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nhng iu hc sinh cn ch  khi  s dng sch gio khoa 

1 .  Khi  nghe thy c gio ging bi ,  lun lun c SGK trc mt.  Tuy nhin  
khng vit,  v thm vo SGK  nm sau cc bn  khc c th dng c.  

2.  V trnh  by,  sch gio khoa c hai  mng :  mng chnh v mng ph.  

Mng chnh gm cc nh  ngha,  nh l ,  tnh  cht, . . .  v thng c ng  
khung hoc c ng vin  mp tri .  Mng ny c in  l i  vo trong.  

3.  Khi  gp Cu hi  ? ,  cn phi  suy ngh,  tr li  nhanh v ng.  

4.  Khi  gp Hot ng ,  phi  dng  bt v giy nhp  thc hin  nhng  
yu  cu  m hot ng i  hi .  

 

 
 

 
 

Bn quyn thuc Nh xut bn Gio dc Vit Nam - B Gio dc v o to 

02 2014/CXB/16 1213/GD                        M+ s :  NH202T4 



 

 



 4  

1 
 

 
 

1 .  Khi  a din.  Khi  chp,  khi  lng  tr  

Cc em hy quan st cc hnh sau y (hnh 1 a,  1 b,  1 c,  1 d,  1 e).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 1  

Mi hnh trn u c hai c im :   

a)  Gm mt s hu hn a gic  phng ( y "a gic  phng"  c hiu l 
bao gm c cc im trong ca n)  ;  

b)  Phn chia khng gian thnh hai phn :  phn bn trong  v phn bn ngoi  
ca hnh .  (Nu ta ch to mi hnh bng cht nha trong sut th ta c 
th bm vo phn bn trong ca n mt cht kh c mu,  v khi  phn 
bn trong  c "t mu",  cn phn bn ngoi th khng).  

Gi s H l hnh c hai c im ni trn.  Khi ,  mi im thuc phn 

bn trong ca n c gi l im  nm trong H.   
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Hnh  H  cng vi cc im nm trong  H  c gi l  khi a 

din gii hn bi hnh  H.  

Mi a gic  ca hnh H  c gi l mt mt  ca khi a din.  Cc nh,  

cc  cnh ca mi mt cn gi l nh ,  cnh  ca khi a din.  Cc im 

nm trong hnh H cn gi l im trong ca khi a din.  

Khi a din c gi l khi chp,  khi chp ct  nu n c gii hn 
bi mt hnh chp,  hnh chp ct (h.1 a,  1 b).  Nh vy,  ta c th ni v khi 
chp n-gic,  khi chp ct n-gic,  khi chp u,  khi t din,. . .  .  

Tng t,  khi a din c gi l khi lng tr  nu n c gii hn bi 
mt hnh lng tr (h.1 c).  Ta cng c th ni v khi hp,  khi hp ch 
nht,  khi lp phng,. . .   

Ngoi cc khi k trn,  chng ta cn gp cc  khi a din phc tp hn 
nh  cc  hnh 1d,  1 e.  

?1  Hnh hp ch nht H  c 6 mt l hnh ch 

nht (h.2a).  Nu ta b i hnh ch nht 

ABCD th ta c mt hnh H ' ch gm 5  

hnh ch nht (h.2b).  

Ti sao khng th ni rng c khi a 

din gii hn bi hnh H ' ?    

T  ta cn ch  rng :  Khi a din c gii hn bi mt hnh gm 
nhng a gic phng,  nhng khng phi bt k hnh no gm nhng a 
gic phng cng gii hn ra mt khi a din.  

T y tr i,  ta ch xt cc  khi a din gii hn bi hnh H  gm mt s 

hu hn a gic  phng tho mn hai iu kin :  

1 )  Hai a gic bt k hoc khng c im chung,  hoc c mt nh chung,  
hoc c mt cnh chung.  

2 )  Mi cnh ca mt a gic l cnh chung ca ng hai a gic.  

Hnh  H gm cc a gic nh th c gi l mt  hnh  a 

din ,  hoc n gin l  a din.   

1  

Hy kim tra  rng  cc hnh  1 a,  1 b,  1 c,  1 d ,  1 e u  tho mn cc iu  kin  1 )  v 2)  
trn  y.  H nh  2b khng  tho mn  iu  kin  no trong  hai  iu  kin   ?  

 

 

 

 

  a)       b)  
Hnh 2  
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2.   Phn  chia v lp ghp cc khi  a din  

V d 1  

Cho khi chp t gic S.ABCD (h.3) .  Ta hLy 

xt hai khi chp tam gic S.ABC v S.ACD.  

D thy rng :  

1 )  Hai khi chp  khng c im trong 

chung,  ngha l im trong ca khi chp ny 

khng phi l im trong ca khi chp kia.   

2)  Hp ca hai khi chp S.ABC v S.ACD 

chnh l khi chp S.ABCD.  

Trong trng hp  ta ni rng :  Khi a din S.ABCD c phn chia 

thnh hai khi a din S.ABC v S.ACD.  Ta cng cn ni :  Hai khi a 

din S.ABC v S.ACD c ghp li thnh khi a din S.ABCD.  

? 2  C th phn chia khi chp bt k thnh nhng khi t din hay khng ?  

2 (h.4)  

1 )  Ct khi  lng  tr  ABC.A'B'C' bi  mt phng  

(A'BC) .  Khi   khi  lng  tr  c phn ch ia  

thnh  nhng  khi  a d in  no ?  

2)  Hy phn chia khi  lng tr  ABC.A'B'C' thnh  

ba khi  t d in.  

Mt cch tng qut,  d thy rng mi khi 

chp v khi lng tr lun c th phn chia 

c thnh nhng khi t din  (bng nhiu 

cch khc nhau).  Thc ra iu  cng 

ng cho khi a din bt k.  

V d 2 

Hnh 5  cho ta thy hai ming g (xem nh hai khi a din)  c ch to 

sao cho chng c th ghp va kht vi nhau  to thnh mt khi lp 

phng.   tho ri hai ming g  hnh lp phng,  cn phi c nh mt 

ming v tnh tin ming kia theo mt vect c phng hon ton xc nh.   

 

 

 

 

 

 

 

 

Hnh 3  

 

 

 

 

 

 

 

 

Hnh 4  
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Hnh 5  

 

 

 V u i  m t  ch t  !  

Khi  lp phng   hnh  6 c to thnh  t 

hai  ming  g  c ghp kht vo nhau ,  

ming trn  v ming  di.  (Ta khng nhn  thy 

hai  mt bn  pha sau,  nhng chng cng hon  

ton  ging nh hai  mt trng thy).  

Em hy ch ra cch  ch to khi  lp phng  

nh vy.   

                       Hnh 6 

 

Cu hi  v bi  tp 

1.  Chng minh rng nu khi a din c cc mt l tam gic th s mt phi l 
s chn.  Hy ch ra nhng khi a din nh th vi s mt bng 4,  6,  8,  1 0.  

2.  Chng minh rng nu khi a din c mi nh l nh chung ca ba cnh 
th s nh phi l s chn.  

3.  Chng minh rng nu khi a din c cc mt l tam gic  v mi nh l 
nh chung ca ba cnh th  l khi t din.  

4.  Hy phn chia mt khi hp thnh nm khi t din.  

5.  Hy phn chia mt khi t din thnh bn khi t din bi hai mt phng.  
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Php bin hnh trong khng gian c nh ngha tng t nh trong mt phng :  

Php bin hnh F trong khng gian l mt quy tc  vi mi 

im M (trong khng gian),  xc nh c mt im M' duy 

nht gi l nh ca im M qua php bin hnh F.  Ta cn ni 

F bin im M thnh im M' v k hiu M' =  F(M) .  

Qua php bin hnh F,  mi hnh H c bin thnh hnh H ' gm 

tt c cc nh ca cc im thuc hnh H.  

Sau y ta xt php i xng qua mt phng,  l mt php bin hnh thng gp.  

1 .  Php i  xng qua mt phng 

nh ngha 1  (h. 7)   

Php i xng qua mt phng  

(P)  l php bin hnh bin mi 

im thuc (P)  thnh chnh n 

v bin mi im M khng thuc 

(P)  thnh im M' sao cho (P)  l 

mt phng trung trc ca on 

thng MM'.   

nh l 1  (h. 8)   

Nu php i xng qua mp(P)  

bin hai im M,  N ln lt thnh 

hai im M',  N' th M'N' = MN. 

(Nh  vy c th ni :  php i 

xng qua mt phng l php 

bin hnh bo ton khong cch 

gia hai im bt k).  

Hnh 7 

Hnh 8 

2 
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1  ( chng  minh  nh  l  1 )  

Nu  M, N nm trn  (P)  th  M' trng  M v N' trng  N  nn  M'N' =  MN.  

Nu c t nht mt trong hai  im M, N khng nm trn (P)  th c mp(Q)  i  qua cc 
im M, N, M',  N'.  Hy dng kin  thc hnh hc phng  chng minh M'N' =  MN.    

Khi ng trc mt tm gng phng,  mi ngi s nhn thy hnh ca 
mnh  pha sau tm gng  (h.9).  Php i xng qua mt phng ca 
tm gng  bin mi ngi thnh hnh ca h.     

 

 

 

                                                                                         

 

 

 

 

 

Hnh 9.  nh chp mt em b trc gng 

 

 

Hnh 1 0 l nh ca Thp Ra ang 

soi bng trn mt nc H Gm 

(H Ni).  Mt h xem nh l mt 

phn ca mt phng,  php i xng 

qua mt phng  bin Thp Ra 

thnh ci bng ca n.    

 

 

 

                                                     Hnh 1 0.  nh chp Thp Ra v bng ca n  
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2.  Mt phng  i  xng  ca mt hnh  

nh ngha 2  

Nu php i xng qua mt phng (P)  bin hnh H thnh 

chnh n th (P)  gi l mt phng i xng  ca hnh H.  

Mt s v d 

V d 1  

Mi mt phng i qua tm ca mt cu u l 
mt phng i xng ca mt cu  (h.1 1 ) .  

V d 2  

Cho t din u ABCD (h.1 2 ) .  Gi M l  trung 
im ca cnh CD th php i xng qua 
mp(ABM)  bin A  thnh A,  B thnh B,  C thnh 
D,  D  thnh C.  Nh vy,  php i xng  bin 
t din ABCD thnh chnh n,  suy ra mt 
phng (ABM)  l mt phng i xng ca t 
din ABCD.  

Hnh t din u ABCD c su mt phng i 
xng.   l cc mt phng i qua mt cnh v 
trung im ca cnh i din.  

V d 3 

Xt hnh lp phng ABCD.A'B'C'D' (h.13) .   

Nu (P)  l  mt phng trung trc ca cnh AB 
th n cng l  mt phng trung trc ca cc 
cnh CD,  A'B' v C'D',  bi vy n l mt 
phng i xng ca hnh lp phng.  Tng 
t,  cc mt phng trung trc ca cc cnh AD,  
v AA' cng l  nhng mt phng i xng ca 
hnh  lp phng.   

Gi (Q)  l  mt phng i qua hai cnh i din 
AB v C D' '  th (Q)  l mt phng i xng ca 
hnh lp phng v php i xng qua (Q)  bin 
mi im A, B,  C',  D' thnh chnh n v bin A' 
thnh D,  D thnh A',  C thnh B' v B' thnh C.  

Hnh 1 2  

Hnh 1 3  

Hnh 1 1  
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?1   Nh vy hnh lp phng c bao nhiu mt phng i xng ?  

3.  H nh  bt din  u  v mt phng i  xng  ca n 

Hnh 1 4 l mt hnh a din c 8  mt l cc 
tam gic  u :  EAB,  EBC,  ECD ,  EDA ,  FAB,  
FBC,  FCD  v FDA ,  c 6  nh A ,  B,  C,  D ,  E,  
F,  mi nh l nh chung cho bn tam gic  
u.  Hnh  gi l hnh  bt din u  (hay 
hnh tm mt u)  v c k hiu l 
ABCDEF.  

Tnh cht  

Bn nh A,  B,  C,  D  nm trn mt mt phng v  l mt 
mt phng i xng ca hnh bt din u ABCDEF.  

Chng minh 

V mi im A ,  B,  C,  D  cch u hai im E  v F  nn chng nm trn mt 
phng trung trc ca on thng EF.  Php i xng qua mt phng  bin 
mi im A ,  B,  C,  D  thnh chnh n v bin im E  thnh F,  F  thnh E  nn 

mp(ABCD)  l mt phng i xng ca bt din u ABCDEF.   

2  

Tm thm cc mt phng  i  xng  khc ca hnh  bt d in  u.  

4.  Php di  h nh  v s bng nhau  ca cc hnh  

Php di hnh trong khng gian c nh ngha tng t nh trong mt phng.  

nh ngha php di hnh  

Mt php bin hnh F trong khng gian c gi l php di 
hnh  nu n bo ton khong cch gia hai im bt k (c 
ngha l nu F bin hai im bt k M,  N ln lt thnh hai 
im M',  N' th M'N' =  MN) .  

T nh ngha ,  ta suy ra php di hnh bin ng thng thnh ng 
thng,  mt phng thnh mt phng,. . .  .  

Hnh 1 4  
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Hin nhin php i xng qua mt phng l mt php di hnh.  Php ng 
nht  (bin mi im thnh chnh n)  l mt php di hnh.  

R rng nu thc hin lin tip cc  php di hnh th ta cng c kt qu l 
php di hnh.  Ni cch khc :  Hp thnh ca nhng php di hnh l php 
di hnh.  

Mt s v d v php di hnh  

Ngoi php i xng qua mt phng, ta thng gp mt s php di hnh sau y :  

  Php tnh tin :  Php tnh tin theo vect v  l php bin hnh bin mi 

im M  thnh im M' sao cho 'MM v=


.  

  Php i xng qua ng thng (cn gi l  php i xng trc)  :  Cho 
ng thng d,  php i xng qua ng thng d  l php bin hnh bin 
mi im thuc d  thnh chnh n v bin mi im M  khng thuc d  thnh 
im M' sao cho trong mt phng (M,  d),  d l ng trung trc ca on 
thng MM'.  

  Php  i xng qua mt im (cn gi l  php i xng tm)  :  Cho im 
O ,  php i xng qua im O  l php bin hnh bin mi im M  thnh 

im M' sao cho ' 0OM OM


+ =



.  

nh ngha hai hnh bng nhau  

Hai hnh H  v H  ' gi l bng nhau  nu c mt php di hnh 
bin hnh ny thnh hnh kia.  

? 2  Hai mt cu c bn knh bng nhau th c bng nhau hay khng ?  V sao ?  

V d 4.  Cho  hnh chp tam gic u S.ABC.  Gi A',  B',  C' ln lt l 
trung im ca cnh BC,  CA v AB.  Khi  hai t din SABA' v SBCB' 
bng nhau.  

Gii  (h.1 5)  

Tht vy, php i xng qua mp(SAA')  bin 
cc im S,  A,  B,  A' ln lt thnh cc im 
S,  A,  C,  A' v php i xng qua mp(SCC')  
bin cc im S,  A,  C,  A' ln lt thnh cc 
im S,  B,  C,  B'.  Nh vy, qua hai php i 
xng trn, bn nh S,  A,  B,  A' ca t din 
SABA' bin thnh bn nh S,  B,  C,  B'  

Hnh 1 5  
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ca t din SBCB' nn theo nh ngha,  

hai t din  bng nhau.     

nh l 2   

Hai hnh t din ABCD v A'B'C'D' bng nhau nu chng c 

cc cnh tng ng bng nhau, ngha l AB =  A'B',  BC =  B'C',  

CD =  C'D',  DA =  D'A',  AC =  A'C',  BD =  B'D'.  

Chng minh.  Ta xt cc trng hp sau :  

Trng hp 1  (h.16).  Hai hnh t din  

c ba cp nh tng ng trng nhau,  
chng hn A  trng A',  B  trng B',  C  trng 
C',  cn D  khc D'.  

Khi ,  mi im A,  B,  C  cch u hai 
im D  v D' nn mp(ABC)  l mt 
phng trung trc ca on thng DD',  
suy ra php i xng qua mp(ABC)  
bin cc  nh A,  B,  C,  D  ln lut thnh 
cc  nh A',  B',  C',  D'.  Vy hai t din 
ABCD  v A'B'C'D' bng nhau.   

Trng hp 2  (h.1 7).  Hai hnh t din 

 c hai cp nh tng ng trng 

nhau,  chng hn A  trng A',  B  trng B'.  

Khi  gi (P)  l mt phng trung trc 

ca on thng CC' th (P)  i qua A  v 

B  (v  A  v B  cng cch u hai im C  

v C').Vy php i xng qua mp(P)  s 

bin cc  im A ,  B,  C,  D  ln lt thnh 

cc  im A',  B',  C',  D1  v do  t din 

ABCD  bng t din A'B'C'D1 .   

V hai t din A'B'C'D1  v A'B'C'D' c  cc  cnh tng ng bng nhau v 

c ba nh tng ng trng nhau nn theo trng hp 1 ,  chng bng nhau.                

Trng hp 3 .  Hai hnh t din  c mt cp nh tng ng trng nhau,  

chng hn A  trng A'.   

Hnh 1 6 

Hnh 17 
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Khi ,  gi (Q)  l mt phng trung trc ca BB' th (Q)  i qua A  (v A  cch 

u B  v B').  Vy php i xng qua (Q)  bin cc  im A ,  B,  C,  D  ln lut 

thnh cc  im A',  B',  C1 ,  D1  v do ,  hai t din ABCD  v A'B'C1D1  

bng nhau.  Mt khc,  hai t din  A'B'C1D1  v  A'B'C'D' c cc cnh tng 

ng bng nhau v c hai cp nh tng ng trng nhau nn theo trng hp 2,  
chng bng nhau.   

Trng hp 4.  Hai hnh t din  khng c cp nh tng ng no trng nhau.  

Khi ,  gi (R)  l mt phng trung trc ca AA',  php i xng qua (R)  

bin cc im A ,  B,  C,  D  ln lt thnh cc  im A',  B1 ,  C1 ,  D1  nn t din 

ABCD  bng t din 1 1 1'A B C D  ;  m hai t din A'B1C1D1  v A'B'C'D' c 

cc cnh tng ng bng nhau v mt cp nh tng ng trng nhau,  do 

 chng bng nhau theo trng hp 3 .   

H qu 1   

Hai t din u c cnh bng nhau th bng nhau.  

H qu 2   

Hai hnh lp phng c cnh bng nhau th bng nhau.  

Chng minh (h.18)  

Gi s ABCD.A'B'C'D' v 

MNPQ.M'N'P'Q' l hai hnh lp 

phng c cnh u bng a.  Hai 

t din ABDA' v MNQM' c cc 

cnh tng ng bng nhau nn 

bng nhau,  tc  l c php di 

hnh F  bin cc im A ,  B,  D ,  A' 

ln lt thnh M,  N,  Q ,  M'.  V F  

l php di hnh nn F  bin hnh 

vung thnh hnh vung,  do  F  

bin im C  thnh im P,  bin 

im B' thnh N',  bin im D' 

Hnh 1 8 
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thnh Q' v bin im C' thnh 

im P'.  Nh vy,  hai hnh lp 

phng  cho bng nhau.      

Cu hi  v bi  tp 

6.  Gi   l php i xng qua mt phng (P)  v a  l mt ng thng no 
.  Gi s   bin ng thng a  thnh ng thng a'.  Trong trng hp 
no th :  

a)  a  trng vi a' ;  

b)  a  song song vi a' ;  

c)  a  ct a' ;  

d)  a  v a' cho nhau ?  

7.  Tm cc mt phng i xng ca cc  hnh sau y :  

a)  Hnh chp t gic  u ;  

b)  Hnh chp ct tam gic  u ;  

c)  Hnh hp ch nht m khng c mt no l hnh vung.  

8.  Cho hnh lp phng ABCD.A'B'C'D'.  Chng minh rng :  

a)  Cc hnh chp A.A'B'C'D' v C'.ABCD  bng nhau ;  

b)  Cc hnh lng tr ABC.A'B'C' v AA' D' .BB'C'  bng nhau.  

9.  Chng minh rng cc php tnh tin,  i xng trc,  i xng tm l nhng 
php di hnh.  

10.  Chng minh rng :  

a)  Hp thnh ca hai php i xng qua hai mt phng song song (P)  v 
(Q)  l mt php tnh tin ;  

b)  Hp thnh ca hai php i xng qua hai mt phng (P)  v (Q)  vung 
gc  vi nhau l mt php i xng qua ng thng.  
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1 .  Php v  t trong khng  gian  

nh ngha 1  

Cho s k khng i khc 0  v mt im O c nh.  Php bin 
hnh  trong khng gian bin mi im M thnh im M' sao 

cho OM' kOM=

 

 gi l php v t.  im O gi l tm v t,  
s k gi l t s v t.   

Nh vy,  php v t trong khng gian c nh ngha hon ton tng t 
nh trong mt phng.  Cc tnh cht sau y ca php v t u c th c 
chng minh tng t nh trong mt phng.  

Cc tnh cht c bn ca php v  t  

1 .  Nu php v t t s k bin hai im M,  N thnh hai im 

M',  N' th ,M'N' kMN=

 

 v  do  M'N'=  k MN.  

2 .  Php v t bin ba im thng hng thnh ba im thng 
hng,  bn im ng phng thnh bn im ng phng.  

T  suy ra php v  t bin ng thng thnh ng thng,  mt phng 
thnh mt phng. . .  

V d 1  

Cho hnh t din ABCD.  Gi A',  B',  
C',  D' ln lt l trng tm ca cc 
tam gic BCD,  ACD,  ABD,  ABC.  
Chng minh  rng c php v t bin 
t din ABCD thnh t din A'B'C'D'.  

Gii  (h.1 9)  

Gi G  l trng tm ca t din ABCD .  
Khi  ta bit rng :                                             

Hnh 1 9 

3 
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1 1
' , ' ,

3 3

1 1
' , ' .

3 3

=  = 

=  = 

   

   

GA GA GB GB

GC GC GD GD

 

Suy ra php v t V tm G, t s 
1

3
= k  bin cc im A, B, C, D  ln lt thnh 

cc im A',  B',  C',  D'.  Vy V  bin t din ABCD  thnh t din A' B'C'D'.   

?1  Trong trng hp no th php v t l mt php di hnh  ?  

2.  Hai  hnh  ng dng  

nh ngha 2  

Hnh H c gi l ng dng  vi hnh H ' nu c mt php 

v t bin hnh H  thnh hnh H1  m hnh H1  bng hnh H '.  

V d 2.  Chng minh rng hai hnh t din u bt k lun lun ng dng 

vi nhau.  

Chng minh  (h.20)   

Gi s ABCD  l t din u c 

cnh bng a  v A'B'C'D' l t din 

u c cnh bng a'.  Ta xt php v 

t  V  c  tm O  ty  v c t  s 

a'k
a

= .  Khi  d thy t din u 

ABCD  bin thnh t din u 

1 1 1 1A B C D  c  cnh bng a'.  Vy t 

din 1 1 1 1A B C D  bng t din 

A'B'C'D'.  Theo nh ngha,  t din 

ABCD  ng dng vi t din 

A'B'C'D'.      

