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UNG DUNG BA0 HAM BE KHADO SAT
Chuong VA VE B0 THI CUA HAM SO

p0 THI CUA HAM SO

P

UNG DUNG BAD HAM BE KHAD SAT VA VE

Trong chuong nay, ching ta ing dung dao
ham va gi6i han dé xét mét s6 tinh chat quan
trong clia ham s6 va do6 thi nhu : tinh don diéu,
cuc tri, gia tri I6n nhét, gia tri nho nhat cla ham
s6 va cac duong tiém can cda do thi ; tir do
khao sat su bién thién va vé dé thi clia ham sé.
Hoc sinh can ¢6 ki nang thanh thao khi xét cac
tinh chat da néu cla moét ham s6 cho trude
cling nhu khao sat su bién thién va vé dé thi
clia mdt sé ham sd don gian.



1 TINH DON DIEU CUA HAM SO

Trong bai ndy ta s€ tng dung dao ham dé xét tinh don diéu (tic 1a tinh dong
bién va tinh nghich bién) clia ham so.

Truéc hét ta nhic lai dinh nghia ham s6 dong bién va ham s6 nghich bién
trong sach gido khoa Pai s6 10 nang cao.
Gia st K 1a mot khoang, mot doan hodac mot nira khoang va f 1a ham s6 xac
dinh trén K.
Ham s6 f duogc goi la dong bién trén K néu
Vx,x ek, xp<x  f(x)<f(x);
Ham s6 f duoc goi 1a nghich bién trén K néu
Vx,x eK, xp<x,  f(x)> f(x)
No6i mot cach khac, néu ham s6 f xac dinh trén K thi
Ham s6 f dong bién trén K khi va chi khi véi x tuy y thuoc K, ta ¢

f(“i"i () 5 0véimoi Ax £0 ma x + Ax € K.
Ham s6 f nghich bién trén K khi va chi khi véi x tuy y thuoc K, ta co
f(“AX; () 0 v6imoi Av %0 ma x + Ave K.

Tir d6, ngudi ta chiing minh dugc diéu sau day :

Gia st ham s6 f c6 dao ham trén khoang /.

a) Néu ham s6 f dong bién trén khoang 7 thi f'(x) > 0 v6i moi
xel.
b) Néu ham s6 f nghich bién trén khoang / thi f'(x) <0 véi

moi x € 1.

Dao lai, ¢6 thé ching minh duoc :



DINH Li

Gia st ham s6 f c6 dao ham trén khoang /.

a) Néu f'(x) >0 v6i moi x € I thi ham s6 f dong bién trén
khoang 1.
b) Néu f'(x) <0 v6i moi x € [ thi ham s6 f nghich bién trén
khoang 1.
c) Néu f'(x) =0 v6i moi x € I thi ham s6 f khong d6i trén
khoang 1.

Dinh 1i trén cho ta mot diéu kién di dé ham s6 don diéu trén mot khoang.

CHUY

Khoang I trong dinh 1i trén c6 thé dugc thay bdi mot doan hoic
mot nlta khoang. Khi d6 phai bo sung gia thi€t "Ham s6 lién tuc
trén doan hoac nira khoang dé". Chang han :

Néu ham s6 f'lién tuc trén doan [a ; b] va c6 dao ham f'(x) > O trén
khoang (a ; b) thi ham s6 f dong bién trén doan [a ; b].

Nguoi ta thuong dién dat khang dinh ndy qua bang bién thién nhu sau :

X a b

f'() +

f)
)

Vi du 1. Chiing minh ring ham s6 f(x) = V1 — X2 nghich bién trén doan [0 ; 1].
Gidi

—X

V1 = 2

<0

Dé thay ham s6 da cho lién tuc trén doan [0 ; 1]. Ngoai ra, f'(x) =

v6i moi x € (0; 1). Do d6 ham s6 nghich bién trén doan [0 ; 1].

e Viéc tim cac khoang dong bién va nghich bién ctia mot ham sé con duogc noi
gon 1a xét chiéu bién thién cua ham so do.

Qua dinh 1i da néu, ta thdy viéc xét chiéu bién thién cia mot ham s6 cé dao
ham c6 thé chuyén vé viéc xét ddu dao ham ctia no.



Vi du 2. Xét chiéu bién thién cia ham s6
=x+ 4
Y= X
Giai
Ham s6 da cho xac dinh trén tap hgp R\ {0}.
4  x*—4
Tacoy' =1- - =+ 7.

x° x?

yV=0sx=12.

Chiéu bién thién ctia ham s6 duoc néu trong bang sau :

X —oo -2 0 2 +oo
y' + 0 - - 0
—4
4

Vay ham s6 dong bién trén modi khoang (—eo ; —2) va (2 ; +o0), nghich bién

trén moi khoang (-2 ; 0) va (0;2).

H1| Xét chiéu bién thién cta ham s6

_1 3 32
y—3x 2x +2x—3.

Vi du 3. Xét chiéu bién thién ctia ham s6

4
y:§x3—2x2+x—3.

Gidi

Ham s6 da cho xac dinh trén R.

Tacé y' = dx> —dx+1 = (2x —1)2.

y'=OV6ix:2Vé1y‘>0 véimoix;tz-



2.

Bang bién thién :

Theo chi y sau dinh 1i, ham s6 da cho dong bién trén moéi nua khoang
1

L—oo 2} va [2 s+ ooJ. Tir @6 suy ra ham s6 dong bién trén R.

Nhdn xét. Qua vi du 3, ta thay c6 thé m& rong dinh 1i da néu nhu sau :

Gia st ham s6 f ¢c6 dao ham trén khoang /. Néu f'(x) > 0 v6i moi x € I (hoac

£'(x) <0 v6imoi xe I) va f'(x) =0 chi tai mot s6 hitu han diém cta / thi

ham s6 f dong bién (hoac nghich bién) trén /.

IH2| Xeét chiéu bien thién ciia ham s6
5 4 10 3
=207 +5x% + -
y=2x X 3 X 3
n ?2m . .« m n
Cau hoi va hai tap
Xét chiéu bién thién ctia cdc ham s6 sau :
a)y=2x +3x> +1; Byy=x —2x% +x+1;
3 2

oy=x+ dy=x-
e)y:x4—2x2—5; f)y=v4—x2.
Chidng minh rang

N ~ X = N s N A X- 2 2 . 9 2
a) Homso y = ) dong bién trén moi khoang x4c dinh cua no ;
X

—x* = 2x +

1 nghich bién trén mdi khoang xac dinh cta no.
X

b) Ham so y =



Ching minh rdng cdc ham s6 sau day dong bién trén R :

) f(X)=x —6x> +17x+4 ; b) f(x)=x" +x—cosx — 4.
Vi gid tri nao cia ¢ hams6y = ax — X nghich bién trén R ?

Tim c4c gi4 tri ctia tham s6 @ dé ham s6

f(x)=;x3 +ax® +4x+3

dong bién trén R.

Luyén tap
Xét chiéu bién thién cua cdc ham so sau :
a>y=;x3—2x2+4x—5; b)y=—‘3‘x3+6x2—9x—§;
c>y=xz;§x,5+9; d)y=V2x—-x*;

Chdng minh rang ham s6
f(x)=cos2x —2x+3

nghich bién trén R.

Chitng minh céc bat dang thiic sau :
a) sinx < x v6i moi x> 0,
sinx > x v6imoix<0 ;
Hudng dan. Ching minh ham s6 f(x) = x — sinx dong bién trén nita khoang
T

LO; ZJ'

X .
b) cosx > 1—7 véimoi x #0 ;



10.

) ¥’ L )
c) sinx > X_F véi moi x > 0,

. >
sinx < X_K véi moi x < 0.

Ching minh rang

) . . T
sinx +tanx > 2x v6i moi x € LO; 2).

Huong dan

Chiing minh ham s6 f(x) = sinx + tanx — 2x dong bién trén nira khoang

s
0; .|
055
S6 dan chia mot thi tridn sau ¢ nam ké t nam 1970 duoc uéc tinh bai

cong thic

26t + 10

T0="s

( f(¢) dugc tinh bang nghin nguoi).

a) Tinh s6 dan cua thi trdn vao nam 1980 va nam 1995.

b) Xem f1a mot ham s6 xdc dinh trén nira khoang [0 ; +e0). Tim f' va xét
chiéu bién thién ctia ham s6 f trén nira khoang [0 ; + oo).

¢) Pao ham clia ham s6 f biéu thi t6c do ting dan s6 cia thi trdn (tinh bing
nghin ngudi/ nam).

e Tinh t6c do tang dan s6 vao nam 1990 va nam 2008 cua thi tran.

e Vao nam nao thi toc do tang dan s6 1a 0,125 nghin ngudi / nam ?



CUC TRI CUA HAM SO

Bai nay gi6i thiéu khdi niém cuc dai, cuc tiéu clia ham s& va xét quan hé
gifta cuc dai, cuc tiéu v6i dau ctia dao ham cdp mot va dao ham cap hai cua
ham so.

1. Khai niém cuec tri cia ham so

DINH NGHIA
Gia str ham s6 f xdc dinh trén tap hop 9D (P c R) va x, € 9.
a) x, dugc goi 12 mot diém cuc dai clia ham s6 f néu ton tai mot
khoang (@ ; b) chita diém x, sao cho (a;b) c 9 va
f(x) < f(xy) v6imoi x € (a; b) \{xy}.
Khi d6 f(x,) dugc goi la gia tri cue dai cia ham so6 f.
b) x, dugc goi 1a mot diém cuc tiéu clia ham s6 f néu ton tai
mot khoang (a ; b) chita diém X saocho (a; b) C D va
f(x) > f(xy) véimoi x € (a; b) \{xy}.
Khi d6 f(x,) dugc goi 1a gia tri cuc tiéu cta ham s6 f.

Diém cuc dai va diém cuc tiéu dugc goi chung 13 diém cuec tri.
Gi4 tri cuc dai va gia tri cuc tiéu duoc goi chung 1a cue tri.

Néu x, 1a mot diém cuc tri clia ham s6 f thi ngudi ta n6i rang ham s6 f dat

cyc tri tai diém x,,. hY
y=1x)

I
I
I
|
|
|
1
1
I
l

QF——=—====

1
1
| i
I .2
I \ diém
1 &
| Xo | \cuc }1eu ! _
diém @ diém b\ 1 0/ diém X
cuc tiéu cuc dai I cuc dai

Hinh 1.1
10



CHUY

1) Gid tri cyc dai (cuc tiéu) f(x,) cla ham s6 f néi chung khong
phai 1a gid tri 16n nhat (nho nhat) cta ham s6 f trén tap hop 9 ;
f(xg) chi la gid tri 16n nhat (nho nhat) cia ham s6 f trén mot
khoang (a ; b) nao dé chira diém x;.

2) Ham s6 f c6 thé dat cuc dai hodc cuc ti€u tai nhiéu diém trén tap
hop &. Trén d6 thi ctia ham s6 y = f(x) trong hinh 1.1, ta thay

ham s6 c6 hai diém cuc tiéu va hai diém cuc dai. Him s6 ciing c6
thé khong c6 cuc tri trén mot tap hop s6 thuc cho trude.

3) Doi khi ngudi ta cling néi dén diém cuc tri ctia do thi.
Néu x,, 1a mot diém cyc tri ctia ham s& f thi diém (x,; f(x,)) dugc
goi 12 diém cuc tri ciia do thi ham so f.
2. Diéu kién can dé ham so dat cuc tri
Quan sét do thi cua ham s6 y = f(x) (h.1.1), ta thdy néu ham s6 f dat cuc tri
tai di€ém x, va néu d6 thi cia ham s6 c6 ti€p tuyén tai diém (x, ; f(x,)) thi
ti€p tuyén d6 song song véi truc hoanh, tic 1a f'(x,) = 0.

D6 1a ndi dung cua dinh 1i ma ta thira nhan sau day.

PINH LI 1

Gia sir ham s6 f dat cuc tri tai diém x;,. Khi d6, néu f c¢6 dao

ham tai x; thi f'(x,) = 0.

Diéu nguoc lai c6 thé khong ding. Dao ham f' ¢6 thé bang 0 tai diém x,

nhung ham s6 f khong dat cuc tri tai diém x,,.

Chéng han, xét ham s6 f(x) = x>, tacé f'(x) = 3x% va f'(0) = 0. Tuy nhién,
ham s6 f khong dat cuc tri tai diém x = 0. That vay, vi £'(x) > 0 v6i moi x # 0

nén ham s6 f dong bién trén R (h.1.2).

11
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o y

*;

I

%

0 X y = Ixl
0 X
Hinh 1.2 Hinh 1.3

CHUY
Ham s6 c6 thé dat cuc tri tai mot diém ma tai d6 ham s6 khong c6
dao ham. Chang han, ham s6 y = f(x) = |x| xdc dinh tréen R. Vi

f(0) =0va f(x)>0 v6i moi x #0 nén ham s6 dat cuc ti€u tai

diém x = 0.

Dé thay ham s6 y = |x| khong c6 dao ham tai diém x = 0 (h.1.3).

Nhu vay, mot ham s6 chi c6 thé dat cuc tri tai mot diém ma tai d6

dao ham ctia ham s6 bang 0, hoac tai d6 ham s6 khong cé dao ham.
3. Diéukién du dé ham sé dat cuc tri

Dinh 1i sau cho ta mot diéu kién di dé ham so dat cuc tri.

DINH LI 2

Gia su ham s6 f lién tuc trén khoang (a ; b) chia diém x, va
c6 dao ham trén cac khoang (a ; x;) va (X 5 b). Khi do

a) Néu f'(x) <0 véimoi xe (a; xy) va f'(x) >0 v6i moi
x € (xp ; b) thi ham s6 f dat cuc ti€u tai diém x,.

b) Néu f'(x) >0 v6imoi x e (a; xy) va f'(x) <0 véi moi

x € (xp; b) thiham s6 f dat cuc dai tai di€ém x,.

12



No6i mot cach khic,
a) Néu f'(x) d6i dau tir am sang duong khi x qua diém x, (theo chiéu tang)
thi ham s6 dat cyc ti€u tai diém x,.
b) Néu f'(x) doi dau tir duong sang am khi x qua diém x, (theo chiéu tang)
thi ham s6 dat cyc dai tai diém x,,.
Chitng minh
a) Vi ham s6 f lién tuc trén nta khoang (a; xy] va f'(x) <0 vé6i moi
x € (a; xy) nén ham so f nghich bién trén (a ; x;]. Do d6

f(x) > f(xy) véimoi x € (a; xg).
Tuong tu, vi ham s6 f lién tuc trén nira khodng [x, ; b) va f'(x) > 0 v6i moi
x € (xg ; b) nén ham s6 dong bién trén [x, ; b). Do d6

F() > f(xp) v6imoi x € (x, ; b).
Vay f(x) > f(xy) v6imoi x € (a;b)\ {xy}, tiic 1a ham s6 f dat cuc tiéu tai
diém x,.
b) Phan b) dugc chiing minh tuong tu.

Dinh 1i 2 duoc viét gon lai trong hai bang bién thién sau :

X a X0 b

f'() — +

f(x) \ f(xp) /

(cuc tiéu)

X a X0 b

f'(x) + -
f(x())

Jx) / cue daiN

Tur dinh 1i 2 ta c6 quy tic tim cuc tri sau day.

13
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QUY TAC 1
1. Tim f'(x).

2. Tim céc di€ém x; (i = 1, 2,...) tai d6 dao ham cua ham s6 bang 0
hoac ham s6 lién tuc nhung khong c6 dao ham.
3. Xét ddu f'(x). Néu f'(x) d6i dau khi x qua di€ém x; thi ham s6¢

dat cyc tri tai x;.
Vidu 1. Tim cuc tri cia ham s6
X)=_x —x" —3x+
0= 5
Giai

Ham s6 da cho xac dinh trén R.

Ta c6 F(x) = x° —2x - 3.
Tir dé6 f'(x) =0 & x =—1 hodc x = 3.
Sau day la bang bién thién :
X —o0 -1 3 +o0
J'(x) + 0 — 0 +

Fx) ///////” ’ \\\\\\\ . ///////]

Vay ham s6 dat cuc dai tai diém x = —1, gid tri cuc dai cha ham s6 1a
f(=1) = 3. Ham s06 dat cuc tiéu tai diém x = 3, gid tri cuc tiéu ctia ham s6 1a

2
f@=-13

HA1| Tim cuc tri ctia ham s6

4
f(x) = x+—-3.

Vidu 2. pdung quy tic 1 tim cuc tri clia ham so

f(x) = lxl.



Gidi

Ham s6 da cho xac dinh va lién tuc trén R.

Ta o ) —-x vl x <0
acoh X) =
ixvé’ixZO.
. -1v61x<O0
Do do6 )= )
1v61 x > 0.

(Ham s6 f khong c6 dao ham tai diém x = 0).
Sau day la bang bién thién :
X —o0 0 +oo

[ - H +

{€)) \ . /

Vay ham s6 dat cuc tiéu tai x = 0 va gid tri cuc tiéu ctia ham so 12 £(0) = 0.

C6 thé str dung dao ham cap hai dé tim cuc tri ciia ham s6. Ngudi ta da ching
minh dinh Ii sau day.

DINH LI 3

Gia stt ham s0 f c6 dao ham cdp mot trén khoang (a ; b)
chita diém xy, f'(xy) =0 vaf c6 dao ham cap hai khac O tai
diém x,.

a) Néu f"(x,) < 0 thi ham s6 f dat cuc dai tai diém x,,

b) Néu f"(x,) > 0 thi ham s6 f dat cuc tiéu tai di€m x,.

Tir dinh 1f 3, ta c6 mot quy tic khac dé tim cuc tri cia ham s& (néu ham s6 ¢6
dao ham cép hai).

15



QUY TAC 2

1. Tim f'(x).

2. Tim cdc nghiém x; (i =1, 2,...) cha phuong trinh f'(x) =0
3.Tim f£"(x) vatinh £"(x,).

Néu f"(x;) < 0 thi ham s6 dat cyc dai tai diém x;.

Néu f"(x;) > 0 thi ham s6 dat cyc tiéu tai diém x;.

Vidu 3. pdung quy tac 2 tim cuc tri ctia ham s6

fx) = x —x* = 3x+ 3
Giadi
Ham s6 da cho xac dinh trén R.
Taco f'(x) = x° —2x -3 ;
f'(x) =0& x=-1hodac x =3
f'(x) = 2x-2.
Vi £"(=1) = —4 < 0 nén ham s6 dat cuc dai tai diém x = -1, f(-1) =

z o . o 2 2
Vi f"(3) = 4 >0 nén ham so6 dat cuc tiéu tai diem x = 3, f(3) = -7 3
Ta nhan duoc cac két qua da biét trong vi du 1.

@ Tim cuc tri cia ham s6
f(x)=2sin2x - 3.

Cau hoi va hai tap
11. Tim cuc tri ctia cdc ham s0 sau :
a) f(x) = X+2x +3x-1; b) f(x) = X—x +2x —10 ;

c) f(x) = x+ I . d) f(x) =lxl(x +2);
16



12.

13.

14.

=

X X ¥ —3x+3

Q) flx) =" = 2 D fe ="

Tim cuc tri ctia cdc ham s6 sau :

a)y:x\/4—x2; b)y=\/8—x2 ;
c)y=x—sin2x+ 2 ; d)y=3-2cosx — cos2ux.
Tim cac hé s6 a, b, ¢, d clia ham s6

flx) = a + b +ex+d
sao cho ham s6 f dat cuc ti€u tai diém x = 0, £(0) = 0 va dat cuc dai tai diém
x=1,f1)=1.
Xac dinh cac hé s6 a, b, ¢ sao cho ham s6

fx) = X +ax +bxtc

dat cuc tri bing 0 tai diém x = — 2 va d6 thi chia ham s6 di qua diém A(1 ; 0).

. Chiing minh rang v6i moi gia tri cia m, ham s6

xz—m(m+1)x+m3+1

X —m

y:

luon ¢6 cuc dai va cuc tiéu.

GIA TRI LON NHAT
VA GIA TRI NHO NHAT CUA HAM SO

Nhiéu bai todn dan dén viéc tim gia tri I6n nhat va gié tri nho nhat cia ham s6
trén mot tap hop s6 thuc cho trude. Trong bai nay ta s€ tng dung tinh don
diéu va cuc tri cia ham s6 dé€ tim gid tri 16n nhat va gia tri nho nhét cla
ham s6.

17
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DINH NGHIA

Gia slr ham so6 f x4c dinh trén tap hop 9 (9 c R).
a) Néu ton tai mot diém x, € 9 sao cho
f(x) £ f(xy) v6imoi xe 9
thi s6 M = f(x,) duogc goi la gia tri 16n nhat cia ham s6 f trén

9, ki hieu 1a M = max f(x).

xe 9P
b) Néu ton tai mot diém x, € 9 sao cho
f(x) 2 f(xy) v6imoixe &

thi s6 m = f(x,) dugc goi la gia tri nho nhat cia ham s6 f trén

D, ki hieu 1a m = min f(x).
xe9y

Nhu vay, mudn ching to rang s6 M (hodc m) la gia tri 16n nhat (hodc gid tri
nho nhat) clia hAm s6 f trén tap hop 9 can chi 16 :

a) f(x) <M (hoac f(x)=m) v6imoi xe 9.

b) Tén tai it nhat mot diém x, € 9 sao cho f(x,) = M (hodc f(x,) = m).

Ta quy uéc rang khi néi gid tri 16n nhat hay nho nhat cua ham s6 f (ma khong

n6i "trén tap 9") thi ta hi€u d6 1a gia tri 16n nhat hay nho nhét cla f trén tap
xac dinh cua nd.

Vi du 1. Tim gi4 tri 16n nhat va gia tri nho nhat ctia ham s6
F) =4 - 2.
Gidi
Tap x4c dinh cia ham s6 1a [-2;2]. Hién nhién 0< f(x) <2 v6i moi
xe[-252];
f)=0& x=x2va f(x) =2 © x=0.



Do do

min 4—x2:0; max 4- x> =2,
xe[-2;2] xe[-2;2]

Phuong phdp thudong duoc sir dung dé tim gid tri 16n nhét va gia tri nho nhat
cua ham sO trén mot tap hop 1a lap bang bién thién cta ham sé trén tap
hogp dé.

Vi du 2. Tim gi4 tri 16n nhat va gia tri nho nhat cia ham s6
f(x) = x> —3x + 3 trén doan [—3 ; éj

Gidi. Ta co
Fi0 =36 -1 ;

f'(x) =0 x==%1.
Ao 1S W2 e A . 3
Sau day la bang bién thién cua f trén doan | -3 ; ZJ :

X -3 -1 1

f'(x) + 0 - 0 +
5
) / \ / ;
-15 1

Tir bang bién thién, ta dugc

max f(x)=f(-1)=5; min  f(x) = f(-3)=-15.

3 3.3
xe[—3,EJ xe[ 3,2J

IH| Tim gia tri I6n nhat va gié tri nhd nhét cda ham s6

! trén khoang (1 ; + oo).
x =1

fx)=x+

19
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Vi du 3. Mot hop khong nép duogc
lam tr mOt manh cac tong theo mau
hinh 1.4. Hop c6 ddy l1a mot hinh —r

h

vuong canh x (cm), chiéu cao la A (cm)
va ¢6 thé tich 1a 500 cm’.

a) Hay biéu dién / theo x.

b) Tim dién tich S(x) ctia manh cac tong x

theo x.

e, . . l/
¢) Tim gid tr1 cua x sao cho S(x) !

nho nhat.
a) Thé tich ctia hop 1a
V = =500 (em’). Dodo h="0, x>0,
x

b) Dién tich cia manh céc tong dung 1am hop la
S(x) = x° + 4hx.
Tiura) tacod

S(x) = x* + 20)?0, x>0,

h

c¢) Ta tim x>0 sao cho tai d6 S(x) dat gia tri nho nhat trén khoang

(0;+ o). Tacod

2000 _ 2(x* —1000)

X2 x°

S'(x) =0 x=10.

S'(x) = 2x —

Bang bién thién ctia S trén khoang (0 ; +o) :
X 0 10 +oo
S'(x) — 0 +

S(x) \300/




Dua vao bang bién thién ta thdy trén khoang (0 ; + o), ham s S dat gid tri
nho nhat tai diém x = 10. Vay mu6n ton it nguyén liéu nhat, ta 1dy do dai canh
day hinh hop l1a x = 10 (cm).

Nhdn xét

Ngudi ta da chiing minh duoc rang ham s6 lién tuc trén mot doan thi dat duoc
gid tri 16n nhat va nho nhét trén doan do.

Trong nhiéu trudng hop, c6 thé tim gia tri 16n nhat va gia tri nhd nhat cia ham
s0 trén mot doan ma khong can 1ap bang bién thién ctia no.

Gia st ham s6 f lién tuc trén doan [a ; b] va c6 dao ham trén khoang (a ; b),
c6 thé trir mot s hitu han diém. Néu f'(x) = 0 chi tai mot s6 hitu han diém
thuoc (a ; b) thi ta c6 quy tac tim gia tri I6n nhit va nho nhét chia ham f trén
doan [a ; b] nhu sau :

QUY TAC

1. Tim cac diém X|s Xy, ey X, thudc (a ; b) tai d6 ham s6 f c6 dao
ham bang 0 hoac khong c6 dao ham.

2. Tinh f(x)), f(x5), ..., f(x,), f(a) va f(b).

3. So sanh cdc gia tri tim duoc.

S6 16n nhat trong cac gia tri do la gia tri 16n nhat cua f trén doan

[a ; b], s6 nho nhat trong cac gia tri d6 1a gia tri nho nhat cua f trén
doan [a ; b].

Vi du 4. Tim gia tri 16n nhat va gia tri nhd nhét cua ham s6 f(x) = O -3x+3
trén doan [0 ; 2].
Gidi. Tacé f'(x) =3x> =3 ;

f'(x)=0 332 -3=0 x ==l
P = S x=1;
iO<x<2 0O<x<?2 10<x<2

JFM=1; f(0)=3; f(2) =5.

Do dé max f(x) =5 va min_f(x)=1.
xe[0:2) X€ [0;2]
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Cau hai va bai tap

16. Tim gia tri I16n nhat va gia tri nho nhét cia ham s6

f(x) = sin* x + cos” x.

17. Tim gia tri 16n nhét va gia tri nho nhat ctia cdc ham s6 sau :
2 .
a) f(x) = x" +2x -5 trén doan [-2; 3] ;
3

b) f(x) = % +2x% +3x — 4 trén doan [—4 ;0] ;

©) f(x) = x+ I tren khoang (0 ; + o) ;

d) f(x) = —x" +2x + 4 trén doan [2; 4] ;

2x2 +5x+ 4

) trén doan [0 ; 1] ;

e) f(x) =

1 9 3
f) f(x) = x = trén nua khoang (0 ; 2].
18. Tim gia tri 16n nhét va gia tri nho nhat clia cdc ham s6 sau :

a)y= 2sin® x + 2sinx — 1 ; b)y= cos” 2x — sinxcosx + 4.

19. Cho mot tam gidc déu ABC canh a. Nguoi ta dung mot hinh chit nhat MNPQ
¢6 canh MN nam trén canh BC, hai dinh P va Q theo thi ty ndm trén hai canh
AC va AB cla tam gidc. X4c dinh vi trf clia diém M sao cho hinh chit nhat c6
dién tich 16n nhat va tim gid tri 16n nhat do.

20. Khi nuoi cd thi nghiém trong h6, mot nha sinh vat hoc thdy rang : Néu trén
moi don vi dién tich ctia mat ho ¢6 n con cé thi trung binh mdi con cd sau mot
vu can nang

P(n) = 480 — 20n (gam).
Hoi phai tha bao nhiéu c4 trén mot don vi dién tich ctia mat hé dé sau mot vu
thu hoach dugc nhiéu cd nhat ?
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21.

22,

23.

24.

25.

26.

Luyen tap

Tim cuc tri ciia cdc ham s0 sau :

X X
a X) = ; b X) = ;
) S0 =5 ) fw =

o) f(x) =+5-x%; d) f(x) = x+yx> —1.

Tim gid tri cha m dé ham s6

2
f(x):x +mx —1

x—1
c6 cuc dai va cuc tiéu.
Do giam huyét ap cia mot bénh nhan duoc cho boi cong thic

G(x) = 0,025x%(30 - x),
trong d6 x 1a liéu lugng thudc duogc tiém cho bénh nhan (x dugc tinh bang
miligam). Tinh liéu lugng thudc cin tiém cho bénh nhan dé huyét 4p gidm
nhiéu nhat va tinh do giam do.
Cho parabol () : y = x? va diém A(=3;0). Xéc dinh diém M thuoc parabol
(&) sao cho khoang cidch AM 1a ngan nhat va tim khoang cdch ngin nhat do.
Mot con cé héi boi nguoc dong dé vuot mot khoang cdch 1a 300km. Van toc
dong nudc 1a 6km/h. Néu van toc boi cua cd khi nude ding yén l1a v (km/h) thi
nang luong tiéu hao cta ca trong ¢ gio dugc cho badi cong thiic

EWv) = cv3t,

trong d6 ¢ 1a mot hing s6, E duge tinh bang jun. Tim van toc¢ boi cua cd khi
nudc ding yén dé nang lugng tiéu hao 1a it nhat.

Sau khi phét hién mot bénh dich, cdc chuyén gia y t€ udc tinh s6 ngudi nhiém
bénh ké tir ngdy xuat hién bénh nhan dau tién dén ngay thi 7 1a

f@t) =452 -3, 1=0,1,2,.., 25.
Néu coi f 1a ham s6 xac dinh trén doan [0 ; 25] thi f'(f) duoc xem la toc do

truyén bénh (ngudi / ngay) tai thoi diém ¢.
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a) Tinh t6¢ do truyén bénh vao ngay thi 5.
b) Xac dinh ngay ma téc do truyén bénh 1a 16n nhat va tinh téc do dé.
¢) Xdc dinh céc ngay ma toc do truyén bénh 16n hon 600.
d) Xét chiéu bién thién ctia ham s6 f trén doan [0 ; 25].
27. Tim gia tri I16n nhat va gia tri nho nhat cua cac ham so sau :

a) f(x) = m trén doan [—3; 1] .

b) f(x)=x+\/4—x2;

c) f(x)zsin4x+coszx+2;
d) f(x) = x —sin2x trén doan {—g;ﬂ:J.

28. Trong cac hinh chit nhat c6 chu vi l1a 40 cm, hay xdc dinh hinh chit nhat c6
dién tich 16n nhat.

PO THI CUA HAM SO
4 VA PHEP TINH TIEN HE TOA PO

Ta nhéc lai dinh nghia d6 thi cia ham s6 trong sich gido khoa Dai s6 10
nang cao.

D6 thi ciia ham s6 y = f(x) xé4c dinh trén tap 9 la tap hop tat ca cdc diém
(x; f(x)), x € 9 clia mat phang toa do.

Nguoi ta con goi do6 thi ctia ham s6 y = f(x) 1a dudng cong c6 phuong trinh 1a
y = f(x) (goi tat 1a dudng cong y = f(x)).

Trong nhiéu trudng hop viéc thay hé toa do di c6 bdi mot hé toa do mai gitp

ta nghién ctru duong cong thuan tién hon. Bai nay gidi thiéu phép tinh ti€n hé
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1.

2.

toa do, nhd do6 c6 thé xac dinh duoc truc doi xing va tam d6i xting ctia mot sd

duong cong.

Phép tinh tién hé toa do va cong thitc chuyén hé toa do

Gia st I 1a mot diém clia mat phang
va (x5 y) la toa do cua di€ém /
d6i v6i he toa do Oxy. Goi IXY I
hé toa do méi c6 goc 1a diém I va
hai truc IX, IY theo tha tu c6 cung
céac vecto don vi i, ; v6i hai truc
Ox, 0y (h.1.5).

Gia st M 1a mot diém bat ki cua
mat phang. Goi (x ; y) 13 toa do cla
diém M d6i v6i hé toa do Oxy va

(X; Y) la toa do cua diém M doi véi
hé toa do IXY. Khi d6

Yo

|
I
4
<

0] Xo0

Hinh 1.5

Xi+yj = (i +yp))+ (Xi+Yj)

= (X + xp)i + (Y + yp) /.

OM = Ol + IM
hay
Do doé
x=X+x

<f———e——_—————

=Y <V

Ciac heé thic trén goi 12 cong thitc chuyén hé toa do trong phép tinh tién theo

vecto 5[

Phuong trinh cua duong cong doi véi hé toa do méi

Gia su (%) 1a d6 thi cia ham s6 y = f(x) ddi v6i hé toa d0 Oxy da cho. Khi

d6 phuong trinh ctia duong cong (%) d6i véi hé toa dd Oxy 1a y = f(x). Ta sé

viét phuong trinh cta (%) d6i véi hé toa do maéi IXY.
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26

Gia st M 13 mot diém bat ki ctia mat phang, (x ; y) va (X; Y) 1a toa do cua
diém M, theo thit tu, d6i v6i he toa do Oxy va IXY. Khi do,

Me (9 & y=f(x).
p dung cong thic chuyén hé toa do trong phép tinh tién theo vecto OI, ta c6
Me (G e Y+y=fX+x) oY =[FfX+x)—Y-
Vay phuong trinh ctia dudong cong (%) d6i véi hé toa do IXY la
Y = f(X+xy)— yo-

Vi du. Cho dudng cong (¢) c6 phuong trinh 1a
1

y= E(X - -
vadiém 7 (2; -1).
a) Vi€t cong thitc chuyén hé toa do trong phép tinh tién theo vecto OI va viét
phuong trinh ctia dudng cong (¢) doi véi he toa do IXY.
b) Tir d6 suy ra rang / 1a tam d6i xiing cua duong cong (€).
Giai. a) Cong thiic chuyén hé toa do trong phép tinh tién theo vecto OI 1a

x=X+
iy =Y -1

Phuong trinh ctia duong cong (¢) d6i v6i hé toa do IXY 1a

Y-1=1x3_1 hay Y:%X3.
b) Vi Y = 5 X3 1a mot ham s6 1é nén d6 thi (¢) clha n6é nhan goc toa do /
lam tam d6i xdng.

H a) Tim toa d6 dinh | clia parabol (&) co phuong trinh 13

y= 2x2 —4x.
b) Viét coéng thirc chuyén hé toa do trong phép tinh tién theo vecto OI va viét
phuong trinh cla parabol ( &P) dsi véi hé toa do IXY.



Cau hai va bai tap

29. Xic dinh dinh I cia mdi parabol (¥) sau day. Viét cong thiic chuyén hé toa do

trong phép tinh tién theo vecto OI va viét phuong trinh cta parabol (&) doi
v6i hé toa do IXY.

a) y=2x" —3x+1; by y=dx?—x—3:
c)y:x—4x2; d)y=2x2—5.

30. Cho ham s6 f(x)= x> —=3x> + 1.

31. Cho dudng cong (¢) c6 phuong trinh 1a y = 2 — P !

32.

a) Xéc dinh di€m I thuoc do thi (¢) clia ham s6 da cho biét ring hoanh do cua
diém I 1a nghiém cuia phuong trinh f"(x)=0.

b) Viét cong thiic chuyén hé toa do trong phép tinh ti€n theo vecto OI va viét
phuong trinh cta dudng cong (¢) doi véi hé toa do IXY. Tu do suy ra rang I 1a
tam doi xiing ctia dudng cong (€).

¢) Viét phuong trinh ti€p tuyén clia dudng cong (¢) tai diém I d6i v6i hé toa
do Oxy. Ching minh rdng trén khoang (—oo;1) dudng cong (€) nam phia
du6i ti€p tuyén tai I clia (¢) va trén khoang (1;+ o) dudng cong (¢) nim
phia trén ti€p tuyén do.

Hudng dan. Trén khoang (—eo;1), dudng cong (¢) nam phia dudi ti€p tuyén

y=ax+bnéu f(x)<ax+b véimoi x < 1.

va diém I(-2 ; 2). Viét

+2
cong thitc chuyén hé toa do trong phép tinh tién theo vecto OI va viét phuong
trinh cua dudong cong (€) do6i véi hé toa do IXY. Tu d6 suy ra [ 1a tam doi

xtng cta (€).
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33. Xéc dinh tam d6i xting cua do thi mo6i ham so6 sau day.

34. Cho duong cong (¢) c6 phuong trinh y =ax+b+

1.

28

2 3x —
a)y_x—l-rl’ b)y_x+1'

Hudng dan. b) Viét cong thie da cho dudi dang y = 3 — T+l

c

, trong d6
X — XO

a#0,c#0 vadiém [ c6 toa do (x;;y,) thoa man y, = ax, + b. Viét cong
thitc chuyén hé toa do trong phép tinh tién theo vecto O va phuong trinh clia
(€) d6i v6i hé toa do IXY. Tir d6 suy ra rang I 1a tam d6i xing cua duong
cong (¢).

5 PUGNG TIEM CAN CUA PO THI HAM SO

Duong tiém can dimg va duong tiém can ngang

Ta da biét do thi cia ham s6 f(x) = )16 12 dudng hypebol gébm hai nhanh nam

trong géc phan tu thit nhat va thi ba clia mat phéng toa do (h.1.6).
Ta co

1 yﬂ
lim f(x)= lim —=0

X = +oo X =40 X

va lim f(x)= lim l:O.
X = —oo X = —o0 X

=

Didu d6 c6 nghia 1a khoing cdch 0 H
MH= |f(x) tir diém M cla do thi

dén truc hoanh dian dén 0 khi diém NHK
M theo duong hypebol di xa ra vo

tan vé phia phai hodc phia trai.
: P P cp Hinh 1.6



Nguoi ta goi truc hoanh 1a duong tiém can ngang cua do thi ham s6 y = o

Ta cling c6
. . 1 < . 1
lim f(x)= lim — =+ va Ilim f(x)= lim — =—oo.
x—0* x—0" X x—=0 x—0" X

Diéu d6 c6 nghia 14 khoang cach NK = [x| tir mot diém N cua d6 thi dén truc
tung din dén 0 khi diém N theo d6 thi di xa ra vo tan vé phia trén hoic phia

duéi. Nguoi ta goi truc tung la dudng tiém can ding cua do thi hamso y = -
X

Mot cich tdng quét, ta c6

PINH NGHIA 1
Pudng thang y =y, dugc goi 12 dudng tiém can ngang (goi tat
la tiém can ngang) cua do6 thi ham s6 y = f(x) néu

lim f(x)=y, hoac lim f(x)=y,.
X — —

X — +oo

(Xem hinh 1.7).

Yo Y=X

; Y=
N\ W Yo

/ \_0/ x 0 x

Duong thang y =y, la tiém cdn ngang cia Duong thdang y =y, la tiém cdn ngang
do thi (khi x — +o0). cua do thi (khi x — —oo).
a) b)
Hinh 1.7
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DINH NGHIA 2
Duong thing x = x, dugc goi 1a dudng tiém can ding (goi tat
1a tiém can ding) cta d6 thi ham s6 y = f(x) néu it nhat mot
trong cac diéu kién sau dugc thoa man :
lim f(x) =4 ; lim+ f(x) = +oo ;
X=X

X=Xy
) X — xar
(Xem hinh 1.8).
y yA
_:3 \
oy
/\/ ‘ ! &
o X0 X (0] Xo \'X
a) b)
I
y y
0] X0 X 0O Xo X
y=fx) =
=
c) d)
a) va c). Puong thing x = X la tiém cdn b) va d). Puong thiang x = x, la tiém
cdn ding cia do thi (khi x — x§ ).
Hinh 1.8

diing ctia do thi (khi x — x; ).
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2x — 1
x+2

Vi du 1. Tim tiém can ngang va tiém can ding cta do thi ham s6 y =
Giai
Ham s6 da cho c6 tap xac dinh 1a R\ {-2}.

Vi lim y=2va lim y=2

X — +oo X — —o0 y
nén dudng thang y =2 1a tiém %D
can ngang cua do6 thi (khi g
X — 400 VA khi x — —oo). o
D-
Vi lim y=-—oo va I /&= |2  Tiém can ngang
x> (-2)" y=2 /—
lim y=+c nén dudng thing -2 of 13

x—=(=2)"
x = -2 Ia tiém can ddng cta do i

1l
thi (khi x — (=2)" va khi =
x = (=2)7) (h.1.9). Hinh 1.9

Vi du 2. Tim tiém can ngang va tiém can ding cua d6 thi ham s6

Va2 +1

Y= X
Giai
Ham s6 da cho c6 tap xac dinh 1a yA
R\ {0}.

N 1+ xiz 1
Tacé lim y= lim —————— y=1

X—>+o0 X—>+oo X ]
0 X

1
= lim 1+— =1. -1
X—>+o0 x2

Do d6, dudong thang y=1 Ia
tiém can ngang cua do6 thi (khi
X — +o0),

Hinh 1.10
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2.

32

1
I+
. . —X xz . 1
Tuong tv, lim y = lim ——~— = —lim [l + — =—1.
X——00 X—>—o0 X X——o00 x2

Do d6, duong thang y = —1 1a tiém can ngang ctia d6 thi (khi x — —oo).

Vi lim y = +o0 v lim y = — nén dudng thing x = 0 12 tiém can ding
x—0* x—0"

ctia d6 thi (khi x — 0" vakhi x — 07) (h.1.10).

5—-3x
o

H1| Tim tiém cén ngang va tiém cén dimg cla d6 thi ham s6 y =
1—x

Duong tiém can xién
Cho (%) 1a do thi chia ham s6 y = f(x) va (d) 1a duong thang

y=ax+b (a#0).
Goi M va N la hai diém cia (¢) va (d) c6 cing hoanh do x (h.1.11). Néu do
dai chia doan thing MN din dén 0 khi x dan dén +oo (hodc khi x din dén —oo)
thi dudng thang (d) duoc goi 1a dudng tiém can xién cta (€).

Vi MN = \f(x) —(ax + b)\ nén ta c6 dinh nghia sau :

DINH NGHIA 3

Duong thing y = ax + b, a # 0, dugc goi la duong tiém can

xién (goi tat 12 tiém can xién) ctia d6 thi ham s6 y = f(x) néu

lim [f(x) - (ax + b)] =0,

X — +oo

hoac lim [f(x)— (ax + b)]=0.

X — -0

(Xem hinh 1.11).



N y (d)
X\ﬁ

y=£x) G 57

(®)

M\

X
Puong thdng y = ax + b la tiém cdn Puong thing y = ax + b la tiém cdn
xién cuia do thi (khi x — +0). xién cua do thi (khi x — —).
a) b)
Hinh 1.11
Vi du 3. D6 thi ham s6 YA
X
fx)=x+ _
-1 33|
. . . 2
c6 tiém can xién (khi
X — 4o0 va khi x — —0) la
duong thang y =x vi -3
. 1 o
lim [f(x)—x] = |
X—>+oo :
. X | 347
= lim N
X—>+o0 x2 —1
va lim [f(x)—x]=0 | T
X—>—o0 = =
(h.1.12). Hinh 1.12

H2| Chung minh rang dudng thdng y = 2x +1 Ia tiém cén xién cla dé thi ham s6

y=2x+1+

x—2
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34

CHUY
Dé xac dinh cac hé so a, b trong phuong trinh clia dudng tiém can
xién, ta c6 thé 4p dung cdc cong thiic sau :

a= tim Y b= lim [f) - ax]
X =400 X X = +oo
f

hoic a= lim b= lim [f(x)— ax]
X — - X X = —oo

(Khi @ =0 thi ta c6 tiém can ngang).
That vay, xét truong hop x — +oo, gia st ham s6 f xdac dinh trén khoang
(& ;+00) va dudng thing y =ax + b la tiém can xién ctia do thi ham s6

y = f(x) (khi x — 4c0). Khi d6, theo dinh nghia 3, ta c6

lim [f(x)— (ax+ b)]=0. (D)

X — +oo

f(x)—(ax + b) _

Do do6 lim 0,
X = +oo0 X
tic la lim [f(x)—a—b =0.
X = 4oo X X
Vi lim é =0 nén
x—+o0 X
a= lim 19, @)
X =+ X
Twr (1) suy ra
b= lim [f(x)— ax] 3)

X — +oo
bao lai, néu a va b thoa man (2) va (3) thi tir (3) suy ra (1). Do d6 duong
thing y = ax + b 12 tiém can xién clia d6 thi hAm s6 y = f(x) néu a # 0 va
la tiém can ngang néu a = 0.

