0 , .x
a b x>     

 Nu b  >  0  th bt phng trnh tng ng vi 
log

.a bx
a a>  

Vi a  >  1 ,  nghim ca bt phng trnh l logax b> .  

Vi 0 <  a < 1 ,   nghim ca bt phng trnh l logax b< .  

V d 1  

a)  33 81 log 81 4x
x x>  >  > ;  

b) 1

2

1
32 log 32 5

2

x

x x


>  <  <  
 

.  

66
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Minh ho bng  th 

V  th hm s xy a=  v ng thng 

y  = b  trn cng mt h trc to .   

Trong trng hp a  >  1  ta nhn thy :  

 Nu b    0  th 
x

a b>  vi mi x.  

 Nu b > 0 th 
x

a b>  vi logax b>  (H.  41).  

Hnh 41  

Trng hp 0 < a  <  1 ,  ta c :  

 Nu b    0  th 
x

a b>  vi mi x.  

 Nu b  >  0 th xa b>  vi 
logax b<  (H.  42).  

 
 

 

Hnh 42  

Kt lun.  Tp nghim ca bt phng trnh 
x

a b>  c cho trong bng sau :  

Tp nghim  
xa b>  

a  >  1  0 < a  <  1  

b    0    

b  >  0 (log ; )a b +   ( ; log )a b  

1   

Hy lp bng  tng  t cho cc bt phng  trnh  ,xa b  ,xa b<  .xa b  

2.   Bt phng  trnh  m  n  gin  

Di y l mt s v d v bt phng trnh m n gin.  

V d 2.  Gii bt phng trnh
2

3 9x x
< .  

Gii.  Bt phng trnh c  cho c th vit  dng 

2 23 3 .x x
<  
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V c s 3  ln hn 1  nn 
2

2.x x <  

y l bt phng trnh bc  hai quen thuc.  Gii bt phng trnh ny,  ta 

c  1  < x  <  2.   

Vy tp nghim ca bt phng trnh c cho l khong (1  ;  2).  

V d 3.  Gii bt phng trnh 
2

4 2.5 10 .x x x
 <  

Gii.  Chia hai v ca bt phng trnh cho 10 ,x  ta c 

2 5
2 1

5 2

x x
 

 <  
  

.  

t 
5

x

t


=  
 

 (t  >  0),  ta c bt phng trnh 

2
1t

t
 < hay 

2 2
0.

t t

t

 
<  

Gii bt phng trnh ny vi iu kin t  >  0,  ta c 0 <  t  <  2.  Do   

2
0 2

5

x


< < 
 

.  

V c s 
5
 nh hn 1  nn 

5

log 2.x >  

Vy tp nghim ca bt phng trnh c cho l 2

5

(log 2 ; )+ .  

2  

Gii  bt phng  trnh  2 2 3 0.x x
+  <  

I I  -  Bt  phng trnh  lgarit  

1 .   Bt phng  trnh  lgarit c bn   

Bt phng trnh lgarit c bn c dng log
a
x b>  (hoc 

log ,a x b  log , loga ax b x b<  )  vi a  >  0,  a    1 .  

Xt bt phng trnh log
a
x b> .   
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Trng hp a  >  1 ,  ta c  

log b
a x b x a>  > .  

Trng hp 0 < a  <  1 ,  ta c  

log 0 b
a x b x a>  < < .  

V d 4 

a) 7
2log 7 2 128x x x>  >  > .  

b)
3

1

2

1 1
log 3 0 0

2 8
x x x


>  < <  < < 

 
.  

Minh ho bng  th 

V  th hm s logay x=  v ng thng y  = b  trn cng mt h trc to   

(H.  43,  H.  44).  

 

 

 
 
 
 
 

 

 Hnh 43              Hnh 44 

Quan st  th,  ta thy :  

Trng hp a  >  1 :  loga x b> khi v ch khi .bx a>  

Trng hp 0 <  a  <  1 :  loga x b> khi v ch khi  0 .bx a< <  

Kt lun :  Nghim ca bt phng trnh loga x b>  c cho trong bng sau :  

loga x b>  a  >  1  0 <  a  <  1  

Nghim bx a>  0 bx a< <  

3  

Hy lp bng  tng  t cho cc bt phng  trnh  log ,a x b  log ,a x b<  log .a x b  
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2.   Bt phng trnh  lgarit n  gin  

Ta xt mt s v d v bt phng trnh lgarit n gin.  

V d 5.  Gii bt phng trnh 2
0,5 0,5log (5 10) log ( 6 8)x x x+ < + + .  

Gii.  iu kin ca bt phng trnh c cho l  

2

25 10 0
2.

4 hoc 26 8 0

xx

x

x xx x

> + > 
  >  

<  > + + >  

 

V c s 0,5  b hn 1  nn vi iu kin ,  bt phng trnh c  cho tng 

ng vi bt phng trnh 25 10 6 8x x x+ > + +  

  
2

2 0 2 1x x x+  <   < < .  

Kt hp vi iu kin,  ta c tp nghim ca bt phng trnh c  cho l 

khong (2 ;  1 ).  

V d 6.  Gii bt phng trnh 2 2log ( 3) log ( 2) 1x x +   .  

Gii.  iu kin ca bt phng trnh l x  >  3 .  Khi ,  bt phng trnh c 
cho tng ng vi 

2 2log [( 3)( 2)] log 2.x x    

V c s 2 ln hn 1  nn ( 3)( 2) 2x x   .  

Gii bt phng trnh ny, ta tm c 1 4.x   Kt hp vi iu kin x > 3, 

ta c nghim ca bt phng trnh c cho l 3 4.x<   

4  

Gii  bt phng  trnh  
1 1

2 2

log (2 3) log (3 1).x x+ > +  

Bi  tp 

1.  Gii cc bt phng trnh m :  

a)  
2

32 4x x +
< ;          b)  

22 3
7 9

9 7

x x


 
 

;  

c)  
2 13 3 28x x+ 
+  ;        d) 4 3.2 2 0x x

 + > .  
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2.  Gii cc bt phng trnh lgarit :   

a)  8log (4 2 ) 2x   ;         b)  1 1

5 5

log (3 5) log ( 1)x x > +  ;  

c)  0,2 5 0,2log log ( 2) log 3x x  <  ;   d)
2
3 3log 5 log 6 0x x +  .  

n tp chng I I  

1.  Hcy nu cc  tnh cht ca lu tha vi s m thc.  

2.  Hcy nu cc  tnh cht ca hm s lu tha.  

3.  Hcy nu cc  tnh cht ca hm s m v hm s lgarit.  

4.  Tm tp xc nh ca cc  hm s :  

a)  
1

3 3x
y =


;           b)  

1
log

2 3

x
y

x


=


;  

c)  2log 12y x x=   ;       d)  25 5 .x x
y =   

5.  Bit 4 4 23.x x
+ =  Hcy tnh 2 2 .x x

+  

6.  Cho log 3,a b =  log 2.a c =   Hcy tnh loga x  vi :  

a)  
3 2

x a b c= ;          b)  
4 3

3
.

a b
x

c
=  

7.  Gii cc  phng trnh :  

a)  4 3 4 33 3.5 5 3x x x x+ + + +
+ = + ;    b)  25 6.5 5 0x x

 + =  ;  

c)  4.9 12 3.16 0x x x
+  = ;        d)  7 7 7log ( 1) log logx x x =  ;  

e)  3 13

3

log log log 6x x x+ + = ;    g)  
8

log log .
1

x
x

x

+
=


 

8.  Gii cc  bt phng trnh :  

a)  
2 1 2 2 2 32 2 2 448x x x  

+ +   ;    b)  ( )
1

(0, 4) 2, 5 1, 5
xx +

 >  ;  

c)  2
3 1

2

log log ( 1) 1x  <
 
 

 ;      d)  
2
0,2 0,2log 5 log 6.x x <   
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Bi  tp trc nghim 

1.   Tp xc nh ca hm s 
2

log
1

x
y

x


=



 l :  

(A) ( ; 1) (2 ; )  +   ;      (B)  (1  ;  2)  ;    

(C)  \ { ;           (D)  \ {1  

2.   Chn khng nh sai  trong cc  khng nh sau :  

(A)  ln 0x >  1x >  ;       (B)  2log 0x <  0 1x< <  ;  

(C)  1 1

3 3

log loga b>   0a b> >  ;     (D)  1 1

2 2

log loga b=   a  = b  >  0.  

3 .   Cho hm s 2( ) ln(4 ).f x x x=   Chn khng nh ng trong cc khng 
nh sau :  

(A)  f ' (2)  =  1  ;           (B)  f ' (2)  =  0 ;    

(C)  f ' (5)  = 1 ,2 ;         (D)  f ' (1 )  = 1 ,2.  

4.   Cho hm s 2
1

2

( ) log ( 5 7).g x x x=  +  Nghim ca bt phng trnh 

( ) 0g x >  l :  

(A)  x  >  3  ;           (B)  x  <  2  hoc x  >  3  ;     

(C)  2 <  x  <  3  ;          (D)  x  <  2.  

5 .   Trong cc hm s :  

1 ,( ) ln
sin

f x
x

=  
1 sin ,( ) ln
cos

x
g x

x

+
=  

1 ,( ) ln
cos

h x
x

=  

hm s no c o hm l 
cos x

 ?  

(A)  f(x)  ;      (B)  g(x)  ;      (C)  h(x)  ;      (D)  g(x)  v h(x) .  

6 .   S nghim ca phng trnh 
22 7 52 1x x +

=  l :  

(A)  0 ;      (B)  1  ;       (C)  2 ;       (D)  3 .  

7 .   Nghim ca phng trnh 
log 9

10 8 5x= +  l :  

(A)  0 ;      (B)  
2
;         (C)  

8
;        (D)

4
.  
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I    Nguyn hm  v  tnh  cht  

1 .   Nguyn  hm  

1   

Tm hm s F(x)  sao cho F  ' (x)  = f(x)  nu  :  

a)  f(x)  = 3x
2
 vi  x    (  ;  +)  ;      b)  

2

1
( )

cos
f x

x
=  vi  ; .

2 2
x

  
  

 
 

K hiu K l khong hoc on hoc na khong ca .   

nh ngha 

Cho hm s f(x)  xc  nh trn K.   

Hm s  F(x)  c gi l nguyn hm  ca hm s f(x)  trn K  

nu F  ' (x)  =  f(x)  vi mi x    K.  

V d 1  

a)  Hm s F(x)  =  x
2
 l mt nguyn hm ca hm s f(x)  =  2x  trn 

khong (  ;  +)  v F '(x)  = (x
2
)'  =  2x,  x    (  ;  +).  

b)  Hm s F(x)  =  lnx  l mt nguyn hm ca hm s 
1

( )f x
x

=  trn 

khong (0 ;  +)  v F ' (x)  =  (lnx)'  =
x
,  x    (0 ;  +).  

2  

Hy tm  thm nhng  nguyn  hm khc ca cc hm s nu  trong  V d  1 .  

nh l 1   

Nu F(x)  l mt nguyn hm ca hm s f(x)  trn K  th 

vi mi hng s C,  hm s G(x)  =  F(x)  +  C  cng l mt 

nguyn hm ca f(x)  trn K .  

3  

Hy chng  minh  nh  l  1 .  
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nh l 2   

Nu F(x)  l mt nguyn hm ca hm s f(x)  trn K th 
mi nguyn hm ca f(x)  trn K u c dng F(x)  +  C,  vi 
C  l mt hng s.  

Chng minh.  Gi s G(x)  cng l mt nguyn hm ca f(x)  trn K,  tc l 
G' (x)  =  f(x),  x    K.  Khi  

(G(x)    F(x))'  =  G' (x)    F  ' (x)  =  f(x)    f(x)  =  0,  x    K.  

Vy G(x)    F(x)  l mt hm s khng i trn K.  Ta c 

G(x)    F(x)  = C   G(x)  =  F(x)  + C,  x    K.       

Hai nh l trn cho thy :  

Nu F(x)  l mt nguyn hm ca hm s f(x)  trn K th F(x)  +  C,  C  

l h tt c cc nguyn hm ca f(x)  trn K.  K hiu  

( )d ( ) .f x x F x C= +  

Ch  

Biu thc ( )df x x  chnh l vi phn ca nguyn hm F(x)  ca 

( ),f x   v  dF(x)  =  F  ' (x) dx  =  f(x) dx .  

V d 2  

a)  Vi x    (  ;  +),  22 dx x x C= +  ;  

b)  Vi s    (0 ;  +),  
1
d lns s C

s
= +  ;  

c)  Vi t    (  ;  +),  cos d sin .t t t C= +  

2.   Tnh cht ca nguyn  hm 

Tnh cht 1  

    ' ( )d ( ) .f x x f x C= +  

Tnh cht ny c suy trc tip t nh ngha nguyn hm.  

V d sau y minh ho cho tnh cht .   
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V d 3 .  (cos ) ' d ( sin )d cos .x x x x x C=  = +   

Tnh cht 2  

( )d ( )dkf x x k f x x=      (k  l hng s khc  0).  

Chng minh.  Gi F(x) l mt nguyn hm ca kf(x),  ta c  

kf(x)  = F'(x)             (*) 

V k   0 nn 
'

1 1
( ) '( ) ( ) .f x F x F x

k k


= =  

 
 

T , theo tnh cht 1  ta c  

'

1 1
1 1

( )d ( ) d ( ) ( )k f x x k F x x k F x C F x kC
k k

 
= = + = +   

      1( )C   

 ( )F x C= +  (v 1C  tu  thuc  v k   0 nn 1C kC=  

                    tu  thuc )  

 ( )dkf x x=   (do (*)).                

Tnh cht 3  

[ ]( ) ( ) d ( )d ( )d .f x g x x f x x g x x =     

4  

Hy chng  minh  Tnh  cht 3.  

V d 4.  Tm nguyn hm ca hm s 
2

( ) 3 sinf x x
x

= +  trn khong (0 ;  +).  

Gii.  Vi (0 ; )x  + ,  ta c 

2 1
3 sin d 3 sin d 2 d 3 cos 2 lnx x x x x x x C

x x


+ = + =  + + 

 
   .  

3.   S tn  ti  nguyn  hm 

Ta tha nhn nh l di y.  

nh l 3   

Mi hm s f(x)  lin tc trn K  u c nguyn hm trn K.  



 96  

V d 5 

a)  Hm s 3( )f x x=  c nguyn hm trn khong (0 ;  +)  v 

2 5

3 33
d .

5
x x x C= +  

b) Hm s 
2

1
( )

sin
g x

x
=  c nguyn hm trn tng khong ( ; ( 1) )k k +    

(k   )  v 

2

1
d cot .

sin
x x C

x
=  +  

4.   Bng  nguyn hm ca mt s hm s thng gp 

5  

Lp bng  theo mu  di  y ri  dng  bng  o hm trang  77 v trong  SGK i  s 
v Gii  tch  1 1   in  cc hm s thch  hp vo ct bn  phi .  

f '(x)  f(x)  + C  

0   

1
x



   

x
  

x
e   

lnx
a a  (a  >  0,  a    1 )   

cosx   

sinx   

2cos x
  

2

1

sin x
   

T bng cc o hm,  ta c bng nguyn hm sau y.  



