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Trong bi ny ta s ng dng o hm  xt tnh n iu (tc l tnh ng 

bin  v tnh nghch bin)  ca hm s.  

Trc ht ta nhc li nh ngha hm s ng bin v hm s nghch bin 
trong sch gio khoa i s 10 nng cao.  

Gi s K l mt khong, mt on hoc mt na khong v f  l hm s xc 

nh trn K.  

Hm s  f  c gi l ng bin  trn K nu  

                  1 2, x x    K,   1 2x x<   1 2( ) ( )f x f x<  ;  

Hm s  f  c gi l nghch bin  trn K nu  

                  1 2,x x    K,   1 2x x<   1 2( ) ( ).f x f x>  

Ni mt cch khc,  nu hm s f  xc nh trn  K  th 

Hm s f  ng bin trn K khi v ch khi vi x tu  thuc K,  ta c 

  
( ) ( )f x x

x

+ 


 > 0  vi mi 0 x  m .x x K+    

Hm s f  nghch bin trn K khi v ch khi vi x tu  thuc K,  ta c 

  
( ) ( )f x x

x

+ 


 < 0  vi mi 0x   m +   .x x K  

T ,  ngi ta chng minh c iu sau y :  

Gi s hm s f  c o hm trn khong I.  

a) Nu hm s f  ng bin trn khong I th '( ) 0f x   vi mi 

.x I  

b)  Nu hm s f  nghch bin trn khong I th '( ) 0f x   vi 

mi .x I  

o li,  c th chng minh c :  

 

1
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nh l  

Gi s hm s f  c o hm trn khong I.  

a)  Nu '( ) 0f x >  vi mi x I  th hm s f ng bin trn 

khong I.  

b)  Nu '( ) 0f x <  vi mi x I  th hm s f nghch bin trn 

khong I.   

c)  Nu '( ) 0f x =  vi mi x I  th hm s f khng i trn 

khong I.  

nh l trn cho ta mt iu kin   hm s n iu trn mt khong.  

Ch  

Khong I  trong nh l trn c th c thay bi mt on hoc 
mt na khong.  Khi  phi b sung gi thit "Hm s lin tc 
trn on hoc na khong ".  Chng hn :  

Nu hm s f lin tc trn on [a  ;  b]  v c o hm f'(x) > 0 trn 

khong (a  ;  b)  th hm s f  ng bin trn on [a  ;  b] .  

Ngi ta thng din t khng nh ny qua bng bin thin nh sau :   

x  a   b  

'( )f x   +  

  ( )f b  
( )f x  

( )f a    

V d 1.  Chng minh rng hm s 2( ) 1f x x=   nghch bin trn on [0 ;  1 ].  

Gii 

D thy hm s   ̂ cho lin tc trn on [0 ;  1 ].  Ngoi ra, 
2

'( ) 0
1

x
f x

x


= <



 

vi mi x   (0 ;  1 ).  Do  hm s nghch bin trn on [0 ;  1 ] .       

  Vic tm cc khong ng bin v nghch bin ca mt hm s cn c ni 
gn l xt chiu bin thin ca hm s .  

Qua nh l ^ nu,  ta thy vic xt chiu bin thin ca mt hm s c o 
hm c th chuyn v vic xt du o hm ca n.  
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V d 2.  Xt chiu bin thin ca hm s 

    
4 .y x
x

= +  

Gii 

Hm s ^ cho xc nh trn tp hp R  \ { 0} .  

Ta c   'y  = 
2

4
1

x
  =  

2

2

4 .x

x


 

y'  = 0   x  =   2.  

Chiu bin thin ca hm s c nu trong bng sau :  

x     2   0  2  +  

'y   +   0      0 +  

  4         

y  

       4   

Vy hm s ng bin trn mi khong ( ; 2)   v (2 ; + ),  nghch bin 

trn mi khong ( 2 ; 0)  v (0 ; 2 ) .  

H1    Xt chiu bin thin ca hm s 

   3 21 3
2 3.

3
y

2
x x x=  +   

V d 3.  Xt chiu bin thin ca hm s 

    3 24
2 3.

3
=  + y x x x  

Gii 

Hm s ^ cho xc nh trn R.  

Ta c   'y  = 
2

4 4 1 +x x  = 2(2 1)x  .  

' 0y =  vi 
2

x =  v ' 0y >  vi mi .
2

x   
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Bng bin thin :  

x    
2
  +  

y'   + 0 +   

y 
 

 
17

6
    

Theo ch  sau nh l,  hm s ^ cho ng bin trn mi na khong 

;
2


 

 
 v 

1
;

2
 

+  
 

.  T  suy ra hm s ng bin trn R.  

Nhn xt.  Qua v d 3,  ta thy c th m rng nh l ^ nu nh sau :  

Gi s hm s f c o hm trn khong I.  Nu '( ) 0f x   vi mi x   I (hoc 

'( ) 0f x   vi mi )x I  v '( ) 0f x =  ch ti mt s hu hn im ca I th 

hm s f ng bin (hoc nghch bin) trn I.   

H2  Xt chiu bin thin ca hm s 

   
5 4 310 7 .2 5

3 3
y x x x= + +   

Cu hi  v bi  tp 

1.   Xt chiu bin thin ca cc hm s sau :  

a) y  =  
3 22 3 1x x+ +  ;      b)  y  = 

3 22 1x x x + +  ;  

c) y  = 
3

x
x

+  ;       d)  y  = 
2

x
x

  ;  

e)  y  = 
4 22 5x x   ;      f)  y  = 24 .x  

2.  Chng minh rng 

a) Hm s 
2

x
y

x


=

+
 ng bin trn mi khong xc nh ca n ;  

b)  Hm s 
2 2

1

x x
y

x

  +
=

+
 nghch bin trn mi khong xc nh ca n.  
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3.  Chng minh rng cc hm s sau y ng bin trn R  :  

a)  
3 2( ) 6 17 4f x x x x=  + +  ;   b)  

3
( ) cos 4.f x x x x= +    

4.  Vi gi tr no ca a  hm s y  = 3ax x  nghch bin trn R ? 

5.  Tm cc gi tr ca tham s a   hm s 

   3 21
( ) 4 3

3
f x x ax x= + + +  

ng bin trn R.  

Luyn tp 

6.  Xt chiu bin thin ca cc hm s sau :  

a) y  =  
3 21

2 4 5
3
x x x +   ;    b)  y  = 

3 24 2
6 9

3 3
x x x +    ;  

c)  y  =  
2 8 9

5
x x

x

 +


 ;      d) y  = 22x x  ;  

e) y  =  2 2 3x x +  ;      f)  y  = 
1

2
1

x
x


+

 

7.  Chng minh rng hm s 

   ( ) cos 2 2 3f x x x=  +  

nghch bin trn R.  

8.  Chng minh cc bt ng thc sau :  

a) sin x x<  vi mi x > 0,  

    sin x x>  vi mi x < 0  ;  

Hng dn.  Chng minh hm s ( ) sinf x x x=   ng bin trn na khong 

0 ; .
2
 


 

 

b) 
2

cos 1
2
x

x >   vi mi x    0  ;  
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c)  
3

sin
6

x
x x>   vi mi x > 0,  

    
3

sin
6

x
x x<   vi mi x  < 0.  

9.  Chng minh rng 

  sin tan 2+ >x x x  vi mi 0 ; .
2

 
  

 
x  

Hng dn 

Chng minh hm s ( ) sin tan 2= + f x x x x  ng bin trn na khong 

0 ; .
2

 


 
 

10.  S dn ca mt th trn sau t  nm k t nm 1970 c c tnh bi 

cng thc   

    
26 10 ,( )

5

+
=

+

t
f t

t
 

( ( )f t  c tnh bng nghn ngi).  

a) Tnh s dn ca th trn vo nm 1980 v nm 1995.  

b)  Xem f l mt hm s xc nh trn na khong [0 ;  +).  Tm 'f  v xt 

chiu bin thin ca hm s f  trn na khong [0 ; ).+   

c)  o hm ca hm s f biu th tc  tng dn s ca th trn (tnh bng 

nghn ngi/ nm).  

  Tnh tc  tng dn s vo nm 1990 v nm 2008 ca th trn.  

  Vo nm no th tc  tng dn s l 0,125 nghn ngi / nm ? 
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Bi ny gii thiu khi nim cc i, cc tiu ca hm s v xt quan h 
gia cc i,  cc tiu vi du ca o hm cp mt v o hm cp hai ca 
hm s.  

1.  Khi nim cc tr ca hm s 

nh ngha 

Gi s hm s f xc nh trn tp hp d (D    R) v 0x    d.  

a) 0x  c gi l mt im  cc i  ca hm s f nu tn ti mt 

khong (a  ;  b) cha im 0x  sao cho ( ; )a b   d  v  

  0( ) ( )f x f x<  vi mi 0( ; ) \{ }x a b x .  

Khi  0( )f x  c gi l gi tr cc i  ca hm s f.  

b)  0x  c gi l mt im  cc tiu  ca hm s f nu tn ti 

mt khong (a  ;  b)  cha im 0x  sao cho ( ; )a b   d  v 

    0( ) ( )f x f x>  vi mi 0( ; ) \{ }.x a b x  

Khi  0( )f x  c gi l gi tr cc tiu  ca hm s f.  

im cc i v im cc tiu c gi chung l im cc tr.  
Gi tr cc i v gi tr cc tiu c gi chung l cc tr.  

Nu 0x  l mt im cc tr ca hm s f th ngi ta ni rng hm s f  t 

cc tr ti im 0.x  

 

 

 

 

 
 

 

Hnh 1 . 1  

2
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ch  

1 ) Gi tr cc i (cc tiu) 0( )f x  ca hm s f ni chung khng 

phi l gi tr ln nht (nh nht)  ca hm s f trn tp hp d  ;  

0( )f x  ch l gi tr ln nht (nh nht) ca hm s f trn mt 

khong ( ; )a b  no  cha im 0 .x  

2)  Hm s f c th t cc i hoc cc tiu ti nhiu im trn tp 

hp  d.  Trn  th ca hm s ( )y f x=  trong hnh 1 .1 ,  ta thy 

hm s c hai im cc tiu v hai im cc i.  Hm s cng c 
th khng c cc tr trn mt tp hp s thc cho trc.  

3)  i khi ngi ta cng ni n im cc tr ca  th.  

Nu x0  l mt im cc tr  ca  hm  s f  th im (x0  ;  f(x0)) c 

gi l im cc tr ca  th  hm s f.  

2.  iu kin cn  hm s t cc tr  

Quan st  th ca hm s ( )y f x=  (h.1 .1 ),  ta thy nu hm s f t cc tr 

ti im 0x  v nu  th ca hm s c tip tuyn ti im 0 0( ; ( ))x f x  th 

tip tuyn  song song vi trc honh, tc l 0'( ) 0.f x =  

 l ni dung ca nh l m ta tha nhn sau y.  

nh l 1  

Gi s hm s f t cc tr ti im 0x .  Khi ,  nu f c o 

hm ti 0x  th 0'( ) 0.f x =  

iu ngc li c th khng ng.  o hm f'  c th bng 0 ti im 0x  

nhng hm s f  khng t cc tr ti im 0 .x  

Chng hn, xt hm s 3( ) ,f x x=  ta c 2'( ) 3f x x=  v '(0) 0f = .  Tuy nhin, 

hm s f  khng t cc tr ti im x = 0.  Tht vy, v '( ) 0f x >  vi mi x   0 

nn hm s f  ng bin trn R  (h.1 .2).  
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Hnh 1 .2        Hnh 1 .3 

ch  

Hm s c th t cc tr ti mt im m ti  hm s khng c 

o hm.  Chng hn, hm s ( )=y f x  = x  xc nh trn R.  V 

(0)f  = 0 v ( ) 0f x >  vi mi 0x   nn hm s t cc tiu ti 

im 0.x =  

D thy hm s y x=  khng c o hm ti im 0x =  (h.1 .3).  

Nh vy, mt hm s ch c th t cc tr ti mt im m ti  
o hm ca hm s bng 0,  hoc ti  hm s khng c o hm.  

3.  iu kin   hm s t cc tr 

nh l sau cho ta mt iu kin   hm s t cc tr.  

nh l 2 

Gi s hm s f lin tc trn khong ( ; )a b  cha im 0x  v 

c o hm trn cc khong 0( ; )a x  v 0( ; ).x b  Khi  

a)  Nu '( ) 0f x <  vi mi 0( ; )x a x  v '( ) 0f x >  vi mi 

0( ; )x x b  th hm s f t cc tiu ti im 0.x  

b)  Nu '( ) 0f x >  vi mi 0( ; )x a x  v '( ) 0f x <  vi mi 

0( ; )x x b  th hm s f  t cc i ti im 0.x  
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Ni mt cch khc,  

a) Nu '( )f x  i du t m sang dng khi x qua im 0x  (theo chiu tng) 

th hm s t cc tiu ti im 0.x  

b)  Nu '( )f x  i du t dng sang m khi x  qua im 0x  (theo chiu tng) 

th hm s t cc i ti im 0.x  

Chng minh 

a) V hm s f lin tc trn na khong 0( ; ]a x  v '( ) 0f x <  vi mi 

0( ; )x a x  nn hm s f nghch bin trn 0( ; ]a x .  Do  

   0( ) ( )f x f x>  vi mi 0( ; ).x a x  

Tng t,  v hm s f lin tc trn na khong 0[ ; )x b  v '( ) 0f x >  vi mi 

0( ; )x x b  nn hm s ng bin trn 0[ ; )x b .  Do  

   0( ) ( )f x f x>  vi mi 0( ; ).x x b  

Vy 0( ) ( )f x f x>  vi mi 0( ; ) \ { }x a b x ,  tc l hm s f t cc tiu ti 

im 0.x  

b)  Phn b) c chng minh tng t.         

nh l 2 c vit gn li trong hai bng bin thin sau :  

x  a  0x   b  

'( )f x      +  

     

( )f x  
  0( )f x  

(cc tiu) 
  

      
x  a   0x   b  

'( )f x   +    

  0( )f x    
( )f x  

  (cc i)   

T nh l 2 ta c quy tc tm cc tr sau y.  
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Quy tc 1  

1 .  Tm '( ).f x  

2.  Tm cc im ix  (i  = 1 ,  2,.. .)  ti  o hm ca hm s bng 0 

hoc hm s lin tc nhng khng c o hm.  

3.  Xt du '( ).f x  Nu '( )f x  i du khi x qua im ix  th hm s 

t cc tr ti ix .  

V d 1.  Tm cc tr ca hm s 

    3 21 4 .( ) 3
3 3

f x x x x=   +  

Gii 

Hm s ^ cho xc nh trn R.  

Ta c    '( )f x  = 
2

2 3x x  .  

T   '( )f x  = 0   1x =   hoc 3.x =  

Sau y l bng bin thin :  

x      1   3   +  

'( )f x   + 0   0 +  

  3      

( )f x  
    7

3
    

Vy hm s t cc i ti im 1,x =   gi tr cc i ca hm s l 

( 1) 3f  = .  Hm s t cc tiu ti im 3,x =  gi tr cc tiu ca hm s l 

2 .(3) 7
3

f =   

H1  Tm cc tr ca hm s 

   ( )f x  = 
4

3.x
x

+   

V d 2.  p dng quy tc 1  tm cc tr ca hm s 

     ( )f x  = x .  
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Gii 

Hm s ^ cho xc nh v lin tc trn R.  

Ta c     f(x)  = 
vi 0

vi 0.

x x

x x

 <




 

Do     f'(x)  = 
1 vi 0

1 vi 0.

x

x

 <


>

 

(Hm s  f  khng c o hm ti im 0x = ).  

Sau y l bng bin thin :  

x    0  +  

'( )f x     +  

     
( )f x  

  0   

Vy hm s t cc tiu ti x  =  0 v gi tr cc tiu ca hm s l f(0) = 0.    

C th s dng o hm cp hai  tm cc tr ca hm s.  Ngi ta ^ chng 

minh nh l sau y.  

nh l 3 

Gi s hm s f c o hm cp mt trn khong ( ; )a b  

cha im 0x ,  0'( ) 0f x =  v f  c o hm cp hai khc 0 ti 

im 0.x  

a)  Nu 0' '( ) 0f x <  th hm s f  t cc i ti im 0.x  

b)  Nu 0' '( ) 0f x >  th hm s f  t cc tiu ti im 0.x  

T nh l 3,  ta c mt quy tc khc  tm cc tr ca hm s (nu hm s c 

o hm cp hai).  
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Quy tc 2 

1 .  Tm '( ).f x  

2.  Tm cc nghim ix  (i  = 1 ,  2,. . . )  ca phng trnh '( ) 0.f x =  

3 .  Tm ' '( )f x  v tnh ' '( ).if x  

Nu ' '( ) 0if x <  th hm s t cc i ti im .ix  

Nu ' '( ) 0if x >  th hm s t cc tiu ti im .ix  

V d 3.  p dng quy tc 2 tm cc tr ca hm s 

   3 21 4 .( ) 3
3 3

f x x x x=   +  

Gii 

Hm s ^ cho xc nh trn R.  

Ta c '( )f x  =  
2

2 3x x   ;  

 '( )f x  =  0   1x =   hoc 3x =  ;  

 ' '( )f x  =  2 2.x   

V ' '( 1)f   =  4 0 <  nn hm s t cc i ti im 1x =  ,  .( 1) 3f  =   

V ' '(3)f  =  4  > 0 nn hm s t cc tiu ti im 3x = ,  
2 .(3) 7
3

f =   

Ta nhn c cc kt qu ^ bit trong v d 1 .  

H2  Tm cc tr ca hm s 

   ( ) 2 sin 2 3.f x x=   

Cu hi  v bi  tp 

11.  Tm cc tr ca cc hm s sau :  

a) ( )f x  =  
3 21

2 3 1
3
x x x+ +   ;   b)  ( )f x  =  

3 21
2 10

3
x x x +   ;  

c)  ( )f x  =  
1

x
x

+  ;     d)  ( )f x  =  ( 2)x x +  ;  
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e) ( )f x  = 
5 3

2
5 3

x x
 +  ;    f)  ( )f x  =  

2 3 3 .
1

x x

x

 +



 

12.  Tm cc tr ca cc hm s sau :  

a) y  =  24x x  ;     b)  y  = 28 x  ;  

c)  y  =  sin 2 2x x +  ;     d) y  = 3 2 cos cos 2 .x x   

13.  Tm cc h s a,  b,  c,  d ca hm s 

   ( )f x  = 
3 2

ax bx cx d+ + +  

sao cho hm s f t cc tiu ti im x = 0,  f(0) = 0 v t cc i ti im 
x  = 1 ,  f(1 )  = 1 .  

14.  Xc nh cc h s a,  b,  c  sao cho hm s 

   ( )f x  = 
3 2
x ax bx c+ + +  

t cc tr bng 0 ti im 2x =   v  th ca hm s i qua im (1 ; 0).A  

15.  Chng minh rng vi mi gi tr ca m,  hm s 

   y  =  
2 3( 1) 1x m m x m

x m

 + + +



 

lun c cc i v cc tiu.  

 

Nhiu bi ton dn n vic tm gi tr ln nht v gi tr nh nht ca hm s 

trn mt tp hp s thc cho trc.  Trong bi ny ta s ng dng tnh n 

iu v cc tr ca hm s  tm gi tr ln nht v gi tr nh nht ca 

hm s.  

3



 1 8  

nh ngha 

Gi s hm s f xc nh trn tp hp d  (d    R).  

a) Nu tn ti mt im 0x   d  sao cho 

  0( ) ( )f x f x  vi mi x   d  

th s 0( )M f x=  c gi l gi tr ln nht  ca hm s f  trn 

d,  k hiu l max ( ).
x

M f x


=
D

 

b)  Nu tn ti mt im 0x   d  sao cho 

   0( ) ( )f x f x  vi mi x   d  

th s 0( )m f x=  c gi l gi tr nh nht  ca hm s f  trn 

d,  k hiu l min ( ).
x

m f x


=
D

 

Nh vy,  mun chng t rng s M (hoc m)  l gi tr ln nht (hoc gi tr 

nh nht) ca hm s f  trn tp hp d  cn ch r :  

a) ( )f x M  (hoc ( ) )f x m  vi mi x   d.  

b)  Tn ti t nht mt im 0x   d  sao cho 0( )f x M=  (hoc 0( ) ).f x m=  

Ta quy c rng khi ni gi tr ln nht hay nh nht ca hm s f (m khng 

ni "trn tp d")  th ta hiu  l gi tr ln nht hay nh nht ca f  trn tp 

xc nh ca n.  

V d 1.  Tm gi tr ln nht v gi tr nh nht ca hm s 

     2( ) 4 .f x x=   

Gii 

Tp xc nh ca hm s l [ 2 ; 2].  Hin nhin 0 ( ) 2f x   vi mi 

[ 2 ; 2]x    ;  

   ( ) 0f x =    2x =   v ( ) 2f x =    0.x =  



 1 9 

Do  

   2

[ 2 ; 2]
min 4 0

x
x

 

 =  ;  2

[ 2 ; 2]
max 4 2.

x
x

 

 =    

Phng php thng c s dng  tm gi tr ln nht v gi tr nh nht 

ca hm s trn mt tp hp l lp bng bin thin ca hm s trn tp 

hp .  

V d 2.  Tm gi tr ln nht v gi tr nh nht ca hm s 

  ( )f x  =  
3

3 3x x +  trn on  
3

3 ; .
2


  

 

Gii.  Ta c 

  '( )f x  =  
2

3 ( 1)x   ;  

  '( )f x  =  0   1 .x =   

Sau y l bng bin thin ca f  trn on 
3

3 ;
2


  

 :  

x  3   1   1   
2
 

'( )f x    + 0   0 +   

   5       

     ( )f x  

15  
 

 1   
  

        

 

T bng bin thin, ta c 

3
3 ;

2

max ( ) ( 1) 5

x

f x f


   

=  =  ;   
3

3 ;
2

min ( ) ( 3) 15.

x

f x f


   

=  =   

H  Tm gi tr ln nht v gi tr nh nht ca hm s 

  
1

( )
1

f x x
x

= +


 trn khong  (1 ; ).+   

8
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V d 3.  Mt hp khng np c 
lm t mt mnh cc tng theo mu 
hnh 1 .4.  Hp c y l mt hnh 

vung cnh x (cm), chiu cao l h  (cm) 

v c th tch l 500 cm
3
.  

a)  H^y biu din h  theo x.  

b) Tm din tch ( )S x  ca mnh cc tng 

theo x.  

c) Tm gi tr ca x sao cho  ( )S x  

nh nht.  

Gii 

a) Th tch ca hp l 

  
2

500V x h= =  (cm
3
).  Do  

2

500
,h

x
=  0.x >  

b)  Din tch ca mnh cc tng dng lm hp l 

   ( )S x  = 
2

4 .x hx+  

T a)  ta c 

   ( )S x  = 
2 2000

,x
x

+  0.x >  

c)  Ta tm 0x >  sao cho ti  ( )S x  t gi tr nh nht trn khong 

(0 ; ).+   Ta c 

   ' ( )S x  = 
2

2000
2x

x
  =  

3

2

2 ( 1000)x

x


 ;  

   ' ( )S x  = 0   x = 1 0.  

Bng bin thin ca S trn khong (0 ;  +)  :  

x 0  1 0  +  

' ( )S x    0 +  

( )S x  
 

 
 

300 
  

Hnh 1 .4 
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Da vo bng bin thin ta thy trn khong ; ,(0 )+   hm s S t gi tr 

nh nht ti im x  = 10.  Vy mun tn t nguyn liu nht,  ta ly  di cnh 
y hnh hp l x = 10 (cm).           

Nhn xt 

Ngi ta ^ chng minh c rng hm s lin tc trn mt on th t c 
gi tr ln nht v nh nht trn on .  

Trong nhiu trng hp, c th tm gi tr ln nht v gi tr nh nht ca hm 
s trn mt on m khng cn lp bng bin thin ca n.  

Gi s hm s f  lin tc trn on [a  ;  b]  v c o hm trn khong (a  ;  b),  

c th tr mt s hu hn im.  Nu '( ) 0f x =  ch ti mt s hu hn im 

thuc (a  ;  b)  th ta c quy tc tm gi tr ln nht v nh nht ca hm f  trn  

on [a  ;  b]  nh sau :  

Quy tc 

1 .  Tm cc im 1x , 2x , . .. , mx  thuc (a  ;  b) ti  hm s f c o 

hm bng 0 hoc khng c o hm.  

2.  Tnh 1( )f x ,  2( )f x ,  . . . ,  ( )mf x ,  ( )f a  v ( )f b .  

3 .  So snh cc gi tr tm c.  

S ln nht trong cc gi tr  l gi tr ln nht ca f  trn on 

[a  ;  b] ,  s nh nht trong cc gi tr  l gi tr nh nht ca f  trn 

on [a  ;  b] .  

V d 4. Tm gi tr ln nht v gi tr nh nht ca hm s 
3

( ) 3 3f x x x=  +  

trn  on [0 ;  2] .  

Gii.  Ta c 2'( ) 3 3f x x=   ;  

  
2'( ) 0 13 3 0

1
0 2 0 20 2

f x xx
x

x xx

= =  =
   =  

< < < << < 
 ;  

  (1) 1 ; (0) 3 ; (2) 5f f f= = = .  

Do  
[ ]0;2

max ( ) 5
x

f x


=  v 
[ ]0;2

min ( ) 1
x

f x


= .  
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Cu hi  v bi  tp 

16.   Tm gi tr ln nht v gi tr nh nht ca hm s 

  ( )f x  =  4 4sin cos .x x+  

17.  Tm gi tr ln nht v gi tr nh nht ca cc hm s sau :  

a) ( )f x  =  
2

2 5x x+   trn on [ 2 ; 3]  ;  

b)  ( )f x  =  
3

22 3 4
3

x
x x+ +   trn on [ 4 ; 0]  ;  

c) ( )f x  = 
1

x
x

+  trn khong (0 ; )+   ;  

d)  ( )f x  =  
2

2 4x x + +  trn on [2 ; 4]  ;  

e) ( )f x  = 
22 5 4

2

x x

x

+ +

+
 trn on [0 ; 1]  ;  

f)  ( )f x  = 
1

x
x

  trn na khong (0 ; 2].  

18.  Tm gi tr ln nht v gi tr nh nht ca cc hm s sau :  

a)  y  =  
2

2 sin 2 sin 1x x+   ;     b)  y  = 
2

cos 2 sin cos 4.x x x +  

19.  Cho mt tam gic u ABC  cnh a.  Ngi ta dng mt hnh ch nht MNPQ  

c cnh MN nm trn cnh BC,  hai nh P  v Q  theo th t nm trn hai cnh 

AC  v AB  ca tam gic.  Xc nh v tr ca im M sao cho hnh ch nht c 

din tch ln nht v tm gi tr ln nht .  

20.  Khi nui c th nghim trong h,  mt nh sinh vt hc thy rng :  Nu trn 

mi n v din tch ca mt h c n  con c th trung bnh mi con c sau mt 

v cn nng 

   ( ) 480 20P n n=   (gam).  

Hi phi th bao nhiu c trn mt n v din tch ca mt h  sau mt v 

thu hoch c nhiu c nht ?  
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Luyn tp 

21.  Tm cc tr ca cc hm s sau :  

a) ( )f x  = 
2 1

x

x +

 ;   b)  ( )f x  = 
3

1

x

x +
 ;  

c) ( )f x  = 25 x  ;   d)  ( )f x  =  2 1.x x+   

22.   Tm gi tr ca m   hm s 

   ( )f x  = 
2 1

1

x mx

x

+ 



 

c cc i v cc tiu.  

23.   gim huyt p ca mt bnh nhn c cho bi cng thc 

   2( ) 0, 025 (30 ),G x x x=   

trong  x  l liu lng thuc c tim cho bnh nhn (x  c tnh bng 

miligam).  Tnh liu lng thuc cn tim cho bnh nhn  huyt p gim 

nhiu nht v tnh  gim .  

24.  Cho parabol (P)  :  2
y x=  v im ( 3 ; 0).A   Xc nh im M thuc parabol 

(P) sao cho khong cch AM l ngn nht v tm khong cch ngn nht .  

25.  Mt con c hi bi ngc dng  vt mt khong cch l 300km.  Vn tc 

dng nc l 6km/h.  Nu vn tc bi ca c khi nc ng yn l v  (km/h) th 

nng lng tiu hao ca c trong t gi c cho bi cng thc 

    3( ) ,E v cv t=  

trong  c  l mt hng s,  E  c tnh bng jun.  Tm vn tc bi ca c khi 

nc ng yn  nng lng tiu hao l t nht.  

26.  Sau khi pht hin mt bnh dch,  cc chuyn gia y t c tnh s ngi nhim 
bnh k t ngy xut hin bnh nhn u tin n ngy th t l 

   ( )f t  = 2 345 ,t t  t = 0,  1 ,  2,. . . ,  25.  

Nu coi f l hm s xc nh trn on [0 ;  25]  th '( )f t  c xem l tc  

truyn bnh (ngi / ngy) ti thi im t.  
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a) Tnh tc  truyn bnh vo ngy th 5.  

b)  Xc nh ngy m tc  truyn bnh l ln nht v tnh tc  .  

c) Xc nh cc ngy m tc  truyn bnh ln hn 600.  

d)  Xt chiu bin thin ca hm s f  trn on [0 ; 25].  

27.  Tm gi tr ln nht v gi tr nh nht ca cc hm s sau :  

 a) ( ) 3 2f x x=   trn on [ ]3 ; 1  ;   

 b)  2( ) 4f x x x= +  ;  

 c)  
4 2( ) sin cos 2f x x x= + + ;  

 d) ( ) sin 2f x x x=   trn on ;
2


  
 

.  

28.  Trong cc hnh ch nht c chu vi l 40 cm, h^y xc nh hnh ch nht c 
din tch ln nht.  

Ta nhc li nh ngha  th ca hm s trong sch gio khoa i s 10 
nng cao.  

 th ca hm s y  =  f(x)  xc nh trn tp d  l tp hp tt c cc im 

(x ;  f(x)),  x   d  ca mt phng to .  

Ngi ta cn gi  th ca hm s y  = f(x) l ng cong c phng trnh l         

y  = f(x)  (gi tt l ng cong y  =  f(x)).  

Trong nhiu trng hp vic thay h to    ̂ c bi mt h to  mi gip 

ta nghin cu ng cong thun tin hn.  Bi ny gii thiu php tnh tin h 

4
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to ,  nh  c th xc nh c trc i xng v tm i xng ca mt s 

ng cong.  

1.  Php tnh tin h to  v cng thc chuyn h to   

Gi s I l mt im ca mt phng 

v 0 0( ; )x y  l to  ca im I 

i vi h to  Oxy.  Gi IXY l 

h to  mi c gc l im I v 

hai trc IX,  IY theo th t c cng 

cc vect n v ,i j


 vi hai trc 

Ox,  Oy  (h.1 .5).   

Gi s M l mt im bt k ca 

mt phng.  Gi (x  ;  y) l to  ca 

im M i vi h to  Oxy  v 

(X ;  Y)  l to  ca im M i vi 

h to  IXY.  Khi  

   OM


 = OI IM+

 

 

hay 

      xi y j+



 = 0 0( ) ( )x i y j Xi Y j+ + +

 

 

     = 0 0( ) ( ) .X x i Y y j+ + +



 

Do  

    
0 .

x X x

y Y y

= +


= +

 

Cc h thc trn gi l cng thc chuyn h to   trong php tnh tin theo 

vect .OI


 

2.  Phng trnh ca ng cong  i vi h to  mi 

Gi s (G)  l  th ca hm s ( )=y f x  i vi h to  Oxy  ^ cho.  Khi 

 phng trnh ca ng cong (G) i vi h to  Oxy  l ( ).=y f x  Ta s 

vit phng trnh ca (G)  i vi h to  mi IXY.  

Hnh 1 .5 
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Gi s M l mt im bt k ca mt phng, (x ;  y) v (X ;  Y)  l to  ca 

im M,  theo th t,  i vi h to  Oxy  v IXY.  Khi ,  

   M   (G)     ( ).=y f x  

p dng cng thc chuyn h to  trong php tnh tin theo vect ,OI  ta c 

 M   (G)    0 0( )+ = +Y y f X x    0 0( ) .= + Y f X x y  

Vy phng trnh ca ng cong (G)  i vi h to  IXY l 

0 0( ) .= + Y f X x y  

V d.  Cho ng cong (C)  c phng trnh l 

    31
(

2
=  y x  

v im I (2 ;  1 ).  

a) Vit cng thc chuyn h to  trong php tnh tin theo vect OI  v vit 

phng trnh ca ng cong (C)  i vi h to  IXY.  

b)  T  suy ra rng  I l tm i xng ca ng cong (C).  

Gii.  a) Cng thc chuyn h to  trong php tnh tin theo vect OI  l 

                          
1 .

x X

y Y

= +


= 

 

Phng trnh ca ng cong (C)  i vi h to  IXY l 

                           31
1 1

2
 = Y X  hay 31

.
2

Y X=  

b)  V  31
2

=Y X  l mt hm s l nn  th (C)  ca n nhn gc to  I 

lm tm i xng.             

H  a)  Tm to  nh I ca parabol (P )  c phng trnh l 

                             2
2 4y x x=  .  

b) Vit cng thc chuyn h to  trong php tnh tin theo vect OI


 v vit 

phng trnh ca parabol (P )  i vi h to  IXY.   
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Cu hi  v bi  tp 

29.  Xc nh nh I ca mi parabol (P)  sau y.  Vit cng thc chuyn h to  

trong php tnh tin theo vect 


OI  v vit phng trnh ca parabol (P)  i 

vi  h to  IXY.  

a)  
2

2 3 1=  +y x x  ;    b)  
21

3
2

=  y x x  ;  

c)  24= y x x  ;     d)  
2

2 5.= y x  

30.  Cho hm s 3 2( ) 3 1 .=  +f x x x  

a)  Xc nh im I thuc  th (C) ca hm s ^ cho bit rng honh  ca 

im I l nghim ca phng trnh ' '( ) 0=f x .  

b)  Vit cng thc chuyn h to  trong php tnh tin theo vect 


OI  v vit 

phng trnh ca ng cong (C)  i vi h to  IXY.  T  suy ra rng I l 

tm i xng ca ng cong (C).  

c) Vit phng trnh tip tuyn ca ng cong (C)   ti im I i vi h to 

 Oxy.  Chng minh rng trn khong ( ; 1)  ng cong (C) nm pha 

di tip tuyn ti I ca (C)  v trn khong (1 ; )+   ng cong (C)  nm 

pha trn tip tuyn .  

Hng dn.  Trn khong ( ; 1) ,  ng cong (C) nm pha di tip tuyn 

= +y ax b  nu ( ) < +f x ax b  vi mi 1<x .  

31.  Cho ng cong (C)  c phng trnh l 
1

2
2

= 
+

y
x

 v im I(2 ;  2).  Vit 

cng thc chuyn h to  trong php tnh tin theo vect OI  v vit phng 

trnh ca ng cong (C)  i vi h to  IXY.  T  suy ra I l tm i 

xng ca (C).  

32.   
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33.  Xc nh tm i xng ca  th mi hm s sau y.  

a) 
2

1
1

= +


y
x

 ;     b)  
3

1


=
+

x
y

x
.  

Hng dn.   b)  Vit cng thc ^ cho di dng 
5

3
1

= 
+

y
x

.  

34.  Cho ng cong (C) c phng trnh 
0
,= + +



c
y ax b

x x
 trong  

0, 0a c   v im I c to  0 0( ; )x y  tho m^n 0 0= +y ax b .  Vit cng 

thc chuyn h to  trong php tnh tin theo vect OI  v phng trnh ca 

(C)  i vi h to  IXY.  T  suy ra rng I  l tm i xng ca ng 

cong (C).  

1.  ng tim cn ng v ng tim cn ngang 

Ta ^ bit  th ca hm s 
1

( ) =f x
x
 l ng hypebol gm hai nhnh nm 

trong gc phn t th nht v th ba ca mt phng to  (h.1 .6).  

Ta c 

 
1

lim ( ) lim 0
 +  +

= =

x x
f x

x
 

v  
1

lim ( ) lim 0.
   

= =

x x
f x

x
 

iu  c ngha l khong cch 

MH = ( )f x  t im M ca  th 

n trc honh dn n 0 khi im 

M theo ng hypebol i xa ra v 

tn v pha phi hoc pha tri.   
Hnh 1 .6 

5
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Ngi ta gi trc honh l ng tim cn ngang ca  th hm s 
1 .=y
x

 

Ta cng c 

 
0 0

1
lim ( ) lim

+ +
 

= = + 

x x
f x

x
  v  

0 0

1
lim ( ) lim .

 
 

= =  

x x
f x

x
 

iu  c ngha l khong cch NK = x  t mt im N ca  th n trc 
tung dn n 0 khi im N theo  th i xa ra v tn v pha trn hoc pha 

di.  Ngi ta gi trc tung l ng tim cn ng ca  th hm s 
1 .=y
x

 

Mt cch tng qut,  ta c 

nh ngha 1  

ng thng 0=y y  c gi l ng tim cn ngang  (gi tt 

l tim cn ngang)  ca  th hm s ( )=y f x  nu 

  0lim ( )
 +

=

x
f x y    hoc 0lim ( ) .

 

=

x
f x y  

(Xem hnh 1 .7).  

 

 

 

 

 

 

 

 

 

ng thng 0y y=  l tim cn ngang ca 

 th  (khi x   +).  

a)  

ng thng 0y y=  l tim cn ngang 

ca  th  (khi x   ).   

b)  

Hnh 1 .7 
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nh ngha 2 

ng thng 0=x x  c gi l ng tim cn ng  (gi tt 

l tim cn ng) ca  th hm s ( )=y f x  nu t nht mt 

trong cc iu kin sau c tho m^n :  

  
0

lim ( )
x x

f x




= +  ;   
0

lim ( )
x x

f x
+



= +  ;  

          
0

lim ( )
x x

f x




=   ;   
0

lim ( )
x x

f x
+



=   

(Xem hnh 1 .8).  

 

 

 

 

 

 

 

 

   a)       b)  

 

 

 

 

 

 

 

 

 

   c)                    d)  

a) v c).  ng thng 0x x=  l tim cn 

ng ca  th  (khi x   0x
 ).                           

 b)  v d).  ng thng 0x x=  l tim 

cn ng ca  th (khi x   0x
+ ).  

Hnh 1 .8 
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V d 1.  Tm tim cn ngang v tim cn ng ca  th hm s 
2 1 .

2


=
+

x
y

x
 

Gii 

Hm s ^ cho c tp xc nh l R  \ {2} .   

V lim 2
 +

=

x
y  v lim 2

 

=

x
y  

nn ng thng 2=y  l tim 

cn ngang ca  th (khi 
 +x  v khi  x ).  

V 
( 2)

lim
x

y
+

 

=   v   

( 2)
lim

x
y


 

= +  nn ng thng 

2= x  l tim cn ng ca  

th (khi ( 2)+ x  v khi 

( 2) x )  (h.1 .9).  

V d 2.  Tm tim cn ngang v tim cn ng ca  th hm s 

2 1
.

+
=

x
y

x
 

Gii 

Hm s ^ cho c tp xc nh l 

R  \ { 0} .  

Ta c 
+ +

+

=

2

1
1

lim lim
x x

x xy
x

 

= 
2

1
lim 1 1 .
+

+ =

x x
 

Do ,  ng thng 1=y  l 

tim cn ngang ca  th (khi 

).x  +      

Hnh  1 .9 

Hnh 1 . 10 
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Tng t,   lim
x

y  = 


+
 2

1
1

lim
x

x x

x
 = 

2

1
lim 1 1 .


 + = 

x x
 

Do ,  ng thng 1= y  l tim cn ngang ca  th (khi  x ).  

V 
0

lim
+



= +

x

y  v 
0

lim




= 

x

y  nn ng thng 0=x  l tim cn ng 

ca  th (khi 0+x
 
v khi 0x ) (h.1 .10).  

H1  Tm tim cn ngang v tim cn ng ca  th hm s 
2

5 3 .
1

x
y

x


=



 

2.  ng tim cn xin 

Cho  (C) l  th ca hm s ( )=y f x  v (d) l ng thng  

   y ax b= +   (a    0).  

Gi M v N l hai im ca (C)  v (d)  c cng honh  x  (h.1 .1 1 ).  Nu  

di ca on thng MN dn n 0  khi x dn n +  (hoc khi x dn n )  

th ng thng (d)  c gi l ng tim cn xin ca (C).   

V ( ) ( )=  +MN f x ax b  nn ta c nh ngha sau :  

nh ngha 3 

ng thng ,= +y ax b  0,a  c gi l ng tim cn  

xin (gi tt l tim cn xin)  ca  th hm s ( )=y f x  nu 

  lim [ ( ) ( )] 0,
 +

 + =

x
f x ax b  

hoc  lim [ ( ) ( )] 0.
x

f x ax b
 

 + =  

(Xem hnh 1 .11 ).  

 

 

 



 33  

 

 

 

 

 

 

 

 
 

ng thng y ax b= +  l tim cn                           ng thng  y ax b= +  l tim cn  

xin ca  th (khi x   +).                                        xin ca  th  (khi x   ).   

   a)          b)  

Hnh 1 . 11  

 

V d 3.   th hm s 

 
2

( )
1

= +



x
f x x

x
 

c tim cn xin (khi 
 +x  v khi  x )  l 

ng thng y  = x  v 

lim [ ( ) ]
+



x
f x x  = 

= 
2

lim 0
1+

=

x

x

x
 

v lim [ ( ) ] 0


 =

x
f x x   

(h.1 .12).   

 

H2  Chng minh rng ng thng 2 1= +y x  l tim cn xin ca  th hm s 

    
1 .2 1

2
y x

x
= + +



 

Hnh 1 .12  
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ch  

 xc nh cc h s a,  b  trong phng trnh ca ng tim cn 
xin,  ta c th p dng cc cng thc sau :  

  
( )

lim
 +

=

x

f x
a

x
 ;   lim [ ( ) ]

 +

= 

x
b f x ax  

hoc 
( )

lim
 

=

x

f x
a

x
 ;   lim [ ( ) ].

 

= 

x
b f x ax  

(Khi a  = 0 th ta c tim cn ngang).  

Tht vy, xt trng hp  +x ,  gi s hm s f xc nh trn khong 

( ; ) +  v ng thng = +y ax b  l tim cn xin ca  th hm s 

( )=y f x  (khi  +x ).   Khi , theo nh ngha 3,  ta c 

   lim [ ( ) ( )] 0.
 +

 + =

x
f x ax b     (1 )  

Do   
( ) ( )

lim 0,
 +

 +
=

x

f x ax b

x
 

tc l   
( )

lim 0.
 +


  =  x

f x b
a

x x
 

V lim 0
+

=

x

b

x
 nn 

   
( ) .lim

 +

=

x

f x
a

x
      (2)  

T (1 ) suy ra 

   lim [ ( ) ].
 +

= 

x
b f x ax      (3)  

o li,  nu a  v b  tho m^n (2) v (3)  th t (3) suy ra (1 ).  Do  ng 
thng = +y ax b  l tim cn xin ca  th hm s ( )=y f x  nu 0a  v 

l tim cn ngang nu  a  =  0.  

 Trng hp  x  c chng minh tng t.  

V d 4.  Tm tim cn xin ca  th hm s 

     
3

2
.( )

1
=



x
f x

x
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Gii.  Ta c 

 
( )

lim
 +

=

x

f x
a

x
 = 

3

2
lim 1

( 1) +

=

x

x

x x
 ;  

 lim [ ( ) ]
 +

= 

x
b f x x  = 

3

2
lim

1 +


  

 x

x
x

x
 = 

2
lim 0.

1 +

=

x

x

x
 

Theo ch  va nu,  ng thng y  = x  l tim cn xin ca  th hm s 
^ cho (khi  +x ).  

Ta cng c 
( )

lim 1,


= =

x

f x
a

x
 lim [ ( ) ] 0.



=  =

x
b f x x  

Do ,  ng thng =y x  cng l tim cn xin ca  th (khi  ).x  

Ta thy li kt qu ^ nhn c trong v d 3.  

H3  Tm tim cn xin ca  th hm s 

   
22 3 1 .( )

2

 
=



x x
f x

x
 

Cu hi  v bi  tp 

35.  Tm cc ng tim cn ca  th mi hm s sau :  

a)  
3 2


=
+

x
y

x
 ;     b)  

2
3

 
=

+

x
y

x
 ;  

c) 
1

2
3

= + 


y x
x

 ;     d)  
2 3 4
2 1
 +

=
+

x x
y

x
 ;  

e)  
2 1

+
=



x
y

x
 ;     f)  

3
.

1
=

+

x
y

x
 

36.  Tm cc ng tim cn ca  th mi hm s sau :  

a) 
2

2 1
3


= + 

x
y x

x
 ;   b)  

3

2 2

+
=



x
y

x x
 ;  

c) 
3

2

1

1

+ +
=



x x
y

x
 ;    d)  

2

2

1 .
5 2 3

+ +
=

  +

x x
y

x x
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37.  Tm cc ng tim cn ca  th mi hm s sau :  

a) 2 1= y x  ;     b)  22 1= + y x x  ;  

c)  2 1= + +y x x  ;    d)  2 1.= + +y x x  

Luyn tp 

38.  Tm cc ng tim cn ca  th mi hm s sau :  

a) 2 1= + y x x  ;    b)  2 4 3=  +y x x  ;  

c) 2 4= +y x  ;    d)  
2

2
.

1

+ +
=



x x
y

x

 

39.  a) Tm tim cn ng v tim cn xin ca  th (C)  ca hm s 

    
2 2 2 .

3

 +
=



x x
y

x
 

b)  Xc nh giao im I  ca hai tim cn trn v vit cng thc chuyn h to 

 trong php tnh tin theo vect .OI  

c)  Vit phng trnh ca ng cong (C)  i vi h to  IXY.  

T  suy ra rng I  l tm i xng ca ng cong (C).  

40.  Cng cc cu hi nh trong bi tp 38  i vi  th ca cc hm s sau :  

a)  
2

2

+ 
=

+

x x
y

x
 ;    b)  

2 8 19 .
5

 +
=



x x
y

x
 



 37 

1.  Cc bc kho st s bin thin v v  th ca hm s 

Trong hai bi 6 v 7  ta s s dng nhng iu  trnh by trong cc bi 
trc  kho st s bin thin v v  th ca hm s.  Ta s ch  cp n 
mt s hm s n gin.  Khi kho st v v  th ca hm s,  ta tin hnh 
cc bc sau y :  

1 o
.  Tm tp xc nh ca hm s.  

2
o
.  Xt s bin thin ca hm s 

a) Tm gii hn ti v cc v gii hn v cc (nu c) ca hm s.  

Tm cc ng tim cn ca  th (nu c).  

b) Lp bng bin thin ca hm s,  bao gm :  

Tm o hm ca hm s,  xt du o hm, xt chiu bin thin v tm cc tr 
ca hm s (nu c),  in cc kt qu vo bng.   

3
o
.  V  th ca hm s 

  V cc ng tim cn ca  th (nu c).  

 Xc nh mt s im c bit ca  th,  chng hn  tm giao im ca  
th vi cc trc to .  (Trong trng hp  th khng ct cc trc to  hoc 
vic tm to  giao im phc tp th b qua phn ny).  

 Nhn xt v  th :  Ch ra trc v tm i xng ca  th (nu c,  khng 
yu cu chng minh).  