V d 3.  Chng minh rng hai hnh lp phng bt k u ng dng vi nhau.  

Chng minh tng t nh  V d 2.  

Hnh 20 
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3.  Khi  a din  u  v s ng dng ca cc khi  a din  u  

Trc ht ta ni  v khi a din li,  mt khi nim tng t nh khi nim 

a gic  li trong hnh hc phng.  

Mt khi a din c gi l khi a din li  nu vi bt k hai im A  v B  

no ca n th mi im ca on thng AB  cng thuc khi .  

Cc khi a din trn hnh 21  khng phi l nhng khi a din li.  

 

 

 

 

 

 

Hnh 21  

? 2  Ti sao cc khi a din trn hnh 21  khng phi l nhng khi a din li ? 

Chng ta  bit th no l a gic u.  By gi ta s nh ngha th no l 

khi a din u.  

nh ngha 3 

Khi a din  u  l mt khi a din li c hai tnh cht sau y : 

a)  Cc mt l nhng a gic u v c cng s cnh ;  

b)  Mi nh l nh chung ca cng mt s cnh.  

 

Khi a din u m mi mt l a gic u n  cnh v mi nh l nh 

chung ca p  cnh c gi l  khi a din u loi { n ;  p} .  

? 3  Khi t din u,  khi bt din u v khi lp phng l nhng khi a din 

u thuc loi g ?  

Ngoi khi t din u,  khi lp phng v khi bt din u,  hnh 22 di 

y cho ta thy thm hai loi na ca khi a din u.  
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Khi hai mi mt u 

(thuc loi {3  ;  5} )  

 Khi mi hai mt u 

(thuc loi {5  ;  3} )  

 

Ngi ta chng minh c rng ch c nm loi khi a din u (xem bi 
c thm nh l -le  v khi a din u)  v hai khi a din u cng 

loi th ng dng vi nhau.  

 

 Em  hy  l m  th !  

Chng  ta  c th lm  m hnh  ca nm loi  khi  a d in  u  bng  nguyn  vt l iu  
l   ba  cng  v h dn.  

Hy ct ba  cng  theo mu  di  y (h .23)  v  dn  li  thnh  cc khi  a d in  u.  

 

 
 

 

 

 

 

 

 

 

 

Hnh 23  

Hnh 22  
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Cu hi  v bi  tp 

11.  Chng minh rng php v t bin mi ng thng thnh mt ng thng 
song song hoc  trng vi n,  bin mi mt phng thnh mt mt phng 
song song hoc trng vi mt phng .  

12.  Cho mt khi t din u.  Hy chng minh rng :  
a) Cc trng tm ca cc mt ca n l cc nh ca mt khi t din u ;  
b)  Cc trung im ca cc cnh ca n l cc nh ca mt khi tm mt u.  

13.  Hai nh ca mt khi tm mt u c gi l hai nh i din nu chng 
khng cng thuc mt cnh ca khi .  on thng ni hai nh i din gi 
l ng cho  ca khi tm mt u.  Chng minh rng trong khi tm mt 
u :  

a)  Ba ng cho ct nhau ti trung im ca mi ng ;  

b)  Ba ng cho i mt vung gc vi nhau ;  

c)  Ba ng cho bng nhau.  

14.  Chng minh rng :  

a) Tm cc mt ca mt khi lp phng l cc nh ca mt khi tm mt u ;  

b) Tm cc mt ca mt khi tm mt u l cc nh ca mt khi lp phng.  

 

 

B i   c  th m  

1 .  c s -le ca khi  a din 

i  vi  mi  khi  a din H ,  ta k hiu   l s nh,  C l  s cnh,  M l   s mt ca H  

v khi  ,  s   (H )  =     C  +  M c gi  l  c s -le  (cn  gi  tt l  c s)  ca 

khi  a d in  H .  (Ch Hy Lp   c l  "khi ") .  

Cc h nh  v sau  y cho ta  mt s khi  a  d in  cng  vi  cc c s ca chng  :   
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 Hnh 24  

Nh vy,  cc khi  a  d in  c th c cc c s khc nhau.  Tuy nhin,  nh ton  
hc Thu S -le  (L.  Eu ler)   chng  minh  nh  l  mang  tn  ng  sau  y :  

nh l -le.  Mi khi a din li u c c s bng 2.  

Ta c th kim ngh im  nh  l    cho cc khi  a d in  u  ( l  nhng  khi  a  
d in  li ) .  Ch   rng  trn  h nh  24  c nhng  khi  a d in  khng  li  nhng  vn  c  
c s bng  2.   

2.  Chng minh  nh  l  v nm loi  khi  a din  u  

Dng  nh  l  -le,  ta  c th chng  minh  rng  ch  c nm  loi  khi  a  d in  u .  

Nhc li  :  Khi  a d in  u  loi  {n  ;  p}  l   khi  a  d in  li  c mt l   cc n-g ic u  
v mi  nh  l  nh  chung  ca p  cnh.  

nh l.  Ch c nm loi khi a din u,   l cc loi :  {3  ;  3},  {4  ;  3},  {3  ;  4},  
{5  ;  3},  {3  ;  5}.  

Chng minh.  G i  s khi  a d in  u  loi  {n  ;  p}  c    nh,  C  cnh  v  M mt.  

V  mi  mt c n  cnh  nn  M mt s  c nM cnh,  nhng  mi  cnh  li  chung  cho  
hai  mt nn  2C  =  nM.  V  mi  nh  l   nh  chung  cho p  cnh  nn    nh  s c  p  
cnh,  nhng  mi  cnh  li  i  qua hai  nh  nn  2C  =  p.  Vy ta  c 

p  =  2C  =  nM.  
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T  suy ra  

 +  +
= = = =

+ 
 +

( )2
.

1 1 1 1 1 1 2 2
2 2

C M C M C M pn

n p np

p n p n

 

 Theo nh  l  -le,  ta  c      C  +  M =  2  nn  

= = =
+ 

4
.

1 1 1 2 2
2

 C M pn

n p np

p n

 

Vy :      =
+ 

4

2 2

n


n p np
 ;  =

+ 

2

2 2

np
C

n p np
 ;  =

+ 

4

2 2

p
M

n p np
.  (*)  

V cc s ,  C,  M,  n,  p  u  l  nhng  s nguyn  dng  nn  

2n  +  2p    np  >  0  hay (n   2)(p   2 )  <  4.  

Ch   rng  n    3  ;  p    3  nn  n    2 v  p    2 l  hai  s nguyn  dng  ;  ngoi  ra  tch  
s ca chng  b hn  4.  Vy ch c th xy ra  cc trng  hp sau  :  

1 )  n   2 =  1 ,  p   2  =  1  hay n  =  p  =  3,  ta  c  khi  a d in  u  loi  {3  ;  3}.  Khi  ,  

t (*)  ta  suy ra    =  4,  C  =  6,  M =  4.   chnh  l khi  t d in  u.  

2)  n   2 =  2,  p    2  =  1  hay n  =  4,  p  =  3,  ta  c  khi  a  d in  u  loi  {4  ;  3}.  Khi   

  =  8,  C  =  1 2,  M =  6.   chnh  l  khi  l p phng.   

3)  n   2 =  1 ,  p    2  =  2  hay n  =  3,  p  =  4,  ta  c  khi  a  d in  u  loi  {3  ;  4}.  Khi   

  =  6,  C  =  1 2,  M =  8.   chnh  l khi  tm mt u  (cn  gi  l khi  bt d in  u).   

4)  n   2 =  3,  p    2  =  1  hay n  =  5,  p  =  3,  ta  c  khi  a  d in  u  loi  {5  ;  3}.  Khi   

  =  20,  C  =  30,  M =  1 2.   chnh  l  khi  mi  hai  mt u  (cn  gi  l  khi  thp 
nh   d in  u) .  

5)  n   2 =  1 ,  p    2  =  3  hay n  =  3,  p  =  5,  ta  c  khi  a  d in  u  loi  {3  ;  5}.  Khi   
  =  1 2,  C  =  30,  M =  20.   chnh  l  khi  hai  mi  mt u  (cn  gi  l  khi  nh   
thp d in  u) .   

Vy ta c bng  sau  y :  

Loi  Tn  gi  S nh  S cnh  S mt 

{3  ;  3}  Khi  t d in  u   4  6  4  

{4  ;  3}  Khi  lp phng  8  1 2  6  

{3  ;  4}  Khi  tm  mt u   6  1 2  8  

{5  ;  3}  Khi  mi  hai  mt u   20  30  1 2  

{3  ;  5}  Khi  hai  mi  mt u   1 2  30  20  
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Nm loi  khi  a din  u  k trn c nh trit hc v ton hc Pla-tng (427 - 347 
trc Cng  nguyn)  tm  ra,  chng  thng  c gi  l   cc th Pla-tng.  Cc khi  
a  d in  theo th t trong  bng  trn  c Pla-tng  coi  l   tng  trng  cho la,  t,  
kh,  v tr  v  nc.  

 

 
 

 

1 .   Th no l  th tch ca mt khi  a din  ?  

Chng ta bit rng trong mt phng,  mi a gic c mt din tch.   l s 
o phn mt phng m a gic   chim ch.  Tng t nh vy,  cc khi 
a din chim nhng phn khng gian ln nh khc nhau.  Th tch ca mi 
khi a din l s o ca phn khng gian m n chim ch.  

Chng ta  bit cc  cng thc tnh th tch ca mt s khi a din n 
gin.  Sau y chng ta s ni r  hn v cc cng thc ny.  

 c nhng cng thc nh th,  chng ta tha nhn rng mi khi a din 
c th tch l mt s dng,  tho mn cc  tnh cht sau y :  

1 )  Hai khi a din bng nhau th c th tch bng nhau.  

2)  Nu mt khi a din c phn chia thnh nhiu khi a din 
nh th th tch ca n bng tng th tch ca cc khi a din nh .  

3)  Khi lp phng c cnh bng 1  th c th tch bng 1 .   

  Ch   

1 ) Trong thc t,  khi phi o lng v tnh ton v  di, din tch 
v th tch, ngi ta thng dng nhng n v o khc nhau.  Nu ta 
dng n v o  di l 1cm chng hn th theo tnh cht 3,  khi lp 
phng c cnh bng 1  (hiu l 1cm) s c th tch bng 1 ,  nhng 

hiu l 1cm
3
.  Tng t,  khi lp phng c cnh 1dm s c th tch 

l 1dm
3
,  khi lp phng c cnh 1km th c th tch l 1km

3
,. . .  

2)  i khi  n gin,  th tch ca khi a din gii hn bi hnh 
a din H  cng c gi l th tch ca hnh a din  H.   

4 
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2.  Th tch  ca khi  hp ch nht  

Gi s ta c mt khi hp ch nht 
vi ba kch thc a,  b,  c  u l 

nhng s nguyn dng.  Khi ,  
bng nhng mt phng song song vi 
cc mt ca khi hp,  ta c th phn 
chia n thnh cc khi lp phng c 
cnh bng 1  (h.25).  

Hin nhin s cc khi lp phng 
 bng tch s a.b.c.  

Theo tnh cht 2,  th tch V  ca khi hp ch nht bng tng cc  th tch 
ca cc  khi lp phng v theo tnh cht 3 ,  mi khi lp phng  c th 
tch bng 1 .  T  ta suy ra cng thc 

V  =  abc.  

Trong trng hp cc kch thc a,  b,  c  ca khi hp ch nht l nhng s 
dng tu  (khng nht thit phi l s nguyn),  ngi ta chng minh 
c rng cng thc ni trn vn ng.  Nh vy mt cch tng qut,  ta c :   

nh l 1  

Th tch ca mt khi hp ch nht bng tch s ca ba kch thc.   

V d 1.  Tnh th tch ca khi lp phng c cc nh l trng tm cc 

mt ca mt khi tm mt u cnh a.  

Gii.  Gi s c khi tm mt u vi cc nh 

l S,  S',  A ,  B,  C,  D  (h.26).  Gi M  v N  ln lt 

l trng tm ca tam gic  SAB  v SBC  th on 

thng MN  l mt cnh ca khi lp phng.  

Gi M',  N' ln lt l trung im ca AB v BC  

th M  v N  ln lt nm trn SM' v SN' nn 

         MN  =  
2

3
M'N' =  

2

3 2

AC
=  

2

3

a
.  

 

 

 

 

 

 

 

Hnh 25   

 

 

 

 

 

 

 

 

Hnh 26 
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Vy th tch ca khi lp phng l 

 V  =  MN
3
 =  

32 2

27

a
.      

1  

Cho khi  lng  tr  ng  c chiu  cao bng h,  y l  tam gic vung  vi  hai  cnh  

gc vung  bng  a v b.  Tnh  th tch  ca khi  lng  tr  .  

3.  Th tch  ca khi  chp 

Dng phng php gii hn, ngi ta c th chng minh c nh l sau y.  

nh l 2  

Th tch ca mt khi chp bng mt phn ba tch s ca 

din tch mt y v chiu cao ca khi chp .   

Nh vy,  nu ta k hiu din tch mt y ca khi chp l Sy  v chiu 

cao ca khi chp l h  (h  l khong cch t nh ca khi chp ti mt 

phng cha y ca khi chp)  th th tch V ca khi chp  c tnh 

theo cng thc  

y
1

. .
3

=V S h  

V d 2.  Tnh th tch ca khi t din u c cnh bng a.  

Gii  

Xem t din u ABCD  (cnh bng a)  nh 

l hnh chp c  nh l A  v y l tam 

gic u BCD  c  cnh bng a  (h.27).  Din 

tch mt y l 

SBCD  =  
3

4
a
2
.  

Gi H  l tm ca tam gic  u BCD  th 

AH l ng cao ca hnh chp A.BCD .  

Bi vy chiu cao ca hnh chp l  

 

 

 

 

 

 

 

 

 

Hnh 27 
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h  =  AH =
2

2 2 2 2

3 3

a
AB BH a a =  = .  

T  suy ra khi t din ABCD  c  th tch l 

 V  =  
3

21 1 3 2 2
. . .

3 3 4 123
= =BCD

a
S h a a .      

V d 3.  Tnh th tch ca khi tm mt u c cnh bng a.  

Gii 

Trn hnh 28,  ta c  khi tm mt u 

H  vi cc  nh l A ,  B,  C,  D ,  E,  F.  Ta 

c th phn chia khi a din H  

thnh hai khi chp t gic  u 
A.BCDE  v F.BCDE.  V hai khi 
chp  bng nhau nn c th tch 
bng nhau,  do  th tch V  ca khi 

H bng hai ln th tch V1  ca khi 

chp A.BCDE.  

Ch  rng BCDE l hnh vung cnh 
a  vi tm O  v tam gic  ABD  l tam 
gic vung cn nh A ,  ta tnh c :   

V1  =  
2 31 1 2 2

. .
3 3 2 6BCDES AO a a a= = .  

T  suy ra khi tm mt u ni trn c th tch l 

V  =  2V1  =  
3 2

3
a .   

4.  Th tch  ca khi  lng tr   

Bi ton.  Tnh th tch V ca khi lng tr 
ABC.A'B'C' bit din tch y ABC bng S v 
chiu cao (khong cch  gia hai mt phng 
cha hai y)  bng h  (h.29) .  

2  ( g ii  bi  ton)   
a)  Chia khi  lng  tr  ABC.A'B'C' thnh  ba khi  t 

d in  bi  cc mt phng  (A'BC')  v  (A'BC) ,  hy k 
tn  ba khi  t d in  .  

 

 

 

 

 

 

 

 
 
 

 
Hnh 28 

 

 

 

 

 

 

 

 

 

Hnh 29 
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b)  Chng  t rng  ba khi  t d in   c th tch  bng  nhau.  

c) T  suy ra cng thc  V =  S.h.  Hy pht biu  thnh  li  cng  thc .  

By gi,  xt khi lng tr c y l mt a 

gic  bt k.  V bt k  a gic  no cng c th 

phn chia c thnh cc tam gic  khng c 

im trong chung nn c th phn chia khi 

lng tr  thnh cc  khi lng tr tam gic  c 

cng chiu cao (h.30).  Tng cc  th tch ca 

chng chnh l th tch ca khi lng tr ban 

u.  T  suy ra nh l sau y.   

nh l 3  

Th tch ca khi lng tr bng tch s ca din tch mt y 
v chiu cao ca khi lng tr .   

V d 4.  Cho khi lng tr ABC.A'B'C'.  Gi M,  N ln lt l trung im 
ca hai cnh AA' v BB'.  Mt phng (MNC')  chia khi lng tr L cho 
thnh hai phn.  Tnh t s th tch  ca hai phn .  

Gii 

Nu gi V  l th tch ca khi lng tr th 

th tch ca khi t din C'ABC  l 
3

V
,  do 

 th tch ca khi chp C'.ABB'A' l 
2

3

V
 

(h.31 ).  V hai khi chp C'.ABNM  v 
C'.MNB'A' c cng chiu cao v c mt 
y bng nhau nn th tch ca khi chp 
C'.MNB'A'  l 

V1  =  
1 2
.

2 3 3

V V
= ,  

v th tch khi a din ABCMNC' l 

V2  =  V   
2

3 3

V V
= .  

Ta c t  s th tch hai phn c phn chia l k  =  1

2

1

2

V

V
= .   
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Cu hi  v bi  tp 

15.  Cho tam gic  ABC c nh v mt im S  thay i.  Th tch ca khi chp 

S.ABC c thay i hay khng nu :   

a)  nh S  di  chuyn trn mt mt phng song song vi mt phng (ABC)  ;  

b)  nh S  di chuyn trn mt mt phng song song vi ch mt cnh y ;   

c)  nh S  di  chuyn trn mt ng thng song song vi mt cnh y ?   

16.  Hy chia mt khi t din thnh hai khi t din sao cho t  s th tch ca 

hai khi t din ny bng mt s k  >  0 cho trc.  

17.  Tnh th tch ca khi hp ABCD.A'B'C'D',  bit rng AA'B'D' l khi t 

din u cnh a.  

18.  Tnh th tch ca khi lng tr n-gic  u c tt c cc cnh u bng a.  

19.  Cho khi lng tr ng ABC.A'B'C' c  y l tam gic  ABC  vung ti A ,  

AC  =  b,  o60 .ACB =  ng thng BC' to vi mp(AA'C'C)  mt gc 30
o
.  

a)  Tnh  di on thng AC'.  

b)  Tnh th tch khi lng tr  cho.   

20.  Cho khi lng tr tam gic ABC.A'B'C' c y l tam gic  u cnh a,  

im A' cch u ba im A ,  B,  C,  cnh bn AA' to vi mt phng y mt 

gc 60
o
.  

a)  Tnh th tch ca khi lng tr .  

b)  Chng minh rng mt bn BCC'B' l mt hnh ch nht.  

c)  Tnh tng din tch cc mt bn ca hnh lng tr ABC.A'B'C' (tng  

gi l din tch xung quanh  ca hnh (hoc khi)  lng tr  cho).  

21.  Cho im M  nm trong hnh t din u ABCD .  Chng minh rng tng cc 

khong cch t M  ti bn mt ca hnh t din l mt s khng ph thuc 

vo v tr ca im M.  Tng  bng bao nhiu nu cnh ca t din u 

bng a  ?  

22.  Cho khi lng tr tam gic  u ABC.A'B'C'.  Gi  M  l trung im ca AA'.  

Mt phng i qua M,  B',  C  chia khi lng tr thnh hai phn.  Tnh t s th 

tch ca hai phn .  
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23.  Cho khi chp tam gic  S.ABC.  Trn ba ng thng SA ,  SB,  SC  ln lt 

ly ba im A',  B',  C' khc vi S.  Gi V  v V' ln lt l th tch ca cc 

khi chp S.ABC  v S.A'B'C'.  Chng minh rng :  

. .
V SA SB SC

V' SA' SB' SC'
= .  

24.  Khi chp S.ABCD  c y l hnh bnh hnh,  M  l trung im ca cnh 

SC.  Mt phng (P)  i qua AM,  song song vi BD  chia khi chp thnh hai 

phn.  Tnh t  s th tch ca hai phn .  

25.  Chng minh rng nu c php v t t  s k  bin t din ABCD  thnh t din 

A'B'C'D' th =

3
.A'B'C'D'

ABCD

V
k

V

 

I  -  Kin thc cn  nh 

1.  Hnh a din gm mt s hu hn a gic phng tho mn hai iu kin :   

a) Hai a gic bt k hoc khng c im chung, hoc c mt nh chung, 
hoc c mt cnh chung.  

b)  Mi cnh ca mt a gic l cnh chung ca ng hai a gic.  

Hnh a din chia khng gian lm hai phn (phn bn trong v phn bn 
ngoi).  Hnh a din cng vi phn bn trong ca n gi l khi a din.  

2.  Mi khi a din c th phn chia c thnh nhng khi t din.  

3.    Php di hnh trong khng gian l php bin hnh bo ton khong cch gia 
hai im bt k.  

  Php i xng qua mt phng (P) l php bin hnh bin mi im thuc (P)  
thnh chnh n v bin mi im M khng thuc (P)  thnh im M' sao cho 
(P)  l mt phng trung trc ca on thng MM'.  Php i xng qua mt 
phng l mt php di hnh.  

  Mt phng (P)  gi l mt phng i xng ca mt khi a din nu php i 
xng qua (P)  bin khi a din thnh chnh n.  
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  Php tnh tin, php i xng trc, php i xng tm l nhng php di hnh.  

  Hai hnh a din gi l bng nhau nu c mt php di hnh bin hnh ny 
thnh hnh kia.  

  Hai hnh t din bng nhau nu chng c cc cnh tng ng bng nhau.  

4.    Php v t tm O t s 0k   l php bin hnh bin mi im M thnh im 

M' sao cho .OM' k OM=

 

.  

  Hnh  H  c gi l ng dng vi hnh  H ' nu c mt php v t bin hnh  

H  thnh hnh  H1  m hnh H1  bng hnh  H '.  
5.  C nm loi khi a din u :  khi t din u, khi lp phng, khi tm 

mt u, khi mi hai mt u, khi hai mi mt u.  
6.  Th tch ca khi hp ch nht bng tch s ba kch thc.  

7.  Th tch ca khi chp bng mt phn ba tch s ca din tch mt y v 
chiu cao khi chp.  

8.  Th tch ca khi lng tr bng tch s ca din tch mt y v chiu cao 
ca khi lng tr.  

9.  Cho khi chp S.ABC.  Trn ba ng thng SA ,  SB,  SC  ln lt ly ba 
im A',  B',  C' khc S.  Khi  

=
S. ABC

S.A' B'C'

V SA SB SC
. . .

V SA' SB' SC'
 

I I  -  Cu  hi  t kim tra 

1.  Khi lng tr n-gic c bao nhiu nh,  bao nhiu cnh v bao nhiu mt ?  

Khi chp n-gic c bao nhiu nh,  bao nhiu cnh v bao nhiu mt ?  