 97  

0dx C=  d
ln

x
x a

a x C
a

= + (a  >  0,  a    1 )  

dx x C= +  cos d sinx x x C= +  

11
d

1
x x x C
 



+
= +

+
 (    1 )  sin d cosx x x C=  +  

1
d lnx x C

x
= +  

2

1
d tan

cos
x x C

x

= +  

dx x
e x e C= +  2

1
d cot

sin
x x C

x

=  +  

V d 6.  Tnh :  

a)  
2

3 2

1
2 dx x

x


+ 

 
  trn khong  (0 ;  +)  ;    

b)  1(3 cos 3 ) dx
x x


  trn khong  (  ;  +).  

Gii  

a)  Vi x    (0 ;  +)  ta c 
2
32 2

3 2

1
2 d 2 d dx x x x x x

x


+ = + 

 
    

       =  
1
33 3 32 2

3 3 .
3 3
x x C x x C+ + = + +  

b)  Vi x    (  ;  +)  ta c 

1 1
(3 cos 3 ) d 3 cos d 3 d

3
x x

x x x x x


 =     

        
1 3

3 sin
3 ln 3

x

x C=  + =

13
3 sin .

ln 3

x

x C



 +  

Ch  

T y,  yu cu tm nguyn hm ca mt hm s c hiu l 
tm nguyn hm trn tng khong xc nh ca n.  
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I I   Phng php  tnh  nguyn hm  

1 .   Phng  php i  bin  s 

6  

a)  Cho
10

( 1) dx x .  t u  =  x   1 ,  hy vit d
10( 1)x x  theo u  v du.  

b)  Cho 
ln

d .
x

x
x

 t ,tx e=  hy vit 
ln 

dx
x

x

 theo t  v dt.  

nh l 1   

Nu ( ) ( )f u u F u C= +d  v u  =  u(x)  l hm s c o hm 

lin tc th 

( ( )) '( ) d ( ( )) .f u x u x x F u x C= +  

Chng minh.  Theo cng thc o hm ca hm hp,  ta c 

( ( ( ))) ' '( ). '( ).F u x F u u x=  

V F'( u )  =  f( u )  =  f(u(x))  nn ( ( ( ))) ' ( ( )) '( ).F u x f u x u x=      

Nh vy,  cng thc ( ) ( )f u u F u C= +d  ng khi u  l bin s c lp th 

cng ng khi u l mt hm s ca bin s c lp x.   

H qu  

Vi u  =  ax  + b  (a    0),  ta c  

1
( ) d ( ) .f ax b x F ax b C

a
+ = + +  

V d 7.  Tnh sin(3 1) d .x x  

Gii.  V sin d cosu u u C=  +  nn theo h qu ta c 

1
sin(3 1)d cos(3 1) .

3
x x x C =   +  

Ch  

Nu tnh nguyn hm theo bin mi u  (u  =  u(x))  th sau khi 
tnh nguyn hm,  ta phi tr li bin x  ban u bng cch thay 
u  bi u(x).  
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V d 8.  Tnh 
5
d .

( 1)

x
x

x +
  

Gii.  t u  = x + 1  th u'  = 1  v 
5
d

( 1)

x
x

x +

 c vit thnh 
5

1
d

u

u


.  Khi , 

nguyn hm cn tnh tr thnh 

5 4 5

1 1 1u
u u

u u u

 
=  

 
 d d  =  d d

4 5
u u u u
 

   =  
3 4

1 1 1 1
. . .

3 4
C

u u

 + +  

Thay u  =  x  +  1  vo kt qu,  ta c 

5 3

1 1 1 1
d . .

4 1 3( 1) ( 1)

x
x C

xx x


=  + 

+ + +
  

2.   Phng  php tnh nguyn hm tng phn

7  

Ta c   ( cos ) ' cos sinx x x x x=   

hay     sin ( cos ) ' cos .x x x x x =   

Hy tnh  ( cos ) ' dx x x  v cos d .x x  T  tnh  sin d .x x x  

nh l 2   

Nu hai hm s u =  u(x)  v v  =  v(x)  c o hm lin tc 
trn K th 

( ) '( )d ( ) ( ) '( ) ( )d .u x v x x u x v x u x v x x=    

Chng minh.  T cng thc o hm ca tch 

( ( ) ( )) ' '( ) ( ) ( ) '( )u x v x u x v x u x v x= +  

hay        ( ) '( ) ( ( ) ( )) ' '( ) ( ),u x v x u x v x u x v x=   

ta c      ( ) '( )d ( ( ) ( )) ' d '( ) ( )d .u x v x x u x v x x u x v x x=     

Vy       ( ) '( )d ( ) ( ) '( ) ( )d .u x v x x u x v x u x v x x=        

Ch  

V '( )d d ,v x x v=  '( )d d ,u x x u=  nn ng thc trn cn c 
vit  dng  

d d .u v uv v u=    

 l cng thc tnh nguyn hm tng phn.  
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V d 9.  Tnh 

a)  dxxe x ;      b)  cos dx x x ;      c)  ln d .x x  

Gii 

a)  t u  =  x  v d d ,x
v e x=  ta c d du x=  v .xv e=  Do  

e d e e d e e .x x x x x
x x x x x C=  =  +   

b)  t u  =  x  v d cos d ,v x x=  ta c  d du x=  v sin .v x=  Vy 

cos d sin sin dx x x x x x x=    

hay      cos d sin cos .x x x x x x C= + +  

c)  t u  =  ln ,x  dv  =  dx,  ta c du  =  
1
dx

x
 v v  =  x.  Do  

ln d ln d ln .x x x x x x x x C=  =  +   

8  

Cho P(x)  l   a thc ca x.  T V d  9,  hy lp bng  theo mu  di  y ri  in  u  v  
dv  thch  hp vo  trng  theo phng php tnh  nguyn  hm tng  phn.  

 ( ) dxP x e x  ( ) cos dP x x x  ( ) ln dP x x x  

u ( )P x    

dv  x
e xd    

Bi  tp 

1.  Trong cc  cp hm s di y,  hm s no l mt nguyn hm ca hm 

s cn li ?  

a) xe  v xe  ;          b)  sin 2x  v sin
2
x  ;  

c)

2
2

1 x
e

x


 

 
 v 

4
1 .xe

x


 

 
 

2.  Tm nguyn hm ca cc  hm s sau :  

a)  f(x)  =  
3

1x x

x

+ +
 ;         b)  f(x)  = 

2 1x

x
e


 ;   



 1 01  

c)  f(x)  =  
2 2

1

sin .cosx x
 ;         d)  f(x)  =  sin 5 . cos 3x x  ;   

e)  f(x)  =  tan
2
x ;           g)  f(x)  = 3 2e x  ;  

h)  f(x)  = 
1

(1 )(1 2 )x x+ 

.  

3.  S dng phng php i bin s,  hfy tnh :  

a)  
9

(1 ) dx x (t 1 )u x=   ;      

b)  
3
22(1 ) dx x x+ (t 21 )u x= +  ;  

c)
3

cos sin dx x x  (t cos )t x=  ;  

d)
d

2x x

x

e e


+ +

 (t 1).x
u e= +  

4.   S dng phng php tnh nguyn hm tng phn,  hfy tnh :  

a)  ln(1 )dx x x+ ;          b)  
2

( 2 1) dxx x e x+  ;     

c)  sin(2 1)dx x x+ ;          d)   (1 ) cos dx x x .  

   

 

I  -  khI  nim  tch  phn 

1 .   Din  tch  hnh thang cong  

1   

K h iu  T l  h nh  thang  vung  gii  hn  bi  ng  thng  y  = 2x +  1 ,  trc honh  v hai  
ng  thng  x =  1 ,  x = t (1    t    5)  (H .45).  

1 .  Tnh  d in  tch  S ca hnh  T  kh i  t =  5  (H.46).  

2.  Tnh  d in  tch  S(t)  ca hnh  T  khi  t    [1  ;  5] .  
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Hnh 45            Hnh 46 

3.  Chng  minh  rng  S(t)  l  mt nguyn  hm ca f(t)  =  2t  +  1 ,  t   [1  ;  5]  v d in  tch  

S =  S(5)    S(1 ).  

Cho hm s ( )y f x=  lin tc,  khng i du trn on [a ;  b] .  Hnh phng 

gii hn bi  th ca hm s y  = ( )f x ,  trc honh v hai ng thng x  =  a,  

x  =  b  c gi l hnh thang cong  (H.  47a).  

 lp di,  ta f bit cch tnh din tch hnh ch nht,  hnh tam gic.  By 
gi,  ta xt bi ton tnh din tch hnh phng D  gii hn bi mt ng 
cong kn bt k (H.  47b).  

 

 

 

 

 

 
a)         b)   

Hnh 47  

Bng cch k cc  ng thng song song vi cc  trc to ,  ta chia D
thnh nhng hnh nh l nhng hnh thang cong (H.47a).  Bi ton trn 
c  a v tnh din tch ca hnh thang cong.  

V d 1 .  Tnh din tch hnh thang cong gii hn bi ng cong 2 ,y x=  

trc  honh v cc  ng thng 0, 1 .x x= =   

Gii.  Vi mi x    [0 ;  1 ]  gi S(x)  l din tch ca phn hnh thang cong f 
cho nm gia hai ng thng vung gc vi trc Ox  ti im c honh  0 
v x  (H.  48).  
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Hnh 48             Hnh 49 

Ta chng minh  

2'( ) , [0 ; 1] .S x x x=   

Tht vy,  vi h  >  0,  x  +  h  <  1 ,  k hiu MNPQS  v MNEFS  ln lt l din 

tch cc hnh ch nht MNPQ  v MNEF  (H.49),  ta c  

( ) ( )MNPQ MNEFS S x h S x S +    

hay 

2 2( ) ( ) ( ) .hx S x h S x h x h +   +  

Vy  

2 2( ) ( )
0 2 .

S x h S x
x xh h

h

+ 
   +  

Vi h  <  0,  x  +  h  >  0,  tnh ton tng t,  ta c  

2 2( ) ( )
2 0.

S x h S x
xh h x

h

+ 
+     

Tm li vi mi h    0,  ta c   

2 2( ) ( )
2 .

S x h S x
x x h h

h

+ 
  +  

Suy ra  

2

0

( ) ( )
'( ) lim ,

h

S x h S x
S x x

h

+ 
= =  x    (0 ;  1 ) .  

Ta cng chng minh c '(0)S  =  0,  '(1)S  =  1 .  

Do ,  S(x)  l mt nguyn hm ca hm s 2( )f x x=  trn on [0 ;  1 ] .   
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Mt khc trn on , 
3

( )
3

x
F x =  cng l mt nguyn hm ca 2( )f x x=  nn  

3
( ) ,

3

x
S x C= + .C   

T gi thit S(0)  =  0,  suy ra C  =  0.  Vy  

3
( )

3

x
S x = .  

Thay x  =  1  vo ng thc trn,  ta c din tch ca hnh cn tm l
1 .(1)
3

S =  

By gi,  ta xt bi ton tm din tch hnh thang cong bt k.  

Cho hnh thang cong gii hn bi cc  ng thng x =  a,  x =  b (a <  b),  

trc  honh v ng cong y =  f(x),  trong  f(x)  l hm s lin tc,  khng 

m trn on [a ;  b] .   

Vi mi  x    [a  ;  b] ,  k hiu S(x)  l din tch 

ca phn hnh thang cong  nm gia hai 
ng thng vung gc vi Ox  ln lt ti a

v x  (H.50).  

Ta cng chng minh c S(x)  l mt 

nguyn hm ca f(x)  trn on [a  ;  b] .  

Gi s F(x) cng l mt nguyn hm ca f(x) th 

c mt hng s C  sao cho ( ) ( ) .S x F x C= +    

V S(a)  =  0 nn F(a)  +  C  =  0  hay C  =  F(a).  

Vy ( ) ( ) ( ).S x F x F a=   

Thay x  =  b  vo ng thc trn,  ta c din tch ca hnh thang cn tm l  

( ) ( ) ( ).S b F b F a=   

2.   nh  ngha tch  phn 

2  

Gi s f(x)  l   hm s l in  tc trn  on  [a ;  b] ,  F(x)  v G(x)  l   hai  nguyn  hm ca 

f(x).  Chng  minh  rng  F(b)    F(a)  = G(b)    G(a),  (tc l  hiu  s F(b)    F(a)  khng  
ph  thuc vic chn  nguyn  hm).  

Hnh 50 
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Cho f(x)  l hm s lin tc trn on [a ;  b] .  Gi s F(x)  l 

mt nguyn hm ca f(x)  trn on [a  ;  b] .   

Hiu s F(b)    F(a)  c gi l tch phn  t a  n b  (hay tch 

phn xc  nh trn on [a ;  b] )  ca hm s f(x),  k hiu l 

( )d .
b

a

f x x  

Ta cn dng k hiu F(x) a    ch hiu s F(b)    F(a).  

Vy  ( )d ( ) ( ) ( ).
b

b

a
a

f x x F x F b F a= =        

Ta gi 

a

l du tch phn,  a  l cn di,  b  l cn trn,  f(x)dx  

l biu thc di du tch phn  v f(x)  l hm s di du 
tch  phn.  

Ch   

Trong trng hp a  =  b hoc a  >  b,  ta quy c  

( )d 0
a

a

f x x =  ;  ( )d ( )d .
b a

a b

f x x f x x=   

V d 2  

1 )
2

22 2 2
1

1

2 d 2 1 4 1 3x x x= =  =  =  ;  

2)
1

1

1
d ln ln ln1 1 0 1 .

e
e

t t e
t

= =  =  =  

Nhn xt 

a) Tch phn ca hm s f t a  n b  c th k hiu bi ( )d
b

a

f x x  

hay ( )d
b

a

f t t .  Tch phn  ch ph thuc vo f v cc  cn a,  b

m khng ph thuc vo bin s x  hay t.  
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b)   ngha hnh hc ca tch phn.  Nu hm s f(x)  lin tc  v 

khng m trn on [a  ;  b] ,  th  tch phn ( )d
b

a

f x x  l din tch 

S  ca hnh thang cong gii hn bi  th ca f(x),  trc  Ox  v 
hai ng thng x  =  a,  x  =  b  (H.47a).  Vy 

       ( )d .
b

a

S f x x=           

I I    T nh  cht  ca t ch  phn 

Tnh cht 1  

( )d ( )d
b b

a a

kf x x k f x x=     (k  l hng s).  

Tnh cht 2  

[ ( ) ( )]d ( )d ( )d .
b b b

a a a

f x g x x f x x g x x =     

3  

Hy chng  minh  cc tnh  cht 1  v  2.  

V d 3.  Tnh
4

2

1

( 3 )d .x x x+  

Gii.  Ta c 

  

14 4 4
2 2 2

1 1 1

( 3 )d d 3 dx x x x x x x+ = +    

          

33 34 4
32

1 1

2 4 1
3 2(2 1) 35.

3 3 3

x
x

  = + = +  =   
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Tnh cht 3  

 ( )d ( )d ( )d
b c b

a a c

f x x f x x f x x= +       (a  <  c  <  b) .  

Chng minh.  Gi s F(x)  l mt nguyn hm ca f(x)  trn on [a  ;  b] .  Khi 

,  F(x)  cng l mt nguyn hm ca f(x)  trn mi on [a  ;  c]  v [c  ;  b] .  Do 

,  ta c 

 ( )d ( )d ( ( ) ( )) ( ( ) ( ))
c b

a c

f x x f x x F c F a F b F c+ =  +    

           = F(b)    F(a)  = ( )d .

b

a

f x x         

V d 4.  Tnh 

2

0

1 cos 2 dx x



 .  