2.  Hm s = + + +
3 2

y ax bx cx d  ( )a  0  

V d 1.  Kho st s bin thin v v  th  (C)  ca hm s  

   3 21
( 3 9 5).

8
y x x x=     

Gii 

1
o
.  Hm s c tp xc nh l R.  

6
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2
o
.  S bin thin ca hm s 

a) Gii hn ca hm s ti v cc 

   lim
x

y
 

=   v lim .
x

y
 +

= +  

b)  Bng bin thin 

Ta c   21
' (3 6 9)

8
y x x=    ;  

  ' 0=y    
2

2 3 0  =x x    1x =   hoc 3.=x  

x    1   3   +  

y'   + 0   0 +  

y  
 

 
0 
 

 
 

 +  

      4   

Hm s ng bin trn mi khong ( ; 1)   v (3 ; + ),  nghch bin trn 

khong ( 1 ; 3  

Hm s t cc i ti im 1x =   ;  gi tr cc i ca hm s l ( 1) 0. =y  

Hm s t cc tiu ti im 3=x  ;  gi tr  cc tiu ca hm s l 

(3) 4.y =   

3
o
.   th  (h.1 .13) 

Giao im ca  th vi trc tung l 

im 
5

0 ;
8


 

 
.  Ta c 

y  = 0    
2

( 1) ( 5) 0+  =x x  

    x =  1  hoc x = 5.  

Vy  th v trc honh c hai 

im chung l (1  ;  0)  v (5  ;  0).  

Ngoi ra  th cn i qua mt im 

c bit gi l im un ca n m 

ta s  cp sau y.  
Hnh 1 .13 
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im un ca  th  

Gi U  l im thuc  th (C)  trong v d 1  c honh  l nghim ca 

phng trnh y"  = 0.  Ta c 
1

'' (6 6) ; ' ' 0 1 .
8

y x y x=  =  =   

To  ca im U  l (1  ;  2).  

C th chng minh c rng trn khong ( ; 1)  ng cong (C)  nm pha 

di tip tuyn ca (C)  ti ,U  cn trn khong (1 ; )+  ng cong (C)  nm 

pha trn tip tuyn .  Ngi ta ni rng tip tuyn ti im U xuyn qua 

ng cong.  im U  c gi l im un ca ng cong (C).  

Mt cch tng qut,  ta c khi nim im un nh sau :  

im 0 0( ; ( ))U x f x  c gi l im un ca  th hm s ( )=y f x  nu 

tn ti mt khong ( ; )a b  cha im 0x  sao cho trn mt trong hai khong 

0( ; )a x  v 0( ; )x b  tip tuyn ca  th ti im U  nm pha trn  th cn 

trn khong kia tip tuyn nm pha di  th (xem bi tp 30).  Ngi ta ni 
rng tip tuyn ti im un xuyn qua  th (xem hnh 1 .13).    tm im 
un ca  th c th s dng iu khng nh  c chng minh sau y.  

Nu hm s ( )=y f x  c o hm cp hai trn mt khong cha im  0x ,  

0' '( ) 0=f x  v  ' '( )f x  i du khi  x  qua im  0x  th 0 0( ; ( ))U x f x  l mt 

im un ca  th hm s ( )=y f x .  

V d.   Tm im un ca  th hm s 3 21 4
( ) 3

3 3
=  + + +f x x x x .   

Gii.  Ta c 
2

'( ) 2 3=  + +f x x x ,  ' '( ) 2 2=  +f x x  v ' '( ) 0=f x  ti im  

0 1=x .  V ' '( )f x  i du (t dng sang m) khi x  qua im 0 1=x  nn  

(1 ; 5)U  l im un ca  th hm s  cho.         

D chng minh c rng :   

 th ca hm s bc ba  
3 2( ) = + + +f x ax bx cx d  ( 0)a  lun c mt 

im un v im  l tm i xng ca  th.  

V d 2.  Kho st s bin thin v v  th ca hm s  

    3 23 4 2.=  +  +y x x x  
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Gii 

1
o
.  Hm s c tp xc nh l R.  

2
o
.  S bin thin ca hm s 

a) Gii hn ca hm s ti v cc 

   lim


= +

x
y  v lim .

+

= 

x
y  

b)  Bng bin thin 

Ta c    2' 3 6 4.=  + y x x  

V ' 0<y  vi mi x R  nn hm s nghch bin trn R.  Hm s khng c 

cc tr.  

x     
+  

'y      

+    
y  

    

3
o
.   th (h.1 .14) 

  im un 

o hm cp hai ca hm s l  
' ' 6 6.=  +y x  

' ' 0=y  ti im 1=x  v ' 'y  i 

du t dng sang m khi x  qua 
im 1 .x =  

Vy (1 ; 0)U  l im un ca  th.   

  Giao im ca  th vi trc to  

Giao im ca  th vi trc tung l 
im (0 ;  2).  

Phng trnh 0=y  hay  
2( 1)( 2 2) 0x x x  + =  c nghim 

1 .=x  
Do ,  th ct trc honh ti im 
(1 ; 0).   

Nhn xt :    th nhn im un (1 ; 0)U  lm tm i xng.  

Hnh 1 .14 
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3.  Hm s trng phng = + +
4 2

y ax bx c  ( )a  0  

V d 3.  Kho st s bin thin v v  th ca hm s  

    
4 22 3.y x x=    

Gii 

1
o
.  Hm s c tp xc nh l R.  

2
o
.  S bin thin ca hm s 

a) Gii hn ca hm s ti v cc 

   lim


= +
x

y     v    lim .
+

= +
x

y  

b)  Bng bin thin 

Ta c   'y  = 
3

4 4x x  = 
2

4 ( 1)x x  ;  

  'y  = 0   0=x  hoc 1x =  hoc x  =  1.  

x     1   0  1   
+  

'y     0 + 0   0 +  

+  
  3     

+  
y  

  4     4    

Hm s nghch bin trn mi khong 
( ; 1)   v (0 ; 1 ) ,  ng bin trn 

mi khong ( 1 ; 0 )  v (1 ; ).+  

Hm s t cc i ti im 0,x =  gi 

tr cc i ca hm s l (0) 3.= y  

Hm s t cc tiu ti cc im 

1= x ,  gi tr cc tiu ca hm s l 

( 1) 4. = y  

3
o
.   th (h.1 .15) 

 im un  

Ta c  2' ' 12 4= y x .  
Hnh 1 .15 
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' ' 0=y  ti cc im 1 3
=x ,  2 3

= x  v ' 'y  i du khi x  qua mi 

im 1x  v 2x .  

 Do   1

3 5
; 3

3 9
U


  

 
 v 2

3 5
; 3

3 9


 

 
U  l hai im un ca  th.  

  Giao im ca  th vi trc tung l im (0 ; 3).  

Ta c 0=y    3.= x  

Vy  th ct trc honh ti hai im ( 3 ; 0)  v ( 3 ; 0).  

Nhn xt :   Hm s  cho l hm s chn nn  th ca n nhn trc tung 
lm trc i xng.  

V d 4.  Kho st s bin thin v v  th ca hm s  

   4 22 3.=   +y x x  

Gii 

1
o
.  Hm s c tp xc nh l R.  

2
o
.  S bin thin ca hm s 

a) Gii hn ca hm s ti v cc 

   lim


= 
x

y  v lim .
+

= 
x

y  

b)  Bng bin thin 

Ta c   3' 4 4=  y x x  = 
2

4 ( 1) +x x  ;  

   ' 0=y    0.=x  

x     0  
+  

'y   + 0    

  3  
  

y  
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Hm s ng bin trn khong (  ;  0)  v 

nghch bin trn khong (0  ;  +).  

Hm s t cc i ti im 0=x  ;  gi 
tr cc i ca hm s l (0) 3.=y  

3
o
.   th  (h.1 .16) 

Giao im ca  th vi trc tung l im 
(0 ; 3) .  Ta c 

  0=y    x  = 1 .  

Vy  th ct trc honh ti hai im 
( 1 ; 0  v (1  ;  0).  

Nhn xt :  Hm s  cho l hm s chn 
nn  th ca n nhn trc tung lm trc 
i xng.  

Ch  

Gi  (C)  l  th ca hm s 4 2 ( 0)= + + y ax bx c a .  

Ngi ta chng minh c rng 

1 )  Nu phng trnh  

                                            ' '( ) 0=f x       (1 ) 

c hai nghim phn bit 0 0( 0)=  >x x x  th  th (C)  c hai 

im un 1 0 0( ; ( ))U x f x  v 2 0 0( ; ( ))U x f x   i xng vi nhau 

qua trc tung.  

2)  Nu phng trnh (1 )  c mt nghim kp hoc v nghim th  

th (C)  khng c im un.  

(D thy rng  th hm s trong v d 4 khng c im un).  

Cu hi  v bi  tp 

40.  a) Kho st s bin thin v v  th ca hm s 

    
3 23 4.= + y x x  

b)  Vit phng trnh tip tuyn ca  th ti im un.  

c) Chng minh rng im un l tm i xng ca  th.  

Hnh 1 . 16 
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41.  a) Kho st s bin thin v v  th ca hm s 

   3 23 1 .=  + y x x  

b)  Tu theo cc gi tr ca m,  hy bin lun s nghim ca phng trnh 

   
3 23 1 . +  =x x m  

42.  Kho st s bin thin v v  th ca cc hm s sau :  

a)  y  =  
3 21 5

3
3 3

  x x x  ;   b)  y  = 
3

3 1 +x x  ;  

c) y  = 
3 21 2

2
3 3

 +  x x x  ;   d)  y  = 
3 23 3 1 . + +x x x  

43.  a) Kho st s bin thin v v  th ca hm s  

   y  =  
4 22 2. + x x  

b)  Tu theo cc gi tr ca m,  hy bin lun s nghim ca phng trnh 

   
4 22 2 . +  =x x m  

c)  Vit phng trnh tip tuyn ti cc im un ca  th  cu a).  

44.  Kho st s bin thin v v  th ca cc hm s sau :  

a) y  = 
4 23 2 +x x  ;       b) y  = 

4 22 1 .  +x x  

Luyn tp 

45.  a) Kho st s bin thin v v  th ca hm s 

   y  =  
3 23 1 . +x x  

b)  Tu theo cc gi tr ca m,  hy bin lun s nghim ca phng trnh 

   
3 23 2 0. + + =x x m  

46.  Cho hm s 

   y  =  
2

( 1)( 2 2).+ + + +x x mx m  

a)  Tm cc gi tr ca m    th ca hm s  cho ct trc honh ti ba 

im phn bit.  

b)  Kho st s bin thin v v  th ca hm s vi 1 .= m  
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47.  Cho hm s 

    
4 2( 1) .=  + +y x m x m  

a)  Kho st s bin thin v v  th ca hm s vi  m  =  2.  

b)  Chng minh rng  th ca hm s  cho lun i qua hai im c nh 
vi mi gi tr ca m.  

48.  Cho hm s 

    
4 22 2 .=  +y x mx m  

a)  Tm cc gi tr ca m  sao cho hm s c ba im cc tr.  

b)  Kho st s bin thin v v  th ca hm s vi m  =  
2
.  Vit phng 

trnh tip tuyn ca  th ti hai im un.  

1.  Hm s y  =  
cx d+

 ( 0c  v )  0ad bc  

V d 1.  Kho st s bin thin v v  th ca hm s   

    y  = 
2 1 .

1
x

x
 

Gii 

1
o
.  Hm s c tp xc nh l  { }\ 1 .  

2
o
.  S bin thin ca hm s 

a) Gii hn v cc,  gii hn ti v cc v cc ng tim cn 

Ta c 
1

lim


= 
x

y  v 
1

lim .
+



= +
x

y  Do ,  ng thng 1=x  l tim cn 

ng ca  th hm s  cho (khi 1x  v khi 1 ).x +
  

7
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V lim lim 2
+ 

= =
x x

y y  nn ng thng 2=y  l tim cn ngang ca  

th hm s  cho (khi  +x  v khi  ).x  

b)  Bng bin thin 

Ta c     
2

1
' 0

( 1)


= <


y

x
 vi mi 1 .x  

x     1   +  

'y          

2 
  +    

y  
      2 

Hm s nghch bin trn mi khong ( ; 1)  v (1 ; ).+  

3
o
.   th (h.1 .17) 

  th ct trc tung ti im (0 ; 1)  v ct 

trc honh ti im 
1

.; 0
2


 
 

 

Nhn xt :    th nhn giao im (1 ; 2)I  

 ca hai ng tim cn lm tm i xng.  

H1  Kho st s bin thin v v  th hm 

s  
1 .

2


=

+

x
y

x
 

2.  Hm s 
' '
+ +

=
+

2
ax bx c

y
a x b

 , ' ( 0 0)a a  

V d 2.  Kho st s bin thin v v  th ca hm s  
2 2 2 .

1
+ +

=
+

x x
y

x
 

Gii 

1
o
.  Hm s c tp xc nh l { }\ 1 .  

2o.  S bin thin ca hm s 

a) Gii hn ti v cc,  gii hn v cc v cc ng tim cn 

Hnh 1 .17 
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Ta vit hm s  cho di dng 

    
1 .1
1

= + +
+

y x
x

 

Ta c lim


= 
x

y  v lim .
+

= +
x

y  

V 
( 1)
lim

 

= 
x

y  v 
( 1)
lim

+ 

= +
x

y  nn ng thng 1= x  l tim 

cn ng ca  th hm s  cho (khi ( 1) x  v khi ( 1)+ x ).  

V  ( )lim 1
+

 + 
x

y x  = 
1

lim 0
1x x+
=

+
,  v ( )lim 1 0

x
y x


 + =   

nn ng thng 1= +y x  l tim cn xin ca  th hm s  cho (khi 

 +x  v khi ). x  

b)  Bng bin thin 

Ta c  :    'y  =  
2

2

2

( 1)

+

+

x x

x
 ;  

'y  = 0   
2

2 0+ =x x    0=x  hoc 2.= x  

x     2   1   0  +  

'y   + 0      0 +  

  2    +   +  
y  

   
 

     2  
  

Hm s ng bin trn mi khong 
( ; 2)   v (0 ; ),+   nghch bin 

trn mi khong ( 2 ; 1)   v ( 1 ; 0  

Hm s t cc i ti im 2= x  
vi gi tr cc i ( 2) 2 = y  v t 

cc tiu ti im 0=x  vi gi tr cc 
tiu (0) 2.=y .  

3
o
.   th (h.1 .18) 

 th ct trc tung ti im (0 ;  2).  

Nhn xt :   th nhn giao im 
( 1 ; 0)I  ca hai ng tim cn lm 

tm i xng.  Hnh 1 . 18 
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V d 3.  Kho st s bin thin v v  th ca hm s 

   
2 2 3 .

2
 

=


x x
y

x
 

Gii.   C th vit hm s  cho di dng 

   
3 .
2

= 


y x
x

 

1 o
.  Hm s c tp xc nh l { }\ 2 .  

2o.  S bin thin ca hm s 

a) Gii hn ti v cc,  gii hn v cc v cc ng tim cn 

Ta c 

   lim
x

y


=   v lim
x

y
+

= +  ;  

   
2

lim
x

y




= +  v 
2

lim .
x

y
+



=   

Do ,  ng thng x  = 2 l tim cn ng ca  th hm s  cho (khi 

2x  v khi 2 ).x +
  

V 
3
2


 = 


y x

x
 khi  +x  v khi  x  nn ng thng y  =  x 

l tim cn xin ca  th hm s  cho (khi  +x  v khi  x ).  

b)  Bng bin thin 

V 
2

3
' 1 0

( 2)
= + >


y

x
 vi mi x    2  nn hm s ng bin trn mi 

khong ( ; 2)  v (2 ; ).+  

x    2  +  

y '   +   +  

y    +    +  
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3
o
.   th  (h.1 .19) 

  Giao im ca  th vi trc 

tung l im ;
2


 
 

.  Ta c 

     y  = 0   
2

2 3 0  =x x  

       1x =   hoc 3.=x  

Vy  th ct trc honh ti 

hai im ( 1 ; 0  v (3  ;  0).   

Nhn xt :   th hm s nhn 

giao im (2 ; 2)I  ca hai ng 

tim cn lm tm i xng.  

H2  Kho st s bin thin v 

v  th hm s  
2

.
1

 
=

+

x x
y

x
 

Cu hi  v bi  tp 

49.  a) Kho st s bin thin v v  th ca hm s 

   
2 .

2 1


=

+

x
y

x
 

b)  Chng minh rng giao im I ca hai ng tim cn ca  th l tm i 

xng ca  th.  

50.  Kho st s bin thin v v  th ca cc hm s sau :  

a)  
1

+
=



x
y

x
 ;     b)  

2 1 .
1 3

+
=



x
y

x
 

51.  a) Kho st  s bin thin v v  th ca hm s 

   
22 5 4 .

2

+ +
=

+

x x
y

x
 

b)  Chng minh rng giao im I ca hai ng tim cn ca  th l tm i 

xng ca  th.  

Hnh 1 .19 
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c) Tu theo cc gi tr ca m,  hy bin lun s nghim ca phng trnh 

    
22 5 4

0.
2

+ +
+ =

+

x x
m

x
 

52.  Kho st s bin thin v v  th ca cc hm s sau :  

a) 
2 3 6

1

 +
=



x x
y

x
 ;    b)  

22 1

1

 +
=



x x
y

x
 ;  

c)  
22 3 3

2

+ 
=

+

x x
y

x
 ;    d)  

1 .2
1

y x
x

=  + +



 

Luyn tp 

53.  a) Kho st s bin thin v v  th ca hm s  .
2

x
y

x

+
=


 

b)  Vit phng trnh tip tuyn ca  th hm s  cho ti giao im A  ca 
 th vi trc tung.  

c) Vit phng trnh tip tuyn ca  th hm s  cho,  bit rng tip tuyn 
 song song vi tip tuyn ti im A.  

54.  a) Kho st s bin thin v v  th (H)  ca hm s 
1 .1
1

y
x

= 
+

 

b)  T  th (H)  suy ra cch v  th ca hm s 
1 .1
1

y
x

=  +
+

 

55.  a) Kho st s bin thin v v  th ca hm s 
2 .
1

y x
x

= 


  

b)  Vit phng trnh tip tuyn ca  th hm s  cho bit rng tip tuyn 
 i qua im (3  ;  3).  

56.  a) Kho st s bin thin v v  th  (C)  ca hm s 
2

.
1

x
y

x
=

+
 

b)  T  th  (C) suy ra cch v  th ca hm s 
2

.
1

x
y

x
=

+
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1.  Giao im ca hai  th 

Cc  th ca hai hm s ( )=y f x  v ( )=y g x  ct nhau ti im 

0 0( ; )M x y  khi v ch khi 0 0( )=y f x  v 0 0( )=y g x ,  tc l 0 0( ; )x y  l mt 

nghim ca h phng trnh 

    
( ).

=


=

y

y g x
 

Nh vy honh  giao im ca hai  th trn l nghim ca phng trnh 

    ( ) ( ).=f x g x  

S nghim ca phng trnh trn bng s giao im ca hai  th.  

V d 1.  Vi cc gi tr no ca m,  ng thng y  = m  ct ng cong 
4 22 3=  y x x  ti bn im phn bit ?  

Gii 

Honh  giao im ca ng thng v ng cong  cho l nghim ca 

phng trnh  
4 22 3  =x x m ,  tc l 

                            
4 22 3 0.   =x x m                             (1 )  

t 2 ,=X x  0,X  ta c 

   
2

2 3 0.   =X X m         (2) 

ng thng ct ng cong  cho ti bn im phn bit khi v ch khi 
phng trnh (1 ) c bn nghim phn bit.  iu ny xy ra khi v ch khi 

phng trnh (2) c hai nghim dng 1 2,X X  phn bit,  tc l 

  1 2

1 2

' 0

0

0

 >


>

 + >

X X

X X

   

4

3

2 0

+ >


  >

 >

m

m    4 3.m < <      

8
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Nhn xt 

C th gii bi ton trn bng  th nh sau :  

 th ca hm s 4 22 3=  y x x  c cho trong hnh 1 .15.  

 th ca hm s y  = m  l mt ng thng song song hoc trng vi trc 
honh.  Da vo  th ca hai hm s  cho, ta thy ngay rng ng thng v 
ng cong  cho ct nhau ti bn im phn bit khi v ch khi 4 3.m < <   

H1  Chng minh rng vi mi gi tr ca m,  ng thng y =  x   m  ct ng cong 

2

1

x x
y

x

 +
=



 ti hai im phn bit.  

2.  S tip xc ca hai ng cong 

nh ngha 

Gi s hai hm s f v g c o hm ti im 0 .x  Ta ni rng hai 

ng cong ( )=y f x  v ( )=y g x  tip xc  vi nhau ti im 

0 0( ; )M x y  nu M l mt im chung ca chng v hai ng 

cong c tip tuyn chung ti im M.  im M c gi l 
tip im  ca hai ng cong  cho.  

Hin nhin cc  th ca hai 
hm s  cho tip xc vi 

nhau ti im 0 0( ; )M x y  

(h.1 .20) khi v ch khi 

0 0( ),=y f x  0 0( )=y g x  

v 0 0'( ) '( ).=f x g x   

T  d dng suy ra rng      

Hai ng cong ( )=y f x  v ( )=y g x  tip xc vi nhau khi v 

ch khi h phng trnh 

     
( )

'( ) '( )

=


=

f x

f x g x
 

c nghim v nghim ca h phng trnh trn l honh  tip 
im ca hai ng cong .  

Hnh 1 .20 
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V d 2.  Chng minh rng hai ng cong 

   
3 5

4
= + y x x  v 

2
2= + y x x  

tip xc vi nhau ti mt im no .  

Xc nh tip im v vit phng trnh tip tuyn chung ca hai ng cong 
 cho ti im .  

Gii 

Honh  tip im ca hai ng cong  cho l nghim ca h phng trnh 

  (I)  

3 2

3 2

5
2 2

4

'5
2 ( 2) ' .

4


+  = + 




+  = +  
  

x x x x

x x x x

 

Ta c 

    (I)    

3 2

2

0
14 .
25

3 2 1
4


 + =

 =


+ = +


x
x x

x

x x

 

Vy hai ng cong  cho tip xc vi nhau ti im 
1 5
; .

2 4


 
 

M  

H s gc ca tip tuyn chung ti im M ca hai ng cong  cho l 

1
' 2.
2


= 

 
y  Phng trnh tip tuyn chung ca hai ng cong ti im M l 

1 5
2 ,

2 4


=   
 

y x  hay 
9 .2
4

= y x  

H2  Chng minh rng ng cong 3y x x=   tip xc vi parabol 2 1y x=   ti 

mt im no .  

Xc nh tip im v vit phng trnh tip tuyn chung ca hai ng cong ti 
im .  

V d 3.  Chng minh rng ng thng = +y px q  l tip tuyn ca parabol 

2
= + +y ax bx c  khi v ch khi phng trnh 

   
2
+ + = +ax bx c px q  
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hay   

                     
2

( ) 0+  +  =ax b p x c q                                                      (3) 

c nghim kp, tc l 

   2( ) 4 ( ) 0. =    =b p a c q  

Chng minh 

Ta  bit :  ng thng v parabol  cho tip xc vi nhau khi v ch khi h 

phng trnh 

  
2

2( ) ' ( ) '

+ + = +


+ + = +

ax bx c px q

ax bx c px q
 

hay 

             
2 ( ) 0

2 (4)

ax b p x c q

ax b p

+  +  =


+ =
 

      

c nghim.  

Nu ng thng tip xc vi parabol th h phng trnh trn c nghim.  Gi 

s 0=x x  l nghim ca h phng trnh trn.  Khi ,  v 0a nn t (4)  ta 

c 0
.

2


=
p b

x
a

 Thay vo (3),  ta c 

  
2

2

( ) ( )
( ) 0.

24

 
+  +  =

p b p b
a b p c q

aa
 

T  suy ra 

  2( ) 4 ( ) 0.   =b p a c q  

Vy phng trnh (3) c nghim kp.  

o li,  nu phng trnh (3)  c nghim kp 0x  th 0
.

2


=
p b

x
a

 Hin nhin 

0=x x  cng l nghim ca phng trnh (4).  Vy h phng trnh trn c 

nghim.  Do  ng thng l tip tuyn ca parabol.  
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Ch  

C th p dng iu khng nh trong v d 3   xt s tip xc ca 

ng thng v parabol.  

V d 4.  Vit phng trnh ca ng thng i qua im A(1  ;  2) v tip xc 

vi parabol 2 2 .= y x x  

Gii 

Phng trnh ca ng thng i qua im A(1  ;  2)  v c h s gc m  l 

( 1) 2.=  y m x  

Honh  giao im ca ng thng v parabol  cho l nghim ca 

phng trnh 
2

2 ( 1) 2,x x m x =    tc l  

        
2

( 2) 2 0. + + + =x m x m                    (5)  

ng thng tip xc vi parabol khi v ch khi phng trnh (5) c nghim 

kp, tc l 

  = 
2

( 2) 4 ( 2) 0+  + =m m  

   ( 2) ( 2) 0+  =m m    2=m  hoc m  = 2.   

Vy c hai tip tuyn ca parabol  cho i qua im A.   l hai 
ng thng 

  2( 1) 2=  y x   hay  2 4= y x  

v  2( 1) 2y x=      hay  2 .y x=   

Cu hi  v bi  tp 

57.  a) Kho st s bin thin v v  th  (C)  ca hm s 

   3 2( ) 2 3 1 .= + +f x x x  

b)  Tm cc giao im ca ng cong (C)  v parabol 

  (P)  :  2( ) 2 1 .g x x= +    
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c) Vit phng trnh cc tip tuyn ca (C) v (P) ti mi giao im ca chng.  

d)  Xc nh cc khong trn  (C) nm pha trn hoc pha di (P).  

58.  a) Kho st s bin thin v v  th ca hm s 

    
2 1 .

1


=
+

x
y

x
 

b)  Vi cc gi tr no ca m,  ng thng md  i qua im A(2 ;  2)  v c h 

s gc m  ct  th ca hm s  cho 

  Ti hai im phn bit ?  

  Ti hai im thuc hai nhnh ca  th ?  

59.  Chng minh rng cc  th ca ba hm s 

 2( ) 3 6,f x x x=  + +  
3 2( ) 4=  +g x x x  v 

2
( ) 7 8= + +h x x x  

tip xc vi nhau ti im A(1  ;  2)  (tc l chng c cng tip tuyn ti A).  

60.  Chng minh rng cc  th ca hai hm s 
2 3

( )
2 2
x

f x x= +  v 
3

( )
2

=
+

x
g x

x
 

tip xc vi nhau.  Xc nh tip im ca hai ng cong trn v vit phng 

trnh tip tuyn chung ca chng ti im .  

61.  Mt vin n c bn ra 
vi vn tc ban u 

0 0>v  t mt nng sng 

t  gc to  O,  

nghing mt gc   vi 

mt t (nng sng nm 
trong mt phng thng 
ng Oxy  v to vi trc 

honh Ox  gc )  (h.1 .21 ).  

Bit qu o chuyn ng 
ca vin n l parabol.  

  ( )  :  2 2
2
0

(1 tan ) tan
2

g
y x x

v
 =  + +    

(g l gia tc trng trng).  

Hnh 1 .21  
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Chng minh rng vi mi 0 ;
2


 

  
 

,  ( )  lun tip xc vi parabol ( )  

c phng trnh l 

   
2

2 0
2
0

22
=  +

vg
y x

gv
  

v tm to  tip im ( ( )  c gi l parabol an ton).  

Luyn tp 

62.  a) Kho st s bin thin v v  th ca hm s 

   .
1


=

+

x
y

x
 

b)  Chng minh rng giao im I ca hai ng tim cn ca ng cong  

cho l tm i xng ca n.  

63.  a) Kho st s bin thin v v  th (H)  ca hm s 

   
2 .

2 1
+

=
+

x
y

x
   

b)  Chng minh rng ng thng 1= + y mx m  lun i qua mt im c 

nh ca ng cong (H)  khi m  bin thin.  

c) Tm cc gi tr ca m  sao cho ng thng  cho ct ng cong (H)  ti 

hai im thuc cng mt nhnh ca (H).  

64.  Cho hm s 
2

.
1


=



ax bx
y

x
 

a) Tm a  v b  bit rng  th (C) ca hm s  cho i qua im ;
2


 

 
A  

v tip tuyn ca (C) ti im O(0 ;  0)  c h s gc bng 3.  

b)  Kho st s bin thin v v  th ca hm s vi cc gi tr ca a  v b  

 tm c.  
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65.  a) Kho st s bin thin v v  th ca hm s 

    
22 1 .

1
 +

=


x x
y

x
 

b)  Vi cc gi tr no ca m  ng thng = y m x  ct  th ca hm s 

 cho ti hai im phn bit ?  

c) Gi A  v  B  l hai giao im .  Tm tp hp cc trung im M ca on 
thng AB  khi m  bin thin.  

66.  Tm cc h s a v b  sao cho parabol 22= + +y x ax b  tip xc vi hypebol 

1
=y
x
 ti im 

1
; 2 .

2


 
 

M  

67.  Mt tp ch c bn vi gi 20 nghn ng mt cun.  Chi ph cho xut bn 

x  cun tp ch (bao gm :  lng cn b, cng nhn vin, giy in,  . . .)  c 

cho bi 

   2( ) 0, 0001 0, 2 10000,=  +C x x x  

C(x) c tnh theo n v l vn ng.  Chi ph pht hnh cho mi cun l 

4 nghn ng.  

1
o
.  a)  Tnh tng chi ph  T(x)  (xut bn v pht hnh) cho x   cun tp ch.  

b) T s 
( )

( ) =
T x

M x
x

 c gi l chi ph trung bnh cho mt cun tp ch khi 

xut bn x cun.  Tnh ( )M x  theo x v tm s lng tp ch cn xut bn sao 

cho chi ph trung bnh l thp nht.  

2
o
.  Cc khon thu bao gm tin bn tp ch v 90 triu ng nhn c t 

qung co v s tr gip cho bo ch.  Gi s s cun in ra u c bn ht.  

a) Chng minh rng s tin li khi in x   cun tp ch l 

   2( ) 0, 0001 1,8 1000.=  + L x x x  

b)  Hi in bao nhiu cun th c li ?  

c) In bao nhiu cun th li nhiu nht ?  Tnh s tin li .  
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Tnh li,  lm v im un ca ng cong 

 

 

 

 

 

 

 

 

 

 

Hnh 1 .22  

ng cong (C)  trn  hnh  1 .  22 gm ba cung AB ,  BC  v CD  .  Ta thy tip tuyn 

ca ng  cong  ti  mi  im M  ca cung AB  u  nm pha trn ca cung ;  ngi  ta 

gi  AB  l mt cung li .  Tri  li ,  tip tuyn ti  mi  im ca cung BC  nm pha di  

ca cung ;  BC  c gi  l mt cung lm.  im B  l  im phn chia hai  cung li  v 

cung lm ca ng cong ;  ngi  ta gi  n l mt im un ca ng cong (C).  

Tng  t,  C  cng  l  mt im un  v  n phn chia cung lm BC  v cung  li  CD .  
Ta cng thy tip tuyn  ca ng cong ti  im un xuyn  qua ng  cong.   

Sau  y ta s gii  thiu  cc khi  nim  nu  mt cch  chnh  xc.  

1 .  Tnh  li ,  lm ca  th  

nh ngha.  Gi s hm s f c o hm trn  khong I.  Ta ni  rng  

a)   th  (C)  ca hm s  y  = f(x)  li  trn  khong I nu  tip tuyn  ca (C)  ti  mi  

im ca n u  nm pha trn   th.  

b)   th  (C)  ca hm s  y  = f(x)  lm trn  khong I nu  tip tuyn ca (C)  ti  mi  

im ca n u  nm pha di   th.  

Ta tha nhn nh  l  sau  y.  
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nh l.  Gi s hm s f c o hm cp hai  trn  khong  I.  Khi   

a)  Nu  ' '( ) 0f x <  vi  mi  x I  th  th  (C)  ca hm s y  = f(x)  li  trn I.  

b)  Nu ' '( ) 0f x >  vi  mi  x I  th  th  (C)  ca hm s y  = f(x)  lm trn  I.  

V d 1 .  Xt tnh  li ,  lm ca hai  parabol   f(x)  = x
2
 v g(x)  =  x

2
.  

Gii.  Ta c  '( ) 2f x x=  v   ' '( ) 2f x = .  

V ' '( ) 0f x >  vi  mi  x  nn  parabol   f(x)  = x
2
 l m trn .  

Tri  li ,  v   ' '( ) 2 0g x =  <  vi  mi  x   nn  parabol  g(x)  =    x
2
 li  trn  .  

C th thy ngay iu  khng nh  trn  t nh  ngha.  Tip tuyn ca parabol  f(x)  = x
2
 

ti  mi  im ca n u nm pha di   th  v tip tuyn ca parabol  g(x)  =   x
2
 

ti  mi  im ca n u nm pha trn   th.  

Ch .  iu  kin  nu  trong nh l  trn  ch l iu  kin   ch khng phi  l iu  kin 

cn  ca tnh  li ,  lm ca  th .  Chng  hn,  ng cong  f(x)  = x
4
 l  lm trn  v  

tip tuyn ca ng cong ti  mi  im ca n u  nm pha di  ng cong.  Tuy 

nhin,  ta c 2
' '( ) 12 0f x x= 

 vi  mi  x   v ' '( ) 0f x =  ti  x = 0.  

2.   im un ca  th  

nh ngha.  Gi s hm s f c o hm trn khong (a  ;  b)  cha im x0.  Nu   

th  (C)  ca hm s  y  = f (x)  li  trn  mt trong hai  khong (a  ;  x0),  (x0  ;  b)  v lm trn  

khong  cn li  th U(x
0
 ;  f (x

0
))  c gi  l im un  ca  th  (C)   (h.1 .  23).  

                                                             

    

 

 

 

 

 

Hnh 1 .23 

Ni  mt cch khc,  im un ca  th  l im phn  chia hai  phn  li  v lm ca 
 th.  

Tip tuyn ca  th  ti  im un lun  xuyn qua  th .  

T nh  l  v tnh li ,  lm ca  th,  d dng suy ra 
nh l.  Gi s hm s f c o hm cp hai  trn  khong  I cha im x0.  Nu  

0' '( ) 0f x =  v ' '( )f x  i  du khi  x qua im x
0
 th  0 0( ; ( ))U x f x  l  mt im un  

ca  th  hm s y  = f(x).  
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V d  2.  Tm cc khong li ,  lm v im un ca  th  hm s  

   3 21 4
3

3 3
y x x x=  + + + .  

Gii.  Ta c  
2

' 2 3y x x=  + +  v " 2 2.y x=  +  

Bng xt du ca ' 'y :  

x                             1                            +  

y"                     +             0                 

y                                   5  

V  ' ' 0y >  trn  khong ( ; 1)  nn   th  (C)  ca hm s lm trn khong  ( ; 1) .   

V  ' ' 0y <  trn  khong (1 ; )+  nn   th  (C)  li  trn  khong (1 ; )+ .  

U(1  ;  5)  l im un ca  th  (C) .  

Cu hi  v bi  tp n tp chng I  

68.  Chng minh cc bt ng thc sau :  

a) tan ,>x x  vi mi 0 ;
2


  

 
x  ;  

b)  
3

tan
3

> +
x

x x  vi mi 0 ; .
2


  

 
x  

Hng dn.  a)  Chng minh rng hm s ( ) tan= f x x x  ng bin trn na 

khong 0 ; .
2
 


 

 

69.  Xt chiu bin thin v tm cc tr (nu c) ca cc hm s sau :  

a)  3 1= +y x  ;     b)  24= y x x  ;  

c)  = +y x x  ;     d)  .= y x x  

70.  Ngi ta nh lm mt ci hp hnh tr bng tn c th tch V cho trc.  Tm 

bn knh y r v chiu cao h  ca hnh tr sao cho tn t nguyn liu nht.  
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71.  Chu vi ca mt tam gic l 16cm,  di mt cnh tam gic l 6cm. Tm  
di hai cnh cn li ca tam gic sao cho tam gic c din tch ln nht.  

Hng dn.  C th p dng cng thc H-rng (Hron)   tnh din tch 
tam gic :  

Nu tam gic ABC  c  di cc cnh l a,  b,  c  th din tch ca n l 

 ( ) ( ) ( ) ,=   S p p a p b p c  p  l na chu vi tam gic.  

72.  Cho hm s 

   3 21 17 .( ) 2
3 3

=  +f x x x  

a)  Kho st s bin thin v v  th ca hm s  cho.  

b)  Chng minh rng phng trnh ( ) 0=f x  c ba nghim phn bit.  

73.  Cho hm s 

   3( ) .= + +f x x px q  

a)  Tm iu kin i vi  p  v q   hm s f  c mt cc i v mt cc tiu.  

b) Chng minh rng nu gi tr cc i v gi tr cc tiu tri du th phng trnh 

   
3

0+ + =x px q         (1 ) 

c ba nghim phn bit.  

c) Chng minh rng iu kin cn v   phng trnh (1 )  c ba nghim 
phn bit l 

   
3 24 27 0.+ <p q  

74.  Cho hm s 

   3( ) 3 1 .f x x x=  +  

a) Kho st s bin thin v v  th ca hm s.  

b)  Vit phng trnh tip tuyn ca  th ti im un U ca n.  

c) Gi ( )md  l ng thng i qua im U v c h s gc m.  Tm cc gi tr 

ca m  sao cho ng thng ( )md  ct  th ca hm s  cho ti ba im 

phn bit.  

75.  Cho hm s 

   
4 2( 1) .=  + +y x m x m  
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a) Kho st s bin thin v v  th ca hm s vi 2.=m  

b)  Tm cc gi tr ca m  sao cho  th ca hm s ct trc honh ti bn 
im, to thnh ba on thng c  di bng nhau.  

76.  Cho hm s 4 2( ) .= f x x x  

a)  Kho st s bin thin v v  th ca hm s  cho.  

b) T  th ca hm s ( )=y f x  suy ra cch v  th ca hm s ( ) .=y f x  

77.  Cho hm s 

   
4

2 ( 1)
x m

y
mx


=


  

c  th l ( ).mH  

a)  Kho st s bin thin v v  th ca hm s vi 1 .=m  

b)  Chng minh rng vi mi ,
2

 m  cc ng cong ( )mH  u i qua hai 

im c nh A  v B.  

c)  Chng minh rng tch cc h s gc ca cc tip tuyn vi ( )mH  ti hai 

im A  v B  l mt hng s khi m  bin thin.  

78.  a) V  th (P)  ca hm s 2 1=  +y x x  v  th (H) ca hm s 

1 .
1

=
+

y
x

 

b)  Tm giao im ca hai ng cong (P)  v (H).  Chng minh rng hai 

ng cong  c tip tuyn chung ti giao im ca chng.  

c) Xc nh cc khong trn  (P)  nm pha trn hoc pha di (H).  

79.  Cho hm s 

  
1 .( )= = +y f x x
x

 

a)  Kho st s bin thin v v  th (C)  ca hm s.  
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b)  Tip tuyn ca ng cong (C)  ti im 0 0( ; ( ))M x f x  ct tim cn ng 

v tim cn xin ti hai im A  v B.  Chng minh rng M l trung im ca 

on thng AB  v tam gic OAB  c din tch khng ph thuc vo v tr ca 

im M trn ng cong (C).  

Bi  tp trc nghim khch quan 

Trong mi bi tp di y,  hTy chn mt phng n trong cc phng n  T 
cho  c khng nh ng.  

80.  Hm s 
3 2 3

( ) 6
3 2 4

=   +
x x

f x x  

(A) ng bin trn khong (2 ;  3) ;  

(B) Nghch bin trn khong (2 ;  3)  ;  

(C) Nghch bin trn khong (  ;  2) ;  

(D) ng bin trn khong (2 ;  +).  

81.  Hm s 5 4 3( ) 6 15 10 22=  + f x x x x  

(A) Nghch bin trn R  ;  
(B) ng bin trn khong ( ; 0)  v nghch bin trn khong (0 ; )+  ;  

(C) ng bin trn R  ;  
(D) Nghch bin trn khong (0 ;  1 ).  

82.  Hm s sin= y x x  

(A) ng bin trn R  ;  

(B) ng bin trn khong (  ;  0)  ;  

(C) Nghch bin trn khong (  ;  0)  v ng bin trn khong (0 ;  +)  ;  

(D) Nghch bin trn .R  

83.  Hm s 3 2( ) 3 9 11=   +f x x x x  

(A) Nhn im x = 1  lm im cc tiu ;  

(B) Nhn im x = 3  lm im cc i ;  

(C) Nhn im x = 1  lm im cc i ;  

(D) Nhn im x  = 3   lm im cc tiu.  
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84.  Hm s 4 34 5=  y x x  

(A) Nhn im x = 3   lm im cc tiu ;  

(B) Nhn im x = 0  lm im cc i ;  

(C) Nhn im x = 3   lm im cc i ;  

(D) Nhn im x  = 0  lm im cc tiu.  

85.  S im cc tr ca hm s 4 22 3=  y x x   l 

(A) 0 ;   (B) 1  ;   (C) 3  ;    (D) 2.  

86.  S im cc tr ca hm s 
2 3

1

 +
=



x x
y

x
 l 

(A) 0 ;   (B) 2 ;   (C) 1  ;    (D) 3.  

87.  Hm s  f c o hm  l 
2 2'( ) ( 1) (2 1)= + f x x x x .  

S im cc tr ca hm s l 

(A) 1  ;   (B) 2 ;   (C) 0 ;    (D) 3.  

88.  Hm s sin 2 3=  +y x x  

(A) Nhn im 
6


= x  lm im cc tiu ;  

(B) Nhn im 
2


=x  lm im cc i ;  

(C) Nhn im 
6


= x  lm im cc i ;  

(D) Nhn im 
2


= x  lm im cc tiu.  

89.  Gi tr ln nht ca hm s 3 1=  y x  l 

(A) 3  ;   (B) 1  ;   (C) 1  ;    (D)  0.  

90.  Gi tr nh nht ca hm s 3 sin 2 4 cos= y x x  l 

(A) 3  ;   (B) 5 ;   (C) 4 ;    (D) 3.  

91.  Gi tr ln nht ca hm s 3 2( ) 2 3 12 2= +  +f x x x x  trn on [1  ;  2]  l 

(A) 6 ;   (B) 10 ;   (C) 1 5  ;    (D) 1 1 .  
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92.  Gi tr ln nht ca hm s 2( ) 2 3=   +f x x x   l 

(A) 2 ;   (B) 2  ;   (C) 0 ;    (D) 3.  

93.  Gi (C) l  th ca hm s  
22 3 4
2 1
 +

=
+

x x
y

x
.  

(A) ng thng x = 1  l tim cn ng ca (C).  

(B)  ng thng y  = 2x  1  l tim cn xin ca (C).  

(C) ng thng y  = x + 1  l tim cn xin ca (C).  

(D) ng thng y  = x  2  l tim cn xin ca (C).  

94.  Gi (C) l  th ca hm s 
2

2

3
.

3 5 2

x
y

x x

+
=

+ 

 

(A) ng thng x  = 1  l tim cn ng ca (C).  

(B) ng thng 
2

= x   l tim cn ng ca (C).  

(C) ng thng y  = 1  l tim cn ngang ca (C).  

(D) ng thng y  = x + 1   l tim cn xin ca (C).  

95.  Gi (C) l  th ca hm s 
2

2

2
.

5 2 3

x x
y

x x

+ +
=

  +

 

(A) ng thng x = 2 l tim cn ng ca (C).  

(B) ng thng y = x    1  l tim cn xin ca (C).  

(C) ng thng 
1
5

= y  l tim cn ngang ca (C).  

(D) ng thng 
2

= y  l tim cn ngang ca (C).  

96.   th ca hm s 
1
1

= +


y x
x

 

(A) Ct ng thng y  =  1  ti hai im ;  

(B) Ct ng thng y  = 4  ti hai im ;  
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(C) Tip xc vi ng thng y  = 0 ;  

(D) Khng ct ng thng y  =  2.  

97.  Xt phng trnh  
3 23+ =x x m .  

(A) Vi  m  = 5,  phng trnh  cho c ba nghim.  

(B) Vi  m  = 1 ,  phng trnh c hai nghim.  

(C) Vi  m  = 4,  phng trnh c ba nghim phn bit.  

(D) Vi  m  = 2, phng trnh c ba nghim phn bit.  

98.   th hm s 
2 1


=
+

x
y

x
 

(A) Nhn im 
1 1

;
2 2


 

 
  lm tm i xng ;  

(B)  Nhn im  
1

; 2
2


 

 
 lm tm i xng ;  

(C) Khng c tm i xng ;  

(D) Nhn im  
1 1

;
2 2


 
 

 lm tm i xng.  

99.  S giao im ca hai ng cong 3 2 2 3=   +y x x x  v 
2

1=  +y x x  l 

(A) 0 ;   (B)  1  ;   (C)  3  ;    (D)  2.  

100.   Cc  th ca hai hm s 
1

3= y
x
 v  24=y x  tip xc vi nhau ti im M 

c honh  l 

(A) x = 1  ;  (B) x  = 1  ;    (C) x = 2 ;    (D) x = .
2

 

 



C h   n g

Trong chng ny,  lu tha vi s m nguyn c

m rng cho s m hu t,  s m thc v t  hnh

thnh khi nim lgarit.  y l nhng php tnh

c s dng nhiu trong khoa hc,  k thut v i

sng.  Trn c s ,  ta kho st hai hm s quan

trng l hm s m v hm s lgarit.  Cui chng
s nu mt s phng php gii phng trnh m v

phng trnh lgarit.

Hc sinh cn nm c cc tnh cht ca lu tha v

lgart ca hm s m v hm s lgart; ng thi

vn dng c cc tnh cht y  gii phng trnh,

h phng trnh,  bt phng trnh m v lgart.

II
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1.  Lu tha vi s m nguyn 

Nhc li rng vi mi s nguyn d ng n,  lu tha bc n  ca s a  (cn gi l 

lu tha ca a  vi s m n)  l s n
a  xc nh bi 

    
tha s

. . . .=


n

n

a a a a  vi 1>n ,  

    1 .=a a  

a  c gi l c s,  n   c gi l s m ca lu tha n
a .  

H1  Tnh 

3
2

3
 
 
 

,  
5( 3 ) ,  

40 .  

 c khi nim lu tha vi s m nguyn,  ta cn phi nh ngha lu tha 
vi s m 0 v s m nguyn m.  

a) Lu tha vi s m 0 v s m nguyn m  

nh ngha 1  

Vi a    0,  n  = 0 hoc n  l mt s nguyn m, lu tha bc n  ca 

a  l s an  xc nh bi  

  0 1=a ,  
1 .n

n
a

a


=  

V d 1.  3
3

1 1
( 3)

27( 3)

 = = 


 ;  ( )02 1 . =  

V d 2.  Nu s dng lu tha vi s m nguyn ca 10  biu din mt s,  
chng hn s 2418,93  d i dng :  

              3 2 0 1 22418, 93 2 .10 4 .10 1 .10 8 .10 9 .10 3 .10 = + + + + +  

th ta thy trong tng trn,  mi s hng c dng .10ka ,  s m k ch r v tr 
ca ch s a trong biu din thp phn ca s  cho.  Chng hn, vi 1= k  
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th ch s a   hng phn m i, vi 0=k  th ch s a   hng n v,  vi 
1=k  th ch s a   hng chc, .  .  .  .  