2.  Nhng khi a din u no c mt l tam gic u ?  Mi nh ca n l 
nh chung ca bao nhiu mt ?  

3.  Nu bit th tch ca mt khi chp v din tch mt y ca n th c th 
bit c  chiu cao ca khi chp  hay khng ?  

4.  Nu mi kch thc ca mt khi hp ch nht c tng ln k  ln th th 
tch ca khi  tng ln bao nhiu ln ?   

5.  Hnh t din u,  hnh lp phng,  hnh bt din u c nhng mt phng 
i xng no ?  

6.  Nu t  s cc  cnh tng ng ca hai t din ng dng bng k th t  s th 
tch ca hai khi t din y bng bao nhiu ?  

I I I  -  Bi  tp 

1.  Cho t din ABCD  c  th tch bng V.  Gi B' v D' ln lt l trung im 
ca AB  v AD .  Mt phng (CB'D')  chia khi t din thnh hai phn.  Tnh 
th tch mi phn .  
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2.  Cho khi hp ABCD.A'B'C'D'.  Chng minh rng su trung im ca su 
cnh AB,  BC,  CC',  C'D',  D'A' v A'A  nm trn mt mt phng v mt 
phng  chia khi hp thnh hai phn c th tch bng nhau.  

3.  Cho khi t din ABCD ,  E  v F  ln lt l trung im ca hai cnh AB  v 
CD .  Hai mt phng (ABF)  v (CDE)  chia khi t din ABCD  thnh bn 
khi t din.  

a)  K tn bn khi t din .  

b)  Chng t rng bn khi t din  c  th tch bng nhau.  

c)  Chng t rng nu ABCD  l khi t din u th bn khi t din ni 
trn bng nhau.  

4.  Cho khi lng tr ng ABC.A'B'C' c din tch y bng S v AA' =  h.  

Mt mt phng (P)  ct cc cnh AA',  BB',  CC' ln lt ti A1 ,  B1  v C1 .  Bit 

AA1  =  a,  BB1  =  b,  CC1  =  c.   

a)  Tnh th tch hai phn ca khi lng tr c phn chia bi mt phng (P).  

b)  Vi iu kin no ca a,  b,  c  th th tch hai phn  bng nhau ?  

5.  Cho khi lng tr u ABC.A'B'C' v M l trung im ca cnh AB.  Mt 
phng (B'C'M)  chia khi lng tr thnh hai phn.  Tnh t s th tch hai 
phn .  

6.  Cho khi chp S.ABC  c ng cao SA  bng a,  y l tam gic vung cn c 
AB  =  BC  =  a.  Gi B' l trung im ca SB,  C' l chn ng cao h t A  
ca tam gic  SAC.  

a)  Tnh th tch khi chp S.ABC.  

b)  Chng minh rng SC  vung gc vi mp(AB'C').  

c)  Tnh th tch khi chp S.AB'C'.  

IV -  Cu  hi  trc nghim 

1.  Mi nh ca hnh a din l nh chung ca t nht  

 (A)  Nm cnh ;         (B)  Bn cnh ;  

 (C)  Ba cnh ;         (D)  Hai cnh.  

2.   Cho khi chp c y l n-gic.  Trong cc  mnh  sau y,  mnh  
no ng ?  

 (A)  S cnh ca khi chp bng n + 1  ;  

 (B)  S mt ca khi chp bng 2n  ;  
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 (C)  S nh ca khi chp bng 2n + 1  ;  

 (D)  S mt ca khi chp bng s nh ca n.  

3.   Php i xng qua mp(P) bin ng thng d thnh chnh n khi v ch khi  

 (A)  d song song vi (P)  ;     (B)  d nm trn (P)  ;  

 (C)  ( )d P  ;         (D)  d nm trn (P)  hoc ( ).d P  

4.   Cho hai ng thng d v d' ct nhau.  C bao nhiu php i xng qua mt 
phng bin d thnh d' ?  

 (A)  C mt ;          (B)  C hai ;  

 (C)  Khng c ;         (D)  C v s.  

5.   Cho hai ng thng phn bit d v d' ng phng.  C bao nhiu php i 
xng qua mt phng bin d thnh d' ?  

 (A)  Khng c ;         (B)  C mt ;  

 (C)  C hai ;          (D)  C mt hoc hai.  

6.   Hnh chp t gic u c bao nhiu mt phng i xng ?  

 (A)  Mt ;           (B)  Hai ;  

 (C)  Ba ;           (D)  Bn.  

7.   Mt hnh hp ng c  y l hnh thoi (khng phi hnh vung)  c  bao 
nhiu mt phng i xng ?  

 (A)  Mt ;           (B)  Hai ;  

 (C)  Ba ;           (D)  Bn.  

8.   Cho php v t tm O bin im A thnh im B,  bit rng OA = 2OB.  Khi 
,  t s v t l bao nhiu ?  

 (A)  2 ;            (B)   2 ;  

 (C)  
1

2
  ;           (D)  

1

2
  

9.   Cho hai ng thng song song d,  d' v mt im O khng nm trn 
chng.  C bao nhiu php v  t tm O  bin d thnh d' ?  

 (A)  C mt ;          (B)  Khng c ;  

 (C)  C hai ;          (D)  C mt hoc khng c.  

10.  Khi tm mt u thuc loi  

 (A)  { 3  ;  3}  ;          (B)  { 4 ;  3}  ;  

 (C)  { 5  ;  3}  ;          (D)  { 3  ;  4} .  
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11.  Khi hai mi mt u thuc loi  

 (A)  { 3  ;  4}  ;          (B)  { 3  ;  5}  ;  

 (C)  { 4 ;  3}  ;          (D)  { 4 ;  5} .  

12.  Nu ba kch thc ca mt khi hp ch nht tng ln k ln th  th tch ca 
n tng ln  

 (A)  k ln ;           (B)  2
k  ln ;  

 (C)  3
k  ln ;          (D)  3 3

k  ln.  

13.  Tng din tch cc  mt ca mt hnh lp phng bng 96.  Th tch ca khi 
lp phng  l  

 (A)  64 ;           (B)  91  ;  

 (C)  84 ;           (D)  48.  

14.  Ba kch thc ca mt hnh hp ch nht lm thnh mt cp s nhn c 
cng bi l 2.  Th tch hnh hp  cho l 1 728.  Khi ,  cc  kch thc ca 
hnh hp l  

 (A)  8,  1 6,  32 ;         (B)  2,  4,  8  ;  

 (C)  2 3 ,  4 3 ,  38  ;       (D)  6,  1 2,  24.  

15.  Cc ng cho ca cc mt ca mt hnh hp ch nht bng 5 , 10, 13 .  

Th tch ca hnh hp  l  

 (A)  4 ;            (B)  5  ;  

 (C)  6  ;            (D)  8 .  

16.  Mt khi lng tr ng tam gic  c cc  cnh y bng 37,  1 3 ,  30 v din 
tch xung quanh bng 480.  Khi  th tch ca khi lng tr l  

 (A)  2010 ;            (B)  1 01 0 ;  

 (C)  1 080 ;           (D)  2040.  

17.  Mt khi lng tr tam gic  c cc  cnh y bng 1 3 ,  1 4,  1 5 ,  cnh bn to 

vi mt phng y mt gc o30  v c chiu di bng 8 .  Khi  th tch ca 
khi lng tr l  

 (A)  340 ;           (B)  336 ;  

 (C)  274 3  ;          (D)  1 24 3.  

18.  y ca mt hnh hp ng l hnh thoi cnh a,  gc  nhn 60
o
.  ng cho 

ln ca y bng ng cho nh ca hnh hp.  Khi   th tch ca hnh 
hp l  
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 (A)  3
a  ;           (B)  

3
3a  ;  

 (C)  
3 3

2

a
 ;          (D)  

3 6
.

2

a
 

19.  Khi  di cnh ca hnh lp phng tng thm 2cm th th tch ca n 

tng thm 98 3cm .  Cnh ca hnh lp phng  cho l  

 (A)  4cm ;           (B)  5cm ;  

 (C)  6cm ;           (D)  3cm.  

20.  Cho mt hnh hp vi su mt u l hnh thoi cnh a,  gc  nhn bng o60 .  
Khi  th tch ca hnh hp l  

 (A)  
3 3

3

a
 ;          (B)  

3 2

2

a
 ;  

 (C)  
3 2

3

a
 ;          (D)  

3 3

2

a
.  

21.  Cho mt hnh lp phng c cnh bng a.  Khi ,  th tch ca khi tm 
mt u m cc  nh l tm ca cc mt ca hnh lp phng  cho bng 

 (A)  
3 3

2

a
 ;          (B)  

3 2

9

a
 ;  

 (C)  
3

3

a
 ;           (D)  

3

6

a
 

22.  Cho mt khi t din u c cnh bng a.  Khi ,  th tch ca khi tm 
mt u m cc nh l trung im ca cc  cnh ca khi t din  cho l  

 (A)  
3 2

24

a
 ;          (B)  

3 3

12

a
 ;  

 (C)  
3 2

6

a
 ;          (D)  

3 3

24

a
 

23.  Cho khi mi hai mt u H c th tch V v din tch mi mt ca n 

bng S.  Khi ,  tng cc khong cch t mt im nm trong H  n cc 
mt ca n bng  

 (A)  
3

4

V

S
 ;           (B)  

4

V

S
 ;  

 (C)  
3V

S
 ;           (D)  

12

V

S
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24.  Mt khi lng tr tam gic c cc  cnh y bng 1 9,  20,  37,  chiu cao ca 

khi lng tr bng trung bnh cng ca cc cnh y.  Khi  th tch ca 

khi lng tr l  

 (A)  2888  ;   (B)  1 245 2  ;  

 (C)  1 1 23  ;  (D)  4273.  

25.  y ca mt hnh hp l mt hnh thoi c cnh bng 6cm v gc nhn 

bng o45 ,  cnh bn ca hnh hp di 1 0cm v to vi mt phng y mt 

gc o45 .  Khi  th tch ca hnh hp l  

 (A)  1 24 33 cm  ;        (B)  1 80 3cm  ;  

 (C)  1 20 32 cm  ;        (D)  1 80 32 cm .  

26.  Vi mt tm ba hnh vung,  ngi ta ct b   mi gc tm ba mt hnh 

vung cnh 1 2cm ri gp li thnh mt hnh hp ch nht khng c np.  

Nu dung tch ca ci hp  l 4800 3cm  th cnh tm ba c  di l  

 (A)  42cm ;          (B)  36cm ;  

 (C)  44cm ;          (D)  38cm.  

27.  Cho mt hnh chp tam gic u c cnh y bng a v cnh bn to vi 

mt phng y mt gc  .  Th tch ca hnh chp  l  

 (A)  
3 cot

12

a
 ;         (B)  

3 tan

12

a
 ;  

 (C)  
2 tan

12

a
 ;         (D)  

3 tan

4

a
.  

28.  Mt hnh chp tam gic  u c cnh bn bng b v cnh bn to vi mt 

phng y mt gc .  Th tch ca hnh chp l  

 (A)  
3 23
cos sin

4
b  ;      (B)  

3 23
cos sin

4
b  ;  

 (C)  3 23
cos sin

4
b  ;      (D)  

33
cos sin .

4
b  
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29.  Cho hnh chp t gic  u H  c  din tch y bng 4  v din tch ca mt 

mt bn bng 2 .  Th tch ca H  l  

 (A)  
4 3

3
 ;          (B)  4  ;  

 (C)  
4

3
 ;           (D)  

4 2

3
.  

30.  Mt khi chp tam gic c cc cnh y bng 6,  8,  1 0.  Mt cnh bn c  

di bng 4 v to vi y gc o60 .  Th tch ca khi chp  l  

 (A)  16 3  ;          (B)  8 3  ;  

 (C)  
2

16
3

 ;          (D)  16 .  

31.  Nu mt hnh chp u c chiu cao v cnh y cng tng ln n ln th th 
tch ca n tng ln  

 (A)  2
n  ln ;          (B)  2 2

n  ln ;  

 (C)  3
n  ln ;          (D)  2 3

n  ln.  

32.  Khi chiu cao ca mt hnh chp u tng ln n ln nhng mi cnh y 
gim i n ln th th tch ca n  

 (A)  Khng thay i ;       (B)  Tng ln n ln ;  

 (C)  Tng ln (n   1 )  ln ;     (D)  Gim i  n ln.  
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1 .  nh  ngha mt cu  

 

 

 

 

 

 

 
Cc qu bng nh bng bn,  bng ,  bng chuyn cho ta hnh nh ca 
mt hnh trong khng gian m ta s gi l mt cu.  nh ngha ca mt 
cu cng n gin nh nh ngha quen thuc ca ng trn trong hnh 
hc phng.  

nh ngha 

Tp hp cc im trong khng gian cch im O c nh 

mt khong R khng i gi l mt cu  c  tm l O v bn 

knh bng R.  

Mt cu nh th thng c k hiu l S(O  ;  R) .  Nh vy :  

S(O  ;  R)  = { }M OM R= .  

Cc thut ng 

Cho mt cu S(O  ;  R)  v mt im A  no  (h.32).  

a)  Nu OA  =  R  th theo nh ngha,  im A  thuc 
mt cu.  Khi  on thng OA  cng c gi l 
bn knh ca  mt cu.  

Nu OA  v OB  l hai bn knh sao cho A, O,  B  thng 
hng th on thng AB  c gi l ng knh ca 

 

 

 

 

 

 

Hnh 32  

1 
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mt cu.  Nh vy,  mt mt cu c xc nh khi bit tm v bn knh R  hoc 
khi bit mt ng knh AB  ca n.  

b)  Nu OA  <  R  th ta ni rng im A  nm trong  mt cu.  

c)  Nu OA  >  R  th ta ni rng im A  nm ngoi  mt cu.  

Trn hnh 32,  ta c im A  nm trn mt cu,  AB  l ng knh,  im A1  

nm trong mt cu v im A2  nm ngoi mt cu.  

d)  Tp hp cc im thuc mt cu S(O  ;  R) cng vi cc im nm trong mt 
cu  c gi l khi cu S(O  ;  R) hoc hnh cu  S(O  ;  R).  Nh vy, khi 

cu S(O  ;  R)  l tp hp cc im M sao cho OM   R.  

Mt s v d 

V d 1.  Cho hai im A,  B c nh.  Chng minh rng tp hp cc im M 

sao cho . 0MA MB =
 

 l mt cu ng knh AB.  

Gii.  Gi I l trung im ca AB,  ta c 

 ( ) ( ). .MA MB MI IA MI IB= + +
     

  

    = ( ) ( ) 2 2. .MI IA MI IA MI IA+  = 
   

 

Suy ra    . 0MA MB =
 

 .MI IA IB = =  

Vy tp hp cc  im M  l mt cu tm I bn knh R  =  IA ,  tc  l mt cu 

ng knh AB.      

V d 2.  Cho t din u ABCD c cnh bng a.  Tm tp hp cc im M 

sao cho 

MA
2
 +  MB

2
 +  MC

2  
+ MD

2
=  2a

2
.  

1  ( g ii  v d  2)   

Gi  G l  trng  tm ca t d in  ABCD,  ta  c  

( ) ( ) ( ) ( )

+ + + = + + +

= + + + + + + +

   

       

2 2 2 22 2 2 2

2 2 2 2
.

MA MB MC MD MA MB MC MD

MG GA MG GB MG GC MG GD

 

a)  Hy tnh  ton  tip  i  n  kt qu :   

2 2 2 2 2 23
4 .

2
MA MB MC MD MG a+ + + = +  

b) Hy kt hp kt qu trn vi  ng thc  cho trong bi  ton  tm gi tr  ca  MG.  

c)  Pht biu  kt qu ca bi  ton.   
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2.  V  tr tng i  gia mt cu  v mt phng  

Cho mt cu S(O  ;  R)  v mt phng (P) .  Hin nhin mt phng c  th ct 

hoc khng ct mt cu.  Nu mt cu  cch mt phng qu xa th  r  rng 

l chng khng ct nhau.   xa,  gn ca mt cu v mt phng ph thuc 

vo bn knh R  ca mt cu v khong cch d  t tm O  ca mt cu ti 

mt phng (P).  Gi H l hnh chiu ca O  trn mp(P)  th d =  OH.  

2  

Hy chng  t rng  im  M  l  im chung  ca mt cu  S(O ;  R)  v mp(P)  khi  v ch 

khi  M    (P)  v  HM
2
 =  R

2  
 d

2
 (h.33a).  

3  

T Hot ng  2,  c th kt lun  g  v  g iao ca mt cu  S(O  ;  R)  v mp(P)  trong  

cc trng  hp :  a)  d <  R  ;  b)  d =  R  ;  c)  d >  R  ?  
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Tm li,  ta c kt lun :  

Cho mt cu S(O ;  R)  v mt phng (P) ,  gi d l khong cch 
t O ti (P)  v H l hnh chiu ca O  trn (P) .  Khi  :  

 Nu d <  R th mp(P)  ct mt cu S(O ;  R)  theo giao tuyn l 
ng trn nm trn mt phng (P)  c tm l H v c bn knh 

r =  2 2R d (h.33a)  ;  

 Nu d =  R th mp(P)  ct mt cu ti mt im duy nht H 
(h.33b)  ;  

 Nu d >  R th mp(P)  khng ct mt cu S(O ;  R)  (h.33c).  
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Khi d  =  0 th mp(P)  i qua tm O  ca mt cu,  mt phng  c gi l 

mt phng knh  ;  giao tuyn ca mt phng knh vi mt cu l ng trn 

c bn knh R,  ng trn  gi l ng trn ln  ca mt cu.  

Trong trng hp d =  R,  mp(P)  v mt cu S(O  ;  R)  c im chung duy 

nht l H.  Khi  ta ni mt phng  (P)  tip xc vi mt cu ti im  H,  

hoc cn ni mp(P)  l tip din ca mt cu ti im H.  im H gi l 

im tip xc (hoc  tip im)  ca (P)  v mt cu.  

?1  Mnh  sau y c ng khng :  iu kin cn v   mp(P)  tip xc 

vi mt cu S(O  ;  R)  ti im H l mp(P)  vung gc vi bn knh OH ti 

im H ?  

Bi ton 1  

Mt cu i qua mi nh ca hnh a din H gi l mt cu ngoi tip hnh 

a din H v hnh a din H  gi l ni tip mt cu .  

Chng minh rng hnh chp ni tip mt mt cu khi v ch khi y ca n 
l a gic ni tip mt ng trn.  

4  ( g ii  bi  ton  1 )   

a)  Nu  h nh  chp S.A1A2. . .  An  ni  tip mt mt cu  th  v  sao c th kt lun  rng  

a gic y A1A2. . .An  ni  tip mt ng  trn  ?   l  ng trn  no ?  

b)  Cho hnh  chp c a g ic y A1A2. . .  An  ni  tip ng  trn  tm I.  Hy xc nh 

im O  cch  u  tt c cc nh  ca hnh  chp.  T  suy ra h nh  chp ni  tip 

mt mt cu.  

? 2  Ti sao c th ni :  Hnh t din no cng c mt cu ngoi tip ?  

? 3  Hnh lng tr tam gic c  cnh bn khng vung gc vi y c th ni 

tip mt mt cu khng ?  V sao ?   

3.  V  tr tng i  gia mt cu  v ng  thng  

Cho mt cu S(O  ;  R) v ng thng .  Gi H l hnh chiu ca O  trn  v 

d  =  OH l khong cch t O  ti .  Hon ton tng t nh trong trng 

hp mt cu v mt phng,  ta c cc  kt lun sau y (h.34)  :  
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 Nu d <  R th  ct mt cu ti hai im phn bit (h.34a)  ;  

 Nu d =  R th  ct mt cu ti mt im duy nht (h.34b)  ;  

 Nu d >  R th  khng ct mt cu (h.34c) .  

Trong trng hp d =  R,  ng thng  v mt cu S(O  ;  R)  c im chung 

duy nht l H.  Khi ,  ta ni ng thng   tip xc vi mt cu ti im  H 

hoc cn ni  l tip tuyn ca mt cu ti H.  im H  gi l im tip 

xc (hoc  tip im)  ca  v mt cu.  

? 4  Trong cc mnh  sau y,  mnh  no ng ?  

a)  iu kin cn v   ng thng  tip xc vi mt cu S(O ;  R)  ti 

im H l  vung gc vi bn knh OH ti im H ;  

b)  C v s ng thng tip xc vi mt cu S(O ;  R)  ti im H,  chng 

nm trn mt phng tip xc vi mt cu ti H.  

Bi ton 2.  H_y chng minh rng c mt mt cu tip xc vi cc cnh 

ca mt t din u ABCD cho trc.  

5  ( g ii  bi  ton  2)   

Gi  O  l  trng  tm ca t d in  u  ABCD .  Hy chng  minh  rng  khong  cch  t O  

ti  cc cnh  ca t d in   u  bng  nhau.  

? 5  ng thng i qua im A  nm trong mt cu c tip xc vi mt cu 

hay khng ?  

Trong trng hp im A  nm ngoi mt cu,  ta c nh l sau :   
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nh l  

Nu im A  nm ngoi mt cu S(O ;  R)  th qua A  c v  s 
tip tuyn vi mt cu.  Khi  

a)  di cc on thng ni A vi cc tip im u bng nhau.  

b)  Tp hp cc tip im l mt ng trn nm trn mt cu.  
 

6  ( chng  minh  nh  l )   

Ly mt mt phng  bt k  i  qua  AO ,  n ct mt cu  

S(O ;  R)  theo mt ng trn (C ) (h.35).  Gi  AH l mt 

tip tuyn  ca ng  trn   ti  H.  Chng minh  rng  

AH cng  tip xc vi  mt cu  ti  im  H.   

a)  Tnh   di  on  AH theo  R  v  d =  OA .  

b)  K  HI vung  gc vi  OA  ti  I  ri  chng minh  rng  

I l im c nh  khng  ph  thuc vo tip tuyn  AH.  

T  suy ra kt lun  b)  trong  nh  l .  

4.  Din  tch  mt cu v th tch  khi  cu   

Ta _ bit th no l din tch ca cc  a gic phng.  Ta nh ngha din 

tch ca hnh a din  l tng din tch cc mt ca n.  

Tuy mt cu khng ging nh hnh a din v  n  khng phi l hp ca 

cc  a gic,  nhng hin nhin l n cng phi c  mt "din tch"  no .  

Nu  sn mt mt cu,  ta phi dng 1 kg sn v cng vi  1 kg  sn loi 

,  ta c th sn c mt hnh ch nht (vi  mng ca lp sn nh 

nhau)  th c th xem din tch ca mt cu bng din tch hnh ch nht.   

Sau y ta nu ra cch nh ngha din tch ca mt cu v ni r hn v cng 

thc tnh din tch .  Cng tng t nh vy i vi th tch ca khi cu.   

Khi nim v din tch mt cu v th tch khi cu 

Cho mt cu ng knh AB  (h.36).   

Mi na mt phng c b l ng thng AB  ct mt cu theo mt na 

ng trn ng knh AB.  Ta gi cc na ng trn  l cc  kinh tuyn 

ng vi ng knh AB.  
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Mi mt phng vung gc vi AB nu ct mt 

cu theo mt ng trn th ng trn  gi l 

v tuyn ng  vi ng knh AB. 

Nu xem b mt Tri t l mt mt cu c cc 

bc l A, cc nam l B th cc kinh tuyn, v 

tuyn ni trn chnh l cc kinh tuyn, v tuyn 

ca Tri t.  

Chng ta h_y ly mt s kinh tuyn v v 

tuyn ng vi ng knh AB  ca mt cu.  