Trudong hop x — —eo dugc chitng minh tuong tu.

Vi du 4. Tim tiém can xién ctia d6 thi ham s6

x3

x2—1

f) =



Gidi. Taco

3
im 9 - fm

a =

X deo X x4 x(x2 = 1)

X — +oo X — +oo x2_1 X — +oo x2—1

3
b= lim [f(x)—x]= lim L o —xJ= lim =0

Theo chii y vira néu, dudng thang y = x 12 tiém can xién ctia do thi hAm so
da cho (khi x — +o0).

Taciingcé a = lim 29 =1, b= lim [f(x)— x] = 0.

x——oo X X—>—o0

Do d6, dudng thing y = x ciing 1 tiém can xién ctia d6 thi (khi x — —oo).
Ta thdy lai két qua da nhan duoc trong vi du 3.
Tim tiém cén xién ctia do thi ham sé

2x% —3x -1
fx)y=——
x—=2

Cau hai va bai tap

35. Tim cac duong tiém can cta do thi méi ham so sau :

X — —2x —
R T R
1 x* = 3x+4
C)y=x+2- 3 d)y—ﬁ,
X + X
e y=—"5—; f) y=—
x° =1 x” +1

36. Tim cdc dudng tiém can cua d6 thi mo6i ham sé sau :

2x -1 o+
a) y= +x-3; b)y=——"—3;
X2 x* - 2x
3 2
X +x+1 x“+x+1
y=—5—: d)y=—-> -
x° =1 —Sx° —-2x+3
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37. Tim cac duong tiém can ctia d6 thi mo6i ham so6 sau :

a)y=\/x2—1; b)y=2x+\/x2—1;
c)y=x+\/x2+l; d)y=«/x2+x+1.

Luyén tap

38. Tim cac duong tiém can ctia d6 thi mo6i ham s sau :

a)y=x+\/x2—1; b)y=\/x2—4x+3;
2

-1

39. a) Tim tiém can ding va tiém céan xién cta do thi (¢) cia ham s6

_ X —2x+2
R
b) Xac dinh giao di€ém I clia hai tiém can trén va viét cong thidc chuyén hé toa
do trong phép tinh tién theo vecto Ol.

¢) Viét phuong trinh ctia dudng cong (¢) d6i v6i hé toa do IXY.

Tir d6 suy ra rang I 1a tam d6i xing cta dudng cong (¢).

40. Cung cac cau hoi nhu trong bai tap 38 d6i véi do thi ctia cdc ham s6 sau :

¥+ x— x> —8x+19

A y=— 5 b) y= —s
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KHAO SAT SU BIEN THIEN VA VE
PO THI CUA MOT SO HAM DA THUC

1. Cac budc khao sat su bién thién va vé do thi caa ham so

Trong hai bai 6 va 7 ta s€ st dung nhiing diéu da trinh bay trong cdc bai
tru6c dé khao sat su bién thién va vé& do thi ctia ham s6. Ta s&€ chi dé cap dén
mot s6 ham s6 don gian. Khi khao sit va vé do thi ctia ham s0, ta ti€én hanh
céc budc sau day :

1°. Tim tap xdc dinh ctia ham s6.

2°. Xét su bién thién ctia ham s6

a) Tim giGi han tai vo cuc va giGi han vo cuc (néu c6) cua ham so.

Tim cac duong tiém can cta do thi (néu co).

b) Lap bang bién thién cua ham s6, bao gom :

Tim dao ham ctia ham s, xét ddu dao ham, xét chiéu bién thién va tim cuc tri
ctia ham s6 (néu ¢d), dién céac két qua vao bang.

3°. V& d6 thi clia ham s6
e V¢ cic duong tiém can cta do thi (néu co).

® Xic dinh mot s6 diém dac biét clia do thi, chang han tim giao diém clia do
thi v6i céc truc toa do. (Trong truong hop do thi khong cat cdc truc toa do hoac
viéc tim toa do giao diém phic tap thi bd qua phin nay).

e Nhan xét vé do thi : Chi ra truc va tam doi xdng cua do thi (néu cd, khong
yéu cu ching minh).

2. Himsé y=ax’ +bx®> +cx +d (a #0)
Vi du 1. Khdo sét su bién thién va vé& do thi (€¢) ctia ham s6
y=é(x3 —3x2—9x-5).
Giai
1°. Ham s6 ¢6 tap xac dinh 1a R.
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2°. Su bién thién cua ham so
a) Gi6i han cua ham so6 tai vo cuc
lim y=-—cc va lim y= +oo
X = —o0 X — +oo
b) Bang bién thién
) R I
Ta co y=§(3x —6x-9);

y'=0(:)xz—2x—3=0<:>x:—1hoacx=3.

X —o0 -1 3 +oo
y + - 0 +
0
y / \ / +oo
—o0 —4

Ham s6 dong bién trén moi khoang (—oo;—1) va (3 ;+eo0), nghich bién trén
khoang -1;:

Ham s6 dat cuc dai tai diém x=-1 ; gid tri cuc dai ctia ham s 1a y(—1) = 0.
Ham s6 dat cuc tiéu tai diém x =3 ; gid tri cuc tiéu clia ham s6 la
y3) = 4.

3°. Do thi (h.1.13)

Giao diém cua doé thi v6i truc tung la YA

diém LO;— 2).Tacé @

y=0 o @+ (x-5=0
& x = —1 hoac x =5.

Vay d6 thi va truc hoanh c6 hai
diém chung 12 (-1 ; 0) va (5 ; 0).

Ngoai ra d6 thi con di qua mot di€ém

dac biét goi 1a diém uén ctia né ma
ta s€ dé cap sau day.

Hinh 1.13



DPiém uon ciia do thi
Goi U Ia diém thuoc do thi (¢) trong vi du 1 c6 hoanh do 1a nghiém cua

phuong trinh y" =0. Taco y" = é(6x -6);y'=0e x=1.

Toa do cua diém U 1a (1 ; -2).

C6 thé chiing minh dugc ring trén khoang (—oo ;1) dudng cong (¢) nam phia
du6i tiép tuyén cua (€) tai U, con trén khoang (1; 4+o0) dudng cong (¢) nam
phia trén tiép tuyén do. Nguoi ta néi ring ti€p tuyén tai diém U xuyén qua
dudng cong. Piém U duoc goi 1a diém uon cha dudng cong (€).

Mot cdch tong qudt, ta cé khdi niém diém uoén nhu sau :

Diém U(x,; f(xy)) dugc goi la diém uon cta d6 thi ham s6 y = f(x) néu
t6n tai mot khoang (a; b) chia diém x, sao cho trén mot trong hai khoang
(a;xg) va (x,; b) ti€p tuyén ctia d6 thi tai diém U ndm phia trén d6 thi con
trén khoang kia ti€p tuyén nam phia dudi do thi (xem bai tap 30). Nguoi ta n6i

ring ti€p tuyén tai diém uén xuyén qua dé thi (xem hinh 1.13). D€ tim diém
uon clia dé thi c6 thé sir dung diéu khing dinh da dugc chitng minh sau day.

Néu ham 56"y = f(x) c¢é dao ham cdp hai trén mot khodng chita diém x;,
f"(xg) =0 va f"(x) doi dau khi x qua diém x, thi U(xy; f(xy)) la mot

diém uon cua do thi ham s6’ y = f(x).

Vidu. Tim diém u6n cta dé thi ham s6 f(x) = —;x3 + 22 +3x+ : .

Gidi. Taco f'(x) = —x> +2x+3, f"(x) = —2x +2 va f"(x) = 0 tai diém
xp = 1. Vi f"(x) d6i déu (tir duong sang am) khi x qua di€m x, = 1 nén
U(1;5) 1a diém uo6n clia d6 thi ham s6 da cho.
Dé chiing minh dugc rang :
Do thi ciia ham s6 bdc ba f(x) = ax> +bx* +ex+d (a #0) luon co mot
diém uon va diém dé la tam doi xiing ciia do thi.
Vi du 2. Khdo sit su bién thién va vé d6 thi cia ham s6

y=—x3 +3x% —4x + 2.
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Gidi
1°. Ham s6 ¢6 tap xac dinh 1a R.

2°. Su bién thién ctia ham so
a) Gi6i han ctia ham s0 tai vo cuc
lim y =+c va lim y = —oo.

X—>—o0 X—>+oo
b) Bang bién thién
Ta co y'=—3x2+6x—4.

Vi y' <0 v6i moi x € R nén ham s6 nghich bién trén R. Ham s6 khong c6

cuc tri.

X ) +oo

y' -

o0

y \
3°. D6 thi (h.1.14)
* Diém u6n
Pao ham cdp hai cua ham s6 la
y"=—-6x+6.
y'=0 tai diém x =1 va y" déi g
diu tr duong sang am khi x qua
diém x = 1.
Vay U(1 ; 0) 1a diém u6n clia d6 thi.
® Giao diém clia do thi véi truc toa do
Giao diém ctia d6 thi vdi truc tung 1a . -
diém (0 ; 2). - ’
Phuong trinh y = 0 hay
(x—1)(x*-2x+2)=0 c6 nghiem
x =1.
Do dé, do thi cat truc hoanh tai diém
(1;0). Hinh 1.14

Nhdn xét : D6 thi nhan diém uén U(1 ; 0) 1am tam doi xdng.



3. Ham sé trung phuong y = ax* + bx* + ¢ (a # 0)
Vi du 3. Khdo sat su bién thién va vé do thi cia ham s6
4
y=x - 2x? = 3.
Giai
1°. Ham s6 c6 tap xéac dinh 1a R.
2°. Su bién thién ctia ham so
a) Gi6i han cta ham s6 tai vo cuc

lim y =40 va lim y = +oo,
X—>—o0 X—>+o0

b) Bang bién thién
Ta ¢6 Y= 4xS —dx = 4x(x> = 1) ;

y'=0¢ x =0 hoac x =1 hoacx=-1.

X —o0 -1 0 1 400

y' — 0 + 0 - 0 +

-3
y ~+o0 \ / \ / ~+o0
—4 —4

Ham s6 nghich bién trén mdi khoang o

(—oo;—1) va (0;1), dong bién trén
moi khoang (—1;0) va (1;+ ).

&
by

Ham so6 dat cuc dai tai diém x = 0, gia =

tri cuc dai cua ham s6 la y(0) = -3.
Ham s6 dat cuc tiéu tai cic diém
x = %1, gid tri cuc tiéu clia ham s6 la
y(*1) = —4.

e e =W

3°, P6 thi (h.1.15)

g g N

. Q2 ~
® Piém uon

Taco y"=12x> — 4.

Hinh 1.15
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y" =0 tai cic di€m x = 3 2=y va y" déi ddu khi x qua mobi

diém x; va x,.

Do d6 UIL—‘/g;—fj va U, L‘/g;—fj 12 hai diém u6n cta do thi.
3779 3779

® Giao diém ctia d6 thi véi truc tung 1a diém (0 ; —3).
Taco y=0 & x=+3.

Vay dé thi cit truc hoanh tai hai diém (—/3 ; 0) va (+/3 ; 0).

Nhdn xét : Ham s6 da cho 1a ham s& chdn nén d6 thi ctia né nhan truc tung
lam truc d6i xing.

Vi du 4. Khao sét su bién thién va v& d6 thi ctia ham s6
y=—x*—2x" +3.

Giai

1°. Ham s6 ¢6 tap xac dinh 1a R.

2°. Su bién thién ctia hAm so

a) Gi6i han cua ham s6 tai vo cuc

lim y =—c va lim y = —oo.
X—>—o0 X—>+o0

b) Bang bién thien
Taco  y'=—4x —dx = ~da(x” + 1) ;

y =0 x=0.

X —o0 0 +o0
y' + 0 -
3




Ham s6 dong bién trén khoang (— ; 0) va
nghich bién trén khoang (0 ; +0).

Ham s6 dat cuc dai tai diém x =0 ; gia
tri cuc dai cua ham s6 1a y(0) = 3.

3°. DO thi (h.1.16)

Giao diém ctia d6 thi v6i truc tung 1a diém
(0;3). Taco

y=0¢& x ==%1. 1 x
Vay d6 thi céit truc hoanh tai hai di€ém 1l
—-1;C va(l;0).
Nhdn xét : Ham s6 da cho la ham s6 chan ol
nén do6 thi cia né nhan truc tung lam truc
doi xung.
CHU Y Hinh 1.16
Goi (€)1 do thi cia ham s6 y = ax* + bx? + ¢ (a # 0).
Nguoi ta chiing minh dugc rang
1) Néu phuong trinh
[ =0 (1)

c6 hai nghiém phan biét x = +x; (x, > 0) thi d6 thi (¢) c6 hai
diém uén U,(xy; f(xg)) va U,(—xy; f(—xy)) doi xding véi nhau
qua truc tung.
2) Néu phuong trinh (1) ¢6 mot nghiém kép hoac vo nghiém thi d6
thi (¢) khong c6 diém uon.
(Dé thdy ring d6 thi ham so trong vi du 4 khong c6 diém udn).
Cau hoi va bai tap
40. a) Khdo sit su bién thién va vé do thi cia ham s6
y= X +3x% -4,
b) Viét phuong trinh tiép tuyén ctia do thi tai diém uon.
¢) Chitng minh ring diém uon 13 tAm d6i xtng ctia do thi.
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41. a) Khao sét su bién thién va vé do thi ciia ham s&

y=—x3 +3x2 - 1.
b) Tuy theo cac gia tri ctia m, hay bién luan s6 nghiém ctia phuong trinh

3
X +3x> -1=m.

42. Khao sat su bién thién va vé do thi ctia cac ham so sau :

a)y:;x3—x2—3x—§; b)y=x3—3x+1;
—1x3+x2—2x—§;

43. a) Khao sat su bién thién va vé& do thi cia ham s&

c)y d)y=x3—3x2+3x+1.

W

y = I )

b) Tuy theo cac gia tri cua m, hy bién luan s6 nghiém cta phuong trinh
2 -2=m

¢) Viét phuong trinh ti€p tuyén tai cac diém uon ctia d6 thi & cau a).

44. Khao sat su bién thién va vé do thi clia cac ham s6 sau :

a)y=x —32+2; b)y = —x' =227 +1.

Luyén tap

45. a) Khao sat su bién thién va vé do thi ctia ham s6
y = =32+ 1.
b) Tuy theo cac gia tri cua m, hdy bién luan s6 nghiém cta phuong trinh
-3t +m+2=0.
46. Cho ham so
2
y =(x+D&X" +2mx +m+2).
a) Tim cdc gid tri cha m dé do thi chia ham s6 da cho cét truc hoanh tai ba
diém phan biét.

b) Khéo sat su bién thién va v& d6 thi ctia ham s6 véi m = —1.
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47. Cho ham so0

48.

4

y=x —(m+1)x2 + m.
a) Khao sét su bién thién va vé do thi cia ham s6 v6i m = 2.
b) Chitng minh ring d6 thi ctia ham s6 da cho luon di qua hai diém c6 dinh
vGi moi gia tri cua m.
Cho ham s6

4

y=x —2mx? + 2m.
a) Tim cdc gid tri clia m sao cho ham s& ¢6 ba diém cuc tri.
b) Khéo sét su bién thién va vé d6 thi ctia ham s6 véi m = X Viét phuong

trinh ti€p tuyén clia do thi tai hai diém uon.

KHAO SAT SU BIEN THIEN VA VE

PO THI CUA MOT SO HAM PHAN THUC
7 HO'U TI

Hamso y =

o+ d (c#0 va ad —bc #0)

Vi du 1. Khao sat su bién thién va vé d6 thi ctia ham s6

2x 1
y:

x—1

Gidi

1°. Ham s6 ¢6 tap xdc dinh 12 \ {1}.

2°. Su bién thién cua ham s6

a) Gidi han vo cuc, giéi han tai vo cuc va cdc dudng tiém can

Tacoé lim y = —o va lim y = +oo. Do dé, duong thang x =1 Ia tiém can
x—1~ x—1"

dting ctia d6 thi ham s6 da cho (khi x — 17 vakhi x — 17).
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Vi lim y = lim y =2 nén dudng thing y = 2 la tiém can ngang ctia do
X—>+00 X—>—o00

thi ham s6 da cho (khi x — +oo vakhi x — —o0).

b) Bang bién thién
Ta co ':_72<0v6imoix;t1.
(x—=1
X ) 1 o0
y' - -
2
—+oco
—co 2

Ham s6 nghich bién trén moi khoang (—eo ; 1) va (1; + ).

3°. Pé thi (h.1.17)

D6 thi cat truc tung tai diém (0 ; 1) va cit
1
truc hoanh tai diém kg : O)-

Nhdn xét : D6 thi nhan giao di€ém /(1 ; 2)

cta hai duong tiém can lam tam doéi xung.

=) //rowu &~ <

IH1| Khdo sat su bién thien va vé d6 thi ham

6 _1=x
M)
N . ax’> + bx + ¢ .
Hams6 y=————— (a#0,a'#0)
a'x+b Hinh 1.17
. e X 42X+ 2
Vi du 2. Khao sét su bién thién va vé do thi cua ham s6 y == 1
X

Gidi
1°. Ham s6 c6 tap xdc dinh 1~ \{ 1}.
2°. Su bién thién ciia ham s6

a) Gidi han tai vo cuc, gidi han vo cuc va cdc duong tiém can



Ta viét ham s6 da cho dudi dang

1
y=x+1+—-—-

X+
Tacd lim y = —co va lim y = 4oo,
X—>—o0 X—>+o0
Vi lim y=-o va lim y=+c nén dudng thang x = —1 Ia tiém
x—=(=1)" x—=(=D*

can ding clia d6 thi ham s6 da cho (khi x — (=1)~ vakhi x — (=D").

1
Vi lim —(x+1)| = lim =0,va lim —(x+1)|=0
X —>4o0 |‘y ( )] X400 X + 1 X—>—o00 |‘y ( )]
nén duong thang y = x +1 1a tiém can xién ctia do thi ham s6 da cho (khi

X — 4oo va khi x — —o0).

b) Bang bién thién
2
+2
Taco : y' = s ;C ;
(x+1)

y'=0<:>x2+2x=0<:>x=0hoacx=—2.

TN N, T

Ham s6 dong bién trén moéi khoang

y
(—=;=2) va (0;+o), nghich bién
trén moi khoang (-2 ;-1) va —1; (
Ham s6 dat cuc dai tai diém x = -2

2

v6i gid tri cuc dai y(-2) = -2 va dat
cuc tiéu tai diém x =0 v6i gid tri cuc
tiéu y(0) = 2..

3°. D6 thi (h.1.18)

D6 thi cit truc tung tai diém (0 ; 2).

=\

Nhdn xét : D6 thi nhan giao diém
I(—=1;0) cta hai duong tiém can lam

tam doi xung. Hinh 1.18
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Vi du 3. Khao sat su bién thién va vé do thi cia ham s6
_ X2 —2x-3
Y= x—-2
Giai. C6 thé viét ham s6 da cho dudi dang

3
x—-2

y=x-
1°. Ham s6 ¢6 tap xac dinh 12 \ {2}.
2°. Su bién thién ctia ham so
a) Gidi han tai vo cuc, gidi han vo cuc va cac duong tiém can

Taco

lim y=—c0 va lim y = 4oo ;
X—>—00 X—>+o0

lim y = 4o0 va lim y = —oo,
x—2" x—2"

Do dé, dudng thiang x = 2 1a tiém can ding clia do thi ham s6 di cho (khi
x — 27 vakhi x - 2%).

x—=2
1a tiém can xién ctia d6 thi ham s6 da cho (khi x — 4oo vakhi x — —o0).

Viy—-—x= khi x — +o0 va khi x — —oo nén dudng thang y = x

b) Bang bién thién

_3
(x=2)°
khoang (—oo ; 2) va (2 ;+).

Vi y' =1+ >0 v6i moi x # 2 nén ham s6 dong bién trén mobi

X —o0 2 +oo
y' + +
y +o0 +o0



3°. Do thi (h.1.19)

* Giao diém ctia do thi véi truc

tung 12 diém L 2) .Taco

y=0e x° —2x-3=0
& x=-1 hoac x = 3.

Vay d6 thi cat truc hoanh tai
hai diém —-1;( va(3;0).

Nhdn xét : D6 thi ham s6 nhan
giao diém 1(2 ; 2) cha hai dudng

tiém can lam tam doi xding.

H2| Khédo sat su bién thién va
2

V6 d6 thi ham s6 y= "+ . Hinh 1.19
x+1

n ?m . . - n
Cau hoi va bai tap
49. a) Khao sét su bién thién va v& do thi cia ham s6

_ x—=2
YT o +1

b) Chiing minh ring giao diém I clia hai dudng tiém can ctia do thi 1a tam d6i
xtng cua do thi.
50. Khao sét su bién thién va vé do thi clia cdc ham so sau :
X+ _ 2x+1 .

a)y:x—l; b)y_l—Sx

51. a) Khao sét su bién thién va v& do thi ciia ham s6
_ 2% +5x+4
xX+2
b) Chiing minh ring giao diém I clia hai dudng tiém can ctia d6 thi 1a tam doi
xtng cta do thi.
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52.

53.

54.

5S.

56.

50

c¢) Tuy theo céac gia tri ctia m, hay bién luan s6 nghiém cua phuong trinh

242 +5x + 4

x+2 m=0.

Khao sat su bién thién va vé do thi clia cdc ham s6 sau :

2 2

x*=3x+6 2x° —x+1

a)y=—_"-"": by y="—~T""
x—1 1—x

2x% +3x -3 1

C)y—ﬁ ; d)y——x+2+;-
Luyén tap
X +

a) Khao sat su bién thién va vé do thi cia ham s6 y = 5"
x —

b) Viét phuong trinh ti€p tuyén ctia d6 thi ham s6 da cho tai giao diém A ca
do thi véi truc tung.

¢) Viét phuong trinh ti€p tuyén clia d6 thi ham s6 da cho, biét rang ti€p tuyén
do song song véi tiép tuyén tai diém A.

2 7z A . N ~ N . 9 < ’ 1
a) Khéo sét su bién thién va vé do thi (H) chiahamsd y =1— il
b) Tix d6 thi (#) suy ra cich v& do thi cia ham s6 y = —1 + i1

» o A s aA e h ta 2
a) Khao sat su bién thién va v€ do thi cuahamsé y = x — -1

b) Viét phuong trinh ti€p tuyén cua d6 thi ham s6 da cho biét rang ti€p tuyén
do di qua diém (3 ; 3).

2
a) Khao sét su bién thién va v& do thi (€) clia ham s6 y = Th
X
2
b) Tir d6 thi (€) suy ra cdch vé d6 thi cia ham s6 y = ﬂ
X+



MOT SO BAI TOAN THUONG GAP
8 VE PO THI

1. Giao diém cua hai dé thi
Cic d6 thi cia hai ham s6 y = f(x) vd y=g(x) cit nhau tai diém
M(xy 5 yp) khi va chi khi y, = f(x5) va y, = g(xy), tic la (x; ; yp) la mot
nghiém cua hé phuong trinh

y =
iy = g(x).

Nhu vay hoanh do giao di€ém cta hai d6 thi trén l1a nghiém ctia phuong trinh
f(x) = g(x).

S6 nghiém clia phuong trinh trén bang s6 giao diém cta hai d6 thi.

Vi du 1. Véi cdc gid tri ndo cla m, dudng thing y = m cit dudng cong

y = x* —2x> — 3 tai bon diém phan biét ?

Gidi

Hoanh do6 giao diém cia dudng thing va dudng cong di cho 1 nghiém cuia

phuong trinh x* — 2x% — 3 = m, tiic la

oo —m=3=0. )
pat X = x>, X 20, ta duoc

X' -2X-m-3=0. )
Puodng thang cat duong cong da cho tai bon diém phan biét khi va chi khi
phuong trinh (1) ¢6 bon nghiém phan biét. Diéu nay xay ra khi va chi khi
phuong trinh (2) c6 hai nghiém duong X, X, phan biét, tic la
A'">0 m+4>
JXIX2 >0 o J—m -3> & 4<m<-3.
LXI +X, >0 t 2>0
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Nhdan xét
C6 thé giai bai toan trén biang d6 thi nhu sau :
D6 thi ctia ham s6 y = x* — 2x? — 3 dugc cho trong hinh 1.15.

D6 thi clia ham s6 y = m 12 mot dudng thang song song hoic tring véi truc
hoanh. Dua vao do thi clia hai ham s6 di cho, ta thdy ngay ring dudng thing va
dudng cong da cho cit nhau tai bon diém phan biét khi va chi khi —4 < m < 3.

@ Chtmg minh réng véi moi gia tri ctia m, dudng thdng y = x —m cét dudng cong

+ o ,
y= 71’( tai hai diém phan biét.
Su tiép xtic cua hai duong cong

DINH NGHIA

Gia slr hai ham s6 f va g ¢ dao ham tai diém x,. Ta néi rang hai
dudng cong y = f(x) va y = g(x) ti€p xic v6i nhau tai diém
M(xy ; yp) néu M 1a mot diém chung cua ching va hai dudng

cong c6 ti€p tuyén chung tai diém M. Diém M dugc goi 1a
tiép diém cta hai dudng cong di cho.

Hién nhién cdc do thi clia hai ¥l
ham s6 da cho ti€p xic véi
nhau tai diém M(x, ; yy)
(h.1.20) khi va chi khi

Yo

Yo = f(X()), Yo = g(xo)

va f'(xy) = g'(xp)-

Tur d6 dé dang suy ra rang Hinh 1.20

Hai duong cong y = f(x) va y = g(x) ti€p xuc v6i nhau khi va
chi khi hé phuong trinh
fx) =
1f'(X) =g'(x)

c6 nghiém va nghiém cuia hé phuong trinh trén 1a hoanh do ti€p
diém ctia hai dudng cong dé.



Vi du 2. Chiing minh rang hai duong cong

3.5 S 2
y=x +Zx— vay=x +x-2
ti€p xtc v6i nhau tai mot diém nao do.
Xéc dinh ti€p diém va viét phuong trinh ti€p tuyén chung ctia hai dudng cong
da cho tai diém do.
Gidi
Hoanh do¢ tiép diém ctlia hai dudng cong da cho 1a nghiém ctia hé phuong trinh

Jx3+5x—2 =x2+x-2
4
D s ,
“f’ +4x—2) =(x2 +x-2).
Ta co
Jx — 2 +— 0 1
e S x= -
2,9 2
[3x + =201

Vay hai dudng cong da cho ti€p xidc v6i nhau tai diém M (; ; —:J

Hé s6 goc cla tiép tuyén chung tai diém M cta hai dudng cong da cho 1a

;_a

) 2. Phuong trinh ti€p tuyén chung clia hai dudong cong tai diém M 1a
1 5 9
y—ZLx—z)—él, hayy—2x—4

H2| Chung minh rdng dudng cong y = x> — x tiép xuc véi parabol y= x> -1 tai
mét diém nao do.

Xac dinh tiép diém va viét phuong trinh tiép tuyén chung cta hai duong cong tai
diém do.

Vi du 3. Chitng minh ring dudng thang y = px + ¢ 12 ti€p tuyén cta parabol
y = ax® + bx + ¢ khi va chi khi phuong trinh

2
ax" +bx+c=px+gq
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hay
ax> +(h-p)x+c—q=0 3)

c6 nghiém kép, tic 1a
A=(b-p) -4ac-q) =0.
Chitng minh
Ta da biét : Puong thang va parabol di cho tiép xiic véi nhau khi va chi khi hé
phuong trinh
ax? +bx+c=px+gq
(ax2 +bx+c¢)=(px+q)
hay

ax2+(b—p)x+c—q=0
2ax+b=7p 4)

c6 nghiém.
Néu dudng thing tiép xiic véi parabol thi hé phuong trinh trén c6 nghiém. Gia
st x = x la nghiém cta hé¢ phuong trinh trén. Khi d6, vi a # Onén tir (4) ta

co x, = pz_ab- Thay vao (3), ta dugc

2
a(p-b)

(p-0) _
5 +(b—p)Ta+C—q—O.

4a

Tir @6 suy ra
(b= p)’ —4alc—q) =0.
Vay phuong trinh (3) c6 nghiém kép.

Dao lai, néu phuong trinh (3) c6 nghiém kép x, thi x, = pz_ab- Hién nhién

X = x; cling 12 nghiém cta phuong trinh (4). Vay h¢ phuong trinh trén c6

nghiém. Do d6 dudng thang 14 ti€p tuyén ctia parabol.



CHUY
C6 thé 4p dung diéu khang dinh trong vi du 3 dé xét su tiép xiic clia
duong thang va parabol.
Vi du 4. Viét phuong trinh clia dudng thing di qua diém A(1 ; —2) va tiép xiic
v6i parabol y = x* = 2x.
Gidi
Phuong trinh clia dudng thang di qua diém A(1 ; —2) va c6 hé s6 goc m la
y=m(x-1)-2.

Hoanh do¢ giao diém ctia dudng thing va parabol da cho la nghiém cua
phuong trinh x> — 2x = m(x — 1) — 2, tiic I
X —(m+2Dx+m+2=0. 5)

Puong thang ti€p xiic vé6i parabol khi va chi khi phuong trinh (5) c¢6 nghiém
kép, tic la

A=m+27 —4m+2)=0
S m+2)(m—-2)=0 & m =2 hoic m=-2.

Vay c6 hai ti€p tuyén clia parabol da cho di qua diém A. D6 1a hai
duong thang

y=2(x—-1)—2 hay y=2x-4
va y=-2(x-1 -2 hay y=-2x.

Cau hoi va hai tap
57. a) Khao sat su bién thién va vé do thi (€¢) ctia ham s6
f) =23 +322 + 1.
b) Tim cdc giao diém ctia dudng cong (¢) va parabol
@ : gx)=2x" +1.
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¢) Viét phuong trinh céc tiép tuyén ctia (¢€) va (P) tai méi giao diém ctia ching.

d) Xdc dinh cdc khoang trén d6 (¢) ndm phia trén hoac phia dudi (P).

58. a) Khao sét su bién thién va vé d6 thi cia ham s6

_2x -1
y= x+1

b) Véi céc gia tri ndo cua m, dudng thang d,, di qua diém A(-2 ; 2) va c6 hé
s6 goc m cat do thi ctia ham s6 da cho
e Tai hai diém phan biét ?

® Tai hai diém thuoc hai nhanh ctia do thi ?

59. Chidng minh rang cac d6 thi ctia ba ham s6

60. Chiing minh rang cdc d6 thi cia hai ham s6 f(x)="—+ _x va g(x) =

F(xX)==x>+3x+6, g(x)=x> — x> + 4 va h(x) = X +7x+38
ti€p xtc vdi nhau tai diém A(-1 ; 2) (tic 12 chiing c6 cing tiép tuyén tai A).

3 3x
x+2

2 2
ti€p xtic v6i nhau. Xdc dinh ti€p diém cua hai dudng cong trén va viét phuong
trinh ti€p tuyén chung ctia ching tai diém do.

61. Mot vién dan duoc ban ra

56

vGi van toc ban dau
Vo > 0 tor mot nong sing

Vi
dat & goc toa do O, )
nghiéng mot géc o véi
mit dit (ndng sing nam
trong mat phang thing o
. N " (%)

dimg Oxy va tao véi truc 0 =
hoanh Ox géc @) (h.1.21).
Biét quy dao chuyén dong Hinh 1.21
cua vién dan la parabol.

(¥g) - y = —% 1+ tan’ a'))c2 + xtana

Yo
(g la gia toc trong truong).



Ching minh rdng v6i moi « € LO ; gj . (¥,) luon ti€p xudc vé6i parabol I
c6 phuong trinh 1a

2
g 2.V
y=—"-x" 4+

21/5 2g

va tim toa do tié€p diém ( I') dugc goi la parabol an toan).

Luyen tap
62. a) Khao sit su bién thién va vé& do thi cia ham s6
p— x -
Y x+1

b) Ching minh riang giao diém I cta hai dudong tiém can ctia duong cong da
cho 1a tam doi xing cua no.
63. a) Khdo sat su bién thién va v& dé thi (H) clia ham s6

_x+2
M

b) Chitng minh ring dudng thing y = mx + m — 1 ludén di qua mot diém co
dinh ctia dudng cong () khi m bién thién.

c¢) Tim céc gia tri ctia m sao cho dudng thang da cho cat duong cong (H) tai
hai diém thuoc ciing mot nhanh cta (#).

2
64. Cho ham s6 y = “xx_lbx

a) Tim a va b biét rang do thi (¢) cha ham s6 da cho di qua diém AL— 2)

va ti€p tuyén clia (€) tai diém O(0 ; 0) c6 hé so6 gbc biang —3.
b) Khao sat su bién thién va v& do thi cua ham s6 véi cdc gid tri cua a va b
da tim dugc.
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65. a) Khao sat su bién thién va v& d6 thi ctia ham s6

232 —x+1
R
b) Véi cdc gid tri nao cha m dudng thang y = m — x cat d6 thi clia ham s6
da cho tai hai diém phan biét ?

c) Goi A va B 1a hai giao diém d6. Tim tap hop céc trung diém M cla doan
thang AB khi m bién thién.

66. Tim cdc hé s6 a v b sao cho parabol y = 2x* + ax + b ti€p xuc véi hypebol

= tai dié Ml-zj
y== ai diém Lz, .

67. Mot tap chi duoc ban véi gid 20 nghin dong mot cudn. Chi phi cho xuét ban

58

x cudn tap chi (bao gom : luong cdn bo, cong nhan vién, gidy in, ...) dugc
cho boi

C(x) = 0,0001x* — 0,2x + 10000,
C(x) dugc tinh theo don vi 1a van dong. Chi phi phdt hanh cho méi cuon la
4 nghin dong.
1°. a) Tinh téng chi phi T(x) (xuét ban va phat hanh) cho x cudn tap chi.

? z T . ~ . ’ ~ s ’ .
b) Ti s6 M(x) = ECX) duoc goi 1a chi phi trung binh cho mdt cu6n tap chi khi

xudt ban x cuén. Tinh M(x) theo x va tim s6 luong tap chi can xudt ban sao
cho chi phi trung binh la thap nhat.

2°. C4c khoan thu bao gém tién ban tap chi va 90 triéu déng nhan duoc tir
quang cdo va su trg gitp cho bdo chi. Gia st s6 cuon in ra déu dugc ban hét.

a) Chiing minh rang s6 tién 13i khi in x cuon tap chi 1a
L(x) = —0,0001x” + 1,8x — 1000.
b) Hoi in bao nhiéu cudn thi c6 1ai ?

¢) In bao nhiéu cudn thi 14i nhiéu nhat ? Tinh s tién 13i do.



Bai doc thém

TiNH LOI, LOM VA BIEM UON CUA DUONG CONG

cung 16i CD b

(®

Vi 6i AB
A4 cung 16i AB
cung 16m BC
—_—
0 X

Hinh 1.22

Pudng cong (¢) trén hinh 1. 22 gém ba cung AB, BC va CD . Ta thay tiép tuyén
clia duding cong tai mbi diém M cla cung AB déu nam phia trén clia cung ; ngudi ta
goi AB la mét cung 16i. Tréi lai, ti€p tuyén tai méi diém ctia cung BC n&m phia dui
clia cung ; BC dudc goi 1a mét cung 18m. Diém B 1a diém phan chia hai cung 16i va
cung 18m clia dudng cong ; ngudi ta goi n6 la moét diém udn cla dudng cong (€).

Tuong tu, C cling 1a mét diém uén vi né phan chia cung 16m BC va cung 16i CD .
Ta ciing thay tiép tuyén clia dudng cong tai diém udn xuyén qua dudng cong.

Sau day ta sé gidi thiéu cac khai niém da néu moét cach chinh xac.

1. Tinh 18i, 16m cuta dé thi

Dinh nghia. Gia st ham s6 f ¢c6 dao ham trén khoang /. Ta néi rang
a) D6 thi (€) clia ham s8 y = f(x) 16i trén khoang I néu tiép tuyén cla (€) tai mdi
diém ctia n6 déu nam phia trén do thi.
b) D6 thi (¢) clia ham s6 y = f(x) 16m trén khoang I néu tiép tuyén cta (€) tai moi
diém clGia n6 déu ndm phia dudi dé thi.
Ta thtra nhan dinh li sau day.
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Dinh Ii. Gia st ham s6 f c6 dao ham cép hai trén khoang 1. Khi d6
a) Néu f"(x) <0 v6imoi xe I thidb thi (€)clia ham s6 y = f(x) 16i trén 1.
b) Néu £ "(x) >0 v&i moi xe I thi do thi (€) clia ham s& y = f(x) I6m trén 1.

. 2 2
Vi du 1. Xét tinh 16i, Idm clia hai parabol f{x) =x va g(x) =-x .
Gidi. Tacé f'(x)=2xva f"(x)=2.

2

Vi f"(x)>0 v6imoi xe nén parabol f(x) =x [dm trén
Trailai,vi g"(x)=—2<0 v6imoi xe nén parabol g(x) = - x2 16i trén
C6 thé thay ngay diéu khang dinh trén tir dinh nghia. Tiép tuyén ctia parabol f(x) = 2
tai mbi diém cla n6 déu ndm phia dudi dé thi va ti€p tuyén clia parabol g(x) = — 2
tai méi diém clia n6 déu n&m phia trén db thi.
Chu y. Diéu kién néu trong dinh Ii trén chi la diéu kién d0 chit khéng phai la diéu kién
can cla tinh 16i, I8m clGa d6 thi. Chang han, dudng cong f(x) = laemtren v
tiép tuyén clia dudng cong tai méi diém cla n6é déu ndm phia dudi dudng cong. Tuy

nhién, tacd f"(x)= 1242 >0 voi moi xe va f"(x)=0 taix=0.

Diém udn cta dé thi
Dinh nghfa. Gia sl ham s& f c6 dao ham trén khoang (a ; b) chira di€ém x,. N&u dd
thi (€) clia ham s8 y =f (x) 16i trén mét trong hai khodng (a ; xy). (xy ; b) va 16m trén
khoang con lai thi U(x, ; f (x,)) dugc goi la diém uén cta dé thi (€) (h.1.23).
y AY

diém uon

I
' U
|

I

T

1

I

1

I

:
a

TV, 5
(N |

o]
(¢
8
[
8&
=

(o )| PR .
=

(0] Xo

o Xo b X

Hinh 1.23
N6i mét cach khac, diém uéh ctia do thi [ diém phan chia hai phan 16i va 16m cla
dé thi.
Tiép tuyén clia do thi tai diém udn ludn xuyén qua dé thi.
Tu dinh li vé tinh 16i, 16m cta d6 thi, d& dang suy ra
Dinh Ii. Gid st ham s6 f c6 dao ham cép hai trén khodng I chira diém x,. N&u
["(xg) =0 va f"(x) d6i ddu khi x qua diém x, thi U(xy ; f(xp)) 1a mét diém udn

cla do thi ham s6 y = f(x).



Vi du 2. Tim cac khoang 16i, I6m va diém uén ciia dé thi ham s6

yz—;x3+x2+3x+;‘.

Gidi. Tach y'=—x" +2x+3 va y"=—2x+2.

Bang xét dau cla y":

y

Vi y">0 trén khodng (—oo; 1) nén d6 thi (¢) ctia ham s6 16m trén khodng (—oo; 1).
Vi y" <0 trén khodng (1;+0o0) nén dé thi (¢) 16i trén khoang (1;+c0) .

U(1 ; 5) 1a diém uén cla dé thi (€).

. m

Cau hai va hai tap on tap chuong |

68. Chitng minh céc bat dang thiic sau :
4 . T
a) tanx > x, véimoi x € LO ; 2} ;

3
b) tanx>x+x3vé’im()ixeLO;72tj.

Hudng dan. a) Chiing minh rang ham s6 f(x) = tanx — x dong bién trén nilia
khoang {O; ;J
69. Xét chiéu bién thién va tim cuc tri (néu c6) ctia cac ham s6 sau :
a) y=3x+1; b) y = ydx —x% ;
C)y=x+x/;; d)yzx—x/;.

70. Nguoi ta dinh 1am mot c4i hop hinh tru bang ton c6 thé tich V cho truéc. Tim

bén kinh ddy r va chiéu cao & ctia hinh tru sao cho tén it nguyén liéu nhat.
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71. Chu vi cia mot tam giac 1a 16cm, do dai mot canh tam giac 1a 6cm. Tim do

dai hai canh con lai cta tam gidc sao cho tam giac c6 dién tich 16n nhat.
Hudng ddn. C6 thé 4p dung cong thic He-rong (Héron) dé tinh dién tich
tam gidc :

Néu tam gidac ABC c6 do dai cac canh 1a a, b, ¢ thi dién tich cua n6 la

S = \/P(P —a)(p — b)(p — ¢), planka chu vi tam giac.

72. Cho ham s6

17
3

a) Khao sat su bién thién va v& d6 thi ctia ham sé da cho.

f(x) = ;x3 —2x% +

b) Ching minh rang phuong trinh f(x) =0 ¢6 ba nghiém phan biét.

73. Cho ham so

fx) = X+ px +gq.
a) Tim diéu kién doi v6i p va ¢ dé ham s f c6 mot cuc dai va mot cuc tiéu.
b) Chiing minh ring néu gid tri cuc dai va gid tri cuc tiéu trai ddu thi phuong trinh
X px+q=0 (1)
c6 ba nghiém phan biét.
¢) Ching minh ring diéu kién cin va du dé phuong trinh (1) ¢6 ba nghiém
phan biét 1a
4p3 + 27q2 <O0.

74. Cho ham so6

f(x)= x> =3x+1.
a) Khao sét su bién thién va vé do thi cia ham s6.
b) Viét phuong trinh tiép tuyén clia do thi tai diém uén U cta no.
¢) Goi (d,,) 1a dudng thang di qua diém U va c6 hé s6 goc m. Tim cdc gid tri
ctia m sao cho dudng thang (d,,) cét do thi cia ham s6 da cho tai ba diém
phan biét.

75. Cho ham so6
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y=x4—(m+1)x2+m.



a) Khao sét su bién thién va vé do thi ciia ham s6 véi m = 2.

b) Tim cdc gia tri cia m sao cho dé thi ciia ham s6 cat truc hoanh tai bon
diém, tao thanh ba doan thing c6 do dai bing nhau.

76. Cho ham s6 f(x) = x* — x2.

a) Khao sét su bién thién va vé do6 thi ctia ham s6 da cho.

b) Tir d6 thi clia ham s6 y = f(x) suy ra cdch v& d6 thi ctia ham s6 y = | f(x)|.

77. Cho ham s6

78.

79.

_ x—4m
Y= 2 (mx - 1)

c6 d6 thila ().

a) Khao sat su bién thién va v& d6 thi ctia ham s6 v6i m = 1.

b) Chiing minh rang v6i moi m# £ _, cdc dudong cong (H,,) déu di qua hai

2 b
diém c6 dinh A va B.
¢) Ching minh ring tich cdc hé s6 goc cla céc ti€p tuyén v6i (H,) tai hai

diém A va B la mot hing so khi m bién thién.

a) V& do thi (9) ctia ham s6 y = ¥ —x+1 vadd thi () cha ham s6

1
x+1

y:

b) Tim giao diém cua hai dudong cong (P) va (H). Chitng minh ring hai
dudng cong d6 c6 ti€p tuyén chung tai giao diém clia ching.
¢) X4c dinh cé4c khoang trén d6 () nam phia trén hoac phia duéi (H).
Cho ham s6
= f =+ !
Y= a X

a) Khao sat su bién thién va vé do thi (¢) ctia ham sé.
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80.