Gii.  Ta c   

2 2 2
2

0 0 0

1 cos 2 d 2 sin d 2 sin d .x x x x x x

  

 = =    

V 
sin , nu 0

sin
sin ,  nu 2

x x
x

x x

  
= 

    
 

nn 

 
2 2

0 0

1 cos 2 d 2 sin d sin dx x x x x x

  




  = +
 
 

    

    =  
2

0

2 sin d sin dx x x x

 




 
 
 
   

2

02 ( cos ) (cos )x x



 

=  +   =  4 2.  
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I I I    Phng php  tnh  tch  phn   

1 .   Phng  php i  bin  s 

4  

Cho tch  phn 
1

2

0

(2 1) .I x x= + d  

1 .  Tnh  I bng  cch  khai  trin  2(2 1) .x +  

2.  t 2 1 .u x= +  Bin  i  biu  thc 2
(2 1)x x+ d  thnh  g(u)du.  

3.  Tnh  d

(1)

(0)

( )
u

u

g u u  v so snh  kt qu vi  I trong  cu  1 .  

Tng t phng php i bin s trong vic tnh nguyn hm, ta c nh l 
sau y.  

nh l  

Cho hm s f(x)  lin tc  trn on [a ;  b] .  Gi s hm s 

( )x t= c o hm lin tc trn on [ ;    ]
(*)
 sao cho 

( ) , ( )a b   = =  v ( )a t b   vi mi [ ; ] .t    

Khi   

( ) d ( ( )) '( ) d .
b

a

f x x f t t t





 =  

V d 5.  Tnh 
1

2
0

1
d .

1
x

x+
  

Gii.  t tan ,x t=  .
2 2

t
 

 < <  Ta c 
2

1
'( ) .

cos
x t

t
=  

 Khi x =  0 th t =  0,  khi x = 1  th t =  
4


.   

Cc gi thit ca nh l trn c tho mfn.  Do  

1 4 4

2 2 2
0 0 0

1 1 d
.d .

41 1 tan cos

t
x t

x t t

 


= = =

+ +
d  

      
(*)  Nu < ,  ta xt on [ ; ]  .  
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Ch  

Trong nhiu trng hp ta cn s dng php i bin s  
dng sau :   

Cho hm s f(x)  lin tc  trn on [a ;  b] .   tnh ( )
b

a

f x x d ,  

i khi ta chn hm s u =  u(x)  lm bin s mi,  trong  trn 
on [a ;  b] ,  u(x)  c o hm lin tc  v ( )u x  [ ; ] .    

Gi s c th vit 

( ) ( ( )) '( ), [ ; ] ,f x g u x u x x a b=   

vi g(u)  lin tc  trn on [   ;  ] .  

Khi ,  ta c  
( )

( )

( ) ( ) .
u bb

a u a

f x x g u u= d d  

V d 6.  Tnh 
2

2

0

sin cos .x x x



 d  

Gii.  t u  = sinx.  Ta c ' cos .u x=  

Khi 0x =  th (0) 0,u =  khi 
2

x


=  th 1 .
2

u
 

= 
 

 

Vy  

2 1
2 2 3

0 0

11 1
sin cos .

3 0 3
x x x u u u



= = = d d  

V d 7.  Tnh 
1

2 3
0

d .
(1 )

x
x

x+
   

Gii.  t 21 ,u x= +  ta c ' 2u x= ,  u(0)  = 1 ,  u(1 )  =  2 nn  

1 2

2 3 3 2 2
0 1

21 1 1 1 1 1 3
. 1 .

2 4 1 4 16(1 ) 2

x
x u

x u u


= =  =   = 

+  
 d d  



 1 1 0 

2.   Phng  php tnh  tch  phn  tng phn  

5  

a)  Hy tnh  ( 1) dxx e x+  bng  phng php tnh  nguyn  hm tng  phn.  

b)  T  tnh  
1

0

( 1) .x
x e x+ d  

Tng t phng php tnh nguyn hm tng phn,  ta c nh l sau y.  

nh l  

Nu u  =  u(x)  v v  =  v(x)  l hai hm s c o hm lin tc 

trn on [a  ;  b]  th 

( ) '( ) d ( ( ) ( )) '( ) ( ) d

b b
b

a

a a

u x v x x u x v x u x v x x=   

hay   d d .

b b
b

a

a a

u v uv v u=   

V d 8.  Tnh
2

0

sin dx x x



.  

Gii.  t u  =  x  v dv  =  sin dx x ,  ta c du = dx  v v  =  cos .x  Do  

    
0

0 0

sin d ( cos ) cos dx x x x x x x

 

22 2

=  +  

        =

2

00
( cos ) (sin ) 0 1 1 .x x x



2

 + = + =  

V d 9.  Tnh
2

1

ln
d

e
x

x

x

.  
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Gii.  t lnu x=  v
2

1
v

x

=d d ,  ta c 
1

d du x
x

=  v
1

v
x

=  .  Do  

e ee

2 21
1 1

ln 1 1
d ln d

x
x x x

xx x


=  + 

   1

1 1
ln x

x x


=   

 
 

 
1 1 2

(0 1) 1
e e e


=     =  

 
.  

 

B  n  c   b i  t   

N i u - tn  ( I . N ewto n )   

Niu-tn  l nh ton hc,  vt l  hc,  c hc v thin  vn  hc 
v i  ngi  Anh .  

Sinh  ra  th iu  thng,  N iu-tn  l  mt a tr yu  t.  Ln  
ln Niu-tn cng khng phi  l mt cu b kho mnh.  Cu  
thng phi  trnh nhng tr chi  hiu ng ca m bn b 
cng la tui.  Thay vo ,  cu t sng ch ra nhng tr 
chi  cho ring mnh,  qua  cng thy c ti  nng thc 
nghim ca Niu-tn sm c bc l.  Khi  th cu  lm ra 
nhng  chi  c hc,  nh chic ng h bng g chy 
c,  khi  th cu sng ch ra chic ci  xay gi,  bn trong  
mt con  chut ng vai  tr ngi  th xay.  C ln vo ban 
m Niu-tn  th chic d iu mang n lng chiu sng,  
khin cho dn lng hong s.  V ngay t lc nh,  Niu-tn  rt chu kh c sch v 
ghi  chp cn thn nhng iu l  th  m cu c c trong sch.  

Nm 1 661 ,  1 8 tui,  Niu-tn  vo hc ti  trng i  hc Cam-brit (Cambridge).  T  
N iu-tn  thc s quan  tm  n  khoa hc.  Thy dy ton  ca  N iu-tn  tha  nhn  
cu  sinh  vin  xut sc   vt mnh  v nm 1 669 ng  nhng  chc v  g io  s 
cho ngi  hc tr li  l c y.  N iu-tn  g i chc ny cho n  nm 1 701 .  

Cng hin  ln  lao ca Niu-tn i  vi  ton  hc l ng  thi  v c lp vi  Lai-b-ni t 
(G.  Leibniz) ,  ng  sng  lp ra php tnh vi  phn  v tch  phn.  Ngay t nhng nm 
1 665   1 666,  l c 22,  23  tui ,  N iu-tn   xy dng  c s ca  php tnh  ny m 
ng  gi  l   "phng  php thng  lng",  v ng    p dng  phng  php   
g ii  nhng  bi  ton  v C hc.  

N iu-tn  v Lai -b-ni t u  pht h in  ra mi  l i n  h  su  sc g ia tch  phn  v  
nguyn  hm.  Lch  s Ton  hc cho thy khi  n im tch  phn   xut h in  c lp 

 

 

 

 

 

 

 

I.  Newton 

(1 643    1 727)  
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vi  o hm v nguyn  hm.  Do ,  vic th it lp mi  l i n  h g ia tch  phn  vi  
nguyn  hm l mt pht minh  ca N iu-tn  v Lai-b-nit.   

N iu-tn   c nhng  pht minh  c bn  v dy v hn.  c bit,  ng  m rng  
nh  l ,  nay gi  l   "nh  l  nh   thc N iu-tn"  cho trng  hp s m  l  mt s thc 
tu .  

N iu-tn  cn  c nhng  cng  h in  ln  l ao  trong  cc l nh  vc i  s,  H nh  hc,  C 
hc v Vt l .  ng   pht m inh  ra  nh  l ut v i  v  vn  vt hp dn.  

 

 

Bi  tp 

1.  Tnh cc tch phn sau :  

a)  

1

2
23

1

2

(1 ) dx x



 ;        b)  
2

0

sin d
4

x x



 
 

  ;  

c)  

2

1

2

1
d

( 1)
x

x x +
 ;         d)  

2
2

0

( 1) dx x x+ ;  

e)  

2

2
1

2

1 3
d

( 1)

x

x

x



+
 ;         g)

2

sin 3 cos 5 d .x x x






2

  

2.  Tnh cc tch phn sau :  

a)  

2

0

1 dx x ;          b)  2

0

sin dx x



2

 ;  

c)  

ln 2 2 1

0

e 1
d

e

x

x

x

+
+

 ;        d)  2

0

sin2 cos d .x x x
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3.   S dng phng php i bin s,  hfy tnh :  

a)  
3 2

3
0 2

d

(1 )

x
x

x+

 (t 1)u x= +  ;   

b)  
1

2

0

1 dx x  (t sin )x t=  ;  

 c)  
1

0

(1 )
d

1

x

x

e x
x

xe

+

+

 (t 1 )xu xe= +  ;   

 d)  
2

2 2
0

1
d

a

x

a x

(a  >  0)  (t sin ) .x a t=   

4.   S dng phng php tnh tch phn tng phn,  hfy tnh :  

a)  

0

( 1) sin dx x x



2

+ ;        b)  2

1

ln d
e

x x x ;  

c)  
1

0

ln(1 )dx x+ ;         d)  
1

2

0

( 2 1) d .x
x x e x


   

5.   Tnh cc tch phn sau :  

a)  

31
2

0

(1 3 ) dx x+ ;      b)

1

2 3

2
0

d
1

x
x

x





 ;    c)  
2

2
1

ln(1 )
d .

x
x

x

+
 

6.   Tnh 
1

5

0

(1 )x x x d  bng hai  phng php :  

a)  i bin s u  =  1    x  ;       

b)  Tnh tch phn tng phn.  
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i  -  t nh  d in  t ch  hnh  phng 

1   

Tnh din  tch  hnh thang vung  c gii  hn  bi  cc ng thng y  = 2x  1 ,  y  = 0,  
x  =  1  v x = 5 .  

So snh vi  d in  tch  hnh  thang  vung  trong    1  ca 2.  

1 .   H nh  phng gii  hn  bi  mt ng  cong v trc honh  

Gi s hm s y  = f(x) lin tc, nhn gi tr 
khng m trn on [a ;  b] .  Ta f bit hnh 
thang cong gii hn bi  th ca f(x), trc 
honh v hai ng thng x = a,  x = b  c 
din tch S c tnh theo cng thc 

( )d .
b

a

S f x x=        (1 )  

Trng hp f(x)  0  trn on [a ;  b] ,  ta c 
f(x)    0  v din tch hnh thang cong 
aABb  bng din tch hnh thang cong 
aA 'B'b  l hnh i xng ca hnh thang f 
cho qua trc honh (H.51 ).  Do   

( ( ))d .
b

aABb aA B b

a

S S S f x x = = =           (2)  

Tng qut,  din tch S  ca hnh 
phng gii hn bi  th ca 
hm s f(x)  lin tc,  trc honh 
v hai ng thng x  =  a,  x  =  b  
(H.52)  c tnh theo cng thc 

( ) d .
b

a

S f x x=     (3 )   

Hnh 51  

Hnh 52  
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V d 1 .  Tnh din tch hnh phng c gii hn bi  th ca hm s y  = 3 ,x  

trc honh v hai ng thng x = 1 , x = 2 (H.53).  

Gii.  Ta c 
3

0x   trn on [1  ;  0]  v 
3 0x   trn on [0 ;  2] .  p dng cng thc 

(3), ta c :  

  
2 0 2

3 3 3

1 1 0

d ( ) d dS x x x x x x

 

= =  +  

    
4 40 2

1 0

17 .
4 4 4

x x


=  + =   

2.   H nh  phng gii  hn  bi  hai  ng  cong 

Cho hai hm s y  =  f1(x)  v y  =  f2(x)  lin tc 

trn on [a  ;  b]  .  Gi D  l hnh phng gii 
hn bi  th hai hm s  v cc ng 
thng x  =  a,  x =  b  (H.54).  

Xt trng hp 1 2( ) ( )f x f x  vi mi 

[ ; ] .x a b  Gi 1 2,S S  l din tch ca hai 

hnh thang cong gii hn bi trc honh, hai 
ng thng x = a,  x = b  v cc ng cong 

y  = f1(x),  y  = f2(x) tng ng.  Khi , din tch 

S ca hnh D l  

1 2 1 2( ( ) ( ))d .
b

a

S S S f x f x x=  =   

Trong trng hp tng qut,  ngi ta chng minh c  cng thc  

1 2( ) ( ) d .
b

a

S f x f x x=            (4)  

Ch    

Khi p dng cng thc (4),  cn kh du gi tr tuyt i ca 
hm s di du tch phn.  Mun vy,  ta gii phng trnh 

Hnh 53  

Hnh 54  
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1 2( ) ( )f x f x  = 0 trn on [a ;  b] .  Gi s phng trnh c hai 

nghim c,  d (c  < d).  Khi , 1 2( ) ( )f x f x  khng i du trn 

cc on [a ;  c] ,  [c ;  d] ,  [d ;  b] .  Trn mi on ,  chng hn 
trn on [a ;  c] ,  ta c  

1 2 1 2( ) ( ) ( ) ( )] d .
c c

a a

f x f x x f x f x x = d [  

V d 2.  Tnh din tch hnh phng gii hn bi hai ng thng x  =  0,  x  =  

v  th ca hai hm s y  =  cos ,x  y  = sin x  (H.55).  

Gii.  t f1 (x)  =  cos ,x  f2(x)  = sin .x  

Ta c 1 2( ) ( )f x f x  =  0  

  cos sin 0x x =   

  
4

x


=    [0 ;  ] .  

Vy din tch ca hnh phng f cho l       Hnh 55  

0

cos sin dS x x x



=   
4

0

cos sin d cos sin dx x x x x x







4

=  +  =  

 

0

( cos sin )d ( cos sin )dx x x x x x



4



4

=  +   

 
4

4

(sin cos ) (sin cos ) 2 2x x x x





0


= + + + = .  

V d 3.  Tnh din tch hnh phng gii hn bi hai ng cong y  =  x
3
   x  v 

y  =  x    x
2
.  

Gii.  Ta c   

3 2 3 2
1 2( ) ( ) ( ) ( ) 2 .f x f x x x x x x x x =    = +   
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Phng trnh 1 2( ) ( ) 0f x f x =  c ba nghim x1  =  2,  x2  =  0,  x3  =  1 .  

Vy din tch hnh phng f cho l  

1
3 2

2

2 dS x x x x



= + 
0 1

3 2 3 2

2 0

( 2 ) ( 2 )x x x x x x x x



= +  + +  d d  

 
4 3 4 30 12 2

02

8 5 37

4 3 4 3 3 12 12

x x x x
x x



 
= +  + +  = + =   

   
.  