Chng s chia mt cu thnh nhiu mnh,  c 

th gi mi mnh  l mt " t gic cu"  (c bit c th l " tam gic 

cu").  Ta c th thy rng bn nh ca mt " t gic  cu"  nm trn mt 

mt phng,  v do  cng l bn nh ca mt t gic phng (ng ra l 

hnh thang cn)  m ta s gi l "xp x phng"  ca t gic cu ang xt.  

Tng t,  mi " tam gic cu"  cng c "xp x phng"  l mt tam gic cn.  

Tp hp cc "xp x phng"  ca t gic cu v tam gic cu lm thnh mt 

hnh a din D  ni tip mt cu.  Hnh a din D  gi l a din xp x ca 

mt cu.  

Ngi ta chng minh c rng :  

1 )  Khi  di cc cnh ca D  tin ti 0  th din tch ca hnh a din D  tin 

ti mt gii hn xc nh.  Gii hn  c gi l din tch  ca mt cu.  

2)  Khi  di cc cnh ca  D  tin ti 0  th th tch ca khi a din D  tin 

ti mt gii hn xc nh.  Gii hn  c gi l th tch  ca khi cu.   

Cc cng thc 

Da vo nh ngha trn v dng phng php gii hn,  ngi ta chng 

minh c cc  cng thc v din tch ca mt cu v th tch ca khi cu 

nh sau :   

Mt cu bn knh R c din tch l :  S =  4 R
2
.  

Khi cu bn knh R c th tch l :  V =  
4

3
R
3
.  
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Cu hi  v bi  tp 

1.  Trong khng gian cho ba on thng AB, BC, CD  sao cho AB  BC,  BC   CD,  

CD   AB.  Chng minh rng c mt cu i qua bn im A,  B,  C,  D .  Tnh 
bn knh mt cu  nu AB  =  a,  BC  =  b,  CD  =  c.  

2.  a)  Tm tp hp tm cc mt cu i qua hai im phn bit A ,  B  cho trc.  

b)  Tm tp hp tm cc mt cu i qua ba im phn bit A,  B,  C  cho trc.  

c)  Tm tp hp tm cc mt cu i qua mt ng trn cho trc.  

d)  C hay khng mt mt cu i qua mt ng trn v mt im nm 
ngoi mt phng cha ng trn ?   

3.  Cho im M  nm trong mt cu (S).  Trong cc  mnh  sau y,  mnh  
no ng ?  
a)  Mi mt phng i qua M  u ct (S)   theo mt ng trn ;  
b)  Mi ng thng i qua M  u ct (S)   ti hai im phn bit.  

4.  Cho ng thng d v im A  khng nm trn d.  Xt cc  mt cu i qua A  
v c tm nm trn d.  Chng minh rng cc mt cu  lun i qua mt 
ng trn c nh.  

5.  Trong cc  mnh  sau y,  mnh  no ng ?  

a)  Nu hnh a din ni tip mt cu th mi mt ca n l a gic  ni tip 
ng trn ;  

b) Nu tt c cc mt ca mt hnh a din ni tip ng trn th a din  
ni tip mt cu.   

6.  a) Tm tp hp tm cc mt cu tip xc vi ba cnh ca mt tam gic cho trc.  

b)  Chng minh rng nu c mt cu tip xc vi su cnh ca hnh t din 
ABCD  th 

AB  +  CD  =  AC  + BD  =  AD  +  BC.  

7.  a)  Tnh th tch khi cu ngoi tip hnh chp tam gic  u c cnh y 
bng a  v chiu cao bng h.  

b)  Cho hnh chp t gic u S.ABCD  c  tt c cc cnh cng bng a.  Gi 
A',  B',  C',  D' ln lt l trung im ca cc cnh SA,  SB,  SC,  SD .  Chng 
minh rng cc  im A,  B,  C,  D,  A',  B',  C',  D' cng thuc mt mt cu v 
tnh th tch khi cu .   

8.  Cho t din ABCD  vi AB  =  CD  =  c,  AC  =  BD  =  b,  AD  =  BC  =  a.  

a)  Tnh din tch mt cu ngoi tip t din.  
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b)  Chng minh rng c mt mt cu tip xc vi bn mt ca hnh t din 
(n c  gi l mt cu ni tip  t din).   

9.  Tnh din tch mt cu ngoi tip hnh chp S.ABC  bit rng SA  =  a,  

SB  =  b,  SC  =  c  v ba cnh SA,  SB,  SC  i mt vung gc.  Chng minh rng 

im S,  trng tm tam gic ABC  v tm mt cu ngoi tip hnh chp S.ABC  

thng hng.  

10.  a)  Chng minh rng mt hnh lng tr c mt cu ngoi tip khi v ch khi 

n l hnh lng tr ng vi y l a gic  ni tip ng trn.  

b)  Trong s cc  hnh hp ni tip mt cu cho trc,  hnh hp no c din 

tch ton phn ln nht ?  

 

 

 

 

 

 
 
 

Mt cu l mt trng hp n gin ca cc  mt trn xoay m ta s ni n 
trong mc ny.   

Trc ht,  ta nh ngha trc ca ng 
trn :  Trc ca ng trn (O ;  R)  l ng 
thng i qua O  v vung gc vi mt 
phng cha ng trn .  

D thy rng khi im M khng nm trn 
ng thng  th c mt ng trn duy 
nht i qua M v c trc l ,  ta k hiu 

ng trn  l (CM) (h.37).  

?   ng trn (CM)  c xc nh nh th no ?  

Trong trng hp im M  nm trn ,  ta quy c "ng trn"  (CM)  ch 
gm duy nht im M.  

 

 

 

 

 

 

 

Hnh 37 
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1 .  nh  ngha 

Trong khng gian,  cho hnh H v ng thng .  Hnh gm tt c 

cc ng trn (CM)  vi M thuc H c gi l  hnh trn xoay  
sinh bi H khi quay quanh .  ng thng  gi l trc  ca hnh 
trn xoay .   

Khi hnh  H l mt ng th hnh  trn xoay sinh bi n  cn gi 
l mt trn  xoay .  

L hoa  hnh 38  cho ta hnh nh ca mt mt 
trn xoay.  Mt trn xoay  sinh bi ng (L)  

khi quay quanh ng thng .   

Ni chung,  cc  gm nu c ch to bng cch 
dng bn xoay u c dng l cc mt trn xoay.  

2.  Mt s v d  

V d 1.  Nu hnh H l ng trn c ng 

knh AB nm trn ng thng  th r rng hnh  

trn xoay sinh bi H khi quay quanh  l mt 

cu ng knh AB (h.39).  

Nu H l hnh trn c ng knh AB nm trn ng thng  th hnh 

trn xoay sinh bi H  khi quay quanh   l khi cu ng knh AB (h.39).  

 

 

 

 

 

 

 

 

Hnh 39              Hnh 40 
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Ta xt trng hp  H l ng trn nm trong cng mt mt phng vi 

ng thng    nhng khng ct  .  Hnh trn xoay sinh bi ng trn  

khi quay quanh    c gi l  mt xuyn  (h.40).  

V d 2.  Cho hai ng thng   v l  cho nhau.  Xt hnh trn xoay sinh 

bi ng thng l  khi quay quanh ng thng  .  

Gi PQ l ng vung gc chung ca hai ng thng   v l  

( ),  P l Q  (h.41 ).  Khi ,  cc ng trn (CM)  c bn knh cng ln 

khi M thuc l cng cch xa im P v (CP)  l ng trn c bn knh b 

nht (bng PQ).  

Trong trng hp ny,  hnh trn xoay nhn c 
gi l mt hypeboloit trn xoay mt tng.  (S d 
c tn gi ny l v mt trn xoay  c th sinh 
bi mt hypebol khi quay quanh trc o ca n).  

Trong cc  3  v 4,  chng ta s xt hnh trn xoay 

sinh bi ng thng l  khi quay quanh ng 
thng   trong trng hp hai ng thng  
cng nm trong mt mt phng.  

 

 

 

1 .  nh  ngha mt tr  

Cho ng thng .  Xt mt ng thng l  song song 

vi  ,  cch   mt khong R  (h.42).   

Mt trn xoay sinh bi ng thng l  nh 
th khi quay quanh   c gi l mt tr 

trn xoay  (hoc n gin l mt tr).  

Hnh 41  

Hnh 42  

3 
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 gi l trc  ca mt tr,  l  gi l ng sinh  ca mt tr v R  gi l bn 
knh  ca mt tr.   

Chng ta d dng nhn thy :  

a)  Mt tr ni trn l tp hp tt c cc  im M  cch ng thng  c 
nh mt khong R  khng i.  

b)  Nu 
1

M  l mt im bt k nm trn mt tr th ng thng 
1
l  i 

qua 
1

M  v song song vi  cng nm trn mt tr  (v mi im ca 
1
l  

u cch  mt khong R).  Nh vy,  c th xem mt tr sinh bi ng 

thng 
1
l ,  ni cch khc,  ng thng 

1
l  cng l mt ng sinh ca mt tr.   

Cho mt tr  C c trc   v bn  knh  R.  Giao ca mt tr  C v mt phng  (P)  l 

hnh  g  trong  cc trng  hp sau  y ?  

a)  Mt phng  (P)  i  qua .  

b)  Mt phng  (P)  song  song  vi  .  

c)  Mt phng  (P)  vung  gc vi  .  

2.  H nh  tr  v khi  tr   

Ct mt tr C trc  ,  bn knh R  bi hai 
mt phng phn bit (P)  v (P')  cng 

vung gc vi ,  ta c giao tuyn l 

hai ng trn (C ) v (C ')  (h.43).  

 
Phn mt tr  nm gia hai mt phng (P)  v (P')  cng vi hai 

hnh trn xc nh bi (C )  v (C ')  c gi l hnh tr.  

Hai ng trn (C)  v (C')  gi l hai ng trn y,  hai hnh trn xc nh 
bi chng gi l hai  mt y  ca hnh tr,  bn knh ca chng (bng R)  gi 
l bn knh  ca hnh tr.  Khong cch gia hai mt y gi l chiu cao  
ca hnh tr.  

Nu gi O  v O' l tm ca hai hnh trn y th on thng OO' (nm trn )  
gi l trc  ca hnh tr.  

Phn mt tr nm gia hai y gi l mt  xung quanh ca hnh tr.  

Vi mi im M    (C),  c mt im M'   (C')  sao cho MM' // OO'.  Hin 
nhin on thng MM' nm trn mt xung quanh ca hnh tr,  c  di 
bng chiu cao ca hnh tr.  Cc on thng nh vy gi l ng sinh ca 
hnh tr.   
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Ta cng d thy rng mi hnh tr phn chia khng gian thnh hai phn,  

phn bn trong hnh tr v phn bn ngoi hnh tr.  

Hnh tr cng vi phn bn trong ca n c gi l khi tr.  

V d 1.  Cho hnh tr c bn knh R v chiu cao 

cng bng R.  Mt hnh vung ABCD c hai cnh 

AB v CD ln lt l dy cung ca hai ng trn 

y,  cc cnh AD v BC khng phi l ng sinh 

ca hnh tr.  Tnh cnh ca hnh vung .  

Gii  (h.  44).  Gi C' l hnh chiu ca C  trn mt 

y cha AB  th  AB    BC' (v AB    BC) .  Vy AC' 

l ng knh ca ng trn y hay AC' =  2R.  

T cc  tam gic vung ABC' v CBC',  ta c 

BC' 
2 
= AC'

 2
  AB

2
 =  4R

2
  AB

2
 ;  

BC' 
2
= BC

2
  CC'

 2
 = AB

2
  R

2
.  

Suy ra    2AB
2 
= 5R

2 
hay AB  =  

10
.

2

R
   

3.  Din  tch  hnh  tr  v th tch  khi  tr  

Mt hnh lng tr gi l ni tip  mt hnh tr nu hai y ca hnh lng tr 

ni tip hai ng trn y ca hnh tr.  Khi , ta cn ni hnh tr ngoi tip  

hnh lng tr.  

Ta c nh ngha :   

Din tch xung quanh  ca hnh tr l gii hn ca din tch  xung 
quanh ca hnh lng tr u ni tip hnh tr  khi s cnh y 

tng ln v  hn.   

Th tch  ca khi tr (cn gi l th tch ca hnh tr)  l gii hn 
ca th tch ca hnh lng tr u ni tip hnh tr  khi s cnh 

y tng ln v hn.  

Cho hnh tr  C  c  chiu cao h  v bn knh R.  Gi s H l mt hnh lng 

tr u ni tip hnh tr C  (h.45).  Gi S l din tch xung quanh ca hnh 

lng tr H  v V  l th tch ca khi lng tr  H.  
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Ta bit rng S =  p.h,  trong  p  l chu vi y ca 

lng tr H,  v V  =  Sy.h,  trong  Sy  l din tch 

y ca hnh lng tr H.  Ta li bit rng khi s cnh 

y ca hnh lng tr H  tng ln v hn th chu vi p  

v din tch Sy  ln lt c gii hn l chu vi v 

din tch ca hnh trn y ca hnh tr C .  

Vy ta c :  

 

 

Din tch xung quanh ca hnh tr bng chu vi y nhn vi chiu cao.  

Th tch ca khi tr bng din tch y nhn vi chiu cao.   

 

V d 2.  Cho hnh tr C  c  bn knh R,  trc OO' bng 

2R v mt cu (S)  c ng knh OO' (h.46).   

a)  H_y so  snh din tch mt cu v din tch xung 

quanh ca hnh tr.   

b)  H_y so snh din tch mt cu v din tch ton 

phn ca hnh tr (din tch ton phn ca hnh tr l 

tng din tch xung quanh v din tch hai y ca n).  

c)  H_y so  snh th tch ca khi tr C  v khi cu (S).   

Gii 

a)  D thy rng din tch ca mt cu v din tch xung quanh ca hnh tr 

bng nhau v bng 24 R .  

b)  Din tch ton phn ca hnh tr bng 24 R + 22 R = 26 .R  

Vy din tch mt cu bng 
2

3
 din tch ton phn ca hnh tr.  

c)  Th tch ca khi cu l  
( )

34
.

3SV R=    

Th tch ca khi tr l  V  C 
  
=  = 

2 3.2 2 .R R R  

Vy th tch ca khi cu bng 
2

3
 th tch ca khi tr.    
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Em  H y  l m  th !  

 
Ct mt xung  quanh  ca h nh  tr  (tc 
h nh  tr  b i  hai  y)  theo  mt ng  
sinh  ri  tri  ra  trn  mt mt phng  th   
ta  c mt h nh  ch nht c mt 
cnh  bng  ng  sinh  l  v  cnh  kia  
bng  chu  vi  ng  trn  y.  Khi  ,  
d in  tch  h nh  ch nht bng  d in  tch  
xung  quanh  ca h nh  tr  (h .47) .  

 

B i   c  th m  

Cho mt tr  trn xoay T c trc l   v bn  knh R.  Xt giao ca T vi  mt mp().  

Ta bit rng  :  

 Nu  ()  vung  gc vi    th   g iao l  mt ng  trn  c bn  knh  R.  

 Nu  ()  song song vi    th  giao c th l hai  ng  sinh,  mt ng sinh  hoc l 
tp rng.   

By g i,  g i  s ()  l   mt phng  ct   nhng  

khng  vung  gc vi    (h .48) .  Ta hy xem  

g iao ca ()  v T l   h nh  g   ?  

Ta hy ly mt mt cu  bn  knh  R b vo 
mt tr  t trn  xung  cho n  kh i  n dng  li  

v  tip xc vi  mp() .  Nh vy l  ta  c  mt 

cu  S(O1  ;  R)  tip xc vi  mi  ng  sinh  ca 

mt tr  T v tip xc vi  mp()  ti  im F1 .  

H in nhin  cc tip im ca mt cu S(O1  ;  R)  
vi  cc ng  sinh  lun nm trn ng trn 

(C1 )  l giao tuyn ca mt tr  vi  mp(P1 )  vung 

gc vi   ti  O1 .  Tng t,  ta ly mt mt cu  
khc cng c bn knh R  vo trong mt tr t 

pha di  v y ln cho n tip xc vi  mp().  

Nh vy,  ta c mt cu S(O2  ;  R)  tip xc vi  mi  
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ng sinh ca C v tip xc vi  mp()  ti  im F2.  Cc tip im ca mt cu ny vi  

cc ng sinh lun nm trn ng trn (C2)  l giao tuyn ca mt tr C vi  mp(P2)  

vung gc vi   ti  O2.  

Gi s M l  mt im thuc ()    C.  V M nm trn  ()  nn  MF1  tip xc vi  mt cu  

S(O1  ;  R)  ti  F1  v MF2  tip xc vi  mt cu S(O2  ;  R)  ti  F2.  V M nm trn C nn  c 

ng sinh  ca C i  qua M.  Gi s ng sinh   ct cc ng  trn  (C1 )  v  (C2)  

ln lt ti  M1  v M2  th  MM1  v MM2  l n  lt l tip tuyn ca mt cu  S(O1  ;  R)  v 

S(O2  ;  R) .  T  ta c MF1  = MM1  v MF2  =  MM2,  do  

MF1  +  MF2  =  MM1  +  MM2  =  M1M2  =  O1O2 .  

Nh vy,  ()    C l   ng  el ip  nm trn  () ,  c cc tiu  im  l  F1 ,  F2  v   di  

trc ln  bng  O1O2 .  

Tm  li  :  Nu ct mt tr trn xoay bi mt mt phng ct trc v khng vung 
gc vi trc ca mt tr th giao tuyn l mt ng elip.   

 

Cu hi  v bi  tp 

11.  Chng minh rng hnh trn xoay c v s mt phng i xng.  

12.  Trong mi trng hp sau,  gi tn hnh trn xoay :  

a)  Sinh bi ba cnh ca mt hnh ch nht khi quay quanh ng thng 
cha cnh th t ;  

b)  Sinh bi mt hnh ch nht (k c im trong)  khi quay quanh ng 
thng cha mt cnh.  

13.  Cho ng trn (O  ;  R)  nm trong mt phng (P).  Tm tp hp cc  im M  
trong khng gian sao cho hnh chiu ca chng trn (P)  lun nm trn 
ng trn _ cho.  

14.  Chng minh rng cc tip tuyn ca mt cu song song vi mt ng 
thng c nh lun nm trn mt mt tr xc nh.  

15.  Mt phng i qua trc ca mt hnh tr,  ct hnh tr theo thit din l hnh 
vung cnh 2R.  

a)  Tnh din tch xung quanh v din tch ton phn ca hnh tr.  

b)  Tnh th tch ca khi tr.  

c)  Tnh th tch khi lng tr t gic  u ni tip hnh tr.  



 54 

16.  Mt hnh tr c bn knh R  v chiu cao R 3 .   

a)  Tnh din tch xung quanh v din tch ton phn ca hnh tr.  

b)  Tnh th tch ca khi tr.  

c)  Cho hai im A  v B  ln lt nm trn hai ng trn y sao cho gc 

gia AB  v trc  ca hnh tr bng 30
o
.  Tnh khong cch gia AB  v trc 

ca hnh tr.  

 
 
 
 
 
 

1 .  nh  ngha mt nn  

Cho ng thng .  Xt mt ng thng l  ct  

ti O  v khng vung gc  vi  (h.  49).  

Mt trn xoay sinh bi ng thng l  

nh th khi quay quanh   gi l mt 

nn trn xoay  (hay n gin l mt nn).  

 gi l trc  ca mt nn.  

l  gi l ng sinh  ca mt nn.  

O  gi l nh  ca mt nn.  

Nu gi   l gc gia l  v  th 2  gi l gc  

nh  ca mt nn (0
o
 <  2  <  1 80

o
).  

Chng ta d dng nhn thy :  

Nu M  l mt im tu  ca mt nn N khc vi im O  th ng thng 

OM  nm hon ton trn mt nn .  C th xem mt nn N s inh bi 

ng thng OM  khi quay quanh .  Bi th,  OM  cng c gi l ng 
sinh ca mt nn .  

Hnh 49 

4 



 55  

         

Em  H y  l m  th !  

Cc em  hy ly mt ming  ba,  ct thnh  h nh  
qut trn  g ii  hn  bi  mt cung  trn  AB  v  hai  
bn  knh  OA ,  OB  (h .50) .  Ta  un  cong  hnh  qut 
trn     c th dn  hai  bn  knh  OA  v  OB  
vi  nhau.  

Sau  kh i  dn,  cung  trn  AB  tr thnh  mt ng 
khp kn.  Nu  ta l m cho ng  khp kn  ny 
tr thnh  mt ng  trn  th   ta  c mt phn  
ca mt nn  trn  xoay.  

 

?1  a)  Giao ca mt mt nn v mt mt phng i qua trc ca n l hnh g ?  

b)  Giao ca mt mt nn v mt mt phng vung gc vi trc ca n l 
hnh g ?   

2.  H nh  nn  v khi  nn  

Cho mt nn N vi trc ,  nh O  v gc 

 nh 2.  Gi (P)  l mt phng vung 

gc vi  ti im I khc O  (h.51 ).  Mt 
phng (P)  ct mt nn theo ng trn 

(C ) c tm I.  Li gi (P')  l mt phng 

vung gc vi  ti O.  Khi  

 

 

Phn ca mt nn N gii hn bi hai mt phng (P)  v (P')  cng 

vi hnh trn xc nh bi (C)  c gi l hnh nn .  

im O  gi l nh  ca hnh nn,  ng trn (C )  gi l ng trn y,  

hnh trn xc nh bi (C )  gi l y  ca hnh nn.  Vi mi im M  nm 

trn ng trn (C ),  on thng OM  gi l  ng sinh ca hnh nn ;  r  

rng l cc  ng sinh ca hnh nn c  di bng nhau.  on thng OI 
gi l trc  ca hnh nn,   di OI  gi l chiu cao  ca hnh nn ( chnh 
l khong cch t nh O  ti mt y).  
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? 2 Giao ca mt hnh nn v mt mt phng i qua trc ca n l hnh g ?   

Hin nhin l mt hnh nn chia khng gian thnh hai phn :  phn bn 

trong v phn bn ngoi ca n.  

Hnh nn cng vi phn bn trong ca n gi l khi nn .  

3.  Khi  nim v din  tch  hnh  nn v th tch khi  nn  

Mt hnh chp gi l ni tip  mt hnh nn nu y ca hnh chp l a 

gic  ni tip y ca hnh nn v nh ca hnh chp l nh hnh nn.  

Ta c nh ngha :  

Din tch xung quanh  ca hnh nn l gii hn ca din tch 
xung quanh ca hnh chp u ni tip hnh nn  khi s cnh 
y tng ln v hn.  

Th tch  ca khi nn (cn gi l th tch ca hnh nn) l gii 
hn ca th tch ca hnh chp u ni tip hnh nn  khi s 
cnh y tng ln v hn.  

Gi s H  l mt hnh chp u ni tip hnh nn N 

(h.52).  Gi p  l chu vi y ca hnh chp u H,  v 

q  l khong cch t O  ti mt cnh y ca H  th 

din tch xung quanh ca H   l Sxq  =  
1

2
p .q.  Khi cho 

s cnh y ca H  tng ln v hn th p  c gii hn 

l  di ng trn y ca hnh nn N,  cn q  c 

gii hn l  di ng sinh ca hnh nn.  Vy :  

Din tch xung quanh ca hnh nn bng mt na tch s ca  
di ng trn y v  di ng sinh.   