Ch  

1 ) Cc k hiu 00 ,  0n  (n  nguyn m) khng c ngha.  

2)  Vi a    0 v n  nguyn, ta c 
1 .n

n
a

a


=  

3)  Ng i ta th ng dng cc lu tha ca 10  vi s m nguyn  
biu th nhng s rt ln v nhng s rt b.  

Chng hn 

Khi l ng ca Tri t l 245, 97.10 kg, 

Khi l ng nguyn t ca hir l 241, 66.10 g, 

Tr chi Rubic (Rubik) c hn 194.10  cch sp xp.  

b) Tnh cht ca lu tha vi s m nguyn 

Quy tc tnh 

T nh ngha lu tha vi s m nguyn ca mt s,  ta thy cc quy tc tnh 
ton cho lu tha vi s m t nhin vn cn ng vi s m nguyn.  C  th 
ta c nh l sau y.  

nh l 1  

Vi 0, 0 a b  v vi cc s nguyn ,m n ,  ta c 

1 )  .m n
a a  = +m n

a  ;    2)  
m

n

a

a

 = m n
a  ;  

3)  ( )nm
a = mn

a  ;                    4)  ( )nab = n n
a b  ;   

5)  
 
 
 

n
a

b
= .

n

n

a

b

   

Ta chng minh cng thc 5).  

Vi 0,n  cng thc hin nhin ng.  
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Vi 0<n ,  ta c n  l s nguyn d ng.  Do  

1 1
.



  



 
= = = = 

   
 
 

n n n

n n n n

n

a b a

b a a ba

b b

 

Cc cng thc khc  c chng minh t ng t.  

H2  Chng minh cng thc 1)  ca nh l 1  cho tr ng hp 0>m ,  0n  v 

.>m n  

So snh cc lu tha  

nh l 2 

Cho m,  n  l nhng s nguyn.  Khi  

 1 )  Vi 1>a  th >m n
a a  khi v ch khi >m n  ;  

 2)  Vi 0 1< <a  th >m n
a a  khi  v ch khi .<m n  

T nh l 2,  ta c  

h qu 1  

Vi 0 < a  < b  v m  l s nguyn th  

 1 )  <m m
a b  khi v ch khi m  > 0 ;  

 2)  >m m
a b  khi v ch khi m  < 0.  

Chng minh 

V 0 < a  < b  nn 1>
b

a
 v 0 1< <

a

b
.   

Theo 1 )  ca nh l 2,  ta c 

0
   

>   
   

m
b b

a a
   0,>m  hay 

    <m m
a b    0.>m  

Theo 2)  ca nh l 2,  ta c 

0
   

>   
   

m
a a

b b
   0,<m  hay 

    >m m
a b    0.<m        
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T h qu 1 ,  ta c th chng minh  c hai h qu sau :  

H qu 2 

 Vi <a b ,  n  l s t nhin l th  

   .n na b<   

H qu 3 

Vi a,  b  l nhng s d ng, n  l mt s nguyn khc 0 th 

  =
n na b  khi v ch khi .=a b  

H3   C phi 2(0, 99) . 99 99 ?>  v 1(0, 99) . 99 99 ?
>  

2.  Cn bc n  v lu tha vi s m hu t 

Ta  c khi nim cn bc hai,  cn bc ba ca mt s.  Sau y, ta xt khi 
nim cn bc n  ca mt s.  

a) Cn bc n  

nh ngha 2 

Vi n  nguyn d ng, cn bc  n  ca s thc a  l s thc b  
sao cho 

               .=
nb a  

Ta tha nhn hai khng nh sau y.  

  Khi  n  l s l,  mi s thc  a  ch c mt cn bc  n.  Cn   c k hiu 

l n a .   

  Khi  n  l s chn,  mi  s thc d ng a  c ng hai cn bc  n  l hai s i 

nhau.  Cn c gi tr d ng k hiu l n a  (cn gi l cn s hc bc  n  ca a),  

cn c gi tr m k hiu l n a .  c bit,   2 a   c k hiu n gin l .a  

V d :   S 32 ch c mt cn bc nm l 5 32 2=  ;  s 64  c hai cn bc su 

l 6 64 2=  v 6 64 2. =   
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Nhn xt 

1 ) Cn bc 1  ca s a  chnh l a.  

2)  Cn bc n  ca s 0 l 0.  

3)  S m khng c cn bc chn v lu tha bc chn ca mt s thc bt k l   

    s khng m.  

4)  Vi n  nguyn d ng l,  ta c 

    0>n a  khi a  > 0 ;  

    0<n a  khi a  < 0.  

5)  
khi  l

khi  chn.

n n a n
a

a n


= 


 

Mt s tnh cht ca cn bc n 

T cc tnh cht ca lu tha vi s m nguyn d ng, ta c th chng minh 

 c cc tnh cht sau y.  

Vi hai s khng m a,  b,  hai s nguyn d ng m,  n  v hai s 
nguyn p,  q  tu ,  ta c 

1 )  n ab  = .n na b  ;  

2)  n
a

b
 = 

n

n

a

b
 (b  > 0)  ;  

3)  n pa  = ( ) ( > 0)
p

n a a  ;  

4)  m n a  = mn a  ;  

5)  Nu  =
p q

n m
 th   n pa  = (  > 0).

m q
a a  

c bit n a  = .mn ma  

Cc tnh cht 1 ),  2),  3)    c bit n i vi cn bc hai v cn bc ba.  

Ta chng minh tnh cht 5).  

Gi s =n pa x  v .=m qa y  V 0>a  nn 0, 0> >x y .   

Ta c   ,=n p
x a =m q

y a .   Do  

  .= =nq pq mp
x a y  
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Mt khc,  v =
p q

n m
 nn .=nq mp  Bi vy,  t =nq mp

x y  v x > 0,  y  > 0,  

suy ra =x y .   

Hc sinh t chng minh tnh cht 4).                                              

V d 3 

a) 5 58 . 4  = 5 8.4  = 5 32  = 2.   b)  4
1

5
16

 = 4
81

16
 = 

4

4

81

16
 = 

3
.

2
 

c)  3 729  = 6 729 3.=    d)  
7 3128  = ( ) = =

3 37 128 2 8.  

e)  21 128  = 
21 72  = 3 2.  

H4  Chng minh rng 

a)  Nu n l s nguyn d ng l v a  <  b  th n na b<  ; 

b)  Nu n l s nguyn d ng chn v 0  <  a  <  b  th .n na b<  

b) Lu tha vi s m hu t 

nh ngha 3  

Cho a  l mt s thc d ng v r l mt s hu t.  Gi s 

=
m

r
n
,  trong  m  l mt s nguyn cn n  l mt s nguyn 

d ng.  Khi ,  lu tha ca a  vi s m r l s r
a  xc nh bi 

     = =

m
nr mna a a .  

Nhn xt.  T tnh cht 5)  ca cn bc n,  ta suy ra rng s =

m

r n
a a  l xc 

nh,  khng ph thuc vo phn s 
m

n
 biu din s hu t r ,  tc l nu 

'

'
= =

m m
r

n n
 th 

'

'
=

m m

n n
a a .   Do  trong biu thc r

a  vi r l mt s hu t,  

ta th ng vit r d i dng phn s ti gin c mu d ng.  
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V d 4 

a) 

2
3

8  =  3 28 = 3 64  = 4  ;    b)  

1
3

27


= 3 127 = 3
1
27

 = 
1 .
3

 

c)  
1

= nna a  (a  d ng, n  nguyn d ng).  

   C th chng minh  c rng lu tha vi s m hu t (ca s thc d ng) 

c y  cc tnh cht nh  lu tha vi s m nguyn  nu  trn.  

V d 5.  Cho a,  b  l nhng s thc d ng.  Ta c 

  

4 4 1 1

3 3 3 3

1 13 3
3 3

( )
.

+ +
= =

+
+

a b ab ab a b
ab

a b
a b

 

Cu hi  v  b i  tp 

1.  Trong cc khng nh sau,  khng nh no ng, khng nh no sai ?  

a)  Vi s thc a  v cc s nguyn m,  n,  ta c 

   .. =m n m n
a a a  ;  : .=

m
m n

n

a
a

a

 

b)  Vi hai s thc ,a b  cng khc 0  v s nguyn n,  ta c 

   ( ) =n n n
ab a b  ;  .

 
= 

 

n n

n

a a

b b

 

c)  Vi hai s thc ,a b  tho mn 0 < <a b  v s nguyn n ,  ta c 

    .<n n
a b  

d)  Vi s thc a  khc 0  v hai s nguyn m,  n,  ta c 

     Nu >m n  th .>m n
a a  

2.  Xt khng nh :  

"Vi s thc a  v hai s hu t r,  s,  ta c ( ) =r s rs
a a ".  
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Vi iu kin no trong cc iu kin sau th khng nh trn ng ? 

(A) a  bt k ;  (B)  0a  ;   (C) 0>a  ;   (D) 1<a .  

3.  Vit cc s sau d i dng s nguyn hay phn s ti gin :  

   17 .14  ;      
2

4

3
 ;     

2
4
5


 
 
 

 ;    
2

2

( 18) .5 .
15 .3


 

4.  Thc hin php tnh 

 a)  

1 3
3 50,75 1 1

81 ;
125 32

 
    

+    
   

 

 b)  
1 2 1

12 0 23 3 30, 001 ( 2) .64 8 (9 ) ;
    +  

 c)  
2 0,75

0,53 1
27 25 ;

16


 

+  
 

 

 d)  

1
1
24 0,25 31

( 0, 5) 625 2 19( 3) .
4


  

   +  
 

 

5.  n gin biu thc (vi a,  b  l nhng s d ng) 

a)  
4 3 2 4

3 12 6

( )a b

a b

 ;     b)  

1 7 1 5

3 3 3 3

1 4 2 1

3 3 3 3

.




 


 +

a a a a

a a a a

 

6.  So snh cc s :  

a)  2  v 3 3  ;    b)  33 30+  v 3 63  ;   c)  3 7 15+  v 310 28.+  

7.  Chng minh  3 37 5 2 7 5 2 2.+ +  =  
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Tnh gn ng cn bc n  ca mt s 
thp phn bng my tnh b ti .  

C th dng my tnh  b ti  chng hn,  my tnh  CASIO fx-500  MS  tm gi tr  gn  
ng cn  bc n  ca mt s thp phn.  

V d 1 .   tm 23, 425 ,  ta n  l in  tip cc phm sau  :  

   2 3 . 4 2 5 = .  

Khi  ,  trn  mn hnh  hin  s 4.839938016 .  Lm trn n ch s thp phn th t ,  

ta  c 

   23, 425 4, 8399.  

V d 2.   tm 3 8, 532 ,  ta n  l in  tip cc phm sau  :  

   3 8 . 5 3 2 .=SHIFT  

Trn mn hnh  hin  s 2.043 385 382.  Lm trn n ch s thp phn  th t ,  

ta  c 

   3 8, 532 2, 0434.  

L u  :  Khi  n l in  tip hai  phm 3
SHIFT  ta mi   c phm 3 .  

V d 3.   tnh  7 320 ,  ta n  l in  tip cc phm sau  :  

   7 3 2 0x
=SHIFT .  

Trn mn hnh  hin  s 2.279 704562.  Lm trn  n ch s thp phn  th t ,  ta  c 

   7 320 2, 2797.  

L u  : Khi  n l in tip ba phm 7 ,x
SHIFT  ta mi   c phm 7 .  

( tnh  3,2
32 ,  ta n   =3 2 3 . 2 .  Trn mn hnh  hin  s 65, 536 .   

Nh  vy 3,2
32 65536.)=  
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Luyn tp 

8.  n gin biu thc 

a)  
4

4 4 4 4

 +


 +

a b a ab

a b a b

 ;            b)  
3 3 3 3

 +


 +

a b a b

a b a b

 ;   

c)  23 3 3
3 3

: ( )
+ 

  
+ 

a b
ab a b

a b

 ;     d)  
14
4

3 1
4 2

1 . . 1 .
1

a a a
a

a
a a

 +
+

+
+

 

9.  T tnh cht ca lu tha vi s m nguyn d ng, chng minh 

 .=n n n
ab a b  ( 0, 0, a b  n  nguyn d ng).  

10.  Chng minh 

a)  4 2 3 4 2 3 2+   =  ;   b)  3 39 80 9 80 3.+ +  =  

11.  So snh cc s 

a)  ( )
5
63


 v 13 4 1

3
3

  ;    b)  6003 v 4005  ;  

c)  

5

71
2


 
 
 

 v  
3
142.2  ;     d)  307  v 404 .  

1.  Khi nim lu tha vi s m thc 

Ta  nh ngha lu tha vi s m hu t.   nh ngha lu tha vi s m 
thc tu ,  ta cn phi nh ngha lu tha vi s m v t.   

Cho s v t .  Ta tha nhn rng bao gi cng c mt dy s hu t 

1 2, , . . . , , . . .
n

r r r  m lim .
n
r =  Chng hn, vi 

     = 2 1, 4142135= . . .  
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ta c dy 1 1=r  ;  2 1, 4=r  ;  3 1, 41=r  ;  4 1, 414=r  ;  5 1, 4142=r  ;  

6 1, 41421=r  ;  . . .  v lim 2=nr .  

  Cho a  l mt s thc d ng v   l mt s v t.  Xt dy s hu t 

1 2, , . . . , nr r r ,  . . .  m lim nr = .  Khi ,  ng i ta chng minh  c rng dy 

s thc 1 2, , . . . , nr r ra a a ,  . . .  c gii hn xc nh (khng ph thuc vo dy 

s hu t (rn)    chn, tc l nu cn c dy hu t '( )nr  m 'lim nr =  

th 
'

lim lim ).n nr ra a=  Ta gi gii hn  l lu tha ca  a  vi s m ,  k 

hiu l a .  Vy    

                                        lim .nr
n

a a

+

=  

V d 1  

2  l gii hn ca dy s  

 1  ;   1 ,4 ;   1 ,41  ;   1 ,414 ;   1 ,4142 ;   1 ,41421  ;  . . .  

nn 210  l gii hn ca dy s 

 110  ;   1,410  ;  1,4110  ;  1,41410  ;  1,414210  ;  1,4142110  ;  . . .  .   

Gi tr ca 210  bng  25,95455352...  .  

Ghi nh (v c s ca lu tha)  

1 ) Khi xt lu tha vi s m 0 v s m nguyn m th c s 
phi khc 0.  

2)  Khi xt lu tha vi s m khng nguyn th c s 

phi  d ng.  

  Ng i ta chng minh  c rng lu tha vi s m thc (ca mt s d ng) 

c y  cc tnh cht nh  lu tha vi s m nguyn  nu trong 1 .  

V d 2 

a) Vi a  l s d ng, ta c 

    
5 1 5 1 4

47 2 3 2

( )
1 .

.

+ 

  +

= =
a a

aa a
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b)   so snh cc s 316  v 3 24 ,  ta  a v so snh hai lu tha cng c s.  

Ta c 316  = 2 34 ,  do  ta so snh 2 3  v 3 2.  

V 2 2(2 3 ) 2 . 3 12,= =  2 2(3 2 ) 3 . 2 18= =  nn 2 3 3 2< ,  do  

  2 3 3 24 4< ,  tc l 3 3 216 4< .  

H1  Tnh 

3
1 5 3 5
1 5 2

2 . 2 .




+
 
 
 
 
 
 

 

2.  Cng thc li kp  

Gi tin vo ngn hng, ngoi th thc li n (tc l tin li ca k tr c 

khng  c tnh vo vn ca k k tip,  nu n k hn ng i gi khng rt li 

ra),  cn c th thc li kp theo nh k.  Theo th thc ny,  nu n k hn 

ng i gi khng rt li ra th tin li  c tnh vo vn ca k k tip.  Nu 

mt ng i gi s tin A  vi li sut  r mi k th d thy sau N k s tin ng i 

y thu  c c vn ln li l :  

   (1 ) . (1)= + N
C A r  

(C th chng minh bng quy np theo N ) .  

V d 3.  Theo th thc li kp,  mt ng i gi 10  triu ng vo ngn hng.  

a)  Nu theo k hn 1  nm vi li sut 7,56% mt nm th sau 2  nm ng i  

thu  c mt s tin l 

210.(1 0, 0756) 11, 569+   (triu ng).  

b)  Nu theo k hn 3  thng vi li sut 1 ,65% mt qu th sau 2 nm ng i  

thu  c mt s tin l 

810. (1 0, 0165) 11, 399+   (triu ng).  

H2  Mt ng i u t  100 triu ng vo mt cng ti theo th thc li kp vi li 

sut 13% mt nm.  Hi sau 5 nm mi rt li th ng i  thu  c bao nhiu tin 

li ? (Gi s rng li sut hng nm khng i).  
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Cu hi  v  b i  tp 

12.  Xt mnh  :  "Vi cc s thc x,  a,  b,  nu 0 < <a b ,  th <x x
a b ".  

Vi iu kin no sau y ca x th  mnh   l ng ?  

(A) x  bt k ;    (B)  0>x  ;    (C)  0<x .  

13.  Xt mnh  :  "Vi cc s thc a,  x,  y,  nu <x y ,  th <x y
a a ".  

Vi iu kin no sau y ca a  th  mnh   l ng ?  

(A) a  bt k ;    (B) 0>a  ;    (C)  1>a .  

14.  Cho cc s thc a,  x,  y   vi <x y .  Hy tm iu kin ca a   >x y
a a .  

15.  Tnh gi tr cc biu thc 

 ( ) 8
20, 5  ;   2 3 5 52 . 8  ;  

3 31 2 2 23 : 9+ .  

16.  n gin cc biu thc 

   
( ) 3 1

3 1

5 3 4 5.

+


 

a

a a
 ;   

2 1
2 1
.


 
 
 

a
a

.  

17.  Mt ng i gi 15  triu ng vo ngn hng theo th thc li kp k hn 1  nm 

vi li sut 7,56% mt nm.  Gi s li sut khng thay i,  hi s tin ng i 

 thu  c (c vn ln li)  sau 5  nm l bao nhiu triu ng ? (Lm trn 

n ch s thp phn th hai).  

Luyn tp 

18.  Vit cc biu thc sau d i dng lu tha ca mt s vi s m hu t :  

a)  2 34 ( 0)>x x x   ;    b)  5 3 ( 0, 0)> >
b a

a b
a b

 ;  

c)  3 32 2 2

3 3 3
 ;     d)  

11

16:a a a a a  ( 0)>a .  



 82 

19.  n gin biu thc 

a)  

2 1
2 2

2 1

1
+



 

 
 
 

a
a

 ;     b)  

3 1
3 1 3

23 1

+
 



 
 
 
 

a a

bb
 ;  

c)   

( )
2 2 2 3

2
2 3

1


+



a b

a b

 ;    d)  ( )
1

2
4



  
 
 + 
 
 

x y xy .  

20.  Tm cc s thc ,  tho mn tng iu kin sau :  

a)  
1
( ) 1 ( 0)

2
a a a
 + = >  ;      b)  

 <3 27 .  

21.  Gii cc ph ng trnh sau bng cch t 4=t x :  

a)  4 2+ =x x  ;    b)  43 2 0 + =x x .  

22.  Gii cc bt ph ng trnh sau :  

a)  4 3<x  ;   b)  11 7x  ;  c)  10 2>x  ;  d)  3 5x .  

Trong bi ny chng ta s tm hiu mt trong nhng php ton quan trng c 

nhiu ng dng trong thc tin,   l lgarit.  

1.  nh ngha v v d 

Tr c tin,  ta c nhng l u  sau v lu tha ca c s a  :  

Cho s a  d ng.  Vi mi s thc   tu ,  ta lun xc nh  c lu tha .a
  

Hn na, ta c 

  a
  l mt s d ng   ;  

  Nu 1=a  th 1 1a
 = =  vi mi    R  ;  
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  Nu 1>a  th a a
 <  khi v ch khi  <  ;  

  Nu 0 < 1<a  th a a
 <  khi v ch khi . >  

T ,  suy ra 

  Nu 0 < 1a  th a a
 =  khi v ch khi . =  

Ng c li,  ta tha nhn rng khi a  l mt s d ng khc 1  th vi mi s 
d ng b ,  c mt s    

    a b
 = .  

Theo l u   trn,  s    l duy nht.  T ,  ta c nh ngha sau :  

nh ngha 1  

Cho a  l mt s d ng khc 1  v b  l mt s d ng.  S thc   

 a b
 =   c gi l lgarit c s a  ca  b  v k hiu l 

log
a
b ,  tc l 

   log
a
b a b

 =  = .  

V d 1  

10log 100 2=  v 210 100=  ;  10
1

log 2
100

=   v 2
2

1 1 .10
10010

 = =  

Ch  

1 ) Khng c lgarit ca s 0 v s m v a  lun d ng vi 
mi  .  

2)  C s ca lgarit phi d ng v khc 1 .   

3)  Theo nh ngha lgarit,  ta c  

   log 1
a

    = 0 ,  log 1=
a
a  ;  

   log =b

a
a b ,  b    R  ;     (1)  

   log
=a ba b ,  b    R,  b  > 0.    (2)  

Hai cng thc (1 )  v (2)  ni ln rng php ly lgarit v php nng ln lu tha 

l hai php ton ng c ca nhau.  C th,  vi s a  d ng khc 1  ta c 
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Vi mi s thc b  

 b      a
b
    log ;=b

a
a b  

      nng ln lu tha        ly lgarit c s a  
      c s a  
 

Vi mi s thc b  d ng 

 b     log
a
b     

log .=a
b

a b  

     ly lgarit c s a           nng ln lu tha   

             c s a   

V d 2 

  

1
3 3

3 3
1

log 3 log 3
3

= =  ;  
2

1 1

2 2

1
log 4 log 2.

2


 

= =  
 

 

H1  Tnh 

a)  2
1

log
2

 ; 10 3

1
log

10
 ;   b)  3log 129  ; 0,5log 1

0,125 .  

H2  Vi gi tr no ca x th 3log (1 ) 2x =  ? 

2.  Tnh cht  

a) So snh hai lgarit cng c s 

T nhng l u  ca mc 1 ,  d dng chng minh  c 

nh l 1  

Cho s d ng a  khc 1  v cc s d ng b,  c.  

 1 )  Khi 1>a  th log log>  >
a a
b c b c  ;  

 2)  Khi 0 1< <a  th log log .>  <
a a
b c b c  

Ta chng minh 1 ).  

V 1>a  nn, theo l u  ca mc 1 ,  ta c 

  log log>
a a
b c    log log>a a

b c
a a    .>b c           
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H3  Hy chng minh 2).  

T  nh l 1 ,  ta c  

h qu 

Cho s a  d ng khc 1  v cc s d ng b,  c.  

 1 )  Khi 1>a  th  log 0 1 .>  >a
b b  

 2)  Khi 0 1< <a  th log 0 1 .>  <a b b  

 3 )  log log=a ab c    b  = c.  

V d 3.  Hy so snh 3

5

2
log

3
 v 3

2

3
log .

5
 

Gii.   V 
3

1
5
<  v 

2
1

3
<  nn 3 3

5 5

2
log log 1 0.

3
> =  

V 
3

1
2

>  v 
3

1
5
<  nn 3 3

2 2

3
log log 1 0.

5
< =  

T  suy ra 3 3

5 2

2 3
log log .

3 5
>  

b) Cc quy tc tnh lgarit 

T nh ngha lgarit v tnh cht ca lu tha, ta suy ra cc quy tc tnh 

lgarit.  

nh l 2 

Vi s a  d ng khc 1  v cc s d ng b,  c,  ta c 

 1 )  log ( ) log log= +a a abc b c  ;  

 2)  log log log
 

=  
 

a a a

b
b c

c
 ;  

 3)  log loga ab b
 = .  
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Ch  

Bng quy np, suy ra rng vi cc s d ng 1 2, , . . . , ,
n

b b b  ta c 

 1 2 1 2log ( .. . ) log log .. . log= + + +
a n a a a n
b b b b b b .  

H4  Khng nh sau ng hay sai ? V sao ? 

 x   (  ;  1 ),  2log ( 1) log ( 1) log ( 1)
a a a

x x x = + +  .  

T nh l 2 d dng suy ra 

h qu     

Vi s a   d ng khc 1 ,  s d ng b  v s nguyn d ng n,  ta c  

 1 )  
1

log log= 
a a

b
b

 ;  

 2)  
1

log log .=
n

a a
b b

n
  

V d 4 

   7 7

7 7
7

log 16 log 16

log 15 log 30 15
log

30

=


 = 
4

7 7
1

77

log 2 4 log 2
4.

log 2log 2
= = 


 

H5  Tnh 5 5 5
1

log 3 log 12 log 50.
2

 +  

3.  i c s ca lgarit 

Trong tnh ton, i khi ta cn bit mi lin h gia nhng lgarit vi c s 
khc nhau.  

Sau y l cng thc i c s ca lgarit.  

nh l 3 

Vi a,  b  l hai s d ng khc 1  v c l s d ng, ta c 

 
log

log
log

=
a

b

a

c
c

b
      hay     log . log log .=

a b a
b c c      
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Chng minh 

Tht vy,  ta c log ,= b cc b  t  

  loglog log ( ) log . log .= =b c
a a b ac b c b  

V 1b  nn log 0a b ,  do  

   
log

log .
log

= a
b

a

c
c

b
            

T cng thc i c s ca lgarit,  vi ,=c a  ta suy ra 

H qu 1  

Vi a  v b  l hai s d ng khc 1 ,  ta c   

 
1

log
log

=a
b

b
a
 hay log . log 1=a bb a .   

Cng trong cng thc i c s ,  vi b a=  (    0),  ta c 

H qu 2 

Vi a  l s d ng khc 1 ,  c l s d ng v     0,  ta c 

  
1

log . logaa
c c


= .  

V d 5.      ( )1 3 2

4

log log 4. log 3  = ( )1 3 2

4

log 2 log 2. log 3  = 1
4

log 2  = 22
log 2  

2
1
log 2

2
=   =

1 .
2

  

H6  Tm x,  bit 3 9
3 .log log
2

x x+ =  

Nhn xt.  Nh cng thc i c s ca lgarit,  khi bit lgarit c s a,  ta c 

th tnh  c lgarit c s bt k.  Chng hn, ta c th tnh  c cc lgarit 

c s 2,  c s 3,  .  .  .  theo lgarit c s 10.  
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4.  Lgarit thp phn v ng dng 

Trong thc hnh ta hay dng h m thp phn (h m c s 10) ;  chnh v vy 
lgarit thp phn (lgarit c s 10) chim mt v tr quan trng trong tnh ton.  
Nm 1617 ng i ta  xy dng  c bng lgarit thp phn  tm gi tr gn 
ng lgarit thp phn ca mt s thc d ng bt k (xem bi Em c bit 

"V lch s pht minh lgarit v bng lgarit"  trang 91 ).  Ngy nay thay v dng 
bng, ng i ta th ng dng my tnh b ti.  

nh ngha 2 

Lgarit c s 10 ca mt s d ng x  c gi l lgarit thp 
phn ca x  v k hiu l logx (hoc l lgx ).   

Lgarit thp phn c y  cc tnh cht ca lgarit vi c s ln hn 1 .  

  Tr c khi c my tnh,  tnh cc lu tha vi s m phc tp,  ng i ta 
th ng dng ph ng php "lgarit ho"  vi lgarit c s 10 v cc tnh ton  
 c thc hin nh bng s.   

V d 6.   tnh 3,22,1  ng i ta lm nh  sau :  

  Tnh 3,2log 2,1  

        3,2log 2,1 3, 2 log 2,1 1, 0311=   ;  

  T  suy ra 3,2 1,03112,1 10 10, 7424  .        

 Ng i ta cn dng ph ng php "lgarit ho"  v cc tnh cht ca lgarit   
gii quyt mt s bi ton lin quan n lu tha.  

V d 7 

Mt ng i gi 6  triu ng vo ngn hng theo th thc li kp, k hn 1  nm 

vi li sut 7,56%  mt nm.  Hi sau bao nhiu nm ng i gi s c t nht 

12  triu ng t s tin gi ban u (gi s li sut khng thay i)  ?  

Gii 

Theo cng thc li kp (1 )= +
N

C A r ,  sau N  nm gi,  ng i gi s c mt 

s tin l 

    6(1  + 0,0756)N.  

T ,  ta phi tm N sao cho 

    12 = 6(1  + 0,0756)  N.                                   (1 )       
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Ly lgarit thp phn hai v ca ng thc (1 ),  ta  c 

   log12 log 6 log1, 0756.= + N  

Suy ra  
log12 log 6

9, 51
log1, 0756


= N .  

Vy sau khong 10 nm ng i gi s c t nht 12 triu ng t s vn 6 triu 
ng ban u.  

  R rng khi  10=
n

x  th logx = n.  Cn vi s 1x  tu ,  vit x trong h 
thp phn th s cc ch s ng tr c du phy ca x l n  + 1 ,  trong  n  l 
phn nguyn ca logx,   n  = [logx] .  

Tht vy,  v 10n  l s t nhin b nht c n  + 1  ch s nn s cc ch s 

ng tr c du phy ca x bng n + 1  khi v ch khi 110 10 +
 <

n n
x ,  tc l   

log 1 < +n x n  ;  iu ny chng t [ ]log=n x .  

V d 8.    tm s cc ch s ca 20082  khi vit trong h thp phn ng i ta 
ly gi tr gn ng ca log 2  l 0, 3010  v  c   

         [ ] [ ][2008. log 2] 1 2008 . 0, 3010 1 604, 408 1 605+ = + = + = .  

Vy s 20082  c 605 ch s.  

H7  Khi vit 10002  trong h thp phn ta  c mt s c bao nhiu ch s ?  

(ly gi tr gn ng ca log 2  l  0, 3010 ).  

Cu hi  v  b i  tp 

23.  Chn khng nh ng trong cc khng nh sau :  

a)  C s ca lgarit l mt s thc bt k ;  

b)  C s ca lgarit phi l s nguyn ;  

c)  C s ca lgarit phi l s nguyn d ng ;  

d)  C s ca lgarit phi l s d ng khc 1 .  

24.  Trong cc khng nh sau y, khng nh no ng, khng nh no sai ?  

a)  C lgarit ca mt s thc bt k.  

b)  Ch c lgarit ca mt s thc d ng.  
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c)  Ch c lgarit ca mt s thc d ng khc 1 .  

d)  Ch c lgarit ca mt s thc ln hn 1 .  

25.  in thm v cn li ca ng thc v b sung iu kin  c ng 

thc ng.  

a)  log ( )a xy  = . . .  ;     b)  . . .  = log loga ax y  ;  

c)  loga x
  = . . .  ;      d)  loga ba  = . . .  .  

26.  Trong mi mnh  sau,  hy tm iu kin ca a   c mnh  ng :  

a)  log log<a ax y    0 < <x y  ;  

b)  log log<a ax y    0.> >x y  

27.  Hy tm lgarit ca mi s sau theo c s 3  :  

 3  ;   81  ;    1  ;   
1
9
 ;     3 3  ;   

1

3 3
.  

28.  Tnh 1

5

log 125  ;    0,5
1

log
2
 ;    1

4

1
log

64
 ;    1

6

log 36 .  

29.  Tnh  3log 183  ;   35 log 23  ;    
2log 5

1
8

 
 
 

 ;    
0,5log 2

1
32

 
 
 

.  

30.  Tm ,x  bit 

a)  5log 4=x  ;      b)  2log (5 ) 3 =x  ;  

c)  3log ( 2) 3+ =x  ;     d)  1
6

log (0, 5 ) 1 .+ = x  

31.  Biu th cc lgarit sau y theo lgarit thp phn (ri cho kt qu bng my 

tnh, lm trn n ch s thp phn th hai)  :  

 7log 25  ;     5log 8  ;     9log 0, 75  ;     0,75log 1,13 .  
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John Napier 

(1 550  1 61 7)  

Em

c bi t

V lch s pht minh Lgarit v bng Lgarit 

Lgarit l  pht minh  ca N-pe (J.  Napier hay J.  Neper 
1 550  1 61 7)   mt in ch  v  nh  thn hc ng i  
Xct-len.  N-pe b  ton hc li  cun v  ng  coi  ton hc 
l  n im vui  gii  tr ca mnh.  Trong vng 20 nm tri,  
nhng lc rnh  ri ,  N-pe  pht trin  l  thuyt lgarit v
ng   trnh  by vn  ny trong mt cun sch vit 
bng ch La-tinh  in  nm 1 61 4 vi  u  "M t mt 
bng lgarit k diu" (t "lgarit" c gc l  nhng t Hi Lp :  
logos ngha l  t l,  arithmos ngha l  s).  ng  hi  vng 
pht minh ca mnh  s gip n gin  ho nhiu  php 
tnh  trong thin  vn,   l  nhng php tnh  i  hi  nhiu 
cng sc v  thi  gian.  

Thc t,  lgarit ca N-pe  lm cuc cch mng trong thin  vn v  trong nhiu  
l nh  vc ton  hc bng cch thay th vic thc hin  "php tnh  nhn,  chia,  tnh  cn 
bc hai,  cn bc ba ca nhng s ln  m  bn  cnh vic tiu  ph thi  gian  mt cch 
t nht,  ng i  ta cn  hay b  nhm ln" bng thc hin  cc php tnh  cng,  tr n 
gin  nhng s t ng  ng.  Pht minh  ca N-pe l  mt ph ng thc tit kim thi  
gian  ng k.   

Mt s nh  s hc coi  rng vic s dng lgarit  n gin  cc php tnh   gip 
nh  thin  vn  ng i  c Gi-han K-ple (J.  Kepler)  pht hin  ba quy lut chuyn 
ng ca hnh tinh  m  iu  ny li  gip nh  vt l  ng i  Anh Niu-tn  (I .  Newton)  
pht hin  l  thuyt hp dn.  Sau  pht minh  ca N-pe 200 nm,  nh  ton hc Php 
La-pla-x (P.  Laplace)  vit rng  :  Lgarit,  bng cch gim bt cng sc tnh  ton,   
ko di  tui  th gp hai  ln  cho cc nh  thin  vn.  

Cc bng lgarit ban  u ca N-pe cn  nhiu  khim khuyt.  Mt nh  ton hc 
ng i  Anh l  Hen-ry Bric (H.  Briggs)  c cng trnh ca N-pe (bng ch La-tinh)  
ngay sau  khi  n  c cng b,  lp tc thy  c  ngha ca pht minh  k d iu  ny.  
Bric vit th  cho N-pe  ngh  gp g trao i  v  nu  ra nhiu  ci  tin  cho pht 
minh .  Hai  nh  ton hc gp nhau  vo ma h nm 1 61 5.  Bric  ngh  nh  ngha 
li  lgarit thp phn  (lgarit c s 1 0).  Thc ra,  N-pe c ngh n dng c s 1 0 
nh ng  khng   sc lm nn cc bng mi.  N-pe  ngh  Bric xy dng cc 
bng nh  th.  

Sau   hai  nm,  cc bng lgarit thp phn u  tin    c Bric xy dng.  N-pe 
mt nm 1 61 7 tr c khi  Bric hon thnh cc bng .  Nhiu  nh  ton hc  tip 
tc xy dng cc bng lgarit thp phn  trong  c bng  ca Bra-i-x m  ngy 
nay chng ta vn cn dng.   
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Khi  vit s thp phn d ng a  d i  dng k hiu  khoa hc .10na = ,  vi  

1 10 < , n  Z  th  

            log loga n= + .                                (1 )  

Nh  vy,  ch cn bit log  vi  mi    thuc [ 1  ;  1 0)  th s tnh   c lgarit thp 

phn ca mt s thp phn d ng bt k.  Ng i  ta gi  log  trong  (1 )  l  phn nh 

tr,  n  l  phn c tnh  ca log a .  Trong cc bng s,  ng i  ta cho sn gi tr  

gn  ng phn  nh  tr  log .  Bng ca Bra-ix cho log  vi  bn  ch s 

thp phn.  

V d.   Cho bit log 2, 319 0, 3653.  Tnh  log 23,19  v  log 0, 2319.  

Gii 

log 23,19 log(2, 319.10) log 2, 319 1 0, 3653 1 1, 3653= = +  + =  ;      

1log 0, 2319 log(2, 319.10 ) log 2, 319 1
= =   

0, 3653 1 0, 6347  =  .  

Luyn tp 

32.  Hy tnh :  

a)  8 8 8log 12 log 15 log 20 +  ;          b)  3
7 7 7

1
log 36 log 14 3 log 21

2
   ;   

c)  5 5

5

log 36 log 12

log 9


 ;            d)  6 2log 5 log 31 log236 10 8

+  .  

33.  Hy so snh :  

a)  3log 4  v 4
1

log
3
 ;           b)  6log 1,13  v 6log 0,997 .  

34.  Khng dng bng s v my tnh, hy so snh :  

a)  log 2 log 3+  vi log5  ;     b)  log12 log 5  vi log 7  ;  

c)  3 log 2 log 3+  vi 2 log 5  ;   d) 1 2 log 3+  vi log 27 .  

35.  Trong mi tr ng hp sau,  hy tnh log
a
x ,  bit log 3=

a
b ,  log 2= 

a
c  :  

a)  3 2
=x a b c  ;      b)  

4 3

3
.=

a b
x

c
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36.  Trong mi tr ng hp sau,  hy tm x :  

a)  3 3 3log 4 log 7 log= +x a b  ;   b)  5 5 5log 2 log 3 log .x a b=   

37.  Hy biu din cc lgarit sau qua   v   :  

a)  
3

log 50 ,  nu 3log 15 = ,  3log 10 =  ;  

b)  4log 1250 , nu 2log 5 .=  

38.  n gin cc biu thc sau :  

a)  
1 1

log log 4 4 log 2
8 2
+ +  ;       b)  

4 1 3 9
log log 36 log

9 2 2 2
+ +  ;  

c)  
27

log 72 2 log log 108
256

 +  ;       d)  
1

log log 0, 375 2 log 0, 5625
8
 + .  

39.  Tm x ,  bit :  

a)  log 27 3=x  ;          b)  
1

log 1
7
= x  ;            c)  log 5 4.= x  

40.  S nguyn t dng 2 1= p
pM ,  trong  p  l mt s nguyn t  c gi l 

s nguyn t Mec-xen (M.  Mersenne, 1588   1 648,  ng i Php).  

-le pht hin M31  nm 1750.  

Luy-ca (E.  Lucas,  1842 -  1 891 ,  ng i Php) pht hin M127  nm 1876.  

M1398269   c pht hin nm 1996.  

Hi rng nu vit ba s  trong h thp phn th mi s c bao nhiu ch s ?  

(D thy rng s ch s ca 2 1p  bng s ch s ca 2 p  v  tnh s ch 

s ca 127M  c th ly log2 0, 30  v  tnh s ch s ca 1398269M  c th 

ly log2 0, 30103  (xem v d 8)).  

41.  Mt ng i gi 15  triu ng vo ngn hng theo th thc li kp k hn mt 

qu vi li sut 1 ,65% mt qu.  Hi sau bao lu ng i  c  c t nht 

20 triu ng (c vn ln li)  t s vn ban u  ? (Gi s li sut khng 

thay i).  
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e

Cho n by gi,  d ng nh    l s  v t quan trng nht m ta bit n.  

Trong bi ny,  ta s  c bit thm mt s v t cng quan trng khng km, 

 l s e.  S e l gii hn 
1

lim 1
+

 
+ 

 

x

x x
,  xp x bng 2,718281828.. .  ;  n 

xut hin mt cch t nhin trong Ton hc,  cng nh  trong i sng.  Chnh 

v vy lgarit c s e cn  c gi l lgarit t nhin.  Trong cc my tnh b 

ti,   ng i ta u thit k cc phm bm cho php tnh gi tr ca cc biu thc 
x

e  v log x
e

 (cn k hiu l lnx).  

1.  Li kp lin tc v s e 

Ta  bit :  Nu em gi ngn hng mt s vn ban u l A  vi li sut mi 

nm l r theo th thc li kp th sau N nm gi s tin thu v c vn ln li s 

l (1 )+ N
A r .  

Gi s ta chia mi nm thnh m  k  tnh li v gi nguyn li sut mi nm 

l r th li sut mi k l 
r

m
 v s tin thu  c sau N nm (hay sau Nm  k)  

l 1
Nm

r
A

m

 
+ 

 
.   

H1  Cho A = 100  triu ng,  r =  8% nm,  N =  2.  Dng my tnh b ti tnh s tin 

thu  c c vn ln li sau 2 nm theo cc nh k sau y :  

 m  =  1  (nh k nm) ;   m  =  2  (nh k 6 thng) ;  

 m  =  4  (nh k qu)  ;   m  =  12  (nh k thng)  ;  

 m  =  52  (nh k tun) ;   m  =  365  (nh k ngy).  

Hin nhin khi tng s k m  trong mt nm th s tin thu  c sau N nm 
(tc Nm  k)  cng tng theo.  Tuy nhin nh  ta thy sau y, n khng th tng 
ln v hn  c.  
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Tht vy,  xt gii hn ca dy s sau (trong  A,  r,  N l c nh) 

                    1
 

= + 
 

Nm

m

r
S A

m
.        

Ta c 

                         
1

1 1

 
  
    

= + = +        
   

Nr
m

r
Nm

m

r
S A A

m m

r

.          (1 )  

 xt gii hn ca dy (1 ),  cn xt gii hn 

    
1

lim 1
+

 
 

+ 
 
 

m

r

m m

r

.  

Mt cch tng qut ,  ta xt gii hn  

                      
1

lim 1
+

 
+ 

 

x

x x
.                   

Ng i ta chng minh  c gii hn trn tn ti,  n l mt s v t c gi tr  
bng  2,718281828.. .  v  c k hiu l e.  Vy 

                                        
1

e lim 1 2, 7183 .
+

 
= +  

 

x

x x
    (2)   

T  (1 )  v (2),  ng i ta suy ra lim eNr
mS A= .        

  Th thc tnh li khi   +m  gi l th thc li kp lin tc.  

Nh  vy vi s vn ban u l A,  theo th thc li kp lin tc,  li sut mi 
nm l r th sau N nm s tin thu  c c vn ln li s l 

                     e .Nr
S A=          (3)            

Cng thc (3)   c gi l cng thc li kp lin tc.  
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V d 1.  Vi s vn 100 triu ng gi vo ngn hng theo th thc li kp  
lin tc,  li sut 8%  nm th sau 2 nm s tin thu v c vn ln li s l 

   2.0,08100. 117, 351087e  (triu ng).     

  Nhiu hin t ng tng tr ng (hoc suy gim) ca t nhin v x hi,  chng 
hn s tng dn s,  cng  c c tnh theo cng thc (3).  V vy cng thc (3) 
cn  c gi l cng thc tng tr ng m.  

V d 2.   S tng dn s  c c tnh theo cng thc (3),  trong  A  l dn 
s ca nm ly lm mc tnh,  S l dn s sau N nm, r l t l tng dn s 
hng nm (xem bi c thm "S tng tr ng (hay suy gim) m"  trang 110).  
Bit rng t l tng dn s th gii hng nm l 1 ,32%, nm 1998 dn s th 
gii vo khong 5926,5  triu ng i.  Khi  d on dn s th gii nm 2008 
(10 nm sau) s l                

   10.0,01325926, 5.e 6 762, 8  (triu ng i).  

2.  Lgarit t nhin 

nh ngha 

Lgarit c s e ca mt s d ng a   c gi l lgarit t nhin  

(hay lgarit N-pe)  ca s a  v k hiu l lna.  

Lgarit t nhin c y  cc tnh cht ca lgarit vi c s ln hn 1 .  

H2  a)  Dng cng thc i c s,  hy so snh logx v lnx tu theo cc gi tr ca x.  

b)  Tnh gi tr ca biu thc 
32 ln 10 log elog e ln10



 .  

V d 3.  Bit rng nm 2001 ,  dn s Vit Nam l 78685800 ng i v t l tng 
dn s nm  l 1 ,7% v s tng dn s  c c tnh theo cng thc (3).   

Hi c tng dn s vi t l nh  vy th n nm no dn s n c ta  mc 
100 triu ng i ?   

Gii.   Theo bi ra,  ta c 

   100 = 78,6858.e0,017N.   (*)  

Ly lgarit t nhin hai v ca (*)  ta  c 

   ( )0,017ln100 ln 78, 6858.e .N=  
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T  suy ra 

  
ln100 ln 78, 6858

14
0, 017


= N .  

Vy nu c tng dn s vi t l hng nm l 1 ,7% th n nm 2015 dn s 
n c ta s  mc 100 triu ng i.  

Cu hi  v  b i  tp 

42.  Tm sai lm trong lp lun sau :  

Ta c 2ln e 2 ln e 2.1 2= = =  v ln(2e) ln e ln e 1 1 2= + = + = .  T  suy 

ra 2e 2e= ,  m e   0 nn e = 2 !   

43.  Biu din cc s sau y theo ln 2=a ,  ln 5=b  :  

ln 500 ;  
16

ln
25

 ;  ln 6,25 ;  
1 2 98 99 .ln ln .. . ln ln
2 3 99 100
+ + + +  

44.  Chng minh 

 
7 25

ln(3 2 2 ) 4 ln( 2 1) ln( 2 1) 0.
16 8

+  +   =  

45.  S tng tr ng ca mt loi vi khun tun theo cng thc .=
rt

S A e ,  trong  

A  l s l ng vi khun ban u, r l t l tng tr ng (r  > 0),  t l thi gian tng 

tr ng.  Bit rng s l ng vi khun ban u l 100 con v sau 5  gi c 

300 con.  Hi sau 10 gi c bao nhiu con vi khun ?  Sau bao lu s l ng vi 

khun ban u s tng gp i ?  

46.  Cho bit chu k bn hu ca cht phng x plutni 239
Pu  l 24360 nm (tc l 

mt l ng 239
Pu  sau 24360 nm phn hu th ch cn li mt na).  S phn 

hu  c tnh theo cng thc ertS A= ,  trong  A  l l ng cht phng x ban 

u,  r l t l phn hu hng nm (r < 0),  t l thi gian phn hu, S l l ng 

cn li sau thi gian phn hu t.  Hi 10 gam 239
Pu  sau bao nhiu nm phn 

hu s cn 1  gam ?  
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S dng my tnh b ti   tnh lu tha 
v lgarit 

C th dng my tnh  b ti ,  chng hn my tnh  CASIO fx -  500 MS,   tnh lu tha 
ca 1 0,  ca e  cng nh  lgarit thp phn v  lgarit t nhin  ca mt s.  

V d 1 .  Tnh  log 5, 63.  

 tnh  log 5, 63 ,  ta n  ln  l t cc phm sau  :  

   log 5 . 6 3 = .  

Khi  ,  trn  mn hnh  hin  s   

    0.750508395.  

Nu lm trn  n ch s thp phn th t  th 

   log 5, 63 0, 7505 .  

V d 2.  Tnh  2,1310 .  

 tnh  2,13
10

 ,  ta n  ln  l t cc phm sau  :  

   10 ( ) 2 . 1 3 =
x

SHIFT .  

Khi  ,  trn  mn hnh  hin  s  

    0.007413102.  

Nu lm trn  n ch s thp phn th t  th 

    10
2,13    0,0074.  

V d 3.  Tnh  ln 4,83.  

 tnh  ln 4,83 ,  ta n  ln  l t cc phm sau  :  

   ln 4 . 8 3 = .  

Trn  mn hnh  hin  s 
    1 .574846468.  

Nu lm trn  n ch s thp phn  th t  th 

   ln 4,83   1 ,5748.  