 I I  -  T nh  th  t ch  

2  
Hy nhc li  cng  thc tnh  th tch  khi  lng  tr  c d in  tch  y bng  B  v ch iu  
cao bng  h.  

1 .   Th tch  ca vt th 

Ct mt vt th V  bi hai mt phng (P) v (Q)  vung gc vi trc Ox  ln lt 
ti x  = a,  x = b  (a  < b).  Mt mt phng tu  vung gc vi Ox ti im x 
( )a x b   ct V  theo thit din c din tch l S(x) (H.56).  Gi s S(x) lin tc 

trn on [a  ;  b] .  

 
 
 

 

 

 

 

Hnh 56 

Ngi ta chng minh c rng th tch V  ca phn vt th V  gii hn bi 

hai mt phng (P)  v (Q)  c tnh bi cng thc :  

( )d .
b

a

V S x x=          (5)  
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V d 4.  Tnh th tch khi lng tr,  bit 
din tch y bng B  v chiu cao bng h.   

Gii.  Chn trc Ox  song song vi ng 

cao ca khi lng tr,  cn hai y nm 
trong hai mt phng vung gc vi Ox

ti x  =  0 v x  =  h (H.57).  

Hin nhin, mt mt phng tu  vung gc 
vi trc Ox, ct lng tr theo thit din c 

din tch khng i S(x) = B (0 ).x h   

p dng cng thc (5),  ta c  

0
0 0

( )d d .
h h

h
V S x x B x Bx Bh= = = =   

2.   Th tch  khi  chp v khi  chp ct 

a)  Cho khi chp c chiu cao bng h  v 

din tch y bng B.  

Chn trc Ox  vung gc vi mt phng 

y ti im I sao cho gc O  trng vi 

nh ca khi chp v c hng xc nh 

bi vect OI


.  Khi  OI = h.  Mt mt 

phng () vung gc vi Ox ti x 

(0 )x h   ct khi chp theo thit din 

c din tch l S(x)  (H.58).  Ta c   

2
.( )

x
S x B

h
=         

Khi ,  th tch V  ca khi chp l         Hnh 58  

2 3

2 2 0
0

.d
3 3

h h
x B x Bh

V B x
h h


= = = 

   

b)  Cho khi chp ct to bi khi chp nh S  c  din tch hai y ln lt 
l B,  B'  v chiu cao bng h .  

Hnh 57 
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Chn trc  Ox  trng vi ng cao ca 

khi chp v gc  O  trng vi nh S.  
Hai mt phng y ca khi  chp ct 
ct Ox  ti  I  v I'  (H.59).  t OI  =  b,  

OI'  =  a  (a  <  b) .  Gi  V  l th tch ca 
khi chp ct.  Ta c   

2
3 3

2 2
d ( )

3

b

a

x B
V B x b a

b b
= =   

    
2 2

2
.

3

b a a ab b
B

b

 + +
= .       

 

V  
2

'
a

B B
b

=  v h  =  b   a  nn        

( ' ').
3

h
V B BB B= + +  

I I I    Th  tch  khi  trn xoay 

3  

Nhc li  khi  n im mt trn  xoay v khi  trn  xoay trong hnh  hc.  

 

 

 

 

 

 
  

 

 

 

 

Ngh nhn lng gm Bt Trng 

Hnh 59 
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Bi ton 

Gi s mt hnh thang cong gii hn 
bi  th hm s y  =  f(x),  trc  Ox  v 
hai ng thng x  =  a  v x  =  b  (a  <  b)  
quay xung quanh trc Ox  to thnh 
mt khi trn xoay (H.60).  Hfy tnh th 
tch V  ca n.  

Gii.  Thit din ca khi trn xoay trn 
to bi mt phng vung gc vi trc Ox 

ti x   [a  ;  b]  l hnh trn c  bn knh 

bng ( ) .f x  Do ,  din tch ca thit 

din l S(x)  = 2 ( ).f x  Vy theo cng 

thc (5)  ta c   

    2 ( )d .
b

a

V f x x=     (6)  

V d  5.  Cho hnh phng gii hn bi 
ng cong y  =  sin ,x  trc  honh v 

hai ng thng x  =  0,  x  =   (H.61 ).   

Tnh th tch khi trn xoay thu c 
khi quay hnh ny xung quanh trc  Ox.   

Gii.  p dng cng thc (6),  ta c 

 
2

0 0

sin d (1 cos2 )d
2

V x x x x

 


=  =          Hnh 61  

   =
2

0
1 .sin 2

2 2 2
x x

 
 = 

 
       

V d 6.  Tnh th tch hnh cu bn knh R.  

Gii.  Hnh cu bn knh R  l khi trn 
xoay thu c khi quay na hnh trn 

gii hn bi ng 2 2y R x=   

( R x R   ) v ng thng y  = 0 xung 
quanh trc Ox (H.62).   

Hnh 62  

Hnh 60 
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Vy ( )
2

2 2 d
R

R

V R x x



=    

 
2 2( )d

R

R

R x x



=  
3

2

3

R

R

x
R x




=   

 
 = 34

.
3

R  

Bi  tp 

1 .   Tnh din tch hnh phng gii hn bi cc ng :  

a)  y  =  x
2
,  y  =  x  +  2 ;    b)  y  = ln x ,  y  =  1  ;   c)  y  =  (x    6)

2
,  y  =  6x    x

2
.   

2.   Tnh din tch hnh phng gii hn bi ng cong y  =  x
2
 +  1 ,  tip tuyn 

vi ng ny ti im M(2 ;  5)  v trc Oy.  

3.  Parabol y = 
2

x
 chia hnh trn c tm ti gc to ,  bn knh 2 2   

thnh hai  phn.  Tm t s din tch ca chng.  

4.  Tnh th tch khi trn xoay do hnh phng gii hn bi cc ng sau 
quay quanh trc  Ox :  

a)  y  =  1    x
2
,  y  =  0 ;   

b)  y  =  cos ,x  y  =  0,  x  =  0,  x  =    ;  

c)  y  =  tan ,x  y  = 0,  x  =  0,  x  =  
4


.  

5.  Cho tam gic  vung OPM  c cnh OP  nm trn trc Ox.  t  

, 0 , 0
3

POM OM R R 
 

= =   > 
 

.   

Gi V  l khi trn xoay thu c khi quay tam 

gic   xung quanh trc Ox  (H.63).  

a)  Tnh th tch ca V  theo   v R.  

b)  Tm   sao cho th tch ca V  ln nht.   

 

Hnh 63  
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B  n  c   b i  t   

l  c h  s   P h  p  t  n h  t  c h  p h n   

Php tnh  tch  phn   c cc nh bc hc s dng  t trc th k XVI I I .  n  th 
k XIX,  C-si  (Cauchy,  1 789   1 857)  v Ri-man (Riemann,  1 826   1 866)  mi  xy 
dng  c mt l  thuyt chnh  xc v tch  phn.  L thuyt ny v sau  c L-be-g 
(Lebesgue,  1 875   1 941 )  v ng-gioa (Denjoy,  1 884   1 974)  hon  th in.  

 nh  ngha tch  phn,  cc nh ton  hc  th k XVI I  v XVI I I  khng  dng  n  
khi  n im g ii  hn.  Thay vo ,  h ni  "tng  ca mt s v cng  ln  nhng  s 
hng  v cng  nh".  Chng  hn,  d in  tch  ca hnh  thang  cong  l tng  ca mt s 
v cng  ln  nhng  d in  tch  ca nhng h nh  ch nht v cng  nh.  Da trn  c s 
ny,  K-ple (Kepler,  1 571    1 630)   tnh  mt cch  chnh  xc nhiu  d in  tch  v 
th tch.  Cc nghin  cu  ny c Ca-va-l i --ri  (Caval ierie,1 598   1 647)  tip tc 
pht trin.  

Di  dng tru tng,  tch phn  c Lai-b-nit nh ngha v a vo k hiu .  Tn  
gi  "tch  phn" do Bec-nu-l i  (Jacob Bernoul l i ,  1 654   1 705),  hc tr ca Lai-b-n it 
 xut.  

Nh vy,  tch  phn   xut h in  c lp vi  o hm  v nguyn  hm.  Do ,  vic 
thit lp l in  h g ia tch  phn  v nguyn  hm l mt pht minh  v i  ca N iu-tn  
v Lai -b-ni t.  

Khi  n im hin  i  v  tch  phn,  xem nh gii  hn  ca cc tng  tch  phn,  l   ca  
C-si  v  Ri-man.  

 

 

B  i    c  t h  m   

T  n h  d i  n  t  c h  b n g  g i  i  h n   

1 .  Tnh  din  tch  hnh  thang  cong  

Xt h nh  thang  cong  g ii  hn  bi  cc ng  x  =  a,  x  =  b  (a  <  b) ,  y  =  0  v  y  =  f(x) ,

trong   f(x)  l   hm  s l in  tc,  khng  m  trn  on  [a  ;  b] .  

 xc nh  d in  tch  ca h nh  thang  cong  trn .  Ta dng  php chia nh,  xp x 
bi  mt hnh  bc thang  v chuyn  qua g ii  hn.  

Ta  ch ia on  [a  ;  b]  thnh  n  phn  tu  bi  cc im 
0
,x  

1
,x  . . . ,  

n
x sao cho 

0 1
. . . .

n
a x x x b= < < < =  
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T cc im ch ia,  v  cc ng  thng  song  song  vi  trc Oy,  tng  ng  ch ia h nh  
thang  cong  thnh  n  h nh  thang  cong  nh (H .64a).  

 

 

 

 

 

 

 

 

 

 
 

   a)       b)  

Hnh 64  

Ti  mi  h nh  thang  cong  
1i i i i

x A B x ,  ta  dng  mt h nh  ch nht c y l  on  

1
[ ; ]

i i
x x

 v  ch iu  cao bng  ( )
i

f   vi  
i
  ly tu  trn  on  

1
[ ; ]

i i
x x

 (H .64b) .  

H nh  ch nht nhn  c 
1i i i i

x M N x  c  d in  tch  bng  

1
( )( ).
i i i

f x x   

S ny xp x d in  tch  hnh  thang  cong
1i i i i

x A B x .   

K h iu  S  l   d in  tch  h nh  thang  cong  aABb  cn  tm,  ta  c 

1 1 0 2 2 1 1
( )( ) ( )( ) . . . ( )( ),

n n n
S f x x f x x f x x     +  + +   

hay         
1

1

( )( ).

n

i i i
i

S f x x 
=

            (1 )  

Xp x ny cng chnh xc nu tt c cc hiu s 
1i i

x x   cng nh.  S kin ny gi   

cho ta v php chuyn qua gii  hn khi  
1

1
max ( )

i i
i n

x x 
 

  dn ti  0  thu c din tch 

hnh thang cong aABb.  

Xt  

1
1

lim ( )( )

n

i i i
i

f x x 
=

  kh i
1

1
max ( ) 0

i i
i n

x x
 

  .        (2)  

Ngi  ta chng  minh  c rng nu  f(x)  l in  tc trn  on  [a  ;  b]  th   g ii  hn  (2)  
lun  tn  ti  khng  ph  thuc cch  chia on  [a  ;  b]  v cch  ly im 

1
[ ; ] ,

i i i
x x   

i  =  1 ,  2,  . . . ,  n.  Ta coi  gii  hn  y l din  tch  ca hnh thang cong  cho.  
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Vy 
1

1

lim ( )( )

n

i i i
i

S f x x 
=

=   kh i  
11

max ( ) 0.
i i

i n

x x
 

          (3)  

G ii  hn  ny chnh  l  ( )d .

b

a

f x x  

2.  p  dng  

Nh g ii  hn  dng  (3) ,  ta  c th tnh  c d in  tch  mt s h nh  phng.  
V d 1.  Tnh  d in  tch  h nh  thang  cong  
g ii  hn  bi  cc ng   

2
,y x= y  =  0,  x  = 0  v  x =  1 .  

Gii.  Ta  tin  hnh  theo phng  php trn  
nhng  ch ia  on  [a  ;  b]  thnh  n  phn  bng  
nhau,  tc l   di  cc on  

1
[ ; ]

i i
x x

 

bng  
n
.   im  

i
  c chn  l  mt tri  

ca  on  
1

[ ; ]
i i
x x ,  

1
.

i i
x =  Kh i    

2
1

( ) ,
i

i
f

n


 
=  

 
 i  = 1 ,  2,  . . . ,  n  (H .65) .  

Ta  l p tng  dng  (1 )   

  
2 2 2

1
1

1 1 2 1
( )( ) .. .

n

i i i
i

n
S f x x

n n n n
 

=

   
   = + + +     
      

  

          
2 2

3 3

1 ( 1)(2 1)
(1 2 .. . ( 1) )

6

n n n
n

n n

 
= + + +  =  

          
2

( 1)(2 1)
.

6

n n

n

 
=  

Vy 
1 2

1

( 1)(2 1) 1
lim ( )( ) lim

36

n

i i i
n n

i

n n
S f x x

n
 

+ +
=

 
=  = =  

(v  chia  u  on  [a  ;  b]  nn  
1

1
max( ) 0 ).

i i
i n

x x n
 

    +  

V d 2.  Tnh  d in  tch  h nh  trn  bn  knh  R.  

Gii.  V  d in  tch  h nh  trn  khng  ph  thuc v  tr ca n trong  mt phng  Oxy  
nn   xc nh,  ta  g i  s tm h nh  trn  trng  vi  gc to  .  H nh  trn  i  xng  
qua tm,  nn  ta  ch cn  tnh  d in  tch  ca phn  nm  gc phn  t th nht ca 
mt phng  to .  

H nh  trn  c g ii  hn  bi  ng trn  c  phng  trnh  l  2 2 2
.x y R+ =  Ta  c th 

vit phng  trnh  ny  dng  tham s 

cos ,x R t= sin ,y R t=  0 2 .t    

Hnh 65 
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Ta tnh din tch phn t hnh trn c gii  hn bi  cung trn cos ,x R t=  siny R t=  

0
2

t
 

  
 

 v  hai  trc to  x  =  0  v  y  =  0.  

Ta chia on [0 ;  R]  trn trc honh 

thnh n phn bi cc im ix  (i = 0, ...,  n)  

sao cho cc im iM  (i = 0,  . . .,  n)  tng 

ng chia cung trn thnh n  phn bng 
nhau.  Khi  ,  s o cc cung  nh 

u  bng .
2n


 im 

i
  c chn 

trng vi  
i
x  (mt phi  on 

1
[ ; ]

i i
x x )  

(H.66).  Ta c 

cos
2 2

sin
2 2

i

i

x R i
n

y R i
n

   
=    


   =    

(i  =  1 ,  2,  . . . ,  n).  

0
0,x =

0
.y R=  

Lp tng  dng  (1 ) ,  ta  c 

2
1

1 1

( )( ) sin cos cos ( 1)
2 2 2 2 2 2

n n

i i i
i i

f x x R i i i
n n n

 
= =

        
 =                 

   

2

1

2 sin( ) . sin(2 2 1) . sin
2 4 4

n

i

R n i n i
n n n

=

  
=   +  

2
2 sin sin( 1) . sin(2 1)

4 2 4
R n n

n n n

  
=   +


 

3
sin( 2) sin(2 3) .. . sin sin

2 4 2 4
n n

n n n n

    
+   + + 

 

2
sin cos cos(4 3) cos cos(4 7)

4 4 4 4 4
R n n

n n n n n

     
=   +   +       

 

. . . cos cos 5
4 4n n

  
+ +    

 

2
cos .( 1) sin

4 4
R n

n n

 
=    

2
sin cos 5 cos 9 .. . cos(4 3) .