81.

82.

83.
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b) Tiép tuyén ctia dudng cong (€) tai diém M (x, ; f(xy)) cat tiém can ding
va tiém can xién tai hai diém A va B. Chiing minh ring M 12 trung diém cla

doan thang AB va tam gidc OAB c6 dién tich khong phu thudc vao vi trf clia

diém M trén dudng cong (¢).

4
- -

Trong moi bai tdp duoi day, hTy chon mot phuong dn trong cdc phuong dn dT
cho dé dugc khdng dinh diing.

3 X2

Ham s6 f(x):%—7—6x+4

(A) Dong bién trén khoang (-2 ; 3) ;

(B) Nghich bién trén khoang (-2 ; 3) ;

(C) Nghich bién trén khoang (—eo ; —2) ;

(D) Dong bién trén khoang (-2 ; +o0).

Ham s6 f(x) = 6x° —15x* +10x° = 22

(A) Nghich bién trén R ;

(B) Dong bién trén khoang (—e< ;0) va nghich bién trén khoang (0 ; +co) ;
(C) Dong bién trén R ;

(D) Nghich bién trén khoang (0 ; 1).

Ham s6 y =sinx — x

(A) bong bién trén R

(B) Dong bién trén khoang (—oo ; 0) ;

(C) Nghich bién trén khoang (—oo ; 0) va dong bién trén khoang (0 ; +c0) ;
(D) Nghich bién trén R.

Ham s6 f(x) = x> —3x> = 9x + 11

(A) Nhan diém x = —1 1am diém cuc tiéu ;

(B) Nhan diém x = 3 1am diém cuc dai ;

(C) Nhan diém x = 1 1am diém cuc dai ;

(D) Nhan diém x = 3 1am diém cuc tiéu.



84.

85.

86.

87.

88.

89.

90.

91.

Hﬁlms()'yzx4 —4x’ -5

(A) Nhan diém x = 3 1am diém cuc tiéu ;
(B) Nhan diém x = 0 1am diém cuc dai ;
(C) Nhan diém x = 3 1am diém cuc dai ;

(D) Nhan diém x = 0 1am diém cuc tiéu.

S6 diém cuc tri claham s6 y = x* —2x> =3 1a

(A) 0; B 1; © 33 D) 2.
2 —

S6 diém cuc tri clia hAm s6 y = xxixl-i- la

(A) 0; B 2; © 1 D) 3.

Ham s6 f¢6 daoham 1a £'(x) = x>(x + 1)>(2x = 1).
S6 diém cuc tri cia ham s6 1a
A) 1; B 2; © 0; D) 3.

Ham s6 y = x —sin2x + 3
2 P1 VR .2 -2
(A) Nhan diém x = r3 lam diém cuc tiéu ;

(B) Nhan diém x = % lam diém cyc dai ;

1%

(C) Nhan diém x = oy lam diém cuc dai ;
(D) Nhan diém x = —% 1am diém cuc tiéu.

Gia tri 16n nhat cia ham s6 y = =341 — x 1a

(A) -3 B) 1; © -1 (D) 0.
Gia tri nho nhat cua ham s6 y = 3sin2x — 4cosx 1a
(A) 33 B -5; © -4 D) -3.

Gi4 tri 16n nhat cia ham s6 f(x) = 2x° + 3x> — 12x + 2 trén doan [-1 ; 2] 1

(A) 6; B) 10; © 15; (D) 11.
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92. Gi4 tri 16n nhat cia ham s6 f(x) = V—x> = 2x + 3 la

93. Goi (¢)1a do6 thi chaham s y =

94. Goi (¢)1a d6 thi cia ham s6 y =

95. Goi (¢)1a d6 thi cia ham s0 y =

96. D6 thi ciaham s6 y = x +

66

(A) 2; B) 2 © 0; (D)

2x% —3x + 4
2x +1

(A) Pudng thang x = —1 1a tiém can ding cta (€).

(B) Puong thang y = 2x — 1 1 tiém can xién cia (¢).

(C) Budng thang y = x + 1 12 tiém can xién clia (€).

(D) Puong thang y = x — 2 12 tiém can xién ctia (€).
X’ +3

3450227

(A) Duong thang x = 1 12 tiém can ding cia (¢).

(B) Puong thing x = — ) 12 tiém can ding cta (€).

(C) Budng thang y = 1 12 tiém can ngang clia (€).
(D) Puong thang y = —x + 1 12 tiém can xién cta (€).

x2+x+2
5x2 —2x+3

(A) Buong thang x = 2 12 tiém can diing cta (€).

(B) Buong thang y = x — 1 1a tiém can xién cta (€).

(C) Duong thang y = — Ll_ 1a tiém can ngang cua (€).

(D) Puong thang y = — ) la tiém can ngang cua (¢).

x—1
(A) Cat dudng thing y = 1 tai hai diém ;
(B) Cat duong thang y =4 tai hai diém ;



(C) Tiép xiic v6i duong thang y =0 ;
(D) Khong cat duong thang y = —2.

97. Xét phuong trinh 3 = m.
(A) V6i m =5, phuong trinh da cho c6 ba nghiém.
(B) V61 m = —1, phuong trinh c6 hai nghié¢m.
(C) V61 m =4, phuong trinh c¢6 ba nghiém phan biét.
(D) V61 m = 2, phuong trinh c6 ba nghiém phan biét.

98. D6 thi ham s6 y = P

(A) Nhan diém (—; ; ;j lam tam doi xdng ;

1
(B) Nhan diém L—E : 2} lam tam doi xdng ;
(C) Khong ¢6 tam doi xing ;
(D) Nhan diém L; : ;j lam tam déi xtng.

S 2x+3vay=x —x+11a

99. S6 giao diém cua hai dudng cong y = x
(A) 03 B 1; © 3; D) 2.

100. Cac do thi cua hai ham s6 y = 3 — B va y = 4x° ti€p xtc v6i nhau tai diem M
c6 hoanh do 1a

A)x=-1; Byx=1; C)x=2; (D)x:2.
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huorng

HAM SO LUY THUA,
HAM SO MU VA HAM SO LOGARIT

Trong chuong nay, luy thua voi s6 mu nguyén duoc
mo rong cho s6 mu hiru ti, s6 mu thuc va tu do hinh
thanh khdi niém logarit. Day la nhung phép tinh
duoc st dung nhiéu trong khoa hoc, ki thuat va doi
song. Trén co so do, ta khao sat hai ham s6 quan
trong la ham s6 mii va ham sé légarit. Cudi chuong
s€ néu mot so6 phuong phap giai phuong trinh mu va
phuong trinh logarit.

Hoc sinh can nam duoc céc tinh chat cua luy thira va
logarit cia ham s6 mua va ham so6 logarit; dong thoi
van dung duoc cac tinh chat ay dé giai phuong trinh,
hé phuong trinh, bat phuong trinh mu va logarit.



LUY THUA VOISO MU HOU TI

1. Luy thira véi s0 mii nguyén
Nhéc lai ring v6i méi s6 nguyén d ong n, luy thita bac n ctia s6 a (con goi 1a

luy thita ctia @ v6i s6 mii n) 1a s6 a” xéc dinh boi

a" = aa.a véin>1,
==
nthira s6
1
a =a.

ad oc goilacoso, n @ oc goila so' mii clia luy thira a” .

3
[H1] Tinn @j L (—/3)°, 0*.

Dé c6 khdi niém luy thira v6i s6 mii nguyén, ta con phai dinh nghia lu§ thira
vGi s6 mii 0 va s6 mil nguyén am.

a) Luy thira v6i s6 mi1 0 va s6 mii nguyén am
DINH NGHIA 1

Vé6ia # 0, n =0 hoac n 1a mot s6 nguyén am, luy thira bac n cta

N ~ N 2 . 9,0
alaso a xac dinh boi

Vidul (-3 = (_13)3 = () =1

Vi du 2. Néu sir dung Iu§ thira v6i s6 mii nguyén ctia 10 dé biéu dién mot so,
chang han s6 2418,93 d 6i dang :
2418,93 = 2.10° + 4.10% +1.10 + 8.10° + 9.107" + 3.1072

thi ta thay trong téng trén, méi s6 hang c6 dang .10, s6 mii k chi 13 vi tr{
ctia chit s6 a trong biéu dién thap phan clia s6 di cho. Chang han, v6i k = —1
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thi chit s6 ¢ & hang phan m i, v6i k = 0 thi chit s6 a & hang don vi, véi
k =1 thi chit s6 a & hang chuc, . . . .

CHUY

1) Céc ki hiéu 0°, 0" (n nguyén am) khong c6 nghia.
1

a—l’l

3) Ng 0i ta th ong ding cdc luy thira ctia 10 vé6i s6 mil nguyén dé
biéu thi nhitng s6 rat 16n va nhitng s6 rat bé.

2) V6ia#0van nguyén, tacd a" =

Chéang han
Khéil ong cta Trdi Dat 1a 5,97.10%* kg,
02

Khoil gng nguyén ti cua hidro 1a 1,66.1 g,

Trd choi Rubic (Rubik) ¢6 hon 4.10" céch sp xép.
b) Tinh chat cua luy thira véi so6 mii nguyén
Quy tdc tinh
Tur dinh nghia luy thita v6i s6 mii nguyén ctia mot s6, ta thay cac quy tic tinh

toan cho luy thira v6i s6 mii tw nhién van con ding vé6i s6 mil nguyén. Cu thé
ta co dinh 1i sau day.

DINH L 1

Vé6i a # 0, b # 0 va véi cac sO nguyén m,n, ta cod

m
1) am.an — am+n . 2) a_n — am—n .
a
n
3) (a’") = g™ . 4) (ab)" = a"b"

5) (%] - Z_"'

Ta chitng minh cong thiic 5).

V6i n > 0, cong thitc hién nhién ding.



Véi n <0, tacd—nlasénguyén d ong. Do do

b—l’l
Cac cong thic khac d oc chitng minh t ong tu.

@ Chumg minh céng thire 1) cla dinh Ii 1 cho tr ong hgp m >0, n <0 va
m > |nl.

So sdanh cdc luy thira

DINH Li 2

Cho m, n 1a nhiing s6 nguyén. Khi d6

1) V6i a > 1 thi a” > " khivachikhi m >n ;

2) V6i 0 < a <1 thi " >a" khi vachi khi m < n.

Tir dinh 1 2, ta ¢6

HE QUA 1

V6i 0 < a < b vamlasonguyeén thi
1) @™ < b™ khivachikhim>0;
2) @ > b"™ khi va chi khi m < 0.

Chitng minh
V10<a<bnen§>1 vao<4<r.

bY' (b
Theo 1) cta dinh 1i 2, ta c6 (—j > (—J < m > 0, hay

a a

a" <b" < m>N0.

b b

a” > bp" < m<O.

m 0
Theo 2) cua dinh 1i 2, ta c6 (ﬁj > (ﬁj < m < 0, hay
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Tirhé qua 1, ta c6 thé chiing minh d oc hai hé qua sau :

HE QUA 2

V6i a < b, nlaso tunhién 1€ thi

a' < b".

HE QUA 3

Vi a, b 1a nhiing s6 d ong, n 1a mot s6 nguyén khac 0 thi

a" = b" khivachikhi a = b.

C6 phéi (0,99)%.99 > 997 va (0,99)".99 > 997

2. Can bac n va luy thira véi s6 mii hiru ti

Ta da c6 khai niém can bac hai, can bac ba cua mot s6. Sau day, ta xét khai
niém can bac n ctia mot so.

a) Can bac n
DINH NGHIA 2

Vé6i n nguyén d ong, can bac n cua s6 thuc a l1a s6 thuc b
sao cho

b" =a.

Ta thira nhan hai khang dinh sau day.
e Khi n la so" 1€, mbi s6 thuc a chi ¢6 mot can bdc n. Can d6 d oc ki hiéu
1a ¥a.
e Khi n la s6 chdn, moi s6 thuc d ong a cé ding hai cdn bdc n la hai s6 doi
nhau. Can c6 gia tri d ong ki hiéu la Ya (con goi 1a cdn s6 hoc bdc n cua a),
can ¢ gid tri am ki hieu la —¥/a . Pac biet, ¥a & oc ki hieu don gian la Va.
Vidu: S6 32 chi c6 mot can bac nam la J32 =2 ;56 64 6 hai can bac sau

1a Y64 =2 va Y64 = 2.
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Nhdn xét
1) Can bac 1 cta s6 a chinh l1a a.
2) Can bac nctiia s6 01a 0.
3) S6 am khong c¢6 can bac chan vi luy thira bac chan cua mot s6 thuc bat ki 1a
sO khong am.

4) V6i nnguyén d ong Ié, ta c

Ya >0 khia>0;

4a < 0 khia <0.
5) @:{a khi n 18 ~

lal khi n chan.

MGt so'tinh chdt cua cdn bdc n
T céc tinh chat cia luy thira v6i s6 mii nguyén d ong, ta ¢6 thé chitng minh
d oc cac tinh chat sau day.

Vé6i hai s6 khong am a, b, hai s6 nguyén d ong m, n va hai s6
nguyén p, g tuy y, ta co

1) Yab = Ya ¥b ;

2)’(/%=%(b>0);

3) Yo’ = (Ya) @>0);

4 ®fa = ma

5) Néu Bz%thi Yar = %a? (@>o0).

n
Dac biet Ya = "a".

Cac tinh chat 1), 2), 3) da d@ o¢c biét dén doi véi can bac hai va can bac ba.

Ta chiing minh tinh chét 5).

Gidst Na’ =xvaa? =y. Via>0nén x>0,y >0.
Ta co x"=aP, y" =a?. Do do

X = gPh =y,
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Mit khac, vi P _ 9 jen ng = mp. Boi vay, tr x" =y"™ vax >0,y >0,
suyra x = y.

Hoc sinh tu chiing minh tinh chat 4).

Vidu3

a) V8.4 =84 =332 =2. b 5——(

o) Y729 = 729 = 3. d) 128% = (Y128) = 2° = .
o) 4128 = 47 = 2.

Chimg minh rang

E

Y81 _
6

a) Néu n la s6 nguyén d ong 1é va a < b thi Ya <p ;

b) Néu n la s6 nguyén d ong chdnva 0 < a < b thi Ya < Y.
b) Luy thira v6i s6 mi hiru ti
DINH NGHIA 3

Cho a la mot s6 thuc d ong va r 1la mot s6 hitu ti. Gia st
m P N PR A N N U A

r = —, trong d6 m 1a moOt s6 nguyén con n 1a mot s6 nguyén
n

d ong. Khi do, luy thira ctia a v6i s6 mii 7 12 s6 a” xdc dinh boi

m

Nhdn xét. Tu tinh chét 5) cla can bac n, ta suy ra rdng s6 a’ =a” 1a xdc

. . UV /R
dinh, khong phu thudc vao phan s6 — bieu dién so6 hitu ti r, tic 1a néu
n

m m'
1 —_— —
m m N ! z L 2, 2,° N A A ~, 2
r=—=—thia" =a" . Do do6 trong biéu thitc a" v6i r1a mot so hitu ti,
non

ta th ong viét rd 6i dang phan s6 t6i gian c6 mau d ong.



Vidu 4
2

1
08 = V82=Y6a =4 ; b)273:\3/27‘1:,3%:%.

1
c) a" = Ya (ad ong, nnguyénd ong).

e C6 thé chiing minh d oc rang lu§ thira véi s6 mil hitu ti (ctia s6 thuc d ong)
c6 day du cdc tinh chat nh  luy thira v6i s6 mii nguyén da néu & trén.

Vi du 5. Cho a, b 1a nhitng s6 thuc d ong. Ta c6

4 4 1 1

a3b+ab?  ab(a® +b3) b

Ja+p L ]

a’ + b3

Cauhoiv b itap
Trong céc khéng dinh sau, khang dinh nao diing, khéng dinh nao sai ?

a) VGi so thuc a va cac s6 nguyén m, n, ta co

b) Véi hai s6 thuc a,b cung khac 0 va s6 nguyén n, ta c6
n n
a a
(ab)" =d"b" ;| —| =—.

b b

¢) Vi hai s6 thuc a,b thoa man 0 < a < b va s nguyén n, ta co

a' <b".
d) Véi s6 thuc a khac 0 va hai s6 nguyén m, n, ta cé

Néu m > n thi a” > d".

Xét khang dinh :

"V6i s6 thuc @ va hai s6 hitu ti r, s, ta c6 (@’ )’ = a"™".
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V6i diéu kién ndo trong cic diéu kién sau thi khing dinh trén ding ?

(A) abatki; B)a=#0; C)a>0; D)a<l.
Viét cac s6 sau d 6i dang s6 nguyén hay phan so toi gian :
77114 . iz : (i) : %
3 S 15%.3
Thuc hién phép tinh
_L 3
~o7s (1 )3 (L) 5.
) 8L+ (125 32)
1 2 1
b) 0,001 3 —(-2)2.643 -8 3 + (9)%;

2 1 )07
34 _ 1505,
c) 273 + ( 7 6) 2577,

1

1

=
—] 2 119(=3)2,

d) (=0,5)* — 625" — (2 Z

Pon gian biéu thiic (v6i a, b 12 nhitng s6 d ong)

dan?y .
So sdnh céc s0 :
a) V2 va I3 ; b) 3 +330 va 63 ; c) I7 ++/15 va 10 + 328.

Ching minh 37 + 5v2 + 37542 = 2.

1 7 _1 5
4 2 1
3 3

a)

—a a3 +a 3




Bai doc thém

TiNH GAN DPUNG CAN BAC n cUA MOT SO
THAP PHAN BANG MAY TiNH BO TUI.

C6 thé dung may tinh bd tai ching han, may tinh CASIO fx-500 MS dé tim gia tri gan
dung can bac n clia mot sé thap phan.

Vi du 1. Dé tim /23,425 , ta &n lién ti€p cac phim sau :

V12304254,

Khi d6, trén man hinh hién s6 4.839938016 . Lam tron dén chir s6 thp phan thirt |
tad dc

23,425 = 4,8399.

Vi du 2. D& tim 3/8,532 , ta &n lién tiép cac phim sau :

SHIFT] 3/ |8 [] 53 2 [2]

Trén man hinh hién s6 2.043385382. Lam tron dén chir s6 thap phan thd t |
tad dc

38,532 ~ 2,0434.

L u y :Khi &n lién tiép hai phim [SHIFT| |3/ | taméid oc phim |3 |

Vi du 3. D& tinh /320, ta 4n lién tiép cac phim sau :

7 [smET] Y] 32 0 .

Trén man hinh hién s6 2.279704562. Lam tron dén chit s6 thap phan thirt ,tad oc
1320 ~ 2,2797.

L uy : Khi &n lién ti€p ba phim 7 ] taméid gcphim I

®&tinh 3232 ta&n 3 2 [A] 3 [] 2 [=]. Trén man hinh hien s6 65,536.

Nh vay 3232 =65536.)
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Luyen tap

8. Don gian biéu thic

\/;—\/_ \/;+\/_ b) a-b  a+b
YV lh ¥ VoW Tardh
a+b 2 a—1 \/;+% l
c) —Rab |: Fla -3Ipy*; ) : at +1.
(\/_ Ip j 3001 Ja+1
a* + a?
9. Tu tinh chit cta luy thira v6i s6 mii nguyén d ong, chiing minh
Yab = Ya b (a>20,b >0, nnguyénd ong).
10. Chitng minh

) VA+23 —Ja—2J3 =2 : b) 39 + /80 + 39 — /80 = 3.

11. So sanh cdc s6

5
a) (\/5) 6 vi 3/3—14\1@ ; b) 3600 vy 5400 .

5
-2z 3
5 (%} " va 221 d) 7 va 4%,
§ LUY THUA VOI sO MU THUC

1. Khai niém luy thira véi s6 mii thuc

Ta da dinh nghia lu§ thira v6i s6 mii hitu ti. Dé dinh nghia lu§ thira v6i s6 mil
thuc tuy y, ta con phai dinh nghia luy thira v6i s6 mii vo ti.

Cho s6 vo ti a. Ta thita nhan rang bao gid cling c¢c6 mot day s6 hitu ti
By Ty wes Iy .. Ma limr, = . Chéng han, v6i

=2 =1,4142135...



ta c6 diy =1 ; n=14 ; =141 ; b =1414 ; 15 =14142 ;
re = 1,41421 ;.. va limr, = /2.

e Cho a la mot s6 thuc d ong va « la mot s6 vo ti. Xét day s6 hitu ti
Bs Iy wes Iy ... ma limr, = . Khi d6, ng 0i ta ching minh d ¢c rang day
so thuc a', a2, ..., a™, ... c6 gi6i han xdc dinh (khong phu thudc vao day
so hitu ti (r,) dachon, tic la néu con c6 day hiru ti (r;) ma limr =«
thi lima™ = lima™). Ta goi giGi han d6 1a luy thia cia a voi s6 mii o, ki

hiéu 1a a*. Vay

a® = lim a™.
n—+o0
Vidul
V2 1a gidi han cua day so
1; 14; 1,41 ; 1,414 ; 1,4142 ; 1,41421 ; ...
nén 10*/5 la gi6i han cua day so
10! - 104 - 10141 . 101414 . qolé1d2 . qlél4l,

Gid tri ctia 102 bing 25,95455352....

GHI NHO (vé co s6 cua luy thira)

1) Khi xét Iuy thira v6i s6 mi 0 va s6 mi nguyén am thi co s6
phai khac 0.
2) Khi xét luy thra v6i s6 mii khong nguyén thi co sO
phai d ong.

e Ng 0i ta chiing minh d ¢c ring luy thira v6i s6 mil thuc (cia mot s6 d ong)
c6 day du cac tinh chat nh luy thira v6i s6 mi nguyén da néu trong 1.
Vidu 2
a) VGia laso d ong, tacd
( a«B +1)\B -1 4

2 =2 -1
_ _ 4
a7«5‘a3+«5 a

79



2.

80

b) D€ so sdnh cic s6 16\/E va 43\5, tad a vé€ so sdnh hai lu§ thira cing co so.

Tacé 16¥2 = 423 do d6 ta so sdnh 24/3 va 32,

Vi (2V3)2 =223 =12, (3v/2)> =322 =18 nén 2+/3 < 3+/2, do d6
423 V2 e 16 < 432

-5 )7 35
1+/5 2

[H1] 7inn | 2 2

Cong thuc lai kép

Gl tién vao ngan hang, ngoai thé thic 14i don (tdc la tién 13i cta ki tr 6c
khong d gc tinh vao von cua ki k€& ti€p, n€u dén ki han ng i glri khong rat 1ai
ra), con c6 thé thic [di kép theo dinh ki. Theo thé thic nay, néu dén ki han
ng Oi gti khong rit 14i ra thi tién 1di d ¢c tinh vao von cua ki k€ ti€p. Néu
mot ng Oi gui sO tién A véi 13i suat ~ mdi ki thi dé thay sau N ki s6 tién ng oi
dy thu d oc ca von lan 1ai la :

C=Al+n". 1)
(C6 thé chiing minh bang quy nap theo N ).

Vi du 3. Theo thé thic 13i kép, mot ng i giri 10 triéu déng vao ngan hang.
a) Néu theo ki han 1 nam véi 1ai suét 7,56% mot nam thi sau 2 nam ng oi d6
thu d ¢gc mot so tién 1a

10.(1 + 0,0756)* ~ 11,569 (triéu déng).
b) Néu theo ki han 3 thang vé6i 1ai suat 1,65% mot quy thi sau 2 nam ng 0i d6
thu d oc mot s@ tién 1a

10.(1 + 0,0165)® ~ 11,399 (triéu dong).
@ Mot ng 6i dau t 100 triéu déng vao mét cong ti theo thé thuc 1ai kép vai Iai

suét 13% moét nam. HGi sau 5 nam mdi rat 1ai thi ng &i do thu d dc bao nhiéu tién
14i ? (Gig str rang 14i sudt hang nam khéng doi).



Cauhdiv b itap
12. Xét ménh dé : "Véi céc so thuc x, a, b,néu 0 < a < b, thi a* < b*".
Vi diéu kién nao sau day cua x thi ménh dé do la ding ?
(A) x batki; B) x>0 ; ©) x<0.
13. Xét ménh dé : "Véi céc s6 thuc a, x, y,néu x < y, thi a* <a’".
Vi di€u kién nao sau day cua a thi ménh dé d6 la ding ?
(A) abatki; B) a>0; ©) a>1.
14. Cho cdc s6 thuc a, x, y v6ix < y.Hay tim diéu kién cta a dé a* > a”.

15. Tinh gid tri c4c biéu thic
8

(0.52)
16. Don gian cdc biéu thiic

V3+1

V31

) B ﬁﬁ”
53 A a

) 22‘3‘/5.86 : 31+2%/§ :9%/5 .

b

17. Mot ng i guri 15 triéu dong vao ngan hang theo thé thitc 1ai kép ki han 1 nam
v6i 13i suat 7,56% mot nam. Gia st 13i suat khong thay doi, hoi so tién ng i
d6 thu d oc (ca von 1an 14i) sau 5 nam la bao nhiéu triéu dong ? (Lam tron
dén chit s6 thap phan thi hai).

Luyén tap

18. Viét cac biéu thitc sau d 6i dang luy thira chia mot s6 v6i s6 mil hitu ti :

a) Y2 (x>0 ; b)#%i/% (a>0,b>0);
11
c) ’3’2’3/2\/% ; d) \la\/a\/a\/; cal® (a>0).
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19. Don gian biéu thiic

V241 e
2) 222 (#) : b) o a3 ;
a2 pV3-! b?
22 _ 0\ 1y
c) a;szrl ; d) (xn+y”)2— 47 xy | .
[ =)

20. Tim cdc s thuc «, thoda man timg diéu kién sau :
W 2@+ a =1 @>0: b3 <27,

21. Giai cdc ph ong trinh sau bang cich dat ¢ = Yx :

Jr+¥x =2, by Vx -3x+2=0.

22. Giai cac bat ph ong trinh sau :

a)x4<3; b)x1127; c)x10>2; d)x3£5.

LOGARIT

— 4

Trong bai nay ching ta s& tim hiéu mot trong nhitng phép todn quan trong c6

nhiéu Gng dung trong thuc tién, d6 1a logarit.
1. Dinh nghia va vi du
Tr dc tién, ta c6 nhiing 1 u y sau vé luy thira cua co s6 a :

Cho s6 a d ong. V6i mdi s6 thuc o tuy ¥, ta luon xdc dinh d oc luy thira a“.
Hon nira, ta c6

a® lamotso d ong ;
Néua=1thig* =1 =1v6imoi a e R ;
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Néu @ > 1 thi a® < a” khivachikhi a < 8 ;

Néu0< a <1 thi a* < a” khivachikhi a > f.
Tur do, suy ra
Néu0< a # 1 thi a* = a” khivachikhi a = B.

Ng oc lai, ta thira nhan rdng khi a 1a mot s6 d ong khdc 1 thi v6i moi s6
d ong b, coOmotsd a dé

a® =b.
Theol uy & trén, s6 « d6 l1a duy nhat. Tur do, ta c6 dinh nghia sau :
DINH NGHIA 1
Cho a 1a mot s6 d ong khac 1 va b 1a mot s6 d ong. S6 thuc «

dé a* =b d gc goi 1a logarit co s6 a cua b va ki hiéu 1a
log, b, tic 1a

a=log,b< a” =b.

Vidul

log; 100 = 2 vi 10 = 100 ; logloﬁ =2WVil07? = —=——.

CHUY
1) Khong c6 logarit ciia s6 0 va s6 am vi a“ luon d ong véi
moi « .
2) Co s6 cua logarit phai d ong va khac 1.
3) Theo dinh nghia logarit, ta c6

log,1 =0,log,a=1;
log,a” =b, Vb e R ; (1)

a8’ = p Vb e R, b >0, (2)

Hai cong thitc (1) va (2) noéi 1én rang phép 14y 16garit va phép nang lén lu§ thira
12 hai phép toan ng ¢c clia nhau. Cu thé, véi s6 a d ong khéc 1 ta ¢
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V6i moi so thuc b

b ab: log, a’ = b;
nang lén luy thira 1ay 1ogarit co sO a
cosda
V6i moi s6 thue b d ong
b! log, b '8’ =
lay logarit co so a nang 1én luy thira

cosOa
Vidu 2

1 -2
log3§/§ = log; 33 :% ; logl4 = logl (—] =-2.
2 2

[H1] Tinn

1 1
a) logzz ; logw% ; b) 9logs12 . 0,125'°%0s 1
[H2] Vi gia tri nao ciia x thi logy (1-x) =2 ?

2. Tinh chat
a) So sanh hai logarit cung co so

Ti nhitng 1 u y cua muc 1, dé dang ching minh d oc

DINH Li 1

Cho s6 d ong a khac 1 vacacs6d ongb, c.
1) Khi a > 1 thi log, b > log,c < b > c ;
2)Khi 0 <a <1 thi log,b >log,c < b <c.

Ta ching minh 1).

Vi a > 1 nén, theol uy ctia muc 1, ta cd

log, b > log,c < a8’ > ¢« = b >
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Hay chiing minh 2).
T dinhli 1, ta cé

HE QUA

Cho s6 ad ong khac 1 vacacs6d ong b, c.
1)Khi a > 1 thi log,b>0 < b > 1.
2)Khi 0 < a <1 thi log,b>0< b<1.

3) log,b =1log,c < b=c.

Vi du 3. Hay so sanh log, % va log %

3
5 2

Gidi.Vi%<1vé§<l nén 10g3%>10g31:0.
5 5

V‘1§>1Vé§<1nénlog3%<log31:0.

2 5
2 2
2
T d6 suy ra log, 3 > log, %
5 2

b) Cac quy tac tinh logarit

T dinh nghia logarit va tinh chét cta luy thira, ta suy ra cdc quy tac tinh

logarit.

DINH Li 2

Vé6is6 ad ong khiac 1 vacacsdd ong b, ¢, tacod

1) log,(bc) = log,b +log,c ;
b

2) log, (—j =log,b —log,c ;
¢

3) log, b” = alog,b.
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CHUY

Béng quy nap, suy ra rang véi cac s6 d ong by, b,, ..., b

log,(b)b,...b,) = log, b, +log, b, +... +1og, b

Khéng dinh sau dung hay sai ? Vi sao ?

VX € (~0; 1), log, (x> —1) = log,, (x + 1)+ log, (x — 1).

Tir dinh 1i 2 dé dang suy ra

HE QUA

. b,, taco

n-

1) loga% =—log, b ;

b

2) loga% = %loga b.

Véis6a d ongkhac 1,s6d ong b vasdnguyénd ong n, ta cd

Vidu4
log;16  log;16 _ log;2*  4log,2
log; 15 - log; 30 log, % log, -1 —log,;2

1
EI Tinh logs NE) _EIOgS 12 + logs 50.

Doi co s6 cia logarit

Trong tinh todn, doi khi ta cin biét mai lién hé giita nhitng logarit v6i co s

khac nhau.

Sau day 1a cong thitc d6i co so clia logarit.

DINH Li 3

log, ¢
log, b

a

log;, ¢ = hay

Véia, blahaisod ong khic 1 va clasod ong, tacd

log, b.log, ¢ = log, c.
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Chitng minh
That vay, ta c6 ¢ = b'°%¢, tir d6

log, ¢ = loga(blog”c) = log, c.log,, b.
Vib #1nénlog,b+#0,dodo

log, ¢
log, b’

log, ¢ =

Tur cong thic déi co s6 cua logarit, véi ¢ = a, ta suy ra

HE QUA 1

Véia va b lahai s6 d ong khic 1, ta ¢

log, b = hay log, b.log,a =1.

log, a

Ciing trong cong thitc déi co s6 d6, véi b = a® (a#0), taco

HE QUA 2

Véialasod ongkhac 1, clasod ongva a#0,tacd

| = 1l
0gq ¢ =—-log,c.

Vidy5. log, (log34.log, 3) = log; (2log;2.log, 3) = log, 2 = log, 2
4 4 4

1 1
=——=log,2 =——-

2 2
. 3
Tim x, biét logs x +logg x = >

Nhdn xét. Nho cong thic déi co s6 cta logarit, khi biét logarit co s6 a, ta ¢
thé tinh d oc logarit co s6 bat ki. Chang han, ta c6 thé tinh d oc céc logarit
co's0 2, coso 3, . .. theo logarit co so 10.
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Logarit thap phan va ing dung

Trong thuc hanh ta hay dung hé d€m thap phan (hé d€m co s6 10) ; chinh vi vay
logarit thap phan (logarit co s6 10) chi€ém mot vi tri quan trong trong tinh toan.
Nam 1617 ng 0i ta da xay dung d ¢c bang logarit thap phan dé tim gid tri gan
ding logarit thap phan cia mot s6 thuc d ong bat ki (xem bai Em ¢6 biét
"Vé lich st phat minh logarit va bang logarit" trang 91). Ngay nay thay vi ding
bang, ng 0ita th ong dung may tinh bo tui.

DINH NGHIA 2
Logarit co s6 10 ciia mot s6 d ong x d oc goi la logarit thap
phan cua x va ki hiéu 1a logx (hoac 1a 1gx ).
Logarit thap phan c6 day du cac tinh chat cua logarit véi co s6 16n hon 1.

e Tr 6c khi c6 mdy tinh, dé tinh cdc luy thira v6i s6 mii phic tap, ng oi ta
th ong dung ph ong phap "logarit hod" véi logarit co s6 10 va cac tinh todn
d oc thuc hién nho bang so.

Vidu 6. Dé tinh 2,1>? ng ditalamnh sau:
— Tinh log2,1%*

log2,1%? =3,210g2,1 ~ 1,0311 ;
— Tir d6 suy ra 2,13% ~ 10" ~ 10,7424 .
e Ng 0i ta con dung ph ong phép "logarit hod" va cdc tinh chat clia logarit dé
giai quyét mot so bai toan lién quan dén luy thira.
Vidu7
Mot ng i gli 6 triéu dong vao ngan hang theo thé thiic 1ai kép, ki han 1 nam
vGi 1ai sudt 7,56% mot nam. Hoi sau bao nhiéu nam ng 6i guri s€ cé it nhat
12 triéu dong tir so tién giri ban dau (gia st 1ai suat khong thay déi) ?
Gidi
Theo cong thic 1ai kép C = A1+ r)" , sau N nam gti, ng di glii s& c6 mot
sO tién 1a

6(1 +0,0756)".
Tur d6, ta phai tim N sao cho
12 = 6(1 + 0,0756) " (1)



L4y logarit thap phan hai vé ctia dang thitc (1), tad oc
log12=log6 + Nlog1,0756.

_ logl2 —log6 _

S ~ 9,51,
e logL0756 = 0

Vay sau khoang 10 nam ng oi gt s€ ¢6 it nhat 12 triéu dong tir s6 von 6 triéu
doéng ban dau.

e RO rang khi x = 10" thi logx = n. Con véi s6 x > 1 tuy y, viét x trong hé
thap phan thi s6 cac chit s6 ding tr Gc ddu phay cia x 1a n + 1, trong d6 n la
phan nguyén ctia logx, n = [logx].

That vay, vi 10" 12 s6 tu nhién bé nhat c6 n + 1 chit s6 nén s6 cdc chit s6
diing tr 6c ddu phay cha x bing n + 1 khi va chi khi 10" < x < 10""!, tic 1a
n <logx < n+1 ;diéunay ching to n = [logx].

Vi du 8. Dé tim s6 céc chit s6 chia 2% khi viét trong hé thap phan ng oi ta
lay gid tri gan ding cua log2 1a 0,3010 vad oc

[2008.10g2] + 1 = [2008.0,3010] + 1 = [604,408] + 1 = 605.
Vay s6 2209 ¢6 605 chit s6.

Khi vist 219 trong hé thap phan ta d dc mot s6 co bao nhiéu chit sG ?
(18y gia tri gan dung cda log?2 la 0,3010).

Cauhdiv b itap

23. Chon khang dinh diing trong céc khang dinh sau :

a) Co sO cua logarit 1a mot s6 thuc bat ki ;

b) Co s6 cua logarit phai la s6 nguyén ;

c¢) Co s6 cua logarit phai 1a s6 nguyén d ong ;

d) Co s06 cua logarit phai 1a s6 d ong khac 1.
24. Trong cé4c khang dinh sau day, khing dinh ndo ding, khing dinh nio sai ?

a) C6 logarit cua mot so thuc bat ki.

b) Chi c6 16garit ciia mot s6 thuc d ong.
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25S.

26.

27.

28.

29.

30.

31.

90

¢) Chi ¢6 logarit cia mot s6 thuc d ong khac 1.

d) Chi ¢6 logarit ctia mot s6 thuc 16n hon 1.

Dién thém vé& con lai clia dang thiic va bd sung diéu kién dé c6 ding

thic dung.

a) log,(xy) =...;

c) log, x* =...;

)

b)..=log,x—log,y ;

d) aloga b —

Trong mdi ménh dé sau, hay tim diéu kién clia a dé c6 ménh dé ding :

a) log,x <log,y ©0<x<y;

b) log, x <log,y < x>y >0.

Hay tim logarit cia moi s6 sau theo co s6 3 :

3; 81;

Tinh log, 125 ;
5

Tinh 3018 .

Tim x, biét

a) logsx =4 ;

1
I; =3
9

¥ s

1
log 5 5 ;

35 log;2 .

c) logz(x +2)=3;

Biéu thi cdc logarit sau day theo logarit thap phan (réi cho két qua bang mdy

2

1
33"

1
10g16—4;
7

[

1
8

jlogz 5

b) log,(5—x) =3 ;

d) log, (0,5 + x) = —1.

6

tinh, 1am tron dén chit s6 thap phan thit hai) :

log;25 ;

logs8 ;

logy 0,75 ;

logy751,13.

log, 36.
6

(

1

32
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Cad

VE LICH SU PHAT MINH LOGARIT VA BANG LOGARIT

Logarit 1a phat minh cGa Né-pe (J. Napier hay J. Neper
1550 1617) mot dién chd vanha than hoc ng di
Xcot-len. Né-pe bi toan hoc 16i cudn va 6ng coi toan hoc
la niém wvui gidi tri cta minh. Trong vong 20 nam trdi,
nhiing Itc ranh réi, Né-pe da phat trién Ii thuyét l6garit va
ong da trinh bay van dé nay trong mét cuén sach viét
bang chi La-tinh in nam 1614 v6i dau dé "M6 ta mot
bang légarit ki diéu" (tr "légarit" ¢ goc 1a nhing ti Hi Lap :
logos nghia 1a ti 1, arithmos nghia & s6). Ong hi vong
phat minh cla minh sé& gilp don gidn hoa nhiéu phép
tinh trong thién van, dé 1a nhiing phép tinh doi hoi nhiéu
cong slc va thdi gian.

John Napier
(1550 1617)

Thuc té, 16garit cla Né-pe da lam cudc cach mang trong thién van va trong nhiéu
linh vuc toan hoc bang cach thay thé& viéc thuc hién "phép tinh nhan, chia, tinh can
bac hai, can bac ba ctia nhiing s6 16n ma bén canh viéc tiéu phi thai gian mét cach
té nhat, ng di ta con hay bi nhAm 1an" bang thuc hién cac phép tinh cong, trir don
gidn nhiing s6 t ong (ng. Phat minh cla Né-pe 1a mét ph ong thirc tiét kiém thgi
gian dang ké.

Mét s6 nha st hoc coi réng viéc st dung légarit d& don gian cac phép tinh da gidp
nha thién van ng 6i Dlic Gié-han Ké-ple (J. Kepler) phat hién ba quy luat chuyén
déng cla hanh tinh ma diéu nay lai gitp nha vat Ii ng di Anh Niu-ton (. Newton)
phat hién li thuyét hap dan. Sau phat minh clia Né-pe 200 ndm, nha toan hoc Phap
La-pla-xo (P. Laplace) viét rang : Légarit, bang cach gidm b6t cong sic tinh toan, da
kéo dai tudi tho gap hai Ian cho cac nha thién van.

Céc bang |6garit ban dau cla Né-pe con nhiéu khiém khuyé&t. Mét nha toan hoc
ng i Anh 1a Hen-ry Bric (H. Briggs) doc cong trinh cla Né-pe (bang chii La-tinh)
ngay sau khi né d dc cong b, 1ap tic thdy d dc y nghia cla phat minh ki diéu nay.
Bric viét th cho Né-pe dé nghi gap gd trao ddi va néu ra nhiéu cai tién cho phat
minh d6. Hai nha toan hoc gap nhau vao mua hé nam 1615. Bric dé nghi dinh nghia
lai 16garit thap phan (I6garit co s6 10). Thuc ra, Né-pe c6 nghi dén ding co sé 10
nh ng da khong du slc lam nén cac bang mdi. Né-pe dé nghi Bric xay dung cac
bang nh thé.

Sau d6 hai nam, cac bang légarit thap phan dau tién da d oc Bric xay dung. Né-pe
mat nam 1617 tr ¢ khi Bric hoan thanh cac bang d6. Nhiéu nha toan hoc da tiép
tuc xay dung cac bang ldgarit thap phan trong dé c6 bang cla Bra-di-xd ma ngay
nay ching ta van con dung.
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33.

34.

3S.
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Khi viét s6 thap phan d ong a d &i dang ki hiéu khoa hoc a=a.10", véi
1<a<10,n eZ thi

loga =loga +n. (1)

Nh vay, chi can biét loga véi moi a thudc [ 1 ; 10) thi sé tinh d dc 16garit thap
phan cla mot sé thap phan d aong bat ki. Ng &i ta goi loga trong (1) 1a phan dinh
tri, n 1a phan dac tinh clta loga. Trong cac bang s6, ng &i ta cho san gia tri
gan dang phan dinh tri loga . Bang cla Bra-di-xd cho loga véi bén chir sd
thap phan.
Vi du. Cho biét log2,319 ~ 0,3653. Tinh log23,19 va log0,2319.
Giai
log 23,19 = 10g(2,319.10) = 1log 2,319+ 1~ 0,3653 +1 =1,3653 ;
1og0,2319 = log(2,319.107}) = 10g 2,319 -1

~0,3653-1=-0,6347.

Luyén tap
Hay tinh :
a) logg 12 — logg 15 + logg 20 b) %10g7 36 — log, 14 — 3log; V21 ;
logs9
Hay so sanh :
a) logs 4 va log4% ; b) 3108 L1 yy 71086099
Khong dung bang s6 va may tinh, hay so sanh :
a) log2 + log3 voi logs ; b) logl12 —log5 vé6i log7 ;
c) 3log2 + log3 v6i 2log5 ; d)1 + 2log3 v6i log27.

Trong moéi tr dng hop sau, hay tinh log, x, biét log, b = 3, log,c = -2 :

43
a)x:a3b2«/g; b)x:ag/g.
c



36.

37.

38.

39.

40.

41.

Trong mdi tr dng hop sau, hiy tim x :

a) logy x = 4logya + 7log; b ; b) logsx = 2logsa — 3logs b.
Hay biéu dién cdc logarit sau qua « va 3:

a) logﬁSO,né'u log;15 = a, log310 = B

b) log, 1250, néu log, 5 = a.

Pon gian cdc biéu thic sau :

1 1 4 1 3. 9
a) log§+§log4 + 410g\/§ ; b) log§+§10g36 +§log§ ;

c) log72 — 2log% + log+/108 ;  d) log% —10g0,375 + 210g+/0,5625 .

Tim x, biét :
a) log, 27 =3 ; b) logx% =-1; c) Ing\/_ = _4.