V d 4.   Tnh  5e .  

 tnh  5e ,  ta n  ln  l t cc phm sau  :  

   =5x
SHIFT e .  



99 

Trn mn hnh  hin  s  

   9.356469017.  

Nu lm trn n ch s thp phn th t  th  

   5
e    9,3565.  

lgarit trong mt s cng thc o l ng  

a)  pH trong ho hc 

  Trong mi  dung dch,  nng  ion  hir [H3O
+
]  c tr ng cho tnh  axit,  nng  

hirxyn [OH ]  c tr ng cho tnh  baz (kim),  (nng  tnh  bng mol/l).  

 25oC,  tch  [H3O
+
]    [OH ]  l  mt hng s v  bng  10 14  (i  vi  mi  dung  dch).  

N c tinh  khit  25oC c [H3O
+
]  = [OH ]  = 10

7
.  Nu nng  [H3O

+
]  ln  hn 

10
7  th dung  dch  c tnh  axit,  nng  [H3O

+
]  nh hn 10 7  th  dung  dch  c 

tnh  kim.  

V cc nng  ny l  nhng s rt nh nn   c tr ng  tnh  axt (tnh  baz)  ca 
mt dung dch,  ng i  ta xt ch s (hay )  pH,  

   pH =  log[H3O
+
] .  

(pH  l  ch u ca nhm t "potential  of hydrogen" c ngha l  tim lc ca hir).  

Nh  vy 

pH < 7  ni  ln  rng dung dch  c tnh  axit ;  

pH > 7  ni  ln  rng dung dch  c tnh  baz ;  

pH = 7  chng t dung dch  l  trung tnh.  

V d

Bia c [H3O
+
]  = 0,00008 ,  do  c  pH  l  

   pH = log 0,00008 = 5   log 8 < 7.  

R u c [H3O
+
]  =  0,0004,  do  c  pH  l  

   pH = log0,0004 = 4  log 4 < 7.  

Em

c bi t
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Nh  vy,  bia v  r u  u c tnh  axt,  nh ng tnh  axt ca r u ln  hn tnh  axt 
ca bia.  

  Trong thc t,  ngnh th nh ng rt quan tm n  pH ca mt vng t  tm 
ra bin  php ci  to t v  chn ging cy trng thch hp.  

b)  chn ng trong a vt l  

  chn ng M ca mt a chn bin   I  c o trong  thang  Richte  
(C.  F.  Richter,  nh  a vt l  M,  1 900   1 985)  xc nh bi  

    
0

ln
I

M
I

=  

(I0  l  bin   ca dao ng  b hn  1 m trn  my o a chn,  t cch tm a 

chn 1 00km,  I0   c ly lm chun).  

  3  Richte,  a chn  ch c nh h ng trong mt vng  din  tch  nh ;   4 n 5 

 Richte,  a chn  gy mt s thit hi  nh ;   6 n 8  Richte,  a chn gy mt 

s thit hi  ln  ;   9  Richte,  thit hi  l  cc k  ln.  

 Nng l ng gii  to E  ti  tm a chn  M  Richte  c xc nh  xp x bi  
cng thc 
    log 11, 4 1, 5E M + .  

T ,  chng hn,   8  Richte,  a chn c nng l ng gii  to gp khong  

30000 ln  a chn  5  Richte (a chn  5  Richte c nng l ng gii  to 

khong 2.1 01 8  jun).  

c)  to nh ca m  

 c tr ng cho  to nh ca m,  ng i  ta  a ra khi  nim mc c ng  ca 

m.  Mt n  v  th ng dng   o mc c ng  ca m l  xiben (vit tt l  dB)  

(G.  Bel l ,  1 847   1 922,  nh  vt l  M gc Anh).  

Mc c ng  L  ca m  c tnh  theo cng thc :  

    
0

(dB) 10 log ,
I

L
I

=  

trong  I l  c ng   ca m,  tc l  nng  l ng truyn i  bi  sng m trong 
mt n v  thi  gian  v  qua mt n v  d in  tch b mt vung gc vi  ph ng  

sng truyn (n v  o l  W/m2)  ;  0I  l  c ng  ca m  ng ng nghe 

( 12
0 10I


=  W/m2).  Cng thc trn cho thy :  Khi  c ng  ca m tng ln  

2 310 , 10 , .. .  ln  th cm gic v  to nh ca m tng ln  gp 2,  3,  . . .  ln.  

Ch   rng  nu  th ng xuyn nghe ting  n  khong 90dB th c nguy c b  gim 

thnh  lc,  thm ch b  ic (xem bi  tp 52 tr.  1 1 2).  



 1 01  

Trong bi ny,  ta lun gi thit a  l mt s dng v khc 1  (0 < a    1 )  % 

cho, J  l mt khong hay hp ca nhiu khong no .  

1.  Khi nim hm s m v hm s lgarit  

T nh ngha lu tha v lgarit,  ta thy :   

  Vi mi gi tr thc ca x,  ta lun xc nh c mt gi tr a
x
 (duy nht).   

  Vi mi gi tr thc dng ca x,  ta lun xc nh c mt gi tr logax  

(duy nht).    

T ,  ta c hm s y = a
x
 xc nh trn R  v hm s y = logax  xc nh trn       

*
+

R  =  (0 ;  +).  

nh ngha  

Gi s a  l mt s dng v khc 1 .  

Hm s dng y  =  a
x
 c gi l hm s m c s a.  

Hm s dng y  =  logax  c gi l hm s lgarit c s a.  

Khi khng cn nhn mnh c s,  hm s m c s a cn gi tt l hm s 

m
(1)  ;  hm s lgarit c s a cn gi tt l hm s lgarit.   

Ta cng dng k hiu y = logx  (hoc lgx)    ch hm s lgarit c s 10 v k 

hiu y  =  lnx  ch hm s lgarit c s e.  Trong nhiu ti liu,  hm s y  = e
x 
 

cn c k hiu l y  =  exp(x).  

2.  Mt s gii hn lin quan n hm s m v hm s lgarit  

a)  Ta tha nhn rng cc hm s y  =  a
x
 v y  = logax  lin tc ti mi im m 

n xc nh, tc l 

  x0 R ,    0

0

lim


=
xx

x x
a a ,  

  x0  
*
+

R ,   
0

0lim log log


=a a
x x

x x .  

  

(1 ) C ti liu coi hm s m l hm s c dng y  = ka
x
,  trong  k l hng s khc 0.  

5



 1 02 

H1 Tm cc gii hn sau : 

a)  

1

lim e x
x+

 ;     b)  2
8

lim log
x

x


 ;    c)  
0

sin
lim log .
x x

 

b) Ta % bit 
1

lim 1 e
t

t t+


+ = 

 
.  Ngoi ra ta cn c 

1
lim 1 e

t

t t


+ = 

 
.  T , 

bng cch i bin (t 
1

x
t
= )  ta c  

                                          ( )
1

0
lim 1 x
x

x


+  = e.                  (1 )  

S dng (1 ),  ta d dng chng minh c hai gii hn quan trng sau y.  

nh l  1  

   
0

ln(1 )
lim 1


+
=

x

x

x
,      (2)  

   
0

e 1
lim 1



=

x

x x
.       (3) 

Chng minh.  Ta c.  

   
ln(1 )+

x
 = ( )

1
ln 1 + x

x
 =  ( )

1

ln 1 + xx .  

Khi x dn n 0 th ( )
1

1 e+ xx  nn do tnh lin tc ca hm s lgarit,  

ta c 

  ( )
1

0 0

ln(1 )
lim lim ln 1
 

+
= + x

x x

x
x

x
 = ln e  = 1 .  

Vy  (2)  c chng minh.  

 chng minh (3),  ta t t =  e
x
   1 .  Khi  ta c x  = ln(1  + t),  v 0x  khi  

v ch  khi 0t  .  Do   

  
0

e 1
lim



x

x x
 = 

0
lim

ln(1 ) +t

t

t
= 

1

0

ln(1 )
lim





+ 
 
 t

t

t
= 1 .  

Vy (3) c chng minh.                     
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3.  o hm ca hm s m v hm s lgarit 

Di y,  chng ta s chng t rng hm s m v hm s lgarit c o hm 
ti mi im m n xc nh.  

a) o hm ca hm s m 

nh l 2 

a) Hm s y  = a
x
 c o hm ti mi im x    R  v  

  ( ) 'xa  = a
x
 lna  ;  ni ring ta c  ) 'ex  = e

x
.  

b)  Nu hm s u =  u(x)  c o hm trn J th  hm s 
( )

=
u x

y a  c o hm trn J v   

( ) =( ) ( )' '( ) lnu x u xa u x a a  ;  ni ring ta c ( ) =
( ) ( )'e '( )eu x u xu x .  

Chng minh 

a) Trc ht ta xt hm s y   =  e
x
.  Gi s x  l mt s tu .  K hiu x  l s 

gia ca bin s ti x v y   l s gia ca hm s tng ng vi n,  ta c 

    y  = e e+


x x x = ( )e e 1


x x .  

 
0

lim
  x x

 = 
0

e (e 1)
lim



 





x x

x x
= 

0

e 1
e lim



 





x
x

x x
 =  ex   (theo (3)).  

Vy ( ) 'ex = e
x
 vi mi x.  

i vi hm s y = a
x
,  ta c e

ln lne= =
x

x a x a
a  nn theo cng thc o hm 

ca hm s hp,  ta c   

 ( ) 'xa  = ( )ln 'ex a = 
ln

e ( ln ) 'x a x a  =  a
x
 ln a  (vi mi x   R).  

b)  Kt lun ny suy ra t phn a)  ca nh l v cng thc o hm ca hm 
s hp.                

V d 1.  Vi y  =  (x
2
 + 1 )e

x 
,  ta c    

y'  = (x
2
 + 1 )'  e

x 
+ (x

2
 + 1 )(e

x 
)'  = (2x  + x

2
 + 1 )  e

x
 =  (x  + 1 )

2
e
x
.  
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H2  Tm o hm ca mi hm s sau : 

a)   y =  (x  +  1)e
2x
  ;     b)   y =  e x  sinx.  

b) o hm ca hm s lgarit  

nh l 3 

a) Hm s y  = logax c o hm ti mi im x > 0 v   

 (logax)'  = lnx a
 ;  ni ring ta c (lnx)'  = 

x
.  

b)  Nu hm s u  = u(x)  nhn gi tr dng v c o hm trn 

J th hm s y  = logau(x)  c o hm trn J v 

     ( )
,

log ( )a u x = 
( ) lnu x a

 ;  ni ring ta c 
'( )

(ln ( )) '
( )

=
u x

u x
u x

.  

Chng minh  

a)  Trc ht ta xt hm s y  =  lnx.  Gi s x  l mt s dng tu .  K hiu x

l s gia ca bin s ti x v y   l s gia ca hm s tng ng vi n,  ta c 

 y  = ln(x +x)    lnx = ln
+ x

x
 = ln 1

 
+ 

 x
.  

 
0

lim
  x x

 =  
0

ln 1

lim
 

 
+ 

 
x

x

x
 = 

0

ln 1
1

lim
 

 
+ 

 
x

x

x x

x

 = 
x
   (theo (2)).  

Vy (lnx)'  = 
x
 vi mi x > 0.  

i vi hm s y  = logax,  ta c  

  (logax)'  = 
,

ln

ln


 
 a

 = 
1

(ln
ln

x
a

 =  
lnx a

 (vi mi x > 0).  

b)  Kt lun ny suy ra t phn a) ca nh l v cng thc o hm ca hm 

s hp              



 1 05  

V d 2.  i vi hm s y  = ln(x
2
   x + 1 ),  ta c 

   y'  = 
2

2

( 1) '

1

 +

 +

x x

x x
 = 

2

2 1

1



 +

x

x x
.  

H3 Chng minh rng [ln(  x)] ' = 
x
 vi mi x <  0.  

H qu 

a) ( )ln 'x  = 
x
 vi mi x   0.   

b)  Nu hm s u = u(x) nhn gi tr khc 0 v c o hm 
trn J  th  

( )ln ( ) 'u x  =  
( )u x

 vi mi x   J.  

H qu ny c suy ra t nh l 3  v kt qu ca H3 .  

4.  S bin thin v  th ca hm s m v hm s lgarit  

a) Hm s y = a
x

 

Ta % bit hm s y = a
x
 c tp xc nh l 

R .   kho st s bin thin ca n,  ta 

cn xt du ca o hm y'  = a
x
 lna.  Do 

a
x
 > 0 vi mi x  nn du ca y'  trng vi 

du ca lna.  Mt khc,  theo tnh cht ca 

lgarit ta c lna  > 0 khi   a  > 1  v lna  < 0 

khi 0 < a  < 1 .  Bi vy, ta xt hai 

trng hp :  

  Trng hp   a  > 1  

Trong trng hp ny ta c lna  > 0 nn y'  > 0 vi mi x.  Do  hm s ng 

bin trn R .   

Ngi ta cn chng minh c rng lim
+

x

x
a  = +   v 

 lim


x

x
a  =   0.                  (4) 

 

 

 

 

 

 

 

 

 

 

Hnh 2.1  
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Gii hn (4) chng t  th ca hm s y = a
x
 c tim cn ngang (khi 

x    )  l trc honh.   

Ta c bng bin thin sau :  

x                         0                             +  

 

y =  a
x 
 (a  > 1 )  

                                                   +  

                            1  

 0 

Hm s y  = a
x
 nhn mi gi tr thuc khong (0 ;  +).  

Hnh 2.1  th hin  th ca hm s y = ( )3
x
.   th ca cc hm s m vi 

c s  a  > 1  cng c dng tng t.  Chng c chung cc c im ng ch  
sau y :  

(i)  Lun ct trc tung ti im c tung  bng 1  (v ta lun c a
0
 = 1 )  ;  

(ii)  Nm hon ton  pha trn ca trc honh (v a
x
 > 0 vi mi x).  

  Trng hp  0 < a  < 1  

Trong trng hp ny, ngi ta cng chng minh c rng lim


x

x
a  = +   v 

  lim
+

x

x
a  =   0.    (5)  

H4  a)  Da vo (5),  hy nu kt lun 

v ng tim cn ngang ca   th hm s 

y =  a
x
.  

b) Lp bng bin thin ca hm s y =  a
x
 vi 

0 <  a <  1 .  

Trn hnh 2.2, ng nt lin th hin  

th ca hm s y  = 
2


 
 

x

.  D thy  th 

ny cng c cc c im (i)  v (ii)  nh 

trong trng hp a > 1 .                                                                                                                                                                                                                                                                                                      

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Hnh 2.2  
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Ghi nh 

Hm s y  = a
x
 

*  C tp xc nh l  R  v tp gi tr l khong (0 ;  +)  ;  

* ng bin trn R  khi a  > 1 , nghch bin trn R  khi 0 < a  < 1  ;  

 *  C  th  :   

  i qua im (0 ;  1 ),   

  Nm  pha trn trc honh,  

  Nhn trc honh lm tim cn ngang.  

 th c mt trong hai dng nu  hnh 2.3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 2.3 

b) Hm s y  =  log
a
x 

Ta % bit hm s y  = logax  c tp xc nh l khong (0 ;  +) v trn khong 

 n c o hm l y'  = (logax)'  = .
lnx a

  

Tng t hm s m,   xt du ca o hm, ta xt hai trng hp :  a  > 1  v 

0 < a < 1 .  
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 Mt s kt qu kho st hm s y  =  logax   c ghi li trong bng sau :  

Hm s y = logax   vi a  > 1  Hm s y = logax  vi 0 < a  < 1  

 y'  > 0 vi mi x   (0 ;  +)  

 Hm s ng bin trn (0 ;  +)  

   v nhn mi gi tr thuc R  

 y'  < 0 vi mi x   (0 ;  +)  

 Hm s nghch bin trn (0 ;  +) 

   v nhn mi gi tr thuc R  

 
0

lim log
+



= a
x

x      (6)  

 lim log
+

= +a
x

x  

 
0

lim log
+



= +a
x

x        (7)  

 lim log
+

= a
x

x  

Cc gii hn (6) v (7)  chng t rng trong c hai trng hp,  th ca hm 

s y  =  logax  u c tim cn ng (khi x   0
+
)  l trc tung.  

Trn hnh 2.4,  ng nt lin th 

hin  th ca hm s y  = log2x

(cc hm s lgarit c s a  vi a > 1  

c dng tng t),  ng nt t 

th hin  th ca hm 

s
2

log=y x  (cc hm s lgarit 

c s a  vi 0 < a < 1  c dng tng 

t).   Chng c chung nhng c 

im ng ch  sau :  

(i)  Lun ct trc honh ti im 

(1  ;  0)  (v loga1  = 0 vi mi a)  ;  

(ii)  Nm hon ton v bn phi trc tung (v logax ch xc nh khi x > 0).  

H5  Da vo bng trn,  hy lp bng bin thin ca hm s y =  logax trong mi 

trng hp a  > 1  v 0  <  a <  1 .  Kim nghim cc tnh cht c nu trong bng  

qua  th hnh 2.5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 2.4 
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Ghi nh 

Hm s y  = logax 

*  C tp xc nh l khong (0 ;  +) v tp gi tr l R  ;  

*  ng bin trn (0 ;  +)  khi a  > 1 ,  nghch bin trn (0 ;  +)  

khi 0 < a  < 1  ;  

*  C  th   

  i qua im (1  ;  0),   

  Nm  bn phi trc tung, 
  Nhn trc tung lm tim cn ng.  

 th c mt trong hai dng nu  hnh 2.5  (ng lin nt).  

 

 

 

 

 

 

 

    a)         b)   

Hnh 2.5 

Nhn xt 

Nu gi (G1) l  th ca hm s y = a
x

v (G2)  l  th ca hm s y  = logax
 
 th 

(G1)  v (G2)  i xng vi nhau qua ng 

phn gic (l1) ca gc phn t th nht.  

Tht vy,  xt im M(p  ;  q) bt k,  im 

i xng vi M qua (l1)  l im M'(q  ;  p),  
ta c (h.2.5))  :  

 M(p  ;  q)    (G1)     q  = a
p
     p  = logaq    

                              M'(q  ;  p)  (G2).  

 

 

 

 

 

 

 

 

 

Hnh 2.6 
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iu  % chng minh nhn xt trn.  Ta cng c th kim nghim li nhn 

xt ny i vi hai hm s y  = log2x v y  = 2
x
 (h.  2.6)  bng cch gp t giy 

theo ng (l1).  

S tng trng (hay suy gim) m  

1 .   Th no l tng trng (hay suy gim) m ? 

Trong bi  hc 4,  ta  lm quen vi  vn  li  kp l in  tc.  Trong thc t,  nh iu  
hin  tng t nhin,  x hi  c tnh  cht tng trng (hay suy gim)  tng t nh vn  
 li  kp l in  tc,  chng hn:  vn  tng trng dn  s,  vn  sinh  si  ca vi  
trng,  vn  phn hu ca cc cht phng x, . . .  Cc vn  trn  c gi  l vn   
tng trng (hay suy gim)  m.  

V thc cht,  s tng  trng (hay suy gim)  m  c c trng bi  mt hm s m 
o hm ca n ti  mi  im u t l vi  gi tr  ca hm s ti  im  vi  h s t 
l khng i ,  tc l hm s ( )y f x=  tho mn iu  kin 

    '( ) ( )f x kf x=      (1 )  

(xt trn  mt khong  no )  trong  k l mt hng s khc 0 no .  S k c gi  

l t l tng trng khi  k > 0  v c gi l t l suy gim  khi  k < 0.  

Ta s chng t rng hm s ( )y f x=  tho mn  iu  kin (1 )  khi  v ch khi  n 

c dng 

    e=
kx

y C  (vi  C  l hng s tu ).    (2)  

Tht vy,  d thy hm s ekxy C=  (C  l hng  s)  lun tho mn iu kin  (1 ).  

Ngc li ,  gi s ( )=y f x  l hm s tho mn iu  kin (1 ).   

Khi  ,  nu t 
( )

( ) ,
e

f x
C x

kx
=  tc l ( ) ( )ekxf x C x=  th  theo (1 )  ta c :  

 '( ) '( )e ( ) e '( )e ( ) ( ).kx kx kx
f x C x C x k C x kf x kf x= + = + =  

T  suy ra '( )e 0.kx
C x =  Tc l '( ) 0C x =  (vi  mi  x thuc khong ang xt).  Vy 

( )C x  phi  l mt hng  s C no  v do  f(x)  = Ce
kx
.                

D thy C  l gi tr  ca hm s f ti  x = 0  nn  C  cn  c gi  l gi tr  ban  u.  
Trong cng thc li  kp l in  tc th gi tr  ban  u  chnh  l s vn  ban u  gi  vo 
ngn  hng ( ),C A=  k l li  sut mi  nm ( )k r=  v x l s nm gi  (x = N).  
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2.   Chu  k bn  hu (bn  r$)  ca cht phng x 

Trong cng thc (2),  nu  k < 0  th hm s ekxy C=  m t s suy gim m.  Mt v d  

in  hnh cho s suy gim m l s phn hu ca cc cht phng  x.  

Gi s c mt lng cht phng x ban u  l 0 ,u  lng cht phng  x cn  li  ti  

thi  im t l 

    0( ) ektu t u=  

trong  k < 0  l h s suy gim (trong Vt l ,  s |k|  gi  l hng s phng x)   
Ta t 1 ( )u 1u t=  v ( )2u 2u t=  v xt t s 

    0 2 1

1
0

2 (2 e .
1

)
kt

u eu k t

ktu
u e

t
= =


 

Kt qu  chng t rng  t s gia hai  lng phng  x cn li  ti  hai  thi  im 2t  v 

1t  ch ph  thuc vo hiu  s 2 1t t  m thi .  iu   cho php ngi  ta a ra mt 

khi  nim gi  l chu k bn hu (bn r)  ca cht phng x,   l khong thi  gian  
m lng cht phng x  phn hu i  ch cn  li  mt na.  Ni  cch khc,  chu k  
bn hu l khong  thi  gian  2 1s t t=   sao cho 

    2

1

1
e .

2
ksu

u
= =       (3)  

T (3)  ta c 
ln 2

s
k



=  hay 
ln 2

.k
s



=  Nh vy,  nu bit chu  k  bn  hu ca mt cht 

phng x th ta cng tnh  c h s suy gim ca cht phng  x .  Chng hn,  
chu  k bn  hu ca radium l 1 550 nm nn h s suy gim ca radium l  

ln 2
0,000447.

1550
k



=       

Cu hi  v bi  tp 

47.   Khong 200  nm trc, hai nh khoa hc Php 

l Cl-zi-ut (R.  Clausius)  v Cla-pay-rng 
(E.  Clapeyron)  % thy rng p sut p  ca 
hi nc (tnh bng milimt thu ngn, 
vit tt l mmHg) gy ra khi n chim 
khong trng pha trn ca mt nc cha 
trong mt bnh kn (h.2.7) c tnh theo 
cng thc 

  p = a  .  
273

10
+

k

t
,    

Hnh 2.7 
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trong  t l nhit  C  ca nc, a v k l nhng hng s.  Cho bit 

k   2258,624.  

a) Tnh a   bit  rng  khi  nhit  ca nc l 100
o
C th p sut ca  hi  nc 

l 760 mmHg (tnh chnh xc n hng phn chc).  

b)  Tnh p sut ca hi nc khi nhit  ca nc l 40
o
C (tnh chnh xc 

n hng phn chc).  

48.  Tm cc gii hn sau :  

a)  
2 3 2

0

e e
lim

x

x x

+




  ;     b)  

2 5

0

e e .lim
x x

x x


 

49.  Tm o hm ca cc hm s sau :  

a)  y = (x    1 )e
2x
  ;     b) y = x

2 4e 1x
+  ;  

c)  y  =  ( )
1

e e
2

x x
  ;     d)  y  = ( )

1
e e

2
x x
+ .  

50.  Trong cc hm s sau y, hm s no ng bin, hm s no nghch bin trn R ? 

a) y  =  
3

 
 
 

x

 ;       b)  y  = 
3

.
2 3


 

+ 

x

 

51.  V  th ca cc hm s sau :  

a)  y  =  ( )2
x
 ;      b)  y  = 

2
.

3


 
 

x

 

52.  S dng cng thc 
0

( ) 10 log
I

L dB
I

=  (xem bi c thm "Lgarit trong mt s 

cng thc o lng" tr.99),  h%y tnh gn ng,  chnh xc n hng n v,   

ln (dB) ca m thanh c t s 
0I
 cho trong bng sau ri in vo ct cn trng :  

STT Loi m thanh 
0I
  ln (L)  

1  Ngng nghe 1   

2 Nhc m du 4000  

3  Nhc mnh pht ra t loa 6,8.10
8
  

4 Ting my bay phn lc 2,3.10
12
  

5  Ngng au tai 10
13
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53.  Tm cc gii hn sau  :  

a)  
0

ln(1 3 )
lim


+

x

x

x
 ;      b)  

2

0

ln(1 ) .lim


+

x

x

x
 

54.   Tm o hm ca cc hm s sau :  

a) y  =  (3x   2)ln
2
x  ;     b)  y  = 2 1+x  lnx

2 
;  

c)  y  =  x.  ln
1 + x

 ;     d) y  = 
2ln( 1)+x

x
.  

55.   Trong cc hm s sau y,  hm s no ng bin,  hm s no nghch bin 

trn khong xc nh ca n ?  

a) y  =  2log x

e

 ;      b)  y  = logax  vi a  = 
1

3( 3 2 )

.  

56.  V  th ca cc hm s sau :  

a)  y  =  
2

log x  ;       b)  2

3

log .=y x  

c tnh dn s Vit Nam 

Nm 2001 ,  dn  s nc ta khong 78 690 000  ngi.  Theo cng thc tng  trng  

m,  nu  t l tng dn s hng nm lun l 1 ,7% th c tnh  s dn  Vit Nam x nm 

sau s l 78 690 000.e
0,017x

 (ngi)  =  0,0177,869.e x (chc triu  ngi).   phn no 

thy c mc  tng  nhanh ca dn  s,  ta xt hm s 

    f(x)  = 7,869.e
0,017x

.  

 th  ca hm s y  = f(x)  (h.2.8)  cho thy khong  30  nm sau  (tc l khong  

nm 2031 ),  dn s nc ta s vo khong  1 31  triu  ngi,  tc l tng  gp ri.  

Chnh  v  vy,   m bo nn kinh  t pht trin  bn  vng,  ng v Nh nc ta lun  

quan  tm n vn  dn s v k hoch  ho gia nh.  

Em

c bi  t
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Hnh 2.8a 
 th hm s y =  f(x) 

Hnh 2.8b  
Hnh nh phng to mt phn ca h.2.8a 

        

Chng  ta % hc cc hm s :  y  =  x  ,  y  = x
2
,  y  = 

x
 = x

1
.   l nhng trng 

hp ring ca hm s lu tha.  

1.  Khi nim hm s lu tha 

Hm s lu tha  l hm s c dng y =  x


,  trong   l mt hng s tu .  

T cc nh ngha v lu tha, ta thy  

 Hm s y  = x
n
,  vi n  nguyn dng, xc nh vi mi x    R.  

 Hm s y  = x
n
,  vi n  nguyn m hoc n  = 0,  xc nh vi mi x    0.  

 Hm s y =  x


,  vi  
 
khng nguyn, c tp xc nh l tp cc s 

thc dng.  

Ngi ta chng minh c rng hm s lu tha lin tc trn tp xc nh 

ca n.  

6
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Ch   

Theo nh ngha, ng thc n x  = nx  ch xy ra nu x > 0.  Do ,  

hm s y = nx  khng ng nht vi hm s y = n x  (n    *
N ).  

Chng hn, hm s  

y  = 3 x  l hm s cn bc ba,  xc nh vi mi x    R  ;  cn hm s 

lu tha y  = 3x  ch xc nh vi mi x > 0.  

2. o hm ca hm s lu tha  

Vi n  l s nguyn ln hn 1 ,  ta % c cng thc (x
n
) '  = nx

n1
 vi mi x   R.  

Tng t,  ta c cng thc o hm ca hm s lu tha vi s m thc 
sau y.  

nh l  

a) Hm s lu tha y  = x

 (vi     R )  c o hm ti mi 

im x > 0 v  

                ( )'x
  = x

1
.  

b)  Nu hm s u = u(x) nhn gi tr dng v c o hm trn J 

th hm s  y  = ( )u x
   cng c o hm trn J  v  

  ( ) 1'
( ) ( ) '( )u x u x u x  

= .  

Chng minh 

a) Vi mi x > 0,  ta c  

 ( ) 'x  = ( )ln 'x


e  = 
ln )ln 'x  = x


 ( ln x) '  = 

1
.x
x

  = x
1

.     

b) Kt lun ny suy ra t a)  v quy tc o hm ca hm s hp.     

V d 1 

a) (x

.

x
)'  =  (x


) '.

x
  + x


.(

x
) '  

  =  .x
  1

.
x
 + x


.

x
.ln   = x

  1

x
 (  + x ln).  
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b)   ( )
1 2 'ln
+ 

  
x  =  (1  + 2 )  ( )

2
ln x (ln x)'  = (1  + 2 )  ( )

2
ln x .

x
.  

H1  Chng minh rng vi n nguyn v 1n   ta c 1( ) 'n n
x nx


=  vi mi 0x  .  

Ch  

a) p dng nh l trn,  ta d dng chng minh cng thc o hm 
ca hm s cn bc n sau y :  

   ( ) 'n x  = 
1

1

n n
n x

 

(vi mi x >  0 nu n chn, vi mi x    0  nu n  l).  

b)  Nu u = u(x)  l hm s c o hm trn J v tho m%n iu kin 

u(x)  > 0 vi mi x    J  khi n chn, u(x)    0  vi mi x   J  khi n
l th   

   ( )( ) 'n u x  =  
1

'( )

( )nn

u x

n u x

 (vi mi x   J) .  

V d 2.  ( 3 sin 3x )'  =  
233 (sin 3 )

x

x

 =  
3 2sin 3

x

x

.   

H2   Tm o hm ca hm s y  = 
4 2e 1x

+ .  

3.  Vi nt v s bin thin v  th ca hm s lu tha  

  y, ta ch xt cc hm s lu tha 

dng y  = x

  vi     0 v vi tp xc 

nh l (0 ;  +).  

T cng thc ( ) 'x
  = x

1
,  ta suy 

ra hm s y = x

 ng bin trn khong 

(0 ;  +)  nu   > 0 v nghch bin trn 

khong (0 ;  +)  nu   < 0.   Hnh 2.9 th 

hin  th ca mt s hm s lu tha 

trn khong (0 ;  +).  

 

 

 

 

 

 

 

 

 

 

Hnh 2.9 
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Nhn xt.  Do 1


 =  1  vi mi   nn  th ca mi hm s lu tha u i qua 

im (1  ;  1 ).                  

Cu hi  v bi  tp 

57.  Trn hnh 2.10 cho hai ng cong (C1)  

(ng nt lin) v (C2)  (ng nt t) 

c v trn cng mt mt phng to .  
Bit rng mi ng cong y l  
th ca mt trong hai hm s lu tha 

2
=y x  v 

1
2 ( 0)



= >y x x .  Ch da 

vo tnh cht ca lu tha, c th nhn 
bit ng cong no l  th ca hm s 
no c khng ?  H%y nu r lp lun.  

58.  Tm o hm ca cc hm s sau :  

a)  y  = (2x  + 1 )


  ;     b)  5 3ln 5=y x  ;  

c)  y  = 
3

3
3

1

1

+

 x
 ;     d)  y  =  

 
   
   

a b
x

b x
 vi a  > 0,   b  > 0.  

Luyn tp 

59.   Tnh gi tr gn ng o hm ca mi hm s sau ti im % cho (chnh xc 

n hng phn trm) :  

a)  y = log3(sin x)  ti x  = 4

 ;                     b)  y  = 

2

2x

x
 ti x = 1 .  

60.  a)  Chng minh rng  th ca hai hm s y  = a
x
  v y  =  

1 
 
 

x

a
 i xng vi 

nhau qua trc tung (h.2.2 vi a = 2 ).  

 

 

 

 

 

 

 

 

 

Hnh 2. 10 
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Hnh 2.11  

b) Chng minh rng  th ca hai hm s y  =  logax  v y  = 1log
a

x  i xng 

vi nhau qua trc honh (h.2.4 vi a  = 2 ).  

61.  V  th ca hm s y  = log0,5x.  Da vo  th,  h%y gii cc bt phng 
trnh sau :  

a) log0,5x  > 0  ;                                    b)  3    log0,5x < 1 .  

62.  V  th ca hm s y  = ( )3
x
.  Da vo  th,  h%y gii cc bt phng 

trnh sau :  

a) ( )3
x
   1  ;                         b)  ( )3

x
 > 3.  

Trn thc t,  nhiu bi ton dn n vic gii phng trnh dng a
x
 = m  hoc         

logax =  m,  trong  m  v a l nhng s cho trc vi 0 < a    1 .   l nhng 

dng n gin ca phng trnh m v phng trnh lgarit.  

Trong bi ny, ta vn gi thit a  l mt s cho trc, dng v khc 1 .  

1.  Phng trnh c bn 

  Phng trnh m c bn  c dng a
x
 = m,  

trong  m  l s % cho.  Phng trnh ny 

xc nh vi mi x.  

D thy rng khi m   0, ng thng y  = m   

khng ct  th hm s y = a
x 
;   cn khi m > 0, 

ng thng y  = m  lun ct  th hm s 

y  = a
x
 ti ng mt im (h.2.11 ).  Do  

7
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Hnh 2.12  

Nu m    0 th phng trnh a
x
 =  m  v nghim ;  

Nu m  > 0 th phng trnh a
x
 = m  c mt nghim duy nht 

x  =  logam.  Ni cch khc,  

  m   (0 ;  + ),   a
x
 = m      x  = logam.  

V d 1.  a)  3
x
 = 9      x  = log39    x  = 2  ;  

b) 10
x
 = 1       x  = log1       x  = 0.  

H1   Gii cc phng trnh sau  :  

       a)  2
x
 = 8   ;    b)   e

x
 =  5 .    

  Phng trnh lgarit c bn  c 

dng logax =  m,  trong  m  l s 

% cho.  iu kin xc nh ca 

phng trnh ny l x > 0.  

D thy ng thng y  = m  lun 

ct  th hm s y  = logax ti 

ng mt im (h.2.12).  Do  

Vi mi gi tr tu  ca m,  phng trnh logax  = m  lun c 

mt nghim duy nht x  = a
m
.  Ni cch khc,  

 m   (  ;  + ),  logax  =  m      x  =  a
m
.  

V d 2.   2
1

log
2

=x    

1

22 2= =x  ;  

  ln x = 0   ex = 0    x =  1 .  

H2  Gii cc phng trnh sau : 

a)   log3x =  log35  ;     b)  log x =   4.  

T  hy cho bit nghim ca phng trnh logax =  logap,  (p >  0).  
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2.  Mt s phng php gii phng trnh m v lgarit 

a) Phng php a v cng c s 

Trong bi trc,  ta % bit cc tnh cht :  

 (i)  a

  =  a


       =    ;  

 (ii)  Nu    > 0,     > 0  th log
a
  = log

a
       =   .  

Cc tnh cht  cho php ta gii mt s dng phng trnh m (hoc phng 
trnh lgarit)  bng cch a cc lu tha (hoc cc lgarit) trong phng trnh 
v lu tha (hoc lgarit)  vi cng mt c s.  Sau y l mt s v d.  

V d 3.  Gii phng trnh   

   9
x + 1

 = 27
2x + 1

.                  (1) 

Gii 

Nhn xt rng ta c th a hai v ca phng trnh v lu tha ca cng c 

s 3.  

   9
x + 1

 = 3
2(x + 1 )

  v  27
2x + 1

 = 3
3(2x + 1 )

.  
Do  

   (1)      3
2(x + 1 )

 = 3
3(2x + 1 )

     2(x + 1 ) = 3(2x + 1 )   

       4x  1  = 0      x =  .
4

 

Vy phng trnh c nghim duy nht x = .
4

 

V d 4.  Gii  phng trnh   

log2
x

  =  
2

1

2

log ( 1).x x                                             (2)  

Gii  

iu kin xc nh ca phng trnh (2) l x > 0  v x
2
  x  1  > 0.   

Vi iu kin ,  do  log2
x

  = 
2

log x  nn phng trnh % cho tng ng 

vi phng trnh 

  
2

log x  = 
2

1

2

log ( 1)x x  hay  x = x
2
  x  1 .  
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Bi vy,  ta c th vit 

 (2)     
2

2

0

1 0

1

>


  >


=  

x

x x

x x x

       
2

0

1

>


=  

x

x x x
      

2

0

2 1 0

>


  =

x

x x
  

   
0

1 2 hoc 1 2

>


= + = 

x

x x

     x  =  1  + 2.  

Vy phng trnh % cho c nghim duy nht x =  1  + 2 .  

H3   Mt bn gii phng trnh log4x
2
 =  log25  nh sau : V  log4x

2
 = log2x  nn 

  log4x
2
 = log25      log2x = log25      x = 5.  

Li gii  ng hay sai ? 

V d 5.  Gii phng trnh  

  log4(x + 12) .  logx2 = 1 .                                                          (3) 

Gii  

 v tri ca (3)  c ngha,  ta phi c x + 12 > 0 v 0 < x    1 .  Vy iu kin 

xc nh ca phng trnh (3)  l  0 < x     1 .   

Khi ,  log2x     0  v logx2 = 
2log x

,  thnh th vi iu kin 0 < x    1 ,  ta c  

(3)   
2
log2(x + 12).  

2log x
 = 1      log2(x + 12)  = log2x

2
    x  + 12 = x

2
.  

Do ,  ta c th vit  

(3)   
212

0 1

+ =


< 

x x

x


2 12 0

0 1

  =


< 

x x

x
   

3 hoc 4

0 1

=  =


< 

x x

x

     x = 4.  

Vy phng trnh (3)  c nghim duy nht x = 4.       

a v cng c s l phng php rt hay dng khi gii cc phng trnh m 
v phng trnh lgarit.  N thng c dng kt hp vi cc phng php 
khc m ta s nu di y.   

b) Phng php t n ph 

V d 6.   Gii phng trnh 3
2x + 5  

= 3
x + 2

 +  2.  
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Gii  

Ta c th vit  3
2x + 5

 = 3.  3
2x + 4

 = 3 .  3
2(x + 2)  

= 3. ( )
223

+x .   

V vy, nu t y  = 3
x + 2

 (vi y  > 0) th phng trnh % cho c dng 3y
2
 = y  + 2, 

hay 3y
2
   y    2 = 0.  Phng trnh ny c hai nghim y  = 1  v y  =  

3
,  nhng 

ch c y  = 1  l thch hp.  Do  

 3
2x + 5  

= 3
x + 2

 + 2      3
x + 2

 =  1      x  + 2 = 0     x  =   2.  

Vy phng trnh % cho c nghim duy nht x  =   2.   

H4  Gii phng trnh 
1 2 32 2 2 448x x x  
+ + =  bng cch t n ph 32 .xy 

=  

V d 7.  Xt phng trnh 
2

2 2

6 4
3.

log 2 log
+ =

x x
    (4)  

D thy iu kin xc nh ca phng trnh l 0,>x  
2

x  v 1 .x  Vi 

iu kin ,  ta c 

   (4)      
2 2

6 4
3.

1 log 2 log
+ =

+ x x
     (5)  

H5  Gii phng trnh (5)  bng cch t 2logy x=  ri kt lun v tp nghim 

ca (4).  

c) Phng php lgarit ho 

Tnh cht (ii)  % nu cn cho php gii phng trnh c hai v lun dng 

bng cch ly lgarit hai v (theo cng mt c s thch hp no ).  Vic lm 

 gi l lgarit ho  hai v ca phng trnh.  

V d 8.  Gii phng trnh  
21 23 . 2 8. 4 
=

x x x .
 

Gii  

D thy hai v ca phng trnh xc nh vi mi x  v lun nhn gi tr 

dng.  Do  c th lgarit ho hai v theo c s 2.  Ta c 

 
21 23 . 2 8. 4 
=

x x x      (x    1 )log23  + x
2
 = log28 + (x    2)log24 

           x
2
   (2   log23)x  + 1    log23  = 0.  
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Phng trnh bc hai cui cng c hai nghim l x  =  1  v x = 1    log23.   

cng l hai nghim ca phng trnh % cho.         

Lgarit ho l phng php kh thng dng trong vic gii phng trnh m.  
Khi lgarit ho,  ta cn kho chn c s  li gii c gn.  

H6   Bng phng php lgarit ho,  gii phng trnh 
1 52 .5 0, 2.(10 ) .x x x

=  

d) Phng php s dng tnh ng bin hay  nghch bin ca hm s  

V d 9.  Gii phng trnh  2
x 
= 2   log3x.  

Gii  

D thy x  = 1  l mt nghim ca phng trnh % cho.  Ta s chng minh rng 

phng trnh khng cn nghim no khc.   

Tht vy, iu kin xc nh ca phng trnh l x > 0,  tc l x   (0 ;  +).  

Trn khong , hm s y =  2
x
 ng bin trong khi hm s y  = 2   log3x 

nghch bin.  

Ta xt hai trng hp :  

  Nu x  > 1  th  log3x  > 0 v 2
x
 > 2.  Do  2   log3x  < 2 < 2

x
.  iu  chng 

t trn khong (1  ;  + ),  khng c gi tr no ca x  l nghim ca phng 

trnh % cho.  

  Nu 0 < x  < 1  th log3x   < 0 v 2
x
 < 2.  Do  2   log3x  > 2 > 2

x
.  iu  

chng t trn khong (0 ;  1 ),  khng c gi tr no ca x  l nghim ca phng 

trnh % cho.  

Tm li,  phng trnh % cho c nghim duy nht x =  1 .  

Cu hi  v bi  tp 

63.  Gii cc phng trnh sau :  

a)  (2 + 3 )
2x 
 = 2   3  ;     b)  

2
3 22 4 +

=
x x  ;  

c)  2 .  3
x + 1

   6 .  13x    3
x
 = 9 ;      d)  log3(3

x
 + 8)  = 2 + x.    
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64.  Gii cc phng trnh sau :  

a)  log2[x(x   1 )]  = 1   ;     b)  log2x + log2(x   1 )  = 1 .  

65.  Trn mt mi chic rai u c cc vch chia  ngi s dng d dng chn 

ng sng rai cn tm.  Bit rng vch chia  v tr cch vch tn cng bn 

tri mt khong d (cm) th ng vi tn s F  = ka
d
 (kHz),  trong  k v a  l hai 

hng s c chn sao cho vch tn cng bn tri ng vi tn s 53  kHz, vch 

tn cng bn phi ng vi tn s 160 kHz v hai vch ny cch nhau 12 cm.  

 

 

a)  H%y tnh k v a   (tnh a  chnh xc n hng phn nghn).  

b)  Gi s % cho F,  h%y gii phng trnh  ka
d
 =  F vi n d.   

c)  p dng kt qu ca b),  h%y in vo  trng trong bng sau (kt qu tnh 
chnh xc n hng phn trm) 

F 53 60 80 100 120 140 160 

d        

66.  Gii cc phng trnh sau :  

a) 2
x + 1

.  5
x  
= 200  ;      b)  

2 3
0,125 . 4 (4 2 ) .x x

=  

67.  Gii cc phng trnh sau :  

a) log2x + log4x  =  1
2

log 3  ;     b)  
3

log x .  log3x.  log9x = 8.  

68.  Gii cc phng trnh sau :  

a) 3
x + 1

 + 1 8.3 x  = 29 ;   

b)  27
x
 + 12

x
 = 2.8

x
.  (Hng dn  :  Chia c hai v cho 32 x  ri t 

2


=  
 

x

t ).  

69.  Gii cc phng trnh sau :  

a) log
2
x
3
   20log x  + 1  = 0  ;   b)  2 8

4 16

log

log 2 log 8
=

x x

x x
 ;  

c)  log9x27   log3x3  + log9243  = 0.  
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70.  Gii cc phng trnh sau :  

a)  4 33 4=

x x

 ;       b)  32 log3  x  =  81x  ;  

c)  3
x
.  

1
8

+x
 =  36 ;      d)  x

6
. log 55 x  = 5

5
.  

71.  Gii cc phng trnh sau :  

a) 2
x
 = 3    x   ;      b) log2x =  3    x .    

Khi gii h phng trnh m v lgarit,  ta cng dng cc phng php gii h 
phng trnh % hc nh phng php th,  phng php cng i s, phng 
php t n ph, . . .  .  

Trong phn ny, ta ch xt mt vi v d n gin.  

V d 1.   Xt h phng trnh  

   
1

2 3 5

2 3 2.

+

+ 

+ =


=

x y y

x y y

        (1 )  

t u  = 2
x+y

 v v  =  3
y  
(u > 0,  v  > 0),  ta c h phng trnh  

   
5

6.

+ =


=

u v

uv

        (2)  

D thy h (2) c hai nghim l (u  ;  v)  = (2 ;  3)  v (u  ;  v)  = (3  ;  2).  Cc gi tr 
ny u tho  m%n iu kin u > 0 v v  > 0.  Do ,  ta phi gii hai h phng 
trnh sau :  

   
2 2

3 3,

+
=


=

x y

y

        (3)  

   
2 3

3 2.

+
=


=

x y

y

        (4)  

8
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Ta c   (3)      
1

1

+ =


=

x y

y
     

1 .

=


=

x

y
 

H1  Tip tc gii h (4)  v kt lun v nghim ca h (1).  

V d 2.  Gii h phng trnh  

  
2 1

2 4

2 2 2

log . (log 1) 4.

 + + =


 =

x y x y

x y
                                         (5)  

Gii 

Trc ht,  ta xt phng trnh th nht trong h (5)  :   

   
2

2 x y  + 2
x
 = 2

1  + y
.        (6)  

Nhn hai v ca phng trnh (6) vi  2 ,y  ta c phng trnh 
2( )

2 2 2.x y x y 
+ =  

t 2x y  = t (t > 0) ,  ta c phng trnh t
2
 + t   2 = 0 ;  phng trnh ny c 

hai nghim l t =  1  v t = 2, trong  ch c nghim t =  1  l thch hp.  Vy 

  (6)      2x y  = 1      x   y  = 0     x =  y.  

em kt qu ny th vo phng trnh th hai ca h (5),  ta c  

               2

1
log 1

2


 

 
x  log2x   = 4     (log2x)

2
   2log2x    8  = 0 

    
2

2

log 2

log 4

= 


=

x

x
     

42

 =

 =

x

x
     

1 6.


=


=

x

x

 

Kt lun :  H (5)  c hai nghim l (x  ;  y) = ;
4 4


 
 

 v (x ;  y)  = (16 ;  1 6).  

H2  Gii h phng trnh  
2 2

1

log log 2.

xy

x y

=


+ =
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Cu hi  v bi  tp 

Gii cc h phng trnh (bi 72 v bi 73)  :  

72.  a) 
4 4 4

20

log log 1 log 9 ;

+ =


+ = +

x y

x y

    b)  
2 2

1

4 4 0, 5. 

+ =


+ =
x y

x y

 

73.  a) 
5

3 . 2 1152

log ( ) 2 ;

 =


+ =

x y

x y

                b) 
2 2

2 3

2

log ( ) log ( ) 1 .