4 4 4 4
R n

n n n n

    
 + + +   

 

V  
sin(4 1) sin 3

cos 5 cos 9 ... cos(4 3) ,
2 sin 2

n x x
x x n x

x

 
+ + +  =  

Hnh 66 
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nn  tng  trn  vit thnh  

1
1

( )( )
n

i i i
i

f x x 
=

 = 2 2
sin(4 1) sin

4 4cos . ( 1) sin sin
4 4 4

2 sin
4

n
n nR n R

n n n

n

 3
 

  
 

2
 

2 2
sin(4 1) sin

4 4cos . ( 1) sin . .
4 4

4 cos
4

n
n nR n R

n n

n

 3
 

 
=  


 

Chuyn  qua  g ii  hn  ng  thc trn  khi  n  +  (v  1
1
max( ) 0

i i
i n

x x
 

  ),n  +  

ta  c 

1
1

lim ( )( )
n

i i i
n

i

S f x x 
+

=

=  =  

  
2 2

sin sin(4 1) sin
1 4 4 4lim cos . 1

4 4
4 cos

4 4

n

n
n n nR R

n n

n n

+

  3 
    

=    
   

  

.
4

R
=  

Vy d in  tch  h nh  trn  bng  2 .R  

 

n tp chng I I I  

1.  a)  Pht biu nh ngha nguyn hm ca hm s f(x)  trn mt khong.  

b)  Nu phng php tnh nguyn hm tng phn.  Cho v d minh ho.  

2.  a)  Pht biu nh ngha tch phn ca hm s f(x)  trn mt on.   

b)  Nu cc tnh cht ca tch phn.  Cho v d minh ho.  

3.  Tm nguyn hm ca cc hm s sau :  

a)  f(x)  =  (x    1 )(1    2x)(1    3x)  ;      b)  f(x)  = 2sin 4 cos 2x x  ;  

c)  f(x)  =  
21 x
 ;          d)  f(x)  = 3( 1) .xe   

4.  Tnh :  

a)  (2 ) sin dx x x ;         b)  
2( 1)
d

x
x

x

+
 ;  
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c)  
3

d
1

x

x

e
x

e

+

+

;           d)  
2

1
d

(sin cos )
x

x x+

;  

e)  
1

d
1

x
x x+ +

;         g)  
1

d .
(1 )(2 )

x
x x+ 

 

5.  Tnh :  

a)  
3

0

d
1

x
x

x+

;           b)  
64

3
1

1
d

x
x

x

+
;  

c)  
2

2 3

0

dxx e x ;            d)  

0

1 sin 2 dx x



+ ;  

6.  Tnh :  

a)  
2

2

0

cos 2 sin dx x x



;          b)  
1

1

2 2 dx x
x





 ;  

c)  
2

2
1

( 1)( 2)( 3)
d

x x x
x

x

+ + +
;      d)  

2

2
0

1
d

2 3
x

x x 

;  

e)  
2

2

0

(sin cos ) dx x x



+ ;        g)  2

0

( sin ) d .x x x



+  

7.  Xt hnh phng D  gii hn bi 22 1y x=   v 2(1 ).y x=   

a)  Tnh din tch hnh D .  

b)  Quay hnh D  xung quanh trc  Ox.  Tnh th tch khi trn xoay c 
to thnh.  

Bi  tp trc nghim 

1.  Tnh
d

1

x

x

,  kt qu l :  

 (A)  
1

C

x

;   (B)  1C x ;      (C)  2 1 x C  + ;    (D)  
2

.
1

C
x
+
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2.   Tnh
ln2

2 dx
x

x
 ,  kt qu sai  l :  

 (A)  
1

2
x

C
+

+ ;           (B)  2 2 1x
C

 + 
 

;  

 (C)  2 2 1x
C

+ + 
 

;         (D)  2 .x
C+  

3.   Tch phn 2

0

cos sin dx x x



  bng :  

 (A)  
2

3
 ;      (B)  

3
;       (C)  

2
;        (D)  0.  

4.   Cho hai tch phn 
2

0

d
2sin x x



  v

0

d

2
2cos x x



 ,  hfy ch ra khng nh ng :  

(A)  
2

0 0

d d

2
2 2sin cosx x x x

 

>  ;       (B)  
2

0 0

d d

2
2 2sin cosx x x x

 

<  ;  

(C)  
2

0 0

d d

2
2 2sin cosx x x x

 

=  ;       (D)  Khng so snh c.   

5.   Din tch hnh phng gii hn bi cc  ng cong 

a)  3
y x= v 5

y x=  bng :  

(A)  0 ;      (B)  4 ;      (C)  
6
;      (D)  2.  

b)  siny x x= + v (0 2 )y x x=     bng :  

(A)  4 ;      (B)  4  ;      (C)  0 ;      (D)  1 .  

6.   Cho hnh phng gii hn bi cc  ng y x=  v y x=  quay xung 

quanh trc Ox.  Th tch ca khi trn xoay to thnh bng :  

(A)  0 ;      (B)    ;       (C)    ;      (D)  .
6
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1 .   S i  

Ta  bit cc  phng trnh bc hai vi bit s m khng c nghim thc.  
Phng trnh bc hai n gin nht khng c nghim thc l phng trnh 

2 1 0.x + =  

Vi mong mun m rng tp hp s thc  mi phng trnh bc  n  u c 
nghim,  ngi ta a ra mt s mi,  k hiu l i  v coi n l nghim ca 
phng trnh trn.  Nh vy 

2 1 .i =   

2.   nh  ngha s phc 

Mi biu thc  dng a  +  bi,  trong  , ,a b   
2

1i =   c 

gi l mt s phc.   

i vi s phc z =  a +  bi,  ta ni a  l phn thc,  b l phn 

o  ca z.  

Tp hp cc s phc k hiu l .  

V d 1 .  Cc s sau l nhng s phc :  

2  + 5i  ;  2 3i +  ;  1 ( 3)i+   (cn vit l 1 3 )i ;  1 3 i+  (cn vit l 

1 3 )i+ .   

1   

Tm phn  thc v phn  o ca cc s phc sau  :  3 5 ,i + 4 2,i  0 i,+  1  + 0i.  

3.   S phc bng nhau  

Hai s phc l bng nhau  nu phn thc v phn o ca 

chng tng ng bng nhau.  

v .a bi c di a c b d+ = +  = =  
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V d 2.  Tm cc s thc x  v y,  bit 

(2 1) (3 2) ( 2) ( 4) .x y i x y i+ +  = + + +  

Gii.  T nh ngha ca hai s phc bng nhau,  ta c  

2 1 2x x+ = + v 3 2 4.y y = +  

Vy x = 1  v y = 3 .  

Ch     

 Mi s thc a c coi l mt s phc vi phn o bng 0 

0 .a a i= +  

Nh vy,  mi s thc cng l mt s phc.  Ta c .   

 S phc 0 bi+  c gi l s thun o  v vit n gin l bi   

0 .bi bi= +  

c  bit    0 1 .i i= +  

S i c gi l n v  o.  
 

2  

Vit s phc z c phn  thc bng  ,
2

 phn  o bng  .
2

  

4.   Biu  din  hnh  hc s phc 

Nh trn  thy,  mi s phc z a bi= +  hon 
ton c xc nh bi cp s thc (a ;  b).    

im M(a ;  b) trong mt h to  

vung gc ca mt phng c gi l 
im biu din s phc z =  a +  bi  

(H.67).  

V d 3.  (H.68)  

im A  biu din s phc 3  + 2i  ;  

im B  biu din s phc 2  3 i  ;  

im C  biu din s phc 3   2i ;  

im D  biu din s phc 3i.  

 

      Hnh 68    

Hnh 67 
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3  

a)  Biu  d in  trn  mt phng  to  cc s phc sau  :  3    2i,  4i,  3 .  

b)  Cc im biu  d in  s thc,  s thun  o nm  u  trn  mt phng  to  ?  

5.   Mun ca s phc 

Gi s s phc  z =  a +  bi  c biu din bi 
im M(a ;  b)  trn mt phng to  (H.69).  

 di ca vect OM


 c gi l 
mun  ca s phc  z v k hiu l |z| .   

Vy  

z OM=



 hay a bi OM+ =



.  

D thy   2 2 .a bi a b+ = +         Hnh 69  

V d 4 

2 23 2 3 ( 2) 13i = +  =  ;  

21 3 1 ( 3 ) 2.i+ = + =  
4  

S phc no c mun  bng  0  ?  

6.   S phc l in  hp 

5  

Biu  d in  cc cp s phc sau  trn  mt phng  to  v nu  nhn  xt :  

a) 2 3i+  v 2 3i  ;  

b)  2 3i +  v 2 3 .i    

Cho s phc .z a bi= +  Ta gi 
a bi  l s phc lin hp  ca z  v 
k hiu l .z a bi=   

V d 5  

3 2z i=  +  ;     3 2z i=   ;  

4 3z i=   ;     4 3 .z i= +  

Trn mt phng to ,  cc  im biu din z 
v z  i xng vi nhau qua trc Ox (H.70).    

Hnh 70 
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6  

Cho 3 2z i=  .  

a)  Hy tnh  z  v .z  Nu  nhn  xt.         

b)  Tnh  z  v .z  Nu  nhn  xt.  

T nh ngha ta c :   

 z z=  ;  

 .z z=        

     

B  n  c   b i  t   

Cc- a-n (G . c ard an o )   

Cc-a-n l mt nh bc hc ngi  I -ta-l i-a.  ng  sinh  nm 
1 501 ,  t hc v  tin  s y khoa  nm 1 526,  nhng  khng  
c hnh  ngh y m tr thnh  thy g io dy ton.  ng  
c trn  200 cng  trnh  v  cc l nh  vc Ton  hc,  Y hc,  
Trit hc,  Thin  vn  hc,  m nhc v  Thn  hc.  Nm 
1 545 ng  xut bn  quyn  sch  "Ngh thut ln  ca 
php g ii  cc phng  trnh  i  s".  Trong  cun  sch  
ny,  ng  trnh  by cch  g ii  phng  trnh  bc ba,  bc 
bn  v  cp ti  cn  bc hai  ca  s m.  C th ni  s 
nghin  cu  s phc khi  ngun  t cng  trnh  ny.  

Bi  tp 

1.  Tm phn thc v phn o ca s phc z,  bit :  

a)  1z i=   ;          b)  2z i=  ;  

c)  2 2z = ;          d)  7 .z i=   

2.  Tm cc s thc x v y,  bit :  

a)  (3 2) (2 1) ( 1) ( 5)x y i x y i + + = +   ;  

b)  (1 2 ) 3 5 (1 3 )x i y i  = +  ;  

c)  (2 ) (2 ) ( 2 3) ( 2 1) .x y y x i x y y x i+ +  =  + + + +  

G.  Cardano 

(1501    1 576)  
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3.  Trn mt phng to ,  tm tp hp im biu din cc  s phc z tho mn 
iu kin :  

a)  Phn thc ca z  bng 2 ;  

b)  Phn o ca z  bng 3  ;  

c)  Phn thc ca z  thuc khong (1  ;  2)  ;  

d)  Phn o ca z  thuc on [1  ;  3 ]  ;  

e)  Phn thc v phn o ca z  u thuc on [2 ;  2] .  

4.  Tnh z  vi :  

a)  2 3z i=  + ;        b)  2 3z i=  ;  

c)  5z =  ;          d)  3.z i=  

5.  Trn mt phng to ,  tm tp hp im biu din cc s phc z  tho mn 
iu kin :  

a)  1z = ;           b)  1z  ;  

c)  1 2z<  ;         d)  1z = v phn o ca z  bng 1 .  

6.  Tm ,z  bit :  

a)  1 2z i=  ;         b)  2 3z i=  + ;  

c)  z = 5  ;           d)  7 .z i=  

 

 

1 .   Php cng  v php tr 

1   

Theo quy tc cng,  tr a thc (coi  i  l  bin),  hy tnh  :  

(3 2 ) (5 8 )i i+ + + ;  

(7 5 ) (4 3 )i i+  + .  

Php cng v php tr hai s phc c thc hin theo quy tc 
cng,  tr a thc.  
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V d 1  

(5 2 ) (3 7 ) (5 3) (2 7) 8 9i i i i+ + + = + + + = +  ;  

(1 6 ) (4 3 ) (1 4) (6 3) 3 3 .+  + =  +  =  +i i i i  

Tng qut 

( ) ( ) ( ) ( ) ;

( ) ( ) ( ) ( ) .

a bi c di a c b d i

a bi c di a c b d i

+ + + = + + +

+  + =  + 

 

2.   Php nhn  

2  

Theo quy tc nhn  a thc vi  ch     
2

1,i =   hy tnh  (3 2 )(2 3 ).i i+ +  

Php nhn hai s phc c thc hin theo quy tc nhn a 

thc ri thay 
2

1i =   trong kt qu nhn c.  

V d 2  

2(5 2 )(4 3 ) 20 15 8 6 (20 6) (15 8) 14 23i i i i i i i+ + = + + + =  + + = + ;  

2(2 3 )(6 4 ) 12 8 18 12 12 8 18 12i i i i i i i + = +   = +  +  

       (12 12) (8 18) 24 10 .i i= + +  =   

Tng qut 

2( )( ) .a bi c di ac adi bci bdi ac adi bci bd+ + = + + + = + +   

Vy 

( )( ) ( ) ( ) .a bi c di ac bd ad bc i+ + =  + +  

Ch  

Php cng v php nhn cc s phc c tt c cc tnh cht 
ca php cng v php nhn cc s thc.  

3 

Hy nu  cc tnh  cht ca php cng  v php nhn  s phc.  

Bi  tp 

1.  Thc hin cc php tnh sau :  

a)  (3 5 ) (2 4 )i i + +  ;        b)  ( 2 3 ) ( 1 7 )i i  +   ;  

c)  (4 3 ) (5 7 )i i+    ;        d)  (2 3 ) (5 4 ).i i    
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2.  Tnh , +     vi :  

a)  3, 2i = =  ;           b)  1 2 , 6i i =  = ;  

c)  5 , 7i i = =   ;          d)  15, 4 2 .i = =   

3.  Thc hin cc php tnh sau :  

a)  (3 2 )(2 3 )i i   ;          b)  ( 1 )(3 7 )i i + +  ;  

c)  5(4 3 )i+  ;            d)  ( 2 5 ).4 .i i   

4.  Tnh 3 ,i  4 ,i  5 .i  

Nu cch tnh ni  vi n  l mt s t nhin tu  .  

5.  Tnh :  

a)  2(2 3 )i+  ;            b)  3(2 3 ) .i+  

 

1 .   Tng v tch  ca hai  s phc l in  hp 

1   
Cho z =  2 + 3i.  Hy tnh  z z+  v  . .z z  Nu  nhn  xt.  

Cho s phc .z a bi= +  Ta c :  

      ( ) ( ) 2z z a bi a bi a+ = + +  =  ;  

    
22 2 2 2. ( )( ) ( ) .z z a bi a bi a bi a b z= +  =  = + =  

 Tng ca mt s phc vi s phc lin hp ca n bng hai 

ln phn thc ca s phc .   

 Tch ca mt s phc vi s phc lin hp ca n bng bnh 

phng mun ca s phc .   

Vy tng v tch ca hai s phc lin hp l mt s thc.  
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2.   Php chia hai  s phc 

Chia s phc c  +  di cho s phc a  +  bi  khc 0 l tm s phc z  sao cho 
c  +  di  =  (a  +  bi)z.  S phc z  c gi l thng  trong php chia c  +  di cho  

a  +  bi  v k hiu l  

.c di
z

a bi

+
=

+
 

V d 1 .  Thc hin php chia 4 +  2i cho 1  +  i.   