S6 nguyeén t6 dang M, = 27 —1, trong d6 p 1a mot s6 nguyén t6 d ¢c goi la
sO nguyén t6 Mec-xen (M. Mersenne, 1588 — 1648, ng i Phap).

O-le phat hién M5, nam 1750.

Luy-ca (E. Lucas, 1842 - 1891, ng 0i Phédp) phét hién M;,; nam 1876.

M 398260 d Oc phat hién nam 1996.

Hoi ring néu viét ba s6 d6 trong hé thap phan thi méi s6 ¢6 bao nhiéu chit s6 ?

(Dé thdy ring s6 chit s6 clia 27 — 1 bing s6 chit s6 clia 27 va dé tinh s6 chit
s6 clia M,,, c6 thé 1dy log2~ 0,30 va dé tinh s6 chit s6 clia M 395749 €O thé
1ay log2 ~ 0,30103 (xem vi du 8)).

Mot ng oi glii 15 triéu dong vao ngan hang theo thé thiic 13i kép ki han mot
quy v6i 1ai suat 1,65% mot quy. Hoi sau bao lau ng oi d6 c6 d oc it nhat
20 triéu dong (ca von 1an 1ai) tir s6 von ban dau ? (Gia su lai suat khong
thay déi).
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SO e VA LOGARIT TU NHIEN

Cho dén bay gio, d ong nh 1 la s6 vo ti quan trong nhat ma ta biét dén.
Trong bai nay, ta s€ d oc biét thém mot s vo ti cling quan trong khong kém,
1 X
doé la so e. SO e la gi6i han lim (1 + —j , X4p xi bang 2,718281828... ; no
xX—>+0 X
xudt hién mot cach tu nhién trong Todn hoc, cling nh  trong doi séng. Chinh
vi vy logarit co s6 e con d ¢c goi la 1ogarit tu nhién. Trong cdc may tinh bo
tdi, ng oOi ta déu thiét k& ciac phim bam cho phép tinh gid tri ctia cdc biéu thiic

e’ va log, x (con ki hiéu 1a Inx).

Lai kép lién tuc va so e

Ta da biét : Néu dem guri ngan hang mot s6 von ban dau 1a A véi 1ai suat moéi
nam 1a r theo thé thitc 13i kép thi sau N nam gl s6 tién thu vé ca von 14n 14 s&
a A+ ).

Gia sur ta chia m6i nam thanh m ki d€ tinh 13i va gilt nguyén 1ai sudt méi nam

N N ~e A X N N r N A LA - N
l1a r thi 1ai suat moi ki la — va so tién thu d oc sau N nam (hay sau Nm ki)
m

r Nm
l1a A(l + —) .
m

[H1] Cho A = 100 trigu ddng, r = 8% nam, N = 2. Ding méy tinh b tai tinh 6 tién
thu d dc cé vén I4n 1ai sau 2 nam theo céc dinh ki sau day :

m =1 (dinh ki ndm) ; m =2 (dinh ki 6 thang) ;
m =4 (dinh ki quy) ; m = 12 (dinh ki thang) ;
m =52 (dinh ki tudn) ;  m =365 (dinh ki ngay).
Hién nhién khi tdng s6 ki m trong mot nam thi s6 tién thu d gc sau N nam

(téc Nm Ki) ciing tang theo. Tuy nhién nh ta thay sau day, n6 khong thé tang
lén vo han d gc.



That vay, xét gidi han cta day so sau (trong do A, r, N 1a c¢6 dinh)

’ Nm
S, = A(1+E] .

Ta co
— m_Nr
r Nim 1 '
Sm:A(1+—j =Al|l1+— . (1)
m m
-

Dé xét gi6i han cha day (1), can xét gi6i han

Iim |1+ i
m-—>+o0

r

Mot cdch téng quat , ta xét giSi han

1 X
lim (1+—j .
X—>+00 X

Ng 0i ta ching minh d ¢c giGi han trén ton tai, n6 1a mot s6 vo ti c6 gia tri
bang 2,718281828... vad ¢c ki hiéu lae. Vay

1 X
e = lim (1+}j ~ 2,7183. ()

xX—>+00
Tur (1) va(2),ng oitasuyra limS,, = AeM .

e Thé thiic tinh 13i khi m — +oo goi 12 thé thitc [di kép lién tuc.

Nh vay véi s6 von ban ddu 1a A, theo thé thitc 14i kép lién tuc, 1di sudt moi
nam 12 r thi sau N nam s6 tién thu d ¢c ca von 1an 13i s€ 1a

S = Ae"". 3)
Cong thuc (3) d oc goi la cong thiic ldi kép lién tuc.
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Vi du 1. Véi s6 von 100 trieu dong giri vao ngan hang theo thé thiic 1ai kép
lién tuc, 1ai suit 8% nam thi sau 2 nam so tién thu vé ca von 1an 13i sé 1a
100.e>%% ~ 117,351087  (triéu déng).
e Nhiéu hién t ¢gng tang tr éng (hodc suy gidm) clia tu nhién va xa hoi, chiang
han su tang dan s6, cling d gc G tinh theo cong thic (3). Vi vay cong thic (3)
con d gc goi la cong thiic tdang tr ong mii.
Vi du 2. Sutang dan s6 d gc Gc tinh theo cong thic (3), trong do A la dan
s0 cua nam 14y lam mdc tinh, S 1a dan s6 sau N nam, r 1a ti 1¢ tang dan s6
hang nam (xem bai doc thém "Su tang tr 6ng (hay suy giam) mii" trang 110).
Biét rang ti & tang dan s6 th€ giéi hang nam 1a 1,32%, nam 1998 dan s6 thé
gidi vao khoang 5926,5 triéu ng oi. Khi d6 du doan dan s6 thé giéi nam 2008
(10 nam sau) s€ la

5926,5.¢'%00132 ~ 6762,8 (trieu ng o).

Logarit tu nhién

DINH NGHIA

Logarit co s6 e chtamot s6 d ong a d ¢c goi la logarit tu nhién

(hay l16garit Né-pe) cua s6 a va ki hiéu 1a Ina.
Logarit tu nhién c6 diy du cac tinh chét ctia logarit véi co s6 16n hon 1.

@ a) Dung cong thitc dbi ca s6, hdy so sanh logx va Inx tuy theo céac gia tri cla x.

-3
b) Tinh gia trj ciia bidu thirc loge2 ™10 _injologe”

Vi du 3. Biét rang nam 2001, dan s6 Viét Nam 1a 78685800 ng i va ti 1€ tang
dan s6 nam d6 1a 1,7% va su tang dan s6 d ¢gc dc tinh theo cong thic (3).
Hoi ctr tang dan s6 véi ti 1€ nh vay thi dén nam nao dan s6 n Gc ta & mic
100 triéu ng i ?
Gidi. Theo bai ra, ta ¢

100 = 78,6858.e>"1. (%)
LAy logarit tu nhién hai vé ctia (*) tad oc

In100 = ln(78,6858.eo’017N )



42.

43.

44.

45.

46.

Tu do6 suy ra
_ In100 - In78,6858 14
- 0,017 o
Vay néu ci tang dan s6 véi ti 1€ hang nam 1a 1,7% thi dén nam 2015 dan s6
n &c ta s€ 6 mitc 100 triéu ng Oi.

Cauhoiv b itap
Tim sai 1am trong 1ap luan sau :
Ta c6 Ine®> =2lne =2.1=2 va In(2e) = Ine + Ine =1+1=2. Tu do suy

ra e’ =2e,mae=0néne=2!

Biéu dién céc s6 sau day theo a = In2, b = In5 :

16 1 2 98 99
In 500 ; lnz—5 ;In6,25 ; lnz + ln§ + ...+ ln® + lnm-
Chiing minh

%111(3 +242) = 4In(\/2 + 1) - %m(ﬁ ~1)=0.

Su tang tr dng clia mot loai vi khudn tuan theo cong thiic S = A.e™, trong d6
Alas61 ong vi khudn ban diu, r 1 ti 1é tang tr &ng (r > 0), ¢ 12 thoi gian tang
tr ong. Biét ring s6 1 ong vi khudn ban ddu la 100 con va sau 5 gid c6
300 con. Hoéi sau 10 gid' c6 bao nhiéu con vi khuidn ? Sau bao lau s6 1 ong vi
khuén ban ddu s& tang gap doi ?

Cho biét chu ki ban huy clia chét phong xa plutoni Pu”> 1a 24360 nam (tic 1a

239

mot 1 ong Pu™” sau 24360 nam phan huy thi chi con lai mot ntra). Su phan

huy d oc tinh theo cong thiic S = Ae’’, trong d6 A 1a1 ong chét phéng xa ban
dau, r 1a ti 1& phan huy hang nam (r < 0), ¢ la thoi gian phan huy, S 1a 1 ong

239

con lai sau thoi gian phan huy ¢. Hoi 10 gam Pu”" sau bao nhiéu nam phan

huy s€ con 1 gam ?
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Bai doc thém

SU DUNG MAY TiNH BO TUI BE TiNH LUY THUA
VA LOGARIT

C6 thé dung may tinh b tdi, chdng han may tinh CASIO fx - 500 MS, dé tinh luy thira
cla 10, cla e ciing nh |6garit thap phan va légarit tu nhién ctia mot so.

Vidu 1. Tinh log 5,63.

Dé tinh 10og 5,63, ta anlan | ot cac phim sau :

llog] 5[] 63 [<].

Khi d6, trén man hinh hién sé
0.750508395.
Né&u lam tron dén chir s6 thap phan thirt thi
log5,63 = 0,7505.

Vi du 2. Tinh 107213,

P& tinh 107>!3, ta&n1an | ot cac phim sau :

B o] (5] 2 13 [

Khi d6, trén man hinh hién s6
0.007413102.
Né&u lam tron dén chir s6 thap phan thirt thi
102" ~ 0,0074.
Vi du 3. Tinh In4,83.
DPé tinh In 4,83, ta &n lan | ot cac phim sau :

[in] 4[] 83 [

Trén man hinh hién sé
1.574846468.

Né&u lam tron dén chir s6 thap phan thirt thi
In4,83 ~ 1,5748.

Vidu 4. Tinh e*/g.

DPé tinh e*/g ,tadnlan| ot cac phim sau:

sare] ] [V s .
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Trén man hinh hién s6
9.356469017.
NE&u lam tron dén chir s6 thap phan thirt thi

V5 < 9.3565.

c0 b, .
Y A

LOGARIT TRONG MOT SO CONG THUC PO L ONG

a) b6 pH trong hoa hoc

e Trong médi dung dich, néng dé ion hidrd [H3O+] dac tr ng cho tinh axit, néng do
hidroxyn [OH ] d&c tr ng cho tinh bazo (kiém), (néng dé tinh bang mol/i).

25°C, tich [H30"] x [OH ] la mét hang s6 va bang 10 '* (d6i v6i moi dung dich).
N &c tinh khiét & 25°C cé [H30"] = [OH ] = 10 . Néu néng d6 [H;0'] 16n hon
10 7 thi dung dich c6 tinh axit, néng d6 [H30"] nhé hon 10 7 thi dung dich ¢c6
tinh kiém.

Vi cac néng dé nay la nhitng s6 rat nhd nén dé dac tr ng tinh axit (tinh bazo) cua
mét dung dich, ng &i ta xét chi s6 (hay do) pH,

pH= log[H30"].

(pH 1a chir dau clia nhém tir "potential of hydrogen" cé nghia la tiém luc cta hidrd).
Nh vay

pH < 7 n6i 1&n rang dung dich c6 tinh axit ;
pH > 7 néi Ién rang dung dich ¢6 tinh bazo ;
pH =7 ching t4 dung dich la trung tinh.
Vidu
Bia c6 [H30"] = 0,00008, do d6 c6 d6 pH la
pH= 1og0,00008 =5 log8<7.
R gu c6 [H;0'] = 0,0004, do d6 c6 do pH Ia
pH= 10g0,0004 =4 log4<7.
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Nh vay, bia va r gu déu co tinh axit, nh ng tinh axit ca r gu I6n hon tinh axit
clia bia.
« Trong thuc t&, nganh thd nh &ng rat quan tam dén d6 pH clia mét ving dat dé tim
ra bién phap cai tao dat va chon gidng cay trong thich hgp.
b) D6 chan dong trong dia vat li
¢ DO chan dong M cla mot dia chan bién do6 I d dc do trong thang dd Richte
(C. F. Richter, nha dia vat Ii Mi, 1900 — 1985) xac dinh bdi

M=lni

0

(I, 1a bién do cla dao dong bé hon 1um trén may do dia chan, dat cach tam dia
ch&n 100km, /, d gc I8y lam chuan).
e 3 d6 Richte, dia chan chi cé anh h 3ng trong mét viing dién tich nhd ; 3 4 dén 5
do6 Richte, dia chan gay mét s6 thiét hai nhd ; & 6 dén 8 do Richte, dia chdn gay mot
s0 thiét hai 16n ; 3 9 d6 Richte, thiét hai la cuc ki I6n.
e Nang | ong gidi tod E tai tam dia chan 8 M dd Richte d dc xac dinh xap xi bdi
cong thirc

log E~11,4+1,5M .
Tu d6, chdng han, & 8 do Richte, dia chan c6 nang | ong gidi tod gdp khoang
30000 lan dia chadn 6 5 do Richte (dia chdn & 5 do Richte ¢ nang | ong giai toa
khoang 2.10"8 jun).

c) P6 to nhé cla am

DPé dac tr ng cho do6 to nhd clia am, ng di ta d a ra khai niém murc ¢ ong dé clia
&m. Mot don vi th ong dung dé do mic ¢ dng do clia am la déxiben (viét tit [ dB)
(G. Bell, 1847 — 1922, nha vat Ii Mi géc Anh).

Mlc ¢ dng do L clla @am d dc tinh theo cong thic :
1
L(dB)=10log—,
Iy
trong d6 I 1a ¢ dng dd cla am, téc la nang | ong truyén di bdi sbng am trong

mot don vi thdi gian va qua mét don vi dién tich bé mat vuéng gbc véi ph ong
séng truyén (don vi do la W/m2) ; Ip 1a ¢ ong do cla @m & ng 8ng nghe

(1o 10712 W/m2). Coéng thic trén cho thdy : Khi ¢ 6ng do cla am tang 1én
102, 103, ... 1an thi cdm giac vé d6 to nho clia am tang Ién gép 2, 3, ... lan.

Chu y rang néu th dng xuyén nghe tiéng 6n khoang 90dB thi c6 nguy cd bi gidm
thinh luc, tham chi bi di€c (xem bai tap 52 tr. 112).



Trong bai nay, ta luon gia thi€t a 12 mot s6 duong va khac 1 (0 <a # 1) da
cho, J 1a mot khoang hay hop ctia nhiéu khoang nao do.
Khai niém ham s6 mii va ham so6 logarit
Tur dinh nghia luy thura va logarit, ta thay :
® Vi méi gia tri thuc cla x, ta luon xdc dinh dugc mot gid tri a (duy nhat).
* V6i méi gia tri thuc duong cua x, ta luon xac dinh dugc mot gid tri log x
(duy nhat).
Tur d6, tacé ham s6 y = a xac dinh trén R va ham s6 y = log_x xd4c dinh trén
R, =(0; 4).
DINH NGHIA
Gia str @ 1a mot s6 duong va khac 1.
Ham s6 dang y = a dugc goi 1a ham s6 mi co s a.
Ham s6 dang y = log x duoc goi la ham sd'logarit co 56 a.
Khi khong can nhédn manh co s6, ham s6 mil co s6 a con goi tat 1a ham so
(1 N 1A . ~ N RN 7 A .
mu( ) ; ham s0 logarit co sO a con goi tat 1a ham so logarit.
Ta ciing dung ki hiéu y = logx (hodc lgx) dé chi ham s6 logarit co s6 10 va ki
hiéu y = Inx d€ chi ham s6 16garit co s6 e. Trong nhiéu tai liéu, ham s6 y = ¢
con duoc ki hiéu la y = exp(x).
Mot so gidi han lién quan dén ham s6 mii va ham so logarit
N ~ N 2 N ~ X A . c 3R N
a) Ta thira nhan rang cic ham s6 y=a va y =logx lién tuc tai moi di€m ma
no xac dinh, tac 1a
Vx,e R, lim a* =a",
x—)XO

Vxpe R,, lim log, x =log, x,.
X=X

(1) C6 tai lieu coi ham s6 mii 1a ham s6 c6 dang y = ka', trong d6 k 12 hdng s6 khac 0.
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@ Tim cac gidi han sau :

1

a) lim e~ ; b) lim log, x ; ¢) lim log
X—>+o0 x—8 X—(

sin

t t
b) Ta da biét lim k”ij —c. Ngodi ra ta con ¢6 lim LHD —e. Tu do,

t—>+oo t——o0
~ 2. . N7 1
bang cach doi bién (dat .= ) ta duoc

1
lim (1+x)x =e. (1)

x—0

Str dung (1), ta dé dang chiing minh dugc hai giGi han quan trong sau day.

PINH LI 1
im MO 2)
x—0 X
X
im & 1o, 3)
x—0 X
Chitng minh. Ta co.

nd+ ) 1 !

— 2 =—In(1+ = In(1+ )
: xn( x) n(l+ x)x

1
Khi x ddn dén O thi (1+ x)x — e nén do tinh lién tuc ctia ham s6 logarit,

tacod

1
im M i (14 2)x = Ine = 1.
x—0 X x—0
Vay (2) dugc chitng minh.
Dé chitng minh (3), ta dat ¢ = ¢ — 1. Khi dé ta c6 x = In(1 +¢),va x = 0 khi
vachi khi + — 0 . Do d6

x _ -1
et -1 t lm ln(1+t)j _ 1

lim = lim =1
x—=0 X 1—0In(1 + 1) z—>0L t

Vay (3) dugc ching minh.
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3. Dao ham cua ham s6 mii va ham so6 logarit

Duéi day, chiing ta s& chiing to rdng ham s6 mii va ham s6 16garit c6 dao ham
tai moi diém ma n6 xac dinh.

a) Pao ham cua ham s6 mii

DINH LI 2

R » X o, R . . <
a) Him s6 y = @ ¢6 dao ham tai moi diém x € R va

x\ X PN L x\ X
a’ | =a Ina; ndiriéng ta co =e.

b) Néu ham s6 u = u(x) c6 dao ham trén J thi ham s6

y = a""™ ¢6 dao ham trén J va

(a”(x) ) =u'(x)a" Ina ; néi riéng ta c6 (e“(x) ) = u'(x)e"™.

Chitng minh
Z, A z N A X b4 2 N A e N 4 z ‘A N e
a) Truéc hét ta xé€t ham s6 y = e . Gia su x 1a mot so tuy y. Ki hiéu Ax 1a so
gia ctia bién s tai x va Ay la s6 gia cia ham s tuong tng véi no, ta ¢
Ay= e — o= ex(eAX —1).
A _qy Ax

-1
lim — = lim = "V % Iim & " = &% (theo (3)).
Ax—0AX  Ax—0 Ax Ar—0  Ax ( %))

e’ (e

! X . .
Vay ( x) =€ v6i moi x.
s x L x R . . N
D6i v6i ham s6 y =, ta c6 a* = e = "% nen theo cong thic dao ham
cuia ham s6 hop, ta ¢

(ax)' = (e“na)'= exln“(xlna)' =d Ina (v6i moix e R).

b) Két luan nay suy ra tr phan a) cua dinh Ii va cong thiic dao ham ctia ham
sO hop.
Vidu L. Véiy= (" + De", tacé

Yo+ D) e+ @+ DE ) =i+ + 1) e =@+ e,
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H2| Tim dao ham cta méi ham s6 sau :
2
a) y=(x +1)ex ; b) y= e\/; SInX.

b) Pao ham cua ham so6 logarit

DINH LI 3

a) Ham s6 y = log x ¢6 dao ham tai moi diém x > 0 va
1 '= ——— ; ndiriéng ta c6 (Inx)' =
(log,x) TIng > DoiTiéng ta co (Inx)
b) Néu ham s6 u = u(x) nhan gia tri duong va c6 dao ham trén
J thi ham s6 y = log u(x) c6 dao ham trén J va
u'(x)

(log, u(x)) = (o)

; no1 riéng ta c6 (Inu(x))' =

u(x)Ina

Chiing minh
a) Trudc hét ta xét ham so y = Inx. Gia st x 1a mot s6 duong tuy y. Ki hiéu Ax
la s6 gia cua bi€n so tai x va Ay 1a s0 gia cia ham s6 tuong tng vdi no, ta cd

xrA =1nk1+Aj.

Ay =In(x +Ax) — Inx = In
X

ln(1+ij i lnLl+AxJ
Ilm —= lm ——*%=1Im-—-————7%= theo (2)).
M—0AX a0 Ax Av—soX  Ax x (theo (2)

Vay (Inx)' = . v6i moi x > 0.

Do6i v6i ham s6 y = log x, ta c6

xIlna

. In Y 1 e
(log,x)' = Llna] =" - (v6i moi x > 0).

b) Két luan nay suy ra tr phan a) ctia dinh Ii va cong thiic dao ham cuia ham
s0 hop



Vi du 2. D6i v6i ham s6 y = In(x" — x + 1), ta ¢6

(P ex+) | 2x—1

W —x+1 W —x+1

\

Chung minh rang [In(—x)]’=  véi moi x < 0.
X

HE QUA

a) (ln\x\)' = véi moi x # 0.

b) Néu ham s6 u = u(x) nhan gia tri khac 0 va c6 dao ham
trén J thi

( In ‘u(x)

véimoi x € J.

)' - u(x)

Hé qua nay dugc suy ra tir dinh 1i 3 va két qua cta .
4. Su bién thién va do thi cua ham s6 mii va ham so logarit
. - X
a) Hamso y=a
LK Benes A X a1
Ta da biét ham s6 y =a 6 tap xdc dinh la
R . D€ khao sit su bién thién cta no, ta
N L, » N R , X
can xét dau cua dao ham y' = @ Ina. Do
X L. . R » ” N L.
a > 0 v6i moi x nén dau cua y' trung vo1

dau cua Ina. Mat khac, theo tinh chat cua

logarit ta ¢6 Ina > 0 khi @ > 1 va Ina < 0 /

3.

khi 0 < a < 1. B&i vay, ta xét hai 2 5101 5 4 X
truong hop :
® Truong hop a>1 Hinh 2.1

Trong trudng hop nay ta ¢6 Ina > 0 nén y' > 0 v6i moi x. Do d6 ham s6 dong
bién trén R.

Nguoi ta con chiing minh dugc rang lim a* = +oo va
X—>+oo

1_i>m a‘* = 0. 4
X—>—o0
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Gié6i han (4) ching t6 do thi clia ham s6 y = a 6 tiem can ngang (khi
X — —oo) la truc hoanh.

Ta c6 bang bién thién sau :

X —o0 0 +oc0

y=da (a>1) 1
o/

Hamsoy = a nhan moi gia tri thudc khoang (0 ; +oo).

Hinh 2.1 thé hién do thi ciia ham s6 y = (\/5 )x. D6 thi ctia cdc ham s6 mil voi

cos6 a> 1 ciing c6 dang twong tu. Chiing c6 chung cdc diac diém dang chi y
sau day :

. . C a2 ) N1k < ~ . 0
(i) Luon cat truc tung tai diém c6 tung do bang 1 (vitaluoncéa =1);
(if) Nam hoan toan & phia trén ctia truc hoanh (vi a >0 vé6i moi x).

o Truong hop 0 <a<1

Trong trudng hop nay, ngudi ta ciing ching minh duge rang  lim a* = +eo va
X—>—o0

lim a* = 0. 5)

X—>+o0

a) Dua vao (5), hdy néu két luan
vé dudng tiém céan ngang clia do thi ham s
y= a.

b) Lap bang bién thién cia ham s6 y = a voi

O<ax<l.

Trén hinh 2.2, dudng nét lién thé hién do6
X

.. Dé thdy do thi
2 é thay do thi
ndy ciing c6 cac diac diém (i) va (ii) nhu
trong truong hop a > 1.

thi cia ham s6 y = L

Hinh 22



GHI NHO

Hamso y = a
* Co tap xdc dinh 1a R va tap gia tri 1a khoang (0 ; +) ;
* Pong bién trén R khi a > 1, nghich bién trén R khiO<a<1;
* C6 do thi :
bi qua diém (0 ; 1),
Ném ¢ phia trén truc hoanh,

Nhan truc hoanh lam tiém can ngang.

Do thi c6 mot trong hai dang néu & hinh 2.3.

Hinh 2.3
b) Ham sé y = log x

Ta da biét ham s6 y = log x c6 tap x4c dinh 1a khoang (0 ; +oo) va trén khodng

doé n6 c6 dao ham la y' = (1 ‘= .
6 no6 ¢6 dao ham 1a y' = (log x) “Ina

Tuong tu ham s6 mil, dé xét dau cua dao ham, ta xét hai trudng hop : a > 1 va
O<a<l.
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Mot s6 két qua khao sat ham s6 y = log x duoc ghi lai trong bang sau :

Ham s6 y =log x véia>1

Ham s6 y =log x v6i0<a<1

y' >0 v6i moix € (0; +oo)
Ham s6 dong bién trén (0 ; +o0)
va nhan moi gia tri thuéc R

lim log, x = —  (6)
x—0"

lim log, x = +eo
X—>+o0

V' <0 v6i moix € (0; +o0)
Ham s6 nghich bién trén (0 ; +o0)
va nhan moi gia tri thuoc R

lim log, x = +oo (7)
x—0*

lim log, x = —oo
X—>+o0

Céc gi6i han (6) va (7) ching to rang trong ca hai trudng hop, d6 thi cia ham

s0 y = log x déu c6 tiém can ding (khi x — O+) 1a truc tung.

Trén hinh 2.4, duong nét lién thé
hién d6 thi cia ham s6 y = log,x
(cac ham so logarit co s6 a véi a > 1
c6 dang tuong tu), duong nét dit
thé hién d6 thi cha ham
sO0y =log x (cac ham so logarit
2

c0o s0 a vGi 0 <a< 1 co dang tuong
tu). Ching c6 chung nhitng dac
diém déng chd y sau :

(i) Luén cat truc hoanh tai diém

(1;0) (vilog,1=0v6imoia);

y

Hinh 2.4

(ii) Nam hoan toan vé bén phai truc tung (vi log x chi xdc dinh khi x > 0).

@ Dua vao bang trén, hdy lap bang bién thién ctia ham s6'y = log x trong mbi

truong hop a > 1 va 0 < a < 1. Kiém nghiém céc tinh chat duge néu trong badng dé

qua do thi hinh 2.5.



GHI NHO

Ham s6 y = log x

khi0<a<1;
% C6 d6 thi
bi qua diém (1 ; 0),

Nam & bén phai truc tung,
Nhan truc tung lam tiém can ding.

* C6 tap xac dinh 1a khoang (0 ; +oo) vatap gia trila R ;

* Pong bién trén (0 ; +o0) khi @ > 1, nghich bién trén (0 ; +oo)

Do thi c6 mot trong hai dang néu & hinh 2.5 (dudng lién nét).

A

N .7
/ (ll),’
7

a)
Hinh 2.5

Nhdan xét
Néu goi (G,) 1a d6 thi ciia ham s6 y = a"
va (G,) la d6 thi cia ham s6 y = log x thi
(G)) va (G,) doi xiing v6i nhau qua dudng
phan gidc (/,) cuia géc phan tu thit nhat.
That vay, xét diém M(p ; ¢) bat ki, diém
doi xting véi M qua (/) 1a diém M'(q ; p),
tacod (h.2.5)):
Mp;qe G)e q=d & p=logg

o M(q;:pe Gy).

<
\
\g}‘*- i
V=
Q 7
‘\‘:/ (ll) /7
\ id
\M q s
N //
N

b)
y &
oY}
ROX
All //
44----- y :
LN vt
Fa Ny T
e <
A
1
L,’/// ! :
el Vs ?
X
//0 1 4
7
7
’
Hinh 2.6
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biéu d6 da chiing minh nhan xét trén. Ta ciing c6 thé kiém nghiém lai nhan
xét nay doi v6i hai ham s6 y = log,x va y = 2" (h. 2.6) bang cach gap to gidy
theo dudng (/).

SU TANG TRUGNG (HAY SUY GIAM) MU

Thé nao la tang trudng (hay suy giam) mii ?
Trong bai hoc 4, ta da lam quen véi van dé Iai kép lién tuc. Trong thuc t€, nhiéu
hién tugng tu nhién, xa hodi ¢co tinh chét tang trudng (hay suy giam) tuong tu nhu van
dé 1ai kép lién tuc, chang han: van dé tang trudng dan sd, van dé sinh s6i cla vi
tring, van dé phan huy clia cac chat phong xa,... Cac van dé trén dugc goi la van dé
tang trudng (hay suy gidgm) mii.
V& thuc chat, su tang trudng (hay suy gidam) mi dudc dac trung bdi mét ham s6 ma
dao ham cla né tai mdi diém déu ti 1& v6i gia tri cila ham sé tai diém do6 véi hé s6 ti
I& khéng déi, tic 1a ham s6 y = f(x) thod man diéu kién

() = kf(x) (1)
(xét trén moét khoang nao do) trong d6 k la moét hang s6 khac 0 nao d6. S8 k dudc goi
la t 16 tang trudng khi k > 0 va dudc goi la t7 1é suy gidm khi k < 0.
Ta s& chiing t6 rang ham s6 y = f(x) thod man diéu kién (1) khi va chi khi n6
c6 dang

kx

y = Ce" (v6i C la hang s6 tuy y). (2)

That vay, dé thdy ham s y = Cek* (C 1a hang s8) luén thoa man diéu kién (1).
Ngugc lai, gid s& y = f(x) 1a ham s6 thod man diéu kién (1).

i

Khi d6, néu dat C(x) =7/, ticla f(x) = C(x)ek thi theo (1) ta c6 :
(&

10 = C'e® + cre® = 10X + k() = k().
Tu d6 suy ra C'(x)ekx =0. Tacla C'(x) =0 (v6i moi x thudc khodng dang xét). Vay
. . kx
C(x) phaila mét hang s6 C nao d6 va do dé f(x) =Ce .

Dé thdy C la gia tri clia ham s& f tai x = 0 nén C con dudc goi 1a gia tri ban dau.
Trong cong thlc 1ai kép lién tuc thi gia tri ban d4u chinh 1a s6 vén ban dau gli vao
ngan hang (C = A), kla 13i sudt méi ndm (k = r) va x 1a s6 nam gi (x = N).



47.

Chu ki ban huy (ban ra) cda chat phéng xa

Trong céng thic (2), néu k < 0 thi ham s6 y = cek mo ta su suy giam ma. Mot vi du
dién hinh cho su suy gidm mii la su phan huy cla cac chat phéng xa.
Gia sl c6 mét lugng chat phong xa ban dau la u, lugng chat phong xa con lai tai
thai diém 7 1a

u(t) = uoekt
trong d6 k < 0 la hé s6 suy giam (trong Vat i, s6 |k| goi la hang s6 phong xa)
Ta dat up =u(t)) vVa uy = u(ty) va xet ti s6

kt
2 —
up _ upe _ ek(t2 tl)_

kt1

" qu

K&t qua d6 chiing t6 rang ti s6 gitta hai lugng phong xa con lai tai hai thai diém ¢, va
t; chi phu thudc vao hiéu s6 t, — ¢, ma théi. Biéu d6 cho phép ngudi ta dua ra mot
khai niém goi la chu ki ban huy (ban rad) cla chat phéng xa, d6 1a khoang thoi gian
ma luong chéat phdng xa d6 phan huy di chi con lai mét nira. N6i cach khéac, chu ki
ban huy la khoang thdi gian s =7, —1; sao cho

W _ 1 ks

" Eze . (3)

hay &k =

2 . . .
Tu(3)tacd s = . Nhu vay, néu biét chu ki ban huy clia mét chat

phéng xa thi ta ciing tinh dudc hé sé suy gidm clia chat phéng xa d6. Chang han,
chu ki ban huy cla radium 1a 1550 nam nén hé s6 suy gidm cla radium la

—In2
k= 0 =~ —0,000447.

Cau hoi va bai tap
Khoang 200 nam trudc, hai nha khoa hoc Phap

la Clo-zi-ut (R. Clausius) va Cla-pay-rong
(E. Clapeyron) da thdy rang ap sudt p cla

hoi nuéc (tinh bang milimét thuy ngan, Hoi nu6e
viét tat 12 mmHg) gay ra khi n6 chi€m S
khoang trong phia trén clia mat nuGe chita T Nude =
trong mot binh kin (h.2.7) du‘Q’C tinh theo R
cong thuc == == = =
k
p=a.10"7 Hinh2.7
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trong d6 ¢ 1a nhiét do C cta nudc, a va k 1a nhiing hang s6. Cho biét
k =—2258,624.

a) Tinh @ biét rang khi nhiét do cua nudc la 100°C thi ap sudt cua hoi nudc
la 760 mmHg (tinh chinh xdc d&n hang phan chuc).

b) Tinh dp sudt cua hoi nudc khi nhiét do cua nude la 40°C (tinh chinh xdc

dén hang phan chuc).
48. Tim cé4c gidi han sau :
. e2 _ e3x+2 . e2x _ eSx
a) lim—— b) lim
x—0 X x—0 X

49. Tim dao ham ctia cadc ham s6 sau :

a)y=(x—l)ezx ; b)y=x2\/e4x +1;

c)y=;(ex—e_x); d)y=;(ex+e_x).

50. Trong céc ham s6 sau day, ham s6 nao dong bién, ham s6 nao nghich bién trén R ?

TEIX' _ 3 X
Vs 0=\ )

51. V& d6 thi ctia cdc ham s0 sau :
X

a)y=(\/5)x; b)y=L§)' :

52. St dung cong thic L(dB) = lOlogII (xem bai doc thém "Logarit trong mot s6
0
cong thiic do luong" tr.99), hay tinh gan ddng, chinh xac dén hang don vi, do

16n (dB) ctia am thanh ¢ ti s6 A cho trong bang sau r6i dién vao cot con trong :

0
STT Loai am thanh I bo 16n (L)
0
1 Ngudng nghe 1
2 Nhac ém diu 4000
3 Nhac manh phat ra tr loa 6,8.108
4 | Tiéng mdy bay phan luc 2,3.10"
5 Ngudng dau tai 10"
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53.

54.

5S.

56.

Tim c4c gi6i han sau :

2
2 lim In(1 + 3x) : b) lim In(1+ x ).
x>0 X x—0 X
Tim dao ham cuia cac ham sd sau :
2)y=(3x-2)n'x; b)y=va® +1 Int’;
_In(x? +1)

=x.1 ; d
c)y=x.1In T )Yy

Trong cdc ham s sau day, ham s6 nao dong bié€n, ham s& nao nghich bién
trén khoang xac dinh ctia n6 ?
1

33 -2)

a)y=log, x ; b) y=logx véia=

e

V& d6 thi cuia cdc ham s6 sau :

a)y=log\/§x; b) y = log, x.
3

S

UGC TiNH DAN SO VIET NAM

Nam 2001, dan s6 nuéc ta khoang 78 690 000 ngudi. Theo cong thic tang trudng
m, néu ti 1& ting dan s hang nam ludn 1a 1,7% thi udc tinh s& dan Viét Nam x nam
sau s& Ia 78 690 000.e""' 7"
thay dugc miic d6 tang nhanh cla dan s6, ta xét ham sé
0,017x

(ngusi) = 7,869.e"°17* (chuc trieu ngusi). D& phan nao

fx) =7,869.e

D6 thi cla ham s6 y =f(x) (h.2.8) cho thdy khoang 30 nam sau (tic la khoang
nam 2031), dan s nuGc ta sé vao khoang 131 triéu ngudi, tdc la tang gap rudi.
Chinh vi vay, d& ddm bao nén kinh t& phat trién bén viing, Pang va Nha nudc ta ludn
quan tdm dén van dé dan sé va ké hoach hoa gia dinh.
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¥ A (chuc triéu ngudi)

0 10 20 30 (nam)
Hinh 2.8a Hinh 2.8b
Do thi ham s6'y = f(x) Hinh dnh phéng to mét phdn cia h.2.8a
HAM sO LUY THUA

. 2 1
Chiing ta dd hoc cichams6: y=x,y=x,y= — =x . D0 la nhiing truong
X

hop riéng cua ham s6 luy thira.
1. Khai niém ham sé6 luy thira
Ham s6 luy thira 1a ham s6 c¢6 dang y = xa, trong d6 arla mot hang so tuy y.
Tir cdc dinh nghia vé luy thira, ta thay
Ham s6 y = x, v6i n nguyén duong, xac dinh véi moi x € R.
Ham s6 y =", véi n nguyén am hodc n = 0, xdc dinh v6i moi x # 0.

. a . R N PR . . < A . -
Ham s6 y = x , v6i a khong nguyén, c6 tap xac dinh la tip céc so
thuc duong.
Nguoi ta chiing minh dugc rang ham s6 luy thira lién tuc trén tap xdc dinh
ctia no.

114



CHUY
Theo dinh nghia, déng thic Yx =x" chi xay ra néu x > 0. Do do,

ham s6 y = x”" khong dong nhat v6i ham s6 y = Yx (ne N).
Chang han, ham s6

y= Jx 12 ham s6 can bac ba, xac dinh v6i moi x € R ; con ham so

luy thira y = x3 chi x4c dinh v6i moi x > 0.

2. DPao ham cua ham so6 luy thira
fr 1N N A 14 ~ 2 A . , -1 . .
Vi n 12 s6 nguyén 16n hon 1, ta di c6 cong thic (x')' = nx’ ~ véi moi x € R.

Tuong tu, ta c6 cong thic dao ham ciua ham s6 luy thira v6i s6 mii thuc

sau day.
DINH Li
a) Ham s6 luy thira y = xa (v61i ¢ € R) c6 dao ham tai moi
diém x> 0 va
() -
b) Néu ham s6 u = u(x) nhan gia tri duong va c6 dao ham trén J
thi ham s6 y= u%(x) ciing c6 dao ham trénJ va
(ua(x)) = Oma_l(x)u'(x).
Chitng minh
a) V6i moi x > 0, ta co
(xa)' = (elnxa)' =" 0’)' =7 (alnx) :axa.i = o

b) Két luan nay suy ra tir a) va quy tac dao ham ctia ham s6 hop.
Vidul

L I ¢ L
a)(x ) = ()T +x ()

-1 x T x b
=Tx .M +x .%.Inw =x

1nx (7 + xInm).
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b) L(lnx)Hﬁ} (1+ \/_ (lnx) (lnx) =(1+ \/_ (lnx)\/—. .
@ Chiing minh réng véi n nguyén va n <1 tacé (x")' = nx""' véi moi x #0.
CHUY
a) p dung dinh Ii trén, ta dé dang chiing minh cong thiic dao ham
ctia ham s6 can bac n sau day :
1
n v
(\/;) - nn'xn_l

(v6i moi x > 0 néu n chan, v6i moi x # 0 néu n 1é).

b) Néu u = u(x) 1a ham s6 c6 dao ham trén J va thoa man diéu kién

u(x) > 0 v6i moi x € J khi n chan, u(x) # 0 véi moi x € J khin

1€ thi
" . u'(x) L.
( u(x)) = ———— (v6imoix e J).
nk un—l(x)
Vi du 2. (Ysin3x ) = Y- al

3%/ (sin 3)()2 %/ sin? 3x '

H2| Tim dao ham cda ham s6y = Ve +1.

3. Vai nét vé su bién thién va do thi cia ham so6 luy thira

O day, ta chi xét cdc ham s6 luy thira

o . NPT .
dang y = x v6i a# 0 va véi tap x4c yj 1 y=x
dinh 1a (0 ; +o0). I I
a-1 4
N ~ z a)
T cong thuc (x ) = ax , ta suy N /

&)
—
~—
|

| (D|—

. a . . N 5
raham s6 y=x dong bién trén khoang

T
(0 ; 4+o0) néu a > 0 va nghich bién trén i N
khoang (0 ; +o0) néu @< 0. Hinh 2.9 thé o 1 2 3 4
hién d6 thi cia mot s6 ham s6 luy thira

tf
=
L

.

[
=

trén khoang (0 ; +oo). Hinh 2.9
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Nhdn xét. Do 19 =1 véi moi anén do thi cia moi ham s6 luy thira déu di qua
diém (1; 1).

Cau hoi va bai tap

57. Trén hinh 2.10 cho hai duong cong (C))

(duong nét lien) va (C,) (duong nét diit)

duoc vé trén cling mot mat phang toa do.

Biét ring mdi dudng cong dy la do6

thi cia mot trong hai ham s6 luy thira

1

y=x2 va y=x 2 (x>0). Chi dua

vao tinh chat clia lu§ thira, c6 thé nhan

biét duong cong nao 1a do thi ctia ham s6
nao dugc khong ? Hay néu ro 1ap luan.

Hinh 2.10

58. Tim dao ham ctia cdc ham s6 sau :

a)y:(2x+1)n; b)y=\/51n35x;

1+ 3 x )’ b
=3—F d)y= —| v6ia>0, b>0.
- -3 e
Luyén tap

59. Tinh gi4 tri gan ding dao ham ctia m6i ham s6 sau tai diém da cho (chinh xéc

dén hang phan tram) :

: . T 2%
a) y = logs(sinx) tai x = 4 ; b)y=—2 tai x = 1.
X

X

1

60. a) Chitng minh rang d6 thi cta hai ham s6 y = a va y= La)' doi xing véi

nhau qua truc tung (h.2.2 véia=2).
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b) Chiing minh rang do thi cta hai ham s6 y = log x va y = log, x d6i xing
a
v6i nhau qua truc hoanh (h.2.4 véia =2).

61. V& do thi ctia ham s6 y = log, sx. Dya vao do thi, hdly giai cdc bt phuong
trinh sau :

a)logysx >0 ; b) =3 <log;sx <-1.

62. V& d6 thi cia ham s6 y = (\/5 )x. Dua vao do6 thi, hday giai cac bat phuong

trinh sau :

2 (V3) <1: b) (V3) >3.

7 PHUGONG TRINH MU VA LOGARIT

Trén thuc t€, nhiéu bai toan din dén viéc giai phuong trinh dang @' = m hoac

log x = m, trong d6 m va a la nhitng s6 cho truéc v6i 0 < a # 1. D6 la nhing
dang don gian cta phuong trinh mii va phuong trinh logarit.

Trong bai nay, ta van gia thi€t a 1a mot s6 cho truée, duong va khac 1.

1. Phuong trinh co ban

® Phuong trinh mii co bdn c6 dang a=m, Y r

trong d6 m 12 s6 da cho. Phuong trinh ndy  y=m N

x4c dinh véi moi x. |

|

X A > . \ 2 - I

Dé thay rang khi m < 0, dudng thang y = m ) — !

- N . N A ~ . !

khéngcétdf)th;hamsoy=ax; con khi m >0, n ! !

2 z N . N g !
duong thang y = m luon cat do thi ham so / ! :
X .. s ) o 1 logsm X
y=a tai ding mot diem (h.2.11). Do d6
Hinh 2.11
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Néu m < 0 thi phuong trinh a =mvo nghiém ;
Néu m > 0 thi phuong trinh ¢ = m ¢6 mot nghiém duy nhat

x = log,m. Noi cach khéc,

Vme (0; + ), d=m & x =log m.

Vidul.2)3'=9 & x=log9 & x=2;
b)10'=1 & x=logl < x=0.
@ Giai cac phuong trinh sau :

yl
a)2 =8 : b) e =5. \o¥

® Phuong trinh légarit co bdan c6
dang log x = m, trong d6 m la so
da cho. Diéu kién xdc dinh cta

I
I
I
phuong trinh nay la x > 0. 0 . —m I

Dé thay duong thing y = m luén

cat d6 thi ham s6 y = logx tai
ding mot diém (h.2.12). Do d6 Hinh 2.12

Véi méi gid tri tuy y cua m, phuong trinh log x = m ludn c6

mot nghiém duy nhat x = a". Néi céch khéc,

Vme (-0 + ), log x =m & x=a .