  =


+   =

x y

x y x y

 

Luyn tp 

Gii cc phng trnh (t bi  74 n bi 78) :  

74.  a) log2(3    x)  + log2(1    x)  = 3  ;   b)  log2(9   2
x

)  = log(3 )10 x  ;  

c)  log log 1 log 1 log 17 5 3.5 13.7+  
 = 

x x x x  ;   d)  6
x

 +  6
x +1

 = 2
x

 +  2
x +1

+ 2
x +2

.  

75.  a) log3(3
x

   1 ).  log3(3
x + 1

   3)  = 12  ;  b)  1log 4
x

 =  1  + log2(x   1 )  ;  

c)  2
2 2

log ( )5 log =x x  ;    d)  
4 4

1 1
log log

2 23 3 .
+ 

+ =

x x

x  

76.  a) 
1 1 1

4 6 9x x x
  

+ =  ;       b)  4
lnx + 1

   6
lnx

   2.
2ln 23 +x  = 0  ;  

c)  2log3 x    log28x + 1  = 0 ;   d)  
2

2

1 2

2

log (4 ) log 8.
8

+ =
x

x  

77.  a) 
2 2sin cos2 4.2+
x x = 6   ;            b)  4

3+2cos 2x
   7.4

1+cos 2x
 =  

2
4 .  

78.  a) 
3


 
 

x

 = x + 4  ;      b)  sin cos 1 .
5 5

  
+ =   

   

x x

 

79.  Gii cc h phng trnh :  

a)  
3 .2

2 3 0, 75 ;

 + =


 = 

x y

x y
       b)  

5 5 7 5

2 2 5

log log 7. log 1 log 2

3 log log 5 (1 3 log ).

+ = +


+ = +

x y

y x
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  Khi gii cc bt phng trnh m v bt phng trnh lgarit,  cn nh 

rng cc hm s y   = a
x
 v y  = logax   ng bin  khi  a  > 1  v nghch bin khi 

0 < a   < 1 .   

Sau y,  ta xt mt s v d n gin.  

V d 1.  Gii cc bt phng trnh sau :  

a) 2
x + 2

   2
x + 3

   2
x + 4

 > 5
x + 1

   5
x + 2  

;    b)  9
x 
 < 2.  3

x
 + 3.  

Gii 

a) Ta bin i bt phng trnh % cho nh sau :  

2
x + 2

   2
x + 3

   2
x + 4

 > 5
x + 1

   5
x + 2 

    2
x + 2

(1    2   2
2
) > 5

x + 1
(1    5)  

   5.  2
x + 2

 > 4.  5
x + 1

     2
x 
 < 5

x
     

5


 
 

x

 < 1    

    x  > 0   (do tnh nghch bin ca hm s y  = 
5


 
 

x

).  

Kt lun  :  Tp nghim ca bt phng trnh % cho l  S = (0 ;  +).  

b)  Do 9
x 
 =  (3

x
)
2
 nn khi t  t = 3

x
,  ta  c bt phng trnh  t

2
   2t    3  < 0.  

Bt phng trnh ny c nghim l 1  < t < 3  nn  

9
x 
 <  2.  3

x
 + 3      1  < 3

x
  < 3      

3 1

3 3

 > 


<

x

x
    3

x
 < 3      x  < 1   

(do 3 0 1> > 
x  vi mi x  v tnh ng bin ca hm s y  = 3

x
).  

Vy bt phng trnh % cho c tp nghim l (  ;  1 ).  

H1  Gii bt phng trnh 5
2x  + 1

 > 5
x
 + 4.  

   i vi cc bt phng trnh lgarit,  ta phi c bit ch  n iu kin 
xc nh ca bt phng trnh.  

9
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V d 2.  Gii bt phng trnh  

  log0,5(4x + 1 1 )  < log0,5(x
2
 + 6x  + 8).      (1 )  

Gii 

iu kin xc nh ca bt phng trnh (1) l  4x + 11  > 0 v x
2
 + 6x + 8   > 0.  

Vi iu kin , do tnh nghch bin ca hm s lgarit c s 0,5,  bt 

phng trnh (1)  tng ng vi 4x + 11  > x
2
 + 6x + 8.  Bi vy,  ta c th vit 

 (1 )      
2

2

4 11 0

6 8 0

4 11 6 8

+ >


+ + >


+ > + +

x

x x

x x x

       
2

2

6 8 0

4 11 6 8.

+ + >


+ > + +

x x

x x x

 

Gii tng bt phng trnh :  

 x
2
 + 6x  + 8   > 0     x <   4  hoc x  >   2 ;  

 4x + 1 1  > x
2
 + 6x + 8      x

2
 + 2x    3  < 0     3 < x  < 1 .  

Cc gi tr ca x tho m%n ng thi c hai bt phng trnh trn l x   (2 ;  1 ).  

     

  

Vy tp nghim ca bt phng trnh (1) l S = (2 ;  1 ).  

H2  Gii bt phng trnh  1

3

log ( 1)+x  >  log3(2    x).  

Cu hi  v bi  tp 

Gii cc bt phng trnh sau :  

80.   a)  2
3   6x

 > 1  ;      b)  1 6
x
  >  0,125.  

81.   a)  log5(3x    1 )  < 1  ;     b)  1
3

log (5 1) 0 >x  ;  

c) log0,5(x
2
   5x  + 6)      1  ;               d)  log3

1 2

x
   0 .  
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82.   a)  
2
0,5log x  + log0,5x    2   0 ;               b)   +

+  <
12 2 3 0.x x

'  

83.   a)  
2

0,1log ( 2)+ x x  > log0,1(x + 3)  ;  

b)  
2

1 3

3

log ( 6 5) 2 log (2 ) 0. + +  x x x  

Cu hi  v bi  tp n tp chng II  

84.  So snh p v q,  bit :  

a)  
2 3

3 2


 

>   
   

p q

 ;     b) 
8 3

3 8


 

<   
   

p q

 ;  

c) 0,25
p
  < 

2
1

2


 
 

q

 ;     d)  
2

7 2

2 7


 

<   
   

p p q

.  

85.  Cho x < 0.  Chng minh rng 

  
( )

( )
2

1
1 1 2 2

4

1
1 1 2 2

4





 + + 

+ + 

x x

x x

 = 
1 2 .
1 2



+
x

 

86.  Tnh 

a) A  =  3 812 log 4 4 log 29 +  ;      b)  B = 
52 43

4

. .
log


 
 
 

a

a a a

a
 ;  

c)  C  = 
5 5 5 5

5 5

du cn

log log .. . 5


n

.  

87.   Chng minh rng log23  > log34.  

88.   Gi c  l cnh huyn,  a  v b  l hai cnh gc vung ca mt tam gic vung.  

Chng minh rng 

  log log 2 log . log .b c c b b c c ba a a a+  + + =  
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89.  Chng minh rng hm s y  = ln
1 + x

 tho m%n h thc xy '  + 1  =  e
y
.  

90.  Gi s  th (G)  ca hm s y  =  
( )
ln 2

x

 ct trc tung ti im A  v tip tuyn 

ca (G)  ti A  ct trc honh ti im B.  Tnh gi tr gn ng ca din tch ca 

tam gic OAB  (chnh xc n hng phn nghn).  

91.  K hiu M l mt im thuc  th ca hm s y = logax.  Trong hai khng 

nh a  > 1  v 0 < a  < 1 ,  khng nh no ng trong mi trng hp sau ?  

V  sao ?  

a) M c to  (0,5  ;  7) ;    b)  M c to  (0,5  ;  7)  ;  

c)  M c to (3  ;  5,2) ;    d)  M c to  (3  ;    5,2).  

92.  Cc loi cy xanh trong qu trnh quang hp s nhn c mt lng nh 

cacbon 14 (mt ng v ca cacbon).  Khi mt b phn ca mt ci cy no  

b cht th hin tng quang hp cng ngng v n s khng nhn thm 

cacbon 14 na.  Lng cacbon 14 ca b phn  s phn hu mt cch chm 

chp, chuyn ho thnh nit 14.  Bit rng nu gi P(t)  l s phn trm 

cacbon 14 cn li trong mt b phn ca mt ci cy sinh trng t t nm 

trc y th P(t) c tnh theo cng thc 

   5750( ) 100.(0, 5) (% )
t

P t = .  

Phn tch mt mu g t mt cng trnh kin trc c,  ngi ta thy lng 
cacbon 14 cn li trong mu g  l 65% .  H%y xc nh nin i ca cng 
trnh kin trc .  

93.  Gii cc phng trnh :  

a) 

175
3732 0, 25.128

++


=

xx

xx  ;     b) 1 15 10 .2 .5x x x x  +
=  ;  

c)  0,5 0,5 2 14 3 3 2x x x x + 
 =   ;    d) 3

4x + 8
   4.  3

2x + 5
 + 28 = 22 log 2.  

94.  Gii cc phng trnh :  

a) log3 ( )2
0,5 0,5log 3 log 5 +x x  = 2 ;  b) log2(4.3

x
   6)    log2(9

x
   6)  = 1  ;  
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c) 1    
2
log(2x   1 )  = 

2
log(x    9)  ;      d) 

6
log2(x    2)    3

 = 1
8

log 3 5x .  

95.  Gii phng trnh 

     4
x
   3

x
 = 1 .  

96.  Gii cc h phng trnh :  

a)  
2 2log ( ) 5 log ( )

log log 4
1 ;

log log 3

x y x y

x
y

 =  +



=  

  b)  
2

1
2 2

2 log 3 15

3 . log 2 log 3 .

y

y y

x

x x +

  =


= +

 

97.  Gii cc bt phng trnh :  

a) 4

2

1 log 1

1 log 2




+

x

x
 ;      b)  ( )1

1

5

log 6 36 2+
  

x x  ;  

c)  
2

1 5

5

log ( 6 18) 2 log ( 4) 0 + +  <x x x .  

Bi  tp  trc nghim  khch  quan 

Trong mi bi tp di y,  hYy chn mt phng n trong cc phng n  Y 
cho  c khng nh ng.  

98.  Gi tr biu thc 2 2log 36 log 144  bng 

 (A)   4 ;   (B) 4 ;     (C)   2 ;      (D) 2.  

99.  Bit 6log 2=a  th 6log a  bng 

 (A) 36 ;    (B) 108 ;     (C) 6 ;      (D) 4.  

100.  Tp cc s x tho m%n 0,4log ( 4) 1 0 + x  l 

 (A) (4 ; )+  ;  (B) (4 ; 6, 5)  ;  (C) ( ; 6, 5)  ;  (D)  [6, 5 ; )+ .  

101.  Tp cc s x tho m%n 
4 2

2 3

3 2


 

   
   

x x

 l 

 (A) ;
3


 
 

 ;  (B)  
2
;

3
 
 + 

 
 ;     (C) ;

5


 
 

 ;  (D) 
2
;

5
 

+ 
 

 .  
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Hnh 2.13 

102.  Gi tr biu thc 2,4
0,13 log 10 bng 

 (A)  0,8  ;   (B) 7,2 ;      (C) 7,2 ;           (D) 72.  

103.  Gi tr biu thc 2 2(0, 5) log 25 log (1, 6)+ bng 

 (A) 1  ;   (B) 2 ;   (C) 3  ;   (D) 5.  

104.  Gi tr biu thc 2 2
2

3,75 60

log 240 log 15
log 1

log 2 log 2
 +  bng 

 (A)  4 ;   (B) 3  ;   (C) 1  ;   (D)  8.  

105.  Tp cc s x tho m%n 
2 1 2

3 3
5 5

 

 
   

   

x x

l 

(A) [3  ;  +)  ;  (B) (  ;  1 ]  ;  (C) [1  ;  +) ;  (D) (+  ;  ).  

106.   i vi hm s  f(x)  = e
cos2x

,  ta c  

(A) 2' e
6
 

= 
 

f  ;    (B)  2' e
6
 

=  
 

f  ;  

(C)  ' 3e
6
 

= 
 

f  ;    (D) ' 3e
6
 

=  
 

f .  

107.   i vi hm s y  = ln
1
1+x
,  ta c  

 (A)  xy'  + 1  =  e
y
  ;   (B)  xy'  + 1  = e

y
  ;  

 (C)  xy'    1  =  e
y
  ;   (D)  xy'    1  = e

y
.  

108.   Trn hnh 2.1 3,   th ca ba hm s  

  y  = a
x
 ,  y  =  b

x
 v y  = c

x
 

(a,  b  v c  l ba s dng khc 1  cho trc)  

c v trong cng mt mt phng to .  

Da vo  th v cc tnh cht ca lu 

tha,  h%y so snh ba s a,  b  v c.   

(A)  a  > b  > c   ;   (B) a  >  c  > b  ;  

(C)  c  > b  > a  ;   (D) b  > c  > a.  
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Hnh 2.14 

109.   Trn hnh 2.14,   th ca ba hm s  

  y  = logax ,  y  = logbx  v y  = logcx  

(a,  b  v c  l ba s dng khc 1  cho trc) c v trong cng mt mt 

phng to .  Da vo  th v cc tnh cht ca lgarit,  h%y so snh ba s a,  

b  v c.   

(A)  a  > b  > c    ;  (B) c  > a  > b  ;  

(C)   b  > a  > c  ;  (D)  c  > b  > a.  

110.   Phng trnh 2
2

log 4 log 2 3 =xx  

c bao nhiu nghim ?  

(A) 1  nghim ;    (B)  2 nghim ;  

(C) 3  nghim ;   (D) V nghim.  

 

 



C h   n g

Trong chng ny chng ta s lm quen vi khi

nim nguyn hm v tch phn.  y l hai khi

nim c bn,  rt quan trng ca gii tch,  c lin h

mt thit vi khi nim o hm.  Php tnh tch phn

cho chng ta mt phng php tng qut  tnh

din tch ca nhng hnh phng v th tch ca

nhng vt th c hnh dng phc tp.  Php tnh tch

phn c xem l mt trong nhng thnh tu quan

trng nht ca ton hc.

Hc sinh cn rn luyn k nng tm nguyn hm,  tnh

tch phn v bit p dng tch phn  tnh din tch

mt s hnh phng v th tch mt s vt th.

III
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1.  Khi nim nguyn hm 

Bi ton m u.  Vn tc ca mt vin n  c bn ln theo ph ng thng 

ng ti thi im t l v (t)  = 160   9,8t (m/s)  (coi t = 0 l thi im vin n 

 c bn ln).  Tnh qung  ng i  c ca vin n k t khi bn ln cho 

n thi im t.  

Gi s(t)  l qung  ng i  c ca vin n sau khi bn  c t giy.   

Ta  bit v(t) = s'(t).  Do  ta phi tm hm s ( )=s s t  tho mn iu kin :  

     s'(t)  = 160   9,8t .  

Nhiu vn  ca khoa hc v k thut  dn ti bi ton sau y :  

Cho hm s f xc nh  trn  K,    K l mt khong, mt on hoc mt na 

khong no .   Hy tm hm s F sao cho  F '(x)  = f(x)  vi mi x  thuc  K.  

nh ngha 

Cho hm s f xc nh trn K.  Hm s F  c gi l nguyn hm  

ca  f  trn K  nu F '(x)  = f(x)  vi mi x  thuc K.  

Ch  

1 ) Trong tr ng hp [ ; ]=K a b ,  cc ng thc '( ) ( ),=F a f a  

'( ) ( )=F b f b   c hiu l  

  
( ) ( )

lim ( )
+




=

x a

F x F a
f a

x a
 v 

( ) ( )
lim ( ).





=

x b

F x F b
f b

x b
 

2)  Cho hai hm s f v F  lin tc trn on [ ; ]a b .  Nu F  l nguyn 

hm ca f trn khong ( ; )a b  th c th chng minh  c rng 

'( ) ( )=F a f a v '( ) ( )=F b f b ,  do  F  cng l nguyn hm ca  f  

trn on [ ; ]a b .  
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V d 1  

a) Hm s 
3

( )
3

=
x

F x  l nguyn hm ca hm s f(x)  = 2
x  trn R  v 

3 '

3

 
  
 

x
 = 2

x  vi mi x   R.  

b)  Hm s F (x)  = tanx l nguyn hm ca hm s f(x)  = 
2

1

cos x
 trn khong 

;
2 2

  
 

 
 v (tanx)'  = 

2

1

cos x
 vi mi ; .

2 2

  
  

 
x  

c)  Hm s F (x)  =
3

22

3
x  l nguyn hm ca hm s f(x)  = x  trn na khong 

[0 ;  +)  v  '( ) =F x x  vi mi (0 ; )x  +  v c hai hm s f v F  u lin 

tc trn [0 ; )+ .  

 

H1  Cc hm s 1 ( ) 2 cos 2F x x=   v 2 ( ) 2 cos 2 2F x x=  +  l nhng nguyn 

hm ca hm s no ? 

nh l 1  

Gi s hm s F  l mt nguyn hm ca hm s f trn K.   
Khi  

a)  Vi mi hng s C,  hm s y  = F (x)  + C  cng l mt 
nguyn hm ca f  trn K;   

b)  Ng c li,  vi mi nguyn hm G  ca f  trn  K th tn ti 
mt hng s C  sao cho G (x)  = F (x)  + C   vi mi x  thuc K.  

Chng minh 

a) Gi s G (x)  = F (x)  + C.  Khi  G '(x)  = F '(x)  = f(x).   

b)  t H(x)  = G (x)F (x),  ta c H '(x)  = G '(x)   F '(x)  = f(x)   f(x)  = 0 vi 

mi x K .  Vy H  l hm s khng i trn K,  tc l H(x)  = C  vi C  l mt 

hng s.  Suy ra G (x) = F (x)  + C   vi mi .x K                                                    
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V d 2.  Tm nguyn hm F  ca hm s f(x)  = 3 2x  trn R  tho mn iu 

kin F(1 )  = 1 .  

Gii.  D thy y  = 3x  l mt nguyn hm ca hm s f(x)  = 3 2x  nn nguyn 

hm F  cn tm c dng  F(x)  = 3x  + C.  

V F(1 )  = 1  nn 31  + C  = 1 ,  suy ra C  = 2.  Vy F (x)  = 3x   2.  

  T  nh l 1  ta thy nu F  l mt nguyn hm ca f trn K th mi nguyn 

hm ca f trn K u c dng ( ) +F x C  vi C R .   Vy  ( ) +F x C ,  C R  

l h tt c cc nguyn hm ca f  trn K.  

 H tt c cc nguyn hm ca f  trn K  c k hiu l ( )df x x .  Vy   

   ( )d ( ) ,f x x F x C C= +  R .  

Ng i ta cng dng k hiu ( )df x x   ch mt nguyn hm bt k ca f.   

Vy 

   ( )( )d ' ( )f x x f x= .  

(V k hiu ( )df x x  xem bi  Em c bit :  "Ngun gc ca k hiu nguyn 

hm v tch phn"  tr.  157).   

  Ng i ta  chng minh  c rng :  Mi hm s lin tc trn K u c 

nguyn hm trn K.  

  T y,  trong cc bi ton v nguyn hm ca mt hm s,  nu khng ni g 

thm, ta lun gi thit rng hm s  l lin tc v nguyn hm ca n  c 

xt trn mi khong (na khong, on) xc nh ca hm s .  

2.   Nguyn hm ca mt s hm s th ng gp  

Bi ton tm nguyn hm l bi ton ng c vi bi ton tm o hm.  Vic 

tm nguyn hm ca mt hm s th ng  c  a v tm nguyn hm ca cc 

hm s n gin hn.  Sau y l nguyn hm ca mt s hm s n gin 

th ng gp.  
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1 )  dx C= 0  ,      xd  = 1 xd  = x + C  ;  

2)  
1

1

+
 = +

 +
x

x x Cd     (   1 )  ;  

3)  
1

 x
x
d  = ln|x|  + C  ;   

4)  Vi k l hng s khc 0  

a) sin kx dx = 
cos


kx

k
 + C  ;   

b)  cos kx dx = 
sin kx
k

 + C  ;  

c)  ekx x d  = 
ekx

k
 + C  ;  

d)  
ln

= +
x

x a
a x C

a
d  (0 < a    1 )  ;  

5)  a)  
2

1

cos
 x

x

d  = tanx + C  ;  

b)  
2

1

sin
 x

x

d  = cotx + C.  

Ta d dng chng minh cc cng thc trn bng cch tnh o hm v phi.  

Chng hn, v 
'sin 

 
 

kx

k
 = coskx nn ta c cng thc 4)  b).  

V d 3 

a) 4 54
4 d .

5
x x x C= +  

b)  

1 3
11 2 2

2 32
d d .

1 3 3
1

2 2

x x
x x x x C C x C

+

= = + = + = +

+
   

c)  
sin

2cos d 2 sin
2 1 2

2

x

x x
x = =  + C.  
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H2  Tm  a)  
3

1
dx

x
  ;    b)  sin 2 d .x x  

3.  Mt s tnh cht c bn ca nguyn hm 

nh l 2 

Nu f ,  g l hai hm s lin tc trn  K  th 

a)  [ ( ) ( )] d ( ) d ( ) df x g x x f x x g x x+ = +   ;  

b)  Vi mi s thc 0k  ta c  

 ( ) d ( ) dkf x x k f x x=  .  

Chng minh.  a)  Ta cn chng t rng v phi l mt nguyn hm ca .f g+  

Tht vy ta c  

 ( ) ( ) ( )( )d ( )d ' ( )d ' ( )d ' ( ) ( )f x x g x x f x x g x x f x g x+ = + = +    .  

b)  Chng minh t ng t.           

Da vo nguyn hm ca cc hm s th ng gp v vn dng hai nh l trn 
ta c th tnh  c nguyn hm ca nhiu hm s khc.  

V d 4.  Tm  

a) 
2

d
2

x
x

x

 
+ 

 
  ;  

b)  4( 1)( 3 ) dx x x x +  ;  

c)  2sin d .x x  

Gii  

a) 
2

d
2

x
x

x

 
+ 

 
  = 

2
d d

2

x
x x

x
+   

= 

1 1 3 1

2 2 2 21 1
d 2 d 4

2 3
x x x x x x C


+ = + +   

= 31
4 .

3
x x C+ +  
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b)  4( 1)( 3 ) dx x x x +  = 5 4 2( 3 3 ) dx x x x x +   

= 5 4 2d d 3 d 3 dx x x x x x x x +      

= 
6 5 2

3 3
.

6 5 2
 +  +

x x x
x C  

c)  2 1 cos 2 1 1
sin d d d cos 2 d

2 2 2
x

x x x x x x


= =      = 
sin 2

2 4


x x
 + C.  

H3  Tm 

a)  
3 2( 2 4) dx x x+   ;    b)  

2cos d .x x  

Cu hi  v  b i  tp 

1.  Tm nguyn hm ca cc hm s sau :  

a)  f(x)  = 3 2
x  + 

2
x
 ;     b)  f(x)  = 2 3

x  5x + 7  ;  

c)  f(x)  = 2
2

1 1
3

 x
x

 ;  d)  f(x)  = 
1
3


x  ;                 e)  2( ) 10= x

f x .  

2.  Tm 

a) 3( )+ x x xd  ;     b)  
2

+

x x x

x
x

d  ;  

c)  24 sin x xd  ;      d)  
1 cos 4

.
2

+


x
xd  

3.  Chn khng nh ng trong cc khng nh d i y :  

Nguyn hm ca hm s sin=y x x  l 

(A) 2 sin
2
+

x
x C  ;    (B)  cos +x x C  ;   (C) cos sin . + +x x x C  

4.  Khng nh sau ng hay sai ?  

Nu  f(x)  = (1  x )'  th ( ) d .f x x x C=  +  

 



 142 

 

1.  Ph ng php i bin s 

C s ca ph ng php i bin s l nh l sau y.  

nh l 1  

Cho hm s u  = u(x) c o hm lin tc trn K v hm s y  = f(u)  

lin tc sao cho f[u(x) ]  xc nh trn K.  Khi  nu F l mt 

nguyn hm ca  f,  tc l ( ) d ( )f u u F u C= +  th 

  [ ( )] '( ) d [ ( )] .f u x u x x F u x C= +    (1 )  

Chng minh  

Theo quy tc tnh o hm ca hm s hp, ta c 

  ( [ ( )] ) '+F u x C  = [ ]' ( ) '( )F u x u x  = [ ]( ) '( ).f u x u x  

Vy ta c (1 ).              

Ch  

Trong thc hnh, ta th ng vit tt  F[u(x)]  l F(u),   f[u(x)]  l f(u)  

v coi du l vi phn ca hm s ( )=u u x  (ngha l du = du(x) = u'(x)dx).  

Khi ,  cng thc (1 )   c vit nh  sau :  

      [ ] [ ]( ) '( )d ( ) d ( ) ( ) df u x u x x f u x u x f u u= =    

        [ ]( ) ( ) .F u C F u x C= + = +    (2)  

Ta ni  thc hin php i bin ( )=u u x .  

V d 1.  Tm 4(2 1) d .x x+  
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Gii.  Ta c 
4(2 1)+x dx = 41

(2 1)
2

+x (2x + 1)'dx = 41
(2 1) d(2 1).

2
x x+ +                      

t  ( ) 2 1= = +u u x x .  p dng cng thc (2),  ta c 

 
4 4 4 41 1 1

(2 1) d (2 1) d(2 1) d d
2 2 2

x x x x u u u u+ = + + = =     

5 51 1 1
. (2 1) .

2 5 10
u C x C= + = + +   

H1  Tm 
2 3

2 ( 1) dx x x+ .  

V d 2.  Tm 
3 2

2
d .

4

x
x

x +
  

Gii.  Ta c  

  
3 2

2 d

4+

x x

x

 = 
2

3 2

( 4) '
d

4

+

+

x
x

x

 =

1
2 23( 4) d( 4).x x


+ +   

t  2 4= +u x .  p dng cng thc (2),  ta c 

 

11
32 23

3 2

2
d ( 4) d( 4) d

4

x
x x x u u

x


= + + =

+
    

2 2

3 323 3
( 4) .

2 2
u C x C= + = + +    

V d 3.  Tm cos (7x + 5)dx.  

Gii.  Ta c 

 cos(7 5)d+x x  = 
1 1

'cos(7 5) (7 5) d cos(7 5) d(7 5).
7 7

x x x x x+ + = + +   

t 7 5= +u x .  Cng thc (2)  cho ta  

  
1 1

cos(7 5) d cos(7 5) d(7 5) cos d
7 7

x x x x u u+ = + + =    

1 1
sin sin(7 5) .

7 7
u C x C= + = + +   

V d 4.  Tm 
sin

e cos d
x

x x .  

Gii.  Ta c 

  
sine cos dx

x x   = 
sine d(sin )x

x .  
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t  sin=u x .   Cng thc (2)  cho ta 

 sin sincos )x xx x x= e d e d(sin  = = u uue d e  + C  = sin xe  + C.  

H2 Tm 
+

21e d .xx x  

2.  Ph ng php ly nguyn hm tng phn 

C s ca ph ng php ly nguyn hm tng phn l nh l sau y.  

nh l 2 

Nu u,  v  l hai hm s c o hm lin tc trn K th 

 ( ) '( ) ( ) ( ) ( ) '( ) .=  u x v x x u x v x v x u x xd d  

Cng thc trn gi l cng thc ly nguyn hm tng phn  (gi tt l cng 
thc nguyn hm tng phn)  v  c vit gn d i dng  

    .=  u v uv v ud d   

Chng minh  

Ta cn chng t v phi l mt nguyn hm ca 'uv .  Tht vy  

( ) ( )( ) ( ) ( ) '( )d ' ( ) '( ) ( ) '( ) ( ) '( )d 'u x v x v x u x x u x v x v x u x v x u x x = +    

( ) '( ) ( ) '( ) ( ) '( ) ( ) '( )= +  =u x v x v x u x v x u x u x v x .                                      

V d 5. Tm cos d .x x x  

Gii 

t u(x)  = x,  v '(x)  = cosx.  Khi   u'(x)  = 1 ,  v(x)  = sinx (ch cn ly mt 

nguyn hm ca v').  Theo cng thc nguyn hm tng phn, ta c 

  cos dx x x  = x sinx  sin dx x  = x sinx + cosx + C.  

V d 6. Tm nguyn hm ca hm s ln .y x=  

Gii  

t ( ) ln , d d .u u x x v x= = =  Khi  
1

d d=u x
x

,  ( ) .v v x x= =  Theo cng 

thc nguyn hm tng phn, ta c 

ln dx x  = xlnx 
1
. dx x
x  = xlnx  dx  = xlnx  x + C.  
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H3   Tm nguyn hm ca hm s f(x) =  2e
3

xx
.   

(H ng dn.  t u(x)  =  2, '( ) e ).
3

xx
v x =  

Cu hi  v  b i  tp 

5.  Dng ph ng php i bin s,  tm nguyn hm ca cc hm s sau :  

a)  f(x)  = 
2

3

9

1 

x

x
    (H ng dn.  t 31= u x )  ;  

b)  f(x)  = 
1

5 4+x
    (H ng dn.  t 5 4= +u x )  ;  

c)  f(x)  = 
4 21 x x     (H ng dn.  t 21= u x )  ;  

d)  f(x)  = 
2

1

(1 )+x x
 (H ng dn.  t 1= +u x ).  

6.  Dng ph ng php ly nguyn hm tng phn, tm nguyn hm ca cc hm 

s sau :  

a)  f(x)  = sin
2

x
x  ;             b)  f(x)  = 2x cosx ;    

c)  f(x)  = e ;xx              d)  3( ) ln(2 )=f x x x .  

Luyn tp 

Tm nguyn hm ca cc hm s sau :  

7.   a)  f(x)  = 23 7 3x x  ;    b)  f(x)  = cos(3x + 4)  ;  

c)  f(x)  = 
2

1

cos (3 2)+x
 ;   d)  f(x)  = 5 .sin cos

3 3

x x
 

8.  a) f(x)  = 

53
2 1

18

 
 

 

x
x  ;    b)  f(x)  = 

2

1 1 1
sin cos

x xx
 ;  

c)  f(x)  = 3exx  ;     d)  f(x)  = 3 9e x .  
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Hnh 3.1  

9.  a)  f(x)  = 2 cos 2x x  ;    b)  f(x)  =  x lnx ;  

c)  4( ) sin cos=f x x x  ;   d)  2( ) cos( )=f x x x .  

1.  Hai bi ton dn n khi nim tch phn 

a) Din tch hnh thang cong 

Cho hm s y  = f(x)  lin tc v ly gi tr d ng 

trn on [a  ;  b] .  Hnh phng gii hn bi  th 

hm s y  = f(x),  trc honh v hai  ng thng 

x = a,  x = b   c gi l hnh thang cong (phn t 

m trong hnh 3.1 ).  

Bi ton t ra l tm cng thc tnh din tch 

ca hnh thang cong.   

Bi ton 1   

Cho hnh thang cong gii hn bi  th hm s ( ),y f x=   trc honh v hai 

 ng thng ,=x a  =x b  ( ).a b<  Gi s f  l hm s lin tc,  ng bin v 

nhn gi tr d ng trn on [a  ;  b] .  Chng minh rng din tch S ca hnh 
thang cong  l   

                      ( ) ( )= S F b F a  

trong  F  l mt nguyn hm bt k ca f  trn on [a  ;  b] .   

Chng minh 

K hiu ( )S x  ( )a x b   l din tch hnh thang cong gii hn bi  th 

hm s ( )=y f x ,  trc honh,  ng thng x = a  v  ng thng i qua 

im x trn trc honh v vung gc vi trc honh (h.3.2).  Nh  vy, ta c 
mt hm s y  = S(x)  xc nh trn on  [a  ;  b] .   
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Tr c ht,  ta chng minh y  = S(x)  l mt nguyn hm ca hm s y  = ( )f x  

trn on  [a  ;  b] .  Tht vy,  gi s 0x  l mt im tu  c nh thuc khong 

(a  ;  b).  Xt im 0( ; ] .x x b  Khi  0( ) ( )S x S x  l din tch hnh thang 

cong MNEQ  (h.3.3).  

 

 

 

 

 

 

 

    Hnh 3.2               Hnh 3.3  

Do f l hm ng bin nn hnh thang cong MNEQ  nm trong hnh ch nht 
MNEF v cha hnh ch nht MNPQ.  Vy 

   < <MNPQ MNEQ MNEFS S S  

tc l   0 0 0 0( )( ) ( ) ( ) ( )( ), <  < f x x x S x S x f x x x  

suy ra   0
0

0

( ) ( )
( ) ( ).


< <



S x S x
f x f x

x x
    (1 )  

V 
0

0lim ( ) ( )


=

x x
f x f x  nn t (1 )  ng i ta chng minh  c 

   
0

0
0

0

( ) ( )
lim ( ).

+



=

x x

S x S x
f x

x x
 

T ng t vi 0[ ; ),x a x  ta cng c 
0

0
0

0

( ) ( )
lim ( ).





=

x x

S x S x
f x

x x
 

Vy 
0

0
0

0

( ) ( )
lim ( )



=

x x

S x S x
f x

x x
 hay 0 0'( ) ( ).=S x f x  

V 0x  l tu  thuc ( ; )a b ,  nn suy ra '( ) ( )=S x f x  vi mi ( ; ).x a b  

T ng t,  ta c :  '( ) ( ), '( ) ( ).S a f a S b f b= =  Vy hm s y  = S(x)  l mt 

nguyn hm ca f  trn on [a  ;  b] .  Thnh th tn ti hng s C  sao cho 

( ) ( ) .= +S x F x C  
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D thy ( ) ( ).= S S b S a  

Do  ( ) ( )( ) ( ) ( ) ( ) ( ) ( ).=  = +  + = S S b S a F b C F a C F b F a              

H1  Tnh din tch hnh thang cong gii hn bi  th hm s 4
y x= ,  trc honh 

v hai  ng thng x = 1  ;  x = 2.  

b) Qung  ng i  c ca mt vt 

Bi ton 2   

Gi s mt vt chuyn ng c vn tc thay i theo thi gian, v  = f(t) (0 < t < T).  

Chng  minh rng  qung   ng L  vt i  c trong khong thi gian t thi 

im t = a   n thi im  t = b  (0 < a  < b  < T)  l 

    L = F(b)   F(a),  

trong  F  l mt nguyn hm bt k ca f  trn khong (0 ;  T).   

Chng minh 

Gi s  = s(t)  l qung  ng i  c ca vt cho n thi im t.  Qung  ng 

vt i  c trong khong thi gian t thi im t = a  n thi im t = b  l        

L = s(b)   s(a).  Mt khc, ta  bit '( ) ( ),=s t f t  do  s  = s(t) l mt nguyn 

hm ca f.  Thnh th, tn ti hng s C  sao cho s(t) = F(t) + C.  Vy 

 L = s(b)   s(a)  = [F(b)  + C]   [F(a)  + C]  = F(b)   F(a).                 

2.  Khi nim tch phn 

Trong khoa hc v k thut,  c nhiu i l ng quan trng  c biu th bng 

hiu F(b)   F(a)  trong  F l mt nguyn hm ca hm s  f no .   

nh ngha 

Cho hm s f  lin tc trn K v a,  b  l hai s bt k thuc K.  Nu 

F l mt nguyn hm ca f  trn  K th hiu s  

   F(b)   F(a)  

 c gi l tch phn ca f  t a  n b  v k hiu l 

   ( ) d .
b

a

f x x   
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Trong tr ng hp a  < b  ,  ta gi ( )
b

a

f x xd  l tch phn ca  f trn on  [a ;  b] .  

H2  Chng minh rng ( )d
b

a

f x x  l mt s khng ph thuc vo vic chn nguyn 

hm F  no trong h cc nguyn hm ca f.  

Ng i ta cn dng k hiu ( )
b

a
F x   ch hiu s ( ) ( )F b F a .  Nh  vy nu 

F l mt nguyn hm ca  f  trn K th  

   ( ) d ( )
b

b

a
a

f x x F x= .  

V ( ) f x dx  l mt nguyn hm bt k ca  f nn ta c  

   ( )( )d ( )d .= 
bb

a a

f x x f x x  

Ng i ta gi hai s a,  b  l hai cn tch phn,  s a  l cn d i,  s b  l cn trn,  

f l hm s d i du tch phn,  f(x)dx l biu thc d i du tch phn  v x l 

bin s ly tch phn.  

Ch  

i vi bin s ly tch phn, ta c th chn bt k mt ch khc 

thay cho x.  Chng hn, nu s dng ch t,  ch u,. . .  lm bin s ly 

tch phn th 

( ) d
b

a

f t t ,  ( ) d ,
b

a

f u u    u l mt s v s  bng F(b)   F(a).  

V d 1.  
5

3

1
dx

x
=  ( ) 5

3
ln x  = 

5
ln 5 ln 3 ln

3
 =  ;  

   
4

2

1
dx x

x
 + = 
   

2 4

2
ln

2

 
+ 

 
x

x  = 6 + ln 2.       
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Vi nh ngha tch phn,  bi ton 1  c th pht biu li nh  sau :  

Cho hm s y  = f(x)  lin tc,  ng bin v nhn gi tr d ng trn on [a  ;  b] .  

Khi  din tch S ca hnh thang cong gii hn bi  th hm s y  = f(x),  trc 

honh v hai  ng thng x = a,  x = b  l S = ( ) d .
b

a

f x x  

    Tng qut,  ng i ta chng minh  c 

nh l 1   

Cho hm s y  = f(x)  lin tc,  khng m trn on  [a ;  b] .  Khi 

 din tch S ca hnh thang cong gii hn bi  th hm s 

y  = f(x),  trc honh v hai  ng thng x = a,  x = b  l 

                     S = ( ) .
b

a

f x xd  

H3  Mt vt chuyn ng vi vn tc thay i theo thi gian v = f(t).  Chng minh 

rng qung  ng m vt i  c trong khong thi gian t thi im a n thi 

im b  l  ( ) d .
b

a

f t t  

V d 2.  Mt t ang chy vi vn tc 20m/s th ng i li p phanh (cn 

ni l "thng").  Sau khi p phanh, t chuyn ng chm dn u vi vn tc 

v(t)  = 40t + 20 (m/s),  trong  t l khong thi gian tnh bng giy k t lc 
bt u p phanh.  Hi t lc p phanh n khi dng hn, t cn di chuyn 
bao nhiu mt ?  

Gii.  Ly mc thi gian l lc t bt u  c phanh.  Gi T l thi im t 
dng.  Ta c v(T)  = 0 suy ra 20 = 40T hay T = 0,5.  Nh  vy, khong thi gian t 
lc p phanh n khi dng hn ca t l 0,5 giy.  Trong khong thi gian 0,5 
giy , t di chuyn  c qung  ng l   

                      L  = 
0,5

0

(20 40 ) dt t  = (20t 220t )
0,5

0
 = 5  (m).  
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3.  Tnh cht ca tch phn  

Cc tnh cht c bn ca tch phn  c pht biu trong nh l sau y.  

nh l 2 

Gi s cc hm s ,f g  lin tc trn K v a,  b,  c  l ba s bt 

k thuc K.  Khi  ta c 

1 )  ( ) d
a

a

f x x  = 0 ;  

2) ( ) d ( ) d
b a

a b

f x x f x x=    ;  

3)  ( ) d ( ) d ( ) d
b c c

a b a

f x x f x x f x x+ =    ;  

4)  [ ( ) ( )] d ( ) d ( ) d
b b b

a a a

f x g x x f x x g x x+ = +    ;  

5)  ( ) d ( ) d
b b

a a

kf x x k f x x=   vi k   R.  

Chng minh.   Ta chng minh cc tnh cht 3)  v  4).  

Gi s F  l mt nguyn hm ca f.  

3)  Ta c 

  ( ) d ( ) d
b c

a b

f x x f x x+    = ( ) ( ) ( ) ( ) + F b F a F c F b  

= ( ) ( ) ( ) d .
c

a

F c F a f x x =   

4)  p dng nh l 2 ca 1  ta c 

[ ( ) ( )] d
b

a

f x g x x+  = [ ]( ) ( ) ( )( ) ( ) d ( )d ( )d
b b b

a a a
f x g x x f x x g x x+ = +    

=  ( ) d ( ) d .
b b

a a

f x x g x x+                 
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H4  Hy chng minh cc tnh cht 1),  2)  v 5).  

V d 3.  Cho 

3

1

( ) df x x =  2  v  
3

1

( ) dg x x =  3 .  

 Hy tnh 

    

3

1

[3 ( ) ( )] df x g x x   v  

3

1

[5 4 ( )] d .f x x  

Gii  

 

3 3 3

1 1 1

[3 ( ) ( )] d 3 ( ) d ( ) df x g x x f x x g x x =     = 3.( 2)   3  = 9.  

 

3 3 3

1 1 1

[5 4 ( )] d 5 d 4 ( ) df x x x f x x =     = 5.2   4.(2) = 18.     

H5  Tm b nu bit rng  

  

0

(2 4) d 0

b

x x = .  

Cu hi  v  b i  tp 

10.  Khng tm nguyn hm, hy tnh cc tch phn sau :  

a)  

4

2

3 d
2

x
x



 
+ 

   ;   b) 

2

1

dx x


  ;   c)  

3
2

3

9 d .x x



  

H ng dn.  p dng nh l 1 .  

11.  Cho bit 

2

1

( ) df x x  = 4, 
5

1

( ) df x x  = 6,  

5

1

( ) dg x x  = 8.  Hy tnh 

a)  

5

2

( ) df x x  ;          b)  

2

1

3 ( ) df x x  ;  



 1 53  

c)  
5

1

[ ( ) ( )] df x g x x  ;       d)  
5

1

[4 ( ) ( )] d .f x g x x  

12.  Cho bit 
3

0

( ) df z z  = 3,   
4

0

( ) df x x  = 7.  Hy tnh 
4

3

( ) d .f t t  

13.  a) Chng minh rng nu f(x)    0 trn [a  ;  b]  th ( ) d 0
b

a

f x x  .   

b)  Chng minh rng nu f(x)    g(x)  trn [a  ;  b]  th ( ) d ( ) d .
b b

a a

f x x g x x   

14.  a) Mt vt chuyn ng vi vn tc v(t)  = 1   2sin 2t (m/s).  Tnh qung  ng 

vt di chuyn trong khong thi gian t thi im t = 0(s)  n thi im 

t = 
3
4

(s).  

b)  Mt vt chuyn ng chm dn vi vn tc v(t)  = 160  10t (m/s).  Tnh 

qung  ng m vt di chuyn  c t thi im t = 0 n thi im m vt 

dng li.  

15.  Mt vt ang chuyn ng vi vn tc 10m/s th tng tc vi gia tc 

a(t)  = 3t + 2
t  (m/s2).  Tnh qung  ng vt i  c trong khong thi gian 

10 giy k t lc bt u tng tc.  

16.  Mt vin n  c bn ln theo ph ng thng ng vi vn tc ban u 25m/s.  

Gia tc trng tr ng l 9,8m/s2.   

a)  Sau bao lu vin n t ti  cao ln nht ?  

b)  Tnh qung  ng vin n i  c t lc bn ln cho n khi chm t 

(tnh chnh xc n hng phn trm).  



 154 

Tnh gn ng tch phn v khi  nim 
tng tch phn 

1 .   Tnh gn ng tch phn 

T nh  ngha tch phn ta thy mun tnh  tch phn ( ) d
b

a

f x x  th  phi  tm  c mt 

nguyn hm F  ca f.  Mc d  nguyn hm ny chc chn  tn  ti  nh ng trong nhiu  
tr ng hp ta khng th tm  c biu  thc t ng  minh ca F(x)  qua cc hm s cp 
 bit.  (Chng hn,  ng i  ta  chng minh rng nguyn hm ca cc hm s 

2x
y e

= ,  
sin x

y
x

= ,  4
1y x= + ,  . . .  khng th biu  din  qua cc hm s cp  

bit. ).  Trong nhng tr ng hp nh  vy,  vic tnh ng tch  phn  ( ) d

b

a

f x x  l  khng 

th thc hin   c.  Vy c th tnh  gn  ng tch  phn   c khng ? 

a)  Cho hm s y  = f(x)  l in  tc v  ly gi tr  d ng trn  on [a  ;  b] .  Xt hnh  thang 
cong H g ii  hn  bi   th  hm s y  = f(x),  trc honh v  hai   ng thng x a= ,  

x b=  (trn  hnh  3.4,  hm s 2
( ) 5 ,f x x=  1, 2a b=  = ).  Gi  S l  d in  tch  ca H.  

Theo nh  l  1  ta c ( )d= 
b

a

S f x x .   

Vi  mi  s nguyn d ng n,  ta chia on [a;  b]  lm n  on con bng nhau bi  cc 

im 0x a= ,  1

b a
x a

n


= + , . . . ,  k

b a
x a k

n


= + , . . . ,  nx b=  ( 0, 1, 2, . . . , ).k n=  

Dng cc hnh  ch nht kB  vi  y l  on  thng 1[ ; ]k kx x + ,  chiu  cao l  ( )kf x  

(k = 0, , n  1 ).  Din  tch  ca hnh  ch nht kB  l  1( )( )k k kf x x x+  .  Gi  nA  l  

hp ca n  h nh  ch nht 0 1 1, , . . . , nB B B   (xem hnh  3.4b vi  n  = 10)  v  S( nA )  l  d in  

tch  ca hnh  nA .  Ta c ( )nS A  l  tng din  tch  ca n  hnh ch nht 0 1 1, , . . . , nB B B  .  

Vy 
1

1

0

( ) ( )( )

n

n k k k

k

S A f x x x



+
=

=  .  

Khi  s im chia n  cng ln,  s hnh  ch nht 0 1 1, , . . . , nB B B   cng nhiu  th d in  

tch  S( nA )  ca hnh  nA  cng gn vi  d in  tch  S ca H (xem hnh  3.4c vi  n  = 20,  

hnh 3.4d  vi n  = 30).  Vy ( )nS S A  ngha l  
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1

1

0

( ) ( )( ).

b n

k k k

ka

f x x f x x x



+
=

  d  

 

 

 

 

 

 

 

 

 

 

Hnh H      Hnh 10A  

a)        b)  

 

 

 

 

 

 

 

 

Hnh 20A       Hnh 30A  

       c)                                d)  

                                                                      Hnh 3.4   

b)  C th nhn  c cng thc gn  ng trn  vi  lp lun  nh  sau :  Gi s  mt vt 
chuyn ng  vi  vn  tc v  = f(t).  Ta chia khong thi  gian  [a;  b]  thnh  n  khong thi  
gian  bng nhau a  =  t0  < t1  < .  .  .   < tn  = b.  Vi  n  kh ln  th khong thi  gian  (tk ;  tk+1  )  
kh b nn  c th coi  rng trong khong thi  gian   vt chuyn ng vi  vn tc 

khng i.  Khi  ,  qung  ng vt i   c trong khong thi  gian  (tk ;  tk +1 )  xp x 
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bng f(tk )(tk +1    tk ).  Thnh th qung  ng vt i   c trong khong thi  g ian  

[a ;  b]  xp x bng 
1

1

0

( )( ).

n

k k k

k

f t t t



+
=

  Mt khc,  ta  bit qung  ng i   c l     

 ( ) d

b

a

f t t .  Vy ta c 

   
1

1

0

( ) d ( )( ).

b n

k k k

ka

f t f t t t



+
=

  t  

2.   Khi  nim tng tch phn 

Mt cch tng qut,  cho hm s y  = f(x)  l in tc trn on [a  ;  b] .  Vi  mi  s nguyn 
d ng n,  ta chia on [a  ;  b]  lm n  on con bng nhau bi  cc im chia 

 0 1,
b a

x a x a
n


= = + ,  . . . ,  k

b a
x a k

n


= + ,  . . . ,  nx b=  (k = 0,  1 ,  2, n).  