Gii.  Gi s 
4 2

1

i
z

i

+
=

+
.  Theo nh ngha,  ta c (1  + i)z  =  4 + 2i.  

Nhn c hai v vi s phc lin hp ca 1  + i,  ta c  

(1    i)(1  +  i)z  =  (1    i)(4 +  2i)  

suy ra        2.z  =  6   2i 

hay        
1
(6 2 ) 3

2
=  = z i i .  

Vy       
4 2

3 .
1

i
i

i

+
= 

+
 

Tng qut,  gi s .
c di

z
a bi

+
=

+
 Theo nh ngha php chia s phc,  ta c  

(a  +  bi)z =  c  +  di.  

Nhn c hai v vi s phc lin hp ca a  + bi,  ta c  

(a    bi)  (a  +  bi)z = (a    bi)(c  +  di)  

hay          

(a
2
 +  b

2
)z = (ac +  bd)  + (ad  bc)i.  

Nhn c hai v vi s thc 
2 2

1
,

a b+
 ta c  

[ ]
2 2

1
( ) ( )z

b
= + + 

+
ac bd ad bc i

a

.  

Vy         

2 2 2 2
.

c di ac bd ad bc
i

a bi a b a b

+ + 
= +

+ + +
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Ch  

Trong thc hnh,   tnh thng
c

a bi+

,  ta nhn c t v mu vi 

s phc lin hp ca a  +  bi.  

V d 2.  Thc hin php chia 3  +  2i  cho 2 +  3 i.  

Gii   

3 2 (3 2 )(2 3 ) 12 5

2 3 (2 3 )(2 3 ) 13

i i i i

i i i

+ +  
= =

+ + 

12 5
.

13 13
i=   

2  

Thc h in  cc php chia sau  :  
1

2 3

i

i

;  
6 3

.
5i

+

 

 

Bi  tp 

1.   Thc hin cc php chia sau :  

a)  
2

3 2i

 ;    b)  
1 2

2 3i

+

+

 ;    c)  
2 3

i

i

 ;    d)  
5 2 .i

i


 

2.  Tm nghch o 
z
 ca s phc z,  bit :  

a)  z  =1 2i+  ;    b)  z  = 2 3i  ;   c)  z  =  i ;      d)  z  = 5 3.i+  

3.  Thc hin cc php tnh sau :  

a)  2 (3 )(2 4 )i i i+ +  ;        b)  
2 3(1 ) (2 )

2

i

i

+

 +

 ;  

c)  3 2 (6 )(5 )i i i+ + + +  ;      d)  
5 4

.4 3
3 6

i
i

i

+
 +

+

 

4.   Gii cc  phng trnh sau :  

a)  (3 2 ) (4 5 ) 7 3 ;i z i i + + = +    b)  (1 3 ) (2 5 ) (2 )i z i i z+  + = +  ;  

c)  (2 3 ) 5 2 .
4 3

z
i i

i
+  = 
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1 .   Cn bc hai  ca s thc m 

  

Th no l  cn  bc hai  ca s thc dng a  ?  

Tng t cn bc hai ca mt s thc dng, t ng thc
2

1i =  ,  ta ni i  l 

mt cn bc hai ca 1  ;  i  cng l mt cn bc hai ca 1 , v 2( ) 1i =  .  T 

, ta xc nh c cn bc hai ca cc s thc m, chng hn :  

Cn bc  hai ca 2 l 2i ,  v  2( 2 ) 2i =   ;  

Cn bc  hai ca 3  l 3i ,  v  2( 3 ) 3i =   ;  

Cn bc  hai ca 4 l 2i ,  v  2( 2 ) 4i =  .  

Tng qut,  cc  cn bc  hai ca s thc a  m l i a .  

2.   Phng  trnh  bc hai  vi  h s thc 

Cho phng trnh bc  hai 
2

0ax bx c+ + =  vi a,  b,  c   ,  a    0.  Xt bit 

s 2 4b ac =   ca phng trnh.  Ta thy :  

 Khi 0 = ,  phng trnh c mt nghim thc x  =
2a

 ;  

 Khi 0 > ,  c hai cn bc hai (thc)  ca   l    v phng trnh c 
hai nghim thc phn bit,  c  xc nh bi cng thc 

1,2 2

b
x

a

  
= ;  

 Khi 0 <  phng trnh khng c nghim thc v khng tn ti cn bc 
hai thc ca .  
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Tuy nhin,  trong trng hp 0 < ,  nu xt trong tp hp s phc,  ta vn 

c hai cn bc hai thun o ca   l i  .  Khi ,  phng trnh c hai 

nghim phc c xc nh bi cng thc 

1,2
.

2

b i
x

a

  
=  

V d.  Gii phng trnh 
2

1 0x x+ + =  trn tp hp s phc.  

Ta c   =  1    4  = 3.  Vy phng trnh  cho c hai nghim phc  l  

1,2
1 3

2

i
x

 
= .  

Nhn xt  

Trn tp hp s phc,  mi phng trnh bc hai u c hai 
nghim (khng nht thit phn bit).   

Tng qut,  ngi ta  chng minh c rng mi phng 
trnh bc n  (n    1 )  

1
0 1 1. . . 0n n

n na x a x a x a


+ + + + = ,  

trong   a0,  a1 ,   ,  an ,   a0    0  u c n  nghim phc 
(cc  nghim khng nht thit phn bit).  

 
 l nh l c bn ca i s hc.   

Bi  tp 

1.   Tm cc cn bc hai phc ca cc s sau :  7  ;  8  ;  12 ;  20 ;  121 .  

2.   Gii cc phng trnh sau trn tp hp s phc :  

a)  
2

3 2 1 0z z +  =  ;     b)  
2

7 3 2 0z z+ + =  ;    c)  
2

5 7 11 0.z z + =  

3.   Gii cc phng trnh sau trn tp hp s phc :  

a)  
4 2 6 0z z+  =  ;         b)  

4 27 10 0.z z+ + =  

4.   Cho a, b,  c   ,  a    0, 1 2,z z l hai nghim ca phng trnh 
2

0.az bz c+ + =  

Hy tnh 1 2z z+  v 1 2.z z  theo cc  h s a,  b,  c.  

5.   Cho z =  a +  bi l mt s phc.  Hy tm mt phng trnh bc hai vi h s 
thc nhn z  v z  lm nghim.  
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B  i    c  t h  m   

P h n g  t r  n h    i  s   

 

Phng  trnh  i  s l  phng  trnh  dng   

1
0 1 1. . . 0n n

n n
a x a x a x a




+ + + + = ,  

trong   n  l   mt s nguyn  dng  ;  0 ,a 1 ,a  . . . ,  
n

a l  cc s  cho v  c gi  l   

cc h s ca phng  trnh,  x  l   n  s.  Nu  
0

0a   th   n  l   bc ca phng  trnh.  

Vic nghin  cu  s tn  ti  nghim ca phng  trnh  i  s v tm  cng  thc tnh  
nghim ca n   thu  ht cng  sc ca  nh iu  nh ton  hc,  trong  nh iu  th k.  
Chnh  t nhng  nghin  cu    ra i  ngnh  i  s v thc y s pht trin  
ca  nh iu  l nh  vc ton  hc khc.  

T 2000 nm trc Cng  nguyn,  ngi  Ai  Cp v ngi  Babi lon  c  bit g ii  cc 
phng  trnh  bc nht v mt s trng  hp ring  ca cc phng  trnh  bc hai  
v bc ba.  
L thuyt gii  phng trnh  bc hai  c trnh by ln u tin  trong  cun  sch "S 
hc" ca i--phng (Diophantus),  nh bc hc c Hi  Lp th k I I I .  Cn ch   rng  
vn  c nghim ca phng trnh  i  s lun  gn  vi  s m rng cc tp hp s.  

Chng hn,  phng  trnh  x + 3  = 0  khng c nghim trong tp hp s t nhin  N,  

nhng  c nghim trong  tp hp cc s nguyn  Z .  Phng  trnh  3x  +  2 =  0  khng  

c nghim trong  tp  hp cc s nguyn  Z ,  nhng  c  nghim  trong  tp  hp cc s 

hu  t Q .  

Tng  qut,  trn  tp hp cc s hu  t  Q ,  mi  phng  trnh  bc nht u  c 

nghim.  Nh vic m rng t tp hp cc s hu t Q  sang tp hp cc s thc R,   

mt lp cc phng  trnh  bc hai  dng  
2

0ax bx c+ + =  vi  bit s 2 4 0b ac =    
c  nghim.  
Cng  thc xc nh  nghim  ca phng  trnh  bc hai   

2

b
x

a

  
=  

  c bit t th k th VI  v  iu   thc y cc nh  ton  hc i  tm  cng  
thc tnh  nghim  ca cc phng  trnh  bc ba,  bc bn, . . .  Tuy nhin,  phi  mi  
th k sau  (th k XVI ) ,  cng  thc tnh  ngh im ca phng  trnh  bc ba v thut 
ton gii  phng trnh bc bn mi  c cc nh ton  hc I-ta-l i-a tm  ra.  

Nghim  ca phng  trnh  bc ba   
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3
0x px q+ + =            (*)  

c cho bi  cng  thc sau  (thng  gi  l   cng  thc Cc-a-n)  :  

2 3 2 3
3 3 .

2 4 27 2 4 27

q q p q q p
x =  + + +   +  

Cc-a-n  cng  b cng  thc ny nm 1 545,  trong  quyn  sch  "Ngh thut 
ln  ca php g ii  cc phng  trnh  i  s".  

L  t nh in,  ta  coi  biu  thc trn  c ngha kh i  i  lng  
2 3

4 27

q p
 = +  l   khng  m.  

i  lng    cng  c gi  l   bit s ca  phng  trnh  (*).  Tuy nhin ,  d  ch ra  
nhng  phng  trnh  bc ba  vi  bit s   < 0,  m vn  c ngh im  thc.  Chng  hn ,  
xt phng  trnh   

3
7 6 0x x + = .  

Phng  trnh  ny c ba nghim  l  3,  1 ,  2  nhng  bit s  

2 3
6 ( 7) 100

0
4 27 27


 = + =  < .  

 iu   dn  n  vic tha nhn  rng  biu  thc  

3 3
100 100

3 3
27 27

x =  +  +     

l   c  ngha v cc g i  tr  ca  n l   3,  1 ,  2,  mc d  biu  thc ny cha  cn  bc 
hai  ca mt s thc m.  

Nh chng  ta   thy,  s tha nhn  c cc cn  bc hai  ca s thc m,  bt u  

t vic t 1i =     dn  n  s ra  i  ca tp hp cc s phc.  

ng  thi  vi  vic sng  to ra  cc s phc,  ngi  ta  chng  minh  c rng  mi  
phng  trnh  i  s bc n  (n    1 )  vi  h s phc u  c n  nghim phc (cc 
nghim khng  nht th it phn  bit) .  

Nh vy,  vic m rng  cc tp hp s gn  vi  vn   c nghim  ca cc phng  
trnh  i  s  dng  li   tp hp cc s phc.  

Tuy nh in ,  cc nh ton  hc vn  theo ui  bi  ton  tm cng  thc nghim  di  
dng  biu  thc cha cn  thc cho cc phng  trnh  bc ln  hn  hoc bng  5.  

Gn  300 nm sau khi  tm ra cng thc Cc-a-n,  nm 1 826,  A-ben (Abel),  nh ton  
hc Na Uy  chng  minh  c rng  khng  c mt cng thc nghim nh vy cho 
cc phng trnh  bc ln  hn  hoc bng nm vi  h s bng ch.  Hn  na,  nh ton  
hc Php Ga-loa (Galois),  nm 1 830 cn  gii  c trn  vn  bi  ton  :  "Trong nhng 
iu  kin no,  mt phng  trnh  i  s gii  c bng cn thc ?".  Cng trnh thin  
ti  ca Ga-loa t nn  mng cho s pht trin  ca i  s h in  i .  
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n tp chng IV 

1.  Th no l phn thc,  phn o,  mun ca mt s phc ?  

Vit cng thc tnh mun ca mt s phc theo phn thc v phn o ca n.  

2.  Tm mi lin h gia khi nim mun v khi nim gi tr  tuyt i ca 
mt s thc.  

3.  Nu nh ngha s phc lin hp ca s phc z.  S phc no bng s phc 
lin hp ca n ?  

4.  S phc tho mn iu kin no th c im biu din  phn gch cho 
trong cc  hnh 71  a,  b,  c)  ?  

 

 

 

 

 

   a)      b)            c)  

Hnh 71  

5.  Trn mt phng to ,  tm tp hp im biu din cc s phc z  tho mn 
iu kin :  

a)  Phn thc ca z  bng 1  ;   

b)  Phn o ca z  bng 2 ;  

c)  Phn thc ca z  thuc on [1  ;  2] ,  phn o ca z  thuc on [0 ;  1 ]  ;  

d)  2.z   

6.  Tm cc s thc x,  y  sao cho :  

a)  3 2 1 (2 )x yi y x i+ = + +   ;     b)  2 1 ( 2 5) .x y x y i+  = +   

7.  Chng t rng vi mi s phc z,  ta lun c phn thc v phn o ca z
khng vt qu mun ca n.  

8.  Thc hin cc php tnh sau :  

a)  (3 2 )[(2 ) (3 2 )]i i i+  +   ;      b)  
1

(4 3 )
2

i
i

i

+
 +

+
;  

c)  2 2(1 ) (1 )i i+    ;         d)  
3 4 3 .
2 2

i i

i i

+ 


+ 
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9.  Gii cc phng trnh sau trn tp s phc :  

a)  (3 4 ) (1 3 ) 2 5i z i i+ +  = +  ;     b)  (4 7 ) (5 2 ) 6 .i z i iz+   =  

10.  Gii cc  phng trnh sau trn tp s phc :  

a)  
2

3 7 8 0z z+ + = ;     b)  
4

8 0z  =  ;     c)  
4

1 0z  = .  

11.   Tm hai s phc,  bit tng ca chng bng 3  v tch ca chng bng 4.  

12.   Cho hai s phc 1 ,z 2z .  Bit rng 1 2z z+  v 1 2z z  l hai s thc.  Chng t  

rng 1 2,z z  l hai nghim ca mt phng trnh bc  hai vi h s thc.  

Bi  tp trc nghim 

1.  S no trong cc s sau l s thc ?  

(A) ( 3 2 ) ( 3 2 )i i+   ;        (B)  (2 5 ) (2 5 )i i+ +  ;  

(C)  2(1 3 )i+ ;           (D)
2

2 i

.  

2.  S no trong cc s sau l s thun o ?  

(A) ( 2 3 ) ( 2 3 )i i+ +   ;       (B)  ( 2 3 ).( 2 3 )i i+   ;  

(C)  2(2 2 )i+  ;            (D)
2 3 .
2 3i

+



 

3.  ng thc no trong cc ng thc sau l ng ?  

(A)  
1977

1i =   ;   (B)  
2345
i i= ;    (C)  

2005
1i =  ;    (D)

2006
i i=  .  

4.  ng thc no trong cc ng thc sau l ng ?  

(A)  
8

(1 ) 16i+ =   ;          (B)  
8

(1 ) 16i i+ =  ;   

(C)
8

(1 ) 16i+ = ;           (D)
8

(1 ) 16i i+ =  .  