Cng ch  rng th tch V  ca khi chp H  bng 
1

3
 tch s ca din tch 

a gic  y v chiu cao ca H (cng l chiu cao ca khi nn).  Khi s 

cnh y ca H tng ln v hn th din tch a gic  y ca H c gii 

hn l din tch hnh trn y ca khi nn N.  Bi  vy :  
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Th tch khi nn bng mt phn ba tch s din tch hnh trn 

y v chiu cao.   

 

V d.  Ct mt hnh nn N bng mt mt phng i qua trc ca n,  ta 

c thit din l mt tam gic u cnh 2a.  Tnh din tch xung quanh,  
din tch ton phn (tc l tng ca din tch xung quanh v din tch y)  

v th tch ca khi nn N.  

Gii 

Gi s thit din l  tam gic  u OAB  cnh 2a,  
khi  hnh nn _ cho c bn knh y l a  v 
 di ng sinh l 2a (h.53).  Vy din tch 
xung quanh ca n l 

Sxq  = 
21

2 .2 2 .
2

a a a =   

Din tch ton phn l 

Stp  =
2 2 22 3 .a a a +  =   

Th tch l 
3

21 3
.. 3

3 3

a
V a a


=  =     

B i   c  th m  

 l p 1 0,  chng  ta   bit ba ng  cnic l   el ip,  hypebol ,  parabol .  Ngi  ta 
chng  minh  c rng  :  

Nu ct mt nn trn xoay bi mt mt phng (P)  khng i qua nh 
ca mt nn th giao tuyn s l : 

a)  Mt ng elip nu mp(P)  ct mi ng sinh (c bit,  nu (P)  
vung gc vi trc ca mt nn th giao l ng trn)  (h.54a)  ;  

b)  Mt ng parabol nu mp(P)  song song vi ch mt ng sinh 
(h.54b)  ;  

 

 

 

 

 

 

 

 
Hnh 53  



 58  

c)  Mt ng hypebol nu mp(P)  song song vi hai ng sinh 
(h.54c) .  

 

 

 

 

 

a) 

 
 
 
 
 
 
 
 
 
 
 
b)  
 
 
 
 
 
 
 
 
 
 
 
 
c)  

 

 

 

 

Hnh 54  

Sau  y ta  g ii  thiu  mt cch  chng  minh  cho trng  hp b) .  

Xt mt nn  trn  xoay N trc ,  nh  S.   

G i s (P)  l   mt phng  song  song  vi  ng  mt ng  sinh  l  ca N.  Ta  chng  

minh  giao  ca N v  (P)  l  mt parabol  (h .55) .  
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Gi  l' l giao tuyn ca mp(l,  )  v 
(P)  th  l' // l.  Trong mt phng  

( ),l  ,  ly im O    cch u l,  

l' v gi  S  l mt cu  tm O  tip 

xc vi  l  v l' (theo th t ti  A  v 

F) .  Khi  ,  S tip xc vi  mi  ng 

sinh  ca mt nn N v cc tip 

im nm trn mt ng  trn (C)  

cha A .  

Gi  (P')  l mt phng cha l  v 
song song  vi  (P)  th  (P')  c chung 
vi  N ng mt ng thng l l  

nn (P')  cha tip tuyn ca (C ) ti  

A.  Suy ra (P')  tip xc vi  S  ti  A  

v (P)  tip xc vi  S  ti  F.   
Mt phng  (Q)  cha (C ) ct (P')  

theo tip tuyn  va ni  nn  ct (P)  
theo ng  thng  d song  song  vi  
tip tuyn   ;  suy ra  d vung  gc vi  l'.  

Vi  M l   mt im tu  thuc N   (P) ,  k MH vung  gc vi  d th   MH cng  

phng vi  l' nn  song song vi  l.  Gi  E l giao im ca SM v (C ) th  E   (Q),  

ba  im  A ,  E,  H  thng  hng  v  cng  thuc g iao tuyn  ca (Q)  vi  mp(M,  l) .  T 

SA =  SE suy ra  MH =  ME,  m  ME =  MF (v  chng  l   hai  on  tip tuyn  ca  S  

k t M)  nn  MF =  MH.  iu  ny chng  t  rng  g iao  ca mt nn  N vi  mp(P)  l  

parabol  vi  tiu  im  F v  ng  chun  d.  

Cu hi  v bi  tp 

17.  Trong mi trng hp sau,  h_y gi tn hnh trn xoay :  

a) Sinh bi ba cnh ca mt tam gic cn khi quay quanh trc i xng ca tam 
gic  ;  

b)  Sinh bi mt tam gic vung (k c im trong)  khi quay quanh ng 
thng cha mt cnh gc vung.  

18.  Cho im A  nm ngoi mt cu (S).  Chng minh rng cc ng thng i 
qua A  tip xc vi mt cu (S)  lun nm trn mt mt nn xc nh.  
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19.  Mt mt cu gi l ngoi tip  mt hnh nn nu mt cu  i qua nh v 

ng trn y ca hnh nn.  Hnh nn nh vy gi l ni tip  mt cu .  

a)  Chng minh rng mi hnh nn u c mt mt cu ngoi tip duy nht.  

b)  Mt hnh nn c chiu cao h  v bn knh y bng r.  Tnh bn knh mt 
cu ngoi tip hnh nn .  

c)  Cho mt hnh nn ni tip mt mt cu bn knh R.  Nu hnh nn  c 
chiu cao bng h  th bn knh y ca n bng bao nhiu ?  Tnh din tch 
xung quanh ca hnh nn .  

20.  Mt mt cu gi l ni tip  mt hnh nn nu n tip xc vi mt y ca 
hnh nn v tip xc vi mi ng sinh ca hnh nn.  Khi ,  hnh nn 
c  gi l ngoi tip  mt cu.  

a)  Chng minh rng mi hnh nn u c mt mt cu ni tip duy nht.  

b)  Mt hnh nn c chiu cao bng h  v bn knh y bng r.  H_y tnh bn 
knh mt cu ni tip hnh nn .  

21.  Cho tam gic  ABC  vung ti A,  AB  =  c,  AC  =  b.  Tnh th tch ca khi trn 
xoay sinh bi tam gic  (k c cc im trong)  khi quay quanh ng 
thng BC.   

I  -  Kin thc cn  nh 

A -  Mt cu,  khi cu 

1.  Mt cu S(O  ;  R)  l tp hp {M OM  =  R} .  Khi cu  S(O  ;  R)  l tp hp 

{M OM  R} .  

Mt cu l hnh trn xoay sinh bi mt ng trn khi quay quanh mt 
ng thng cha ng knh ca ng trn .  

Khi cu l hnh trn xoay sinh bi mt hnh trn khi quay quanh mt 
ng thng cha ng knh ca hnh trn .  

2.  Giao ca mt cu S(O  ;  R)  v mp(P)  ph thuc vo R  v khong cch d t 
O  n (P).  Gi s H l hnh chiu ca O  trn mp(P) .  Khi  :  
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 Nu d <  R  th  giao l ng trn nm trn (P)  c tm H,  bn knh 

r  = 2 2
R d  ;  

 Nu d =  R  th mp(P)  tip xc vi mt cu S(O  ;  R)  ti  H ;  

 Nu d >  R  th mp(P)  khng ct mt cu S(O  ;  R).   

3.  Giao ca mt cu S(O  ;  R)  v ng thng   ph thuc  vo R  v khong 

cch d  t O  ti .  Gi s H l hnh chiu ca O  trn .  Khi  :  

 Nu d <  R  th ng thng   ct mt cu S(O  ;  R)  ti hai im phn bit ;  

 Nu d  =  R  th   tip xc vi mt cu S(O  ;  R)  ti H.  Cc ng thng tip 
xc  vi mt cu ti H nm trn tip din ca mt cu ti H ;  

 Nu d >  R  th   khng ct mt cu S(O  ;  R).  

4.  V cc tip tuyn ca mt cu i qua mt im A  nm ngoi mt cu :  

 Cc on thng ni A  v cc  tip im bng nhau.  

 Tp hp cc  tip im l mt ng trn.   

5.  Hnh cu bn knh R  c din tch bng 4R
2
 v c th tch bng 34

3
R .  

B -  Mt tr,  hnh  tr v khi tr 

1.  Mt tr l hnh trn xoay sinh bi ng thng l  khi quay quanh ng 

thng   song song vi l.   

Mt tr c trc  ,  bn knh R  l tp hp tt c cc  im cch ng thng 

  mt khong R.  

2.  Hnh tr l phn mt tr nm gia hai mt phng phn bit vung gc vi 
trc ca mt tr,  cng vi hai hnh trn gii hn bi hai ng trn l giao 
tuyn ca mt tr vi hai mt phng ni trn.  

Hnh tr l hnh trn xoay sinh bi bn cnh ca mt hnh ch nht khi 
quay quanh mt ng trung bnh ca hnh ch nht .  

Din tch xung quanh ca hnh tr bng tch s chu vi ng trn y v 
chiu cao.  

Din tch ton phn ca hnh tr bng tng din tch xung quanh v din 
tch hai y.  

3.  Khi tr l hnh tr cng vi phn bn trong ca hnh tr .  

Khi tr l hnh trn xoay sinh bi mt hnh ch nht (k c cc  im nm 
trong n)  khi quay quanh mt ng trung bnh ca hnh ch nht .  

Th tch khi tr bng tch s ca din tch y v chiu cao.  



 62 

C -  Mt nn,  hnh  nn v khi nn 

1.  Mt nn l hnh trn xoay sinh bi ng thng l  khi quay quanh ng 

thng   ct l  nhng khng vung gc vi l.   

Mt nn nh O ,  trc   (O  thuc  ),  gc  nh 2  l hnh gm tt c cc 

ng thng i qua O  v to vi   mt gc bng   ( o o
0 90< < ).  

2.  Hnh nn l hnh trn xoay sinh bi ba cnh ca mt tam gic cn khi quay 
quanh trc i xng ca tam gic  .  

Din tch xung quanh ca hnh nn bng mt na tch s chu vi y v  
di ng sinh.  

Din tch ton phn ca hnh nn bng tng din tch xung quanh v din 
tch y.  

3.  Khi nn l hnh nn cng vi phn bn trong ca hnh nn .  

Khi nn l hnh trn xoay sinh bi mt hnh tam gic  vung (k c phn 
trong)  khi quay quanh ng thng cha mt cnh gc vung.   

Th tch khi nn bng mt phn ba tch s ca din tch y v chiu  cao.  

I I  -  Cu  hi  t kim tra  

1.  Trong cc  mnh  sau y,  mnh  no ng ?  

a)  Mt cu,  khi cu u c v s mt phng i xng.  

b)  Mi t din lun c mt cu ngoi tip.  

c)  Mi hnh chp c cnh bn bng nhau u c mt cu ngoi tip.  

d)  Mi hnh hp ng u c mt cu ngoi tip.  

e)  Mt nn,  hnh nn,  khi nn u c v s mt phng i xng.  

g)  Mt tr,  hnh tr,  khi tr u c duy nht mt mt phng i xng.  

2.  Trong cc  mnh  sau y,  mnh  no ng ?  

a)  Mi ng thng u c chung vi mt tr (hoc mt nn)  nhiu nht l 

hai im.  

b)  Mt tr v mt nn c cha cc  ng thng.  

c) Mi ng trn ln ca mt cu u i qua hai im c nh.  

d) Hai ng trn phn bit cng nm trn mt mt tr c bn knh bng nhau.  

e) Hai ng trn phn bit cng nm trn mt mt nn c bn knh khc nhau.  
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I I I  -  Bi  tp 

1.  Cho mp(P)  v im A  khng thuc (P).  Chng minh rng mi mt cu i 
qua A  v c tm nm trn (P)  lun lun i qua hai im c nh.  

2.  Xc nh tm v tnh bn knh mt cu ngoi tip hnh chp S.ABC,  bit  

SA  =  SB  =  SC  =  a,  o60 ,ASB =  o90 ,BSC =  o120 .CSA =  

3.  Cho hai ng trn (O  ;  r)  v (O' ;  r')  ct nhau ti hai im A ,  B  v ln lt 
nm trn hai mt phng phn bit (P)  v (P').  

a)  Chng minh rng c mt cu (S)  i qua hai ng trn .  

b)  Tnh bn knh R  ca mt cu (S)  khi r  =  5,  =' 10r ,  AB  =  6,  

=' 21OO .  

4.  Cho mt hnh nn N sinh bi mt tam gic u cnh a  khi quay quanh 

mt ng cao ca tam gic  .  

a)  Mt mt cu c din tch bng din tch ton phn ca hnh nn N th 

c bn knh bng bao nhiu ?  

b)  Mt khi cu c th tch bng th tch ca khi nn N th c bn knh 

bng bao nhiu ?   

5.  Cho tam gic ABC  vung ti A ,  AB  =  c,  AC  =  b.  Gi V1 ,  V2,  V3  l th tch 
ca cc  khi trn xoay sinh bi tam gic  (k c cc im trong)  khi ln 
lt quay quanh AB,  AC,  BC.  

a)  Tnh V1 ,  V2,  V3  theo b,  c.  

b)  Chng minh rng = +
2 2 2
3 1 2

1 1 1

V V V
.  

6.  Mt hnh thang cn ABCD  c  cc cnh y AB  =  2a,  DC  =  4a,  cnh bn 
AD  =  BC  =  3a.  H_y tnh th tch v din tch ton phn ca khi trn xoay 
sinh bi hnh thang  khi quay quanh trc i xng ca n.  

IV -  Cu hi  trc nghim 

1.  Trong cc mnh  sau,  mnh  no ng ?   

(A) Mi hnh hp u c mt cu ngoi tip ;  

(B) Mi hnh hp ng u c mt cu ngoi tip ;  



 64 

(C) Mi hnh hp c mt mt bn vung gc vi y u c mt cu ngoi tip ;  

(D) Mi hnh hp ch nht u c mt cu ngoi tip.  

2.  Trong s cc hnh hp ni tip mt mt cu bn knh R  th 

(A)  Hnh hp c y l hnh vung c th tch ln nht ;  

(B)  Hnh lp phng c th tch ln nht ;  

(C)  Hnh hp c cc  kch thc to thnh cp s cng cng sai khc 0 c 

th tch ln nht ;  

(D)  Hnh hp c cc kch thc to thnh cp s nhn cng bi khc 1  c 

th tch ln nht.  

3.  Mt hnh cu c th tch 
4

3
  ngoi tip mt hnh lp phng.  Th tch ca 

khi lp phng  l 

(A)  
8 3

9
;      (B)  

8

3
;       (C)  1  ;      (D)  2 3 .  

4.  Trong cc  mnh  sau,  mnh  no ng ?  

(A)  Hnh chp c y l t gic th c mt cu ngoi tip ;  

(B)  Hnh chp c y l hnh thang vung th c mt cu ngoi tip ;  

(C)  Hnh chp c y l hnh bnh hnh th c mt cu ngoi tip ;  

(D)  Hnh chp c y l hnh thang cn th c mt cu ngoi tip.  

5.  Cho t din u ABCD  c cnh bng a.  Tp hp cc  im M  sao cho 
2 2 2 2 2

2MA MB MC MD a+ + + =  l 

(A)  Mt cu c tm l trng tm ca tam gic ABC v bn knh bng 
2

2

a
  ;  

(B)  Mt cu c tm l trng tm ca t din v bn knh bng 
2

4

a
 ;  

(C)  Mt cu c tm l trng tm ca t din v bn knh bng 
2

2

a
 ;  

(D) ng trn c tm l trng tm ca tam gic ABC  v bn knh bng 
2

4

a
.  
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6.  Mt cu tip xc vi cc cnh ca t din u ABCD  cnh a  c bn knh l 

(A)  
2

2

a
 ;     (B)  

2

4

a
;     (C)  2a ;     (D)  2 2a .  

7.  Trong cc mnh  sau,  mnh  no ng ?  

(A)  C duy nht mt mt cu i qua hai ng trn nm trong hai mt 
phng ct nhau ;  

(B)  C duy nht mt mt cu i qua hai ng trn nm trong hai mt 
phng song song ;  

(C)  C duy nht mt mt cu i qua hai ng trn ct nhau ;  

(D)  C duy nht mt mt cu i qua hai ng trn ct nhau ti hai im 
phn bit v khng cng nm trong mt mt phng.  

8.  Cho hai im A,  B  phn bit.  Tp hp cc im M  sao cho din tch tam 

gic MAB  khng i l  

(A)  Hai ng thng song song ;  

(B)  Mt mt cu ;  

(C)  Mt mt tr ;  

(D)  Mt mt nn.  

9.  Cho hai im phn bit A ,  B  c nh.  Mt ng thng l  thay i lun i 

qua A  v cch B  mt khong 
2

AB
.  Gi H l hnh chiu ca B  trn l.  Tp hp 

cc im H l  

(A)  Mt mt phng ;        (B)  Mt mt tr ;  

(C)  Mt mt nn ;         (D)  Mt ng trn.  

10.  Vi im O  c nh thuc mt phng ( )P  cho trc,  xt ng thng l  

thay i i qua O  v to vi ( )P  gc  30
o
.  Tp hp cc ng thng l trong 

khng gian l  

(A)  Mt mt phng ;        (B)  Hai ng thng ;  

(C)  Mt mt tr ;         (D)  Mt mt nn.  
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11.  Mt hnh tr c bn knh y bng a ,  ng cao ' 3OO a= .  Mt on 

thng AB  thay i sao cho gc gia AB  v trc hnh tr bng o30 ,  A ,  B  
thuc hai  ng trn y ca hnh tr.  Tp hp cc trung im I  ca AB  l 

(A)  Mt mt tr ;  

(B)  Mt mt cu ;  

(C)  Mt ng trn.  

(D)  Mt mt phng.  

12.  Trong mt phng ( )P  cho gc xOy .  Mt mt phng ( )Q  thay i v 

vung gc vi ng phn gic trong ca gc xOy ,  ct ,Ox Oy  ti A ,  B.  

Trong ( )Q  ly im M  sao cho o
90=AMB .  Khi y,  tp hp cc  im M  l  

(A)  Mt ng trn ;       (B)  Mt mt tr ;  

(C)  Mt mt nn ;        (D)  Mt mt cu.  

13.  Cho hnh lp phng ABCD.A'B'C'D' c cnh bng a.  Din tch xung 
quanh ca hnh nn trn xoay sinh bi ng gp khc  AC'A' khi quay 
quanh AA' bng  

(A)  
2

6a  ;          (B)  
2

3a  ;  

(C)  
2

2a  ;          (D)  
2

5a .  

14.  Cho hnh nn c bn knh y bng a.  Mt dy cung thay i ca ng 
trn y c  di khng i bng a.  Tp hp cc trung im ca on 
thng ni nh hnh nn vi trung im ca dy cung  l  

(A)  Mt mt nn c nh ;  

(B)  Mt mt phng c nh ;  

(C)  Mt mt tr c nh ;  

(D)  Mt ng trn c nh.  

15.  Cho hnh tr c bn knh y R,  ng cao OO'.  Ct hnh tr  bng mt 

phng ()  tu  vung gc vi y v cch im O  mt khong h cho trc 

( h R< ).  Khi y,  mp()  c tnh cht :  

(A)  Lun tip xc vi mt mt tr c nh ;  

(B)  Lun cch mt mt phng cho trc qua trc hnh tr mt khong h ;  
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(C)  Ct hnh tr theo thit din l hnh vung ;  

(D)  C ba tnh cht trn u sai.  

16.  Mt khi tr c bn knh y 3a ,  chiu cao 2 3a .  Th tch ca khi cu 

ngoi tip khi tr l  

(A)  3
8 6a  ;     (B)  3

6 6a  ;    (C)  34
6

3
a  ;    (D)  3

4 3 .a  

17.  Cho hnh nn c ng sinh bng ng knh y v bng 2.  Bn knh mt 
cu ngoi tip hnh nn  l  

(A)  3    ;     (B)  2 3  ;     (C)  
3

2
 ;      (D)  

2 3

3
.  

18.  Cho hnh nn sinh bi mt tam gic u cnh a  khi quay quanh mt ng 

cao.  Mt mt cu c din tch bng din tch ton phn ca hnh nn th c 
bn knh l  

(A)  
3

4

a

 ;    (B)  
2

4

a

 ;     (C)  
2

2

a

 ;      (D)  
3
.

2

a

 

19.  Cho mt hnh nn sinh bi mt tam gic u cnh a  khi quay quanh mt 

ng cao.  Mt khi cu c th tch bng th tch ca khi nn th c bn 
knh bng  

(A)  
3
2 3

4

a

 ;   (B)  
3
3

8

a

 ;     (C)  
3
2 3

8

a

 ;     (D)  
3
2 3

.
2

a

 

20.  Mt hnh nn c ng sinh bng a  v gc  nh bng o90 .  Ct hnh nn 

bng mt phng ( )  i qua nh sao cho gc gia ( )  v mt y hnh nn 

bng o60 .  Khi  din tch thit din l 

(A)  22

3
a  ;    (B)  23

2
a  ;    (C)  22

3
a  ;      (D)  23

2
a .  

21.  Cho hnh chp t gic u c cnh y bng a,  cnh bn to vi mt y 

gc o60 .  Din tch ton phn ca hnh nn ngoi tip hnh chp l 

(A)  
2

3

2

a
;    (B)  

2
3

4

a
;     (C)  

2
3

6

a
 ;       (D)  

2
3

.

8

a
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22.  Cho mt cu bn knh R  v mt hnh tr c bn knh y R  v chiu cao 
2R.  T s th tch khi cu v khi tr l 

(A)  
2

3
 ;     (B)  

3

2
 ;      (C)  2 ;      (D)  

1

2
.  

23.  Cho hnh tr c  bn knh y bng R,  chiu cao cng bng R.  Mt hnh 
vung ABCD  c  hai cnh AB  v CD  ln lt l cc  dy cung ca hai ng 

trn y,  mp ( )ABCD  khng vung gc vi mt phng y ca hnh tr.  

Din tch hnh vung  l 

(A)  
2

5

2

R
;     (B)  2

5R ;     (C)  
2

5 2

2

R
;    (D)  

2
5 2R ;   

24.  Mt khi hp ch nht ni tip trong mt khi tr.  Ba kch thc ca khi 
hp ch nht l , ,a b c .  Th tch ca khi tr l  

(A)  ( )2 21

4
 +a b c ;  

(B)  ( )2 21

4
 +b c a ;  

(C)  ( )2 21

4
 +c a b ;  

(D)  ( )2 21

4
 +a b c  hoc ( )2 21

4
 +b c a  hoc ( )2 21

4
 +c a b .  

25.  Mt khi t din u c cnh a  ni tip mt khi nn.  Th tch khi nn l 

(A)  33

27
a ;    (B)  36

27
a  ;    (C)  33

9
a  ;    (D)  36

9
a .  

26.  Cho hnh nn nh S,  y l hnh trn tm O,  gc   nh bng o120 .  Trn 

ng trn y,  ly mt im A  c nh v im M  di ng.  C bao nhiu 

v tr ca M  din tch tam gic SAM t gi tr ln nht ?  