Mi  on con u c  di  bng  
b a

n


.  

K hiu   
1

1

0

( )( ).

n

n k k k

k

S f x x x



+
=

=     

nS   c gi  l  tng tch  phn  cp  n  ca hm s y = f(x)  trn  on  [a ; b] .   

Ng i  ta  chng minh   c nh  l  sau  y,  gi  l  nh  l  c bn ca tch  phn 

nh l 

Cho hm s y  = f(x)  l in  tc trn on [a  ;  b] .  Gi  nS  l  tng tch phn cp n  ca 

hm s y  =  f(x)  trn  on [a,  b] .  Khi    

    lim ( ) d .

b

n

a

S f x x=   

Thnh th khi  n  ln  ta c 
1

1

0

( ) ( )( ).

b n

n k k k

ka

f x x S f x x x



+
=

 =  d  

Nh  vy tng tch  phn  nS  dng  tnh  xp x tch  phn.  Khi  cp n  cng ln  th tng 

tch  phn  nS  cng gn vi  tch  phn ( ) d

b

a

f x x  v  s xp x cng tt,   chnh xc 

cng cao.  

Ch .  V mt l ch  s,  khi  nim tch  phn  c hnh  thnh c lp vi  khi  n im 
nguyn hm.  Tch phn  ca hm s f trn  on [a ;  b]   c nh  ngha l  g ii  hn 
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E
m

c o b i 
t

ca tng  tch  phn cp n  ca f  trn  on [a;  b] .  ng thc ( ) ( ) ( )

b

a

f x x F b F a=  d ,  

m  ta dng lm nh  ngha tch  phn,   c tm ra sau   bi  hai  nh  ton hc N iu-
tn  v  Lai -b-n i t.  ng  thc  cho ta  mi  l in  h  g ia  tch  phn  v  nguyn  
hm v   c gi  l  cng  thc Niu-tn   Lai -b-n i t.  

Ngun gc ca k hiu nguyn hm v tch phn 

K hiu  tch  phn l  do nh  ton hc thin  ti  ng i  c Lai-b-nit (1 646   1 71 6)  
 a ra.  Tch phn ca hm s f trn  on [a  ;  b]   c ng  nh  ngha l  g ii  hn  ca 
tng tch  phn.  

   
1

1

0

lim ( )( ).

n

k k k

k

f x x x



+
=

     (1)  

Thi  Lai-b-nit,  hiu  1+ k kx x  th ng  c vit l  1d k k kx x x+=   do d  l  ch 

u ca ch La-tinh  "diferentia" (hiu  s).  Do ,  gii  hn (1 )   c vit li  thnh 

   
1

0

lim ( ) d .

n

k k

k

f x x



=
  

K hiu   (tng s)  cng nh  ch S c ngun gc t ch La-tinh "summa" (c 

ngha l  tng s).  Du  tch  phn   l  mt bin dng n  gin  ca ch S.   

K hiu  ( ) d
b

a

f x x  mun ni  rng  y l  gii hn ca tng cc s hng ( ) dk kf x x .  

Thnh th,  gii  hn  (1 )   c k hiu  l  ( )d .

b

a

f x x  

Cng thc ( ) d ( )

b
b

a

a

f x x F x=  vi  F  l  nguyn hm tu  ca f nu  ln mi  l in  h 

gia tch  phn  v  nguyn hm v  k h iu  ( ) df x x   c dng  ch cc nguyn 

hm ca f.  Vic coi  ( ) df x x  l  mt nguyn hm bt k  ca f dn  n  cng thc trc 

quan v  tin  li  l   ( )( ) d ( )d= 
b b

a
a

f x x f x x .  Ng i  ta cn  gi  ( )d

b

a

f x x  l  tch  phn 

xc nh  v  ( )df x x  l  tch  phn  bt nh  (khng xc nh)  ca hm  f.  
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1.  Ph ng php i bin s 

C s ca ph ng php i bin s l cng thc sau y.  

   
( )

( )

[ ( )] '( ) d ( ) d ,= 
u bb

a u a

f u x u x x f u u     (1 )  

trong  hm s ( )=u u x  c o hm lin tc trn K,   hm s 

y  = ( )f u  lin tc v sao cho hm hp [ ( )]f u x  xc nh trn K ;  

a  v b  l hai s thuc K.  

Cng thc (1 )   c chng minh nh  sau :  

Gi F l nguyn hm ca f .  Khi  v phi ca (1 )  l [ ] [ ]( ) ( ) .F u b F u a  

Theo nh l 1  2,  v tri ca (1 )  l  

( )[ ( )]
b

a
F u x  = F [u(b) ]   F [u(a) ] .   

Ta thy v tri bng v phi.  Vy (1 )  c chng minh.      

Cng thc (1 )   c gi l cng thc i bin s.  

Ph ng php i bin s th ng  c p dng theo hai cch sau y.  

Cch 1.  Gi s ta cn tnh ( ) d .
b

a

g x x  Nu ta vit  c g(x)  d i dng 

[ ( ) ] '( )f u x u x ,  th theo cng thc (1 )  ta c 

   ( ) d
b

a

g x x  = 
( )

( )

( ) d
u b

u a

f u u .    

Vy bi ton quy v tnh 
( )

( )

( ) d .
u b

u a

f u u  Trong nhiu tr ng hp vic tnh tch 

phn mi ny n gin hn.  

V d 1.  Tnh  
2

2

1

e d .xx x                      
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Gii  

Ta c 
2 2 21

e d e d( ).
2

x xx x x=  t u  = 2x  ta c u(1)  = 1 ,  u(2) = 4.  Do  

  
2

2

1

exx x d  = 
4

1

e

2

u

u d  = 41
(e e).

2
  

H1  Tnh 

3

1

2 3 dx x+  bng cch t 2 3.u x= +  

Cch 2.  Gi s ta cn tnh ( ) .f x x




 d  t x = x(t)  ( )t K  v ,  a b K  tho 

mn   = x(a) ,    = x(b)  th cng thc (1 )  cho ta 

   ( )df x x




  = [ ( )] '( ) d .

b

a

f x t x t t   

Vy bi ton quy v tnh ( )
b

a

g t td  (  ( ) [ ( )] . '( )=g t f x t x t ).  Trong nhiu 

tr ng hp, vic tnh tch phn mi ny n gin hn.  

V d 2.  Tnh 
1

2

0

1 dx x .  

Gii 

t x = sin t.  Ta c d d(sin ) cos d= =x t t t ,  0 = sin 0 v 1 sin
2


= .   

Vy 
1 2

2 2

0 0

1 d 1 sin . cos d .x x t t t



 =    

V 0 ;
2

t
    

 nn 21 sin cos . =t t  Do  

1
2

0

1 dx x  = 
2

2

0

cos dt t



  = 
2 2

00

1 1 sin 2 .(1 cos 2 )d
2 2 2 4

t
t t t

 

 
+ = + = 

   

H2  Tnh 

1

2

2
0

d

1

x

x
  bng cch t sin .x t=  
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2.  Ph ng php tch phn tng phn 
T ng t nh  ph ng php ly nguyn hm tng phn, ta cng c ph ng 

php tch phn tng phn.  C s ca ph ng php ny l cng thc sau y.  

 ( )( ) '( ) d ( ) ( ) ( ) '( ) d ,

b bb

a
a a

u x v x x u x v x v x u x x=        (2)  

trong  cc hm s u,  v  c o hm lin tc trn K v a,  b  l hai s 
thuc K.  

Tht vy,  theo nh l 2 2,  ta c  

( ) ( )( ) '( ) d ( ) '( ) d ( ) ( ) ( ) '( )d

b b b

a a
a

u x v x x u x v x x u x v x v x u x x= =     

    ( ) ( ) ( )( ) ( ) ( ) '( )d ( ) ( ) ( ) '( )d

bbb b

a aa
a

u x v x v x u x x u x v x v x u x x=  =   .       

Cng thc (2)  gi l cng thc tch phn tng phn  v cn  c vit 

d i dng ( )d d .

b bb

a
a a

u v uv v u=    

V d 3.  Tnh 
1

0

e d .xx x  

Gii.  Chn u(x)  = x,  v '(x)  = ex .  Khi  u'(x)  = 1 ,  ( ) = xv x e .  Do  

   ( )
1 11

00 0

e d e e dx x xx x x x=    = e  (e  1)  = 1 .  

V d 4.  Tnh 
2

1

ln d x x x .  

Gii.   Chn ln , d d= =u x v x x .   Khi  
d

d =
x

u
x

,  
2
.

2
=

x
v  Do   

  

22 22

1 11

ln d ln d
2 2

 
=   

 
 

x x
x x x x x  = 

3
.2 ln 2

4
  

H3  Tnh 

2

0

sin d .



 x x x  
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Cu hi  v  b i  tp 

17.  Dng ph ng php i bin s tnh cc tch phn sau :  

a)  
1

0

1 d+ x x  ;   b)  
4

2
0

tan
d

cos




x

x
x

 ;           c)  
1

3 4 3

0

(1 ) d+ t t t  ;   

d)  
1

2 2
0

5
d

( 4)+


x
x

x
 ;       e)  

3

2
0

4
d

1+


x
x

x

 ;      f)  
6

0

(1 cos 3 ) sin 3 d .



 x x x  

18.  Dng ph ng php tch phn tng phn  tnh cc tch phn sau :  

a)  
2

5

1

ln d x x x  ;      b)  
1

0

( 1) dx
x x+ e  ;    

c)  
0

cos d



x

x xe ;      d)  
2

0

cos d .x x x



  

Luyn tp 

19.  Tnh  a)  
1

5 4

0

2 (2 5 ) d+ + t t t t  ;   b)  
2

0

sin cos d .x x x x



  

20.  Tnh   a)

1

4

0

5(5 4 cos ) sin d


 t t t  ;   b)  
3 3

2
0

d .

1

x x

x +
  

21.  Gi s  F  l mt nguyn hm ca hm s 
sin

=
x

y
x

 trn khong (0 ;  + ).  

Khi  
3

1

sin 2
d

x
x

x
 l  

 (A) F(3)    F(1 )  ;     (B) F(6)    F(2) ;  

 (C)  F(4)    F(2) ;      (D)  F(6)    F(4).  
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22.  Chng minh rng  

a)  
1 1

0 0

( ) d (1 ) df x x f x x=    ;   b)  [ ]
1 1

1 0

( ) d ( ) ( ) df x x f x f x x



= +   .  

23.  Cho 
1

0

( ) d 3f x x = .  Tnh 
0

1

( ) df x x


  trong cc tr ng hp sau :  

a)  f  l hm s l ;    b)  f  l hm s chn.  

24.  Tnh cc tch phn sau :  

a)  
3

2
2

1

e dx
x x  ;     b)  

3
2

1

1
(ln ) dx x

x  ;  

c)  
3

2

0

1 dx x x+  ;    d)  
3

1
2 3

0

e dx
x x  ;    e)  

2

0

cos
d .

1 sin
x

x
x



+  

25.  Tnh cc tch phn sau :  

a)  
4

0

cos 2 dx x x



  ;     b)  
1

0

ln(2 )
d

2
x

x
x


  ;  

c)  
2

2

0

cos dx x x



  ;     d)  
1

2 3

0

1 dx x x+ ;   e)  
e

2

1

ln dx x x .  

 
Trong thc tin cuc sng cng nh  trong khoa hc k thut,  ng i ta cn 
phi tnh din tch ca nhng hnh phng cng nh  th tch ca nhng vt 
th phc tp.  Chng hn :  

Khi xy dng mt nh my thu in,   tnh l u l ng ca dng sng ta phi 
tnh din tch thit din ngang ca dng sng.  Thit din  th ng l mt 
hnh kh phc tp.  
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Hnh 3.5 

Khi ng tu,  cc k s  cn xc nh th tch ca khoang tu c hnh dng 
c bit.  

Tr c khi php tnh tch phn ra i,  vi mi hnh v mi vt th nh  vy 
ng i ta li phi ngh ra mt cch  tnh.  S ra i ca tch phn cho chng 
ta mt ph ng php tng qut  gii hng lot nhng bi ton tnh din tch 
v th tch ni trn.  

Trong 5  ta ni v ng dng tch phn  tnh din tch hnh phng v trong 
6 ni v ng dng tch phn  tnh th tch vt th.  

 

 

 

 

 

 

 

Trong nh l 1  3 ,  ta  bit :  Nu y  = f(x)  l mt hm lin tc v ly gi tr 
khng m trn on [a  ;  b]  th din tch S ca hnh thang cong gii hn bi  
th hm s y  = f(x) ,  trc honh v hai  ng thng x = a,  x = b  l    

     S  =  ( ) .
b

a

f x xd  

Vic tnh din tch hnh phng gii hn bi cc  ng cong th ng  c quy 
v tnh din tch ca hnh thang cong bng cch chia hnh phng  thnh mt 
s hnh thang cong.  

V d 1  (Din tch hnh elip).  Tnh din tch ca hnh phng gii hn bi elip :   

   
2 2

2 2
1+ =

x y

a b
 (a  > b  > 0).  

Gii 

Ta tnh din tch S ca mt phn t  hnh elip 
nm trong gc phn t  th nht.   l mt 

hnh gii hn bi  th hm s y  = 2 2 ,
b

a x
a

  

trc honh, trc tung v  ng thng =x a  (h.3.5). 
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Vy S  = 2 2

0

d .
a
b

a x x
a

 

Ta tnh tch phn trn bng ph ng php i bin s.  

t sin=x a t .   Ta c 

           d d( sin ) cos dx a t a t t= = ,  0 sin 0= a  v sin
2


=a a .  

Do  

      
2

2 2 2 2 2

0 0

d sin . cos d



 =  
a

a x x a a t a t t     

     = 
2 2

2 2 2 2

0 0

cos . cos d cos d

 

= a t a t t a t t  

(v 0 ;
2
 

   
t  nn  2cos cos=t t ).   

Suy ra S  = ab
2

2

0

cos dt t



  = 
2

0

sin 2
.

2 2 4



 
+ = 

 

ab t ab
t  

Vy din tch hnh elip l 4S = .ab  

  Mt cch tng qut,  ta c 

Nu hm s y  = f(x)  lin tc trn on [a  ;  b]  th din tch S ca 

hnh phng gii hn bi  th hm s y  = f(x),  trc honh v 

hai  ng thng x = a,  x = b  l  

   S = ( ) d .
b

a

f x x   (1 )  

V d 2.  Tnh din tch S ca hnh phng gii hn bi  th hm s 

y  = 3 1x ,   ng thng x = 2,  trc tung v trc honh.  
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Hnh 3.6 

Hnh 3.7 

Hnh 3.8 

Gii.  (h.3.6) t 3( ) 1 .= f x x  

Ta thy f(x)    0 trn [0 ;  1 ]  v f(x)    0 
trn [1  ;  2] .  
Theo cng thc (1 ),  din tch S ca 
hnh ang xt l 

      S = 
2

3

0

1 dx x  

= 
1 2

3 3

0 1

(1 ) d ( 1) dx x x x +    

= 
3 11 7
4 4 2
+ = .  

H1  Tm din tch hnh phng gii hn 

bi  th hm s y = 4   2x ,   ng thng 
x = 3 ,  trc tung v trc honh.  

   tnh din tch S ca hnh phng 
gii hn bi  th cc hm s y  = f(x),  
y  = g(x) lin tc trn on [a  ;  b]  v hai 
 ng thng x  = a,  x = b  (h.3.7),  ta c 
cng thc sau :      

 S = ( ) ( ) d .
b

a

f x g x x   (2)  

V d 3.  Tnh din tch S ca hnh 

phng gii hn bi parabol y  = 22  x  
v  ng thng y  = x.  

Gii (h.3.8)  
Tr c ht,  ta tm honh  giao im 
cc  th ca hai hm s  cho bng 

cch gii ph ng trnh 22 .x x =   
Ta c 

 22  x  = x   x = 1  v x = 2.  

Hnh phng ang xt gii hn bi cc  

th ca hai hm s 22 ,= y x  = y x  

v hai  ng thng 1,= x  2.=x  
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Hnh 3.9 

Theo cng thc (2)  ta c 

 S  = 
2

2

1

(2 ) dx x x



+     

= 

2
2 3

1

2
2 3



 
+   

 

x x
x  = 

9 .
2

      

H2  Tnh din tch hnh phng gii hn bi  ng thng y = x + 2  v parabol 

y =  2 2.+ x x  

   tnh din tch mt s hnh phng phc tp hn ta phi chia hnh  cho 

thnh mt s hnh n gin m ta  bit cch tnh din tnh.  

V d 4.  Tnh din tch S ca hnh phng H gii hn bi  th hm s 

=y x ,  trc honh v  ng thng y  = x  2.  

Gii (h.3.9)  

Ta tm honh  giao im cc  th 

ca hai hm s =y x  v y  = x  2 

bng cch gii ph ng trnh x  = x  2.  

Kt qu   c  x = 4.  

Din tch S ca hnh H bng din tch 
hnh tam gic cong OCA  tr i din 
tch hnh tam gic ABC.  

Din tch hnh tam gic cong OCA  l 
434

2

0 0

2
d

3
x x x=  = 

16 .
3

 

Din tch hnh tam gic ABC   l 

 
. 2.2

2.
2 2

= =
AB AC

 

Vy S = 
16 10 .2
3 3

 =  
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Ch  

T ng t (bng cch coi x l hm ca bin y),  din tch  S ca  
hnh phng gii hn bi cc  ng cong x = g(y),  x = h(y)  (g v h l 
hai hm lin tc trn on [c  ;  d] )  v hai  ng thng y  = c,  y  = d l 

    ( ) ( ) d .
d

c

S g y h y y=    (3)  

Chng hn trong v d 4,  coi hnh H l hnh phng gii hn bi 

 ng cong x = 2 ,y   ng thng x = y  + 2,  trc honh y  = 0 v 

 ng thng y  = 2.  Do ,  ta c th tnh ngay S theo cng thc (3)  
nh  sau :  

  S = 
2

2

0

( 2 ) dy y y+  =
2

2 3

0

2
2 3

 
+   

 

y y
y  = 

10 .
3

 

Cu hi  v  b i  tp 

26.  Tnh din tch hnh phng gii hn bi  th hm s sin 1,= +y x  trc honh 

v hai  ng thng 0=x  v 
7 .
6


=x  

27.  Tnh din tch hnh phng gii hn bi :  

a)   th hm s y  = 2cos x ,  trc honh, trc tung v  ng thng = x  ;  

b)   th hai hm s y  = x  v y  = 3 x  ;  

c)   th hai hm s y  = 2 2
x  v y  = 4

x   2 2
x  trong min x    0.  

28.  Tnh din tch cc hnh phng gii hn bi :  

a)   th cc hm s y  = 2
x  4, y  =  2

x   2x v hai  ng thng x = 3, 
2= x  ;  

b)   th hai hm s y  = 2
x  4  v y  =  2

x   2x ;  

c)  th hm s y  = 3 4 ,x x  trc honh,  ng thng  x = 2 v  ng 

thng x = 4.   
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1.  Tnh th tch ca vt th 

Cho mt vt th  
trong khng gian  

to  Oxyz.  Gi B  

l phn ca vt th  
gii hn bi hai 
mt phng vung 

gc vi trc Ox ti 

cc im a  v b.   

Gi S(x)  l din 

tch thit din ca 
vt th b ct bi 

mt phng vung gc vi trc Ox ti im c honh  ( ) x a x b  

(h.3.10).  

Gi s S = S(x)  l mt hm s lin tc.  Ng i ta chng minh  c rng th 

tch V  ca B   l 

    V  = ( ) d .
b

a

S x x       (1 )  

S dng cng thc (1 )  ta tm  c cng thc tnh th tch ca mt s vt th 

quen thuc trong hnh hc.  

V d 1  (Th tch khi chp ct).  Cho khi chp ct c chiu cao h,  din tch 

y nh v y ln th t l  0S ,  1 .S  Chng minh rng th tch V ca n l 

V  = 0 0 1 1( )
3

+ +
h

S S S S .  

 

 

 

 

 

 

 

 

 

Hnh 3.1 0 
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Gii  

Trong h trc to  Oxyz,  

ta t khi chp (sinh ra 
khi chp ct)  sao cho 
 ng cao nm trn trc 

Ox v nh trng vi gc 

to .  

Gi a  v b  ln l t l 

khong cch  t O n y 

nh v y ln,  ta c chiu 
cao ca khi chp ct l 

= h b a  (h.3.11 ).   Thit din ca khi chp ct ct bi mt phng vung 
gc vi trc Ox ti im c honh  x ( ) a x b  l mt a gic ng dng 

vi y ln vi t s ng dng l 
x

b
.  

Ta c 
1

( )S x

S
 = 

2

2

x

b
.  Vy S(x)  = 1S  

2

2

x

b
.  

Theo cng thc (1 ),  ta c 

 V  = 
2

1 2
d

b

a

x
S x

b
  = 

3 3
1

2

( )

3

S b a

b
 = 

2 2
1 1 1

2
.

3

+ + S a S ab S bb a

b
 

= 
2

1 1
123

 
+ + 

 

S a S ah
S

bb
.  

  rng 
2

1
0 2

( )
S a

S S a
b

= =  v  1S a

b
 = 

2
1

1 1 02

S a
S S S

b
=  nn V = 0 0 1 1( ).

3
h
S S S S+ +  

Nhn xt.  Khi chp  c coi l khi chp ct c 0 0=S .  V vy,  th tch V  

ca khi chp c chiu cao h  v din tch y S l 

    .
3

=
Sh

V  

2.  Th tch khi trn xoay 

Mt hnh phng quay xung quanh mt trc no  to nn mt khi 
trn xoay.  

 

 

 

 

 

 

 

Hnh 3.1 1  
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  Cho hm s y  = f(x)  lin tc,  khng m trn 

[a  ;  b] .  Hnh phng gii hn bi  th hm s 
y  = f(x),  trc honh v hai  ng thng x = a,  
x = b  quay quanh trc honh to nn mt 
khi trn xoay (h.3.12).  Th tch V ca n 
 c tnh theo cng thc  

        V  = 2 ( )d .
b

a

f x x   (2)   

Tht vy,  thit din ca khi trn xoay ct bi mt phng vung gc vi 

trc Ox ti im x ( ) a x b  l mt hnh trn bn knh f(x).  Do  

S(x)  = 2 ( )f x .   V th,  t cng thc (1 )  ta suy ra cng thc (2).     

V d 2 (Th tch khi chm cu).  Cho mt khi chm cu bn knh R  v 

chiu cao h.  Chng minh rng th tch V  ca khi chm cu l  

   V  =  2 .
3

 
  

 
h

h R  

Gii  

Trong mt phng Oxy,  xt hnh phng gii 

hn bi cung trn tm O  bn knh R c 

ph ng trnh 2 2 ,= y R x  trc honh v 

 ng thng = x R h  (0 ).< h R  Quay 

hnh phng  quanh trc honh ta thu  c 

khi chm cu bn knh R  chiu cao h  

(h.3.13).  

Theo cng thc (2)  th tch ca khi chm 

cu l 

V  = 2 2( ) d
R

R h

R x x


   = 
3

2

3 

 
  
 

R

R h

x
R x  

  = 
3 3

3 2 ( )
( )

3 3

 
    + 
 

R R h
R R R h  = 2

3
 

  
 

h
h R .  

Hnh 3.1 2  

Hnh 3.13  
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Hnh 3.15 

Nhn xt 

Khi bn cu bn knh R   c coi l khi chm cu bn knh R v chiu cao    
h  = R.  V vy,  th tch ca khi bn cu bn knh R  l 

   
3

2 2 .
3 3

 
=   = 

 
R R

V R R  

Do ,  th tch hnh cu bn knh R l 

   
34 .

3


=
R

V  

H  Xt hnh phng gii hn bi  th hm s 2y x= ,  cc  ng thng 1,x =  

2x =  v trc honh.  Tnh th tch khi trn xoay to thnh khi quay hnh phng  
quanh trc honh.  

  T ng t,  cho  ng cong c ph ng 
trnh x = g(y),  trong  g l hm s lin 
tc v khng m trn on [c  ;  d] .  
Hnh phng gii hn bi  ng cong 

x = g(y) ,  trc tung v hai  ng thng 

y  = c,  y  = d,  quay quanh trc tung to 
nn mt khi trn xoay (h.3.14).  Th 
tch V  ca n  c tnh theo cng thc   

               2 ( ) d .
d

c

V g y y=         (3)  

Tht vy,  t cng thc (2) bng cch xem x l hm ca bin y  ta suy ra cng 
thc (3).              

V d 3  (Th tch khi nn ct).  Cho 
khi nn ct c chiu cao h,  bn knh 
y ln v y nh ln l t l R  v r.  
Chng minh rng th tch V  ca khi 
nn ct  l 

 2 21
( ).

3
=  + +V h R Rr r  

Gii 

Trong mt phng to  Oxy xt hnh 

thang vung OABC vi OA  = h, AB = r v 
OC = R (h.3.15). Quay hnh thang  quanh 
trc Oy  ta  c khi nn ct   cho.  

Hnh 3.14 
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Gi s BC  ko di ct Oy  ti D.  t AD  = l,  OD  = a.  Ta c a    l  = h.  Ph ng 

trnh  ng thng BC  l 
( )

.


=
R a y

x
a

 Theo cng thc (3)  ta c 

    V = 
2 2

2
0

( )

h
R a y

y
a

d  = 
2

3 3
2
( )

3




R
a l

a
 

= 
2

2 2
2
( )( )

3


 + +

R
a l a al l

a
 = 

22

1 .
3

   
+ +  

  

R h l l

a a
 

V =
l r

a R
 nn khi thay 

l

a
 bi 

r

R
 ta  c 

  
2

21
1

3

  
=  + +  

  

r r
V R h

R R
 = 2 21

( ).
3
 + +h R Rr r     

Nhn xt.  Khi R  = r,  khi nn ct tr thnh khi tr c chiu cao h  v bn 
knh y R.  V vy,  th tch ca khi tr l 

  2 2 2 21
( ) .

3
V h R R R R h=  + + =   

Khi r = 0,  khi nn ct tr thnh khi nn c chiu cao h  v bn knh y R.  
V vy,  th tch ca khi nn l 

    21
.

3
= V R h  

Cu hi  v  b i  tp

29.  Tnh th tch ca vt th nm gia hai mt phng x = 1  v x = 1 ,  bit rng 
thit din ca vt th b ct bi mt phng vung gc vi trc Ox  ti im c 

honh  x (1    x   1)  l mt hnh vung cnh l 2 21 . x   

30.  Tnh th tch ca vt th nm gia hai mt phng x = 0 v x =  ,  bit rng 
thit din ca vt th b ct bi mt phng vung gc vi trc Ox  ti im c 

honh  x (0    x    )  l mt tam gic u cnh l 2 sin .x  

31.  Cho hnh phng A  gii hn bi cc  ng y  = 0,  x = 4 v y  = x 1 .  Tnh th 

tch ca khi trn xoay to thnh khi quay hnh A  quanh trc honh.  
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E
m

c o  b i 
t

32.  Cho hnh phng B  gii hn bi cc  ng 
2

=x
y
,  y  = 1  v y  = 4.  Tnh th tch 

ca khi trn xoay to thnh khi quay hnh B  quanh trc tung.  

33.  Cho hnh phng B  gii hn bi cc  ng x = 25 y ,  x = 0,  y  = 1  v y  = 1 .  

Tnh th tch ca khi trn xoay to thnh khi quay hnh B  quanh trc tung.  

1 . Ai l ng i pht minh ra php tnh tch phn ? 

Cng vi  php tnh  vi  phn,  php tnh  tch  phn l  mt thnh tu  ln ca tr tu nhn 
loi.  N  to nn mt b c ngot ln  trong s pht trin  ca khoa hc v  tr thnh 
mt cng c  sc bn,  y sc mnh   c cc nh  khoa hc s dng rng ri  trong 
nghin cu cng nh  trong ng dng thc tin.  

Php tnh vi  phn v  tch phn do hai  nh  bc hc ln l  Niu-tn (I .  Newton 1 643  

1 727),  ng i  Anh v  Lai-b-nit (G.  Leibniz 1 646   1 71 6),  ng i  c,  sng to ra 
ng thi  v  c lp vi  nhau.  

Thc ra y l  mt cuc chy tip sc ca nhiu  th h cc nh  bc hc xut sc 

trong nhiu  th k.  Tr c Niu-tn  v  Lai-b-nit hai  nghn  nm,  nh  bc hc c-si-mt 
 c  t ng  u tin  v php tnh  tch  phn.  Trong bc th  gi  ng i  bn,  ng  
 a ra mt ph ng php mi  gi  l  "ph ng php vt cn" v   s dng n  gii  
nhiu  bi  ton  tnh  d in  tch,  th tch,  chiu  di  cung.   l  tin  thn ca php tnh  
tch  phn.  Sau  ng nhiu  nh  ton hc khc cng tham gia m  ng cho s ra i  
ca tch  phn,  trong   phi  k n nhng  ng gp xut sc ca cc nh  khoa hc 
nh  K-ple (J.  Kepler),  Ca-va-li--ri  (B.  Cavalieri),  Phc-ma,  -cc,  Ba-ru (I.  Barrow).  

Ngy nay cc nh  nghin  cu  u  nht tr rng  v mt thi  gian,  Niu-tn  khm ph 
ra php vi  tnh  vi  - tch  phn  tr c Lai-b-nit khong 1 0 nm nh ng Lai-b-nit li  cho 
cng b cng khai  cng trnh  ca mnh tr c Niu-tn ti  ba nm.  V hnh  thc,  php 
tnh  tch  phn ca Niu-tn  v  php tnh  tch  phn ca Lai-b-nit khc nhau r rt.  
N iu- tn  trnh  by cc kt qu ca mnh  d i  ngn ng Hnh  hc,  cn Lai-b-nit dng  
ngn ng i  s.  Cc k hiu  ca Lai-b-nit phong ph  v  thun  tin  hn nhiu  so 
vi  cc k hiu  ca Niu-tn (du  tch  phn v  cc k hiu  vi  phn,  o hm m  chng 
ta dng ngy nay l  ca Lai-b-nit).  V s kt hp gia php tnh vi    tch  phn vi  
cc nghin cu v khoa hc t nhin  th Lai-b-nit khng su  sc bng Niu-tn 
nh ng ng trn  gc  ton hc th  php tnh  vi  -  tch  phn  ca Lai-b-nit th hin 
mt tm nhn  bao qut hn,  mt tr t ng t ng tinh  t hn.   
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Isaac Newton 

(1 643   1 727)  

Gottfried  Leibniz 

(1 646   1 71 6)  

2. Vi nt  v cuc i v s nghip ca Niu-tn 

v Lai-b-nit 

1 )  N iu-tn (1 643   1 727)  l  nh  ton  hc,  vt l  hc,  c hc 
v  th in  vn  hc v i  ng i  Anh.  ng sinh  ra  mt vng 
qu  n c Anh.  Ng i  cha qua i  tr c khi  ng ra i.  
Ng i  m v qu au bun nn  sinh  ng thiu  thng.  Lc 
mi  sinh  ng b ti  mc t  c vo mt chic cc to.  
Khng ai  ng rng  a b qut quo nh  vy li  c th th 
ti  85 tui  v  tr thnh mt nh  khoa hc v i  nh  vy.  

N iu-tn  c ng i   ng thi  m t l  c tm vc trung 
bnh,  bo chc,  u  lun i  tc gi,  c i  mt sng v  
thng minh.  ng sng rt gin  d,  khim nh ng,  say m 
vi  cng vic v  rt ng tr.  

2)  Lai-b-nit (1 646   1 71 6)  l  nh  ton hc,  vt l  hc,  trit 
hc thin  ti  ng i  c.  ng sinh   thnh ph Lai-xch 
(Leipzig),  l  con  trai  mt gio s  trit hc.  T lc 6 tui  ng 
 sut ngy m mi  c sch.  Nm ng 7 tui  th cha ng 
qua i.  Nm 1 5 tui  ng  vo i  hc v  hc v lut 
hc,  trit hc v  ton hc.  Nm 20 tui  (nm 1 666)  ng  
bo v lun n  tin  s lut hc ng thi  cng cng b 
cng trnh ton hc u  tin  ca mnh  vi  nhan  :  
"Nhng suy ngh v ngh thut t hp".  Sau   ng   c 
b nhim lm quan chc ngoi  giao ti  Php.  

Nhng cng hin v ton hc ch l  mt phn nh trong s 

nghip ca ng.   thi  i  ng,  ng i  ta bit n ng  nh  
mt nh  ngoi  giao,  nh  lut hc v  nh  trit hc.  ng bit 
rt nhiu  ngoi  ng v  hu  ht cc kin  thc ca ng  u 
c  c bng con  ng t hc.  

Lai-b-nit  c ng i   ng thi  m t l  c th trng gy g,  tm th c,  da xanh v  
cng lun  eo tc gi.  Tr nh ca ng cng khc ng i  th ng :  Nhng iu  kh 
hiu   c ng  nh rt tt nh ng nhng iu  d hiu  th ng li  qun ngay.  

Luyn tp 

34.  Tnh din tch hnh phng gii hn bi :  

a)   th cc hm s y  = x,  y  = 1  v 
2

4
=

x
y  trong min 0,x  y    1  ;  

b)   th hai hm s y  = 4 24x x  + 4,  y  = 2 ,x  trc tung v  ng thng 
1x =  ;  

c)   th cc hm s 2 ,=y x  4 4= y x  v 4 4.=  y x  
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35.  Tnh din tch hnh phng gii hn bi :  

a)   th hai hm s y  = 2
x  + 1  v y  = 3    x ;  

b)  Cc  ng x = 3
y ,  y  = 1  v x = 8  ;  

c)   th hai hm s y  = x ,  y  = 6   x  v trc honh.  

36.  Tnh th tch ca vt th T nm gia hai mt phng x = 0 v x =  ,  bit rng 

thit din ca vt th ct bi mt phng vung gc vi trc Ox  ti im c 

honh  x (0   x    )  l mt hnh vung cnh l 2 sin .x  

37.  Cho hnh phng A  gii hn bi cc  ng y  = 2 ,x  y  = 0,  x = 0 v x = 2.  Tnh 

th tch ca khi trn xoay to thnh khi quay hnh A  quanh trc honh.  

38.  Cho hnh phng A  gii hn bi cc  ng y  = cos x,  y  = 0,  x = 0 v 
4


=x .  

Tnh th tch ca khi trn xoay to thnh khi quay hnh A  quanh trc honh.  

39.  Cho hnh phng A  gii hn bi cc  ng 2=

x

y x e ,  y  = 0,  x = 0 v x = 1 .  Tnh 

th tch ca khi trn xoay to thnh khi quay hnh A  quanh trc honh.  

40.  Cho hnh phng B gii hn bi cc  ng x = 2 sin 2y ,  x = 0, y  = 0 v 
2


=y .  

Tnh th tch ca khi trn xoay to thnh khi quay hnh B  quanh trc tung.  

Cu hi  v  bi  tp n tp ch ng III  

Tm nguyn hm ca cc hm s sau (t bi  41  n bi  43)  :  

41.  a) y  = 32 (1 )x x  ;     b)  y  = 
1

4

2
8 x

x

 ;  

c)  y  = 

1 3
2 2sin( 1)+x x  ;     d)  y  = 

2

sin(2 1)

cos (2 1)

+

+

x

x
.  

42.  a) y  = 
2

1 1
cos 1

 
 

 xx
 ;     b)  y  = 3 4 3(1 )+x x  ;  

c)  y  = 
2e
3

x
x

 ;      d)  y  = 2e .xx  
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43.  a) y  = xx e  ;      b)  y  = 
ln

.
x

x
 

44.  Tm hm s y  = f(x)  nu bit dy  = 2 312 (3 1)x x dx v f(1 )  = 3.  

45.  Xc nh s b  d ng  tch phn 2

0

( )
b

x x xd  c gi tr ln nht.  

46.  Cho bit 
9

1

( ) d 1,f x x =   
9

7

( ) d 5f x x = ,  
9

7

( ) d 4g x x = .  Hy tm 

a)  
9

1

2 ( ) df x x  ;      b)  
9

7

[ ( ) ( )] df x g x x+  ;  

c)  
9

7

[2 ( ) 3 ( )] df x g x x  ;    d)  
7

1

( ) d .f x x  

47.  Cho hm s f  lin tc trn [a  ;  b] .  T s 

   
1

( ) d
b

a

f x x
b a   

 c gi l gi tr trung bnh ca hm s f  trn  [a  ;  b]  v  c k hiu l m(f).  

Chng minh rng tn ti im c    [a  ;  b]  sao cho m(f)  = f(c).  

48.  Gi s mt vt t trng thi ngh khi 0 ( )=t s  chuyn ng thng vi vn tc 

v(t)  = t(5   t)  (m/s).  Tm qung  ng vt i  c cho ti khi n dng li.  
49.  Mt cht im A  xut pht t v tr O,  chuyn ng thng nhanh dn u ;  

8  giy sau n t n vn tc 6m/s.  T thi im  n chuyn ng thng 

u.  Mt cht im B  xut pht t cng v tr O  nh ng chm hn 12 giy so 

vi A  v chuyn ng thng nhanh dn u.  Bit rng B  ui kp A  sau 8  giy 

(k t lc B  xut pht).  Tm vn tc ca B   ti thi im ui kp A.   

50.  Tnh cc tch phn sau :  

a)  
2

2

0

sin 2 dx x x



  ;  b)  
2

2

1

(2 1) dx x x+  ;  c)  
2

3
2

2

( 1)e d .x xx x  

51.  Tnh din tch cc hnh phng gii hn bi :  

a)   th cc hm s y  = 4  2x ,  y  = x + 2 ;  

b) Cc  ng cong c ph ng trnh x  = 4  4 2y  v x  = 1   4y trong min  0.x  
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52.  Tnh din tch ca cc hnh phng gii hn bi :  

a)  Parabol y  = 2
x   2x + 2,  tip tuyn ca n ti im M(3  ;  5)  v trc tung ;  

b)  Parabol y  =  2
x  + 4x  3  v cc tip tuyn ca n ti cc im A(0 ;  3) v 

B(3  ;  0).  

53.  Tnh th tch ca vt th nm gia hai mt phng x = 0 v x = 2,  bit rng thit 
din ca vt th b ct bi mt phng vung gc vi trc Ox  ti im c 

honh  x (0    x   2)  l mt na hnh trn  ng knh 25 .x  

54.  Xt hnh phng gii hn bi  ng hypebol 
2

=y
x
 v cc  ng thng y  = 1 ,  

y  = 4,  x = 0.  Tnh th tch ca khi trn xoay to thnh khi quay hnh phng 
 quanh trc tung.   

55.  Cho hnh phng A  gii hn bi  th hm s y  = cos 0
2
 

  
 

x x  v hai 

trc to .  Tnh th tch khi trn xoay to thnh khi quay A  quanh 
trc honh.  

56.  Cho hnh phng A  gii hn bi  ng cong c ph ng trnh x(y  + 1 )  = 2 v 

cc  ng thng x = 0,  y  = 0,  y  = 3.  Tnh th tch khi trn xoay to  c khi 
quay A  quanh trc tung.  

57.  Cho hnh phng A  gii hn bi  ng cong c ph ng trnh x  2
y  = 0 v cc 

 ng thng y  = 2,  x = 0.  Tnh th tch khi trn xoay to thnh khi quay A  

a)  Quanh trc honh ;    b)  Quanh trc tung.  

58.  Cho hnh phng A  gii hn bi  ng cong c ph ng trnh 

1
2 2=

x

y x e  v cc 

 ng thng x = 1 ,  x = 2,  y  = 0.  Tnh th tch khi trn xoay to thnh khi 
quay A  quanh trc honh.  

59.  Cho hnh phng A  gii hn bi  ng cong c ph ng trnh 2 3=y x  v cc 

 ng thng y  = 0,  x = 1 .  Tnh th tch khi trn xoay to  c khi quay A  

a)  Quanh trc honh ;    b)  Quanh trc tung.  
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B i  tp trc nghim khch quan 

Trong mi bi tp d i y,  hy chn mt ph ng n  trong cc ph ng n   

cho   c  khng nh ng.  

60.  Gi s =


5

1

d
ln

2 1
x

c
x

.  Gi tr ca c  l 

(A) 9 ;     (B) 3  ;                (C) 81  ;    (D) 8.  

61.  Gi tr  ca 
2

2

0

2e xdx  l 

(A) 4e  ;    (B) 4e 1  ;   (C) 44e  ;    (D) 43e 1  .  

62.  Gi tr ca 
0

2 3

1

( 1)


+ x x dx   l 

(A) 
7
70

 ;   (B) 
1
60

  ;       (C)  
2
15

 ;    (D) 
1
60

.  

63.  Din tch hnh phng nm trong gc phn t  th nht,  gii hn bi  ng 

thng y  = 4x v  th hm s  y  = x3  l 

(A) 4 ;   (B) 5  ;             (C) 3  ;    (D)  3,5.  

64.  Din tch hnh phng nm trong gc phn t  th nht,  gii hn bi hai  ng 

thng y  = 8x,  y  = x v  th hm s  y  = x3  l 

(A) 12 ;   (B) 15,75   ;      (C) 6,75  ;    (D) 4 .  

65.  Din tch hnh phng nm trong gc phn t  th nht,  gii hn bi  ng 

thng y  = 2x v  th hm s  y  = x2  l 

(A) 
4
3
 ;   (B) 

3
2
 ;    (C) 

5
3
 ;    (D) 

23
15

 .  
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66.  Cho hnh phng A  gii hn bi  th hai hm s y  = x2  v y = 6  x .  Th 

tch khi trn xoay to  c khi quay A  xung quanh trc tung l 

(A) 
32
3


 ;   (B)  9  ;     (C)  8  ;    (D) 
20
3


 .  

67.  Cho a,  b  l hai s d ng.  Gi K l hnh phng nm trong gc phn t  th hai,  

gii hn bi parabol y  = ax2  v  ng thng y  = bx.  Th tch khi trn xoay 

to  c khi quay K xung quanh trc honh l mt s khng ph thuc vo 

gi tr ca a  v b  nu a  v b  tho mn iu kin sau 

(A) 4 52=b a  ;  (B) 3 52=b a  ;       (C) 5 32=b a  ;    (D) 4 22=b a .  



C h   n g

Chng ny cho ta bit tp hp s phc,  mt tp

hp s cha tp hp s thc,  vi cc quy tc tnh

ton tng t,  trong  mi s thc m u c cn

bc hai,  mi phng trnh bc hai u c nghim.  Ta

cn bit nhiu ng dng khc ca s phc trong i

s,  trong hnh hc v trong lng gic.

Hc sinh cn rn luyn k nng tnh ton vi s phc,

hiu  ngha ca vic xy dng tp hp s phc v

gii c mt s bi tp n gin v s phc.  

IV
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1. Khi nim s phc 

Ta  bit rng cc ph ng trnh 2 21 0, 4 0x x+ = + =  khng c nghim thc. 

Mt cch tng qut cc ph ng trnh bc hai vi h s thc 2 0Ax Bx C+ + =  m 

bit thc 0 < ,  chng hn 2 2 2 0 + =x x  (bit thc 4), =    u khng c 

nghim thc.  

S pht trin ca ton hc,  khoa hc i hi phi m rng tp hp cc s thc 
thnh mt tp hp s mi gi l tp hp cc s phc, trong  c cc php 
ton cng v nhn vi cc tnh cht t ng t php ton cng v nhn s thc 
sao cho cc ph ng trnh ni trn u c nghim.  

Mun th, ng i ta  a ra s i  sao cho bnh ph ng ca n bng 1 .  Khi  i  

l mt nghim ca ph ng trnh 2 1 0+ =x  v 2i  l mt nghim ca ph ng 

trnh 2 4 0+ =x  ;  cn 1  + i   l mt nghim ca ph ng trnh 2 2 2 0,x x + =  

tc l ph ng trnh 2( 1) 1 0 + =x ,.. .  Cc s a  + bi  ( , a b R )  gi l cc 

s phc.   

Vi cc s phc, ng i ta cn chng minh  c rng mi ph ng trnh bc 2,  
3,  4,    u c nghim (phc).  S phc cng lin quan cht ch vi hnh hc 
phng, vi l ng gic ,  . . .  (xem bi Em c bit "Vi nt lch s pht trin 
s phc",  trang 197).   

nh ngha 1  

Mt  s phc  l mt biu thc dng +a bi ,  trong  a  v b  l 

nhng s thc v s i  tho mn 2 1 .= i  K hiu s phc  l 

z  v vit .= +z a bi  

i   c gi l n v o,  a   c gi l phn thc  v b   c gi 
l phn o  ca s phc .= +z a bi  

Tp hp cc s phc  c k hiu l C .  
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Ch  

S phc 0= +z a i  c phn o bng 0   c coi l s thc v vit l 

0+ =  a i a R C .  

S phc c phn thc bng 0   c gi l s o (cn gi l s thun o) :  
0= + =z bi bi  ( )b  R  ;  0 1 1= + =i i i .  

S 0 0 0 0= + =i i   va l s thc va l s o.  

V d 1  

S phc 2 3= +z i  c phn thc bng 2,  phn o bng 3.  

S phc z i=   (tc l (1 )i)  c phn thc bng 0,  phn o bng 1  ;   l 

mt s o.  

nh ngha 2 

Hai s phc  z  = +a bi  ( , )a b  R ,  'z  = ' '+a b i  ( ' , ' )a b R  

gi l bng nhau  nu 

   ' ,=a a  '.=b b  

Khi  ta vit ' .=z z  

H1  Khi no s phc a bi+  (a,  b    R)  bng 0  ? 

2.  Biu din hnh hc s phc 

Ta  bit biu din hnh hc cc s thc bi cc im trn mt trc s.  

i vi cc s phc, ta hy xt mt phng to  .Oxy  Mi s phc 

= +z a bi  ( , )a b  R   c biu din bi im M  c to  ( ; ).a b  Ng c 

li,  r rng mi im ( ; )M a b  biu din mt s phc l = +z a bi .  Ta cn 

vit ( )+M a bi  hay M(z) .  

V l ,  mt phng to  vi vic biu din s phc nh  th  c gi l mt 
phng phc.  

Gc to  O biu din s 0.  

Cc im trn trc honh Ox  biu din cc s thc, do  trc Ox  cn  c 
gi l trc thc.   
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Hnh 4.1  

Cc im trn trc tung Oy  biu 

din cc s o, do  trc Oy  cn 

 c gi l trc o.  

Trn hnh 4.1  c cc im O,  A,  B,  
C,  D,  E,  F  theo th t biu din cc 

s phc 0,  1 ,  i,  2, 2i,  1  + 2i,  2   i.  

3.  Php cng v php tr s phc        

a) Tng ca hai s phc 

nh ngha 3 

Tng ca hai s phc  ,= +z a bi  ' ' '= +z a b i  (a,  b,  a',  b'    R) 

l s phc 
     '+z z  = ' ( ') .+ + +a a b b i  

Nh  vy,   cng hai s phc, ta cng cc phn thc vi nhau, cng cc phn 
o vi nhau.  

V d 2.  Ta c (3 ) (2 3 )+ + i i      = 5 2i  ;  

   (1 2 ) (2 2 ) + +i i    = 3  ;  

   (2 2 ) ( 2 3 ) +  +i i  = i.  

b)  Tnh cht ca php cng s phc 

T nh ngha 3,  d thy php cng cc s phc c cc tnh cht sau y,  
t ng t php cng cc s thc.  