1
Vidu 2. logzxz,l, & x =22 =\/§;

0

Inx=0& x=¢" &x=1.
H2| Gidi cac phuong trinh sau :
a) logyx =logs5 ; b) logx = —4.

Tir do hay cho biét nghiém cda phuong trinh log x = log p, (p > 0).
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2. Mot so6 phuong phap giai phuong trinh mii va logarit

120

a) Phuong phap dua vé cung co s6

Trong bai trude, ta da biét cac tinh chat :

) aa :aﬁ s a=p0;

(i) Néua >0,8>0thilog,a=log b < a=p.

Cac tinh chat dé cho phép ta giai mot s6 dang phuong trinh mi (hoac phuong
trinh 16garit) bang cach dua céc luy thira (hodc céc logarit) trong phuong trinh
vé luy thira (hodc 16garit) véi ciing mot co sd. Sau day 1a mot s6 vi du.

Vi du 3. Giai phuong trinh

9x+1:272x+1. (1)
Gidi
Nhan xét ring ta c6 thé dua hai v€ chia phuong trinh vé luy thita clia cling co
s0 3.

9x+ 1 _ 32()(+ 1) Vi 272x+ 1 _ 33(2x+ 1).
Do d6

1) o 3PP Loy =300+ 1)

& 4 1=0 o x= -
4
Vay phuong trinh cé nghiém duy nhat x = 4
Vi du 4. Giai phuong trinh
log, =log;(x* x 1) (2)

X 2
Gidi
Diéu kién xdc dinh ctia phuong trinh (2) 1a x > 0 va x2 x 1>0.
Véi diéu kién d6, do log, = log x nén phuong trinh di cho tuong duong
X

2
v6i phuong trinh

log x:logl(x2 x 1) hay x:x2 x 1.
2 2



Boi vay, ta c6 thé viét

x>0

) x>0 x>0
2) © <X -x-1>0 © =S
2-x-1

) X=x x2=2x-1=0
[xzx -x-1

x>0
(:){ <:>x=l+\/§.

x=1+x/§hoacx:1—x/§
Vay phuong trinh da cho c6 nghiém duy nhat x =1 + V2.
Mét ban gidi phuong trinh 10g4x2 =log,5 nhu sau : Vi log4x2 =logyx nén
log4x2 =log,5 & log,x=log,5 & x=35.
Lai gidi d6 dung hay sai ?
Vi du 5. Giai phuong trinh
log,(x+12) . log 2 = 1. 3)
Gidi
Dé vé trai clia (3) c6 nghia, ta phdi c6 x + 12> 0va 0 <x # 1. Vay diéu kién

xac dinh cua phuong trinh (3) 1a 0 <x # 1.

, thanh thir véi di€u kién 0 < x # 1, ta c6

Khi d6, log,x # 0 valog 2= log,

=1 & log,(x+12) = log2x2 S x+12 =x2.

1 12).
G ) loge+12). |

Do dé, ta c6 thé viét

x+12 =47 X —x-12=0 x =-3hoac x =4
Q)= = @i

O<cx=#1 O<cx#1 0<x#l

& x =4,

Vay phuong trinh (3) ¢6 nghiém duy nhat x = 4.

Dua vé cung co sd 1a phuong phép rit hay dung khi giai cdc phuong trinh mii
va phuong trinh logarit. N6 thuong duoc dung két hgp véi cadc phuong phap
khic ma ta s€ néu dudi day.
b) Phuong phap dat 4n phu

x+2

Vi du 6. Gidi phuong trinh 3™ 7> =3""2 4 2.
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Gidi
2 e 2 5 2x+4 2 2 <
Ta c6 thé viet 3717 =3.37 "4 =3, 32 )=3.(3x+2) .

Vi vy, néu dity = 3" (v6i y > 0) thi phuong trinh dd cho ¢6 dang 3y° = y + 2,

hay 3y2—y—2=0. Phuong trinh nay c6 hai nghiémy=1véy=—3,nhu'ng
chi c6 y =1 la thich hop. Do d6
32310 o 3721 e k4220 @ x=-2.

Vay phuong trinh da cho c6 nghiém duy nhat x = — 2.

Gidi phuong trinh 2% +2°2 +2°7 = 448 bang cach dat &n phy y = 2*~.

Vi du 7. Xét phuong trinh 6 + 4 5= 3. 4)
log, 2x log, x

Dé thay diéu kién xac dinh ctia phuong trinh 1a x > 0, x # ) va x # 1. V6i
diéu kién d6, ta co

6 N 4
I+log, x 2log, x

4 & = 3. 5)

@ Gidi phuong trinh (5) bang cach dat y =log, x r6i két luan vé tap nghiém
cla (4).
¢) Phuong phap logarit hoa
Tinh chat (ii) da néu con cho phép giai phuong trinh c¢6 hai v€ luon duong
bang cach 14y logarit hai v€ (theo cliing mot co s6 thich hgp nao d6). Viéc lam
do6 goi 1a l6garit hod hai v€ cia phuong trinh.
2
Vi du 8. Gii phuong trinh 3*71.2% =8.4%72,
Gidi
Dé thdy hai v€ cua phuong trinh xdc dinh v6i moi x va luon nhan gia tri
duong. Do dé c6 thé 1ogarit hod hai vé theo co s6 2. Ta c6
2 ,
337127 =842 & (x— Dlog3 +x =log,8 + (x — 2)log,4
& X —(@2-log,3)x+1—log,3=0.



Phuong trinh bac hai cu6i cliing ¢6 hai nghiém la x = 1 vax = 1 — log,3. D6
cling la hai nghiém cua phuong trinh da cho.

Logarit hoa 1a phuong phap kha thong dung trong viéc giai phuong trinh m.
Khi l6garit hod, ta cAn khéo chon co s6 dé 10i giai dugc gon.

Bang phuong phép I6garit hod, gidi phuong trinh 2*.5% =0,2.(10°7)°.

d) Phuong phap str dung tinh dong bién hay nghich bién ciia ham so

Vi du 9. Gii phuong trinh 2" = 2 — log;x.

Giai

Dé thdy x = 1 1a mot nghiém ctia phuong trinh da cho. Ta s& chiing minh rang
phuong trinh khong con nghiém nao khéc.

That vay, diéu kién xdc dinh cta phuong trinh 1a x > 0, tic 1a x € (0 ; +).
Trén khodng d6, ham s6 y = 2" dong bién trong khi ham s6 y = 2 — log,x
nghich bién.

Ta xét hai truong hop :

— Néu x> 1 thi logzx >0va2 >2.Dod62~logyx <2<2". Diéu dé chiing
to trén khoang (1 ; + o), khong cé gia tri nao cta x la nghiém clia phuong
trinh da cho.

~Néu0<x <1thilogzx <0va2 <2.Dod62-logsx >2>2". Diéu dé
ching to trén khoang (0 ; 1), khong c6 gia tri nao cua x 1a nghiém ctia phuong
trinh da cho.

Tém lai, phuong trinh da cho c6 nghiém duy nhét x = 1.

Cau hoi va bai tap
63. Giai cac phuong trinh sau :
a) 2+3) =2-43 ; b) 2 32 = 4

02.3" =637 —3'=9; d) log,(3" +8) =2+ x.
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64. Giai cac phuong trinh sau :

a) log)[x(x—D]=1; b) log,x + log,(x — 1) = 1.

65. Trén mat mdi chiéc radio déu c6 céac vach chia dé nguoi sit dung dé dang chon
ding s6ng radio can tim. Biét rang vach chia & vi tri cach vach tan cling bén
trdi mot khoang d (cm) thi ing véi tan s6 F = ka' (kHz), trong d6 k va a la hai
héng s6 duoc chon sao cho vach tan cling bén trdi ting vé6i tin s6 53 kHz, vach

tan cling bén phai ting véi tan s6 160 kHz va hai vach nay cach nhau 12 cm.

53 60 80 100 120 140 160
K |

a) Hay tinh k£ va a (tinh a chinh xac dén hang phan nghin).
b) Gia su da cho F, hay giai phuong trinh ka" = Fvéi én d.

c) p dung két qua cta b), hday dién vao 6 trong trong bang sau (két qua tinh
chinh xac dén hang phan tram)

F 53 60 80 100 120 140 160
d
66. Giai cac phuong trinh sau :
)25 =200 ; b) 0,125.47 = (44/2)".
67. Giai cac phuong trinh sau :
a) log,x + log,x = log V3 b) log\/g x. logsx. loggx = 8.
2

68. Giai cac phuong trinh sau :
x+1

a)3 +183 % =29;
X

b) 27" + 12" = 2.8". (Huéng ddn : Chia ca hai vé cho 2*" r6i dat ¢ = Lz) )

69. Giai cac phuong trinh sau :
log, x g X
log,2x  log;c8x

a)log"x” - 20logx +1=0 ; b)

¢) logy, 27 —log; 3 +10gy243 = 0.
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70. Giai cac phuong trinh sau :

a) 34x _ 43x : b) 32—10g3x =81x;
03" 8" =36 dy 571085 =57,
71. Giai cac phuong trinh sau :
a)2x=3—x; b) log,x =3 —x.
8 HE PHUONG TRINH MU VA LOGARIT

Khi giai hé phuong trinh mi va logarit, ta cling dung cac phuong phap giai hé
phuong trinh da hoc nhu phuong phap thé, phuong phap cong dai sd, phuong
phép dat 4n phu, ... .

Trong phan nay, ta chi xét mot vai vi du don gian.

Vidu 1. Xét hé phuong trinh

243 =5
(D
vty =2,
Patu=2"vav=3 u>0,v>0), tacéhé¢ phuong trinh
u+v=>5 @)
iuv = 6.

Dé thay hé (2) c6 hai nghiém 1a (1 ; v) = (2 ; 3) va (u; v) = (3 ; 2). Cac gia tri
nay déu thod man diéu kién u > 0 va v > 0. Do do6, ta phai giai hai hé phuong

trinh sau :
27 =2
3)
3y = 3,
2X+y — 3
“4)
3y =2,
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. X+y:1 (x:
Ta co CIR=" S

IH1| Tiép tuc gidi he (4) va két luan vé nghiém ciia hé (1).

Vi du 2. Giai hé phuong trinh

22x—y + 2% = 21+y
5)
log, x.(logy y = 1) = 4.
Giai
Trudc hét, ta xét phuong trinh thit nhat trong hé (5) :
22 v 42t=0! " ©6)

Nhan hai v clia phuong trinh (6) véi 2, ta duge phuong trinh 2207 427 =2,
bat 2 7 =1 (1> 0), ta dugc phuong trinh F+1-2=0 ; phuong trinh nay ¢6

hai nghiém la ¢ = 1 va r = -2, trong d6 chi c¢6 nghiém ¢ = 1 1a thich hop. Vay

6) 2 7=1x-y=0  x=y.
Pem két qua nay th€ vao phuong trinh thit hai ctia hé (5), ta dugc

D log, x—1] logyx =4 & (log,)> = 2log,x — 8 = 0
2 2 2 2

2
rlogg x==2 {x = (x =
= =
logy x =4 Lx:24 Lx=16.

Két ludn : Hé (5) c6 hai nghiém 1a (x ; y) = L ] va(x;y)=(16; 16).

4° 4
=1

2 ~ N -W
H2| Gidi hé phuong trinh 5
log? x +log” y = 2.



Cau hai va bai tap

Giai cac h¢ phuong trinh (bai 72 va bai 73) :

+y=20
72. a) {x Y

logy x +logyy =1+10gs9;

3727 =1152
73. a)

log\/g(x+y)=2;

x+y=1
b) 5
4725 1 472V = 0,5.

2_ 2 _
b) X =y 2
log,(x +y) —logz(x —y) = 1.

Luyén tap

Giai cac phuong trinh (tir bai 74 dén bai 78) :

74. a) log,(3 —x) +log,(1 —x) =3 ;

C) 7logx _Slogx+1 =3 Slogx—l ~13 710gx—1 .

a) log,(3" = 1). log,3* "' = 3) =12 ;

¢) 5ylog,(=x) = logz\/;2 ;

R B
a)4 *+6 * =9 ¥,

c) 3ylog, x — log:8x+1=0;

75.

76.

77.8) 250 4 4295 V=6

a) L3)'x =x+4;

Giai cac hé phuong trinh :

{3.2)‘ +
a)

78.

79.

y =

2Y -3 =-0,75;

b) log,(9 —2") = 10'°83~9)

X +2

6 +6 =2 12"

2

b) log, ;4 =1+logy(x—1);

1 1
logy x+—= logy x—
A3 243 2 =4

b) 4-lnx+ 1 6lnx_ 2'31nx2+2 -0:
2 x2

d) log} (4x) + log, g = 8.
2

b) 43+2c052r _ 7.41+0032x _ 42

b) Lsing]x + Lcos’st]x =1.

(log5 x +logs7.log; y =1+ logs2
13 + log, y = log, 5(1 + 3logs x).
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BAT PHUONG TRINH MU VA LOGARIT

e Khi giai cdc bat phuong trinh mi va bat phuong trinh logarit, can nhé
rdng cdc ham s6 y = a vay=log X dong bién khi a > 1 va nghich bién khi
O<a <1.

Sau day, ta xét mot s6 vi du don gian.

Vi du 1. Giai cac bat phuong trinh sau :

a)2x+2_2x+3_2x+4>5x+1_5x+2; b)9x<2.3x+3.

Gidi

a) Ta bién ddi bat phuong trinh da cho nhu sau :
2x+2_2x+3_2x+4>5x+1_5x+2 PN 2x+2(1_2_22)>5x+1(1 _5)

X
e-52">45"" 52 <5 o L Co<1
5)
X
5)
Két ludn : Tap nghiém cta bt phuong trinh dd chola S = (0 ; +o).

< x >0 (do tinh nghich bién ctia ham s6 y = L

b) Do 9" = (3" nén khi dat r=3", ta dugc bét phuong trinh 7 — 27 — 3 < 0.
Bat phuong trinh nay ¢6 nghiém 1a —1 <7 < 3 nén
3> -1

3 <3

9’“<2.3x+3<:>—1<3x<3<:>{ o3 <3 e x<1

(do 3 > 0 > —1 v6i moi x va tinh déng bién clia ham s6 y = 3").

Vay bat phuong trinh da cho c6 tap nghiém la (—eo ; 1).

20 ) A R 2x +1 b
H Giai béat phuong trinh 5 s

e DGi v6i cac bat phuong trinh logarit, ta phai dac biét chid y dén diéu kién
xéc dinh cua bat phuong trinh.
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81.

Vi du 2. Giai bat phuong trinh

logg 5(4x + 11) < logy 5(x” + 6x + 8). 1)
Giai
Diéu kién xdc dinh cta bat phuong trinh (1) 1a 4x + 11 >0 va X +6x+8 >0.
Véi diéu kién d6, do tinh nghich bién clia ham s6 logarit co s6 0,5, bat

phuong trinh (1) twong duong vé6i 4x + 11 > X +6x + 8. Boi vay, ta 6 thé viét

4x+11>0

(1) & {x" +6x+8>0

K2 +6x+8>0
=
dx +11> x> +6x +8.

[4x+11>x2+6x+8
Giai ting bat phuong trinh :
x2+6x+8 >0 & x<—4 hoacx >-2;
A+ 11> +6x+8 & ¥ +2r-3<0 & 3<x<1.

Céc gid tri cia x thoa man dong thoi ca hai bat phuong trinh trénlax e (-2 ; 1).

—4 -3 -2 1
0000000000000 [ \Y) -
va BY X ) G
Vay tap nghiém cua bat phuong trinh (1) 1a §=(-2; 1).
H2| Gigi bét phuong trinh log, (x + 1) > logs(2 - x).
3
Cau hoi va bai tap
Giai cac bat phuong trinh sau :
2 %1 b) 16" > 0,125.
a)logs(3x—1)<1; b) log, 5x—-1)>0;
3
2 -2
c) 10g075(x -5%+6)>2-1; d) log <0.

X
12



82. a) loggs x +logysx—2<0; b) 2% +27* —3 <0,
83. a) log, (x2 +x-2)> logo,l(x +3);

b) log, (x* = 6x + 5) + 2logs(2 — x) > 0.
3

84. So sanh p va ¢, biét :

2V 3\ g\ 3\
913) >3 JUIRBE
) 0,25" < G)'Zq : d) L7jp < ksz—zq.
85. Cho x < 0. Ching minh rang

—1+\/1+i(2*‘—2‘*‘) 9

1+\/1+i(2x_2—x)2 1+2%

86. Tinh

Q) A = 9210g34+410g812 .

o

b) B = log Lm .
= log, T :

¢) C = logslogs \ -5

n déu can
87. Chiing minh rang log,3 > log4.

88. Goi ¢ 1a canh huyén, a va b 1a hai canh géc vuong clia mot tam gidc vuong.
Ching minh rang

log,,.a+log._,a=2log,, . a.log._, a.
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thod man hé thic xy' + 1 =¢'.
X

89. Ching minh rang ham s6 y = In

V)
In2
cua (G) tai A cit truc hoanh tai diém B. Tinh gia tri gan ding cta dién tich cla

90. Gia st d6 thi (G) ciia ham s6 y = cit truc tung tai diém A va ti€p tuyén

tam gidc OAB (chinh x4c dén hang phan nghin).

91. Ki hiéu M 12 mot diém thuoc d6 thi cia ham s6 y = log x. Trong hai khang
dinh @ > 1 vd 0 < a < 1, khang dinh ndo ding trong mbi trudng hop sau ?

Vi sao ?
a) M c6toado (0,5;-7); b) M c6 toa do (0,5;7);
c)M cotoado3;5,2); d) M c6toadd (3;—5,2).

92. Cic loai cay xanh trong qud trinh quang hop sé nhan duoc moét lugng nho
cacbon 14 (mot dong vi cua cacbon). Khi mot bo phan ctia mot céi cay nao do
bi chét thi hién tugng quang hop cling ngung va né s€ khong nhan thém
cacbon 14 nita. Luong cacbon 14 ctia bo phan d6 s€ phan huy mot caich cham
chap, chuyén hoa thanh nito 14. Biét ring néu goi P(f) 1a s6 phan traim
cacbon 14 con lai trong mot bo phan ctia mot cdi cay sinh truéng tir + nam
trude day thi P(¢) dugce tinh theo cong thiic

t

P(t) = 100.(0,5)5750 (3 ).

Phan tich mot mau gd tir mot cong trinh kién tric cd, ngudi ta thiy luong
cacbon 14 con lai trong mau gb d6 1a 653 . Hay xédc dinh nién dai clia cong
trinh kién trdc do.

93. Giai cac phuong trinh :

L"'S x+17
a) 327 20,25.128°7° . b) 51 =10% 27" .5 .
C) 4)( _3)6—0,5 — 3X+0,5 _22X—1 : d) 34X+8 —4. 32X+5 +28 = 210g2 \/5'

94. Giai cac phuong trinh :
2) 1083 (log3 s x ~ 3loggs v +3) =25 D) 10g,(43" = 6) ~logy(9" —6) = 1;
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ol- 2log(2x—1): 2log(x—9); d) _log,(x—2) - 3 = log, V3x -35.

8

6
95. Giai phuong trinh
4'-3"=1.

96. Giai cac hé phuong trinh :

2log, x — 3 =15
a) logx — log4

logy —log3

3 log, x = 2log, x + 3",

b

log,(x —y) =5—1log,(x +y) {
b

97. Giai cac bat phuong trinh :

I —log, x < I b) log , (6x+1 _36x)2_2 :

a)1+log2x 27 NG
5

c) logl(x2 —6x+18) + 2logs(x —4) < 0.
5

Bai tap trac nghiém khach guan
Trong moi bai tap dudi day, hay chon mot phuong dn trong cdc phuong dn da
cho dé dwoc khdng dinh diing.
98. Gid tri bi€u thiic log, 36 — log, 144 bing
(A)—4; (B) 4 ©-2; (D) 2.
99. Biétlogs /a = 2 thi log, a bing
(A)36; (B) 108 ; O 6; (D) 4.
100.Tap cdc s6 x thod man log, ,(x —4)+12=0 la
(A) (4;+0) 5 (B) (456,5) ;  (O) (—=36,5) ; (D) [6,5;+00).

) 4x 3 2—x
101.Tap cac s6 x thoaman | = | <| = la
3 2

2 2
(A) L—oo 3} ; (B {—3;+°°) ; (O L—oo 5} ; (D) [5;+ooJ .
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102.Gid tri biéu thitc 3log,, 10>* bang

(A) 0.8; (B)7.2; (©)-7.2; (D) 72.
103.Gia tri biéu thic (0,5)log, 25 + log,(1,6) bang

(A) 1; B)2; ©3; (D) 5.

log, 240  log, 15

104.Gia tri biéu thic —
' log; 752 logg)2

+ log, 1 bang

(A) 43 B)3; O 1; (D) - 8.
2x-1 3 2—-x
105.Tap céc s6 x thoa man kSJ < sz la

(A)[3;40);  (B)(-o0;1]; (O [1;+40); (D) (o0 ; —00).

o e 1 o 2x ,
106. Doi véi ham so f(x) = e A, ta co

L A
(A)f\6j=ez; (B) f'L6j:—32;
© f'@:ﬁe; (D) f'ng=—x/37e.

107. DBa6i v6i ham s6 y = In ! ,taco
x+1
A) xy+1=¢ ; B) xy +1=—€ ;
©€) xy—1=¢ ; D) xy'—1=—¢.

108. Trén hinh 2.13, d6 thi ctia ba ham s&
X X o X
y=a ,y=b vay=c

(a, b va c l1a ba s6 duong khac 1 cho trudc)
duoc v& trong cling mot mat phiang toa do.
Dua vao d6 thi va cédc tinh chat cua luy
thira, hay so sanh ba s6 a, b va c.

(A) a>b>c ; B)a>c>b;

O c>b>a; D)b>c>a.

Hinh 2.13



109. Trén hinh 2.14, d6 thi ctia ba ham s6

y=logx,y=log,x vay=log.x
(a, b va c la ba s6 duong khac 1 cho truée) duge vé€ trong cing mot mat
phang toa do. Dua vao do thi va cdc tinh chat cta logarit, hiy so sanh ba s6 a,

b vac.

(A) a>b>c ; Byc>a>b;

O b>a>c ; D)c>b>a.
110. Phuong trinh log, 4x —log 2 =3

c6 bao nhiéu nghiém ? 2

(A) 1 nghiém ; (B) 2 nghiém ;

(C) 3 nghiém ; (D) Vo6 nghiém.

Hinh 2.14
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huvong
NGUYEN HAM, TICH PHAN VA UNG

Trong chuong nay chung ta sé lam quen voi khai
niém nguyén ham va tich phan. Day la hai khai
niém co ban, rat quan trong cua giai tich, co lién h¢
mat thi€t voi khai niém dao ham. Phép tinh tich phan
cho ching ta mot phuong phap tong quat dé tinh
dién tich ctia nhung hinh phang va thé tich cua
nhiing vat thé co hinh dang phuc tap. Phép tinh tich
phan dugc xem la moét trong nhing thanh tuu quan
trong nhét cua todn hoc.

Hoc sinh can ren luyén ki nang tim nguyén ham, tinh
tich phan va biét ap dung tich phan dé tinh dién tich
mot s6 hinh phang va thé tich mot s6 vat thé.
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NGUYEN HAM

Khai niém nguyén ham

Bai todn md ddu. Van toc ciia mot vien dan d oc ban lén theo ph ong thang

ding tai thoi di€ém 7 1a v (r) = 160 — 9,8¢ (m/s) (coi ¢ = 0 1a thoi diém vién dan

d oc ban 1én). Tinh quang d ong di d oc cia vién dan ké tir khi ban lén cho

dén thoi diém ¢.

Goi s(7) 1a quang d ong di d ¢c cua vién dan sau khi ban d gc ¢ giay.

Ta da biét v(r) = 5'(r). Do d6 ta phai tim ham s6 s = s(¢) thoa man di€u kién :
s'(f) =160 —9,8¢ .

Nhiéu van dé ctia khoa hoc va ki thuat da dan tGi bai todn sau day :

Cho ham so'f xdc dinh trén K, 0 dé K la mot khodng, mét doan hodc mot niia

khodng nao dé. Hay tim ham so'F sao cho F'(x) = f(x) vdi moi x thuoc K.

DINH NGHIA

Cho ham s6 f xac dinh trén K. Ham s6 F'd oc goi 1a nguyén ham
cua f trén K néu F'(x) = f(x) v6i moi x thuoc K.

CHU Y
1) Trong tr ong hop K =[a; b], cic dang thic F'(a) = f(a),
F'(b) = f(b) d oc hiéu Ia

lim+ —F(x) — Fla) = f(a) va lim —F(x) —FO)

x—a X —da x—b~ x=>b = 1.
2) Cho hai ham s0 f va F lién tuc trén doan [a; b]. Néu F la nguyén
ham cia f trén khoang (a; b) thi ¢6 thé chiing minh d ¢c ring
F'(a) = f(a)va F'(b) = f(b), do d6 F ciing la nguyén ham cta f
trén doan [a ; b].



Vidul
2
3

a) Ham s6 F(x) = la nguyén ham ctia ham s6 f(x) = x? trén R vi

by .
(?} = x> véi moi x € R.

b) Ham s6 F (x) = tanx 1a nguyén ham cua ham s6 f(x) =

5— trén khoang
COS~ X

T vi (tanx)' = ! véi moi x € LI
27 2 cos? x 272

3
s 2 5 9 N g 9 9
¢) Ham so F (x) =§x2 la nguyén ham ctia ham so f(x) = +/x trén nua khoang

[0;4+0) Vi F'(x) = Jx véi moi x € (0;+c0) va ca hai ham s6 f va F déu lién

tuc trén [0 ;+o0).

[H1| Cac ham s6 F(x)=-2cos2x va Fy(x)=—2cos2x+2 la nhiing nguyén

ham cta ham sé nao ?

DINH Li 1

Gia st ham s6 F 1a moOt nguyén ham ctia ham s6 f trén K.
Khi doé

a) V6i moi hang s6 C, ham s6 y = F(x) + C ciing 1a mot
nguyén ham cua f trén K

b) Ng oc lai, v6i moi nguyén ham G cua f trén K thi ton tai
mot hang s6 C sao cho G (x) = F (x) + C v6i moi x thuoc K.

Chiing minh

a) Gia st G (x) = F (x) + C. Khi d6 G'(x) = F'(x) = f (x).

b) bat Hx) = G(x)-F(x),taco H'(x) =G'(x) —F'(x) = f(x) —f(x) =0 véi
moi x € K. Vay H 1a ham s6 khong déi trén K, titc 1a H(x) = C véi C 1a mot
héng s6. Suy raG (x) = F (x) + C v6imoi x € K.
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Vi du 2. Tim nguyén ham F clia ham s6 f(x) = 3x> trén R thod man diéu
kien F(1) = —1.

Gidi. D& thily y = x> 1a mot nguyén ham cua ham s6 f(x) = 3 x* nén nguyén
ham F can tim c6 dang F(x) = 2 +C.

ViF(l)=—Inén 1> +C=-1, suyraC=-2. Vay F(x) = x° — 2.

e T dinh Ii 1 ta thdy néu F 1a mot nguyén ham cua f trén K thi moi nguyén

ham ctia f trén K déu c6 dang F(x)+ C v6i C e R. Vay F(x)+C, CeR

1a ho tat ca cac nguyén ham cua f trén K.
Ho tat ca cac nguyén ham cta f trén K d oc ki hiéu léj f(x)dx . Vay
[f(dx = F(y+ C,C e R.
Ng oi ta cling dung ki hiéu J. f(x)dx dé chi mot nguyén ham bat ki clia f.
Vay
([ Feodx) = ).
(V€ ki hiéu I f(x)dx xem bai Em c6 biét : "Nguon goc cua ki hiéu nguyén
ham va tich phan" tr. 157).

e Ng 0i ta da ching minh d oc rang : Moi ham s6' lién tuc trén K déu cé
nguyén ham trén K.

e Tur day, trong céc bai todn vé nguyén ham ctua mot ham s6, néu khong néi gi
thém, ta luon gia thiét rang ham s6 d6 1a lién tuc va nguyén ham ctia né d oc
xét trén moéi khoang (nira khoang, doan) xac dinh ctia ham s6 dé.

2. Nguyén ham cua mét s6 ham so th ong gap

Bai toan tim nguyén ham la bai todn ng oc véi bai todn tim dao ham. Viéc
tim nguyén ham ctia mot ham s6 th dng d oc d a vé tim nguyén ham ctia cac
ham s6 don gian hon. Sau day la nguyén ham ctua mot s6 ham s6 don gian
th ong gap.
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1 dexzc, jdx=j1dx=x+c;
o+1

+1

2) jx‘*dx= Y 4C (a %-1);
o
3)jldx:1n|x|+c;
X

4) V6i k 1a hang s6 khéc 0

a)jsinkxdx: _cozkx +C;
sin kx
b)jcoskxdx: k +C;
or ekx
C)J.e dx=7+C;
X
d)ja"dx_1 +C (0<a=l);

S)a)'[ 12 dx =tanx + C;

b) ‘12 dx = —cotx + C.

Ta dé dang ching minh céc cong thic trén bang cdch tinh dao ham vé phai.

Chang han, vi (su}{kxj = coskx nén ta c6 cong thic 4) b).
Vidu3

a) j4x4dx - %XS +C.

Loog
b) [Vardx = jxdx_ +C=2ouC =2\/7+c.
| 2
2+ 2
sinf
c)_[cos%dx: 12:2sin%+c.
2
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1
Ti —dx ; b) |sin2xdx.
@ im a) IX3 ) Ism X

3. Mot so tinh chat co ban cia nguyén ham

140

PINH Li 2

Néu f, g 1a hai ham s6 lién tuc trén K thi
a) [[f(0) +g)ldy = [ f(x)dx + [ g(x)dv;
b) V&i moi s6 thue k£ # 0 taco

jkf(x)dx = kjf(x)dx.

Chiing minh. a) Ta cin ching té rang v€ phai 1a mot nguyén ham cua f + g.
That vay ta c6

(J FOodx + [eCdr) = ([ Feodr)+ ([ eodx) = () + g(x).
b) Chiing minh t ong tu.

Dua vao nguyén ham ctia cic ham s6 th ong gap va van dung hai dinh Ii trén
ta c6 thé tinh d ¢gc nguyén ham clia nhiéu ham s6 khéc.

Vidu 4. Tim

a) j(§+%jdx;

b) j(x “ DGt 43w dy

c) Isinzxdx.
Gidi
Jx Jx
a) j[7+%}u = deﬁj%dx

1 1
=%jx5dx+2jx_5dx:

=l\/x73+4\/}+c.

3

1

| W

1

§X +4X2+C



b) j(x—l)(x“ +3x)dx = j(xS —x* +3x% = 3x)dx
:Ix5dx—jx4dx+j3x2dx—j3xdx

6 5 3 2

X X 32
=% 5 +x > +C.
.2 _(l-cos2x . 1 1 _ X sin2x
c) Jsm xdx-J-de—EJ.dx—z cos2xdx—§— 7]
[H3] Tim
a) j(x3 +2x2 —4)dx ; b) jcoszxdx.
Cauhoiv b itap
. Tim nguyén ham cta cac ham s6 sau :
2) f)=32+ 3 ; b) f(¥) =223~ 5x +7;
1 1 =
O fW=—=-2-3: dfw=x3; &) f(x)=10""
X

. Tim

@) [+ Yoydr ; b)j@dx;
X

dx.

¢) [4sin® xdx ; d) j%

. Chon khang dinh diing trong cdc khang dinh d 6i day :

Nguyén ham ctia ham s6 y = xsinx Ia

+C.

(A) x? sin£+C ; (B) —xcosx + C ; (C) —xcosx +sinx + C.

2
. Khang dinh sau diing hay sai ?

Néu f(x) = (1- Jx ) thi [ f(x)dx = —/x + C.
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NGUYEN HAM

2 MOT sO PHUGNG PHAP TiM

1. Ph ong phap doi bién s6

Co s6 ctia ph ong phéap déi bién s6 1a dinh 1i sau day.

DINH L 1

Cho ham s6 u = u(x) c6 dao ham lién tuc trén K va ham s6 y = f{u)

lién tuc sao cho f[u(x)] xdc dinh trén K. Khi d6 néu Fla mot

nguyén ham ctia f, tic la j f@uydu = F(u) + C thi

[ FluCole'(x)dx = Fluxo)] + C. (1)

Chitng minh

Theo quy téc tinh dao ham cta ham s6 hop, ta ¢
(Flu()]+ C)' = F'u(x)]u'(x) = f[u(x)]u'(x).
Vay tacé (1).
CHUY
Trong thuc hanh, ta th ong viét tat F[u(x)] 12 F(u), flu(x)] 1a flu)
va coi du 1a vi phan ctia ham s6 u = u(x) (nghia la du = du(x) = u/'(x)dx).
Khi d6, cong thitc (1) & gc viét nh sau :
If[u(x)]u'(x)dx = J-f[u(x)]du(x) = '[f(u)du
= Fu)+ C = Flu(x)] + C. 2)

Ta no6i da thuc hién phép ddi bién u = u(x).

Vidu 1. Tim j 2x + D*dx.
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Gidi. Tacé 2x + D*dx = %(2)( +D*2x + 1)dx = %(2)( +D*d@x +1).
bat u = u(x) =2x +1. pdung cong thic (2), ta cod
4 .l 4 ol s, T4
j(2x+1) dx_j§(2x+1) d(2x+1)—J§u du—EJ‘u du
11 s
—25Y
[H1] 7im [2x(% + 1) ax.
2x

—dx
\/3x2 +4

_ 1 5
+C—10(2x+1) + C.

Vi du 2. Tlmj

Gidi. Taco
1

2, 4y 1
2y T FD g (2 4 4) 3d(R + 4),

%/x2+4 ) %/x2+4

bit u = x> +4. p dung cong thic (2), ta c6

1 1
dx=j(x2+4)_§d(x2+4)=ju 3 du

J. 2x
\]3 o+ 4

2 2
_33 _ 3.2 .3
=Ju +C—2(x +4)" +C.
Vidu 3. Tim '[cos (7x + 5)dx.

Gidi. Ta c6
cos(7x + 5)dx = %cos(7x +5)(7x +5)'dx = %cos(7x +5)d(7x +5).
bit u = 7x + 5. Cong thuc (2) cho ta
[cos(7x + 5)dx = J-%cos(7x +5)d(7x +5) = J.%cosudu

= %sinu +C = %sin(7x +5)+C.

, sinx
Vidu 4. Tim Je cosx dx.
Giai. Taco
e’ cosxdx = e*"d(sinx).
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2.

144

bat u =sinx. Cong thic (2) cho ta
J.esmx cosxdx = J.esmx d(sinx) = J.e” du=e" +C= e 4+ (.

@ Tim Ixel+x2 dx.

Ph ong phap lay nguyén ham tirng phan
Co sd cua ph ong phap 1ay nguyén ham tig phan la dinh Ii sau day.

PINH Li 2

Né&u u, v 1a hai ham s6 c6 dao ham lién tuc trén K thi

j u(xw'(x)dx = u(x)(x) - j v )u'(x)dx.

Cong thic trén goi 1a cong thiic ldy nguyén ham ting phdn (goi tat 1a cong
thitc nguyén ham tiing phan) va d oc viét gond 6i dang

Iudv =uy — Ivdu.

Chitng minh
Ta can chiing t6 v€ phai 1a mot nguyén ham cta uv'. That vay
(u(x)v(x) - jv(x)u’(x)dx)' =u(xw'(x) + v(x)u'(x) — (J.v(x)u'(x)dx)’
=u(x)'(x) + v(x)u'(x) — v(x)u'(x) = u(x)v'(x).
Vidu 5. Tim Ixcosxdx.
Giai
bat u(x) = x, v'(x) = cosx. Khi d6 u'(x) = 1, v(x) = sinx (chi can ldy mot
nguyén ham cua v'). Theo cong thiic nguyén ham timg phan, ta c6

jxcosxdx = x sinx —jsinxdx = x sinx + cosx + C.
Vi du 6. Tim nguyén ham cua ham s6 y = In x.
Gidi
bat u = u(x) = Inx, dv = dx. Khi d6 du = %dx, v = v(x) = x. Theo cong

thic nguyén ham tiing phan, ta c6

jlnxdx =x1nx—jx.%dx =x1nx—jdx = xInx —x + C.



Tim nguyén ham clia ham s6 f{x) = %ezx :

(H 6ng dan. Dat u(x) = % Vi(x) = e2).

~ 2 m - ~
Cauhoiv b itap
5. Dung ph ong phap déi bién so, tim nguyén ham ctia cdc ham s6 sau :

9x?
a) f(x)= m

) F() = x31 — x* (H éngddn.Patu =1-x%);
d) f(x) = m (H 6ng dén. Dat u =1+ +/x).

6. Dung ph ong phdp 1dy nguyén ham ting phan, tim nguyén ham ctia cic ham

(H éngddn.Patu=1-x>);

(H ongddn.Dat u =5x +4);

sO sau :
a)f(x) = xsin% ; b) f(x) = xzcosx;
) f(x) = xe*; d) f(x) = x> In(2x).

Luyén tap
Tim nguyén ham clia cdc ham s6 sau :
7. @ f0) =37 -3 ; b) f(x) = cos(3x + 4) ;
0 f(x) = m : @ f ()= sin’ cos3
8. a)f(x)= x? (% - 1)5 : b) f(x) = x]—zsin%cos% :
O fW) = Fe’ ; d) f() = .
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9. a)f(x)= x> cos2x ; b) f(x) = VxlInx;

S

1.
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c) f(x)= sin* xcosx ; d) f(x)= xcos(xz).

TICH PHAN

Hai bai toan dan dén khai niém tich phan
a) Dién tich hinh thang cong

Cho ham s6 y = f(x) lién tuc va lay gid tri d ong
trén doan [a ; b]. Hinh phang gidi han bdi dé thi
ham s6 y = f(x), truc hoanh va hai d ong thing
x=a,x=bd oc goila hinh thang cong (phan to
dam trong hinh 3.1).

s\

Bai todn dat ra l1a tim cong thic tinh dién tich
cta hinh thang cong.

Hinh 3.1

Bai toan 1
Cho hinh thang cong gi6i han boi do thi ham s6 y = f(x), truc hoanh va hai
d ongthiang x = a, x = b (a < b). Gia st f 12 ham s6 lién tuc, déng bién va
nhan gia tri d ong trén doan [« ; b]. Chiing minh ring dién tich S cua hinh
thang cong dé la

S = F(b) - F(a)
trong d6 F 1a mot nguyén ham bat ki cua f trén doan [a ; b].
Chiing minh
Ki hiéu S(x) (a < x < b) la dién tich hinh thang cong giGi han bdi do thi
ham s6 y = f(x), truc hoanh, d ong thing x = a va d ong thing di qua

diém x trén truc hoanh va vuong géc véi truc hoanh (h.3.2). Nh vay, ta co
mot ham s6 y = S(x) xac dinh trén doan [a ; b].



Tr &c hét, ta chiing minh y = S(x) 1a mot nguyén ham cua ham s6 y = f(x)
trén doan [a ; b]. That vay, gia sit x, 12 mot diém tuy ¥ c6 dinh thuoc khoang
(a ; b). Xét diém x e (xp;b]. Khi d6 S(x) — S(xy) la dién tich hinh thang
cong MNEQ (h.3.3).

v YA
Y =fx) y =fx)
fix) %
fogl—2Ep
i S(x) . i % . ~
o| a x b X of a M Nb x
Hinh 3.2 Hinh 3.3

Do f1a ham d6ng bién nén hinh thang cong MNEQ nam trong hinh chit nhat
MNEF va chta hinh chit nhat MNPQ. Vay

Sunro < Suneo < SMNEF
tic la Fxp)(x = xg) < S(x) = S(xy) < f(0)(x = xp),

S =) g (M
X =Xy

suy ra fxy) <

Vi lim f(x) = f(xy) néntr (1) ng 0i ta ching minh d oc
X—)XO

lim S(x) = S(xg)

x—)xa' X = Xy

= f(x())-

: . S(x)=-S
T ong tu véi x € [a; xy), taclng c6 lim S = 5(xp)
X—>Xo X — Xy

= f(xo)-

Vay lim RICRICTY)
XXy X = Xp

= f(xo) hay S'(x()) = f(x())-

Vi xy la tuy y thuoc (a;b), nén suy ra S'(x) = f(x) v6i moi x € (a;b).
T ong tu, ta ¢c6 : S'(a)=f(a),S'(b)= f(b). Vay ham s6 y = S(x) 1la mot
nguyén ham cua f trén doan [a ; b]. Thanh thi ton tai hing s6 C sao cho

S(x) = F(x) + C.
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Dé thay S = S(b) — S(a).
Do d6 S = S(b) — S(a) = (F(b) + C) — (F(a) + C) = F(b) — F(a).
EI Tinh dién tich hinh thang cong gidi han béi dé thi ham sé y = x4, truc hoanh
va haid ongthdngx=1;x=2.
b) Quang d ong did oc cia mot vat
Bai todn 2
Gia str mot vat chuyén dong c6 van toc thay déi theo thoi gian, v =£) (0< t<T).
Chiing minh ring quing d ong L vat di d oc trong khoang thoi gian tir thoi
diémt=qa dénthdidiém r=b (0<a<b<T)la

L=F() - F(a),
trong d6 F' 1a mot nguyén ham bat ki cua f* trén khoang (0 ; 7).
Chiing minh
Goi s = s(¢) 1a quiang d ong di d oc cha vat cho dén thoi diém 7. Quing d ong
vat di d oc trong khoang thoi gian tir thoi diém ¢ = a dén thoi di€ém 7 = b 1a
L = s(b) — s(a). Mat khac, ta da biét s'(z) = f(¢), do d6 s = s(¢) 1a mot nguyén
ham cua f. Thanh thi, ton tai hang s6 C sao cho s(f) = F(r) + C. Vay

L=s(b) —s(a)=[F(b) + C] —[F(a) + C] = F(b) —F(a).
Khai niém tich phan
Trong khoa hoc va ki thuat, c6 nhiéu dai I ong quan trong d ¢c bi€u thi bang
hiéu F(b) — F(a) trong d6 F 1a mot nguyén ham ctia ham s6 f nao do.
DINH NGHIA

Cho ham s6 f lién tuc trén K va a, b 1a hai s6 bat ki thuoc K. Néu
Fla mot nguyén ham cua f trén K thi hiéu s6

F(b) — F(a)
d gc goi la tich phan cua f tir a dén b va ki hiéu Ia

b
j F(x)dx.




b
Trong tr ong hopa <b , ta goi If(x) dx 1a tich phdn cua f trén doan [a ; b].

a

b

@ Chung minh réng I f(x)dx la mét s6 khéng phu thuée vao viéc chon nguyén
a

ham F nao trong ho cac nguyén ham cdaf.

b
Ng 0i ta con dung ki hiéu F(x)‘a dé chi hiéu s6 F(b) — F(a). Nh vay néu

F 1a mot nguyén ham cua f trén K thi

b
[Feode = Fof).