(A)  C 1  v tr ;        (B)  C 2 v tr ;  

(C)  C 3  v tr ;        (D) C v s v tr.  
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1 .  H trc to  trong  khng  gian  

Trong hnh hc phng,  ta  bit h trc to 
 trn mt phng.  H  thng c k 

hiu l Oxy  hoc (O  ;  , )i j .  By gi ta thit 

lp h trc to  trong khng gian.  

Trong khng gian,  xt ba trc to  Ox,  
Oy,  Oz  c  chung im gc  O  v i  mt 
vung gc vi nhau (h.56).   

nh ngha 1  

H gm ba trc Ox,  Oy,  Oz i mt vung gc c gi l 
h trc to  vung gc  trong khng gian.  

Thut ng v k hiu  

H trc to  trong nh ngha trn cn c gi n gin l h to  
trong khng gian,  v k hiu l Oxyz.  Ta thng gi cc vect n v trn cc 

trc Ox,  Oy,  Oz  ln lt l , ,i j k  v cn k hiu h trc to  l  ( ); , , .O i j k  

im O  gi l gc ca h to ,  hoc  n gin l gc  to ,  Ox  gi l 
trc honh,  Oy  gi l trc tung,  Oz  gi l trc cao.  

Cc mt phng i qua hai trong ba trc  to  gi l cc  mt phng to ,  
ta k hiu chng l mp(Oxy),  mp(Oyz)  v mp(Oxz),  hoc n gin hn l 
(Oxy),  (Oyz),  (Oxz).   

Khi khng gian  c mt h to  Oxyz  th n c gi l khng gian to  
Oxyz  hoc  n gin l khng gian  Oxyz.  

Ta cn ch  ti cc  ng thc sau y :   

2 2 2 1

. . . 0.

i j k

i j j k k i

= = =

= = =

 

?1  Ti sao ta c cc ng thc trn ?  
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2.  To  ca vect 

Trong khng gian to  Oxyz vi cc  vect n v , ,i j k  trn cc  trc,  

cho mt vect .u  Khi  c b ba s duy nht (x ;  y  ;  z) sao cho u xi yj zk= + + .   

B ba s   cng c gi l to   ca vect u  i vi h to  Oxyz  v 

k hiu u  =  (x  ;  y  ;  z)  hoc u (x  ;  y  ;  z).  Vy :  

( ); ;u x y z=  u (x ;  y  ;  z)    u xi yj zk= + + .   

Hin nhin theo nh ngha v k hiu trn,  ta c 

(1 ; 0 ; 0)i =  ;  (0 ; 1 ; 0)j =  ;  (0 ; 0 ; 1)k = .  

? 2  Ti sao nu vect u  c to  (x ;  y  ;  z)  i vi h to  ( ); , ,O i j k  th 

.x u i=  ;  .y u j=  ;  .z u k=  ?  

V d 1.  Trong khng gian to  ( ); , ,O i j k ,  gi I,  J,  K l cc im sao 

cho , ,i OI j OJ k OK= = =
  

.  Gi M l trung im ca JK,  G l trng tm 

tam gic IJK.  

a)  Xc nh to  ca vect OM


.  

b)  Xc nh to  ca vect MG


.  

Gii  (h.57)  

a)  Ta c   

( )1 1 1
0 ,

2 2 2
OM OJ OK i j k= + = + +
  

 

do   
1 1 .0 ; ;
2 2

OM 
=  

 



 

b)  Ta c  

( ) ( )1 1
3 2

1 1 1 1 1
0 ,

3 3 2 3 2

MG OG OM OI OJ OK OJ OK

i j k

=  = + +  +

  
=  +  +      

     

       

 

hay 
1 1 1

.; ;
3 6 6


=   

 
MG
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T nh ngha v to  ca vect,  ta d dng suy ra cc tnh cht sau y :  

Cho cc vect =


1 1 1 1( ; ; )u x y z ,  =


2 2 2 2( ; ; )u x y z  v s k tu ,  
 ta c :  

1 )  =
 

1 2u u    x1  =  x2,  y1  =  y2,  z1  =  z2   

2 )  ( )1 2 1 2 1 2 1 2; ;u u x x y y z z =   
 

 

3)  =


1 1 1 1( ; ; )ku kx ky kz  

4)  = + +
 

1 2 1 2 1 2 1 2.u u x x y y z z  

5)  = = + +
  2 2 2 2
1 1 1 1 1u u x y z  

6)  ( )
+ +

=

+ + + +

 

1 2 1 2 1 2
1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos ,
.

x x y y z z
u u

x y z x y z
 

     vi 1 20, 0u u


 


 

7)  


1u     =  + + =
  

2 1 2 1 2 1 2 1 2. 0 0u u u x x y y z z .  

3.  To  ca im 

Trong khng gian to  Oxyz,  mi 
im M  c hon ton xc  nh bi 

vect OM


 (h.58).  Bi vy,  nu (x ;  y  ;  z) 

l to  ca OM


 th ta cng ni (x ;  y  ;  z) 
l to  ca im M v k hiu l 
M = (x ;  y ;  z) hoc  M(x ;  y  ;  z).   

Nh vy :  

M = (x ;  y  ;  z)    OM xi y j zk


= + + .  

Nu im M  c  to  (x  ;  y  ;  z)  th s x  gi l honh ,  s y  gi l tung 
  v s z  gi l cao   ca im M.  

? 3 Cho h to  Oxyz v im ( ); ; .M x y z  Ti sao c cc khng nh sau ?  

a)  M    O    x  =  y  =  z  =  0.  

b)  M   (Oxy)    z =  0,  tc l M =  (x ;  y  ;  0) .  

    M   (Oyz)    x =  0,  tc l M =  (0 ;  y  ;  z) .  

    M   (Oxz)    y  =  0,  tc l M =  (x ;  0  ;  z) .  
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? 4 Vi iu kin no ca x,  y,  z th im M(x ;  y ;  z)  nm trn mt trc to  ?  

1  

Trn  hnh  59 c mt h trc to  Oxyz  cng  vi  cc hnh  vung  c cnh  bng  

n  v .  

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 59 

a)  Xc nh  to  ca cc im  A,  B,  C,  D,  E.  

b)  Dng  im  P  nu  P  =  (3 ;  6  ;  3).  

4.  Lin  h gia to  ca vect v to  ca hai  im mt 

Cho hai im ( ; ; )A A AA x y z  v ( ; ; ).B B BB x y z  Theo nh ngha,  ta c 

( ; ; )A A AOA x y z=


 v ( ; ; )B B BOB x y z=


.  Ta li bit rng AB OB OA


= 
 

.  

T  ta suy ra to  ca vect AB


 v  di ca n :  

1 )  ( ; ; )B A B A B AAB x x y y z z=   


.   

2)  ( ) ( ) ( )
2 2 2

B A B A B AAB x x y y z z=  +  +  .  

2  

Trong khng gian to   Oxyz cho bn im khng ng phng  ( ; ; ),A A AA x y z  

( ; ; ),B B BB x y z  ( ; ; ),C C CC x y z  ( ; ; ).D D DD x y z  

a)  Tm to  ca trung  im on  thng  AB.  

b)  Tm  to  ca trng  tm tam gic  ABC.  

c)  Tm  to  ca trng  tm t d in  ABCD .  
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V d  2.  Trong khng gian to  Oxyz,  cho  bn im A (5  ;  3  ;  1 ),  

B(2 ;  3  ;    4) ,  C(1  ;  2 ;  0),  D(3  ;  1  ;  2).   

1 .  Chng minh rng :  

a)  Bn im A,  B,  C,  D khng ng phng ;  

b)  T din ABCD c  cc cnh i vung gc vi nhau ;  

c)  Hnh chp D.ABC l hnh chp u.  

2.  Tm to  chn ng cao H ca hnh chp D.ABC.  

Gii 

1 .  a)  Ta phi chng minh ba vect DA


 = (2 ;  2 ;  1 ),  DB


 = (1  ;  2 ;  2) v 

DC


 =  (2 ;  1  ;  2)  khng ng phng.  R rng hai vect DB


 v DC


 khng 

cng phng nn nu ba vect ,DA


 ,DB


 DC


 ng phng th  phi c  cc 

s m  v n  sao cho 

mDB nDC DA


+ =
 

 hay 

2 2

2 2

2 2 1 .

m n

m n

m n

  =


+ =
  + =

  

D thy h phng trnh trn v nghim, suy ra ba vect y khng ng phng.  

b)  Ta c DA


 =  (2 ;  2  ;  1 )  v BC


 =  (1  ;  1  ;  4).  

Vy . 2 2 4 0.DA BC =   + =
 

 Suy ra DA    BC.  

Lm tng t ta cng c DB    AC  v DC    AB.  

c)   DA  = 2 2 22 2 1 3+ + =  ;  

 2 2 2( 1) 2 ( 2) 3DB =  + +  =  ;  

 2 2 2( 2) 1 2 3.DC =  + + =  

Tng t,  ta cng c AB  =  BC  =  CA  =  3 2

( )

.  Vy D.ABC  l hnh chp u.  

2.  V D.ABC  l hnh chp u nn H trng vi trng tm tam gic ABC  hay 

1

3
OH OA OB OC= + +
   

.  T  suy ra 

H  =  
8 8 5
; ;

3 3 3


 

 
.    
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5.  Tch  c hng  ca hai  vect 

Ta  bit v tch v hng ca hai vect.  Ta cn nh rng tch  l mt 

s v c th tnh c d dng nu bit to  ca hai vect.  

Sau y ta s ni  v tch c hng  ca hai vect.   

Khc vi tch v hng,  tch c  hng khng phi l mt s m l mt 

vect,  bi vy tch c hng cn c gi l tch vect.   

nh ngha 2  

Tch c hng  (hay tch vect)  ca hai vect ( ; ; )u a b c  v 

( ' ; ' ; ')v a b c  l mt vect,  k hiu l [ ],u v  (hoc ),u v  c 

xc nh bng to  nh sau :   

[ ],u v = ; ;
' ' ' ' ' '

b c c a a b

b c c a a b


 
 

 =  (bc'   b'c  ;  ca'   c'a  ;  ab'   a'b).  

V d 3.  Cho u  =  (1  ;  0 ;  1 )  v v  =  (2 ;  1  ;  1 )  th ta c  :  

[ ]
0 1 1 1 1 0

, ; ; (1 ; 3 ; 1).
1 1 1 2 2 1

u v
 

= =  
 

 

3  

i  vi  h to   ( ); , ,O i j k ,  hy chng  t cc cng  thc sau  y ng  :  

, ; , ; , .i j k j k i k i j     = = =       

Tnh cht ca tch c hng 

Cc tnh cht sau y ca tch c hng thng c p dng khi gii mt 
s bi ton hnh hc :   

1 .  Vect [ ],u v  vung gc vi c hai vect u  v v ,  tc l  

[ ] [ ], . , . 0.u v u u v v= =  

2.  [ ], . . sin( , ).u v u v u v=  

3 .  [ ], 0u v =  khi v ch khi hai vect u  v v  cng phng.  



 76  

Chng minh 

1 .  Gi s ( ; ; )u a b c=  v ( ' ; ' ; ')v a b c= .  T nh ngha ca tch c 

hng ta c 

[ ],u v  =  ( )' ' ; ' ' ; ' 'bc b c ca c a ab a b   .  

Suy ra 

[ ],u v . ( ' ' ) ( ' ' ) ( ' ' )u bc b c a ca c a b ab a b c=  +  +    

  ' ' ' ' ' ' 0bc a b ca ca b c ab ab c a bc=  +  +  = .  

Tng t ta cng c [ ],u v . 0v = .  

2.  Nu mt trong hai vect u  v v  l vect 0  th tnh cht 2 l hin nhin.  

By gi ta xt trng hp c hai vect  u khc 0 .  Khi ,  v 

( )
u v

u v
u v

=
.

cos ,
.

 nn  

( ) 2. sin , . 1 cos ( , )u v u v u v u v=   

( )
( )

2
22 2

2 2

.
. 1 . .

.

u v
u v u v u v

u v

=  =   

=  ( ) ( ) ( )22 2 2 2 2 2' ' ' ' ' 'a b c a b c aa bb cc+ + + +  + +  

=  ( ) ( ) ( )2 2 2
' ' ' ' ' 'bc b c ca c a ab a b +  +   =  [ ], .u v  

3 .  Tnh cht ny c suy ra trc tip t tnh cht 2.      

  Ch   

Ta v cc vect OA u=


 ;  .OB v=


 

Nu hai vect u  v v  khng cng 
phng (h.60),  ta gi S  l din tch 
hnh bnh hnh c hai cnh l OA  
v OB,  khi  

( ) =

=

. . sin , . . sin

.

u v u v OA OB AOB

S

 

Vy  di ca vect [ ],u v  bng s 

o din tch hnh bnh hnh ni trn.  
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ng dng ca tch c hng 

a)  Tnh din tch hnh bnh hnh 

Nu ABCD l hnh bnh hnh th theo 

ch  trn,  ta c =  ,S AB AD
 

.  

b)  Tnh th tch khi hp 

Nu ABCD.A'B'C'D' l hnh hp vi 
din tch y ABCD  l S,  chiu cao l 
h  =  AH,    l gc hp bi hai vect 

'AA


 v 
 

,AB AD   (h.61 )  th th tch 

ca hnh hp  l 

 V  =  S.h =  
 

., AHAB AD  

 =    , . ' . cos .AB AD AA 
  

  

Vy V = 
  

, . ' .AB AD AA    

4  

Hy chng  t rng  ba vect  ,u  ,v  w  ng  phng  khi  v ch khi  [ ], . 0.u v w =  

Nh vy,  chng ta nn nh mt s tnh cht lin quan n tch v hng v 
tch c hng sau y 

. 0.u v u v  =  

u  v v  cng phng   [ ], 0u v = .   

,u  ,v  w  ng phng   [ ], . 0.u v w =  

V d 4.  Trong khng gian to  Oxyz,  cho bn im A(0 ;  1  ;  1 ), B(1  ;  0 ;  2),  
C(1  ;  1  ;  0)  v D(2 ;  1  ;  2).  

a)  Chng minh rng bn im  khng ng phng.  
b)  Tnh  di ng cao ca tam gic ABC k t nh A  v bn knh 
ng trn ni tip tam gic .  
c)  Tnh gc CBD v gc gia hai ng thng AB v CD.  
d)  Tnh th tch t din ABCD v  di ng cao ca t din k t nh D.  
Gii 

a)  Bn im A,  B,  C,  D  khng ng phng khi v ch khi ba vect BA


,  

BC


,  BD


 khng ng phng hay BA BC BD 


, .
 

   0.  
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Ta c BA


 =  (1  ;  1  ;  1 ),  BC


 =  (0 ;  1  ;  2),  BD


 =  (3  ;  1  ;  4).  Suy ra :  

,BA BC  
 

 =
1 1 1 1 1 1

; ;
1 2 2 0 0 1

 
 

  
 =  (1  ;  2 ;  1 ).   

BA BC BD  


, .
 

 =   + +  =  ( 1).3 2.1 1 .( 4) 5 0 .  

Vy bn im  cho khng ng phng.  

b)  Ta c 

SABC   = 
  2 2 21 1 6

( 1) 2 1 .,
2 2 2

BA BC =  + + =   

Nu gi AH l ng cao ca tam gic ABC  th 

AH = 
2 2 2

2 6 6

50 1 ( 2)

ABCS

BC
= =

+ + 

.  

Nu gi r  l bn knh ng trn ni tip tam gic ABC  v 2p  l chu vi ca 

tam gic  th SABC  = p.r.  D dng tnh c 

2p  =  AB  +  BC  +  CA  =  3 5 2+ +  

nn ta c      
6

.
5 3 2

= =
+ +

ABCS
r

p
 

 c)   ( ) .
cos cos ,

.

BC BD
CBD BC BD

BC BD
= =

 
 

   
130

9
=   

Nu gi   l gc gia hai ng thng AB  v CD  th  

( ) .
cos cos ,

.

AB CD
AB CD

AB CD
 = =

 
 

   =  
5

39
  

d)  Ta d thy th tch khi t din ABCD  bng 
1

6
 th tch khi hp c ba 

cnh l BA,  BC,  BD .  Nh vy :  

VABCD   = 
1

6
, .BA BC BD  

  

 =
5

6
.  

Nu gi DK l ng cao ca t din k t D  th 

 DK =  

5
3.3 56 .
6 6

2

ABCD

ABC

V

S
= =       
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6.  Phng trnh  mt cu  

Trong khng gian to  Oxyz  cho mt 

cu ( );S I R  c  tm 0 0 0( ; ; )I x y z  v 

bn knh R  (h.62).  

im M(x  ;  y  ;  z)  thuc  mt cu  khi 

v ch khi IM = R hay  IM
2
 = R

2
,  ngha l  

2 2 2 2
0 0 0( ) ( ) ( ) .x x y y z z R +  +  =  

Phng trnh trn c gi l phng 
trnh ca mt cu S(I ;  R) .  

Nh vy,  nu bit to  ca tm v bit bn knh mt cu th ta c th d 
dng vit c phng trnh ca mt cu .  

Mt cu tm I(x0  ;  y0  ;  z0) ,  bn knh R c phng trnh 

2 2 2 2
0 0 0( ) ( ) ( )x x y y z z R +  +  = .   

5  

Hy vit phng  trnh  mt cu  c ng  knh  A1A2  vi  

A1  =  (a1  ;  b1  ;  c1 )  v  A2  =  (a2  ;  b2  ;  c2)  

theo hai  cch  sau  :  

  Tm to  tm v tnh  bn  knh  ca mt cu.  

  Nhn  xt rng  im M nm trn  mt cu  khi  v ch khi  
 

1 2. 0.A M A M =  

6  

Vit phng trnh  mt cu i  qua bn im  A(0;  0;  0),  B(1 ;  0;  0) ,  C(0;  1 ;  0) ,  D(0;  0;  1 ) .  

Nhn xt.  Nu ta khai trin phng trnh mt cu S(I ;  R)  v vit di dng 

f(x,  y,  z)  = 0 th d thy rng ( )f x, y , z  l a thc bc hai i vi x,  y,  z,  c 

cc h s ca x
2
,  y

2
,  z

2 
u bng 1  v khng c cc  hng t cha xy,  yz,  zx.   

By gi ta xt vn  ngc li :  Phng trnh dng  

 x
2
 +  y

2
+ z

2
 + 2ax  +  2by  +  2cz  +  d =  0        (1 )  

c  phi l phng trnh mt cu trong khng gian to  Oxyz cho trc 

hay khng ?  
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Phng trnh (1 )  c th vit nh sau :  

      (x  + a)
2
 +  (y  +  b)

2
 +  (z  +  c)

2 
= a

2
 +  b

2
 +  c

2
   d.

     
(2)  

Gi I l im c to  (a  ;  b ;  c)  v M l im c to  (x  ;  y  ;  z) th v 

tri ca (2)  chnh l IM
2
.  Bi vy ta d dng suy ra :  

Nu a
2
 +  b

2 
+ c

2
   d  >  0 th IM  =  2 2 2 .+ + a b c d  Vy (1 )  l phng 

trnh ca mt cu c tm I(a  ;  b  ;  c)  v c bn knh 

R  = 2 2 2a b c d+ +  .  

Nu a
2 
+ b

2 
+ c

2 
  d = 0 th IM = 0 v phng trnh (1) xc nh im I duy nht.  

Nu a
2
 +  b

2
 +  c

2
   d  <  0 th khng c im M  no c to  tho mn (1 ).  

Vy :   

Phng trnh x
2
 +  y

2
 +  z

2  
+  2ax +  2by +  2cz +  d =  0 l 

phng trnh ca mt cu khi v ch khi a
2
 +  b

2
 +  c

2
 >  d.  Khi 

 tm mt cu l  im I( a  ;   b  ;   c )  v bn knh  mt cu 
l 

R =  2 2 2 .a b c d+ +   

7  

Mi  phng trnh sau  y c phi  l phng trnh  mt cu  hay khng ? Nu phi  th  
hy xc nh tm v tnh  bn  knh  mt cu  .  

a)  x
2  
+  y

2
   z

2
 +  2x   y + 1  = 0 ;      b)  3x

2
 +  3y

2
 +  3z

2
   2x = 0 ;  

c)  2x
2
 +  2y

2
 = (x +  y)

2
   z

2 
+ 2x   1  ;    d)  (x +  y)

2
 =  2xy   z

2
+ 1 .  

Cu hi  v bi  tp 

T nay tr i,  cc bi tp lin quan n to  u c xt trong khng 

gian to  Oxyz.  

1.  Cho cc  vect :  

2u i j=   ;  ( )3 5v i j k= +   ;  2 3w i k j


=  + .  

a)  Tm to  ca cc vect .  

b)  Tm csin ca cc gc ( ),v i ,  ( ),v j  v ( ), .v k  

c)  Tnh cc tch v hng . , . , . .u v u w v w
 

 

2.  Cho vect u  tu  khc 0 .  Chng minh rng :  

( ) ( ) ( )+ + =
2 2 2cos , cos , cos , 1u i u j u k .  
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3.  Tm gc gia hai vect u  v v  trong mi trng hp sau :  

a)  u  =  (1  ;  1  ;  1 )  ;  v  =  (2 ;  1  ;  1 )  ;  

b)  u  =  +3 4i j  ;  v  =  2 3j k + .  

4.  Bit = =2, 5,u v  gc  gia hai vect u  v v  bng 
2

3


.  Tm k   vect 

17p ku v


= +  vung gc vi vect 3q u v=  .  

5.  Cho im M(a  ;  b  ;  c).   

a)  Tm to  hnh chiu (vung gc)  ca M  trn cc mt phng to  v 
trn cc  trc to .  

b)  Tm khong cch t im M n cc mt phng to ,  n cc trc to .  

c)  Tm to  ca cc im i xng vi M  qua cc  mt phng to .  

6.  Cho hai im A(x1  ;  y1  ;  z1 )  v B(x2  ;  y2  ;  z2).  Tm to  im M  chia on 

thng AB  theo t s k (tc l )MA kMB=

 

,  trong  k   1 .  

7.  Cho hnh bnh hnh ABCD vi A(3  ;  2 ;  0),  B(3  ;  3  ;  1 ),  C(5  ;  0  ;  2).  

Tm to  nh D  v tnh gc gia hai vect AC


 v .BD


 

8.  a) Tm to  im M thuc trc Ox sao cho M cch u hai im A(1  ;  2 ;  3)  
v B(3  ;  3  ;  2).  

b)  Cho ba im A(2 ;  0  ;  4) ,  B(4 ;  3  ;  5 )  v C(sin5t  ;  cos3t  ;  sin 3 t).  Tm t 
 AB  vung gc vi OC  (O  l gc to ).  

9.  Xt s ng phng ca ba vect ,u  v  v w


 trong mi trng hp sau :  

a)  u (4 ;  3  ;  4),  v (2 ;  1  ;  2),  w


(1  ;  2  ;  1 )  ;  

b)  u (1  ;  1  ;  1 ) ,  v (0 ;  1  ;  2),  w


(4 ;  2  ;  3 )  ;  

c)  u (4  ;  2 ;  5 ),  v (3  ;  1  ;  3 ),  w


(2 ;  0  ;  1 ).  