  Tnh cht kt hp :  

    ( ') ' '+ +z z z  = ( ' ' ')+ +z z z  vi mi z,  z ',  z ''    C.  

 Tnh cht giao hon :  

    '+z z  = ' +z z  vi mi z,  z '    C.  

 Cng vi 0 :  
   0+z  = 0 + z  = z  vi mi .z C  

 Vi mi s phc = +z a bi  ( , ),a b R  nu k hiu s phc  a bi  l z  

th ta c 
    ( ) ( ) 0.+  =  + =z z z z  

S z   c gi l s i  ca s phc z .  
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H2  Trong mt phng phc,  cho im M biu din s z.  Hy tm im biu din 

s z.  

c)  Php tr hai s phc 

nh ngha 4 

Hiu ca hai s phc  z  v z'  l tng ca z  vi z ',  tc l 

     ' ( '). = + z z z z  

Nu ,= +z a bi  ' ' '= +z a b i   (a,  b,  a',  b'    R)  th 

   ' ' ( ') . =  + z z a a b b i  

d)   ngha hnh hc ca php cng v php tr s phc  

Trong mt phng phc, ta  coi im M  c to  ( ; )a b  biu din s phc 

.= +z a bi  Ta cng coi mi vect u  c to  ( ; )a b  biu din s phc 

.= +z a bi  

Khi ,  ni im M  biu din s phc z  cng c ngha l vect 


OM  biu 

din s phc .  

D thy rng, nu , 'u u  theo th t biu din cc s phc , 'z z  th 

   '+u u  biu din s phc ' ,+z z  

   'u u  biu din s phc ' .z z  

V d 3.  Quan st hnh 4.2, ta thy :   

 Vect OM u=



 c to  (1  ;  3) 

biu din s phc 1 3= +z i  ;  

Vect ' '=



OM u  c to  (2 ;  1) 

biu din s phc ' 2= +z i  ;  

Vect '= +



OP u u  c to  

(3 ;  4) biu din s phc 
' 3 4+ = +z z i  ;  

Vect ' 'OQ MM u u= = 

 

 c to 

 (1  ;  2) biu din s phc 
' 1 2 . = z z i       Hnh 4.2
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4.  Php nhn s phc 

a) Tch ca hai s phc 

Cho hai s phc ,= +z a bi  ' ' '= +z a b i  (a,  b,  a ',  b '    R) .  Thc hin php 

nhn mt cch hnh thc biu thc +a bi  vi biu thc ' ' ,+a b i  ri thay 
2 1,= i  ta  c  

   ( ) ( ' ' )+ +a bi a b i  = 2' ' ( ' ' )+ + +aa bb i ab a b i  

        = ' ' ( ' ' ) . + +aa bb ab a b i  

iu  dn ta n nh ngha sau y.  

nh ngha 5 

Tch ca hai s phc = +z a bi  v ' ' '= +z a b i  (a, b, a', b'    R)  

l s phc 

   'zz  = ' ' ( ' ' ) . + +aa bb ab a b i   

V d 4.  Ta c  

   (2 ) (1 2 ) +i i  = (2 2) (4 1)+ +  i  = 4 3+ i  ;  

   (2 ) (2 )+ i i    = (4 + 1 )  + (2  + 2) i  = 5  ;  

   (2 ) (1 2 )+ +i i  = (2   2)  + (4  + 1) i  = 5i .  

Nhn xt.   Vi mi s thc k v mi s phc +a bi  (a,  b    R) ,  ta c  

    ( )+k a bi  = ( 0 ) ( )+ +k i a bi  = +ka kbi ,  

c bit 0 0=z  vi mi s phc z.  

H3  Nu vect u  biu din s phc z  th vect ku  (k   R)  biu din s phc no ? 

V sao ? 

V d 5.  Trong mt phng phc, nu im M biu din s phc z,  im M '  

biu din s phc z '  (M khc M ')  th trung im P  ca on thng MM '  biu 

din s phc 
1
( ').

2
+z z  iu  suy ra t h thc 

1
( ').

2
= +

  

OP OM OM  
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H4  Xt s phc z x yi= +  (x,  y    R).  Tnh 2
z  v tm tp hp cc im ca mt 

phng phc biu din cc s phc z sao cho 2
z  l s thc.  

b) Tnh cht ca php nhn s phc 

T nh ngha 5,  d thy rng php nhn cc s phc c cc tnh cht sau y 
t ng t php nhn cc s thc.  

 Tnh cht giao hon :  

  'zz  = 'z z  vi mi , 'z z    C.  

  Tnh cht kt hp :  

  ( ') ' 'zz z  = ( ' ' ')z z z  vi mi , ' , ' 'z z z    C.  

 Nhn vi 1  :  

  1 . .1= =z z z  vi mi z    C.  

 Tnh cht phn phi (ca php nhn i vi php cng) :  

  ( ' ' ')+z z z  = ' ' '+zz zz  vi mi , ' , ' 'z z z    C.  

T cc tnh cht ni trn ta c th thc hin php ton cng v nhn cc s 
phc theo cc quy tc nh  php ton cng v nhn cc s thc.  

V d 6.  ( ') ( ')+ z z z z  = ' ' ' '+  zz z z zz z z  = 2 2'z z  ;  

  ( ') ( ')+ +z z z z  = 2( ')+z z  = 2 22 ' '+ +z zz z  ;  

  2( )bi  = 2 2
b i  = 2

b  (b    R)  ;  

  3
i  = 2 .i i  = i ,  4

i  = 2 2.i i  = 1 ,  5
i  = i  ;  

  3(1 )+ i  = 2 31 3 3+ + +i i i  = 2 2 + i .  

H5  Hy phn tch 2 4z +  thnh nhn t.  

5.  S phc lin hp v mun ca s phc 

a) S phc lin hp 

nh ngha 6 

S phc lin hp  ca = +z a bi  (a,  b    R)  l a bi  v  c 

k hiu bi z .  



 1 87 

Hnh 4.4 

Nh  vy 

   .z a bi a bi= + =   

V d 7.  2 3+ i  =  2 3 i  ;  

  4 2  i  = 4 2 + i  ;  

  i i=   ;  

  . =i i  

  R rng z
=

 = z  nn ng i ta cn ni z  v z  
l hai s phc lin hp vi nhau  (gi tt l 
hai s phc lin hp).   

Hai s phc lin hp khi v ch khi cc im biu din ca chng i xng 

vi nhau qua trc thc Ox (h.4.3).          

H6  Chng minh rng s phc z l s thc khi v ch khi .z z=   

  T nh ngha 6,  d suy ra :  

 Vi mi s phc z,  z ' ,  ta c 

   '+z z  = '+z z  ;  

   'zz  = '.z z  

H7  Chng minh rng vi mi s phc ( , ),z a bi a b= +  R  ta c 2 2 .zz a b= +  

b) Mun ca s phc 

Ta  bit gi tr tuyt i ca s thc a  l 
khong cch t im biu din a  n gc to 
 trn trc s.  D thy rng khong cch t 

im M biu din s phc = +z a bi  (a, b   R)  

n gc to  O ca mt phng phc l 

     2 2OM a b zz= + =



 (h.4.4).   

nh ngha 7  

Mun ca s phc  = +z a bi  (a,  b    R)  l s thc khng m 

2 2
+a b  v  c k hiu l .z  

Hnh 4.3   
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Nh  vy 

 Nu = +z a bi  (a,  b    R)  th 2 2 .z zz a b= = +  

V d 8.   1=i  ;  21 2 1 2 5.+ = + =i  

Nhn xt 

1 ) Nu z  l s thc th mun ca z  l gi tr tuyt i ca s thc .  

2)  0=z  khi v ch khi 0=z .  

V d 9.  Trong mt phng phc, tp hp cc im biu din cc s phc z  sao 

cho 1=z  l  ng trn bn knh 1  vi tm ti gc to .  

H8  Chng minh rng z z=  vi mi s phc z.  

6.  Php chia cho s phc khc 0 

H9  Cho s phc z a bi= +  (a,  b    R)  khc 0.  Chng minh rng s 

1
2 2

1
( )z a bi

a b


= 

+

 =  
2

1
z

z

 l s tho mn 1 1 .zz


=  

nh ngha 8 

S nghch o  ca s phc z  khc 0 l s 1
2

1
z z

z


= .  

Th ng  
'z

z
 ca php chia s phc 'z  cho s phc z  khc 0 l 

tch ca 'z  vi s phc nghch o ca z,  tc l 1'
' .

=
z

z z
z

 

Nh  vy 

    Nu 0z  th 
2

' ' .z z z

z z

=  

Ch  

Do 
2

' ' 'z z z z z

z zzz

= =  nn  tnh 
'z

z
 ta ch vic nhn c t s v 

mu s vi z .  



 189 

V d 10 

3
1


+

i

i
 = 

(3 ) (1 )
(1 ) (1 )

 

+ 

i i

i i
 = 

2 4
2
 i

 = 1 2 i  ;  

2 2

2 2

+



i

i

 = 
( 2 2 )( 2 2 )

( 2 2 )( 2 2 )

+ +

 +

i i

i i

 = 
2

2 2

( 2 2 )

( 2 ) 2

+

+

i
 = 

2 4 2
6

 + i
 = 

1 2 2
;

3
i +

  

1
i
 = i.  

Nhn xt 

1 ) Vi 0z ,  ta c 1 11
1 . . 

= =z z
z

 

2)  D thy rng th ng 
'z
z
 l s phc w sao cho zw = z '.  T  c th ni 

php chia (cho s phc khc 0)  l php ton ng c ca php nhn.  

H1 0  Tm s phc z tho mn (1 2 ) 3 .i z z i+ =   

Cu hi  v  b i  tp 

1.  Cho cc s phc 

  2 3+ i  ;  1 2+ i  ;  2 . i  

a)  Biu din cc s  trong mt phng phc.  

b) Vit s phc lin hp ca mi s  v biu din chng trong mt 
phng phc.  

c)  Vit s i ca mi s phc  v biu din chng trong mt phng phc.  

2.  Xc nh phn thc v phn o ca mi s sau :  

a)  (2 4 ) (3 2 )+   i i i  ;                                b)  2( 2 3 )+ i  ;   

c)  (2 3 ) (2 3 )+ i i  ;                                           d)  (2 ) (3 ). +i i i  

3.  Xc nh cc s phc biu din bi cc nh ca mt lc gic u c tm l 
gc to  O  trong mt phng phc, bit rng mt nh biu din s i .  

4.  Thc hin php tnh  

1
2 3 i

 ;  
1

1 3
2 2
 i

 ;       
3 2 i

i
 ;   

3 4 .
4




i

i
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5.  Cho 
1 3

.
2 2

=  +z i  

Hy tnh :    
1
z
 ;  z  ;  2

z  ;  3( )z  ;  21 .+ +z z  

6.  Chng minh rng :  

a)  Phn thc ca s phc z  bng 
1
( )

2
z z+ ,  phn o ca s phc z  bng 

1
( )

2
z z

i
  ;  

b)  S phc z  l s o khi v ch khi z z=   ;  

c)  Vi mi s phc z,  z',  ta c ' ',+ = +z z z z  ' . 'zz z z= ,  v nu 0z  th 

' 'z z

z z

 
=  

 
.  

7.  Chng minh rng vi mi s nguyn 0,>m  ta c 

  4 1=m
i  ;  4 1+ =m

i i  ;  4 2 1+ = m
i  ;  4 3 .+ = m

i i  

8.  Chng minh rng :  

a)  Nu vect u  ca mt phng phc biu din s phc z  th  di ca vect 

u  l ,u z=  v t  nu cc im 1 2,A A  theo th t biu din cc s phc 

1 2,z z  th 1 2 2 1A A z z= 


 ;  

b)  Vi mi s phc , ' ,z z  ta c ' '=zz z z  v khi 0z  th 
' 'z z

z z
=  ;  

c)  Vi mi s phc z,  z',  ta c ' ' .+  +z z z z  

9.  Xc nh tp hp cc im trong mt phng phc biu din cc s phc z  
tho mn tng iu kin sau :  

a)  | | 1 =z i  ;   b)  1 =
+

z i

z i

 ;   c)  | 3 4 | .z z i=  +  

Luyn tp 

10.  Chng minh rng vi mi s phc 1,z  ta c 

 2 91 .. .+ + + +z z z  = 
10 1 .

1




z

z
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11.  Hi mi s sau y l s thc hay s o ( z  l s phc tu  cho tr c sao cho 
biu thc xc nh) ?  

 2 2( )z z+  ;   
3 3( )

z z

z z



+

 ;   
2 2( ) .
1

z z

zz



+

 

12.  Xc nh tp hp cc im trong mt phng phc biu din cc s phc z  
tho mn tng iu kin sau :  

a)  2z  l s thc m ;    b)  2z  l s o ;  

c)  2 2( )z z=  ;     d)  
1
z i

 l s o.  

13.  Tm nghim phc ca cc ph ng trnh sau :  

a)  2 0+  =iz i  ;            b)  (2 3 ) 1+ = i z z  ;  

c)  (2 ) 4 0i z  =  ;            d)  ( 1) ( 3 ) ( 2 3 ) 0iz z i z i +  + =  ;  

e)  2 4 0.+ =z  

14.  a) Cho s phc = +z x yi  (x,  y    R) .  Khi ,z i  hy tm phn thc v phn 

o ca s phc .+



z i

z i
 

b)  Xc nh tp hp cc im trong mt phng phc biu din cc s phc z  

tho mn iu kin 
+



z i

z i
 l s thc d ng.  

15.  a) Trong mt phng phc, cho ba im , ,A B C  khng thng hng theo th t 

biu din cc s phc 1 2 3, , .z z z  Hi trng tm ca tam gic ABC  biu din 

s phc no ?  

b)  Xt ba im , ,A B C  ca mt phng phc theo th t biu din ba s phc 

phn bit 1 2 3, ,z z z  tho mn 1 2 3 .= =z z z  

Chng minh rng , ,A B C  l ba nh ca mt tam gic u khi v ch khi 

    1 2 3 0.+ + =z z z  

16.   vui.  Trong mt phng phc cho cc im :  O (gc to ),  A  biu din 

s 1 ,  B  biu din s phc z  khng thc,  A'  biu din s phc ' 0z  v B'  biu 

din s phc zz'.  

Hai tam gic OAB,  OA 'B '  c phi l hai tam gic ng dng khng ?  
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1.  Cn bc hai ca s phc 

nh ngha 

Cho s phc .w  Mi s phc z  tho mn 2
=z w   c gi l 

mt cn bc hai ca w.  

Ni cch khc, mi cn bc hai ca w  l mt nghim ca ph ng trnh 

2 0 =z w  (vi n z ).  

C th tm cn bc hai ca s phc w  nh  sau :  

a) Tr ng hp w  l s thc 

D thy rng cn bc hai ca 0 l 0.  

Xt s thc w  = a    0,  

Khi a  > 0  th 2 ( )( ) =  +z a z a z a .  Do ,  2 0 =z a  khi v ch khi 

=z a  hoc .= z a  Vy a  c hai cn bc hai l a  v . a  

Khi a  < 0  th 2 ( )( )z a z a i z a i =   +  .  Do ,  2 0 =z a  khi v ch 

khi z a i=   hoc .z a i=   Vy a  c hai cn bc hai l a i  v .a i   

V d 1.   Hai cn bc hai ca 1  l i  v i.  

Hai cn bc hai ca 2
a  (a  l s thc khc 0)  l ai  v ai.  

b) Tr ng hp w  =  a  +  bi (a,  b   R) ,  b   0  

= +z x yi  (x,  y    R)  l cn bc hai ca w  khi v ch khi  2
=z w ,  tc l 

    2( )+x yi  = .+a bi  
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Do 2( )+x yi  = 2 2 2 +x y xyi  nn 2 =z w  khi v ch khi 

     
2 2

2 .

  =


=

x y a

xy b
 

Vy  tm cc cn bc hai ca w  = a  + bi   ta cn gii h ph ng trnh ny.   

Mi cp s thc (x ;  y)  nghim ng h ph ng trnh  cho ta mt cn bc 

hai x + yi  ca s phc a  + bi.  

V d 2 

a) Tm cc cn bc hai ca 5 12 ,i +  tc l tm cc s phc +x yi  (x,  y    R)  

sao cho 2( ) 5 12x yi i+ =  +  nn ta cn gii h ph ng trnh 

    
2 2 5

2 12.

  = 


=

x y

xy
 

Ph ng trnh th hai cho 
12 6

,
2

= =y
x x

 thay vo ph ng trnh th nht,  ta c :   

  


 = 


 =


2
2

36
5

6

x
x

y
x

   

4 25 36 0

6

 +  =



=


x x

y
x

   

2 4

6
.

 =



=


x

y
x

 

H ny c hai nghim (2 ;  3)  ;  (2 ;  3).  

Vy c hai cn bc hai ca 5 + 12i   l 2 3+ i  v 2 3 .  i  

b)  Tm cc cn bc hai ca i  tc l tm +x yi  (x,  y    R)  sao cho 

2( )x yi i+ =  nn ta cn gii h ph ng trnh  

     
2 2 0

2 1.

  =


=

x y

xy
 

D thy n c hai nghim 
2 2

;
2 2

 
 
 

,  
2 2

;
2 2

 
  

 
.  

Vy i  c hai cn bc hai l 
2
(1 )

2
 + i .  
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  Mt cch tng qut,  c th chng minh rng 

*  S 0 c ng mt cn bc hai l 0.  

*  Mi s phc khc 0 c hai cn bc hai l hai s i nhau 
(khc 0 ).  

c bit,  s thc a  d ng c hai cn bc hai l a  v  a  ;  

s thc a  m c hai cn bc hai l a i  v . a i  

H1  Bit mt cn bc hai ca 1w  l 1z  v mt cn bc hai ca 2w  l 2 .z  Hy tm 

tt c cc cn bc hai ca 1 2 .w w  

2.  Ph ng trnh bc hai 

Nh tnh  c cn bc hai ca s phc, d thy mi ph ng trnh bc hai 

   2 0+ + =Az Bz C       (1 )  

trong  A,  B,  C  l nhng s phc, (A    0)  u c hai nghim phc (c th 

trng nhau).  Vic gii ph ng trnh   c tin hnh t ng t nh  trong 

tr ng hp A,  B,  C  l nhng s thc.  C th l :  

  Xt bit thc 2 4 . = B AC  

*  Nu     0 th ph ng trnh (1 )  c hai nghim phn bit 

  1 ,
2

B
z

A

 +
=  2 2

B
z

A

 
=  

trong     l mt cn bc hai ca .  

*  Nu   = 0 th ph ng trnh (1 )  c nghim kp 

   1 2
.

2
= = 

B
z z

A
 

c bit,  khi   l s thc d ng th hai nghim ca ph ng trnh (1 )  l 

1 ,
2

 + 
=

B
z

A
 2 2

  
=

B
z

A
 ;  khi   l s thc m th hai nghim ca 

ph ng trnh (1 )  l 1 2

 + 
=

B i
z

A
,  2

.
2

  
=

B i
z

A
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V d 3 

a) Ph ng trnh 2 1 0 + =z z  c bit thc 3 =   nn n c hai nghim 

phn bit l 
1 3

.
2

 i
 

b)  Ph ng trnh 2 ( 2 ) 2 0+  +  =z i z i  c bit thc 

  2( 2 ) 8 =  + +i i  = 23 4 (2 )+ = +i i  

nn n c hai nghim l 

  1z  = 
1
[2 (2 )]

2
 + +i i  = 2  v 2z  = 

1
[2 (2 )]

2
  +i i  = i.  

H2  Xt ph ng trnh bc hai 

   2 0Az Bz C+ + =  

trong  A, B,  C  l nhng s thc,  0.A   Chng minh rng nu 0z  C  l mt 

nghim ca ph ng trnh th 0z  cng l mt nghim ca n.  

Ch  

Trn y, ta  thy mi ph ng trnh bc hai (vi h s phc) c 
hai nghim phc (c th trng nhau).  Hn na, ng i ta cn chng 
minh  c rng mi ph ng trnh bc n  

    1
0 1 1. . . 0


+ + + + =

n n
n nA z A z A z A  

(trong  n  l mt s nguyn d ng, 0 ,A  1 ,A  . . . ,  nA  l 1+n  s 

phc cho tr c,  0 0)A   lun c n  nghim phc (khng nht thit 

phn bit).  

Tnh cht quan trng ny ca tp hp cc s phc l ni dung ca 
mt nh l gi l nh l c bn  ca i s.  

Cu hi  v  b i  tp 

17.  Tm cc cn bc hai ca mi s phc sau :  

  i  ;  4i  ;  4  ;  1 4 3+ i .  
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18.  Chng minh rng nu z  l mt cn bc hai ca s phc w  th .=z w  

19.  Tm nghim phc ca cc ph ng trnh bc hai sau :  

a)  2 1= +z z  ;  

b)  2 2 5 0+ + =z z  ;  

c)  2 (1 3 ) 2(1 ) 0.+   + =z i z i  

Ch  :  C th dng my tnh b ti  tm nghim (gn ng) ca ph ng 
trnh bc hai vi h s thc ngay c khi nghim ca n khng phi l s thc.  

Chng hn, dng my tnh b ti CASIO fx-500MS  gii ph ng trnh 
2 6 58 0 + =x x  th n 

MODE  MODE  1  MODE  2  ( vo ch ng trnh gii ph ng trnh bc 

hai),  n tip 

1   =    6   =    58    (  a vo cc h s ca ph ng trnh) ;  n tip 

=  :  trn mn hnh hin 1x  = 3  ;  n tip 

SHIFT   Re Im  :  trn mn hnh hin 1 7. ,= ix  (iu  c ngha l 

nghim th nht l 3 7+ i )  ;  n tip 

=  :  trn mn hnh hin 2x  = 3  ;  n tip 

SHIFT   Re Im  :  trn mn hnh hin 2 7. ,=  ix  (iu  c ngha l 

nghim th hai l 3 7 ).i  

(Thc ra,  ch cn bit nghim th nht l 3 7+ i  th  suy ra ngay nghim th 

hai l 3 7 3 7+ = i i ).  

20.  a) Hi cng thc Vi-t v ph ng trnh bc hai vi h s thc c cn ng cho 

ph ng trnh bc hai vi h s phc khng ?  V sao ?  

b)  Tm hai s phc, bit tng ca chng bng 4  i  v tch ca chng bng 

5 (1 ). i  

c)  C phi mi ph ng trnh bc hai 2 0+ + =z Bz C  ( ,B C  l hai s phc) 

nhn hai nghim l hai s phc lin hp khng thc phi c cc h s ,B C  l 

hai s thc ?  V sao ?  iu ng c li c ng khng ? 
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Girolamo Cardano  

(1 501   1 576)  

E
m

c o b i 
t

21.  a) Gii ph ng trnh sau :  

  2 2( )( 2 1) 0.+   =z i z iz  

b)  Tm s phc B   ph ng trnh bc hai 2 3 0+ + =z Bz i  c tng bnh 
ph ng hai nghim bng 8.  

22.   vui.  Mt hc sinh k hiu mt cn bc hai ca 1  l 1  v tnh 

1 . 1   nh  sau :  

a)  Theo nh ngha cn bc hai ca 1  th 1 . 1 1 .  =   

b)  Theo tnh cht ca cn bc hai (tch ca hai cn bc hai ca hai s bng cn 
bc hai ca tch hai s ) th 

   1 . 1 ( 1) . ( 1) 1 1 .  =   = =  

T ,  hc sinh  suy ra 1 1 . =  

Hy tm iu sai trong lp lun trn.  

                     

vi nt lch s pht trin s phc 

T lu,  ng i  ta  bit cng thc nghim ca ph ng trnh  bc hai  
2 0ax bx c+ + =  (a    0) .  

Hi  c chng cng  thc nghim ca ph ng trnh  bc ba 

  3 2 0ax bx cx d+ + + =  (a    0)   

(ch dng  php tnh  cng,  tr,  nhn,  chia,  ly cn 
trn  cc h s)  ?  

n th k XVI,  Cc-a-n (G. Cardano, 1 501   1 576, 

ng i ) tm ra mt cng thc nh  th ;  nh ng d  a,  

b,  c,  d l  nhng s thc v  ch nhm tm nghim 

thc,  cng thc vn   cp n s phc.   

Chng hn,  vi  ph ng trnh  3 0x px q+ + =  (p,  q  l  

hai  s thc cho tr c)  th cng thc nghim c dng        
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2 3 2 3

3 3 .
2 4 27 2 4 27

q q p q q p
x =  + + +   +  

C  th l  gi    l  mt cn bc hai  ca 
2 3

4 27

q p
+ ,  ly ,u v  sao cho 3

2

q
u =  + ,  

3

2

q
v =    (m  

3

p
uv =  )  th x u v= +  l  mt nghim ca 3

0.+ + =x px q  

Nu  
2 3

0
4 27

q p
+ <  th  ta gp cn  bc hai      ca s thc m nh ng  kt qu +u v  c 

th vn  l  s thc.   

V d,  vi  ph ng trnh  3
15 4 0x x  =  th  

2 3

121
4 27

q p
+ =   ;  ly 11i =  th 

3
2 11 (2 ) ;

2

q
i i + = + = + 3

2 11 (2 ) .
2

q
i i  =  =   Vy ly 2u i= + ,  

2 5
3

p
v i uv

 
=  = =  

 
 th 4u v+ =  l  mt nghim ca ph ng trnh  3

15 4 0.x x  =         

Tuy cng  thc nghim ph ng  trnh  bc ba mang  tn  Cc-a-n nh ng  thc ra,  

Tc-ta-gl i-a (N.  Tartaglia,  1 499   1 557,  ng i  )   tm  c li  g ii  nhiu kiu 
ph ng trnh  bc ba v  tit l ph ng php gii  cho Cc-a-n.  Nh  Cc-a-n 
tm ra li  gii  tng  qut v  cng  b n vo nm 1 545.  Mt hc tr ca Cc-a-n l  

Fe-ra-ri  (L.  Ferrari,  1 522   1 565,  ng i  )  tm ra cch gii  ph ng trnh  bc bn bng 
cch  a v gii  mt ph ng trnh  bc ba.  

Vic cc nh  ton  hc  to bo dng cc biu  thc cha nhng s ang cn c v 
b n  (s o)   n  c kt qu thc dn d  cng  lm cho cc nh  ton hc chp 

nhn s dng k hiu  1a b+   (a,  b  l  hai  s thc)  khi  gii  ph ng trnh  bc hai,  

bc ba,  bc bn trong th k XVI I .   

Sang u th k XVI I I ,  Moa-vr (A.  De Moivre,  1 667   1 754,  ng i  Anh)  tm  c mi  
l in  quan gia cn ca s phc vi  l ng gic.  Nm 1 746,  a-lm-be (J.  D'Alembert,  

1 71 7   1 783,  ng i  Php)   a ra chng minh u  tin  nh  l  c bn ca i  s.  -le 

(L.  Euler,  1 707   1 783,  ng i  Thu S)  cng nghin cu vn  ny v  chnh -le  

dng k hiu  i   ch n v  o.  Gau-x (C.  Gauss,  1 777   1 855,  ng i  c)   a ra 
chng minh  y   nh  l  c bn ca i  s vo nm 1 799.  

n th k XIX,  l  thuyt hm s bin s phc  c pht trin  mnh (nhng ng i  

ng gp ln  l  C-si  (A.L.  Cauchy,  1 789   1 857,  ng i  Php),  Ri-man (B.  Riemann,  

1 826   1 866,  ng i  c),  . . . ).  Ngy nay s phc xut hin trong nhiu  nghin cu  
ton hc,  vt l ,  khoa hc,  k thut.  
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Luyn tp 

23.  Tm nghim phc ca ph ng trnh 
1

+ =z k
z

 trong cc tr ng hp sau :  

a)  1=k  ;    b)  2=k  ;   c)  2 .=k i  

24.  Gii cc ph ng trnh sau trn C  (tc l tm nghim phc ca cc ph ng trnh 

) v biu din hnh hc tp hp cc nghim ca mi ph ng trnh (trong 
mt phng phc) :  

a)  3 1+z  = 0  ;    b)  4 1z  = 0  ;  

c)  4 4+z  = 0 ;    d)  4 38 8+z z  = 1 .+z  

25.  a) Tm cc s thc ,b c   ph ng trnh (vi n z )  

   2 0+ + =z bz c  

nhn 1= +z i  lm mt nghim.  

b)  Tm cc s thc , ,a b c   ph ng trnh (vi n )z  

   3 2 0+ + + =z az bz c  

nhn 1= +z i  lm nghim v cng nhn 2=z  lm nghim.  

26.  a) Dng cng thc cng trong l ng gic  chng minh rng vi mi s 

thc ,  ta c 

  2(cos sin ) cos 2 sin 2 .i i   + = +  

T  hy tm mi cn bc hai ca s phc cos 2 sin 2 .i +  Hy so snh 

cch gii ny vi cch gii trong bi hc  2.  

b)  Tm cc cn bc hai ca 
2
(1 )

2
 i  bng hai cch ni  cu a).  
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1.   S phc d i dng l ng gic 

a) Acgumen ca s phc 0z  

nh ngha 1  

Cho s phc 0.z  Gi M  l im trong mt phng phc biu 

din s .z  S o (radian) ca mi gc l ng gic tia u Ox,  tia 

cui OM  c gi l mt acgumen ca z .  

Ch  

Nu   l mt acgumen 

ca z  (h.4.5)  th mi 
acgumen ca z  c dng 

2 ,k +   k   Z.  (Ng i 

ta th ng ni :  Acgumen 
ca 0z  xc nh sai 

khc 2 ,k  k   Z).  

V d 1  (h.4.6).  

a) S thc d ng tu  c mt acgumen 

l 0.   

b)  S thc m tu  c mt acgumen 

l .  

c)  Cc s 3 ,i  2 i  v 1 + i  theo th t 

c mt acgumen l ,


2
 

2


  v .
4


 

Hnh 4.5

Hnh 4.6
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Hnh 4.8 

Nhn xt 

Hai s phc z  v lz  (vi 0z  v l l s 

thc d ng) c acgumen sai khc 
2,  ,k k Z v cc im biu din ca 

chng cng thuc mt tia gc O  (h.4.7).  

H1  Bit s phc 0z   c mt acgumen l .  

Hy tm mt acgumen ca mi s phc sau : 

z  ;  z  ;  z  ;  
1
z
 (  rng 

1 1
z

z zz
= ).  

b) Dng l ng gic ca s phc 

Xt s phc 0= + z a bi  (a,  b    R).  

K hiu r l mun ca z  v   l mt 
acgumen ca z  (h.4.8)  th d thy rng :  

 cos ,a r =  sinb r = .       

Vy 0= + z a bi  c th vit d i dng 
(cos sin ).z r i = +  

Ta c 

nh ngha 2 

Dng (cos sin ),z r i = +  trong  0,>r   c gi l dng 

l ng gic ca s phc  0.z  Cn dng = +z a bi  (a,  b   R)  

 c gi l dng i s ca s phc  z.  

Nhn xt.   tm dng l ng gic (cos sin )r i +  ca s phc = +z a bi  

(a,  b    R)  khc 0 cho tr c, ta cn :  

1 )  Tm r  :   l mun ca ,z  2 2
= +r a b  ;  s r   cng l khong cch 

t gc O  n im M biu din s z  trong mt phng phc.  

2) Tm   :   l mt acgumen ca z ;    l s thc sao cho cos
a

r
 =  v 

sin
b

r
 =  ;  s    cng l s o mt gc l ng gic tia u ,Ox  tia cui .OM  

Hnh 4.7 
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V d 2 

a) S 2 c mun bng 2,  c mt acgumen bng 0 nn n c dng l ng gic 
2(cos 0 sin0)+ i  ;  

b)  S 2 c mun bng 2,  c mt acgumen bng   nn n c dng l ng 
gic 2(cos sin ) + i  ;  

c)  S i  c mun bng 1 ,  c mt acgumen bng 
2


 nn n c dng l ng 

gic cos sin
2 2

 
+ i  ;  

d)  S 1  + i  c mun bng 2 ,  c mt acgumen bng 
4


 nn n c dng 

l ng gic 2 cos sin
4 4

  + 
 

i  ;  

e)  S 1 3 i  c mun bng 2 21 ( 3 ) 2,+ =  c mt acgumen l   sao 

cho 
1

cos ,
2

 =  
3

sin .
2




=  Ly 
3




=   th 

  1 3 i  = 
1 3

2
2 2

 
 

 
i  = 2 cos sin .

3 3

      +         
i  

ch  

1 ) 1=z  khi v ch khi cos sinz i = +  ( )  R .  

2)  Khi 0=z  th 0= =z r  nh ng acgumen ca z  khng xc nh 

(i khi coi acgumen ca 0  l s thc tu  v vn vit 
0 0 (cos sin )i = + ).  

3)  Cn   i hi r > 0 trong dng l ng gic (cos sin )r i +  ca 

s phc z    0.  

V d 3 

a) S phc (cos sin )i  +  c dng l ng gic l 

   cos( ) sin( ).i +  + +   

b)  S phc cos sini   c dng l ng gic l 

   cos( ) sin( ).i  +   

H2  Cho z  =  (cos sin )r i +  (r > 0),  tm mun v mt acgumen ca 
1

z
,  t  

suy ra dng l ng gic ca 
1

z
.  
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2.  Nhn v chia s phc d i dng l ng gic 

Ta  bit cng thc nhn v chia s phc d i dng i s.  Sau y l nh l 
nu ln cng thc nhn v chia s phc d i dng l ng gic ;  chng cho cc 
quy tc tnh ton n gin v nhn v chia s phc.  

nh l 

Nu z  = (cos sin )r i + ,  

  'z  = ' (cos ' sin ')r i +  ( 0, ' 0), r r  

th 'zz  = ' [cos ( ') sin ( ')]rr i   + + + ,  

  
'z

z
 = 

'
[cos ( ' ) sin ( ' )]

r
i

r
    +   (khi 0)r > .  

Ni mt cch khc,   nhn cc s phc d i dng l ng gic,  ta ly tch cc 

mun v tng cc acgumen ;   chia cc s phc d i dng l ng gic ta ly 

th ng cc mun v hiu cc acgumen.  

Chng minh 

    'zz  = [ (cos sin )] [ ' (cos ' sin ')]r i r i   + +  

= ' [cos cos ' sin sin ' (sin cos ' cos sin ')]rr i        + +  

= ' [cos ( ') sin ( ')].rr i   + + +                                                      

Mt khc,  ta c 
1 1

[cos ( ) sin ( )].i
z r

 =  +   Theo cng thc nhn s phc, 

ta c 

  
' 1 '

' [cos ( ' ) sin ( ' )].
z r

z i
z z r

   = =  +                           

V d 4.  Ta c        1  + i  = 2 cos sin
4 4

  
+ 

 
i  

v           3 + i  = 2 cos sin ,
6 6

  
+ 

 
i  

nn       
1

3

+

+

i

i
 = 

2
cos sin

2 4 6 4 6

       
 +     

    
i  

= 
2

cos sin
2 12 12

  
+ 

 
i .  
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A.  De Moivre

(1 667   1 754)  

Nhn xt.  Nu thc hin php chia trong v d 4 d i dng i s,  ta  c 

 
1

3

+

+

i

i
 = 

1
1 3 ( 3 1)

4
 + +  i  nn t kt qu trn suy ra 

 
2(1 3 )

cos
12 4

 +
= ,    

2( 3 1) .sin
12 4

 
=  

3.  Cng thc Moa-vr (Moivre)  v ng dng 

a) Cng thc Moa-vr 

T cng thc nhn s phc d i dng l ng gic,  bng 

quy np ton hc d dng suy ra rng vi mi s 

nguyn d ng n,  

       [ (cos sin )] (cos sin )n n
r i r n i n   + = +  

v khi 1,=r  ta c 

       (cos sin ) cos sin .n
i n i n   + = +  

C hai cng thc  u  c gi l cng thc Moa-vr.  

V d 5.   5(1 )+ i  = 

5

2 cos sin
4 4

   
+  

  
i  

= 5 5 5
( 2 ) cos sin

4 4

  + 
 

i  

= 
2 2

4 2
2 2

 
  

 
i  

= 4 (1 ). + i  

b)  ng dng vo l ng gic 

Cng thc khai trin lu tha bc ba ca nh thc cos sini +  cho ta 

3(cos sin )i +  = 3 2 2 3cos 3 cos ( sin ) 3 cos ( sin ) ( sin )i i i     + + +  

= 3 2 2 3cos 3 cos sin (3 cos sin sin ).i      +   

Mt khc,  theo cng thc Moa-vr, 

  3(cos sin ) cos 3 sin 3 .i i   + = +  
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T  suy ra 

  cos 3  = 3 2cos 3 cos sin    = 34 cos 3 cos ,   

  sin 3  = 2 33 cos sin sin    = 33 sin 4 sin .   

T ng t,  bng cch i chiu cng thc khai trin lu tha bc n  ca nh 
thc cos sini +  vi cng thc Moa-vr, c th biu din cos n  v sin n  

theo cc lu tha ca cos ,  sin .  

c)  Cn bc hai ca s phc d i dng l ng gic 

T cng thc Moa-vr,  d thy s phc (cos sin ),z r i = +   r > 0 c hai 

cn bc hai l  

 (cos sin )
2 2

r i
 

+   

v (cos sin ) cos ( ) sin ( ) .
2 2 2 2

r i r i
     + = +  + +  

 
 

Cu hi  v  b i  tp 

27.  Hy tm dng l ng gic ca cc s phc :  z  ;  z  ;  
1

z
 ;  kz  (k   R*)  trong 

mi tr ng hp sau :  

a)  (cos sin )z r i = +  (r > 0) ;  

b)  z  = 1 3 .i+  

28.  Vit cc s phc sau d i dng l ng gic :  

a)  1 3 i  ;  1 + i  ;  (1 3 ) (1 ) +i i  ;  
1 3

1


+
i

i
 ;  

b)  2 ( 3 )i i  ;  

c)  
1

2 2+ i
 ;  

d)  z  = sin cosi +  (    R).  
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Pol(   1    ,    3    )  =   

RCL F 

SHIFT Rec( 2     ,   SHIFT          3     )     = 

RCL F 

Ch .  C th dng my tnh b ti  chuyn i dng i s vi dng  
l ng gic  ca s phc  0z .  Chng  hn,  dng  my tnh b  ti  CASIO 
fx  500MS  :  

1 ) i t dng i s 1 3= +z i  thnh dng l ng gic (cos sin )z r i = +  

th (t  ch  "raian")  n lin tip  

              :  trn mn hnh hin 2 

(tc l r = 2)  ;  n tip  

                        :  trn mn hnh hin  F = 1 ,047197551  (tc l ).
3




  

2)  i t dng l ng gic 2(cos sin )
3 3
 

= +z i  thnh dng i s z  = a  + bi  

th (t  ch  "raian") n lin tip 

 

 

trn mn hnh hin 1  (tc a  = 1 )  ;   n tip 

                        :  trn mn hnh hin F = 1 ,732050808 (tc l  3 ).b   

29.  Dng cng thc khai trin nh thc Niu-tn 19(1 )+ i  v cng thc Moa-vr  

tnh   0 2 4 16 18
19 19 19 19 19. . . .C C C C C +  +   

30.  Gi M,  M '  l cc im trong mt phng phc theo th t biu din cc s 

3 ,= +z i  ' (3 3 ) (1 3 3 ) .=  + +z i  

a)  Tnh 
' .z

z
 

b)  Chng minh rng hiu s acgumen ca z'  vi acgumen ca z  l mt s o 
ca gc l ng gic (OM, OM ').  Tnh s o .  

31.  Cho cc s phc 
2
(1 )

2
= +w i  v 

1
( 1 3 ).

2
i =  +  

a) Chng minh rng 0 cos sin ,
12 12
 

= +z i  1 0 ,z z =  2
2 0z z =  l cc nghim 

ca ph ng trnh 3 0.z w =  

b)  Biu din hnh hc cc s phc 0 ,z  1 ,z  2 .z  
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Luyn tp 

32.  S dng cng thc Moa-vr  tnh sin 4  v cos 4  theo cc lu tha ca 

sin  v cos .  

33.  Tnh 

 6( 3 ) i  ;   
2004

1
 
 + 

i

i
 ;  

21
5 3 3

.
1 2 3

 +
   

i

i

 

34.  Cho s phc 
1
(1 3 ).

2
=  +w i  Tm cc s nguyn d ng n   n

w  l s thc.  

Hi c chng mt s nguyn d ng m   m
w  l s o ?  

35.  Vit dng l ng gic ca s phc z  v ca cc cn bc hai ca z  cho mi 

tr ng hp sau :  

a)  3=z  v mt acgumen ca iz  l 
5

4


 ;  

b)  
1

3
=z  v mt acgumen ca 

1

z

i+
 l 

3 .
4


  

36.  Vit dng l ng gic ca cc s phc sau :  

a)  1 tan
5


 i  ;     b)  

5
tan

8


+ i  ;  

c)  1 cos sini    (    R,      k2,  k   Z) .  

 

 

cn bc n  ca s phc 

T ng t nh  ngha cn bc hai  ca s phc,  ta gi  s phc z  sao cho n
z w=  l  

mt cn bc  n  ca s phc  w  (n  l  s nguyn cho tr c,  n  > 1 ).  

R rng ch c mt cn  bc n  ca 0=w  l  0.  

Khi  0,w   ta vit w  d i  dng l ng gic (cos sin ),w R i = +  0.R >  Ta cn 

tm (cos sin ),= +z r i   (r >  0)  sao cho .n
z w=  
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Theo cng thc Moa-vr,  nz w=  c ngha l  

  (cos sin )n
r n i n +  =  (cos sin ),R i +  

tc l  n
r R=  v  2 ,n k = +   ( ).k  Z  

T  ,nr R=  
2k

n




+ 
= ,  tc l  

 
2 2

cos sin .n k k
z R i

n n n n

      = + + +        
 

Ly 0, 1, . . . , 1,k n=   ta  c n  cn  bc n  phn bit ca .w  

V d 

S w  =  i  =  cos sin
2 2

i
 

+  c ba cn bc ba l  

1z  =  cos sin
6 6

i
 

+  

 =  
1
( 3 )

2
i+  ;  

2z  =  
2 2

cos sin
6 3 6 3

i
      + + +   

   
 

 =  
1
( 3 )

2
i +  ;  

3z  =  
4 4

cos sin
6 3 6 3

i
      + + +   

   
 =  i  ;       Hnh 4.9  

(trn  hnh  4.9 c ba im A,  B,  C  theo th t biu  din  1 ,z  2 ,z  3z ).  

Ch  :  Nu 0w   th  cc cn bc n  ( 3n   cho tr c)  ca w   c biu  din  

trn  mt phng phc bi  cc nh ca mt n-gic u  ni  tip  ng trn tm O  bn  

knh  .n w  

Cu hi  v  bi  tp n tp ch ng IV 

37.  Tm phn thc v phn o ca mi s phc sau :  

a)  3(2 3 ) i  ;  

b)  
3 2 1

1 3 2

+ 
+

 
i i

i i
 ;   

c) 2( ) 2( ) 5+  + +x iy x iy  (x, y    R) .  Vi x,  y  no th s phc  l s thc ? 
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38.  Chng minh rng nu 1= =z w  th s 

    
1

+

+

z w

zw
 

l s thc (gi s 1  + zw    0).  

39.  Gii cc ph ng trnh sau trn C  :  

a)  2( 3 ) 6 ( 3 ) 13+   +  +z i z i  = 0 ;  

b)  
2

3 3
3 4

2 2

+ + 
    

iz iz

z i z i
 = 0 ;  

c)  2 2 2( 1) ( 3)+ + +z z  = 0.  

40.  Xt cc s phc 

 1 6 2,= z i   2 2 2 ,=  z i   1
3

2

.=
z

z
z

 

a)  Vit 1 2 3, ,z z z  d i dng l ng gic.  

b)  T cu a),  hy tnh 
7

cos
12


 v 

7 .sin
12


 

41.  Cho ( 6 2 ) ( 6 2 ).= + + z i  

a)  Vit 2
z  d i dng i s v d i dng l ng gic.  

b)  T cu a),  hy suy ra dng l ng gic ca z.  

42.  a) Bng cch biu din hnh hc cc s phc 2 i+  v 3 i+ ,  hy chng minh 

rng nu 
1

tan ,
2

=a  
1

tan
3

=b  vi a,  b    0 ;
2

 
 
 

 th .
4


+ =a b  

b)  Bng cch biu din hnh hc cc s phc  2 , 5i i+ +  v 8 ,i+  hy chng 

minh rng nu 
1

tan ,
2

=a
1

tan ,
5

=b  
1

tan
8

=c  vi a,  b,  c    0 ;
2

 
 
 

 th 

.
4


+ + =a b c  
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B i  tp trc nghim khch quan 

Trong mi bi tp d i y,  hy chn mt ph ng n trong cc ph ng n  

cho   c khng nh ng.  

43.  Phn thc ca 2=z i  l 

(A) 2  ;   (B) 2i  ;    (C)  0  ;   (D) 1 .  

44.  Phn o ca 2= z i  l 

(A) 2 ;   (B) 2i  ;    (C) 0 ;   (D) 1 .  

45.  S +z z  l 

(A) s thc ;  (B) s o ;    (C) 0  ;   (D) 2.  

46.  S z z  l :  

(A) s thc ;  (B) s o ;    (C) 0  ;   (D) 2i.  

47.  S 
1

1 + i
 bng 

(A) 1 + i  ;   (B) 
1
(1 )

2
 i  ;   (C) 1  i  ;   (D) i.  

48.  Tp hp cc nghim ca ph ng trnh =

+

z
z

z i
 l 

(A) {0 ; 1 } i  ;  (B)  { 0}  ;    (C) {1 } i  ;  (D) { 0,  1 } .  

49.  Mun ca 1 2 i  bng 

(A) 3  ;   (B)  5  ;    (C) 2 ;   (D) 1 .  

50.  Mun ca 2 iz  bng 

(A) 2 z  ;   (B) 2 z  ;    (C)  2 z  ;   (D) 2.  

51.  Acgumen ca 1 + i  bng 

(A) 
3

2
4


+ k  (k   Z)  ;    (B) 2

4


 + k  (k   Z)  ;  

(C) 2
4


+ k  (k   Z)  ;     (D)  2

2


+ k  (k   Z).  
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52.  Nu acgumen ca z   bng 2
2


 + k  (k   Z)  th 

(A) Phn o ca z  l s d ng v phn thc ca z  bng 0  ;  

(B) Phn o ca z  l s m v phn thc ca z  bng 0  ;  

(C)  Phn thc ca z  l s m v phn o ca z  bng 0 ;  

(D) Phn thc v phn o ca z  u l s m.  

53.  Nu z  = cos    isin  th acgumen ca z  bng 

(A) 2k +   (k   Z)  ;                  (B) 2k +   (k   Z)  ;  

(C) 2k +  +   (k   Z)  ;    (D) 2
2

k


+ +   (k   Z) .  

54.  Nu z  = sin cosi    th acgumen ca z  bng 

(A) 2
2

k


 + +   (k   Z)  ;        (B) 2
2

k


  +   (k   Z)  ;  

(C) 2
2

k

+ +   (k   Z)  ;    (D)       + k2  (k   Z) .  

Cu hi  v  b i  tp n tp cui nm 

I  b i tp t lun 

1.  a)  Chng minh rng hm s f(x)  = ex   x   1  ng bin trn na khong 

[0 ;  +) .  

b)  T ,  suy ra  ex > x + 1  vi mi x > 0.  