Vi I f(x)dx 1a mot nguyén ham bat ki cta f nén ta c6
b

b
[ Feode = ([ Feodx)| -

a

Ng oi ta goi hai s6 a, b 1a hai cdn tich phdn, s6 a 1a cdn d i, s6 b 1a cdn trén,
fl1a ham s6'd i ddu tich phdn, f(x)dx 1a biéu thicc d 6i ddu tich phdn va x 1a
bién s6'ldy tich phdn.
CHUY
Da6i v6i bién so 14y tich phan, ta ¢6 thé chon bét ki mot chit khéc
thay cho x. Ching han, néu sir dung chit ¢, chit u,... ]am bién s6 14y
tich phan thi

b b
[fwade, [ fadu, ... déulamot s6 va s6 d6 bang F(b) - F(a).
a a

5

5
Vidul, [Ldv= (ln|x|)‘ —InS—In3=In> :
X 3 3

4 2 4
I(Hl)dx: (x—+ln|x|j‘ —6+1In2.
5 X 2 2
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Vi dinh nghia tich phéan, bai toan 1 c6 thé phét bi€u lai nh  sau :

Cho ham s6 y = f(x) lién tuc, dong bién va nhan gid tri d ong trén doan [a ; b].
Khi d6 dién tich S cta hinh thang cong giGi han bdi d6 thi ham s6 y = f(x), truc

b

hoanh va hai d ong thingx=a,x=b1a S = If(x)dx.
a

Téng quat, ng i ta chiing minh d oc

DINH Li 1

Cho ham s6 y = f(x) lién tuc, khong am trén doan [a ; b]. Khi
d6 dién tich S cta hinh thang cong gidi han bdi d6 thi ham s6
y =f(x), truc hoanh va hai d ong thingx=a,x=bla

b
S= [ fx)dx.

Mot vét chuyén déng véi van téc thay d6i theo thdi gian v = f(t). Chimg minh

réng quang d ong ma vét di d gc trong khoéng thdi gian tur thdi diém a dén thoi
b

diém b I3 j f(r)dt.

a

Vi du 2. Mot 6td dang chay véi van toc 20m/s thi ng oi lai dap phanh (con
no6i 1a "thang"). Sau khi dap phanh, 6t6 chuyén dong cham dan déu véi van toc
v() = 40t + 20 (m/s), trong d6 ¢ 1a khoang thoi gian tinh bang giay ké tir ldc
bat dau dap phanh. Hoi tir lic dap phanh dén khi dimg hén, 6t6 con di chuyén
bao nhiéu mét ?

Gidi. Lay moc thoi gian 12 ldc 6to bat dau d gc phanh. Goi T 12 thoi diém 6t6
dung. Ta c6 v(T) = 0 suy ra 20 =407 hay T = 0,5. Nh vay, khoang thoi gian tir
ldc dap phanh dén khi dimg han ciia 6t 14 0,5 giay. Trong khoang thoi gian 0,5
gidy d6, 6t6 di chuyén d oc quing d ong la

0,5
L=[@0 40ndr =00 20:2)2’5 = 5 (m).
0
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3. Tinh chat cua tich phan

Cic tinh chit co ban ctia tich phan d oc phat biéu trong dinh 1f sau day.

DINH Lf 2

Gia str cac ham s6 f, g lién tuc trén K va a, b, ¢ 1a ba s6 bat
ki thuoc K. Khi do6 ta c6

D Tf(x)dx =0;
b a
2) [ f)de = =] fxdx ;
a b
b c c
3 [f@dx+ [ fdr = [ foodx ;
a b a

b b b
4) [0+ goldx = [ fx)dx + [g(x)dx ;

b b
5) [kf(r)ydx = k[ f(x)dx véi ke R.

Chiing minh. Ta ching minh cac tinh chat 3) va 4).
Gia su F la mot nguyén ham cua f.
3)Tacod

b c
[fydx+ [ Fode = Fb) - F(a) + F(e) - F(b)
a b

= F(c) - F(a) = j F(x)dx.

4) pdungdinhli2cua 1tacé
b

b b
a a

(Jlreo+ solar) = ([ o) + (o)

b
[1F 00 + g(01dx

a

b b
[Frydr + [g(odx.
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Hay ching minh céc tinh chat 1), 2) va 5).
3 3
Vi du 3. Cho J.f(x)dx = -2 va jg(x)dx = 3.
1 1
Hay tinh
3 3
[13f(0) = g(o1dx va [[5-4f(x)]dx.
1 1
Gidi

I[Bf(x)—g(x) —3jf<x>dx jg(x)dx 3.(-2)-3=-9.

3 3 3
Ji5 - 4f(ldx = 5[dx - 4f far =52 - 42 =18,

1 1 1
EI Tim b néu biét rang

b
j(zx—4)dx=0.
0

Cauhdiv b itap

10. Khong tim nguyén ham, hdy tinh c4c tich phan sau :

4 2 3
a) J(%+3jdx; b) jlxldx; c)j 9 — x2 dx.
-2

-1 -3

H Jngdan. pdungdinhli 1.

2 5 5
11. Cho biét j Fx)dx =—4, j f(x)dx =6, j g(x)dx = 8. Hay tinh
1 1 1
5 2
a) [ fOodx ; b) [3f(x)dx ;
2 1
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5 5
o) [Lf () - g(0dx ; d) [[47(x) - g(0)]dx.
1 1
3 4 4
12. Cho biét [ f(z)dz =3, [ f(x)dx =7.Hay tinh [ f()dz.
0 0 3

b
13. a) Ching minh ring néu £(x) > 0 trén [a ; b] thi [ £(x)dx > 0.

a

b b
b) Ching minh rang néu f(x) > g(x) trén [a ; b] thi J- f(x)dx > I g(x)dx.

a a
14. a) Mot vat chuyén dong véi van t6c v(f) = 1 — 2sin2¢ (m/s). Tinh quiang d ong
vat di chuyén trong khoang thoi gian tir thoi di€ém ¢z = 0(s) dén thoi diém
t= % (s).
b) Mot vat chuyén dong cham dan véi van téc v(r) = 160 — 10¢ (m/s). Tinh

quang d ong ma vat di chuyén d oc tir thoi diém 7 = 0 dén thoi diém ma vat
dimg lai.

15. Mot vat dang chuyén dong véi van téc 10m/s thi ting toc véi gia toc
a(t) =3t + (m/sz). Tinh quang d ong vat di d ¢c trong khoang thoi gian
10 giay ké tir lic bat ddu tang toc.

16. Mot vién dan d oc ban Ién theo ph ong thang ditng véi van t6c ban dau 25m/s.
Gia toc trong tr ong la 9,8m/s.
a) Sau bao lau vién dan dat tGi do cao 16n nhat ?

b) Tinh quang d Ong vién dan di d gc tix lic ban Ién cho dén khi cham dat
(tinh chinh x4c dén hang phan tram).
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TiINH GAN BUNG TiCH PHAN VA KHAI NIEM
TONG TiCH PHAN

Tinh gan dang tich phan
b
T dinh nghia tich phan ta thdy mudn tinh tich phan jf(x)dx thi phai tim & gc mot
a
nguyén ham F cla f. M&c du nguyén ham nay ch3c chan tén tai nh ng trong nhiéu
tr ong hop ta khong thé tim d oc biéu thiic t dng minh clia F(x) qua cac ham so cap
da biét. (Chang han, ng &i ta da ching minh rédng nguyén ham cla cac ham sé

—x2 _sinx

y=e ", y= , y=v1+x*, ... khdng th& bidu didn qua cac ham so cap da

b
biét.). Trong nhiing tr dng hgp nh  vay, viéc tinh dung tich phan jf(x)dx Ia khéng
a
thé thuc hién d oc. Vay c6 thé tinh gan ding tich phan d6 & dc khong ?
a) Cho ham s6 y = f(x) lién tuc va lay gia tri d ong trén doan [a ; b]. Xét hinh thang
cong H gi6i han bdi d6 thi ham s6& y = f(x), truc hoanh va hai d dng thdng x = a,
x =b (trén hinh 3.4, ham s6 f(x)=5 ~x2a=-1,b=2 ). Goi S la dién tich clia H.
b
Theo dinh Ii 1 ta co S = jf(x)dx .
a
V6i mbi s6 nguyén d ong n, ta chia doan [a; b] lam n doan con b&ng nhau bdi cac

2 b-a b—a
diem xy=a, x; =a+——,..., xp, =a+k
n

oy X, =b (k=0,1,2, .., n).

Dung cac hinh chit nhat B, véi day la doan thdng [x; ; x;, ], chi€u cao la f(x;)
(k=0, ..., n —1). Dién tich cGa hinh chit nhat B, la f(x;)(x;,; —x;). Goi A, la
hop chia 7 hinh chit nhat By, B,,....B,_; (xem hinh 3.4b v6i n = 10) va S( A, ) 1a dién
tich cGia hinh A, . Ta c6 S(A,) 1a tng dién tich cla n hinh chit nhat By, By, ..., B

n—1-

n-1
Vay S(A,) = D F) (g —Xp) -
k=0
Khi s6 diém chia n cang I6n, s hinh chit nhat By, B,,...,B,_; cang nhiéu thi dién

tich S(A,) cGa hinh A, cang gan vdi dién tich S clia H (xem hinh 3.4c v6i n = 20,
hinh 3.4d véi n = 30). Vay S = S(A,,) nghia la



b n—1
[fede= 3 Fe0 0 = %)
a k=0

Hinh H

Hinh Ay,

Hinh 3.4

b) C6 thé nhan d dc cong thiic gan dung trén véi 1ap luan nh - sau : Gid s mot vat
chuyén déng véi van téc v = f(¢). Ta chia khoang thdi gian [a; b] thanh n khoang thoi
gian bang nhau a = h<th<...<t,= = b. V&i n kha 16n thi khoang thai gian (7 ; levl, )
kha bé nén c6 thé coi rang trong khoang thdi gian d6 vat chuyén déng véi van téc
khong ddi. Khi d6, quang d dng vat di d dc trong khoang thai gian (z ; 7, ;) xap Xi
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bang f(t;, )(t; +1 — % ). Thanh th(r quang d dng vat di d gc trong khodng thai gian
n—1

[a; b] xdp xi bang z ft )ty 41 — ;). Méat khéc, ta da biét quang d ong did oc la
k=0

b
j f(r)dt . Vay ta cb

b n—1
[rodt=3 reoe -1,
a k=0

Khai niém téng tich phan
Mét cach téng quat, cho ham s6 y = (x) lién tuc trén doan [a ; b]. V6i mbi s6 nguyén
d ong n, ta chia doan [a ; b] lam n doan con bing nhau bdi cac diém chia

Xo=a,xy=a+ o X =a+k

- 4 x,=b (k=0,1,2....n).

M6i doan con déu cé dd dai bang b-a .
n

n—1
Ki hiéu Su =D FO)(Xg1 —Xp)-
k=0
S, d dc goi la téng tich phan c&p n cla ham sé y = f(x) trén doan [a ; b].

Ng &ita da ching minh d dc dinh li sau day, goi la dinh li ca ban cuda tich phan
Dinh Ii

Cho ham s8 y = f(x) lién tuc trén doan [a ; b]. Goi S, la tdng tich phan c&p n cla
ham sé y =f(x) trén doan [a, b]. Khi d6

b
lims, = [ F()dx.

a

b n-1
Thanh thir khi 7 16n ta c6 j Fdv =S, = > FOGG — ).
g k=0
Nh vay téng tich phan S, dung dé tinh x&p xi tich phan. Khi c8p n cang I6n thi tong
b

tich phan S, cang gan véi tich phan jf(x)dx va su xap xi cang tét, dé chinh xac

a
cang cao.

Chu y. V& mat lich s, khai niém tich phan d gc hinh thanh déc lap véi khai niém
nguyén ham. Tich phan clia ham s6 f trén doan [a ; b] d dc dinh nghia la gidi han



b
clia téng tich phan cép n cla f trén doan [a; b]. Déng thic jf(x)dx =F(b)-F(a),
a
ma ta dung lam dinh nghia tich phan, & dc tim ra sau dé bdi hai nha toan hoc Niu-
ton va Lai-bo-nit. Pang thiic d6 cho ta mdi lién hé gilta tich phan va nguyén
ham va d dc goi la céng thic Niu-ton — Lai-bo-nit.

[V éb/':.
X <

NGUON GOC CUA Ki HIEU NGUYEN HAM VA TiCH PHAN

Ki hiéu tich phan la do nha toan hoc thién tai ng &i Bdc Lai-bo-nit (1646 — 1716)
d ara. Tich phan clia ham s6 f trén doan [a ; b] d dc 6ng dinh nghia la gi6i han cla
téng tich phan.

n-1
lim ) f )1 = ) (1)
k=0
Thai Lai-bo-nit, hiéu x;_; — x; th dng d oc viét 1a dx, = x| — x; do d la chit
dau clia chir La-tinh "diferentia" (hiéu s8). Do d6, gi6i han (1) d dc viét lai thanh

n—1
lim ) f(x;)dx.
k=0
Ki hiéu z (t6ng s6) ciing nh chit S c6 ngudn géc tir chir La-tinh "summa" (cé
nghia 1a tdng s&). DAu tich phan I la mét bién dang don gian cla chir S.
b
Ki hiéu jf(x)dx muén ndi rang day l1a gidi han clta téng cac s6 hang f(x;)dx; .

a
b

Thanh thi, gi6i han (1) d dc ki hiéu I j F(x)dx.

a
b

Céng thic (x)dx = F(x)b vGi F 1a nguyén ham tuy y cla f néu |én mai lién hé
a
a

gilta tich phan va nguyén ham va ki hiéu '[f(x)dx d oc dung dé chi cac nguyén

ham cua f. Viéc coi Jf(x)dx la mdt nguyén ham bat ki clia f dan dén céng thic truc
b

quan va tién Igi la J.f(x)dx = (jf(x)dx)‘ Ng i ta con goi J.f(x)dx la tich phan

xac dinh va J.f(x)dx la tich phan bat dinh (khéng xac dinh) cGia ham f.
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1. Ph ong phap ddi bién s6

MOT SO PHUCGNG PHAP TINH TICH PHAN

Co s0 ciia ph ong phdp d6i bién so 1a cong thic sau day.

b u(b)
[ flueomde = | fapdu, (D)
a u(a)

trong d6 ham s6 u = u(x) c6 dao ham lién tuc trén K, ham so
y = f(u) lién tuc va sao cho ham hgp f[u(x)] xac dinh trén K ;
a va b 1a hai s6 thuoc K.
Cong thitc (1) d@ gc ching minh nh sau :
Goi F 1a nguyén ham ctia f . Khi d6 vé& phéi ctia (1) 1a F [u(b)] — F[u(a)].
Theo dinh 1i 1 2, vé& trdi cua (1) 1a
(Fu)1)| = Flu(b] - Fluo).
Ta thdy vé€ trdi bang v€ phai. Vay (1) d ¢c chiing minh.
Cong thic (1) d oc goi 1a cong thiic doi bién so.
Ph ong phap déi bién s6 th ong d ¢c 4p dung theo hai cdch sau day.

b
Cdch 1. Gia st ta can tinh I g(x)dx. Néu ta viét d oc g(x) d 6i dang
a
flu(x)]u'(x), thi theo cong thic (1) ta co
b u(b)
[eydr = [ faodu.
a u(a)
u(b)
Vay bai todn quy vé tinh I f(u)du. Trong nhiéu tr dng hop viéc tinh tich
u(a)
phan méi nay don gian hon.

2
Vidy 1. Tinh [xe"dx.
1
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Gidi

2 1 .2
Tac6 xe* dv = e d(x?). Patu= x> tacé u(1) =1, u(2) = 4. Do d6

2 4
2 _r¢€ _ 1 4
-[xe dx = _!-Tdu = E(e —e).

3
[H1] Tinh [\2x+3dx béng cach dait u=2x+3.
1

B
Cdch 2. Gia st ta can tinh If(x)dx. bat x =x(¢t) (t € K) va a,b € K thoa
[04

man « =x(a), f =x(b) thi cong thic (1) cho ta

B b
[ Fodx = [ fla@lx @
b
Vay bai todn quy vé tinh [g(t)dr (& d6 g(t) = fIx(1)].x'(¢)). Trong nhiéu

a

tr ong hop, viéc tinh tich phan méi nay don gian hon.
1
Vi du 2. Tinh j«/l—xzdx.
0
Gidi
bat x =sint. Tacé dx = d(sin¢t) = costdt,0=sinOva 1 = sinE.

T
1 2
Vay I 1-x%dx = I\/l—sinzt.costdt.
0 0
Vite [O;g} nén V1 — sin ¢t = cost. Do d6

—x?dx = [cos?tdr =%

2

O ey —
[—

O =3

S —o 3

(1 + cos2r)dt :l[t + S ZIJ

1

2 4
[H2] 7inn | — bang cach dat x = sint.
oVl—-x
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2. Ph ong phap tich phan timg phan
T ong tu nh ph ong phdp 1dy nguyén ham ting phén, ta cling c6 ph ong
phap tich phan timg phan. Co s& cia ph ong phdp nay la cong thiic sau day.

b b b
ju(x)v'(x)dx = (u(x)v(x))\a - j voou'(x)dx,  (2)

trong d6 cac ham s6 u, v ¢6 dao ham lién tuc trén K va a, b 1a hai s6
thuoc K.
That vay, theo dinh li 2 2, taco
b b
Iu(x)v'(x)dx = (Iu(x)v'(x)dx)‘ = (u(x)v(x) - jv(x)u'(x)dx)
a

a

b
a

b
b , b b ,
= (u(x)v(x))‘a - (J-v(x)u (x)dx)‘a = (u(x)v(x))‘a — jv(x)u (x)dx.
a
Cong thic (2) goi la cong thiic tich phdn ting phdn va con d oc viét
p b
T Ivdu.

a

b
d 6i dang Iudv = (uv)
a

1
Vidy 3. Tinh [xe"dx.
0
Gidi. Chon u(x) = x, v'(x) = e*. Khi d6 u'(x) = 1, v(x) = ¢*. Do d6
1 1 1
jxexdx= (xex) —Iexdx =e—-(e—1)=1.
0 0 o

2
Vi du 4. Tinh jxlnxdx.
1

2
& X Dods

Gidai. Chon u = Inx, dv = xdx. Khi d6 du = 5
X

2 xz
Jxlnxdx = [TlnxJ

1

2

2x 3
—!de= 22 -7

1

xsin xdx.

Tinh

S —| 3
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17.

18.

19.

20.

21.

Cauhdiv b itap

Dung ph ong phép déi bién s6 tinh cac tich phan sau :

T
4 1

a) [N+ ld b) [t ) [Pa+iya
0 0

dv; f) |0 - cos3x)sin3xdx.

I
!
O =\ 3

1
D e

Dung ph ong phép tich phan ting phan dé tinh cac tich phan sau :

2 1
a) jx51nxdx : b) j(x+1)e*'dx :
0
T
n 2
9] J.ex cosxdx; d) J.xcosxdx.
0 0

Luyén tap
T
1 )
Tinh a) j\/tS +2t(2 + 5t1ydr ; b) J-xsinxcosxdx.
0 0
T l \/§ 3
Tinh a)J.5(5—4cost)4 sintdf ; b) I v .
0 \sz +1

2 A o T y s . sinx )
Gia st F la mdt nguyén ham cua ham s6 y = trén khoang (0 ; +).

Khi d6 jsmzxdx 1a
(A) F(3)—F(1); (B) F(6) -F(2);
OF4) -FQ2); (D) F(6) - F(4).
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won

"

162

. Chiing minh réng

1 1 1 1
o) [frde = [fa-xde s b) [ fGode = [[£(0) + f(-0)]dx.
0 0 -1

0

. Cho J-f(x)dx = 3. Tinh If(x)dx trong c4c tr ong hop sau :

-1

a)f la ham sé 1€ ; b) f 1a ham s6 chan.
. Tinh céc tich phan sau :
2 3
1
a) [ dx ; b) [ ()’ dr ;
1
3 I
3 2
2 . 2 3x COS x

c)£x1+xdx, d)j szmx

. Tinh céc tich phan sau :

a) | xcos2xdx ; b) J-ln(2

1 e
; d) _[xz x3+1dx; e) szlnxdx.
0

=
[}
@)
@]
w2
e
&

(@]
~

St |a O— A

UNG DUNG TICH PHAN
PE TINH DIEN TICH HINH PHANG

Trong thuc tién cudc song ciing nh trong khoa hoc ki thuat, ng 0i ta can
phai tinh dién tich ctia nhitng hinh phang ciing nh thé tich clia nhiing vat
thé phiic tap. Chang han :

Khi xay dung mot nha mdy thuy dién, dé tinh 1 ul ong clia dong song ta phai
tinh dién tich thiét dién ngang cua dong song. Thiét dién d6 th ong 1a mot
hinh kha phtc tap.



Khi déng tau, cdc ki s céin xdc dinh thé tich ctia khoang tau c6 hinh dang
dac biét.

Tr Gc khi phép tinh tich phan ra doi, v6i méi hinh va méi vat thé nh  vay
ng Oi ta lai phai nghi ra mot cach dé tinh. Su ra doi cua tich phan cho chiing
ta mot ph ong phép téng quét dé giai hang loat nhitng bai todn tinh dién tich
va thé tich néi trén.

Trong 5 ta néi vé ting dung tich phan dé tinh dién tich hinh phang va trong
6 n6i vé ting dung tich phan dé tinh thé tich vat thé.

Trong dinh 1i 1 3, ta da biét : Néu y = f(x) 1a mot ham lién tuc va lay gia tri
khong am trén doan [a ; b] thi dién tich S cta hinh thang cong gi6i han boi d6
thi ham s6 y = f(x), truc hoanh va hai d ong thang x=a, x=bla

b
S = j F(x)dx.

Viéc tinh dién tich hinh phang gi6i han bdi cic d dng cong th dng d oc quy
vé tinh dién tich ctia hinh thang cong bang cach chia hinh phang d6 thanh mot
s0 hinh thang cong.

Vi du 1 (Dién tich hinh elip). Tinh dién tich ctia hinh phing gi6i han béi elip :

-
L

X Yy
—+==1(@>b>0).
a> b

= Z N ., A~ 2 1N N — a T
nam trong goc phan t thd nhat. B6 1la mot a .

yi
Gidi /
Ta tinh dién tich S cua mot phan t hinh elip \\0

hinh gi6i han béi d6 thi ham s6 y = LNy
a

truc hoanh, truc tung vad ong thang x = a (h.3.5). Hinh 3.5
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Vay § = ]l.gxlaz — x%dx.

0
Ta tinh tich phan trén biang ph ong phép ddi bién s6.

bit x = asinr. Taco
. ) . . T
dx = d(asint) = acostdt, 0 = asin0 va a = asma.

Do do

\/aZ —a’sin*t.acostdt

T

2
\/a2 cos> t.acostdr = Iaz cos’ tdt
0
N s ~
ite [O ; EJ nén \/coszt = Ccost).

T

2 .
Suy ra § =abJ.cosztdt = a—b(t + szrj
0

—
Q
\S]
|
=
[\S)
Il

O =] 3

1]
S —0 3

ki
2 abm

1

2 2

Vay dién tich hinh elip 1a 45 = nab.
e Mot cdch téng quat, ta co

Néu ham s6 y = f(x) lién tuc trén doan [« ; b] thi dién tich S cua
hinh phang gi6i han bdi dé thi hAim s6 y = f(x), truc hoanh va
haid ongthangx=a,x=>b1a

b
s= [lf )l dx. (1)

Vi du 2. Tinh dién tich S clia hinh phing giéi han bsi d6 thi ham so
y= x> —1,d ong thing x = 2, truc tung va truc hoanh.
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Gidi. (h.3.6) Pat f(x) = x> — 1.

Ta thay fix) <0 trén [0; 1] va fix) >0
trén [1 ; 2].

Theo cong thac (1), dién tich S cua
hinh dang xét 1a

2
S:jlx3—1|dx
0

ey —

2
A - ¥)dx + j(x3 —1)dx
1

u_7

+ .
4 2
[H1| 7im dien tich hinh phéng gidi han

Alw ©

b3i d6 thi ham s6y = 4 — x>, d dng thing
x =3, truc tung va truc hoanh.

e D¢ tinh dién tich S ctia hinh phang
giGi han bdi d6 thi cdc ham s6 y = f(x),
y = g(x) lién tuc trén doan [a ; b] va hai
d ong thing x =a, x=b (h.3.7), ta c6
cong thic sau :

b
= [1£(x) = g]dx. 2)

Vi du 3. Tinh dién tich S cta hinh
phéng gi6i han boi parabol y = 2 — x*
vad ong thang y = —x.

Giai (h.3.8)

Tr 6c hét, ta tim hoanh do giao di\é”m
cac do thi clia hai ham s6 da cho bang

cach giai ph ong trinh 2 — X% =-x.
Ta co

2-x’=—xox=—1vax=2.
Hinh phang dang xét gi6i han bdi cac do
thi clia hai ham s6 y =2 — x2, y = —x
va hai d@ ong thing x = -1, x = 2.

YA
i
T
™
&
I
>
[a\]
I
2
0 >
1 12 T
-1
Hinh 3.6
yﬂ
(VA
2\
g \o /
(0] a h b x
2
go(f)
S} <
Il I
= b
Hinh 3.7
YA
2 [ 2 x
-1+ J»%
.
21 \
Hinh 3.8
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Theo cong thic (2) ta c6

2
S = j(2+x—x2)dx
-1

2 3
X X
(2)”7_?]

@ Tinh dién tich hinh phdng gi6i han bdi d dng thdng y = x + 2 va parabol

| \o

y= 4 x-2.

e Dé tinh dién tich mot s6 hinh phang phic tap hon ta phai chia hinh di cho
thanh mot s6 hinh don gian ma ta da biét cach tinh dién tinh.

Vi du 4. Tinh dién tich S clia hinh phang H gi6i han b&i dé thi hAm so
y = ~/x , truc hoanh va d ong thing y =x — 2.

Gidi (h.3.9)

Ta tim hoanh do giao diém céc d6 thi

cta hai ham so y:x/; vay=x-2 yA c
béng cdch gidi ph ong trinh x =x-2. T = ,
Kétqua d oc x=4. 1- . i
Dién tich S cta hinh H bang dién tich “ B Ai R
hinh tam gidc cong OCA trur di dién 3 4 x

tich hinh tam giac ABC.

Dién tich hinh tam gidc cong OCA la
4 > 3" 6
_2 2 _I6
I\/;dx =37 =3
0 0 Hinh 3.9

Dién tich hinh tam gidc ABC la

AB.AC 22 _
2 2

2.




CHUY
T ong tu (bang cdch coi x 12 hAam cua bién y), dién tich S cua

hinh phéng gi6i han boi cdc d dng cong x = g(y), x = h(y) (g vah 1a
hai ham lién tuc trén doan [c ; d]) vahai d ongthangy=c,y=dla

d
S = [|g() = h(x)|dy. 3)

C

Chang han trong vi du 4, coi hinh H 1a hinh phéng gi6i han boi
d ong cong x = y2, d ong thang x = y + 2, truc hoanh y = 0 va

d ong thang y = 2. Do d6, ta c6 thé tinh ngay S theo cong thitc (3)
nh sau:

2 2 3
S=I(y+2—y2)dy:{y7+2y—y?]
0

0

Cauhoiv b itap
26. Tinh dién tich hinh phéng giéi han béi dé thi hAm s6 y = sinx + 1, truc hoanh

va hai d ong thang x = 0 Véxz%r-

27. Tinh dién tich hinh phang gi6i han boi :
a) Do thi ham s6 y = cos’ x, truc hoanh, truc tung va d ong thiang x = 7t ;
b) D6 thi hai ham s6 y = </x vay= Jx
¢) D6 thi hai ham s6 y =2x? vay= x* =2 x? trong mién x > 0.

28. Tinh dién tich cdc hinh phang gi6i han béi :

a) D6 thi cdc ham s6 y = x>—4, y = —x> —2x va hai d ong thing x = -3,
x=-2;

b) D6 thi hai ham s6 y = x> —4 vay=—x> — 2x;

¢) D6 thi ham s6 y = x> — 4x, truc hoanh, d Ong thdng x = -2 va d ong
thang x = 4.
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UNG DUNG TiCH PHAN DE TINH
THE TICH VAT THE

1. Tinh thé tich ciia vat thé

168

Cho mot vat thé

trong khong gian hz
toa do Oxyz. Goi B
12 phan cta vat thé
gi6i han boi hai
mit phing vuong
gdc vo6i truc Ox tai
cdc diém a va b.
Goi S(x) la dién
tich thiét dién cla
vat thé bi cat boi

Hinh 3.10

mat phang vuong goéc véi truc Ox tai diém c6 hoanh do x (a < x < b)
(h.3.10).

Gia st S = S(x) 1a mot ham s6 lién tuc. Ng 0i ta chiing minh d ¢c ring thé
tichV cua B la

b
V = J.S(x) dx. (1)

St dung cong thite (1) ta tim d ¢c cong thifc tinh thé tich cia mot s6 vat thé
quen thudc trong hinh hoc.

Vi du 1 (Thé tich khoi chép cut). Cho khéi chop cut ¢6 chiéu cao h, dién tich
ddy nho va ddy 16n thi ty 12 Sy, S;. Ching minh rang thé tich V chia n6 la

h oo
V= g(SO + SOSI + Sl)



2.

Gidi
Trong hé truc toa do Oxyz,
ta dat khoi chop (sinh ra -

khoi chdép cut) sao cho
d ong cao nam trén truc

Ox va dinh trung véi goc
toa do.

Goi a va b lan 1 ot la
khoang cach tir O dén day

nho va ddy 16n, ta c6 chiéu Hinh 3.11

cao cua khéi chép cut la

h=b-a (h3.11). Thiét dién clia khoi chép cut cit bdi mat phiang vuong
g6c v6i truc Ox tai diém ¢6 hoanh do x (a < x < b) 1a mot da gidc dong dang

v6i ddy 16n véi ti s6 dong dang 12 %.
S x° e
Taco — =—.VayS(x) =S, —.
Sl b2 ( ) 1 b2
Theo cong thuc (1), ta co
. Ts S0 - _b-a S+ Sab+ 8
ST g2 3 b?
a
_ h Slaz Sla
= § (b—z + 7 + Slj .
s Sa® S S.a® h
Dé ¥ ring S, =S(a)= ]1; va%‘ :,/SI%:,/SISO nenV= (S +/5S; +5,).

Nhdn xét. Khoi chép d oc coi 1a khéi chdp cut ¢6 S, = 0. Vi vay, thé tich V
ctia khoi chdp c6 chiéu cao & va dién tich day S 1a
Sh
V= 3
Thé tich khoi tron xoay
Mot hinh phing quay xung quanh mot truc nao d6 tao nén mot khoi
tron xoay.

169



e Cho ham s6 y = f(x) lién tuc, khong am trén y
[a ; b). Hinh phang gi6i han boi d6 thi ham s
y = f(x), truc hoanh va hai d ong thang x = a,
Xx= b quay quanh truc hoanh tao nén mot
khoi tron xoay (h.3.12). Thé tich V ctua n6
d oc tinh theo cong thiic

b
V=x[fode. @) Hinh 3.12

That vay, thiét dién cha khoi tron xoay cat bdi mat phang vuong goéc véi
truc Ox tai diém x (¢ < x <b) 12 mot hinh tron ban kinh f(x). Do d6

Sx) = chz(x) . Vi thé, tir cong thitc (1) ta suy ra cong thic (2).

Vi du 2 (Thé tich khoi chém cdu). Cho mot khoi chdom cau ban kinh R va
chiéu cao /. Chiing minh ring thé tich V ctia kh6i chom cau 1a

o h
= R ——|.
v nh( 3)

Gidi

Trong mat phang Oxy, xét hinh phang gi6i
han boi cung tron tam O ban kinh R c6
ph ong trinh y = VR? — X2, truc hoanh va
d ong thang x =R—h (0 <h < R). Quay
hinh phang dé quanh truc hoanh ta thu d gc

khoi chom ciu bian kinh R chiéu cao h
(h.3.13).

Theo cong thic (2) thé tich cta khéi chom

cau la
Hinh 3.13
g 2 2 2 xR
V=n [ (R -x)dx=n Rx—?‘R_h
R-h
s R (R - h)’ > h
=R~ - R(R-h+——5—|=n’|R-3 .
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Nhdn xét

Khoi ban cau ban kinh R @ oc coi 1a khoi chom cdu béan kinh R va chiéu cao
h = R. Vi vay, thé tich clia khéi ban cdu ban kinh R 1a

3
V=nR2(R—5j= 2nR”

3 3
Do d6, thé tich hinh ciu ban kinh R 1a
47R>
V = )
3

2 cac d ong thang x =1,

[H] Xet hinh phdng gidi han béi d6 thi ham 6 y = x
x =2 va truc hoanh. Tinh thé tich khdi tron xoay tao thanh khi quay hinh phdng do
quanh truc hoanh.

e T ong tu, cho d ong cong c6 ph ong yA
trinh x = g(y), trong d6 g 1a ham so6 lién
tuc va khong am trén doan [c ; d].
Hinh phang gi6i han bdi d@ ong cong

x= g(y), truc tung va hai d ong thang

y = ¢, y =d, quay quanh truc tung tao
nén mot khaoi tron xoay (h.3.14). Thé
tichV ciané d oc tinh theo cong thic [9)

Hinh 3.14

d
V=r[gdy.  3)

That vay, tir cong thic (2) bang cach xem x 1a ham ctia bién y ta suy ra cong
thic (3).

Vi du 3 (Thé tich khoi nén cuf). Cho IA
khoi nén cut ¢6 chiéu cao A, ban kinh
ddy 16n va ddy nho lan 1 ot 1a R va r.
Chiing minh ring thé tich V cta khoi
noén cut do 1a

V= %nh(Rz + Rr +12).
Giai
Trong mat phang toa do Oxy xét hinh
thang vuong OABC v6i OA=h, AB=rva
OC =R (h.3.15). Quay hinh thang d6 quanh
truc Oy tad ¢c khoi nén cut da cho.

Hinh 3.15
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Gia su BC kéo dai cat Oy tai D. Dat AD =1, OD =a. Tacé a — [ = h. Ph ong

trinh d ong thing BC 1a x = @. Theo cong thitc (3) ta c6

2
(a y) _ TER2 @
3

a

_13)

O'—.b

2 2 2
=ﬂz(a—l)(a2+al+12) _ TR h{1+i+(i) }
3a 3 a \a

vil
a

n khi thay L boi — R tad oc

>a|~;

2
1 ’_‘(_r”_l s ke
V_3Rh{1+R+ R _3nh(R + Rr+7r°).

Nhdn xét. Khi R = r, khoi nén cut tré thanh khéi tru ¢6 chiéu cao 4 va ban
kinh day R. Vi vay, thé tich ctia khoi tru 1a
1
V= §nh(R2 + R* + R*) = R*h.
Khi r = 0, kh&i nén cut tré thanh khéi nén c6 chiéu cao  va ban kinh ddy R.
Vi vay, thé tich ctia khoi nén 1a

1
V= gnth.

n 2w - n
Cauhoiv b itap

29. Tinh thé tich cha vat thé nim giita hai mat phang x = —1 va x = 1, biét ring
thiét dién ctia vat thé bi cit béi mat phang vuong goc véi truc Ox tai diém cé
hoanh do x (-1 <x < 1) 1a mot hinh vudng canh 1a 21 — x2.

30. Tinh thé tich clia vat thé nim giita hai mat phang x = 0 va x = 7, biét ring
thiét dién clia vat thé bi cit bdi mat phang vuong goc véi truc Ox tai diém co
hoanh do x (0 <x < 7) 1a mot tam gidc déu canh 1a 2+/sin x.

31. Cho hinh phang A gi6i han béi cdc d dng y =0, x = 4 va y = /x —1. Tinh thé
tich ctia khoi tron xoay tao thanh khi quay hinh A quanh truc hoanh.
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32. Cho hinh phang B gi6i han boi cic d ong x = ; ,y=1vay=4. Tinh thé tich
ctia khoi tron xoay tao thanh khi quay hinh B quanh truc tung.

33. Cho hinh phéng B gii han bdi cic d ong x = v/5y%,x=0,y=-1vay=1.
Tinh thé tich ctia khdi tron xoay tao thanh khi quay hinh B quanh truc tung.

VIV éé//
&

I

1. AILANG Ol PHAT MINH RA PHEP TiNH TiCH PHAN ?

Cung véi phép tinh vi phan, phép tinh tich phan la mét thanh tuu 16n cla tri tué nhan
loai. N6 d4 tao nén mot b ¢ ngoit 16n trong su phat trién clia khoa hoc va trd thanh
mot cdng cu séc bén, day stic manh d dc cac nha khoa hoc st dung rong réi trong
nghién clu ciing nh  trong (ng dung thuc tién.

Phép tinh vi phan va tich phan do hai nha bac hoc I6n la Niu-ton (. Newton 1643 —
1727), ng &i Anh va Lai-bo-nit (G. Leibniz 1646 — 1716), ng i Dlc, sang tao ra
déng thaoi va doc lap véi nhau.

Thuc ra day la mét cude chay ti€p slc cla nhiéu thé hé cac nha bac hoc xuat sic
trong nhiéu thé ki. Tr &c Niu-ton va Lai-bo-nit hai nghin nam, nha bac hoc  c-si-mét
da co y t 8ng dau tién vé phép tinh tich phan. Trong blc th gli ng di ban, éng da
d ara mét ph ong phap méi goi 1a "ph ong phap vét can" va da st dung n6 dé giai
nhiéu bai toan tinh dién tich, thé tich, chiéu dai cung. D6 14 tién than cla phép tinh
tich phan. Sau éng nhiéu nha toan hoc khac ciing tham gia md d dng cho su ra doi
clia tich phan, trong d6 phai ké dén nhiing déng gép xuat sc clia cac nha khoa hoc
nh Ké-ple (J. Kepler), Ca-va-li-o-ri (B. Cavalieri), Phéc-ma, Dé-céc, Ba-rau (I. Barrow).

Ngay nay cac nha nghién ciiu déu nhat tri rang vé mat thdi gian, Niu-ton kham pha
ra phép vi tinh vi - tich phan tr &c Lai-bo-nit khodng 10 nam nh ng Lai-bo-nit lai cho
céng bé cong khai céng trinh clia minh tr 6c Niu-ton t6i ba nam. Vé hinh thic, phép
tinh tich phan cla Niu-ton va phép tinh tich phan cla Lai-ba-nit khac nhau ro rét.
Niu- ton trinh bay cac két qua clia minh d &i ngdon ngl Hinh hoc, con Lai-bo-nit dung
ngdn nglr Dai s6. Cac ki hiéu cla Lai-ba-nit phong phu va thuan tién hon nhiéu so
vGi cac ki hiéu cla Niu-ton (dau tich phan va cac ki hiéu vi phan, dao ham ma chung
ta ding ngay nay la cla Lai-bo-nit). V& su két hop gilta phép tinh vi — tich phan véi
cac nghién clu vé khoa hoc tu nhién thi Lai-bo-nit khéng sau sic bang Niu-ton
nh ng diing trén goc do toan hoc thi phép tinh vi - tich phan cla Lai-bo-nit thé hién
mot tdm nhin bao quat hon, mét trit dngt ong tinh t& hon.
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2. VAINET VE cuQC b0l VA SU NGHIEP CUA NIU-TON
VA LAI-BO-NIT

1) Niu-ton (1643 — 1727) la nha toan hoc, vat li hoc, co hoc
va thién van hoc vi dai ng 6i Anh. Ong sinh ra 8 mét viing
qué & n 6c Anh. Ng Gi cha qua ddi tr 6c khi éng ra dai.
Ng i me vi qua dau budn nén sinh éng thi€u thang. Luc
méi sinh 6ng bé t6i mic dat d dc vao mot chiéc cdc to.
Khéng ai ngd réng dia bé quat queo nh  vay lai cé thé tho
t6i 85 tudi va trd thanh mét nha khoa hoc vi dai nh  vay.
Niu-ton & dc ng &i d ong thdi moé ta la cé tdm véc trung
binh, béo chac, dau ludn doi toc gia, cd dbi mat sang va
théng minh. Ong s6ng rat gian di, khiém nh dng, say mé
vGi cong viéc va rat dang tri.

2) Lai-bo-nit (1646 — 1716) Ia nha toan hoc, vat Ii hoc, triét
hoc thién tai ng &i Blc. Ong sinh & thanh phé Lai-xich
(Leipzig), la con trai mot gido s  triét hoc. TU lGc 6 tudi 6ng
da sudt ngay mé mai doc sach. Nam éng 7 tudi thi cha 6ng
qua doi. Nam 15 tusi 6ng da vao dai hoc va hoc vé luat
hoc, triét hoc va toan hoc. Nam 20 tudi (nam 1666) 6ng da
bao vé luan an tién si luat hoc déng thai cling céng bé
cong trinh toan hoc dau tién cla minh véi nhan dé :
"Nhiing suy nghi vé nghé thuat t6 hop". Sau d6 6ng d dc
b& nhiém lam quan chiic ngoai giao tai Phap.

Nhiing c6ng hién vé toan hoc chi la mét phan nhé trong su
nghiép clia 6ng.  thdi dai 6ng, ng Gi ta biét dé€n 6ng nh

1_r-. I

Isaa Newton
(1643 —1727)

mot nha ngoai giao, nha luat hoc va nha triét hoc. Ong biét Gottfried Leibniz
rét nhiéu ngoai nglr va hau hét cac kién thiic clia éng déu (1646 — 1716)

c6 d dc bang con d dng tu hoc.

Lai-bo-nitd dc ng &i d ong thdi md ta & co thé trang gay go, tdm th 6c, da xanh va
cling luén deo téc gid. Tri nhG cha 6ng cling khac ng di th dng : Nhiing diéu kho
hiéu d dc 6ng nhé rat tét nh ng nhimg diéu dé hiéu thi 6ng lai quén ngay.

Luyen tap

34. Tinh dién tich hinh phang gi6i han boi :

174

2
a)DéthicéchémsO'y:x,yzlVél}):%trongmiéanO,ySl;

b) D6 thi hai ham s6 y = x* —4x® + 4, y = x°, truc tung vd d Ong thing
x=1;

¢) D6 thicdchams6 y = x%, y=4x—4 va y = —4x — 4.



3S.

36.

37.

38.

39.

40.

41.

42.

Tinh dién tich hinh phang gii han béi :

a)Dé thihaihams6 y= x> + 1vay=3 —x ;

b)Cicd ongx=y>,y=1vax=8;

c¢) Do thi hai ham s6 y = Jx, y=6— x va truc hoanh.

Tinh thé tich ctia vat thé T nim gita hai mat phiang x = 0 va x = 7, biét ring
thiét dién ctia vat thé cat bdi mat phiang vuong géc véi truc Ox tai diém cé
hoanh d¢ x (0 < x < m) 1a mot hinh vuong canh la 2 /sin x.

Cho hinh phéng A gi6i han béi cdc d ong y = X2, y=0,x=0vax=2. Tinh
thé tich ctia khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.

Cho hinh phéng A gi6i han b&i cdc d ong y = cosx, y=0,x=0va x = %

Tinh thé tich ctia khdi tron xoay tao thanh khi quay hinh A quanh truc hoanh.
d

Cho hinh phing A gi6i han boi cdc d ong y = xe?,y=0,x=0vax=1. Tinh

thé tich chia khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.

Cho hinh phing B gi6i han béi cdc d ong x = /2sin2y ,x=0,y=0va y = g

Tinh thé tich ctia kh6i tron xoay tao thanh khi quay hinh B quanh truc tung.

Cau hadi va bai tap on tap ch ong Il

Tim nguyén ham cta cic ham s6 sau (tur bai 41 dén bai 43) :

2)y=2x(1-x7) ; b)y=8x - = :
x4
L2 in(2x + 1)
5 5 n
c)y=x2sin(x2+l); d)y=812;.
cos“(2x +1)
a)y= %cos(l—lj ; b)y= x3(1+x4)3 ;
x X
2x
c)y= xe3 ; d)y= x’e".
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43.
44.

45.

46.

47.