10.  Cho ba im A(1  ;  0 ;  0),  B(0 ;  0 ;  1 ) ,  C(2 ;  1  ;  1 ).  

a)  Chng minh A ,  B,  C  khng thng hng.  

b)  Tnh chu vi v din tch tam gic  ABC.  

c)  Tnh  di ng cao ca tam gic ABC  k  t nh A .  

d)  Tnh cc  gc ca tam gic ABC.  

11.  Cho bn im A(1  ;  0  ;  0),  B(0 ;  1  ;  0),  C(0 ;  0 ;  1 )  v D(2 ;  1  ;  2).  

a)  Chng minh rng A,  B,  C,  D  l  bn nh ca mt hnh t din.  
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b)  Tnh gc gia cc ng thng cha cc cnh i ca t din .   

c)  Tnh th tch t din ABCD  v  di ng cao ca t din k t nh A .  

12.  Cho hnh chp S.ABC  c  ng cao SA  =  h,  y l tam gic ABC  vung  
ti C,  AC  =  b,  BC  =  a.  Gi M  l trung im ca AC  v N  l im sao cho 

=
1

.
3

SN SB
 

 

a)  Tnh  di on thng MN.  

b)  Tm s lin h gia a,  b,  h   MN  vung gc vi SB.  

13.  Tm to  tm v tnh bn knh ca mi mt cu sau y :  

 a)  x
2
 +  y

2
 +  z

2
   8x  +  2y  +  1  =  0  ;  

 b)  3x
2
 +  3y

2
 +  3z

2
 +  6x    3y  +  1 5z    2  =  0 ;  

 c)  9x
2
 +  9y

2
 +  9z

2
   6x

 
+ 1 8y  +  1  =  0.  

14.  Trong mi trng hp sau,  hy vit phng trnh mt cu :  

a)  i qua ba im A(0 ;  8  ;  0),  B(4 ;  6 ;  2),  C(0 ;  1 2 ;  4)  v c tm nm trn 
mp(Oyz)  ;  

b) C bn knh bng 2,  tip xc vi mt phng (Oyz) v c tm nm trn tia Ox ;  

c)  C tm I(1  ;  2 ;  3 )  v tip xc vi mp(Oyz).  

 

 
 

1 .  Phng  trnh  mt phng 

Vect 0n   gi l vect php tuyn  

ca mt phng ()  nu gi ca n  
vung gc vi mt phng ().  

R rng nu n  l vect php tuyn ca 

mp()  th kn  ( )0k   cng l vect 

php tuyn ca mp().  

 

 

 

 

 

 

 

 

 

Hnh 63  

2 
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Trong khng gian Oxyz,  cho mt phng ()  i qua im ( )0 0 0 0; ;M x y z  v 

c vect php tuyn n (A ;  B ;  C) .  Ch  rng v 0n   nn 
2 2 2

0A B C+ + > .  Khi ,  iu kin cn v   im M(x ;  y  ;  z)  thuc 

()  l 0. 0n M M =


 (h.63),  hay  

A(x   x0)  +  B(y   y0)  +  C(z   z0)  =  0.        (1 )   

Nhn xt.  Nu ta t D  =  (Ax0 + By0  +  Cz0)  th phng trnh (1 )  tr thnh :  

Ax  +  By  +  Cz  +  D  =  0,   trong   A
2
 +  B

2
 +  C

2
 >  0.   (2)  

Phng trnh (2)  gi l phng trnh tng qut ca mt phng  () hay ni 
gn l phng trnh mp().  

Nh vy,  ta d dng vit c phng trnh mt phng nu bit to  ca 
mt im thuc n v to  mt vect php tuyn ca n.  

V d 1.  Vit phng trnh mt phng ()  i qua ba im M(0 ;  1  ;  1 ),  
N(1  ;  2 ;  0)  v P(1  ;  0 ;  2).  

Gii.  Ta c (1 ; 3 ; 1)MN =  


 v (1 ; 1 ; 1)MP = 


.  T  ta tnh c 

,n MN MP=  
 

=  ( 4 ; 2 ; 2) .  Vect 0n   vung gc vi c hai vect 

,MN


 MP


 nn n  l mt vect php tuyn ca mt phng ().  Nh vy,  ()  

l mt phng i qua im M v c vect php tuyn n  nn c phng trnh  

   4(x    0)    2(y    1 )  +  2(z    1 )  = 0 hay 2x  +  y    z  =  0.       

1   

Trong khng gian Oxyz,  cho hai  im  ( )1 ; 2 ; 3A   v  ( )5 ; 0 ; 1B  .  Hy vit phng 

trnh mt phng trung trc (P) ca on thng  AB.  

Nh vy,  mi mt phng u c phng trnh dng (2).  nh l sau y 
khng nh iu ngc li.  

nh l 

Trong khng gian Oxyz,  mi phng trnh  

  Ax +  By +  Cz +  D  =  0  vi A
2
+  B

2
+  C

2
 >  0  

u l phng trnh ca mt mt phng xc nh.   
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2  ( chng  minh  nh  l ) .   

Ly mt nghim (x0  ;  y0  ;  z0)  no  ca phng  trnh  (2) ,  tc l   

Ax0  +  By0  + Cz0  +  D  = 0.  

Gi  (P)  l   mt phng  i  qua im M0(x0  ;  y0  ;  z0)  v c vect php tuyn  l 

( ; ; )n A B C .  Hy vit phng trnh  ca (P)   thy rng  n tng  ng vi  
phng trnh  (2) .  

2.  Cc trng hp ring  

Chng ta hy xt mt s trng hp ring ca phng trnh mt phng v 
ni r trong mi trng hp ,  mt phng c c im g.  

3  

Trong  khng  g ian  Oxyz,  xt mt phng  ()  c phng trnh  :  

Ax +  By +  Cz +  D =  0.  
Hy gii  thch  v  sao ta c cc khng  nh  sau  y :  

a)  Mt phng  ()  i  qua gc to  O  khi  v ch khi  D  = 0.  

b)  Mt phng  ()  song  song  (hoc cha)  trc to   Ox  khi  v ch khi  A = 0.  

Hy pht biu  kt lun  tng  t cho trng hp  B = 0  v trng  hp  C = 0.  

c)  Mt phng  ()  song  song  hoc trng  vi  mt phng  (Oxy)  khi  v ch khi  
A =  B = 0.  

Hy pht biu  kt lun  tng t cho trng  hp  B =  C =  0  v trng  hp  C =  A  = 0.  

Sau y ta xt trng hp mt phng c phng trnh 

Ax +  By +  Cz +  D  = 0  vi cc h s A,  B,  C,  D u khc 0.  

Khi  bng cch t a  = 
D

A
 ,  

D
b

B
=  ,  

D
c

C
=  ,  ta a phng trnh trn 

v dng 

1
x y z

a b c
+ + = .              (3 )  

R rng mt phng c phng trnh (3)  ct cc  trc Ox,  Oy,  Oz  ln lt ti 

cc  im M(a  ;  0  ;  0),  N(0 ;  b  ;  0)  v P(0 ;  0 ;  c) .   di i s ca cc 

vect OM ON OP


, ,
 

 trn cc  trc  to  cha chng ln lt l OM a=  ;  

ON b=  ;  OP c= .  Bi vy phng trnh (3)  c gi l phng trnh mt 

phng theo on chn.  
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V d 2.  Trong khng gian Oxyz,  cho im M =  (30 ;  1 5  ;  6).  

a)  Hpy vit phng trnh mt phng ()  i qua cc hnh chiu ca M trn 
cc trc to .  

b)  Tm to  hnh chiu H ca im O trn mp().   

Gii 

a) Cc hnh chiu ca M trn cc trc to  l cc im (30 ;  0 ;  0), (0 ;  15  ;  0)  
v (0 ;  0 ;  6).  Phng trnh mp()  i qua ba im  l 

1
30 15 6

x y z
+ + =  hay x  + 2y  + 5z    30  = 0.  

b)  im H  nm trn mt phng ()  v vect OH


 cng phng vi vect 

php tuyn (1 ; 2 ; 5)n  ca () ,  tc l .OH t n=



 Bi vy,  nu gi (x  ;  y  ;  z)  

l to  ca H th  

+ +  =


=


=

 =

2 5 30 0

2

5 .

x y z

x t

y t

z t

 

Bng cch thay cc gi tr x, y, z  t ba phng trnh cui vo phng trnh u, 
ta c t + 4t + 25t   30 = 0.  T  ta tm c t = 1  v do  H = (1  ;  2 ;  5).    

3.  V  tr tng i  gia hai  mt phng 

Hai b s t  l  

Xt cc b n  s 1 2( ; ; . . . ; )nx x x  (n  > 2),  trong  cc s 1 2, , . . . , nx x x  khng 

ng thi bng 0.   

 Hai b s 1 2( ; ; . . . ; )nA A A  v 1 2( ; ; . . . ; )nB B B  nh th c gi l t l 

vi nhau  (hay  t l) nu c mt s t sao cho =1 1 ,A tB = =2 2 , . . . , n nA tB A tB .  

Khi  ta vit 

=1 2 1 2: : . . . : : : . . . :n nA A A B B B  hoc = = =
1 2

1 2
. . . n

n

A A A

B B B
.  

Theo nh ngha ,  ta c  

 = 1 : 2 : 3 2 : 4 : 6  hay 


= =


1 2 3
2 4 6

 ( y =
1
2

t )  ;  

=2 : 0 : 4 : 0 1 : 0 : 2 : 0  hay = = =
2 0 4 0
1 0 2 0

 ( y = 2t ).  

 Khi hai b s 1 2( ; ; . . . ; )nA A A  v 1 2( ; ; . . . ; )nB B B  khng t  l,  ta vit  

1 2 1 2: : . . . : : : . . . :n nA A A B B B .  
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V d  :    1 : 5 : 2 : 4 1 : 2 : 5 : 4 ,   
1 : 0 : 1 : 2 1 : 1 : 1 : 2 .  

 Ta hy xt trng hp hai b s 1 2( ; ; . . . ; )nA A A  v 1 2( ; ; . . . ; )nB B B  t  

l,  nhng hai b s 
+1 2 1( ; ; . . . ; ; )n nA A A A  v 

+1 2 1( ; ; . . . ; ; )n nB B B B  

khng t l.  iu  c ngha l :  c s t sao cho = = =1 1 2 2, , ..., n nA tB A tB A tB  

nhng 
+ +

1 1n nA tB .  Trong trng hp ,  ta vit :  

+

+

= = = 
1 2 1

1 2 1
. . . n n

n n

A A A A

B B B B
.  

V tr tng i gia hai  mt phng 

Trong khng gian Oxyz  cho hai mt phng () v (') ln lt c phng trnh :  
+ + + =

+ + + =

( ) : 0

( ') : ' ' ' ' 0 ;

Ax By Cz D

A x B y C z D




 

chng ln lt c vect php tuyn l ( ; ; )n A B C  v ' ( ' ; ' ; ')n A B C


.  

?1  Nu : : ' : ' : 'A B C A B C  th ta c th ni g v hai vect ( ; ; )n A B C  

v ' ( ' ; ' ; ')n A B C


 v do  ni g v v tr tng i gia hai mt phng 

()  v (')  ?  

By gi ta xt trng hp =: : ' : ' : 'A B C A B C  hay = =
' '

A
'

CB
A B C

.  

4  

Hy xt v  tr tng i  gia hai  mt phng  ()  v  (')  trong mi  trng hp sau  :  

 a)  
' ' ' '

A B C D

A B C D
= =   ;          b)  

' ' ' '

A B C D

A B C D
= = = .  

Tm li ta c :  

Cho hai mt phng ()  v (')  ln lt c phng trnh :  

 ()  :  Ax +  By +  Cz +  D  =  0  

 (')  :  A'x +  B'y +  C'z +  D' = 0.  

a)  Hai mt phng  ct nhau khi v ch khi A :  B :  C   A' :  B' :  C'.  

b)  Hai mt phng  song song khi v ch khi 

 
A B C D

A' B' C' D'
= =  .   

c)  Hai mt phng  trng nhau khi v ch khi 

 
A B C D

A' B' C' D'
= = = .  
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? 2  Hai mt phng ()  v (')  ni trn vung gc vi nhau khi no ?  

5  

Cho hai  mt phng   ()  :  2x   my +  10z +  m +  1  = 0  

        ()  :  x   2y +  (3m +  1 )z   1 0 = 0.  

Hy tm  gi tr  ca  m   :   

a)  Hai  mt phng   song  song  ;  

b)  Hai  mt phng   trng  nhau  ;  

c)  Hai  mt phng   ct nhau  ;  

d)  Hai  mt phng   vung  gc vi  nhau.  

4.  Khong  cch  t mt im ti  mt mt phng  

Trong khng gian Oxyz,  cho im M0(x0  ;  y0  ;  z0)  v mt phng ()  c 

phng trnh :  Ax  +  By  +  Cz + D  =  0.  Hon ton tng t nh cng thc 

tnh khong cch t mt im ti mt ng thng trong hnh hc phng,  

ta c cng thc sau y v khong cch d(M0,  ())  t im M0  ti mp()  :  

 d(M0,  ())  =
0 0 0

2 2 2

Ax By Cz D

A B C

+ + +

+ +
.  

6  

Tnh khong cch gia hai  mt phng c phng trnh  ln  lt l :  

3x   y + 2z   6  =  0    v   6x   2y + 4z + 4 = 0.  

V d 3.  Cho t din OABC c ba cnh OA,  

OB,  OC i mt vung gc,  OA =  a,  OB =  b,  

OC =  c.  Tnh  di ng cao ca t din 

k t O.  

Gii  

V ba cnh OA,  OB,  OC  i mt vung gc 

nn ta c th chn h to  c gc 

l O  v c A  = (a  ;  0 ;  0),  B  =  (0 ;  b  ;  0),  

C  =  (0 ;  0 ;  c)  (h.64).  Khi  mp(ABC)  c 

phng trnh theo on chn l  

 

 

 

 

 

 

 

 

 

 

Hnh 64  
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1 0
x y z

a b c
+ +  = .  

Chiu cao h  cn tm l khong cch t im O  ti mp(ABC)  nn  

h  =  

2 2 2

0 0 0 1

1 1 1

a b c

+ + 

=

+ +

 
2 2 2 2 2 2

abc

b c c a a b+ +

.      

V d 4.  Cho hnh lp phng ABCD.A'B'C'D' cnh a.  Trn cc cnh AA',  BC,  

C'D' ln lt ly cc im M, N,  P sao cho AM =  CN =  D'P =  t,  vi 0 <  t <  

a.  Chng minh rng mp(MNP)  song song vi mp(ACD')  v tnh khong cch 

gia hai mt phng .  

Gii 

Chn h to  Oxyz c gc O  trng vi 

D,  cc trc Ox,  Oy,  Oz  ln lt i qua A,  

C  v D' nh  hnh 65.  Khi  :  

A  = (a ;  0 ;  0), C = (0 ;  a ;  0), D' = (0 ;  0 ;  a), 

M = (a  ;  0 ;  t), N = (t ;  a  ;  0),  P  = (0 ;  t ;  a).  

Phng trnh theo on chn ca 
mp(ACD')  l :  

1
x y z

a a a
+ + =  hay x  +  y  +  z    a  =  0.  

Mt phng  c vect php tuyn n  =  (1  ;  1  ;  1 ).  

Mt khc,  mp(MNP)  c vect php tuyn l ' ,n MN MP=  
  

.   

Ta c   ( ; ; )MN t a a t=  



 ;  ( ; ; )MP a t a t=  



.  

T  ta tm c to  ca 'n


 l 

2 2' (n a t at= + 



 ;  
2 2a t at+   ;  

2 2 )a t at+  .  

Bi vy hai vect n  v 'n


 cng phng ;  ngoi ra d  thy im M  khng 

nm trn mp(ACD')  ;  do  mp(MNP)  // mp(ACD').  

Hnh 65  
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Khong cch d gia hai mt phng  bng khong cch t im M  ca 

mp(MNP)  ti  mp(ACD')  nn ta c 

 d  =
2 2 2

0 3

31 1 1

a t a t+ + 
=

+ +

.      

Cu hi  v bi  tp 

15.  Trong mi trng hp sau,  vit phng trnh mt phng :  

a)  i qua ba im M(2 ;  0  ;  1 ),  N(1  ;  2 ;  3 ),  P(0 ;  1  ;  2)  ;  

b)  i qua hai im A(1  ;  1  ;1 ),  B(5  ;  2 ;  1 )  v song song vi trc Oz  ;  

c)  i qua im (3  ;  2  ;1 )  v song song vi mt phng c phng trnh 

x    5y  +  z  =  0 ;  

d)  i qua hai im A(0 ;  1  ;  1 ) ,  B(1  ;  0  ;  2)  v vung gc vi mt phng 

1 0x y z + + =  ;  

e) i qua im M(a ;  b ;  c) (vi abc    0) v song song vi mt mt phng to  ;  

g)  i qua im G(1  ;  2  ;  3 )  v ct cc  trc to  ti cc  im A ,  B,  C  sao 

cho G  l trng tm tam gic ABC  ;  

h)  i qua im H(2 ;  1  ;  1 )  v ct cc  trc  to  ti cc  im A ,  B,  C  sao 

cho H l trc tm ca tam gic  ABC.  

16.  Xt v tr tng i ca mi cp mt phng cho bi cc phng trnh sau :  

 a)  x  +  2y    z  +  5  =  0  v  2x  +  3y    7z    4  =  0  ;  

 b)  x    2y  +  z    3  =  0  v  2x    y  +  4z    2 =  0 ;  

 c)  x  +  y  + z    1  =  0  v  2x  +  2y  +  2z  +  3  =  0 ;  

 d)  3x    2y  +  3z  +  5  =  0  v  9x    6y    9z    5  =  0 ;  

 e)  x    y  +  2z    4  =  0  v  1 0x    1 0y  +  20z    40 =  0.  

17.  Xc nh gi tr ca m  v n   mi cp mt phng sau y song song :  

a)  2x  +  ny  +  2z  +  3  =  0  v  mx  +  2y    4z  +  7  = 0 ;  

b)  2x  +  y  +  mz    2  =  0  v  x  +  ny  +  2z  +  8  =  0.  
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18.  Cho hai mt phng c phng trnh l 

2x    my  +  3z    6  + m  =  0 

v     (m  + 3 )x    2y  +  (5m  +  1 )z    1 0 = 0.  

Vi gi tr no ca m  th :  

a)  Hai mt phng  song song ;  

b)  Hai mt phng  trng nhau ;  

c)  Hai mt phng  ct nhau ;  

d)  Hai mt phng  vung gc ?  

19.  Tm tp hp cc im cch u hai mt phng ()  v (')  trong mi trng 
hp sau :   

a)  ()  :  2x    y  + 4z  +  5  =  0,     (')  :  3x  +  5y    z    1  =  0 ;  

b)  ()  :  2x  +  y    2z    1  =  0,     (')  :  6x    3y  + 2z    2  =  0 ;  

c)  ()  :  x  +  2y  +  z    1  = 0,      (')  :  x  +  2y  + z  + 5  = 0.  

20.  Tm khong cch gia hai mt phng  

Ax +  By +  Cz +  D  =  0    v  Ax +  By +  Cz +  D' =  0  

vi D   D'.  

21.  Tm im M  trn trc Oz  trong mi trng hp sau :  

a)  M  cch u im A(2 ;  3  ;  4)  v mt phng 2x  +  3y  +  z    1 7  =  0 ;  

b)  M  cch u hai mt phng x  +  y    z  + 1  = 0 v x    y  +  z  +  5  = 0.  

22.  Cho t din OABC  c cc  tam gic OAB,  OBC,  OCA  l nhng tam gic 

vung nh O.  Gi ,  ,   ln lt l gc gia mt phng (ABC)  v cc  mt 
phng (OBC), (OCA), (OAB).  Bng phng php to , hy chng minh :  

a)  Tam gic  ABC  c ba gc nhn ;  

b)  
2 2 2cos cos cos 1  + + = .  

23.  Vit phng trnh mt phng song song vi mt phng 4x + 3y   1 2z  + 1  = 0 
v tip xc vi mt cu c phng trnh :  

x
2
 +  y

2
 + z

2
   2x    4y   6z    2  =  0.  
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1 .  Phng trnh tham s v phng trnh  chnh tc ca ng thng  

Trong khng gian Oxyz,  cho ng thng d  i  

qua im M0(x0  ;  y0  ;  z0)  v c vect ch  

phng ( ; ; )u a b c  (h.66).  V 0u   nn ta phi 

c 
2 2 2 0a b c+ + > .  

Ta bit rng iu kin cn v   im 

( ); ;M x y z  nm trn ng thng d l vect 

0M M


 cng phng vi vect u ,  tc l c s 

t  R  sao cho  0M M tu=


.  Ch  rng 

0 0 0 0( ; ; )M M x x y y z z=   


 

nn iu kin ni trn tng ng vi :   

0

0

0

, .

x x at

y y bt t

z z ct

= +


= + 


= +

           (1 )  

H phng trnh (1 )  c gi l phng trnh tham s ca ng thng d  

vi tham s t.  Vi mi t   ,  h  phng trnh trn cho ta to  (x  ;  y  ;  z)  

ca mt im nm trn d.  

Ngc li,  mi h phng trnh dng (1 )  vi a
2
 + b

2
 +  c

2
 > 0 u l phng 

trnh tham s ca ng thng d i qua im (x0  ;  y0  ;  z0)  v c vect ch 

phng l ( ; ; )u a b c .  

T nay,  n gin,  trong phng trnh (1 )  ta khng vit t   .  

 

 

 

 

 

 

 

Hnh 66 
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1   

Cho ng  thng  d c phng trnh  tham s :  

1 2

2

2 .

x t

y t

z t

= 

 = +


=

 

a)  Hy tm to  mt vect ch phng ca  d.  

b) Xc nh  to  ca cc im thuc d ng vi  gi tr  t  =  0,  t =  1 ,  t =  2.  

c) Trong cc im  A(3  ;  1  ;  2),  B(3  ;  4 ;  2) ,  C(0 ;  2,5  ;  1 ) ,  im no thuc  d,  im 
no khng  ?   

Xt ng thng d c  phng trnh tham s (1 ).  

Trong trng hp abc   0,  bng cch kh t t cc  phng trnh ca h (1 ),  
ta c :  

0 0 0x x y y z z

a b c

  
= = ,  vi abc   0.       (2)  

H phng trnh (2)  c gi l phng trnh chnh tc  ca ng thng d.  

Ngc li,  mi h phng trnh nh th u l phng trnh chnh tc ca mt 
ng thng hon ton xc nh,  l ng thng i qua im (x0  ;  y0  ;  z0)  

v c mt vect ch phng l ( ; ; ).u a b c   

2  

Cho hai  mt phng  ( )  v ( )'  c phng  trnh  :  

( )

( )

: 2 2 4 0

' : 2 5 0.

x y z

x y z





+ +  =

  + =
 

a)  Hy g ii  thch  ti  sao hai  mt phng  ( )  v ( )'  ct nhau.  

b)  Gi  d l   g iao tuyn  ca hai  mt phng  ( )  v ( )' .  Hy tm  to  ca mt 

im thuc d v xc nh  to  ca mt vect ch phng  ca d.  

c)  Vit phng  trnh  tham s v chnh  tc ca ng  thng  d.  