2.  a)  Kho st s bin thin v v  th ca hm s  f(x)  = 2x3    3x2    1 2x   1 0.  

b)  Chng minh rng ph ng trnh 2x3    3x2    1 2x   1 0 = 0 c nghim thc  
duy nht.  

c) Gi nghim thc duy nht ca ph ng trnh l .  Chng minh rng 3,5 <  < 3,6. 

3.  Gi (C )  l  th ca hm s y  = ln  x v (D)  l mt tip tuyn bt k ca (C ).  

Chng minh rng trn khong (0 ;  +),  (C )  nm  pha d i ca  ng 

thng (D).  



 212 

4.  Mt x ng in c 8  my in,  mi my in  c 3600 bn in trong mt gi.  Chi 

ph  vn hnh mt my trong mi ln in l 50 nghn ng.  Chi ph 

cho n  my chy trong mt gi l 10(6n  + 10) nghn ng.  

Hi nu in 50000 t qung co th phi s dng bao nhiu my   c li 

nhiu nht ?  

5.  Tm gi tr ln nht v gi tr nh nht ca hm s f(x)  =
2

1

6 + +x x

 trn 

on [0 ;  1 ] .  

6.  a)  Cho P(x)  = 
4

4 2+

x

x
 v hai s a,  b  tho mn a  + b  = 1 .  Hy tnh P(a)  + P(b).  

b)  Hy so snh A  = 3 18  v  B  = 
6 6

1
log 2 log 5

21
6


 
 
 

.   

7.  a)  Chng minh rng nu a  v b l hai s d ng tho mn a2  +  b2  = 7ab  th 

( )7 7 7
1

log log log .
3 2
+

= +
a b

a b  

b)  Bit a  v b  l hai s d ng, a    1  sao cho logab  = 3 .  Hy tnh 
3

3
log

a b

a

b

.  

8.  a)  Tm o hm ca cc hm s y  = cosx.  e2tanx  v  y  = log2(sinx).  

b) Chng minh rng hm s y  = e4x + 2e x  tho mn h thc y'''    13y'    12y  = 0.  

9.  a)  V  th ca cc hm s y  = 2x,  y  = ( )2 x
 v y  = ( )3 x

trn cng mt mt 

phng to .  Hy nu nhn xt v v tr t ng i ca ba  th .  

b)  V  th hm s y  = log3x.  T  hy suy ra  th ca hm s 

y  = 2 + log3x  v  th ca hm s y  = log3(x + 2).  

10.  Gii cc ph ng trnh v h ph ng trnh sau :  

a)  
2 2sin cos81 81+x x= 30 ;    b)    + =

 
 

2
3 1 1

2 2

log log 3 log 5 2x x  ;   
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c)  
2log 1 log log 24 6 2.3 0+ +  =x x x  ;   d)  

9 3

2 8 2 2,

1 1 1
log log (9 ).

2 2

 =



+ =


x y

y
x

 

11.  Tm tp xc nh ca cc hm s sau :  

a)  y  = 2log[1 log( 5 16)]  +x x  ;   

b)  y  = 2
0,5 2

1
log ( 6) .

2
x x

x x
 + + +

+
 

12.  Tm nguyn hm ca mi hm s sau :  

a)  y  = x3(1  + x4)3  ;  b)  y  = cosx sin 2x ;   c)  y  = 
2

.
cos

x

x
 

13.  Tm hm s  f,  bit rng f'(x)  = 28 sin
12
 

+ 
 
x  v  f (0)  = 8.  

14.  Tnh cc tch phn sau :  

a)
1

2
0

d

1+


x

x
 ;   b)  

1

2
0

d

1+ +


x

x x
 ;    c)  

1
2

0

e d .
x

x x  

15.  Tnh din tch cc hnh phng gii hn bi cc  ng 

a)  2 0+ =y x  v 23 2+ =y x  ;  

b)  y2    4x = 4  v  4x   y  = 16.  

16.  a)  Cho hnh thang cong A  gii hn bi  th hm s y  = ex,  trc honh v cc 

 ng thng x =  0 v x = 1 .  Tnh th tch ca khi trn xoay to  c khi 

quay A  quanh trc honh.  

b)  Cho hnh phng B  gii hn bi parabol y  = x2  + 1  v  ng thng y  = 2.  

Tnh th tch khi trn xoay to  c khi quay B  quanh trc tung.  

17.  Cho cc s phc z1  = 1  + i  ,   z2  = 1    2i.  Hy tnh v biu din hnh hc cc 

s phc :  

  2
1z  ;  z1z2 ;  2z1    z2  ;  1 2z z   v  2

1

.z

z
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18.  Tnh :  

a)  ( ) ( )2 2
3 3+  i i  ;     b)  ( ) ( )2 2

3 3+ + i i  ;  

c)  ( ) ( )3 3
3 3+  i i  ;     d)  

2

2

( 3 ) .
( 3 )

i

i

+


 

19.  a)  Xc nh phn thc ca s phc 
1
1

+


z
z

,  bit rng |  z  |  = 1  v z     1 .  

b)  Chng minh rng nu 
1
1

+


z
z

 l s o th |  z  |  = 1 .  

20.  Xc nh tp hp cc im M trn mt phng phc biu din cc s phc 

(1  + i 3 )z  + 2,  trong  |  z    1  |    2.  

21. Tm cc cn bc hai ca mi s phc :   

8 + 6i   ;   3  + 4i   v  1    2 2 i.  

22. Gii cc ph ng trnh sau trn C  :  

a)  2 3 3 0z z i + + =  ;  

b)  2 (cos sin ) sin cos 0,z i z i    + + =  

trong     l s thc cho tr c.  

23.  Tnh 
6

4

1 3

 
 + 

i

i
 v 

( )
( )

5

11

3
.

1 3

+



i

i
 

II  b i tp trc nghim  khch  quan 

Trong mi bi tp d i y,  hy chn mt ph ng n trong cc ph ng n  

cho   c khng nh ng.  

24.  Hm s f(x)  = 
3 21

2 3 1
3e
x x x + +

 

(A) ng bin trn mi khong (  ;  1 )  v (3  ;  +)  ;   

(B) Nghch bin trn mi khong (  ;  1 )  v (3  ;  +)  ;  
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(C) ng bin trn khong (  ;  1)  v nghch bin trn khong (3  ;  +)  ;  

(D) Nghch bin trn khong (  ;  1)  v ng bin trn khong (3  ;  +).   

25.  Hm s f(x)  = 2sin 2 sinx x  c gi tr nh nht l 

(A)  
1
2
 ;   (B)   0 ;   (C)   1  ;   (D)  

1 .
3

 

26.  Gi (C)  l  th ca hm s y  = 2
+x x .  Khi  

(A)  ng thng y  = x + 1  l tim cn xin ca (C)  (khi x   +)  ;  

(B)  ng thng y  = x + 
1
2
 l tim cn xin ca (C)  (khi x   +)  ;  

(C)   ng thng y  = x  l tim cn xin ca (C)  (khi x   +)  ;   

(D)  th (C)  khng c tim cn xin (khi x   +).  

27.   th ca hm s y = x3    x + 1  tip xc ti im (1  ;  1 )  vi  

(A) Parabol  y  = 2x2    1  ;   (B)  Parabol  y  = x2  ;  

(C) Parabol  y  = x2  + 2x ;   (D)  ng thng y  = 2x + 1 .  

28. Cho hai s d ng a v b.  t X  = ln
2
+a b

 v  Y =  
ln ln

2
+a b

.  Khi  

(A) X  > Y ;       (B)   X  <  Y ;  

(C) X     Y ;      (D)   X     Y.  

29.  Cho hai s khng m a  v b.  t 2e
a b

X

+

=  v 
+

=
e e

2

a b

Y .  Khi  

(A) X  > Y ;         (B)   X  <  Y ;  

(C)  X     Y ;        (D)   X     Y.  

30.  Cho (G)  l  th ca hm s y  = log2x.   Ta c th suy ra  th ca hm s 

y  = log22(x + 3)  bng cch tnh tin (G)  theo vect  

(A) v  = (3  ;  1 )  ;       (B)   v  = (3  ;  1 ) ;  

(C) v  = (3  ;  1 )                (D)   v  = (3  ;  1).   
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31.  Cho hm s 2
5( ) log ( 1)= +f x x .  Khi  

(A) 
1

'(1)
2 ln 5

=f  ;     (B)  
1

'(1)
ln 5

=f  ;  

(C) 
3

'(1)
2 ln 5

=f  ;     (D) 
2 .'(1)
ln 5

=f  

32.  Bit rng  th ca hm s y = ax  v  th ca hm s y  = logbx  ct nhau ti 

im 1( 2 ; 2 ).  Khi  

(A)   a  > 1  v b  > 1  ;     (B) a  > 1  v 0 < b  < 1  ;  

(C)   0 < a  < 1  v b  > 1  ;    (D) 0 < a  < 1  v 0 < b  < 1 .  

33.  Cho hm s 
4

2

2 3
( )

+
=

x
f x

x
.  Khi  

(A) d

32 3
( )

3
=  +

x
f x x C

x
 ;         (B) d

32 3
( )

3
= + +

x
f x x C

x
 ;  

(C)  d
3 3

( ) 2=  + f x x x C
x

 ;     (D) d

32 3
( ) .

3 2
= + +

x
f x x C

x
 

34.  ng thc 

 d
2

0

cos( ) sin+ =
a

x a x a  

Xy ra nu 

(A) a =    ;          (B) a  =   ;  

(C)   a  = 3  ;         (D) a  = 2 .  

35.  Gi S l tp hp tt c cc s nguyn d ng k tho mn iu kin  

    d

1

ln 2.< 
k

x
x

e

e  

Khi  

(A) S =  { 1 }  ;          (B) S = { 2}  ;  

(C) S = { 1  ;  2}  ;            (D) S = .  
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36.  Cho s phc z  tu .  Xt cc s phc 2 2( )z z = +  v ( ).zz i z z = +   

Khi  

(A)   l s thc,    l s thc ;      (B)   l s thc,    l s o ;  

(C)   l s o,    l s thc ;               (D)   l s o,    l s o.  

37.  Cho s phc tu  z    1 .  Xt cc s phc 

 
2005

2 2( )
1

i i
z z

z



=  +


 v 

3
2( )

1

z z
z z

z



= + +


.   

Khi  

(A)   l s thc,    l s thc ;     (B)   l s thc,    l s o ;  

(C)   l s o,    l s thc ;       (D)   l s o,    l s o.  

38.  Nu mun ca s phc z  bng r (r > 0)  th mun ca s phc (1    i)
2
z   bng 

(A)  4r ;                                           (B) 2r  ;           

(C)  2r  ;                  (D) r.  
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Ch ng I 

4.  a    0.  5.  2   a    2.  10.  a)  1 8000 ng i v 

22000 ng i ;  b)  
2

120
'( ) ,

( 5)
=

+
f t

t
 t > 0 ;  

c)    Nm 1990 :  0,192 ;    Nm 2008 :  0,065 ;  

  Nm 1996.  11.  a) ( 3) 1=  = Cy f  ;  

7
( 1)

3
=  = CTy f  ;  b)  Hm s khng c cc 

tr ;  c)  ( 1) 2=  = Cy f  ;  (1) 2= =CTy f  ;  

d)  ( 1) 1=  =Cy f  ;  (0) 0= =CTy f  ;  

e)  
2

( 1) 2
15

=  =Cy f  ;  
13

(1) 1
15

= =CTy f  ;  

f)  (0) 3= = Cy f  ;  (2) 1 .= =CTy f  

12.  a) ( 2 ) 2CTy y=  =   ;  ( 2 ) 2= =Cy y  ;  

b)  (0) 2 2= =Cy y  ;  

c)  
6Cy y k
 =  +  

 
 = 

3
2

6 2
k


 + + +   ;  

6CTy y k
 = +  

 
 = 

3
2

6 2
k


 + +   ;  

d)  ( ) 2(1 cos )CTy y k k=  =    ;  

2 1 .2 4
3 2Cy y k
 =  +  = 

 
 

13.  a  = 2, b  = 3,  c  = 0,  d = 0.  14.  a  = 3,  b  = 0,     

c  = 4.  16.  max ( ) 1


=
x

f x
R

 ;  
1

min ( ) .
2

=
x

f x
R

 

17.  a)  ;  
[ 2 ; 3]
max ( ) 10

x
f x

 
=  ;  

[ 2 ; 3]
min ( ) 6
 

= 
x

f x  ;  

b)  
[ 4 ; 0]
max ( ) 4
 

= 
x

f x  ;  
[ 4 ; 0]

1
min ( ) 5

3 
= 

x
f x  ;  

c)  
0

min ( ) 2
>

=
x

f x  ;  d)
[2 ; 4]
max ( ) 4


=
x

f x ;   

[2 ; 4]
min ( ) 4


= 
x

f x  ;  e)  
[0 ; 1]

2
max ( ) 3

3
=

x
f x  ;   

[0 ; 1]
min ( ) 2


=
x

f x  ;   f)  
[0 ; 2]

3
max ( ) .

2
=

x
f x  

18.  a)  max 3


=
x

y
R

 ;  
3

min
2

= 
x

y
R

 ;  

b)  
1

max 5
16

=
x

y
R

 ;  
1

min 3 .
2x

y


=
R

 

19.  .
4

=
a

BM  Khi  din tch hnh ch nht l 

23
.

8
=S a  20.  n  = 12 (con c).  

21.  a)  
1

( 1)
2

=  = CTy f  ;  
1

(1)
2

= =Cy f  ;  

b)  
3 3

6
2 4CTy f

 =  = 
 

 ;  c)  (0) 5Cy f= =  ;  

d)  Hm s khng c cc tr.  22.  m  > 0.  

23.  20mg ;   gim huyt p nhiu nht l 100.  

24.  M(1  ;  1 )  ;  5.=AM  25.  9 km/h.  

26.  a)  375  ng i/ngy ;  b)  ngy th 15  ;  

675 ng i/ngy ;  c)  T ngy th 11  n ngy 

th 19 ;  d)  Hm s f  ng bin trn [0 ;  25 ] .  

27.  a)
[ ] [ ]3 ;1 3 ;1
max 3 2 3 ; min 3 2 1
x x

x x
   

 =  =  ;       

b)  
[ ] [ ]2 ; 2 2 ; 2
max ( ) 2 2 ; min ( ) 2

x x
f x f x

   
= =   ;   

c)  
11

max ( ) 3 ; min ( )
4x x

f x f x
 

= =
R R

 ;  

d)  
; ;

2 2

5 3 .max ( ) ; min ( )
6 2 2    

        
   

 
= + = 

x x

f x f x  

28.  Hnh vung c cnh di 10 cm.  

H ng dn gii,  p s cc bi  tp 
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29.  a)  
3 1
;

4 8
 

 
 
I  ;  

3

4
1

8


= +


 = 


x X

y Y

 ;  22=Y X  ;   

b)  
7

1 ;
2

 
 

 
I  ;  

1

7

2

= +



= 

x X

y Y
 ;  21

2
=Y X  ;  

c)  
1 1
;

8 16

 
 
 
I  ;  

1

8

1

16


= +


 = +


x X

y Y

 ;  24= Y X  ;  

d)  I(0 ;  5)  ;  
5

=


= 

x X

y Y
 ;  22 .=Y X  

30. a) I (1  ;  1) ;  b) 
1

1

x X

y Y

= +


= 
 ;  3 3Y X X=   ;   

c)  y =3x + 2.  31.  
2

2

= 


= +

x X

y Y
 ;  

1
= Y

X
 ;  

32.  a)  I(1  ;  1 ) ;  b)  I(1  ;  3 ) .   

33.  
0

0

= +


= +

x X x

y Y y
 ;  .= +

c
Y aX

X
 

34.  a)  Tim cn ng :  
2

3
= x  ;  tim cn 

ngang:  
1

3
=y  ;  b)  x = 3 ;  y  = 2 ;  c)  Tim cn 

xin :     y  = x + 2 ;  tim cn ng :  x = 3  ;  

d)  Tim cn ng 
1

2
= x ;  tim cn xin:  

7

2 4
= 

x
y  ;  e) x = 1  ;  x = 1  ;  y  = 0 ;  f) x = 1  ;     

y  = 0.  35.  a)  Tim cn ng :  x = 0 ;  tim cn 

xin :  y  = x   3  ;  b)  x = 0 ;  x = 2 ;  y  = x + 2 ;  

c) x = 1 , x = 1, y  = x ;  d) x = 1  ;  
3

5
=x  ;  

1

5
= y  ;  36.  a) y  = x (khi x   +),  y  = x 

(khi x   )  ;  b) y  = 3x (khi x   +),  y  = x (khi 

x   ) ;  c) y  = 2x (khi x   +) ;  y  = 0 (khi x   ) ;  

d)  
1

2
= +y x  (khi x +),   

1

2
=  y x  (khi x   ).  

 37.   a)   2=y x  (khi x   +)  ;  

  y  = 0 (khi x   )  ;  

 b)   y  = x   2 (khi x   +)  ;  

  y  = x + 2 (khi x   )  ;  

 c)   y  = x (khi x   +)  ;  

  y  = x (khi x   )  ;  

 d)   x = 1 ,  x = 1 ,  y  = 1 .  

38.  a)  x = 3  ;  y  = x + 1  ;  b) I(3  ;  4) ,  
3

4 ;

x X

y Y

= +


= +
 

c) 
5
.Y X

X
= +  39.  a)  I(2  ;  3)  ;  

2
Y X

X
=   ;  

b)  I(5  ;  2)  ;  
4
.= +Y X

X
 40.  b)  3 5.=  y x  

41.  b)     m  < 1  hoc m  > 3  :  1  nghim ;  

              m  = 1  hoc m  = 3  :  2 nghim ;  

              1  < m  < 3  :  3  nghim.  

43.  c) 
8 7

33 3
= y x  v 

8 7 .
33 3

y x=    

45.  b)     m  < 2 hoc m  > 2 :  1  nghim 

               m  = 2 hoc m  = 2 :  2 nghim ;  

              2 < m  < 2 :  3  nghim.  

46.  a)  m  < 1 ,  2 < m  < 3,  m  > 3 .   48.  a)  m  > 0;  

b)  
4 13

123 6
=  +y x  v 

4 13 .
123 6

y x= +  

53.  b) 
3 1

4 2
=  y x ;  c)  

3 11 .
4 2

y x=  +  

54.  b)   th ca hm s 
1

1
1

=  +
+

y
x

 l 

hnh i xng ca (H )  qua trc honh.  

55.  b)  3( 2)= y x .  56.  b)  Gi nguyn phn 

ca (C )  nm pha trn trc honh v ly i 

xng phn ca (C )  nm pha d i trc honh 

qua trc honh.  
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57.  b)  Hai giao im :  A(0 ;  1 ) ,  
1 3
;

2 2
 
 

 
B  ;  

c)   ng thng y  = 1  l tip tuyn chung ca 

(C )  v (P)  ti A  ;  ph ng trnh tip tuyn ca 

(C )  v (P )  ti B, theo th t,  l 
3 3

2 4
=  +y x  

v 
1

2
2

=  +y x  ;  d)  Trn 
1

;
2

 
  

 
 (C )  

nm pha d i (P)  ;  trn 
1
; 0

2
 
 

 
 v (0 ;  +)  

(C )  nm pha trn (P ).  

58.  b)    m  < 0 hoc m  > 12 ;    m  < 0.  

60.  O (0  ;  0)  ;  
3

.
2

=y x  

61.  Tip im :  
2 2

20 0; (1 cot ) .
tan 2

 
 

 

v v

g g



 

63.  c)  m  < 3 hoc 3  < m  < 0.  

64.  a)  a  = 2 ;  b  = 3.  

65.  b)  4 2 6< m  hoc 4 2 6> +m  ;  

c)  Phn ca  ng thng 5 2,= y x  vi 

6
1 ,

3
< x  

6
1 .

3
> +x  66.  a  = 6 ;  

9 .
2

b =  

67.  1o  a)  2( ) 0, 0001 0, 2 10000= + +T x x x  ;  

b)  
10000

( ) 0, 0001 0, 2= + +M x x
x

;  x = 10000 

(cun) ;  2o.  b)  573  < x < 17427 ;  c) 9000 (cun) ;  

71  triu  ng.  70.  3

2

V
r =


 ;  3

4 .Vh =


  

71.   di hai cnh cn li u l 5cm.  

73.  a)  p  < 0.  74.  b)  3 1=  +y x  ;  c)  3.> m   

75.  b)  m  = 9,  
1 .
9

m =  

78.  b)  Giao im ca (P)  v (H)  l A(0 ;  1 )  ;  

c) Trn (  ;  1) v (0 ;  +), (P)  nm pha trn 

(H)  ;  trn (1  ;  0) , (P)  nm pha d i (H) .   

80. (B)   81.  (C)  82.  (D)  83.  (D)  84.  (A)  85.  (C) 

86.  (B)   87. (A)  88.  (C)   89. (D)  90. (B)   91. (C)  

92.  (A)  93.  (D) 94.   (B)  95.  (C)   96.   (B)  

97.  (D)  98.  (A)  99.  (C)  100.  (D).  

Ch ng II 

1.  a)  Sai ;  b)  ng ;  c)  Sai ;  d) Sai.  

2.  iu kin C.  3.  2 ;  36 ;  
25

16
 ;  

12
.

5
 

4.  a)  
80

27
  ;  b)  

116

16
;  c)  12 ;  d)  10.  

5.  a)  ab  ;  b)  2a.  

6.  a)  3 3 2>  ;  b)  3 33 30 63+ >  ;  

c)  3 37 15 10 28.+ < +  

7. HD :  37 5 2 (1 2 ) . =   

8.  a)  4 b  ;  b)  32 ab  ;  c)  1 ;  d)  a .  

10.  a)  HD :  24 2 3 ( 3 1) =   ;  

b)  

3
3 5 .9 80

2

 
 =   

 
 

11.  a)  ( )
5

16 3 4
1

3 3
3

 = ;  b)  600 4003 5>  ;  

c)  

5
3

7
141

2.2
2


 

= 
 

 ;  d) 30 407 4> . 12.  iu 

kin B.  13.  iu kin C. 14.  iu kin 0 < a  < 1 .   

15.  
1

16
 ;  4 ;  3 .  16.  a  ;  a.  17.    21 ,59 triu ng 

18.  a)  

7

12
x  ;  b) 

2

15



 
 
 
a

b
 ;  c)  

1

22

3
 
 
 

 ;  d)  

1

4 .a  
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19.  a)  3
a  ;  b)  2

a ;    c)  
2

2 3

2a

a b
;  d)  x y

  .  

20.  a)  Khi a    1  th   = 0 ;  khi a  = 1  th   

tu  ;   b)  3  <   < 3 .  21.  a)  x =  1  ;  b)  x =  1  

v  x = 16.  

22.  a)  4 3<x ;  b)  11 7x ;  c)  
10

10

2

2;

 >


< 

x

x
  

d)  3 5x .  23.  Khng nh d).  

24.  a)  Sai ;  b)  ng ;  c)  Sai ;  d) Sai.  

25.  a)  log log+a ax y  ;  a  > 0,  a    1 ,  

x > 0,  y  > 0 ;  b)  loga
x

y
 ;  a  > 0,  a    1 ,  x > 0,  

y  > 0  ;  c)  loga x  ;  a  > 0,  a    1 ,  x > 0 ;  

d)  b  ;  a  > 0,  a    1 ,  b  > 0.  

26.  a)  a  > 1  ;  b)  0 < a  < 1 .  

27.  1  ;  4 ;  0 ;  2 ;   
1

3
 ;  

3
.

2
  28.  3  ;  1  ;  3  ;  2.  

29.  1 8  ;  32 ;  
1

125
;  32.  30.  a) x = 625 ;  b) x = 3 ;  

c)  x = 25  ;  d)  x = 5,5.  31.  1 ,65  ;  1 ,29  ;  0,13  ;  

0,42.  32.  a)  
4

3
 ;  b)  2 ;  c)  

1

2
 ;  d)  3 .   

33.  a)  3 4
1

log 4 log
3

>  ;  b)  6 6log 1,1 log 0,993 7 .>  

34  .  a)  log 2 log 3 log 5+ >  ;  

 b)  log12 log 5 log 7 <  ;  

 c) 3 log 2 log 3 2 log 5+ <  ;  

 d)  1 2 log 3 log 27.+ >  

35.  a)  8  ;  b)  1 1 .  

36.  a)  4 7=x a b  ;  b)  2 3. .=x a b  

37.  a)  2  + 2    2 ;  b)  
1 .2
2

 +  

38.  a) 0 ;  b)  log18 2  ;  

 c)  
5

20 log 2 log 3
2

  ;  d)  
3

log .
16

 

39.  a) x = 3  ;  b)  x = 7  ;  c)  

1

85 .


=x  

40.  31M  c 10 ch s ;  127M  c 39 ch s ;  

1398269M  c 420921  ch s.  

41.  4 nm 2 qu.   42.  Sai t ln (2 ) ln ln .= +e e e  

43.  2a  + 3b  ;  4a    2b  ;  2b    2a  ;  2a    2b.  

45.  900 con ;  3  gi 9 pht.  

46.    82 235  nm.  

47.  a) a    863  188 841 ,4 ;  b)    52,5  mmHg.  

48.  a) 3e2  ;  b)  3.  49.  a)  y'  = (2x   1 )e2x  ;  

b)  y'  = 

4

4

2 ( 1)e 1

e 1

 + + 

+

x

x

x x
 ;  

c)  y'   = ( )1
e e

2
+x x  ;  d) y'   = ( )1

e e
2

x x .  

50. a) ng bin ;  b)  Nghch bin.  

52.  Ta c bng sau 

STT Loi m thanh 
0

I

I
 

 ln 

(L)  

1  Ng ng nghe 1  0 dB 

2 Nhc m du 4000 36 dB 

3  Nhc mnh pht ra 
t loa 

6,8108  88  dB 

4 Ting my bay
phn lc 

2,31012  1 24 dB 

5  Ng ng au tai 1013  1 30 dB 

53.  a) 3  ;  b)  0.  

54.  a)  y'  = 3ln2x + 
2(3 2) lnx x

x
 ;  
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b) y'  = 
2 2

2

ln 2 1

1

+
+

+

x x x

xx

 ;  

c)  y'  = 
1

ln
1 1


+ +
x

x x
 ;  

d)  y'  = 
2

2 2

2 ln( 1) .
1

x

x x

+


+
 

55.  a) Nghch bin ;  b)  ng bin.  

57.  (C1)  l  th hm s  2=y x  ;  

(C2)  l  th hm s  

1

2y x


=  ;  

58.  a)  y '  = 2(2x + 1 )
  1

 ;  b)  y '  = 
5 2

3 .

5 ln 5x x
 

c)  y '  = 
2 3

3
6 3

2 1

1 1

+

 

x x

x x
 ;  

d)  y '  = .
a b

x a a b

b x x

   
   
   

 

59.  a)    0,91  ;  b)    2,61 .  

61.  a)  0 < x < 1  ;  b)  2 < x    8 .  

62.  a)  x   0  ;  b)  x > 2.  

63.  a) x = 
1

2
.  Gi   :  2   3  = (2 + 3 )

1  
;    

b)  x   { 0 ;  3}  ;  c)  x = 1  ;  d)  x = 0.  

64.  a)   x   {1  ;   2} .  b)  x = 2.   65.  a)  k = 53  ;  

a    1 ,096  ;  b)  d   25,119logF    43,312.  

c)  

F 53  60 80 100 120 140 160

d 0 1 ,35  4,49 6,93 8,91 10,60 12 

66.  a) x = 2  ;  b)  x = 6.   

67.  a)  x = 
3

1

3
 ;  b)  x = 9.  

68.  a) S = { 2 ;  log32   1 }  ;  b)  x = 0.  

69.  a)  S = { 10 ;  9 10 }  ;  b)  S = 
1

2 ;
16

 
 
 

 ;  

c)  S = { 3
3

 ;  3
0,8

}  

70.  a)  x = ( )4 3

3

log log 4  ;  b)  x = 3
1

 ;  

c)  S = { 2 ;  (1  + log32)}  ;  d)  S = { }1 65 ; 5 .  

71.  a)  x = 1  ;  b)  x = 2.  

72.  a)  S = { }(2 ;18) ; (18 ; 2)  ;   

b)  (x ;  y)  = 
1 1

;
2 2

 
 
 

.  73.  a)  (x ;  y)  = (2 ;  7)  ;  

b)  (x ;  y)  = 
3 1

;
2 2

 
 
 

.  74.  a)  x = 1  ;  b)  x = 0  ;       

c)  x = 100  ;  d)  x = 0.  

75.  a)  S = { log328 ;  log382   4}  ;  

b)  S = 
5

; 3
4

 
 
 

 ;  c)  S = {225  ;  1  }  ;  

d)  x = 
2

3

4
log

3
4 .   76.  a)  

5 1

2

3
log

2
=x  ;  

b)  x  = e
2

 ;  c)  S = { 2 ;  16}  ;  d)  S = { 2
7

 ;  2} .  

77.  a) x = 
2

k


+   ;  b)  x =   
3

k


+  .  Gi   :  

t  t = 4
1+cos2x

.  78.  a)  x =   1  ;  b)  x = 2.   

79.  a)  (x ;  y)  = (2 ;  0)  ;  b)  ( ; ) (2 ; 5)x y = .  

80.  a) x < 0,5  ;  b)  x > 
3

4
 .  

81.  a) 
1

3
 < x < 2  ;  b)  

1

5
< x <

2

5
 ;  

c)  S = [1  ;  2)    (3  ;  4]  ;  d)  
1

3
   x < 

1 .
2

  

82.  a)  0,5    x   4  ;  b)  S = (0 ;  1 )  ;  

83  a)  S = ( 5 ; 2) (1 ; 5 )    ;  
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b) S = 
1
; 1

2
 

 
;  84.  a) p < q  ;  b)  p  > q  ;  c) p  > q  ;  

d)  q  > p.   85.  H ng dn :  

 ( )21
1 2 2

4
+ x x = ( )21

2 2
4

+x x .  

86.  a)  210  = 1 024  ;  b)  
173

60
 ;  c)  n.  

87. H ng dn :  

 ( )3 3 3 3

1
log 2. log 4 log 2 log 4

2
< + .  

90.  SOAB  = 
2

1

ln 2
   2,081 .  91.  a)  a  > 1  ;   

b) 0 < a  < 1  ;  c)  a  > 1  ;  d)  0 < a  < 1 .    

92.  3574t  (nm).  93.  a)  x = 10  ;  b)  x = 2  ;  
c)  x = 1 ,5  ;  d)  x   {1 ,5  ;  1} .   

94.  a)  x   
1

; 2
16

 
 
 

 ;  b)  x = 1  ;  c)  x = 1 3  ;  

d)  x = 3.  95.  x = 1 .  

96.  a)  (x ;  y)  = (6 ;  2)  ;  b)   (x ;  y)  = (512 ;  1 ).  

97.  a)  )1
0 ; 2 ;

2
   +    

 ;   

b)  (  ;  0]    [log65 ;  1 )  ;  c)  (4 ;  +).  

98.    (C)      99.   (D).     100  (B).    101.  (B).   

102.  (C)    103.  (C)     104. (D) 

105.  (c).    106. (d)     107.  (a)  

108.  (b)     109.  (c)      110.  (b).  

Ch ng III 

1.  a)  
2

3

4
+ +

x
x C  ;  b)  

4 25
7

2 2
 + +

x x
x C  ;  

c)  
31

3 3


  +
x x

C
x

 ;  d) 
2

3
3

2
+x C ;   

e)  
210

.
2 ln10

x

C+  2.  a)  
3 4

2 3
2 3

3 4
+ +x x C  ;   

b)  
2

2  +x C
x

 ;  c)  2 sin 2 +x x C  ;   

d) 
sin4

2 8

x x
C+ + . 3 (C).  4.  ng v x  l mt 

nguyn hm ca f(x).  5.  a)  
1

3 26(1 )x C  +  ;  

b) 
2

5 4
5

+ +x C  ;  c)  
5

2 4
2
(1 )

5
  +x C  ;  

d)  
2

1
 +

+
C

x
.   

6.  a)  2 cos 4 sin
2 2

 + +
x x

x C  ;  

b)  2 sin 2 cos 2 sin+  +x x x x x C  ;  

c)   +x xx Ce e  ;  d) 
4

41
ln(2 )

4 16

x
x x C +  

7.  a)  
3

2 2
1
(7 3 ) .

3
x C  +  HD :  i bin  

27 3= u x  ;  b)  
1
sin(3 4) .

3
x C+ +  

HD : i bin  3 4= +u x  ; c) 
1
tan(3 2) .

3
x C+ +  

HD :  i bin 3 2= +u x  ;  d)  61
sin

2 3

x
C

 
+ 

 
.  

HD :  i bin .sin
3

x
u =  

8.  a) 

63

1
18

 
 + 

 
x

C . HD :  i bin 
3

1
18

x
u =   ;   

b)  

2 1
sin

2

 
 
  +x C .  

HD :  i bin 
1

sin
 

=  
 

u
x

 ;  

c)  3 2( 3 6 6) +  +x x x x Ce  ;  

d)  3 9 3 92
( 3 9 ) .

3
x xx C   +e e  

HD :  i bin 3 9= u x .  
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9.  a)  

21 1 1
sin 2 cos 2 sin 2

2 2 4
+  +x x x x x C ;           

b)  
3 3

2 2
2 4

ln
3 9

 +x x x C ;  c)  51
sin

5
x C+  ;       

d)  21
sin

2
+x C .  10.  a)  21  ;  b)  2,5 ;  c)  

9 .
2


 

11.  a)  10 ;  b)  12 ;  c)  2 ;  d)  1 6.  

12.  4.  14. a) 
3

1
4


 ;  b)  1280 m.  

15.  
4300

3
m.  16.  b)  

625
63, 78

9, 8
 (m).  

17.  a)  
2
(2 2 1)

3
 .  HD :  i bin 1= +u x  ;  

b)  
1

2
.  HD :  i bin tan=u x  ;  

c)  
15

16
.  HD :  i bin 41= +u t  ;  

d)  
1

8
.  HD :  i bin 24= +u x  ;  

e)  4.  HD :  i bin 21= +u x  ;  

f)  
1

6
.  HD :  i bin 1 cos 3= u x .  

18.  a)  
32 7

ln 2
3 4

  ;  b)  e  ;  c)  
1

2

+


e
 ;  

d)  1 .
2


  

19.  a)

3

0

d 2 3I u u= = ;  b)  .
8


 

HD :  a)  i bin 5 2 .u t t= +  

20.  a)

9 1 5

4 4

1

5 4 .d 9 1 ; b)
4 3

I u u= =   

HD :  a)  i bin 5 4 cos .u t=   

21.  (B)         22.  a)  HD  :  i bin 1 .= u x  

23.  a)  3  ;  b)  3.  

24.  a) 
8

3

e e
.  HD :  i bin 3=u x  ;  

b)  

ln3 3
2

0

(ln 3) .d
3

I u u= =  

HD :  i bin ln=u x  ;  

c)  

4 1

2

1

1 7.d
2 3

I u u= =  

HD :  i bin 21= +u x  ;  

d)  

3 3

0

1 1 .d
9 9

u
I u


= =

e
e  

HD :  i bin 33=u x .  e)  ln 2 .  

25.  a)  
1

8 4


  ;  b) 

ln2 2

0

(ln 2) .d
2

I u u= =  

HD :  i bin ln(2 )= u x  ;  c)   
2

2
4


  ;  

d)  

2 1

2

1

2
d (2 2 1)

9
I u u= =  .  HD :  i bin 

3 1= +u x  ;  e)  
32 1

9

+e
.   26.  

7 3
1

6 2


+ + .   

27.  a)  
2


 ;  b)  

1

12
 ;  c)  

64

15
.  28.  a)  

11

3
 ;  b)  9 ;   

c)  44.  29.  
16

3
.  30.  2 3 .  31.  

7

6


.  32.  3.  

33.  2 .  34.  a)  
5

6
 ;  b)  

38

15
 ;  c)  

16

3
.  35.  a)  

1
4
2
 ;  

b)  
17

4
;  c)  

22

3
.  36.  8 .  37.  

32

5


.  38.  

( 2) .
8

  +
 

39.   ( 2).e  

40.  2 .  41.  a)  2 2
+ +x C
x

 ;  

b)  
3

2 4
8

4
3

 +x x C  ;  c)  
3

2
2
cos( 1) .

3
 + +x C   
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HD :  i bin 

3

2 1u x= +  ;   d) 
1

.
2cos(2 1)

C
x

+
+

 

HD :  i bin cos(2 1)= +u x .  

42.  a)  
1

sin 1 .
 

  + 
 

C
x

  

HD :  i bin 
1

1= u
x

 ;  

b)  
4 4( 1)

.
16

+
+

x
C  HD :  i bin 4 1= +u x  ;  

c)  
2 2

6 12
 +

x x
x

C
e e

 ;  d)  2( 2 2) . + +x
x x Ce  

43.  a)  ( 1)x x C + +e  ;  b)  
2(ln )

.
2

+
x

C   

HD :  i bin ln=u x .  

44.  
2 4(3 1)

( ) 5.
2


= 

x
f x  45.  b  = 1 .  46.  a)  2 ;  

b)  9 ;  c)  2 ;  d)  6.  48.  
125

6
m. 49.  24  m/s.  

50.  a)  
2 1

8 2


  ;  b)  9 ;  c)  

3 1

2

e
.  51.  a)  

9

2
 ;  

b)  
56

15
.  52.  a)  9 ;  b)  

9

4
.  53.  4 .  

54.  3 .  55.  .  56.  3.  57.  a)  8  ;  b)  
32 .
5


 

58.  2
e   59.  a)  

4


 ;  b)  

4

7


.  60.  (B)     61.  (B)   

62.  (D)   63.  (A)   64.  (B).  65.  (A)    66.  (A)   

67.  (C).  

 

CHNG IV 

3.  i,  
3

,
2 2

 
  + 
 

i
 

3
.

2 2

 
 + 
 

i
 

4.  
2 3

13 13
+ i  ;  

1 3

2 2
+ i  ;  2   3i  ;  

16 13
.

17 17
 i  

5.  
1 3

2 2
  i  ;  

1 3

2 2
  i  ;  

1 3

2 2
  i  ;  1  ;  0.  

9.  a)   ng trn tm I (biu din s i )  bn 

knh 1  ;  b)  Trc thc ;  c)   ng trung trc on 

thng ni O vi im A  biu din s 3  + 4i.  

11.  Thc ;  o ;  o.  12.  a)  Trc o tr im 
gc ;  b)  Hp hai  ng phn gic ca gc gia 
trc thc, trc o ;  c)  Hp trc thc v trc o ;  

d)  Trc o b im I (biu din s i ).  

13.  a)  1  + 2i  ;  b)  
1 3

10 10
 + i  ;  c)  

8 4

5 5
 i  ;  

d)  i,  3i,  2 + 3i  ;  e)  2i.  

14.  a)  
2 2

2 2

1
,

( 1)

+ 

+ 

x y

x y
 

2 2

2

( 1)+ 

x

x y
 ;   

b) Trc o b on thng ni I,  J (I biu din i,  J 

biu din i) ;  

16.  
' ' ' '

'= = =
OA OB A B

z
OA OB AB

 ;  

17.  
2
( 1 )

2
  + i  ;  2 (1 ) + i  ;  2i  ;  

(2 3 ). + i  19.  a)  
1 5

2


 ;  b)  1    2i  ;   

c)  2i  ;  1  + i.  

20.  b)  3  + i,  1    2i.  21.  a)  
2
(1 ),

2
  i  i  ;  

b)  (3 ).=  +B i  

23.  a)  
1 3

2

 i
 ;  b)  

2
(1 )

2
 i  ;  c)  (1 2 ) . i  

24.  a)  1 , 
1 3

2

i
 ;  b)  1 ,  i  ;  

c)  (1    i ) ,  (1  + i )  ;  d)  1 , 
1
,

2
 

1 3 .
4

  i
 

25.  a)  b  = 2, c = 2 ;  b)  a  = 4, b  = 6,  c  = 4.  

26.  b)  cos sin
8 8

i
  

  
 

 

 = 
1
( 2 2 2 2 ).

2
i +    



 226 

27.  a) ,=kz k r  acgumen ca kz l   nu k > 0 

v l   +   nu k < 0 (sai khc 2l,  l   Z).  

28.  d)  sin cos+ i   

 = cos sin .
2 2

i 
    

 +    
   

 

29.  92 512. =   30.  a)  1 3+ i  ;  b)  2 .
3

k


+   

32.  cos 4  = 4 2 2 4cos 6 cos sin sin    +  ;  

      3 3sin 4 4(cos sin cos sin ).=       

33.  62  ;  
1002

1

2


 ;  212 .  

34.  n  l bi nguyn d ng ca 3,  khng c m.  

35.  a)  
3 3

3 cos sin
4 4

i
  + 

 
 ;   

3 3
3 cos sin

8 8
i

  
+ 

 
 

v 
11 11

3 cos sin .
8 8

i
  

+ 
 

 

b)  
1

cos sin
3 2 2

i
  

+ 
 

 ;  
3

cos sin
3 4 4

i
  

+ 
 

 

v 
3 5 5

cos sin .
3 4 4

i
  

+ 
 

 

36.  a)  
1

cos sin
5 5

cos
5

i
     

 +          
 ;  

b)  
1 7 7

cos sin .
3 8 8

cos
8

i
  

+ 
  

 

c)  2 sin cos sin
2 2 2 2 2

i
       

 +         
 

nu sin 0
2

>


 ;  

2 sin cos sin
2 2 2 2 2

i
         

 + + +            
 

nu sin 0.
2

<


 

37.  a)  46 v 9 ;  b)  
23

26
 v 

63

26
 ;  

c)  y  = 0 hoc x = 1 .  

39.  a)  3i  ;  i  ;  b)  
1 5

,
2

 + i
 
4 35

17

i+
 ;  

c)  1    2i,  1    i.   

40.  b)  
6 2 ,
4

 +
 

6 2 .
4

+
 

41.  a)  8( 3 )+ i  = 16 cos sin .
6 6

i
  + 

 
 

b)  4 cos sin .
12 12

i
  + 

 
 43.  (C)  44.  (A)  

45.  (A)  46.  (B)   47.  (B)  48.  (A)  49.  (B)         

50.  (C)   51.  (A)  52.  (B)  53.  (B)  54.  (B).  

n tp cui nm 

2.  c)  (3, 5) (3, 6) 0 3, 5 3, 6<  < <f f  .          

4.  5  my.  

5.  
[0 ; 1]

1
max ( )

6
=

x
f x  ;   

[0 ; 1]

2 .min ( )
5x

f x


=  

6.  a)  1  ;  b) A  >  B.  7.  b)  
31 20 3 .

3


 

8.  a)  y'  = 2tan 2
sin

cos

 
 

 
x

x
x

e  ;   y'  = 
cot .
ln 2

x
 

10.  a) x = 
6


 + k   v x = 

3


 + k  ;  

b)  S = 
1

; 2
16

 
 
 

 ;  c)  x = 10
2  

;  

d)  S = 
1

2 ;
6

  
  
  

.  11. a) 2 < x < 3  ;  

b)  S = 
1 21 1 21

2 ; ; 3
2 2

    +
        

.  



 227 

12.  a) 
4 4(1 )

16

+ x
+ C ;  b) 

3 cos cos 3

6

 x x
 + C ;  

c)  ln cos x  + x tanx + C.  

13.  f(x)  = 4x   2sin 2
6

x
 + 

 
 + 9.  

14.  a) 
4


.  HD  :  i bin x = tant ;  

b)  
3 3


.  HD  :  i bin t = 

2 1

3

+x
 ;  c)  e   2.  

15.  a)  
8

3
 ;  b) 

243

8
.  16.  a)   

2( 1)

2

 e

 ;  b)  .
2


 

17.  2i  ;  3    i  ;  1  + 4i   ;  1  + 3i   ;  
3 .
2

 i
 

18.  a)  4i 3  ;  b)  4  ;  c)  16i  ;  d)  
1 3

.
2

 + i
 

20.  Hnh trn tm A  bn knh 4 (A  biu din s 

3  + i 3 ).  

21.  (1  + 3i)  ;  (2 + i)  ;  ( 2    i).  

22.  a)  1 ,+ i  2  i  ;  b)  cos , sin .i   

23.  64 ;  
64

i
.  

24.  (A) 25.  (C)   26.  (B)  27.  (B)  28.  (C)  29.  (D) 

30.  (C)   31.  (B)   32.  (B)   33.  (A) 34.  (D) 35.  (C)   

36.  (A) 37.  (C)  38.  (B).  
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Bng tra cu thut ng 

thut ng TRang thut ng TRang 

Acgumen ca s phc khc 0 200 im un ca  th 39 

Bng nhau ca hai s phc 182 n v o 181  

Bin s ly tch phn 149 ng tim cn ng 30 

Biu thc di du tch phn 149 ng tim cn ngang 29 

Cn bc hai ca s phc 192 ng tim cn xin 32 

Cn bc n 72 Gi tr cc i 10 

Cn tch phn 149 Gi tr cc tiu 10 

Cn di ca tch phn 149 Gi tr ln nht ca hm s 18 

Cn trn ca tch phn 149 Gi tr nh nht ca hm s 18 

Chiu bin thin ca hm s 5  Hai ng cong tip xc vi  nhau 52 

Cng thc chuyn h ta  25  Hm s di du tch phn 149 

Cng thc i bin s ca tch phn 158  Hm s n iu 5  

Cng thc Moa-vr 204 Hm s ng bin  4 

Cng thc ly nguyn hm tng phn 144 Hm s khng i 5  

Cng thc tng trng m 96 Hm s lgarit 101  

Cng thc tch phn tng phn 160 Hm s lu tha 114 

C s (ca lu tha) 69 Hm s m  101  

C s (ca lgarit)  83  Hm s nghch bin  4 

Dng i s ca s phc 201  Hiu ca hai s phc 184 

Dng lng gic ca s phc 201  Hnh thang cong 146 

im biu din s phc 184 LUi kp theo nh k 80 

im cc i ca hm s 10 LUi kp lin tc 95 

im cc tiu ca hm s 10 Lgarit c s a 83  

im cc tr ca hm s 10 Lgarit ho 122 

im cc tr ca  th hm s 11  Lgarit thp phn 88 
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thut ng TRang thut ng TRang 

Lgarit t nhin 96 Phng trnh lgarit c bn 119 

Lu tha vi s m hu t 74 Phng trnh m c bn 118 

Lu tha vi s m nguyn 69 S o (thun o)  182 

Lu tha vi s m thc 79 S i ca s phc 183  

Lu tha vi s m v t 79 S e 95 

Mt phng phc 182 S m ca ly tha 69 

Mun ca s phc 187 S nghch o ca s phc 188 

Nguyn hm 136 S phc 181  

Phn thc ca s phc 181  S phc lin hp 186 

Phn o ca s phc 181  Thng ca hai s phc 188 

Php chia cho s phc khc 0 1 88  Tch hai s phc 185 

Php cng s phc 183  Tch phn trn on [ ; ]a b  1 49 

Php nhn s phc 185 Tch phn t a  n b  1 48 

Php tnh tin h to  25  Tng ca hai s phc 183  

Php tr s phc 184 Trc o 183  

Phng php i bin s (trong tm 
nguyn hm) 142 Trc thc 182 

Phng php bin i s (trong tnh 
tch phn)  158 Vect biu din s phc 184 

Phng trnh ca ng cong 25    
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