5.  Bit rng nghch o ca s phc z  bng s phc lin hp ca n,  trong cc 
kt lun sau,  kt lun no l ng ?  

(A)  z  ;    (B)  1z =  ;   (C)  z  l mt s thun o ;   (D)  1 .z =   

6.   Trong cc kt lun sau,  kt lun no l sai  ?  

(A)  Mun ca s phc z  l mt s thc ;  

(B)  Mun ca s phc z  l mt s phc ;  

(C)  Mun ca s phc z  l mt s thc dng ;  

(D)  Mun ca s phc z  l mt s thc khng m.  
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I   Cu hi  

1.  nh ngha s n iu (ng bin,  nghch bin)  ca mt hm s trn 

mt  khong.  

2.  Pht biu cc  iu kin cn v   hm s f(x)  n iu trn mt khong.  

3.  Pht biu cc  iu kin   hm s f(x)  c cc tr  (cc i,  cc tiu)  ti  

im x0.  

4.  Nu s  kho st s bin thin v v  th ca hm s.  

5.  Nu nh ngha v cc  tnh cht c bn ca lgarit.  

6. Pht biu cc nh l v quy tc tnh lgarit,  cng thc i c s ca lgarit.  

7.  Nu tnh cht ca hm s m,  hm s lgarit,  mi lin h gia  th cc 

hm s m v hm s lgarit cng c s.   

8.  Nu nh ngha v cc  phng php tnh nguyn hm.   

9.  Nu nh ngha v cc  phng php tnh tch phn.  

10.  Nhc li cc  nh ngha s phc,  s phc lin hp,  mun ca s phc.  

Biu din hnh hc ca s phc.  

I I   Bi  tp 

1.  Cho hm s   f(x)  =  ax
2
   2(a  +  1 )x  +  a  +  2    (a    0).  

a)  Chng t rng phng trnh f(x)  =  0  lun c nghim thc.  Tnh cc 

nghim .  

b)  Tnh tng S  v tch P  ca cc  nghim ca phng trnh f(x)  =  0.  Kho 

st s bin thin v v  th ca S  v P theo  a.   

2.  Cho hm s 3 21
( 1) ( 3) 4

3
y x a x a x=  +  + +  .              

a)  Kho st s bin thin v v  th (C)  ca hm s khi a  =  0.  

b)  Tnh din tch hnh phng gii hn bi (C)  v cc  ng thng  y  =  0,  

x  =  1 ,  x  =  1 .  
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3 .   Cho hm s   y  =  x
3
+ ax

2
 +  bx  +1 .                                                

a)  Tm a  v b     th ca hm s i qua hai im A(1  ;  2)  v B(2 ;  1 ).  

b)  Kho st s bin thin v v  th (C)  ca hm s ng vi cc  gi tr 
tm c ca a  v b.   

c)  Tnh th tch vt th trn xoay thu c khi quay hnh phng gii hn 
bi cc ng y  =  0,  x  =  0,  x  =  1  v  th (C)  xung quanh trc honh.  

4.   Xt chuyn ng thng xc nh bi phng trnh  

2
4 31

( ) 3 ,
4 2

t
s t t t t=  +   

trong   t c tnh bng giy v s  c tnh bng mt.  

a)  Tnh v(2),  (2)a ,  bit  v(t),  ( )a t ln lt l vn tc,  gia tc ca chuyn 

ng  cho.  

b)  Tm thi im t  m ti  vn tc bng 0.  

5 .    Cho hm s y  =  x
4
 + ax

2 
+ b.                                    

a)  Tnh a,  b   hm s c cc tr bng 
2
 khi x  =  1 .  

b)  Kho st s bin thin v v  th (C)  ca hm s  cho khi a  =  
2
,  

b  =  1 .   

c)  Vit phng trnh tip tuyn ca (C)  ti cc im c tung  bng 1 .  

6 .    Cho hm s 
2

1

x
y

x m


=

+ 

.              

a)  Kho st s bin thin v v  th (C)  ca hm s khi m  =  2.  

b)  Vit phng trnh tip tuyn d ca  th (C)  ti im M  c  honh  
1a   .  

7.  Cho hm s 
2

2
y

x
=



.  

a)  Kho st s bin thin v v  th (C)  ca hm s  cho.  

b)  Tm cc giao im ca (C)  v  th ca hm s y = x
2
 +  1 .  Vit phng 

trnh tip tuyn ca (C)  ti mi giao im.  

c)  Tnh th tch vt th trn xoay thu c khi quay hnh phng H  gii hn 
bi  th (C)  v cc ng thng y  =  0,  x  =  0,  x  =  1  xung quanh trc  Ox.   
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8.  Tm gi tr  ln nht,  gi tr  nh nht ca hm s  

a)
3 2( ) 2 3 12 1f x x x x=   +    trn on ;

2


 

 
;  

b)
2

( ) lnf x x x=          trn on [1  ;  e]  ;  

c)  f(x)  =  xe
x
            trn na khong [ 0 ; +  )  ;  

d)  f(x)  =  2sinx +  sin2x        trn on 
3

0 ;
2


 

 
.  

9.  Gii cc phng trnh sau :  

a)
2 113 13 12 0x x+

  =  ;         

b) (3 2 )(3 3.2 ) 8.6x x x x x
+ + =  ;  

c) 5 33
log ( 2). log 2. log ( 2)x x x =   ;    

d)
2
2 2log 5 log 6 0.x x + =   

10.  Gii cc  bt phng trnh sau :  

a)  
2

2
3 2

x

x x


;           b)  

2
2log ( 1)

1
1

2

x 
 

> 
 

;  

c)  
2

log 3 log 4x x+  ;        d)  4

2

1 log 1

1 log 4

x

x




+
.  

11.  Tnh cc tch phn sau bng phng php tnh tch phn tng phn :  

a)

4

1

ln d
e

x x x ;            b)   
2

2

6

sin

x x

x





 ;     

c)  ( )
0

sin dx x x



  ;          d)  ( )
0

1

2 3 d .x
x e x





+  

12.   Tnh cc tch phn sau bng phng php i bin s :  

a)  
24

0

tan 4 d
3

x x



 
 

 
  (t u  =  cos 4 )

3
x

 
 

 
 ;       
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b)  

3

5

2
3

5

d

9 25

x

x+

(t
3
tan

5
x t= )  ;      

c)  
2

3 4

0

sin cos dx x x



(t cosu x= )  ;   

d)   
4

2

4

1 tan
d

cos

x
x

x






+
(t 1 tanu x= + ).      

13.  Tnh din tch hnh phng gii hn bi cc  ng :  

a)  y  =  x
2 
+ 1 ,   x  =  1 ,  x  =  2 v trc honh ;  

b)  y  =  lnx,  
1

x
e

= ,  x = e  v trc honh.  

14.  Tm th tch vt th trn xoay thu c khi quay hnh phng gii hn bi 

cc  ng 22y x=  v 3
y x= xung quanh trc  Ox.   

15.  Gii cc phng trnh sau trn tp s phc :  

a) (3 2 ) (4 7 ) 2 5i z i i+  + =  ;  

b) (7 3 ) (2 3 ) (5 4 )i z i i z + + =   ;  

c)
2

2 13 0z z + =  ;   

d)
4 2 6 0z z  = .  

16.  Trn mt phng to ,  hy tm tp hp im biu din s phc z  tho mn 
bt ng thc :   

a) 2z < ;      b) 1z i  ;      c)  1 1 .z i  <  
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Chng I 

1.  

1.  a)  Hm s ng bin trn ;
2


 

 
,  

nghch bin trn 
3
;

2


+  

 
 ;  

b)  Hm s ng bin trn cc khong 

(  ;  7)  v (1  ;  +) ,  nghch bin trn 

(7  ;  1 )  ;   

c)  Hm s ng bin trn cc  khong  

(1  ;  0), (1  ;  +), nghch bin trn (  ;  1),  
(0  ;  1 )  ;  

d)  Hm s ng bin trn ;
3


 
 

,  nghch 

bin trn cc khong (  ;  0) ,
2
;

3


+  

 
.  

2.   a)  Hm s ng bin trn cc khong 

(  ;  1 ),  (1  ;  +)  ;  

b)  Hm s nghch bin trn cc khong 

(  ;  1 ),  (1  ;  +)  ;  

c) Hm s nghch bin trn khong ( ;   4),  

ng bin trn khong (5  ;  +)  ;  

d)  Hm s nghch bin trn cc khong 

(  ;  3),  (3  ;  3),  (3  ;  +).   

3.   HD.  Xt du y' .  

4.   HD.  Xt du y' .  

5.   HD.  Kho st s bin thin ca cc hm 

s sau trn khong 0 ;
2

 
 
 

 :  

a) ( ) tanf x x x=  ;  

b)
3

( ) tan
3

x
g x x x=   .  

2.  

1.   a) 3
C
x =  , 2

CT
x = ;  b) 0

CT
x = ;   

c) 1= 
C
x ; 1

CT
x =  ;  

d)
3

5
=

C
x ,  1

CT
x = ,  x  =  0 khng phi l 

im cc tr  ;  e)
2CT

x = .  

2.  a) 0=
C
x , 1

CT
x =  ;  

b)
6


= + 

C
x k ,  

6


=  + 

CT
x l ( , )k l  ;  

c) 2
4


= + 

C
x k ,  

   (2 1)
4


= + + 

CT
x k  (k   Z)  ;  

d) 1= 
C
x , 1=

CT
x .  

3.   HD.  S dng nh ngha cc tr.  

4.   HD.  Xt du y' .  

5.  
5

a =  ;  b  > 
5

 

hoc 
25

a =   ;
243

400
b > .  

6.  3m =  .  

3.  

1 .   a)  
[ 4 ; 4]
min 41y


=  ,  
[ 4 ; 4]
max 40y


= ;  

[0 ; 5]
min 8y = ,

[0 ; 5]
max 40y = .  

b)  
[0 ; 3]
max 56y = ,  

[0 ; 3]

1
min

4
y =  .  

[2 ; 5]
min 6y = ,

[2 ; 5]
max 552y = .  

c)  
[2 ; 4]
min 0y = ;

[2 ; 4]

2
max

3
y = .  

   
[ 3 ; 2]

5
min

4
y

 

= ;
[ 3 ; 2]

4
max

3
y

 

= .  

d)  
[ 1 ;1]
min 1y


= ;
[ 1 ;1]
max 3y


= .  
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2.   Hnh vung cnh 4 cm.  

3.   Hnh vung cnh 4 3  m.  

4.   a) max 4y = ,  b) max 1y = .  

5.   a) min 0y = ,  b)
(0 ; )
min 4.y
+

=  

4.   

1 .   a)  Tim cn ng x  =  2 ;   

Tim cn ngang y  =  1 .  

b)  Tim cn ng x  =  1  ;   

Tim cn ngang y  =  1 .  

c)  Tim cn ng 
5

x =  ;  

Tim cn ngang
5

y = .  

d)  Tim cn ng x  =  0.  

Tim cn ngang y  =  1 .  

2.   a)  Hai tim cn ng x  =  3  ;   

Tim cn ngang y  =  0.  

b)  Tim cn ng x  =  1  v 
5

x =  ;   

Tim cn ngang
5

y =  .  

c)  Tim cn ng x  =  1  ;  

d)  Tim cn ng x  =  1  ;  

Tim cn ngang y  =  1 .  

5.   

4.   a)  Mt nghim ;  b)  Mt nghim ;  

c)  Hai nghim.  

5.  b)  Vi 2m <   hoc 2m > :  c mt 
nghim.  

m  =  2 hoc m  =  2 :  c hai nghim.  

2 < m  <  2  :  c ba nghim.  

6.   b)  m  =  2.  

7.   a)
4

m = ;  c)
1

2
4

y x=  ,
1

2 .
4

y x=     

8.   a)
2

m =  ;  b)  m  =  .
3

  

9.   a)  m  = 0 ;  c) 2 1y x=   .  

n tp chng I  

5.   b)  i) 2m  ;  ii)  m  <  2 ;   

6.   b)  0 <  x  <  4 ;  c) 9 6y x= + .  

7.   b)  m  <  2 hoc m  >  1 0 :  mt nghim ;   

m  =  2,  m  =  1 0 :  hai  nghim ;   

2  <  m  <  1 0 :  ba nghim ;  

c)  y  =  2x  +  1 .  

8.   a)  m  =  1  ;  b)  m    1  ;  c)  m  <  0.  

9.   b)  y  =  4x  +  3  v y  =  4x  +  3 .  

c)   m  <  6 :  v nghim ;   

m  =  6 :  2 nghim ;  

6 < m  <  3  :  4  nghim ;  

m  =  3  :  3  nghim ;  

m  >  3  :  2  nghim.  

10. a) m    0 :  mt cc i ;  m  > 0 :  hai cc i 

v mt cc tiu.  b)  m  ;  c)  m  > 0.  

11.  c)  m  =  3 .  

12.  a)  V nghim ;  b) 2
3


 + k , k  .  

c)
17 145

.
4 24

y x=  +   

Bi tp  trc nghim 

1.  (B)  ;  2.  (A)  ;  3.  (B)  ;  4.  (C)  ;  5.  (B).  

Chng II 

1.   

1 .   a)  9  ;  b)  8  ;  c)  40 ;  d)  1 21 .  

2.   a)
5
6a ;  b)  b  ;  c)  a  ;  d)

1
6b .  

3.  a)  12  ;  3,751  ;  
3

1

2




 
 

.  

b)  098  ;  532  ;   
1

3
.

7




 
 

 

4.   a)  a  ;  b)  1  (b 1 )  ;   

c)  
3 ab

( )a b  ;   

d)   3 .ab  
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2.   

1 .   a) ( ; 1) ;  b) ( 2 ; 2 )  ;   

c) \ { 1 ; 1} ;  d) ( ; 1) (2 ; )   +  .  

2.  a)  

2
2 3

1
(4 1)(2 1)

3
x x x



  +  ;  

 b)  

3
2 4

1
(2 1)(4 )

4
x x x


+    ;  

 c)  
1

2
3

(3 1)
2

x




+  ;  

 d)  3 13(5 ) .x


   

4.   a)  ln hn ;  b)  nh hn ;   

c)  nh hn ;  d)  ln hn.  

5.   a) ,  b)  nh hn ;  c)  ln hn.  

3.   

1 .   a)  3  ;  b)
2

 ;  c)
4
;  d)  3 .  

2.   a)  9  ;  b) 2 2 ;  c)  1 6 ;  d)  9.  

3.   a)
3
;  b) 4 log

a
b .  

4.  a)  ln hn ;  b)  nh hn ;  c)  ln hn.  

5.   a) 2 1a b+ + ;  b)
2(1 )c

.  

4.   

3.  a) ;
2


 

 
;  b) ( ; 0) (2 ; )  + ;   

c) ( ; 1) (3 ; )  + ;  d)
2

; 1
3


 

 
.  

5.   a)  
1

' 6 4 cos=  +y x x
x

 ;  

b)  
2

2 1
'

( 1) ln10

+
=

+ +

x
y

x x
 ;  

c)  
2

1 ln
' .

ln 3

x
y

x


=  

5.   

1.   a)
3

x = ;  b)  x = 2 ;   

c)  x = 0 hoc x = 3  ;  d)  x  =  9.  

2.   a)  x = 2 ;  b) x = 3  ;  c) x = 1  ;  d) x = 0.  

3.   a)  v nghim ;  b)  x = 7  ;   

c)  x =  6  ;  d)  x  =  5 .  

4.  a)  x =  2 ;  b)  x  =  5  ;  c)  x  =  8 .  