48.

49.

50.

S1.
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B Inx

= . b = —.
a)y=xe " ; )Yy P
Tim ham s6 y = f(x) néu biét dy = 12x3x% = 1)° dx va f(1) = 3.
b
Xc dinh s6'b d ong dé tich phan [ (x — x*)dx 6 gid tri 16n nht.
0

9 9 9
Cho biét [ f(x)dx = -1, [ f(x)dx =5, [g(x)dx = 4. Hay tim
1 7 7

9 9
a) [-2f(x)dr ; b) [[f(x) + g()ldx ;
1 7
9 7
o) [[2f(x) - 3g(0)ldx ; d) [ flx)dx.
7 1

Cho ham s6 f lién tuc trén [a ; b]. Ti sO
b
1
- If (x)dx
a

d oc goi la gid tri trung binh ciia ham s6'f trén [a ; b] va d ¢c ki hiéu 1a m(f).
Ching minh rang t6n tai diém ¢ € [a ; b] sao cho m(f) = f(c).

Gia sl mot vat tir trang thai nghi khi # = 0 (s) chuyén dong thing véi van toc
v(t) =5 —t) (m/s). Tim quang d ong vatdi d oc cho t6i khi né ding lai.

Mot chat diém A xuét phat tir vi tri O, chuyén dong thang nhanh dan déu ;
8 giay sau né dat dén van t6c 6m/s. Tir thoi diém d6 né chuyén dong thang
déu. Mot chat diém B xuat phat tir cing vi tri O nh ng cham hon 12 giay so
v6i A va chuyén dong thang nhanh dan déu. Biét ring B dudi kip A sau 8 giay
(ké tir lic B xuat phat). Tim van téc cia B tai thoi diém dudi kip A.

Tinh céc tich phan sau :
Y

2 2 3
a) Ixz sin2xdx ; b) J.x(2x2 +Ddx; o I(X—l)exz_zxdx,
0 1 2

Tinh dién tich c4c hinh phang gii han bi :
a)Dé thicdchams6y=4—x%,y=—x+2;

b) Cac d ong cong c6 ph ong trinh x :4—4y2 vax =1— y4trongmiénx > 0.



52,

53.

54.

5S.

56.

57.

58.

59.

Tinh dién tich chia céc hinh phéng gidi han béi :

a) Parabol y = X% —2x+2, ti€p tuyén clia n6 tai diém M(3 ; 5) va truc tung ;
b) Parabol y = — x> + 4x — 3 va céc ti€p tuyén cia né tai cdc diém A(0 ; —3) va
B(@3; 0).

Tinh thé tich clia vat thé nim gifta hai mat phang x = 0 vi x = 2, biét ring thiét
dién cha vat thé bi cat béi mit phing vuong géc véi truc Ox tai diém cé

hoanh do x (0 < x <2) 1a mot nlra hinh tron d ong kinh J5 22

2 .« L. 9 . N 2 N 2z N 2
Xét hinh phang gi6i han boi d ong hypebol y = ~ vacic d ong thang y=1,
y =4, x = 0. Tinh thé tich ctia khéi tron xoay tao thanh khi quay hinh phing
d6 quanh truc tung.

Cho hinh phing A gii han boi dé thi hAm s6 y = /cos x (0 <x< gj va hai

truc toa do. Tinh thé tich khoi tron xoay tao thanh khi quay A quanh
truc hoanh.

Cho hinh phéng A gi6i han bdi d dng cong c6 ph ong trinh x(y + 1) =2 va
ciac d ong thing x =0, y = 0, y = 3. Tinh thé tich kh6i tron xoay tao d oc khi
quay A quanh truc tung.

Cho hinh phéng A gi6i han bdi d ong cong c6 ph ong trinh x — y> =0 va cic
d ong thang y = 2, x = 0. Tinh thé tich khdi tron xoay tao thanh khi quay A

a) Quanh truc hoanh ; b) Quanh truc tung.

| —
N =

Cho hinh phang A gi6i han bdi @ dng cong c¢6 ph ong trinh y = x~ e~ va cic
d ong thang x = 1, x = 2, y = 0. Tinh thé tich khdi tron xoay tao thanh khi
quay A quanh truc hoanh.

Cho hinh phing A gi6i han bdi d dng cong ¢6 ph ong trinh y* = x> va cdc
d ong thang y =0, x = 1. Tinh thé tich khai tron xoay tao d oc khi quay A

a) Quanh truc hoanh ; b) Quanh truc tung.
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A
- -

Trong moi bai tdp d di ddy, hd@y chon mot ph ong dn trong cdc ph ong dn da
cho déd oc khdng dinh diing.

5
60. Gié sir j =1Inc. Gid tri cha c 1
1

2x —1
(A)9; B3 (©)81; (D) 8.
2
61. Gid tri ctia j 2¢>*dx 1a
0
(A) et ; (B)e* -1; (C) 4e* ; (D) 3e* —1.
0

62. Gid tri clia sz(x +1Pdx 1a
-1

7 1 2

W) -=c5 B -5 © (D) %

63. Dién tich hinh phang nam trong géc phin t thd nhat, gidi han bdi d ong
thang y = 4x va d6 thi ham s6 y = la
(A)4; B)5; ©3; (D) 3.5.

64. Dién tich hinh phing nim trong géc phan t thi nhat, gi6i han béi hai d ong

thing y = 8x, y=x va d6 thi ham s6 y=1x"1a
(A)12; (B) 15,75 ; (©) 6,75 ; (D) 4.

65. Dién tich hinh phang nim trong géc phin t thid nhat, giéi han bsi d ong

théng y = 2x va dé thi ham s6 y = x° Ia
4 3 5 23
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66. Cho hinh phing A giGi han bsi d6 thi hai ham s6 y = x* va y =6 — |x|. Thé
tich khoi tron xoay tao d oc khi quay A xung quanh truc tung Ia

WX ® on ©) 8 ; @ ZF

67. Cho a, b 13 hai s6 d ong. Goi K 12 hinh phang nam trong géc phan t thi hai,
gi6i han bdi parabol y = ax’ va d ong thiang y = —bx. Thé tich kh6i tron xoay
tao d oc khi quay K xung quanh truc hoanh la mot s6 khong phu thuoc vao
gid tri cia a va b néu a va b thoa man diéu kién sau

(A) b* =24°; B) b =24 ; ©) b =24>; (D)b* =24
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Chuong nay cho ta biét tap hop sé6 phie, mot tap
hop s6 chua tap hop so6 thuc, voi cac quy tac tinh
todn tuong tu, trong do moi s6 thuc am déu co can
bac hai, moi phuong trinh bac hai déu co nghiém. Ta
con biét nhiéu ung dung khdac cua so6 phuc trong dai
sO, trong hinh hoc va trong luong giac.

Hoc sinh can rén luyén ki nang tinh todan védi s6 phuc,
hiéu y nghia cua viéc xay dung tap hop s6 phuc va
giai duoc mot so6 bai tap don gian vé so6 phuc.



§ s® PHUC

1. Khai niém so6 phirc

Ta da biét rang cdc ph ong trinh X +1=0,x>+4=0 khong c6 nghiém thyc.
Mot cch tong quét cic ph ong trinh bac hai vé6i hé s thuc A +Bx+C=0 ma
biét thitc A < 0, chang han x> —2x+2=0 (biét thic A = —4), déu khong c6
nghiém thuc.

Su phit trién ctia todn hoc, khoa hoc doi hoi phai mé rong tap hop céc so thuc
thanh mot tap hop s6 méi goi la tap hgp cac s6 phic, trong d6 cé cac phép
toan cong va nhan véi cac tinh chat t ong tu phép toan cong va nhan so thuc
sao cho cdc ph ong trinh néi trén déu cé nghiém.

Muoén thé, ng oitad ara s6 i sao cho binh ph ong ctia né bang —1. Khi d6 i
la mot nghiém cua ph ong trinh X +1=0va2ila mot nghiém cua ph ong
tinh x> +4 =0 ; con 1 +i 12 mot nghiém cha ph ong trinh x> —2x+2=0,
tic la ph ong trinh (x — 1)2 +1=0,.. Cac s6 a + bi (a,b € R) goi la cac
sO phc.

Vi cdc s6 phic, ng 0i ta con chiing minh d oc rang moi ph ong trinh bac 2,
3, 4, ... déu c6 nghiém (phtc). S6 phic ciing lién quan chit ché véi hinh hoc
phang, vé6i 1 ong gidc , ... (xem bai Em c6 biét "Vai nét lich st phat trién
sO phiic", trang 197).

PINH NGHIA 1

Mot s6 phire 12 mot biéu thitc dang a + bi, trong d6 a va b 1a
nhiing so6 thuc va s6 i thoa man i = —1. Ki hiéu s6 phtic do6 la
z vaviét z = a + bi.

i d& gc goila don vi do, a & oc goi la phdn thuc va b @ oc goi
1a phdn do cta s6 phiic z = a + bi.

Tap hop cic s6 phic d oc ki hiéula C.
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CHUY
S6 phic z = a + 0i ¢6 phan 4o bang 0 d gc coi la s thuc va viét 1a
a+0i=aeRcC.

S6 phtic ¢6 phan thuc bang 0 d oc goi 1a s6'do (con goi 1a s6 thuan 0) :
2=0+bi=bi (heR);i=0+1i=1i.

S60=0+0i =0 virala so thuc vira la s6 ao.
Vidul
S6 phiic z = 2 + ~/3i ¢6 phan thuc bing 2, phan 40 bing /3.
S6 phiic z = — i (tdic 1a (—1)i) c6 phan thuc bang 0, phan ao bang —1 ; d6 1a
mot sO ao.
PINH NGHIA 2
Haiso phitc z = a +bi (a,beR),z' =a'+b'i (a',b'eR)
goi 12 bang nhau néu
a=a', b=>b"
Khidoétaviét z =z'.

[H1| Khinao s6 phic a + bi (a, b  R) béng 0 ?

2. Biéu dién hinh hoc sé phitc
Ta da biét biéu dién hinh hoc céc s6 thuc boi cdc diém trén mot truc so.
Da6i v6i cic so phic, ta hdy xét mat phiang toa do6 Oxy. Mdi s6 phic
z=a+bi (a,beR) d ¢c biéu dién bsi diém M c6 toa do (a ; b). Ng oc
lai, 10 rang méi diém M(a ; b) bi€u dién mot s6 phic 12 z = a + bi. Ta con
viet M(a + bi) hay M(z).
Vi 1& d6, mat phang toa do véi viec biéu dién s6 phiic nh  thé d oc goi 1a mqt
phdng phiic.
Goc toa do O biéu dién s6 0.

Cic diém trén truc hoanh Ox bi€u dién cac s6 thuc, do d6 truc Ox con d gc
goi la truc thuc.
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Cic diém trén truc tung Oy biéu I L

dién cic s6 40, do d6 truc Oy con B S *E ”””
d oc goi la truc do. B 77777
Trén hinh 4.1 ¢6 céc diém O, A, B, V.

C, D, E, F theo thtt tu biéu dién cic o o —
s6 phiic 0, 1,4, —2, ~2i, 1+ 2i,2 — i. [ R i S
Phép cong va phép trix so phiic **** D ****
a) Téng cua hai so phiic o I

Hinh 4.1

DINH NGHIA 3
Tong cia hai s6 phitc z =a + bi, z'=a'+b'i (a,b,d, b € R)
la s6 phtic
z+z'=a+a' +((b+Db.
Nh vay, dé cong hai so phiic, ta cong cdc phan thuc vé6i nhau, cong cdc phan
ao v6i nhau.
Vidu2. Tac6 @B+i)+2-3)) =5-2i;
1-20)+@2+2i)) =3;
2-20)+(2+3i) =i.
b) Tinh chat cua phép cong so phiic
Tur dinh nghia 3, dé thay phép cong cic s6 phiic c6 cdc tinh chat sau day,
t ong tu phép cong cac so thuc.
e Tinh chat két hop :
(z+z)+z"=z+(z'+z") v6imoiz,z', z" € C.
e Tinh chat giao hoan :
z4+z'=z'+zv6imoiz,z'e C.
e Cong v6i 0 :
z+0=0+z=2z véimoi z € C.
e V6i méi s6 phic z = a + bi (a, b € R), néu ki hiéu s6 phic —a — bi 1a —z

thi ta c6
z+(-2)=(z)+z=0.

S6 —z d oc goi 1a s6'doi cua so6 phic z.
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@ Trong mat phang phurc, cho diém M biéu dién s6 z. Hay tim diém biéu dién
S0 -z.

¢) Phép trir hai s6 phiic
DINH NGHIA 4
Hiéu cua hai s6 phiic z va z' 12 t6ng cha z véi —z ', tic 1a

z—z'=z+(=z").

Néuz=a+bi, z'=a"+b'i (a,b,d,b €R)thi

z—z'=a—-—a +(b-D>bi.
d) Y nghia hinh hoc ctia phép cong va phép trir sé phiic
Trong mat phang phiic, ta da coi diém M c6 toa do (a ; b) biéu dién s6 phitc
z =a + bi. Ta cling coi mdi vecto u c6 toa do (a;b) biéu dién so phiic
z=a+ bi.
Khi d6, néi diém M biéu dién s6 phic z ciling c¢6 nghia 1a vecto OM biéu
dién s6 phiic do.
Dé thay ring, néu u, u' theo thit tu biéu dién cdc s6 phiic z, z' thi

u + u' biéu dién s6 phic z + z',

u — u' biéu dién so phiic z — z'.

<

Vi du 3. Quan sét hinh 4.2, ta thay :
P(3..4)

Vecto OM = u ¢6 toa do (1 ; 3)

b ) 1:3)
biéu dién s6 phic z =1+ 37 ;

Vecto OM' = u' cO6toado(2;1)
biéu dién s6 phic z' =2 +1i ;

=
)
p—

Vecto OP =u +u' c6 toa do
(3;4) biéu dién s6 phic
z+2'=3+4i; (132

L
&
B
|
Lo -
/{&\\3
“Y

Vecto O_Q=W'=u'—u cO toa
do (1 ; —2) biéu dién so phic
z'—z=1-2i.

Hinh 4.2



4. Phép nhan s6 phiic
a) Tich cua hai so phiic
Cho hai s6 phic z =a+bi, z'=a'+b'i (a, b, a',b' € R). Thuc hién phép
nhan mot céch hinh thitc biéu thic a + bi vé6i biéu thitic a'+ b'i, 16i thay
i? = -1, tad oc
(a+bi)(a' +b'i) = aa' + bb'i* + (ab' + a'b)i
=aa'—bb' + (ab' + a'b)i.

Diéu d6 dan ta dén dinh nghia sau day.

DINH NGHIA 5

Tich cua haiso phitc z=a + bi vaz'=a'+ b'i (a,b,d, b € R)
la s6 phiic
zz' = aa'— bb' + (ab' + a'b)1i.
Vidu 4. Tacod
Q-D1+2)=Q+2)+@-1)i=4+3i:
Q+)Q2—-i) =@+1)+(-2+2)i=5;
Q+i)1+2i)=(2-2)+(4+1)i=5i.
Nhdn xét. VGi moi s6 thuc k va moi s6 phic a + bi (a, b € R), tacé
k(a + bi) = (k +0i)(a + bi) = ka + kbi,

dac biét 0z = 0 v6i moi s6 phuc z.
NEu vecto u bidu dién s6 phtc z thi vecto ku (k e R) biéu dién s6 phuec néo ?
Visao ?

Vi du 5. Trong mat phang phiic, néu diém M biéu dién s6 phic z, diém M'
biéu dién s6 phic z' (M khac M') thi trung diém P ctia doan thing MM ' biéu

dién s6 phiic %(z + z'). Diéu d6 suy ra tir hé thic OP = %(O_M +OM").
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Xét s6 phuc z=x+yi (x,y € R). Tinh 2% va tim tap hop cac diém cla mat
phéng phtrc biéu dién céc s6 phirc z sao cho z° 14 s6 thuc.
b) Tinh chat cua phép nhan sé phiic

Tur dinh nghia 5, dé thdy rang phép nhan cdc s6 phiic c6 cac tinh chat sau day
t ong tu phép nhan cac so thuc.

e Tinh chat giao hodn :
zz' = z'z véimoi z, z' € C.
e Tinh chat két hop :

1 "

(zz)z" = z(z'z") v6imoi z, z', z" € C.

e Nhan vé6i 1 :
l.z=z.1=z véimoi z € C.

e Tinh chat phan phoi (cua phép nhan daéi véi phép cong) :
z2(z'+z") =zz'+ zz" v6imoi z,z', z" € C.

Tur cdc tinh chét néi trén ta c6 thé thuc hién phép todn cong va nhan céc s6
phtic theo cdc quy tic nh phép todn cong va nhan cac s6 thuc.
Vidu6. (z+z)(z-z)=zz+z'z—-2zz'-2'2" = 22— z?

(z+zYz+2z") =(z+ z')2 =72 + 222" + 27 ;

(bi* = b*i* = -b* (beR);

A+ =1+3i +3i2+i° = -2 +2i.
[H5] Hay phan tich z> + 4 thanh nhan tit

5. So phiic lién hop va médun cua so phic
a) SO phiic lién hop

DINH NGHIA 6

So phiic lién hop cta z=a + bi (a,b € R)la a—bi vad oc

ki hiéu béi 7.
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Nh vay

Z=a+bi=a-bi.

Vidu7. 2+3i=2-3i;
—4—2i = -4+2i ;

i =-i;

=
NP

<Y

=1

~.

o=

S
=
Tl

eRGrang z =z nénng oitaconndizva z
12 hai so6” phiic lién hop véi nhau (goi tat 1a Hinh 4.3
hai s& phiic lién hop).

Hai s6 phic lién hgp khi va chi khi cdc diém biéu dién clia ching d6i xiing
v6i nhau qua truc thuc Ox (h.4.3).
Chimg minh rang 6 phic z & s6 thuc khi va chi khi z = Z.

o Tir dinh nghia 6, dé suy ra :

Vi moi so phiic z, z', ta ¢

z+z'=z+2";

zz' =z 2",
Chung minh réng véi moi sé phirc z = a+ bi (a,b € R), tacod zz = a® + b

b) Modun cua so phirc

Ta da biét giad tri tuyét doi cua s6 thuc a la
khoang cdch tir diém biéu dién a dén goc toa
do trén truc s6. DE thdy rang khoang céch tir M)

diém M biéu dién s6 phiic z = a + bi (a,b € R)

dén goc toa do O clia mat phang phiic 1a
loM| =Na? + > =7 (h44).

DINH NGHIA 7

=Y

Hinh 4.4

Modun cua s6 phitc z = a + bi (a, b € R) 1a s6 thyc khong am

Ja® + b> vad oc ki hieu 1a |z
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Nh vay
Néu z =a + bi (a,b e R) thi |zl =z = \Ja® + b
Vidu8. lil =11+ 2il=+v1+2% =+5.

Nhdn xét
1) Néu z la s6 thuc thi modun cua z 1a gia tri tuyét d6i cta so thuc do.
2) z =0 khi vachikhi |zl =0.

Vi du 9. Trong mat phing phiic, tap hop cdc diém biéu dién c4c s6 phiic z sao

cho |zl =1 1ad ong tron ban kinh 1 véi tam tai goc toa do.

Chumng minh réng 1Z] = z| véi moi s6 phtrc z.
6. Phép chia cho so phitc khac 0

Cho s6 phic z=a+bi (a, b € R) khac 0. Chung minh rédng sé

_ 1 1 c 2 -
P 3 2(a—bi)=—2EI<3‘asc“>thoaman z =1
a +b |z|
DINH NGHIA 8
d . 2 R ¢ 7, pd N ’ - 1 —_—
So6 nghich dao cua so phiic z khic 0laso z = WZ .
z
z' ., . C e e . 1 p N
Th ong — cua phép chia s6 phic z' cho s6 phiic z khac 0 1a
z
’ 2 ' 2 A 2~ . 2 9 2 BN Z' " _—
tich cua z' vé6i so phic nghich daocua z, ticla — = z'z L
z
Nh vay
. A A
Néu z # 0 th1—:—2'
s
CHUY
z' 'z zZ'Z v ., Z , TSV
Do — =— =— nén dé tinh — ta chi viéc nhan ca tr sO6 va
z |Z|2 7z z

mau so v6i z .
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Vi du 10
3-i_ GB-dU-D _2-4 .
i - axna-n - 2 102

V2420 (24202 +20) (2420 2+4V20  -1+2V2i

V2-2i (2-20(2+2i) 2P+ 6 3
L

l

Nhdn xét

. 1 I
DV6iz#0,tacé —=1.2"=z7".
Z

2) Dé thdy rang th ong Z? 1a s6 phiic w sao cho zw = z'. Tir d6 c6 thé néi
phép chia (cho s6 phiic khac 0) 1a phép toan ng ¢c cua phép nhan.
Tim s6 phtrc z thod man (1+2i)z =3z —1i.

Cauhdiv b itap

Cho céc s0 phiic

243 ;1 +2i;2—1.
a) Biéu dién cic s6 d6 trong mat phang phiic.
b) Viét s6 phic lién hop clia mdi s6 d6 va biéu dién ching trong mat
phéng phiic.
c) Viét s6 d6i clia mdi s phitc d6 va biéu dién chiing trong mat phang phifc.
Xéc dinh phan thuc va phan 4o ctia mdi sd sau :
a)i+(2—4i)—(3-2i); b) (V2 +3i)? ;
c) 2+3)2-3i); d) i2-i)@3+1i).

Xac dinh cdc s6 phic biéu dién boi cdc dinh clia mot luc gidc déu c6 tam la
goc toa do O trong mat phing phiic, biét ring mot dinh biéu dién s6 i .

Thuc hién phép tinh

| 1 o 3-2i 3-4i

2-37 1 Y3’ i 4 -1
277!
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10.

190

NG

+ —i.

Cho z = - 21

|~

Hay tinh : l;7;22;(7)3;1+z+22.
z

Chiing minh rang :

N 9 4 4 N 1 e N b} 9 ¢ 2, =
a) Phan thuc cua so phic z bang 5(2 + Z), phan ao cua s6 phic z bang
2e=7);

b) S6 phic z 1a s6 ao khi vachikhi z=-7 ;

¢) V6i moi s6 phic z, z', tacd z+z' =z+z', zz'=7.Z2',vanéu z # 0 thi

Chidng minh rang v6i moi s6 nguyén m > 0, ta c6

; — I

Ching minh rang :

a) Néu vecto u ctia mat phang phiic biéu dién s6 phitc z thi do dai clia vecto
u 12 lul = 2], va tir 46 néu céc diém A, A, theo thit tu biéu dién cdc s6 phic

b

Zl’ ZZ thi ‘AIAZ‘ = |22 -

b) Vi moi s6 phitc z, z', tacé |zz'| = |zllz| vakhi z # 0 thi

Z" ez
z Z

¢) V6i moi s6 phic z, Z', ta ¢ lz+z| <zl + 2.

X4c dinh tap hop cic diém trong mat phang phiic biéu dién cic so phiic z
thoa man timg diéu kién sau :

a)lz—il=1; by 270 =1; o)z =17-3+ 4il.
z+1
Luyén tap
Chidng minh rang v6i moi s phic z # 1, ta ¢
10
lrz+2 4+ 42°=1 1-
z—1



11.

12.

13.

14.

15.

16.

Hobi méi s6 sau day 1a s6 thuc hay sd ao (z 1a s6 phiic tuy ¥ cho tr &c sao cho
biéu thiic xéc dinh) ?

— 2 —2
_ z-2 2 - (Z
2+ (2) 1+ 2z
X4c dinh tap hop cdc diém trong mat phing phiic biéu dién cic s6 phic z
thoa man tiing di€u kién sau :

a) 22 1as6 thuc am ; b) 2% 1256 40 ;

o) 22 =(2); d) L 1256 40.

zZ—1

Tim nghiém phtic clia cdc ph ong trinh sau :

a)iz+2-1i=0; b) 2+3i)z=2z-1;
c)R2-i)z-4=0; d@Gz-D(z+3)EZ-2+30)=0;
e) 22 +4=0.

a) Cho s6 phic z = x + yi (x,y € R). Khi z # i, hdy tim phan thuc va phan

zZ+1
zZ—1

ao cutia so phic

b) X4c dinh tap hop céc diém trong mat phang phitc biéu dién céc s6 phic z
z+i

; la s0 thuc d ong.
Z —

thoa man diéu kién

a) Trong mat phang phiic, cho ba diém A, B, C khong thang hang theo thit tu
biéu dién céc s6 phic z;, z,, z;. Hoi trong tam cta tam gidc ABC biéu dién
sO phtic nao ?

b) Xét ba diém A, B, C ctia mat phang phtc theo thit tu biéu dién ba s6 phiic

phan biét z, z,, z; thoa man |Zl| = |22| = |z3 .
Chiing minh rang A, B, C 1a ba dinh ciia mot tam gidc déu khi va chi khi

71+ 25 + 23 =0.
Do vui. Trong mat phang phitc cho cdc diém : O (goc toa do), A biéu dién
s0 1, B biéu dién s6 phic z khong thuc, A' bi€u dién s6 phiic z' # 0 va B' biéu
dién s6 phiic zz'.

Hai tam gidc OAB, OA'B' c6 phai 1a hai tam gidc dong dang khong ?
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Can bac hai cua so phiic

192

CAN BAC HAI CUA SO PHUC
VA PHUGNG TRINH BAC HAI

DINH NGHIA

Cho s6 phic w. Méi s6 phic z thoda man 2 =wd oc goi la
mot can bac hai cta w.

N6i cdch khdc, mdi cian bac hai cia w 1a mot nghiém cua ph ong trinh

22 —w =0 (véi 4n z).

C6 thé tim cin bac hai clia s6 phiic w nh  sau :

a) Tr ong hop w la s6 thuc
Dé thdy rang céan bac hai cia 012 0.

Xét s6 thuc w=a =0,

Khi @ > 0 thi zz—az(z—\/;)(z+\/5).Dodé, z> —a = 0 khi va chi khi
z=+a hoac z = —Ja. Vay a c6 hai can bac hai la Ja va —a.

Khia <0 thi 22 —a = (z = V-a i)(z + V-a i). Do d6, z* — a = 0 khi vi chi
khi z=+v—ai hodc z=—+—ai. Vay a co hai can bac hai la V—-ai va —V/—ai.

Vidu 1. Hai can bac hai cua —11a i va —i.

Hai can bac hai cua —a? (a la so thuc khac 0) 12 ai va —ai.
b) Tr onghopw=a + bi (a,b € R),b#0
z=x+yi (x,y € R) lacan bac hai ctia w khi va chi khi 2 =w, ticla

(x + yi)? = a + bi.



Do (x + yi)> = x* — y* + 2xyi nén z> = w khi va chi khi
-y =a
{ny =b.
Vay dé tim cac cédn bac hai cia w = a + bi ta can giai hé ph ong trinh nay.
Maéi cép so thuc (x ; y) nghiém ding hé ph ong trinh d6 cho ta mot can bac

hai x + yi cua s6 phuc a + bi.
Vidu 2

a) Tim cdc can bac hai ctia —5 + 12, tdc 1a tim cdc s6 phiic x + yi (x,y € R)
sao cho (x + yi)> = =5+ 12i nén ta c4n gidi hé ph ong trinh

2oy =5

2xy =12.

12 .
Ph ong trinh thit hai cho y = 7 é’ thay vao ph ong trinh thit nhat, ta c6 :
X

X
36
P -Z=-5 0 [He5?36=0  [22=4
* S 6 S 6
6 — = —
;=8 y=- y=-
X

Hé nay c6 hai nghiém (2 ; 3) ; (-2 ; =3).

Vay c6 hai can bac hai cia -5 + 12 1a 2 + 3i va -2 — 3i.
b) Tim cdc can bac hai cla i tic 1a tim x+yi (x, y € R) sao cho
(x + yi)? =i nén ta cAn giai hé ph ong trinh
¥ - y2 =0
{2xy =1
V2 ) (N2 A2
2

Dé thay n6 c6 hai nghiém (% ; —) , (—7 ;= —j

NFS

Vay i co hai can bac haila +——(1 +i).
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e Mot cdch téng quét, c6 thé chiing minh ring

* 86 0 c6 diing mot can bac hai 1a 0.

* Moi s6 phiic khdc 0 c6 hai can bac hai 1a hai s6 d6i nhau
(khic 0).

Dac biét, s6 thuc @ d ong c6 hai can bac hai la Ja va —Ja ;
sO thuc a 4m c6 hai can bac hai 1a J-ai va —J-ai.

[H1] Bigt mot can bac hai ciia w, Ia z, va mot can béc hai clia w, 14 z,. Hay tim

tat ca cac can bac hai cia wiw,.

2. Ph ong trinh bac hai
Nho tinh d gc can bac hai cta s6 phic, dé thdy moi ph ong trinh bac hai
A2 +Bz+C=0 (1)
trong d6 A, B, C 1a nhiing s6 phiic, (A # 0) déu c6 hai nghiém phiic (c6 thé
truing nhau). Viéc giai ph ong trinh d6 d ¢c tién hanh t ong tu nh trong
tr Ong hgp A, B, C 1a nhitng s6 thuc. Cu thé 1a :

Xét biét thic A = B> — 4AC.
* Néu A # 0 thi ph ong trinh (1) c6 hai nghiém phan biét

Z_—B+§ Z_—B—§
L™ 24 7727 24

trong d6 & 1a mot can bac hai cta A.
* Néu A = 0 thi ph ong trinh (1) c6 nghiém kép

B

Zl :ZZ :—ﬁ.

Pac biét, khi A 1a s6 thuc d ong thi hai nghiém cta ph ong trinh (1) 1a

_-B+JA  -B-A
ST 24 277 24
—B++-Ai

yE—

ph ong trinh (1) 1a z; =——y 2=

; khi A 1a s6 thuc am thi hai nghiém cta

-B —+-Ai

2A

9l
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Vidu3
a) Ph ong trinh 22 -z+1=0 ¢6 biét thic A = —3 nén nd c6 hai nghiém

-y
phﬁnbiét1é1_23l.

b) Ph ong trinh z? + (=2 + i)z — 2i = 0 c6 biét thiic
A=(2+0)? +8i =3+4i=2+i)>

nén no c6 hai nghiém la

1

zl=l[2—i+(2+i)]=2vazz=E

2
[H2| Xét ph ong trinh bac hai

[2—i—(2+i)]=-i

A22+BZ+C=O

trong do A, B, C la nhing s6 thuc, A # 0. Chimg minh rang néu z, € C la mét
nghiém clia ph ong trinh thi z ciing la mét nghiém cia né.

CHUY
Trén day, ta da thdy moi ph ong trinh bac hai (v6i hé s6 phiic) c6

hai nghiém phiic (c6 thé trung nhau). Hon nita, ng i ta con chiing
minh d oc rang moi ph ong trinh bac n

A"+ A L+ A 2+ A =0
(trong d6 n la mot sO nguyén d ong, A4y, A}, ..., A, lan+1so
phitc cho tr 6c, Ay # 0) luon c6 n nghiém phic (khong nhat thiet
phan biét).

Tinh chat quan trong nay cua tap hop cac s6 phic la ndi dung cua
mot dinh 1i goi 1a Pinh li co bdn cua dai s6.

~ ?m - n
Cauhoiv b itap
17. Tim cédc can bac hai cia méi s6 phic sau :

—is i -4 1+ 430,
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18.
19.

Ching minh ring néu z 12 mot can bac hai ctia s6 phiic w thi |z| = y/[wl.
Tim nghiém phtic clia cdc ph ong trinh bac hai sau :

a)22=z+1;
b) 22 +22+5=0;

Q)22 +(1 -3z -2(1+i)=0.

Chu ¥ : C6 thé ding mdy tinh bo tdi dé tim nghiém (gin ding) clia ph ong
trinh bac hai véi hé so6 thuc ngay ca khi nghiém ctia n6 khong phai la s6 thuc.
Chang han, ding mdy tinh bo tdi CASIO fx-500MS dé giai ph ong trinh
x* — 6x + 58 = 0 thi &n

IMODE| [MODE| 1 [MODE| 2 (dé vao ch ong trinh gidi ph ong trinh bac

hai), 4n ti€p
1 E -6 E 58 (dé€ d avao cac hé so ctia ph ong trinh) ; 4n tiép

E : trén man hinh hién x1 =3 ; an ti€p

ISHIFT| |Re <> Im| : trén man hinh hién x1 =7, (dieu d6 c6 nghia la

nghiém thit nhat la 3 + 77 ) ; an tiép

E : trén man hinh hién x2 =3 ; an tiép

ISHIFT| |Re <> Im| : trén man hinh hién x2 = 7., (diéu d6 c6 nghia Ia
nghiém tha hai la 3 — 7i).

(Thuc ra, chi can biét nghiém thit nhat 1a 3 + 7i thi da suy ra ngay nghiém thit
haila 3+7i =3 -7i).

20. a) Hobi cong thic Vi-ét vé ph ong trinh bac hai v6i hé s6 thuc ¢6 con diing cho

196

ph ong trinh bac hai v6i hé s6 phic khong ? Vi sao ?

b) Tim hai so phiic, biét téng clia chiing bing 4 — i va tich cha chiing bang
51 —1i).

c¢) C6 phai moi ph ong trinh bac hai 2 +Bz+C=0 (B,C lahaisé phtc)
nhan hai nghiém 1a hai s6 phiic lién hop khong thuc phai cé cac hé s6 B, C la
hai s6 thuc ? Vi sao ? Diéu ng oc lai c6 diing khong ?



21. a) Giai ph ong trinh sau :
(2 +i)z* =2iz-1)=0.

b) Tim s6 phic B dé ph ong trinh bac hai 2 +Bz+3i=0 ¢6 téng binh
ph ong hai nghiém béng 8.

22. D6 vui. Mot hoc sinh ki hiéu mot can bac hai ctia —1 1a +/~1 va tinh
x/jl x/jl nh sau:
a) Theo dinh nghia can bac hai clia —1 thi v—1.4/-1 = — 1.

b) Theo tinh chét ctia can bac hai (tich clia hai can bac hai clia hai s6 bang can
bac hai cua tich hai s6 d6) thi

J-1.4-1=J=D.-) =1 =1.

Twr d6, hoc sinh d6 suy ra —1 =1.

Hay tim diéu sai trong 1ap luan trén.

QOéb/':,
S -

VAI NET LICH SU PHAT TRIEN SO PHUC

T lau, ng Gi ta da biét cong thldc nghiém cha ph ong trinh bac hai
ax* +bx +¢=0 (a#0).
Héi c6 chang cong thlc nghiém cla ph ong trinh bac ba

a +b* +ex+d=0 (a=0)

(chi dung phép tinh cong, tr, nhan, chia, 18y can
trén cac hé sé) ?

Pén thé ki XVI, Cac-dand (G. Cardano, 1501 — 1576,

ng Gi ) tim ra mot céng thc nh thé ; nh ng du q, = ) N
b, ¢, d 1a nhing s6 thuc va chi nhdm tim nghiém /] - IJ
~ /. X R A A~ ~ . H 4 _
thuc, cong thiic van dé cap dén sb phuc. / i IR
2 4 N 3 _ > Girolamo Cardano
Chang han, v6i ph ongtrinh x” + px+¢g=0 (p, g la (1501 _ 1576)

hai s6 thuc cho tr &c) thi cong thic nghiém cé dang
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3 4 Clz P3 3 4 612 P3
==ty [t s Ao [
T2V Ty 2 V4 727
q2 P3 q
Cu thé 1a goi & la mot can bac hai clia T l&y u,v sao cho 0 :_§+§'
3.4 N N a3 B
v ——5—5 (ma MV——g)thl X =u+v la mot nghiém cla x~ + px + g =0.
512 P3
Néu T+2_7<0 thi ta g&p can bac hai § clia s6 thuc &m nh ng két qua u + v ¢co
thé van la sé thuc.
Clz P3
Vi du, véi ph ong trinh x> —15x—4 =0 thi Trar =120 iy S=11i thi

—%+5=2+11i=(2+i)3;—%—5=2—11i=(2—i)3. vay ldy  wu=2+i,

v=2—i£uv=5=—§j thi u +v =4 1a mot nghiém clia ph ong trinh ¥ —15x—4=0.

Tuy cbéng thltc nghiém ph ong trinh bac ba mang tén Cac-da-né nh ng thuc ra,
Tac-ta-gli-a (N. Tartaglia, 1499 — 1557, ng 6i ) da tim d dc 10i gidi nhiéu kiéu
ph ong trinh bac ba va tiét 16 ph ong phap gidi cho Cac-da-n6. Nhé d6 Cac-da-nd
tim ra |6 gidi t6ng quat va céng b6 né vao nam 1545. M6t hoc trd clia Cac-da-né la
Fe-ra-ri (L. Ferrari, 1522 — 1565, ng &i ) tim ra cach gidi ph ong trinh bac bén bang
cach d a vé gidi mét ph ong trinh bac ba.

Viéc cac nha toan hoc  tao bao dung cac biéu thiic chira nhiing s6 dang con c6 vé
bi &n (s6 &0) dé dén d oc két qua thuc dan da ciing lam cho cac nha toan hoc chap
nhan st dung ki hiéu a+bJ—-1 (a, b 1a hai s6 thuc) khi gidi ph ong trinh bac hai,
bac ba, bac bén trong thé ki XVILI.

Sang dau thé ki XVIIl, Moa-vro (A. De Moivre, 1667 — 1754, ng &i Anh) tim d dc méi
lién quan gilta can cda sé phiic v6i | ong giac. Nam 1746, Da-lam-be (J. D'Alembert,
1717 — 1783, ng &i Phéap) d a ra chiing minh dau tién dinh Ii co ban cla dai s6. G-le
(L. Euler, 1707 — 1783, ng &i Thuy Si) cling nghién cGu van dé nay va chinh O-le da
dung ki hiéu i dé chi don vi 40. Gau-xo (C. Gauss, 1777 — 1855, ng i Bic) d ara
chimng minh day da dinh li co ban cla dai s6 vao nam 1799.

Dén thé ki XIX, li thuy&t ham s6 bién s6 phiic d dc phat trién manh (nhing ng di
déng gop 16n 1a Co-si (A.L. Cauchy, 1789 — 1857, ng ¢i Phap), Ri-man (B. Riemann,
1826 — 1866, ng 6i Bc), ...). Ngay nay sé phiic xuat hién trong nhiéu nghién ciu
toan hoc, vat li, khoa hoc, ki thuat.



Luyen tap

23. Tim nghiém phtic ciia ph ong trinh z + 1 = k trong céc tr ong hgp sau :
Z

a)k=1; b) k=+2; c) k =2i.
24. Giai cac ph ong trinh sau trén C (ttc 1a tim nghiém phiic ctia cac ph ong trinh

do6) va biéu dién hinh hoc tap hop cdc nghiém ctia méi ph ong trinh (trong
mit phang phiic) :

a) 2 +1=0; bzt -1=0;
0zt +4=0; d) 8z* +82° =z + 1.
25. a) Tim cdc s6 thuc b, ¢ dé ph ong trinh (v6i 4n z)
2 4bz+c=0
nhan z =1+ i lam mot nghiém.
b) Tim cac s6 thuc a, b, ¢ dé ph ong trinh (v6i 4n z)
2 +a? +bz+c=0
nhan z =1 + i 1am nghiém va cling nhan z = 2 lam nghiém.

26. a) Dung cong thiic cong trong 1 gng gidc dé ching minh ring v6i moi s
thuc ¢, ta c6

(cos + isin go)2 = Ccos2¢ + isin2q.

Tur d6 hay tim moi can bac hai ctia s6 phiic cos2¢ + isin2¢. Hay so sanh

cach giai nay véi cach giai trong bai hoc & 2.

b) Tim cédc can bac hai clia 72(1 — i) bang hai cdch néi & cau a).
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S

DANG LUONG GIAC CUA SO PHUC VA

UNG DUNG

1. So phitcd 6idangl ong giac

200

a) Acgumen cua so phic z =0

PINH NGHIA 1

Cho s6 phitc z # 0. Goi M 1a diém trong mat phang phtc biéu

dién s6 z. S6 do (radian) ciia mdi géc 1 ong gidc tia dau Ox, tia
cudi OM d@ o¢c goi la mot acgumen cua z .

CHUY
Néu ¢ la mot acgumen

cia z (h.4.5) thi moi
acgumen cua z c6 dang

@+ k2n, k € Z. (Ng oi

ta th ong noi : Acgumen
cia z#0 xdc dinh sai

khic k2, k € Z).

Vidu 1 (h.4.6).

a) SO thuc d ong tuy ¥ c6 mot acgumen
1a 0.

b) S6 thuc am tuy y ¢c6 mot acgumen
la .

c) Cac s0 3i, —2i va 1+ i theo thi tu

va —-

LA . T
c¢6 mdt acgumen la 7

NG

r
2

A
M)
» -
0 s
Hinh 4.5
y
CGi)d
/-E(l +i)
B2 9| aq) x
D(-2i)

Hinh 4.6



Nhdn xét

Hai s6 phiic z va Iz (v6i z #0 vallaso
thuc d ong) c6 acgumen sai khic
k2n,k € Z,vi cic diém biéu dién cua
chiing cting thudc mot tia goc O (h.4.7). N(lz)

M(z)
El Biét s6 phitc z # 0 c6 mot acgumen Ia .
Hay tim mét acgumen ctia mbi s phtfc sau :

- '7'—_'1(dé’r§n I _ 1_)
25257257 y gz_zfz' Hinh 4.7

b) Dang 1 ong giac cua so phiic

Xétsophtc z=a+ bi #0 (a, b € R). M(a + bi)

Ki hiéu r la modun cia z va ¢ la mot
acgumen cua z (h.4.8) thi dé thay rang : L
a=rcose, b=rsing. L4

Vay z =a+ bi #0 c6 thé viét d 6i dang
z =r(cos@ + ising).

Hinh 4.8
Ta co

DINH NGHIA 2

Dang z =r(cosg + ising), trong d6 r >0, d gc goi la dang
1 ong giac cua so phiic z # 0. Condang z =a + bi (a, b € R)

d oc goi la dang dai s6 cia so phiic z.

Nhdn xét. Dé tim dang 1 ong gidc r(cos¢ + ising) cla so phiic z = a + bi
(a, b € R) khac O cho tr 6c, ta can :

1) Tim r : d6 1a moédun cha z, r = Va* + b? ; 8O r do6 ciing 1a khoang cach
tir goc O dén diém M biéu dién s6 z trong mat phang phic.

z N A 2 N e a N
2) Tim ¢ : d6 la mot acgumen cua z; ¢ la so thuc sao cho cosp = — va
r
sing = — ; 80 ¢ d6 cling 1a s6 do mot goc 1 ong gidc tia dau Ox, tia cudi OM.
r
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Vidu 2

a) S6 2 ¢6 modun bang 2, ¢c6 mot acgumen bang 0 nén n6 c6 dang 1 ong gidc
2(cos0 + isin0) ;

b) S6 —2 ¢6 modun bang 2, ¢6 mot acgumen bing © nén né ¢6 dang 1 ong
gidc 2(cosm +isinm) ;

so. 7 A > 7 A N TE A Z Z
¢) S6 i c6 modun bang 1, c6 modt acgumen bang 0} nén nd c6 dang 1 ong
idc cosZ + isins ;
8 2 2’

d) S6 1 + i c6 modun bing 2, c6 mot acgumen bing % nén né c¢6 dang

1 ong giac \/E(COSE + ising) ;

4
e) S6 1— V3i c6 modun bang V12 + (\/5)2 =2, ¢c6 mdt acgumen la ¢ sao
cho cosp = % sing = _T Lay ¢ = —g thi
(1 43, j ( nﬂ
1-3i = (E_T [cos + isin 3|

CHUY
1) |z| = 1 khi va chi khi z = cos@ + ising (¢ € R).
2) Khi z =0 thi [z| = 7 = 0 nh ng acgumen cia z khong xdc dinh
(doi khi coi acgumen ctia 0 la s6 thuc tuy y va van viét
0 =0(cos@ + isingp)).
3) Can dé y doi hoi r > 0 trong dang 1 ong gidc r(cosg +ising) cua
soO phtc z # 0.
Vidu3
a) SO phiic —(cos@ + ising) c6 dang 1 ong gidc la
cos(e + m) + isin(e + m).
b) S6 phiic cosp — ising c6 dang 1 ong giac la
cos(—@) + isin(—g).