6.   

1.   a)  x < 1  hoc x > 2 ;  b)
1

1
2

x  ;   

c)  x   1 ;  d)  x  <  0 hoc x > 1 .  

2.   a)  x   30 ;  b)
5

3
3

x< <  ;   

c)  x > 3  ;  d) 9 27.x   

n tp chng II  

4.   a) \ {1} ;  b)
3

( ; 1) ;
2


  + 

 
;   

c)  ( ; 3) (4 ; )   +  ;  d)  [0 ;  +).  

5.   5 .   

6.   a)  8  ;  b)  1 1 .  

7.   a)  x =  3  ;  b)  x =  0,  x =  1  ;  c)  x =  1  ;   

d)  x  =  8  ;  e)  x  =  27  ;  g)  x  =  4.  

8.  a)
2

x  ;  b) 1x <  ;   

c)
3

2
2 2

x< < ;   d)  0,008  < x  <  0,04.   

Bi tp  trc nghim 

1.  (B)  ;  2.  (C)  ;  3.  (B)  ;  4.  (C)  ;  5.  (B)  ;  

6.  (C)  ;  7.  (B) .  

Chng III 

1.  

1 .   a)  xe v xe  l nguyn hm ca nhau.  

b)  2sin x l mt nguyn hm ca sin 2x .  

c)  
4

1 x
e

x


 

 
l mt nguyn hm ca 

2
2

1 x
e

x


 

 
.  
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2.   a)
5 7 2
3 6 3

3 6 3

5 7 2
x x x C+ + + ;   

b)
2 ln 2 1

(ln 2 1)

x

x
C

e

+ 
+



;  c) 2cot2x C + ;   

d)
1 1

cos 8 cos 2
4 4

x x C


 + + 
 

;  

e) tan x x C + ;    

g)  
3 21

2

x
e C


 + ;   

h)
1 1
ln

3 1 2

x
C

x

+
+


.   

HD.  
1 1 1 2

.
(1 )(1 2 ) 3 1 1 2x x x x


= + 

+   +  
 

3.   a)
101

(1 )
10

x C  + ;  b)

5

2 2
1
(1 )

5
x C+ + ;    

c)
41

cos
4

x C + ;  d)
1

.
1

x
e

 +

+

  

HD.  
2

1
.

2 ( 1)

x

x x x

e

e e e


=

+ + +

 

4.   a)
2 21 1

( 1) ln(1 )
2 4 2

x
x x x C +  + + .  

b)
2

( 1)x
e x C + ;  

c)
1

cos(2 1) sin(2 1)
2 4

x
x x C + + + + ;   

d) (1 ) sin cosx x x C  + .  

2.   

1 .   a) 3

3

3
(3 9 1)

10 4
 ;  b)  0 ;  c)  ln2 ;   

d)  1
3
 ;  e)

4
3 ln 2

3
 ;  g)  0.  

2.   a)  1  ;  b)
4


;  c)

2
e + ;  d)  0.  

3.  a)  
3
 ;  b)  

4


 ;  c)  ln(1  + e)  ;  d)  

6


.  

4.   a)  2 ;  b)
32 1

9 9
e + ;   

c)  2ln2   1  ;  d)  1 .  

5.   a) 4
15

;  b)  
1 3

ln
8 2
+  ;  c)  

2 3
3 ln

3
.  

6.  .
42

 

3.   

1 .   a)
2
 ;  b)

1
2e

e
+   ;  c)  9.  

2.  
3
.  

3.  
9

3 2+
.  

4.   a)
15

 ;  b)
2


;  c) 1

4

 
  

 
.  

5.   a)
3

3(cos cos )
3

R
  , 0

3

 
  

 
 ;  

b)  

0 ;
3

max ( )
C

V V
 

  

=

32 3

27

R
=  

ti 
1

cos .
3

 =  

 

n tp chng III  

3.   a)  
4 3 23 11

3
2 3
x x x x +   + C ;   

b)  
1 1
cos 4 cos 8

8 32
x x   +  C  ;  

 c)  
1 1
ln

2 1 x
 +  C  ;   

d)  
3 21 3

3
3 2

x x x
e e e x +   + C.  

4.   a) ( 2) cos sinx x x C  + ;   

b)
5 3
2 2

2 4
2

5 3
x x x C+ + + ;   
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c)
21

2
x x

e e x C + + ;   

d)
1
tan

2 4

 
 + 

 
x C ;   

e)
3 3
2 2

2 2
( 1)

3 3
x x C+  + ;  g)

1 1
ln

3 2

x
C

x

+
+


.  

5.   a)
3
;  b)

14
;  c) 62

(13 1)
27

e  ;  d) 2 2 .  

6.   a)  
8


 ;  b)

ln 2
;  c)  

21
11 ln 2

2
+ ;  

d)
1
ln 3

2
  ;  e) 1

2


+  ;  g)

3 5
.

3 2

 
+   

7.  a)  1
2


  ;  b)  

3


.  

Bi tp  trc nghim 

1.  (C)  ;  2.  (D)  ;  3.  (B)  ;  4.  (C)  ;   

5.  a)  (C),  b)  (B)  ;  6.  (D).  

 

Chng IV 

1 .  

1.   a)  Phn thc l 1 ,  phn o l .  

b)  Phn thc l 2 ,  phn o l 1 .  

c)  Phn thc l 2 2 ,  phn o l 0.  

d)  Phn thc l 0,  phn o l 7.  

2.   a)
2

x = ,
3

y = ;  b)
1

2
x


= ,

3
y

+
= ;   

c)  x  =  0,  y  =  1 .  

3.   a)  ng thng song song vi Oy,  ct 

Ox  ti  im (2 ;  0).   

b)  ng thng song song vi Ox,  ct Oy 

ti im (0 ;  3 ) .  

c)  Cc im nm trong phn mt phng 
to  gii hn bi hai ng x  =  1  v 
x  =  2.   

d) Cc im nm trong phn mt phng to 
 gii hn bi hai ng y = 1  v y = 3 ,  k  
c cc im nm trn hai ng ny.   

e)  Cc im nm trong hnh vung gii 

hn bi cc ng x = 2 ;  x = 2 ;  y = 2 ;  
y = 2 k c cc im nm trn cc cnh 
ca n.  

4.   a) 7z = ;  b)  1 1z = ;   

c) 5z = ;  d) 3z = .  

5.   a)  ng trn tm O  bn knh 1 .  

b)  Hnh trn tm O  bn knh 1 .  

c)  Hnh vnh khn gii hn bi ng 
trn tm O  bn knh 2  v ng trn tm 

O  bn knh 1 ,  k c cc im trn ng 

trn tm O  bn knh 2.  

d)  L giao im ca ng trn tm O

bn knh 1  v ng y  =  1 .  

6.   a) 1 2z i= + ;  b) 2 3z i=   ;  

c) 5z = ;  d)  7 .z i=   

2.  

1 .   a) 5 i ;  b) 3 10i  ;  

c) 1 10i + ;  d) 3 i + .  

2.   a) 3 2i+ = + ;  3 2i =  ;  

b) 1 4i + = + ;  1 8i  =  ;  

c) 2i+ =  ;  1 2i = ;  

d) 19 2i + =  ; 1 1 2i  = + .  

3.   a) 13i ;  b)  10 4i  ;   

c) 20 15i+ ;  d) 20 8i .  

4.  
3
i i=  ,  

4
1i = ,

5
i i= .  

Nu 4 , 0 4n q r r= +  <  th n r
i i= .  

5.   a) 5 12i + ;  b) 46 9i + .  

3.  

1 .   a)
4

13 13
i+ ;  b)

2 6 2 2 3

7 7
i

+ 
+ ;  

c)
13 13

i + ;  d) 2 5i  .  

2.   a)
1

5 5
i ;  b)

2

11 11
i+ ;   
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c) i ;  d)
5

28 28
i .  

3.   a) 28 4i + ;  b)
5 5

i


 ;  

c) 32 13i+ ;  d)
45 45

i .  

4.   a)  z  =  1 ;  b)  
8 9

;
5 5

= z i c) 15 5 .= z i   

4.  

1 .   7i ; 2 2i ; 2 3i ; 2 5i ;  11i .  

2.   a)  
1, 2

1

3


=

i
z ;  b)  

1,2

3 47

14

 
=

i
z   

c)  
1, 2

7 171
.

10


=

i
z   

3.   a)  
1,2

2= z ;  
3,4 3.= z i  

b)  
1,2

2;= z i 3,4 5.= z i  

4.   
1 2 1 2;

b
.

c
z z z z

a a
+ =  =  

5.   
2 2 22 0.x ax a b + + =  

n tp chng IV 

2.   Nu s phc l mt s thc th mun 

ca n chnh l gi tr  tuyt i ca n.  

3.   z z= khi v ch khi z  .  

4.   a)  S phc c phn thc ln hn hoc  

bng 1 .  

b)  S phc c phn o thuc on 

[1  ;  2] .  

c)  S phc c phn thc thuc on [1  ;  1 ]  

v mun khng vt qu 2.  

5.   a)  ng x  =  1 .  b)  ng y  =  2.  

c)  Hnh ch nht gii hn bi cc ng 

x  =  1  ;  x  =  2 ;  y  =  0 ;  y  =  1 .  

d)  Hnh trn tm O bn knh 2.  

6.  a)  x  = 1  ;  y  =  1  ;   b)  x  =  1  ;  y  =  3 .  

8.   a)  21  +  i  ;   b)
5 5

i ;    

c)  4i  ;  d)
4

5 5
i


+ .  

9.   a)  
7

5 5

4
= +z i  ;  b)  

1 7 17

18 13
= z i .  

10.  a)  
1, 2

7 47
;

6

 
=

i
z  b)  4

1,2 8 ;= z   

4
3, 4 8.= z i c)  

1, 2
1= z ,

3, 4z i=  .  

11.  
1

3 7

2

i
z

+
= ,

2

3 7

2

i
z


= .  

12.  t 
1 2 1 2; ; , .z z a z z b a b+ = =   

1 2,z z l hai nghim ca phng trnh 

2 0. + =z az b  

Bi tp  trc nghim 

1.  (B).   2.  (C).    3.  (B).   4.  (C).   5.  (B).  6.  (C).  

 

n tp cui nm 

1.   a)
1

1x = ;
2

2
1 .x

a
= +   

b)
2

2S
a

= + ;
2

1P
a

= + .  

2.   b)
3

.  

3.   a)  a  =  1 ,  b  =  1  ;  c)  
105


.  

4.   a)  v(2)  = 5,  a(2)  = 1  ;  b)  t  = 3  .  

5.   a)  a  =  2,
2

b = ;   

c) y = 1 ,  
1

22
y x= + ,      

1

22
y x=  + .  

6.   b)
2

3 2
( )

1( 1)

a
y x a

aa


=  +

++

.  

7.   b)  
1

1
2

y x= + v 2y x= .  c) 2= V .  

8.   a)  
5

2 ;
2

min ( ) 19,


  

= f x  
5

2 ;
2

max ( ) 8.f x


  

=  
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b)  
[1 ; ]
min ( ) 0,

e

f x =
2

[1 ; ]
max ( ) .

e
f x e=  

c)  
[0 ; ]
min ( ) 0,f x


=  
[0 ; )

1
max ( )f x

e+

= .  

d)  
3

0 ;
2

min ( ) 2f x
 

  

=  ,   

    
30 ;
2

3 3
max ( )

2
f x

 
  

= .  

9.   a)  x  =  0 ;   b) 1 2

2

0, log 3x x= = ;  

c)
1 23, 5x x= = ;  d)

1 24, 8x x= = .  

10.  a) ( ; 0) [1 ; )  + ;  

b) ( 2 ; 1) (1 ; 2 )   ;  

c)
1

0 ; [10 ; )
10000


 + 

 
 ;  

d)
1

0 ; [2 ; )
2


 + 

 
.  

11.  a)
64

(5 1)
9

+e ;  b)
3

ln 2
6


+ ;   

c)    ;  d) 3 5e .  

12.  a)  
1
ln 3

8
;  b)

180


 ;  c)

35
;  d)

3
.  

13.  a)  6  ;  b)
1

2 1


 
 e

.    

14.  
35


.   

15.  a)  
22

13 13

6
z i=   ;  b)  

7

5 5
z i=   ;  

c)
1 21 2 3 , 1 2 3z i z i= + =  ;  

d)
1,2 3,43 , 2z z i=  =  .  

16.  a)  Hnh trn tm ti gc to ,  bn knh 2,  

khng k bin.  

b)  Hnh trn tm ti  (0 ;  1 ) ,  bn knh 1 .   

c)  Hnh trn tm ti (1  ;  1 ), bn knh 1  

(khng k bin).  

 

 



 1 56 

Bng tra cu thut ng 

Thut ng Trang 

Bt phng trnh lgarit 

Bt phng trnh lgarit c bn 

Bt phng trnh m  

Bt phng trnh m c bn 

Cn bc n  

C s 

Cc i,  cc tiu,  cc tr 

Din tch hnh phng 

im biu din s phc 

im cc i ca  th.  im cc tiu ca  th 

im cc i ca hm s.  im cc tiu ca hm s 

im cc tr  

ng bin.  Nghch bin.  n iu 

n v o 

Gi tr  cc i.  Gi tr  cc tiu 

Gi tr  ln nht.  Gi tr nh nht 

Hm s lgarit 

Hm s lu tha 

Hm s m 

Hnh thang cong 

Lgarit 

Lgarit c s a  ca b  

Lgarit ho 

Lgarit thp phn 

Lgarit t nhin 

Lu tha 

Mun ca s phc 

87  

87  

85  

85  

51  

49  

1 3 ,  1 4  

1 1 4 

1 31  

1 4 

1 4 

1 4 

4,  5  

1 31  

1 4 

1 9  

74 

56 

70 

1 02 

61  

62 

81  

67  

67  

49  

1 32 
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M ho 

Phn thc.  Phn o 

Phng php i bin s 

Phng php tnh nguyn hm tng phn 

Phng php tnh tch phn tng phn 

Phng trnh lgarit 

Phng trnh lgarit c bn 

Phng trnh m 

Phng trnh m c bn 

S m 

S m hu t  

S m nguyn 

S m v t  

S phc 

S phc lin hp 

S thun o 

Tp kho st 

Th tch ca vt th 

Th tch khi chp 

Th tch khi trn xoay 

Tch phn 

Tim cn ng 

Tim cn ngang 

84 

1 30 

98,  1 08  

99  

1 1 0 

81  

81  

78  

79  

49  

52 

49  

53  

1 30 

1 32 

1 31  

58  

1 1 7  

1 1 8  

1 1 9  

1 05  

29  

28  
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1 .  Nguyn  hm 93  
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       Bn c bit :  Lch  s php  tnh  tch  phn   1 22   

       Bi c thm : Tnh  d in  tch  bng  g ii  hn  1 22  

n tp chng I I I  1 26  
 

Chng IV.   S phc                      1 29  

1 .  S phc 1 30  

      Bn c bit :  Cc-a-n (G.  CARDANO) 1 33  

2 .  Cng,  tr v  nhn  s phc 1 34  

3 .  Php chia  s phc 1 36  

4 .  Phng  trnh  bc hai  vi  h  s thc  1 39  

       Bi c thm :  Phng  trnh  i  s 1 41  

n tp chng IV  1 43  

n tp cui  nm  1 45  

p s  Hng  dn   1 49  

Bng  tra cu  thut ng 1 56  
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