@ Cho z = r(cos@ + ising) (r > 0), tim médun va mét acgumen cua —, tor doé
Z

P |
suy ra dang | ¢ng giac cua —.
z



Nhan va chia s6 phitc d 6i dang 1 ong giac

Ta da biét cong thiic nhan va chia s6 phitc d 6i dang dai s6. Sau day 1a dinh 1i
néu lén cong thitc nhan va chia s6 phiic d 6i dang 1 ong giac ; ching cho cac
quy tic tinh todn don gian vé nhan va chia s phic.

DINH LI

Néu z = r(cose + ising),
z'=r'(cosp' +ising') (r=20,r'>0),

thi zz' = rr'[cos(p + @) + isin(p + @")],

[cos(p' — @) + isin(@' — @)] (khi r > 0).

7 '
r

N6i mot cach khéc, dé nhan cdc s6 phic d 6i dang 1 ong gidc, ta 1ay tich cdc
modun va téng cdc acgumen ; dé chia cdc s6 phiic d 6i dang | ong gidc ta lay
th ong cdc modun va hiéu cic acgumen.

Chitng minh

zz' = [r(cose + isin@)] [r'(cos@' + ising')]

= rr'[cos@cosp' —singsing' + i(singcos@' + cos@sing')]
rr'[cos(@ + @) +isin(@ + @')].

1 1 ;o
Mat khac, ta c6 S = ;[cos (—@) + isin(—¢@)]. Theo cong thitc nhan so phic,

ta co

1 o

z 1 7 . .. ,
?zz';— [cos(@' — @) + isin(p' — @)].

r

Vidu 4. Tacéd 1+i= ﬁ(cos%+isin%j

N . T .. T
va \/§ +1i = Z(COS— + zsm—j,

6 6

nén L+i —Q[cos(ﬁ—ljJrisin(E—lﬂ
\/§+i_2 4 6 4 6

ﬁ( T n)

= —| cOS— + isin— |.

2 12 12
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3.

204

Nhdn xét. Néu thuc hién phép chia trong vi du 4 d 6i dang dai s6, tad ¢c

1+1i

V3 +i
n_\20+43) . n_2(3-1)

1 ¢ oa
= Z[l +B3+ @3- 1)i] nén tu két qua trén suy ra

12 4 12 4
Cong thiic Moa-vro (Moivre) va itng dung
a) Cong thirc Moa-vro

Tur cong thic nhan s6 phic d 6i dang 1 ong gidc, bang
quy nap todn hoc dé dang suy ra ring véi moi sO
nguyén d ong n,

[r(cos@ + ising)]" = r" (cosng + isinng)

vakhi r =1, tacd

(cos@ + ising)" = cosng + isinng.

A. De Moivre N .
(1667 — 1754) Ca hai cong thic d6 déu d gc goi la cong thiic Moa-vro.

4 4

5
Vidus. (1+ i)5 = {x/z(cosE + isiniﬂ
= (ﬁ)S (COSS—TC + isins—n)

4 4

=1
&
vl

1]

|
N
—
[E—
+
;

b) ng dung vaol ong giac

Cong thiic khai trién Iu§ thita bac ba ctia nhi thiic cos@ + ising cho ta

(cosg + isin q0)3 = cos’ Q+ 3cos? @(ising) + 3cos@(isin gz))2 + (isin (p)3
= cos’ Q- 3003¢)sin2 p+i(3 cos? @sing — sin® o).

Mait khéc, theo cong thitc Moa-vro,

(cos@ + isin go)3 = cos3¢p + isin3p.



Tu do6 suy ra

cos3p = cos’ Q- 3COS(/)sin2 Q= 4cos’ @ — 3cos @,

sin3¢p = 3cos’ @sing — sin’ @ = 3sing — 4sin® Q.
T ong tu, bang cdch doi chi€u cong thitc khai trién luy thira bac n cta nhi
thitic cos@ + ising véi cong thiic Moa-vro, c6 thé biéu dién cosng va sinng
theo cac luy thira cua cos¢, sing.
¢) Can bac hai caa so phiic d 6i dang 1 ong giac
Tur cong thiic Moa-vro, dé thdy s6 phic z = r(cosg + ising), r > 0 c6 hai

can bac hai la

\/;(cos% + isin%)

va —\/l—’(cos% + isin%) _ \/;(cos(% + 1)+ isin(% + n)).

Cauhoiv b itap
27. Hay tim dang 1 ong gidc cua céc sO phic : z ; —z ; é s kz (k e R*) trong
Z
moi tr Ong hop sau :
a) z=r(cosp+ising) (r>0);
b)z=1++3i.

28. Viét cac so phuc sau d 6i dang 1 ong giac :
a)1—iN3 1+i ;(1—i\6)(1+i);%;
b) 2i(3 = i) ;
1

3375

d)z=sing +icose (¢ € R).
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Chii y. C6 thé dung mdy tinh bo tdi d€ chuyén d6i dang dai s6 v6i dang
1 ong gidc clia s6 phitc z # 0. Chang han, dung mdy tinh b tii CASIO
¢ — 500MS dé :

1) Dbéi tir dang dai s6 z = 1 + J3i thanh dang 1 ong gidc z = r(cos¢ + ising)

thi (dat 6 ché do "radian") an lién ti€p

Pol( 1 , Na 3 ) = | : trén man hinh hién 2

(tdc la r = 2) ; an ti€p

RCL F | : trén man hinh hién F = 1,047197551 (tic 1a ¢ = g).

29.

30.

31.

206

2) Déi tir dang 1 ong gidc z = 2(cosg + ising) thanh dang dai s6 z = a + bi

thi (dat & ché do "radian") an lién tié€p

SHIFT | | Rec( 2 » | [SHIFT | | = =1 3 |) -

trén man hinh hién 1 (tdc @ = 1) ; an tiép

RCL F |: tren man hinh hién F = 1,732050808 (tic 1a b ~ +/3).

Ding cong thic khai trién nhi thic Niu-ton (1 + i)' va cong thitc Moa-vro dé
tinh CY — Ch + Cly —... + Cl§ - C/3.
Goi M, M' 1a c4c diém trong mat phang phiic theo thit tu biéu dién cic so

z=3+i, 2' =@ -3)+ 1 +3V3)i.

a) Tinh =
z
b) Chitng minh riang hiéu s6 acgumen cua z' v6i acgumen cua z 1a mot s6 do
ctia géc 1 ong giac (OM, OM"). Tinh s6 do do.
Cho céc s6 phiic w = g(l +i)yva g = %(—1 + i\/g).

. . x T .. T s oz ‘A
a) Ching minh rang z, = cos + isin_—, 7 = Z0€, Iy = 2052 la cac nghiém

cta ph ong trinh 2 —w=0.

b) Bi€u dién hinh hoc céc s6 phiic z,, z;, z,.



32.

33.

34.

3S.

36.

Luyen tap

St dung cong thitc Moa-vro dé tinh sin4¢ va cos4¢ theo cic luy thira cla
sing va cosg.

Tinh

. N\2004 . 21
3_.6; I ) : 5+31\/§
o5 -p (1“ £1—2i\/§

Cho s6 phitc w = —%(1 + i\/g). Tim céc s6 nguyén d ong n dé w" 1a s6 thuc.

Hobi c6 ching mot s6 nguyén d ong m dé w” 12 s6 40 ?

Viét dang 1 ong gidc clia s6 phic z va cla cdc can bac hai clia z cho méi
tr ong hop sau :

N s . x OT
a) |z| = 3 va mot acgumen cta iz 12 e ;

b) |zl = 1 va mot acgumen cua z la 3
3 vamotacs T+i 4

Viét dang 1 ong gidc cta cac s6 phic sau :

a)l—itang; b) tans?nJri;

c)l—cosp—ising (pe R, p#k2n, k € Z).

Bai doc thém

CAN BAC n CUA SO PHUC

T ong tu dinh nghia c&n bac hai ctia s6 phic, ta goi s6 phic z sao cho z" =w Ia

mot cdn bac n cta sé phitc w (1 1a s6 nguyén cho tr 6c, n > 1).

R& rang chi co mét can bac n cia w =0 1a 0.

Khi w = 0, ta viét w d 6i dang | ong giac w = R(cosa + isina), R > 0. Ta can
tim z = r(cos@ + ising), (r>0)saocho z' = w.
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Theo cong thiic Moa-vro, z" = w ¢c6 nghia la
" (cosngp + isinng) = R(cosa + isina),

ticla " = R va np = a + k2n, (k € 7).

Tuds r = 4R, o= R (oo
n
z= '\“/E {cos(ngﬁ) + isin(ngkz—nﬂ.
n n n n
Lay k =0,1,..,n -1, tad ¢c n can bac n phan biét clia w.
Vidu
. . T, T, e .
S6 w =i= cos— + isin— cb bacan béc bala y
2 2 B(z,) Az)
71 = cosE + isinE
! 6 6
1 >
= W3+ 0 x
Zy = cos(E + Ej + isin(E + 2_71)
2 6 3 6 3
= %(—ﬁ +i); €@
4 4
z3 = cos(% + %) + isin(% + ?TC) =—i; Hinh 4.9

(trén hinh 4.9 c6 ba diém A, B, C theo th(r tu biéu dién z;, z,, z3).

Chu y : Néu w =0 thi cac c&n bac n (n >3 cho tr 6c) cla w d dc biéu dién
trén mat phang phuc béi cac dinh cla mét n-giac déu ndi ti€p d dng tron tdm O ban

kinh %lwl.

Cau hadi va hai tap dn tap ch ong IV

37. Tim phan thuc va phin ao ctia mdi s6 phiic sau :

208

a) (2 - 3i) ;
342 1—i
T35

c) (x + iy)2 —2(x +1iy) + 5 (x,y € R). V6i x, y nao thi s6 phic d6 1a s6 thuc ?



38.

39.

40.

41.

42.

Chitng minh ring néu |z| = [w| =1 thi s6

Z4+w
1+ zw

la s6 thuc (gia su 1 + zw # 0).

Giai cac ph ong trinh sau trén C :
) (z+3-07 -6(z+3-i)+13=0;

. 2 .
b)(zz+3j _3lz+3_4=0;

z -2 z—2i
o) (22 + 1 +(z +3)? =0.
Xét cdc so phic
7 =6 — V2, 7, =—2 - 2i, Z3=Z_1.
a) Viét z, z,, z; d 6idang | ong gidc.

NN _ Tn . . Tn
b) Tur cau a), hay tinh COSE va smﬁ-

Cho z = (W6 +v2) +i(6 —\2).

a) Viét z° d 6i dang dai s6 vad 6idangl ong gic.
b) Tl cau a), hdy suy ra dang 1 ong gidc cua z.

a) Bing cdch biéu dién hinh hoc cac s6 phic 2 +i va 3 + i, hdy ching minh
N . 1 I S S W
rang néu tana = > tanb = 3 voia, b e (O, 2} thi a+b= 1

b) Bang cach biéu dién hinh hoc cdc s6 phitc 2 + i, 5+ i va 8 + i, hdy chiing

. . . 1 1 1 )
minh rang néu tana zz,tanb:? tanc:g vol a, b, ¢ € (O;g) thi

T
+bh+c=-.
a c
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A
- -

Trong moi bai tdp d oi ddy, hdy chon mot ph ong dn trong cdc ph ong dn da
cho dé'd oc khdng dinh diing.

43. Phan thyc cta z = 2i la

(A)2; (B) 2i; ©0; (D) L.
44. Phanaocua z = —2i la

(A)-2; (B) -2i; (&N (D) -1.
45.56 z + z la

(A) s6 thuc ; (B) s6 a0 ; ©O0; (D) 2.
46. S0 z — 7 la:

(A) s6 thuc ; (B) s6 a0 ; OO0, (D) 2i.

U SN

47. So6 o bang

A1+, (B)%(l—i); O 1-i; (D) i.
48. Tap hop cac nghiém ctia ph ong trinh z = p—— la

(A){0;1-1}; (B){0}; O {1-1i; (D) {0, 1}.
49. Modun cua 1 — 2i bang

(A)3; B V5 ; (©)2; (D) 1.
50. Modun cua —2iz bang

(A =2zl ;. B2z (©) 2l ; (D) 2.
51. Acgumen ctia —1 + i bang

(A)%Tn+k2n(keZ); (B)—%+k2n(keZ);

(C)%+k2n (ke (D) g+k2n k e Z).
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52. Néu acgumen clia z bang —g + k2n (k € Z) thi

(A) Phan do ctia z 1a s6 d ong va phan thuc ciia z bang O ;
(B) Phan 4o cua z 1a s6 am va phan thuc clia z bang 0 ;
(C) Phan thuc clia z 12 s6 4m va phan 4o cua z bang 0 ;

(D) Phan thuc va phan ao cua z déu 1a s6 am.

53. Néu z = cos@ — ising thi acgumen cua z bang

A o+k2rn (ke Z); B) —p+k2n (ke Z);

© p+n+ken (keZ); (D)(p+g+k2n (k e Z).
54. Néuz = —sing — icos¢ thi acgumen cla z bing

(A)—g+¢+k2n(keZ); (B)—g—go+k2n(keZ);

(C)g+(p+k2n (keZ); (D) n— ¢+ K2n (k € Z).

Cauhoiv b itap on tap cudi ndm
u an ap cu

I-B ITAP TULUAN

1.

3.

a) Chitng minh ring ham s6 f(x) = €' — x — 1 dong bién trén nira khodng

[0 ; +).
b) Tir d6, suy ra €' > x + 1 véi moi x > 0.
a) Khao sét su bién thién va vé dé thi clia ham s6 £(x) = 2x° — 3x> — 12x — 10,

b) Chiing minh ring ph ong trinh 2x° — 3x* — 12x — 10 = 0 ¢6 nghiém thuc
duy nhat.

¢) Goi nghiém thuc duy nhét ctia ph ong trinh 1a . Chiing minh rang 3,5< < 3.,6.
Goi (C) la d6 thi cua ham s6 y = Inx va (D) 1a mot ti€p tuyén bat ki cta (C).
Ching minh rang trén khoang (0 ; +), (C) nim & phia d 6i cia d ong
thfmg (D).
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10.

212

Mot x ong in ¢6 8 mdy in, méi mdy in d gc 3600 ban in trong mot gid. Chi
phi dé van hanh mot mdy trong mdi lan in 1a 50 nghin déng. Chi phi
cho n mdy chay trong mot gio 1a 10(6n + 10) nghin dong.
Hoi néu in 50000 t& quang cdo thi phai sir dung bao nhiéu may dé d oc 1ai
nhiéu nhat ?

1

V-x* +x+6

Tim gia tri 16n nhat va gia tri nho nhat ctia ham s6 f(x) = trén

doan [0 ; 1].

X

a) Cho P(x) = va hai s0 a, b thoa man a + b = 1. Hay tinh P(a) + P(b).

Y12

1
1 logg 2—510g\/€ 5
6 .

b) Hiy so sénh A = V18 va B :(_

a) Chiing minh ring néu @ va b 12 hai s6 d ong thod man a” + b*> = 7ab thi

a+b

1
log, 3 - E(log7 a + log, b).

b) Bi€t a va b la hai s6 d ong, a # 1 sao cho log,h = V3. Hay tinh
og 32

Iy
a) Tim dao ham cua cac ham s6 y = cosx. ™ va y = log,(sinx).
b) Chiing minh rdng ham s6 y = e* 4+ 2¢™ thoa man he thitc y" — 13y — 12y = 0.

~ . 9 ’ X X X

a) V€ do thi cuacichamso y=2",y = (\/5) vay =(\/§) trén cing mot mat
phing toa do. Hay néu nhan xét vé vi tri t ong d6i ctia ba d6 thi do.

b) V& d6 thi ham s6 y = logszx. T d6 hay suy ra d6 thi cia ham so
y =2+ logzx va do thi ciia ham s y = logs(x + 2).

Giai cac ph ong trinh va hé ph ong trinh sau :

.2 2 .
a) 8150 % 4 815 ¥ =30, b) 10g3£10g21 x-3log, x+5j=2 :
2 2



11.

12.

13.

14.

15.

16.

17.

2787 = 24/2,

0) 410gx+1 _ 610gx _ 2.310gx2+2 =0 d)

I 1 1
logg— + = = =1 :
0Zo . + 7 =73 0g3(9y)
Tim tap xac dinh cta cac ham so sau :
a) y = log[l — log(x? = 5x + 16)] ;
1
b) y = /logg <(—x> + x+6) + .
\/ 02 X% +2x
Tim nguyén ham ctia méi ham s6 sau :
3 43 : ,
aA)y=x1+x); b) y = cosx sin 2x ; c)y= 3
Cos~ X

Tim ham s6 f, biét rang f'(x) = 8sin (x + Ej va f(0) =

Tinh c4c tich phan sau :

a)j b)j

Tinh dién tich c4c hinh phang gidi han bdi cdc d ong

1
: ) Ixzexdx
x +1 x +x+1 0

) y+x>=0vay+3x2=2;

b)y2—4x=4 va 4x —y=16.

a) Cho hinh thang cong A gi6i han bdi dé thi ham s6 y = €", truc hoanh va cic
d ong thang x = 0 va x = 1. Tinh thé tich clia khéi tron xoay tao d oc khi
quay A quanh truc hoanh.

b) Cho hinh phing B gi6i han béi parabol y = Frlvad ong thang y = 2.
Tinh thé tich kh6i tron xoay tao d oc khi quay B quanh truc tung.

Cho céc s6 phitc zy = 1 + i, z, =1 — 2i. Hay tinh va biéu dién hinh hoc cdc
s0 phic :

)
4l

2. . C TR
7] 321203221~ 255 742y VA
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18. Tinh :
W (i) -(VE-i) b) (V3 +i) +(V3-i)

c) (\B+i)3—(\/§—i)3; d) E:g—:;z

i,bié’tréng|z|=1véz # 1.

19. a) Xac dinh phan thuc cua s6 phic £
- _

z+1

b) Chitng minh ring néu i lasGaothi|z|=1.

Z —
20. X4c dinh tap hop cdc diém M trén mat phiang phiic biéu dién cdc s6 phiic
(1+i/3)z+2,trongdé|z—1|<2.
21. Tim céc can bac hai cia mdi s6 phiic :

8460 :3+4i va 1-221.

22. Giai cac ph ong trinh sau trén C :
a) 22 —32+3+i=0;
b) 22 - (cos@ + ising)z + isingpcosp = 0,
trong d6 ¢ 1a so thuc cho tr éc.

i P Bi)
on (4 (<1 f;

2

w

II1-B ITAP TRAC NGHIEM KHACH QUAN
Trong moi bai tdp d o1 ddy, hd@y chon mot ph ong dn trong cdc ph ong dn da
cho dé'd oc khdng dinh ding.

le —2:? +3x+1

24. Ham s6 f(x) = €3
(A) Dong bién trén moéi khoang (=0 ; 1) va (3 ; +0) ;
(B) Nghich bién trén mdi khoang (-0 ; 1) va (3 ; +0) ;
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25S.

26.

27.

28.

29.

30.

(C) Dong bién trén khoang (—o ; 1) va nghich bién trén khoang (3 ; +) ;
(D) Nghich bién trén khoang (-0 ; 1) va dong bién trén khoang (3 ; +o).

Ham s6 f (x) = sin” x — 2sinx ¢6 gid tri nho nhat 1

A -3:  ® 0 © -1 ® L

Goi (%) 1 d6 thi ciia ham 56 y = Vx® + x . Khi d6

(A) D ong thang y =x + 1 1a tiém can xién cta (€) (khi x — +o0) ;
(B)D ong thing y = x + % 1a tiém can xién cua (€) (khi x — +0) ;
(C) b ong thang y = —x 1a tiém can xién cta (€) (khi x - +o) ;
(D) D6 thi (€) khong c6 tiém céan xién (khi x — +0).

D6 thi ctia ham s6 y = x° — x + 1 tiép xdc tai diém (1 ; 1) v6i

(A) Parabol y = 2% -1 ; (B) Parabol y = x2 ;
(C) Parabol y =" + 2x ; (D)D ong théng y = 2x + 1.
Cho hai s6 d ong a v b. PatX = In& ; bay= w. Khi d6
A)X>Y; (B) X<VY;
OX>7Y; D) X< V.
a+b a b

© *°® Khidé

Cho hai s6 khong amava b. Dat X =e 2 va Y =

A)X>Y; (B) X<VY;
OX=>7Y; (D) X<VY.

Cho (%) 1a d6 thi chia ham s6 y = log,x. Ta c6 thé suy ra do thi ciia ham s6

y =log,2(x + 3) bang cdch tinh tién () theo vecto
A)v=0C:1; B v=03@;-1);
O v =031 D) v=3:-D.



31. Choham s6 f(x) = logs(x” + 1). Khi d6

' _ 1 . = _1
(A) (1) = 50 ; B) f(1)=1=:
] _ . _2
© F'1) =5 : D) f'(1) = 7=

32. Biét rang do thi ciia ham s6 y = @' va d6 thi clia ham s6 y = log,x cit nhau tai

diém (V27! ; 2). Khi d6

(A) a>1vab>1; B)a>1va0<b<1;
(© O<a<lvab>1; D)0<a<lvalO<b<l.
33. Cho ham s6 f(x) = 2" +3 . Khi d6
X

2333 230 3
A = — : B = — J— .
(A) [ feody = ===+ C; B) [ flodv=F-+=+C

3

233 _2x 3

(©) [ fodx = 2x ~+C (D) [ f(x)dx = 3t C

34. Dang thiic
a
Icos(x + az)dx = sina

0
Xay ra néu
Aa=m; B)a=n ;
(©) a=A3n; (D)a=2n.

35. Goi S 1a tap hop tit ca cac s nguyén d ong k thoa mén diéu kién

e
jlnkdx <e-—2.
X

Khi dé
(A)S= {1}; B)S=1{2};
O S={1;2}; (D)S=d.
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36. Cho s6 phiic z tuy . Xét cdc s6 phic o = z> + (2)> va B = 27 + i(z — 7).

Khi d6

(A) ala so thuc, fla so thuc ; (B) arla s6 thuc, fla s6 ao ;
(C) ala so6 ao, fla so thuc ; (D) arla s6 ao, fla s6 ao.

37. Cho so6 phiic tuy y z = 1. Xét cac s6 phuc
a = izios L B it + G2 +7.
z —1 z—1

Khi d6

(A) ala so thuc, fla so thuc ; (B) arla s6 thuc, fla so ao ;
(C) ala so6 ao, fla so thuc ; (D) arla s6 ao, fla s6 ao.

38. Néu modun clia s6 phic z bang r (+ > 0) thi modun cla s6 phic (1 — i)’z bing
(A) 4r; (B) 2r;
© 2 ; (D) r.
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H GNG DAN GIAI, DPAP SO CAC BAI TAP

CH ONGI

4.a<0.5.-2<a<2.10. a) 18000 ng i va

22000 ng oi;b) f'(t):Loz, t>0;
(t+5)

c) e Nam 1990 : 0,192 ; ¢ Nam 2008 : 0,065 ;
e Niam 1996. 11. a) y-p = f(-3) = -1

Yor = f(=1) = ; b) Ham s6 khong c6 cuc
tri; ©) yep =f(—1) =25 Yo =f)=2
d) yep = fD =15 yor = f(0) =

2 13
e))’cpzf(_l):zﬁQYCTzf(1)=1B§
D) Yep = f0)=-3; yor = f2) =1
12.0) yor = ¥(—V2) =2 5 ygp = yW2) =2 ;
b) yep = ¥(0) = 2v2 ;
C)ycg=y(—%+kn)=—% §+2+kn;
ygzy(%+kn)=%—g+2+kn;

d) yor = y(km) = 2(1 — coskr) ;

27 1
= +— = —_—
Yep y(_ 3 +2knj 42
13.a=-2,b=3,c=0,d=0.14.a=3,b=0,
c=-4.16. max f(x) =1 ; min f(x) = =
xeR xeR

17.a); max f(x)=10; min f(x)=-6;
xe[-2;3] xe[-2;3]

b) max f(x) 4
xe[-4;

¢) min f(x) =
x>0

min f(x) = —5l ;
[-4;0] 3

2 ;d) max f(x)=4
xel2;4]

218

=—4 ;e) max f(x)=3% ;

min f(x)
xe[2;4] xel0:1] 3
min f(x)=2; f) max f(x)=—=
xe[0;1] x€[0;2]

3
1 =3; =-=
8. a) max y mlny 5

1 1
b =5— ; miny = 3—.
) maxy =S¢ s miny =37

19. BM = %. Khi d6 dién tich hinh chit nhat Ia

S—f 2. 20. n =12 (con ca).
1 1
21.a) yor = f(-1) = ) s Yep = (D) =5 :

b ser = /(2] =63 10 vop = 1O =5
d) Ham s6 khong ¢4 cuc tri. 22, m > 0.

23. 20mg ; do gidm huyét d4p nhiéu nhat 1a 100.
24.M(-1:1); AM =+/5. 25.9 km/h.

26. a) 375 ng Oi/ngay ; b) ngay tht 15 ;

675 ng oi/ngay ; c¢) Tt ngay thd 11 dén ngay
thi 19 ; d) Ham s6 f dong bién trén [0 ; 25].

27.a) max \/3 2x =3; min J3-2x=1;

xe[-3;:1] xe[-3:1]
b) max f(x)=2v2; min _f(x) = -
xe[-2;2] xe[-2;2]
Q) Qa}éif(x) = 3;1;1Ei£f(x) =
O max f="+ min f(o=-1.

i T 2 i T
X e[— E,TC} xe[— E,n}

28. Hinh vudng c6 canh dai 10 cm.



3
=X+
3. 1), )" 4 )
29 Il = —1|; Y =2X°
» (4 8) ol
y=T-g
7 x=X+1
b”(“‘ij; y 7:Y=2X";
y=r-3
1
=X+=
Loy ) 8 )
I =5—1; ;Y =-4X"
© (8 16) o
TS
=X
d)1(0;-5); 1" .Y =22
y=Y-5
x=X+1 3
30.a)/(1;-1);b) ; Y =X -3X;
y=Y-1
x=X-2 1
c)y=-3x+2.31 Y =—-—
y=Y+2 X
32.a)I(1;1); b) I(-1;3).
x=X+Xx,
33. Y =aX +—.
y:Y-{-yO X

. 2 .
34. a) Tiém can ding : x = 3 ; tiém can

1 .
ngang: y=3 ;b)x=-3;y=-2;c) Tiém can

xién: y=x+2;tiémcanding:x=3;

. 1 . .
d) Tiém can ding x = —5; tiém can xién:
yz%—%;e)x:l;x:—l;y:O;f)x:—l;

y = 0. 35. a) Tiém can ding : x = 0 ; tiém can
Xitn:y=x-3;b)x=0;x=2;y=x+2;

C)X=1,X=—l,y=x;d)x=_1;x;%;

y=—§ 0 36, a) y = x (khi x - +0), y = —x

(khi x = —0) ; b) y = 3x (khi x = +0), y = x (khi
')64)_00)’C)y:2.)((1(1']1)64)-H)O),_y:o(k_hl_k*)_oo)7

1
d)y=x +§ (khi x —>+00),

1
y= —x—E (khi x — —o0).

37. a) y =2x (khix - +0);
y =0 (khi x > —o0) ;
b) y=x-2 (khix - +0);
y=-x+2 (khix > —0);
c) y =x (khi x > +©) ;
y =—x (khi x &> —0) ;

d) x=Lx=-1,y=1.

x=X+3

38.a)x=3;y=x+1;b)13;4),
y=Y+4;
c) Y—X-i-i 39 a)[(—2'—3)‘ Y—X—z‘
- X . ) ) - X )

b)I(5;2); Y:X—i-;. 40.b) y = 3x - 5.

41.b) e m <—1hoacm>3:1nghiém ;
e m=—1 hoac m =3 : 2 nghiém ;
e —1 <m<3:3nghiém.
43.¢) y:ix—Z vélyz—ix—Z

33 3 W33

45.b) e m <—-2hoac m>2: 1 nghiém
e m=-2hoac m=2:2nghiém ;
o -2 <m<2:3nghiém.

46.a) m<-1,2<m<3,m>3. 48.a) m>0;

Dy B, 4B
W6 12 e 12
31 3011

53-b)y——z)€—§,c)y_—zx+7.

e a1 ’ 1 N
54. b) Do thi cua ham s6 y = -1+ la
x+1

hinh d6i xdng cla H) qua truc hoanh.

55.b) y =3(x—2). 56. b) Giit nguyén phan
cha (¢) nam phia trén truc hoanh va ldy déi
xting phéan ctia (¢') nam phia d 6i truc hoanh

qua truc hoanh.
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l.é).
2°2)°

c) b ong thang y = 1 1a tiép tuyén chung clia

57.b) Hai giao diém : A(0; 1), B(—

(@) va (P) tai A ; ph ong trinh tiép tuyén cha
(€)va (P ) tai B, theo thit tu, 13 y = —%x + %

1

1
va y:—2x+§

; d) Trén (—oo - E) (€)
nim phia d 6i (P ; trén (—% ; O) va (0 ; +0)

(€¢) nidm phia trén P).
58.b)em <0Ohoaicm>12;em<0.
3

yZE.X.

60. O(0;0);

2 2
61. Tiép diém : {gt:;la 2‘; (1 - cot a)j

63.c) m< -3 hoac -3 <m<0.
64.2)a=-2;b=-3.

65.b) m <4 —26 hoac m > 4 + 26 ;

c) Phian cha d ong thing y = 5x -2, v6i

@, x>1+§ 66.a=-6; b=

x<1-

Nlo

67.1%a) T(x) = 0,0001x* + 0,2x + 10000 ;

10000

b) M(x) = 0,0001x + ——— + 0,2 ; x = 10000

X
(cuon) ; 2°. b) 573 < x < 17427 ; ¢) 9000 (cudn) ;

71 triéu dong. 70. r = Hl s h= ]ﬂ
2n T

71. Do dai hai canh con lai déu 1a Scm.
73.2) p<0.74.b) y=-3x+1;c) m > 3.
1

75.b)m=9, m =§-

78. b) Giao diém cta (P) va (H) 12 A(0; 1) ;

220

¢) Trén (—oo ; —1) va (0 ; +00), () néim phia trén
(FH) ; trén (-1 ; 0), (P) nam phiad 6i (H).

80. (B) 81. (C) 82. (D) 83.(D) 84.(A) 85.(C)
86.(B) 87.(A) 88.(C) 89.(D) 90.(B) 91.(C)
92. (A) 93. (D) 94. (B) 95.(C) 96. (B)
97. (D) 98.(A) 99.(C) 100. (D).

CH ONGII

1. a) Sai ; b) biing ; c) Sai ; d) Sai.

25 12

2.DiéukiéenC.3.2;36; — ; —.
iéu kién 65

80 116

4. )—— b)— c) 12;d) 10.

5.a)ab ; b) 2a.
6.a)§/§>x/§ ;b)«/§+%>%/§;
c)§/7+x/g<\/ﬁ+§’/%.

7.HD : 7+5J2 = (1 £2).

8.2) ¥b 1b) 23ab ;) 1;d) Va .

10.2) HD : 4+ 23 = (3 £ 1)?

b) 9.4 V50 - (3 fj

5
11. a) (\6)7 ,3/3“{ b) 300 » 540 .

- 3
o) (%j To221 ;) 705 4% . 12, Picu

kién B. 13. Diéu kién C. 14. Diéu kién O <a < 1.

15. % ;4;3.16.a;a.17. = 21,59 triéu dong

-2 1

"o (5] 50 (3 s
18. a)x ;' b) ;c)(—) ;d) a”.



R

19.a) @’ ;b) a°; ) X" ="

20. ) Khiga#1thi a=0;khia=1thi «

tuyy; b)-3<a<3.2l.a)x=1;b)x= 1

va x = 16.
10
2
22.2) |x|<i‘/§;b)x2“7;c) x> 2
x < -9

d) x < 3/5.23. Khing dinh d).
24. a) Sai ; b) bing ; c) Sai ; d) Sai.
25.a) log, x +log,y ;a>0,a=1,

x>0,y>0;Db) logaﬁ ;a>0,a#1,x>0,
y

y>0;c¢) alog,x ;a>0,a#1,x>0;
d)b;a>0,a#1,b>0.
26.a)a>1;b)0<a<.

1 3

27.1;4;0;-2; —; ——.28.-3;1;3;-2.
3 2

1
29.18;32; E,32.30.a)x—625,b)x——3,

c)x=25;d)x=55.31.1,65; 1,29 ; 0,13 ;

—0,42. 32. a) % ;b)-2;0) % ;d) 3.

1
33.a) log; 4 > log, > 3 b) 3logs Ll 71086 0.99,

34 .a) log2 +log3 > log5 ;
b) logl2 —log5 < log7 ;
c) 3log2 + log3 < 2log5 ;
d) 1+ 2log3 > log27.

35.a)8;b) 11.

36.a) x=a*b’ ;b) x =da>.b.

37.9)2a+2p-2;b) 2 +%-

38. 2)0:b) logI8y2 :
¢) 201lo 2—210 3:;d)lo i
g2 - Slog3 ; d) log .
1

39.2)x=3:b)x=7:¢c) x=5".

40. M, c6 10 chit s6 ; My, c6 39 chit s6 ;
M305060 €6 420921 chi s6.

41. 4 nam 2 quy. 42. Sai tir In(2e) = Ine + Ine.
43.2a+3b;4a—-2b;2b—2a; —2a - 2b.

45. 900 con ; 3 gio 9 phuit.

46. ~ 82235 nam.

47.a) a =~ 863 188 841,4 ; b) = 52,5 mmHg.
48.2) -3¢’ ; b) -3.49.2) y' = 2x — 1)e>*;

2x[(x + et + 1]

b)y' = ;
et +1

v 1 X —X . v 1 X —X
c)y—i(e +e ),d)y—5<e -e )
50. a) Bong bién ; b) Nghich bién.

52. Ta c6 bang sau

1 do 16n
STT| Loai 4m thanh —
’ 10 (L)
1 | Ng ong nghe 1 0dB
2 | Nhac ém diu 4000 | 36dB
3 7
1\\Ihac manh phat ra 6,8><108 38 dB
tir loa
4 T1eqng mdy bay 2,3><1012 124 dB
phan luc
5 | Ng ong dau tai 10 |130dB
53.a)3;b)0.
2Bx —2)Inx

54. a)y =3’ + —
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, xInx? W +1
b)y' = + ;
2+l X
1 X
v=1 -
)y nx—i—l x+1
, 2 In(x? + 1)
dy=—"—"- PR
x“+1 X

55. a) Nghich bién ; b) Ddng bién.
57. (C;)lado thihams6 y = x 7~ ;

1
(Cy)ladbthihamso y=x 2 ;

3

5x3In? 5x '

58.2)y' =2n2x+ 1) ';b)y'=
22 3{1+x3 )
1-x®V1-43 ’

a b
X al a-b

dy'==] = .

=38

59. a)~ 091 ;b) = -2,61.

oy'=

6l.a)0<x<1;b)2<x <8.

62.2) x<0;b)x>2.
63.a)x=—%.Gm'y':2— B=e+B)
b)xe{0;3};0)x=1;d)x=0.

64.2) x e {-1; 2}.b)x=2. 65.2) k=53;

a~ 1,096 ; b)d~25,119logF — 43,312.
c)

F 53|60 |80 |[100 |120 |140 |160

d |0 |1,35(4,49|6,93(8,91|10,60|12

66.a) x=2;b)x=6.
1

67. a)x=— ;b)x=09.
XE)

68.2) S={2;logz2-1};b)x=0.
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69.2)S={10; 10} :b) S= {2;%};

0 Ss=137;3%8%

70. a) x = log, (logy4) ;b)x= 37,
3

0)S=1{2; (1 +logs2)} ; d) S = {5*1 %}
TLa)x=1:b)x=2.

72.a) S = {(2;18); (18;2)} ;

b) (i) = (%;%].73. @iy = (257

1
) (x:y) = [%;5

¢)x=100;d) x=0.

j.74.a)x:—1 ;b)x=0;

75.a) S = {log;28 ; log;82 — 4} ;

25

b)S={§;3};c)S={—2 1)

dyx=4 3

| W

)

. 76.2) x = 10g\/§_1
2

b) x =e_2;c)S = {2;16};d)S={2_7;2}.

77.a) x = gwm ‘b)x=+ §+kn.G_0iy’ :
Dt t=47%2 78 a)x=—1;b)x=2.

79.2) (x;y)=(-2:;0);b) (x;y)=(235).
80.a)x<0,5;b)x>—%

2

1 1
81. a) 3 <x<2;b) §<x<§;

C)S=[1;2)u(3;4];d)%£x<

| —

82.2)05<x<4;b)S=0;1);
832)S=(—/5:-2)u:5) ;



b)S= B;lj;84.a)p<q;b)p>q;c)p>q;

d)g>p. 85.H dngdan :
1+ %(f - 2‘*)2 = %(ﬂ +27 )2.

173

86.2)2'0= 1024 ; b) 0 O

87.H ong dan :
JJ1og;2.log; 4 < %(log3 2 + log;, 4) .

90. SOAB =

> ~2,081.91.a)a>1;
In“2

b)0<a<l;c)a>1;d)0<ax<.

92. t 3574 (nam). 93.a) x=10 ; b) x=-2 ;
ox=15;d)xe {-1,5;-1}.

1
94. a) x € {E,Z} ;b)x=1;¢c)x=13;
d)yx=3.95.x = 1.
96.a) (x;y)=(6;2);b) (x;y)=(512;1).
97. a) (0;%)U|:\/§;+oo) :

b) (o0 ; 0] L [loge5 5 1) ¢) (4 ; +0).

98. (C) 99. (D). 100 (B). 101. (B).
102. (C) 103.(C) 104. (D)
105. (C). 106. (D) 107.(A)
108. (B) 109.(C) 110.(B).
CH ONG III
2 4 2
L.a) +XT+C :b) %—%+7X+C ;
-1 X x 3 2
- _2 ) 243 .
C)x 3 3+C,d)2x +C;
2x 7 3 4
£.2,.2.3 .
e) 21r110+C. 2. a) 3x +4x +C ;

b) Wr-2icC c¢) 2x —sin2x + C ;

Jx

d X N sin4x

5 +C.3(0). 4.Pingvi —/x lamot

1
nguyén ham ctia f(x). 5. a) —6(1—x°)2 +C ;

5
b)%\/5x+4+C ;) —%(1—%)4 +C;

2

1+«/;

6. a) —2xcos§ + 4sin% +C ;

d) - +C.

b) x*sinx + 2xcosx — 2sinx + C ;

X X . 1 4 X4
c) xe' —e" +C ;d) 4x In(2x) 16+C

3
7. a) —%(7 —3x?)2 + C. HD : Déi bién

u=7-3x2;b) %sin(3x+4)+C.
HD :Déibién u =3x+4 ;¢ %tan(:#‘x +2)+C.

HD : D6ibign u = 3x +2 ; d) %sin6(§)+c .

HD : Déi bién u = sin%-
3 6 3

8.a) (x—— 1) +C .HD :Péibiéh u=>--1":
18 ' 18

(2
b) ————==+C.
) 2
HD : Do6ibién u = sm(—j ;

X

) e’ =3x>+6x-6)+C :
d) %(m eV ey
HD : Ddibién u =+3x-9.
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9.a)

1 . 1 1 .
Exz sin2x + Excos2x — Zstx +C;

3 3
b) §)ﬁlnx—gxhc;c) %sin5x+C :

d) %sinxz +C.10.2)21:b)2,5;¢) 97“.
11.a) 10;b) —12;¢) =2 ; d) 16.
12.4.14. a) %‘- 1:b) 1280 m.

4300 625

2 N
17. a) §(2J§—1).HD :Déibien u=x+1;
1 Qe .« p
b) E'HD :Po1bién u = tanx ;
c) %.HD :Déibien u=1+*;
d) %.HD -DSibién u =4+ 1% ;
e)4.HD : Ddibién u =1+ x> ;
1 v
f) E'HD :Doibién u =1 - cos3x.

T
EEUTHORE

18. a) ¥ln2 -

T
a1
)3
3
19.2)1 = jﬁdu - 2J3:b) %
0

HD : a) Déibién u = 1> + 2t.
9 1 5
5 - 2 4
—|\=,,4 —04 _1- .
20.a)1—.1[4u du =97 ~1:0)3
HD :a) Déibién u =5 — 4cost.

21. (B) 22.2) HD : Déibién u =1- x.

224

23.a)-3;b) 3.
68 —€ 2 3
24. a) .HD :Doibién u = x’ ;
In3 3
b) I = quduzg-

0
HD :Déibién u =1Inx ;
4 1
1 —
o) I:J‘Euzdu:;
1
HD :Ddibién u =1+ x> ;
d)I—ile"du—
_09 -

e -1
9

HD : Ddibién u =3x> . ¢e) In2.

In2

o1 _ (n2y
25.0) ¢ Z,b)l_z';udu_ =

2
HD : DGi bién u = In2 - x) ; c) %_2 :

2 1
d) 1= [u du:%(zﬁ—l). HD : Déi bién

2¢° +1 Tn 3
3
=x"+1; . 260 —+ —+1.
u=x ;e) 9 6 3 5

i 1 64 11
27.3)5,]))6,C)E.Zs.a)?,b)g,

c) 44.29. ? .30. 24/3 .31 %" .32. 3m.

5 38 16 1
33. 27'5.34.3)8 ,b) E ,C) ?35.3) 45 5

327

17 2 32n n(n+2)_
b) 4,(:) 3.36.8.37. 5 .38 —=

8
39. n(e — 2).

40. 2. 41.2) x° +%+c;

3 3
b) 452 —%xz +C ;0 —%cos(xi +1)+C.



3

HD :Déibien u = x> +1; d) !

2cos(2x +1) +C

HD : DPéibién u = cos(2x + 1) .

42. a) —sin(l - 1) +C.
X
vy 1
HD :Dboibién u=—-1;
X

* +p?
16
2x 2x

x‘; —61—2+c cd) e (2 —2x +2) + C.

b) +C. HD :Déibién u = x* +1;

)

(In )c)2
2

43.2) e *(x+ 1D+ C ;b) + C.

HD :Déibién u = Inx.

2 4
44, f(x):%_s. 45.5=1.46.2)2 ;
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SACH GIAO KHOA LGP 12

1. TOAN HOC 7.DIALI 12
« GIAI TiCH 12 8. TIN HOC 12
« HINH HOC 12 9, CONG NGHE 12
2. VAT LI 12 10. GIAO DUC CONG DAN 12
3, HOA HOC 12 11, GIAO DUC QUOC PHONG - AN NINH 12
4, SINH HOC 12 12, NGOAI NGU
5, NGU VAN 12 (tap mét, tap hai) o TIENG ANH 12« TIENG PHAP 12
6. LICH SU 12 « TIENG NGA 12 « TIENG TRUNG QUOC 12

SACH GIAO KHOA LGP 12 - NANG CAO
Ban Khoa hoc Tu nhién : « TOAN HOC (GIAI TiCH 12, HINH HOC 12)
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o NGOAI NGU (TIENG ANH 12, TIENG PHAP 12,
TIENG NGA 12, TIENG TRUNG QUOC 12)
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