2.  Mt s v d   

V d 1.  Vit phng trnh tham s ca ng thng d i qua hai im 
phn bit A(1  ;  0 ;  2)  v A'(2 ;  1  ;  1 ).   

Gii  

Vect =' (1 ; 1 ; 3)AA


 l mt vect ch phng ca d,  ngoi ra d i qua im A  

nn d c phng trnh tham s l  



 93  

 

1

2 3 .

= +


=
 =  +

x t

y t

z t

     

V d 2.  Trong khng gian to  ,Oxyz  cho t din ABCD  vi 

( )0 ; 0 ; 2A = ,  ( )3 ; 0 ; 5B = ,  ( )1 ; 1 ; 0C = ,  ( )4 ; 1 ; 2D = .  

a)  Vit phng trnh tham s ca ng cao t din ABCD h t D.  

b)  Tm to  hnh chiu H ca D trn mt phng ( )ABC .  

Gii 

a)  Ta c ( )3 ; 0 ; 3AB =


,  ( )1 ; 1 ; 2AC


=  .   

V ( ), 3 ; 9 ; 3AB AC = 
 

 

 nn mt vect php tuyn ca mt phng (ABC)  

l  ( )1 ; 3 ; 1n =   .  

Vy phng trnh tham s ca ng cao d h t D  ca t din l  

4

: 1 3

2 .

x t

d y t

z t

= +


= 
 = 

 

b)  Mt phng ( )ABC  c vect php tuyn  ( )1 ; 3 ; 1n =    v i qua 

( )0 ; 0 ; 2A  nn c phng trnh l  

( ) ( ) ( )1 0 3 0 1 2 0x y z     =  

hay 3 2 0x y z  + = .  

Hnh chiu H ca D  trn mt phng ( )ABC  l giao im ca ng thng  d 

vi mt phng  ( )ABC .   tm to  im  H,  ta gii h gm cc phng 

trnh ca ng thng d  v mp ( )ABC  :  

 

4

1 3

2

3 2 0.

x t

y t

z t

x y z

= +


= 


= 
   + =

 

 



 94 

Thay cc  gi tr  ca , ,x y z  trong ba phng trnh u vo phng trnh 

cui,  ta c ( ) ( )4 3 1 3 2 2 0t t t+     + = .   T  suy ra 
1
11

t =    Do  

 


=  =




= + =



= + =


1 434
11 11
3 14

1
11 11
1 23

2 .
11 11

x

y

z

   

Vy  
43 14 23

; ;
11 11 11

H 
=  

 
.   

V d 3.  Cho hai mt phng ()  v ( ')  ln lt c phng trnh  

x +  2y   z  +  1  =  0    v   x +  y +  2z +  3  =  0.  

Chng t rng hai mt phng  ct nhau v vit phng trnh tham s ca 
giao tuyn hai mt phng .   

Gii  

Hai mt phng  cho ct nhau v  b ba s (1  ;  2  ;  1 )  khng t  l  vi b ba 
s (1  ;  1  ;  2).   

Gi d l ng thng giao tuyn ca chng.  ng thng d gm cc im 

M(x ;  y  ;  z) va thuc ()  va thuc (')  nn to  ca M l nghim ca h :   

       
2 1 0

2 3 0.

x y z

x y z

+  + =


+ + + =
        (1 )  

By gi ta c th vit phng trnh tham s ca d bng mt trong cc cch 
sau y :  

Cch 1 .  Tm to  mt im A thuc d v mt vect ch phng ca n ri 
vit phng trnh tham s ca d.  

C th l,  trong h (1 )  cho 0z =  ri tm x  v y,  ta c 5, 2x y=  = .  

Vy im ( )5 ; 2 ; 0A   thuc d.  

Gi ( )1 1 ; 2 ; 1n


=   l vect php tuyn ca mt phng ( ) ,  ( )2 1 ; 1 ; 2n =


 

l vect php tuyn ca mt phng ( )' .  ng thng d vung gc  vi hai 

vect 1n


 v 2n


 nn n c vect ch phng l 1 2,u n n =
 

 

 =   (5  ;  3  ;  1 ).  
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Vy,  phng trnh tham s ca ng thng d  l  

5 5

2 3

.

x t

y t

z t

=  +


= 


= 

 

Cch 2 .  Tm to  hai im phn bit A  v A' thuc d ri vit phng 
trnh ng thng i qua hai im .   

C th l :  Trong h (1 )  cho z  =  0,  ta tm c 5, 2x y=  = .  Vy im 

A(5  ;  2  ;  0)  thuc d.   

Li cho z  =  1 ,  ta c x  =  10,  y  =  5 .  Vy A ' (10 ;  5  ;  1 )  cng thuc d.   

Vect ch phng ca d l ' ( 5 ; 3 ; 1)AA = 



 nn d c phng trnh tham s l :  

         

10 5

5 3

1 .

x t

y t

z t

=  


= +


= +

 

Cch 3 .  Trong h (1 )  cho z =  t ri tm x v y theo t,  ta c  

       

5 5

2 3

.

x t

y t

z t

=  


= +


=

 

 cng l phng trnh tham s ca ng thng d.   

V d 4.  Cho hai ng thng d1  v d2  ln lt c phng trnh l 

d1  :  1 4

6 6

x t

y t

z t

=


=  


= +

  v   d2  :  
1 2 .

2 1 5
yx z +

= =


 

Vit phng trnh chnh tc ca ng thng d3  i qua im M(1  ;  1  ;  2),  

vung gc vi c d1  v d2.  

Gii  

Cc  ng thng d1  v d2 ln lt c vect ch phng l  

1 (1 ; 4 ; 6)u 



 v 2 (2 ; 1 ; 5 ).u 
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ng thng 3d  vung gc vi c d1  v d2  nn mt vect ch phng ca 

3d  l 3 1 2,u u u =
 

  

.  Ta tnh c ( )3 14 ; 17 ; 9u =


 v do ,  3d  c  phng 

trnh chnh tc l  

 
11 2

14 17 9
yx z+ 

= = .   

3.  V  tr tng i  gia hai  ng  thng  

Trong khng gian,  cho ng thng d i  qua im M0,  c vect ch phng 

u  v ng thng d' i qua im 0M ,  c vect ch phng 'u


.  Da vo ba 

vect , 'u u


 v 0 0M M


,  ta c th bit c v tr tng i gia hai ng 

thng d v d'.  

 

 

 

 

 

 

 

 

 

 

 

 

Hnh 67 

C th l :  

a)  d v d' trng nhau khi v ch khi ba vect , 'u u


 v 0 0M M


 i mt cng 

phng (h.67a).  

b)  d // d' khi v ch khi u  v 'u


 cng phng nhng khng cng phng vi 

0 0M M


 (h.67b).  



 97  

c)  d v d' ct nhau khi v ch khi u  v 'u


 khng cng phng,  ng thi 

ba vect , 'u u


 v 0 0M M


 ng phng (h.67c).  

d)  d v d' cho nhau khi v ch khi d,  d' khng ng phng,  hay khi v ch 

khi ba vect , 'u u


 v 0 0M M


 khng ng phng (h.67d).  

Vy ta c :   

d v d' trng nhau  '
0 0, ' v i mt cng phng u u M M





  

   0 0', ' , 0.u u u M M  = =   
 

 

d // d' 
0 0 0 0

, ' 0v  ' cng phng

v  ' khng cng phng ', 0.

  =  
  

     

u uu u

u M M u M M







   

d v d' ct nhau 
 

 0 0

v ' khng cng phng

, ' v  ' ng phng

u u

u u M M



 

  

0 0

, ' 0

, ' . ' 0 .

    
 

  = 

u u

u u M M



 

  

d  v d' cho nhau  0 0, ' v  ' khng ng phngu u M M
 

 

0 0, ' . 0u u M M   
 

.   

? Khi no hai ng thng d v 'd  ni trn vung gc vi nhau ?  

V d 5.  Trong khng gian Oxyz,  xt cp ng thng dm,  d'm c  phng 

trnh l  

:md  

1

2

1 3

x mt

y m t

z m t

= +


= +
 =  

    ' :md  

2 '

'

1 ' .

= 


=
 =  +

x m t

y mt

z m t

 

Xc nh v tr tng i gia hai ng thng  tu theo gi tr ca m.  
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Gii  

ng thng dm  i  qua im M(1  ;  m ;  1    m)  v c vect ch phng l 

( ; 2 ; 3)u m=  .  ng thng d'm  i qua im M'(m  ;  0 ;  1   m) v c vect ch 

phng l ' ( 2 ; ; 1)u m


=  .  Ta c ' ( 1 ; ; 0)MM m m=  


.  

T  ta tnh c 

  = 
2, ' . ' 4u u MM m

 

   7m   2 =  4(m   2)
1

4
m


+ 

 
.  

Vy :  

Nu 2m   v 
1

4
m    th hai ng thng  cho cho nhau ;  

Nu m =  2  th (2 ; 2 ; 3)u =   v ' ( 2 ; 2 ; 1)u = 


 khng cng phng,  

suy ra hai ng thng  cho ct nhau ;  

Nu m  = 
1

4
 th  

1
; 2 ; 3

4
u


=   

 
 v 

1
' 2 ; ; 1

4
u


=   

 



 cng khng 

cng phng,  suy ra hai ng thng  cho ct nhau.      

  Ch   
Nu bit phng trnh ca hai ng thng d v d' th ta cng c 
th xt v tr tng i gia chng bng cch gii h gm cc 
phng trnh xc nh d v d  tm giao im.  

Nu h phng trnh c nghim duy nht th d v d' ct nhau.  

Nu h phng trnh c v s nghim th d v d' trng nhau.  

Nu h phng trnh v nghim th d v d' song song hoc  cho 
nhau,  song song nu hai vect ch phng ca chng cng 
phng,  cho nhau nu hai vect  khng cng phng.  

V d 6.  Cho ng thng d l giao tuyn ca hai mt phng 

( ) :  x +  y = 0    v    ( )' :  2x   y  +  z   1 5  =  0  

v ng thng d' c phng trnh  

1

2 2

3.

x t

y t

z

 = 


= +


=

 

Xc nh v tr tng i gia hai ng thng d v d'.   
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Gii  

Cch 1  

Trong h gm hai phng trnh ca hai mt phng ( )  v ( )' ,  ta cho 

0x =  th y  =  0 v z  =  1 5.  Vy im M(0 ;  0  ;  1 5)  nm trn d.  

Li cho x  =  1  th y  =  1  v z  = 12.  Vy im N(1  ;  1  ;  12)  nm trn d.  

Nh vy d l ng thng i qua M  v c vect ch phng  

(1 ; 1 ; 3)u MN= =  


.  

ng thng d' i  qua M'(1  ;  2 ;  3 )  v c vect ch phng  

' ( 1 ; 2 ; 0)u = 


.  

Ta c ' (1 ; 2 ; 12)MM = 


.  

D thy rng ' 4 3 'MM u u


= +


,  tc  l ba vect , ', 'u u MM
 

 ng phng.  

Ngoi ra hai vect , 'u u


 khng cng phng.  

T  suy ra hai ng thng d  v d' ct nhau.  

Cch 2  

Mt phng ()  c vect php tuyn l ( )1 1 ; 1 ; 0n


.  

Mt phng (')  c vect php tuyn l ( )2 2 ; 1 ;1n 


.  

Do ,  vect ch phng ca d l 1 2, =
 

u n n
 

( )1 ; 1 ; 3=   .  

ng thng d  c  vect ch phng l ( )' 1 ; 2 ; 0u = 


.  

Ta c ( ), ' 6 ; 3 ; 1 0u u  = 
 



.  

Mt khc,  im ( )0 0 ; 0 ; 15 ,M d  im ( )'
0 1 ; 2 ; 3 ',M d  

( )0 0
' 1 ; 2 ; 12M M = 



.  

Ta suy ra   0 0
', ' . 0u u M M =

 





.  

Vy hai ng thng d v d' ct nhau.  
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Cch 3  

 tm to  giao im ca d v d',  ta gii h phng trnh sau y :  

0

2 15 0

1

2 2

3.

x y

x y z

x t

y t

z

+ =


 +  =


= 


= +


=

 

Bng cch thay cc gi tr  ca x,  y,  z   ba phng trnh cui vo hai phng 
trnh u ca h,  ta c 

2(1 ) (2 2 ) 3 15 0

1 2 2 0

4 12 0
3.

3 0



  + +  =


 + + =

 =
  = 

+ =

t t

t t

t
t

t

 

Khi  x  =  4,  y  =    4,  z  =  3 .  

Vy hai ng thng d v d' ct nhau ti im (4 ;    4 ;  3 ).   

4.  Mt s bi  ton v tnh  khong cch  

Ta  c cc cng thc  tnh khong cch gia hai im v khong cch 

t mt im ti mt mt phng.  By gi,  ta xt khong cch t mt im 

ti mt ng thng v khong cch gia hai ng thng cho nhau.  

Bi ton 1.  Tnh khong cch h  t mt 

im M n ng thng d i qua im 

0M  v c vect ch phng u .   

Cch gii 

Gi U l im sao cho 0M U u=


 (h.68).  

Nu M d  th din tch S  ca hnh bnh 

hnh c hai cnh M0M  v M0U l 

 

 

 

 

 

 

 

 

 

Hnh 68 



 1 01  

S  = 0 0 0, ,M M M U M M u =   
  

.  

V khong cch h  cn tm l chiu cao ca hnh bnh hnh ng vi cnh 

M0U nn ta c 

 
0 ,

.
M M u

h
u

 
=



 

Nu M d  th hin nhin h = 0 v cng thc ni trn vn ng.    
3  

Tnh  khong  cch  t im ( )4 ; 3 ; 2M   n  ng  thng  d c phng  trnh  

2 2

3 2 1

x y z+ +
= =


.  

Bi ton 2.  Tnh khong cch h gia hai ng thng cho nhau 1d  v 2d ,  

bit 1d  i qua im 1M  v c vect ch phng 1u


;  2d  i qua im 2M  v 

c vect ch phng 2u


.  

Cch gii (h.69)  

Ly cc  im U1  v U2  sao cho 

1 1 1 2 2 2;M U u M U u= =
   

.  Xt hnh hp 

c ba cnh l M1U1 ,  M2U2,  M1M2.  Ta 

bit rng th tch V  ca hnh hp  l 

1 1 2 2 1 2, .V M U M U M M=  
  

  

 =  1 2 1 2, . .u u M M 
  

 

 

Nu ta xem M1M2  l cnh bn ca hnh hp  th din tch mt y ca 

hnh hp l S  =  1 2,u u 
 

 

.  Khi ,  khong cch h  gia hai ng thng d1  

v d2  chnh l chiu cao ca hnh hp.  Vy ta c :  

h  =  
1 2 1 2

1 2

, .

,

u u M M

u u


 


 

  

 

.     

Hnh 69 
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4  

Hy tnh  khong  cch  g ia hai  ng  thng  cho nhau  1 2,d d  c phng trnh  

nh sau  :  

1
1 6

:
1 2 3

x y z
d

 
= =   v  

2

1

: 2

3 .

x t

d y t

z t

= +


=  +

 = 

 

Cu hi  v bi  tp 

24.  Vit phng trnh tham s v chnh tc  (nu c)  ca cc  ng thng 
sau y :  

a)  Cc trc ta  Ox,  Oy  v Oz  ;  

b)  Cc ng thng i qua im M0(x0  ;  y0  ;  z0)  (vi 0 0 0. . 0x y z  )  v song 

song vi mi trc to  ;  

c)  ng thng i qua M(2 ;  0  ;  1 )  v c vect ch phng ( 1 ; 3 ; 5)u   ;  

d)  ng thng i qua N(2 ;  1  ;  2)  v c vect ch phng (0 ; 0 ; 3)u  ;  

e)  ng thng i qua N(3  ;  2  ;  1 )  v vung gc vi mt phng 

2x    5y  +  4 =  0 ;  

g)  ng thng i qua hai im P(2 ;  3  ;  1 )  v Q(1  ;  2 ;  4).  

25.  Vit phng trnh tham s, chnh tc (nu c) ca cc ng thng sau y :  

a)  ng thng i qua im (4 ;  3  ;  1 )  v song song vi ng thng c 
phng trnh :  

 

1 2

3

3 2 .

x t

y t

z t

= +


= 


= +

  

 b)  ng thng i qua im (2 ;  3  ;  1 )  v song song vi ng thng c 
phng trnh :  

12 2
2 1 3

yx z+ +
= = .  

26.  Vit phng trnh hnh chiu vung gc ca ng thng  

d  :  
21 3

2 3 1
yx z+ 

= =   

trn mi mt phng to .  
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27.  Cho ng thng d :  8 4

3 2

x t

y t

z t

=


= +

 = +

 v mt phng (P) :  x + y  + z   7  = 0.  

a)  Tm mt vect ch phng ca d v mt im nm trn d.  

b)  Vit phng trnh mt phng i qua d  v vung gc vi mp(P).  

c)  Vit phng trnh hnh chiu vung gc  ca d trn mp(P).   

28.  Xc  nh v  tr tng i gia cc cp ng thng d  v d' cho bi 
phng trnh :  

a)  d  :  
1 3

7
2 4

x z
y

 
=  =  ;      d' :  

13 2
.

6 2 1
yx z+ +

= =


 

b)  d :  3 4

3 3

=


=  


=  

x t

y t

z t

  
d' l giao tuyn ca hai mt phng  :   

 ( ) : 0x y z +  = ,  

 ( ) : 2 2 0' x y z  + = .  

29.  Vit phng trnh ng thng i qua A(1  ;  1  ;  1 )  v ct c hai ng 
thng sau y :  

 d :  

= +


=

 = 

1 2

3 ;

x t

y t

z t

    d' :  

'

1 2 '

2 ' .

=


=  


= +

x t

y t

z t

 

30.  Vit phng trnh ng thng song song vi ng thng d1  v ct c hai 

ng thng d2 v d3 ,  bit phng trnh ca d1 ,  d2  v d3  l :  

 d1  :  

1

2 4

1

x

y t

z t

=


=  +


= 

 ;   d2  :  
21 2

1 4 3
yx z+ 

= =  ;   d3  :  

4 5 '

7 9 '

' .

x t

y t

z t

=  +


=  +


=

 

31.  Cho hai ng thng :  

 d1  :  

8

5 2

8

x t

y t

z t

= +


= +

 = 

  v  d2  :  
13 1

.
7 2 3

yx z 
= =  

a)  Chng t  rng hai ng thng  cho nhau.  

b) Vit phng trnh mt phng i qua gc to  O,  song song vi c d1  v d2.  
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c)  Tnh khong cch gia hai ng thng d1  v d2.  

d)  Vit phng trnh ng vung gc chung ca hai ng thng .  

32.  Cho ng thng d  v mt phng ()  c phng trnh :  

 d  :  
12 1

2 3 5
yx z+ 

= =  ;    ()  :  2x  +  y  +  z    8  =  0.  

a)  Tm gc gia d v ().  

b)  Tm to  giao im ca d v ().  

c)  Vit phng trnh hnh chiu vung gc  ca d trn ().  

33.  Cho ng thng   v mp(P)  c phng trnh :   

  :  
21 3

1 2 2
yx z 

= =  ;    (P)  :  2x  +  z    5  =  0.  

a)  Xc nh to  giao im A  ca   v (P).  

b)  Vit phng trnh ng thng i qua A,  nm trong (P)  v vung gc vi .  

34.  a) Tnh khong cch t im M(2 ;  3  ;  1 )  n ng thng   c phng trnh :  

12 1
1 2 2

yx z+ +
= =


.  

 b)  Tnh khong cch t im N(2 ;  3  ;  1 )  n ng thng   i  qua im 

0
1 3
; 0 ;

2 4
M


  

 
 v c vect ch phng ( )4 ; 2 ; 1u   .  

35.  Tm khong cch gia hai ng thng sau :  

a)  d :  

1

1

1

x t

y t

z

= +


=  


=

  v    d' :  

2 3 '

2 3 '

3.

= 


=  +


=

x t

y t

z

 

b)  d :  
4 1

1 1 2
y zx  +

= =
 

     v    d' :  

'

2 3 '

4 3 ' .

x t

y t

z t

 = 


= +


=  +
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I  -  Kin thc cn  nh 

1.  To  ca vect v to  ca im 

+ Vect u  c  to  (x  ;  y  ;  z)   u xi y j zk= + + .  

+  im M  c  to  (x  ;  y  ;  z) OM xi y j zk= + +


.  

+  Nu im A  =  (xA  ;  yA  ;  zA)  v im B  =  (xB  ;  yB  ;  zB)  th 

( ); ;B A B A B AAB x x y y z z=   


.  

2.  Tch v hng v tch c hng.  

Cho ( ; ; )u x y z=  v ( ' ; ' ; ').v x y z=  

+  Tch v hng ca u  v v  l s :  . ' ' 'u v xx yy zz= + + .  

+  Tch c hng ca u  v v  l vect 

     , ; ;
' ' ' ' ' '

y z z x x y
u v

y z z x x y


  =   

 
.  

Vect ,u v    vung gc vi c u  v v .   

+ Mt s tnh cht :  u   v  . 0u v =  ;  

u  v v  cng phng  ,u v    =  0  ;   

 u ,  ,v w


 ng phng   ,u v   . 0w =


.  

+  Din tch hnh bnh hnh :  ,ABCDS AB AD =  
 

.  

+  Th tch hnh hp :  . ' ' ' ' , . 'ABCD A B C DV AB AD AA =  
  

.  

3.  Phng trnh mt cu.  

Phng trnh c dng 

x
2
 +  y

2
 + z

2
 +  2ax  +  2by  +  2cz  +  d =  0,  

vi iu kin a
2
 + b

2
 + c

2
 > d, l phng trnh mt cu c tm (a  ;  b  ;  c) v 

c bn knh R = 2 2 2a b c d+ +  .  
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4.  Phng trnh mt phng.  

Mt phng i qua im (x0  ;  y0  ;  z0)  vi vect php tuyn (A  ;  B  ;  C)  c 
phng trnh :  

 A(x    x0)  + B(y    y0)  +  C(z    z0)  =  0.  
Phng trnh 

Ax +  By +  Cz +  D  =  0,  vi A
2 
+ B

2 
+ C

2 
> 0 

l phng trnh ca mt phng c vect php tuyn l ( ; ; )n A B C .  

5.  Phng trnh ng thng  

Cho ng thng d  i  qua im ( )0 0 0 0; ;M x y z  v c vect ch phng 

( ; ; ).u a b c  Khi  :  

+  Phng trnh tham s ca d  l  

 
0

0

0 .

x x at

y y bt

z z ct

= +


= +


= +

 

+  Phng trnh chnh tc  ca d  (khi 0abc  )  l   

0 0 0x x y y z z

a b c

  
= = .  

6.  V tr tng i gia hai mt phng  

Nu ()  c phng trnh Ax  +  By  +  Cz  +  D  =  0 v (')  c phng trnh 

' ' ' ' 0A x B y C z D+ + + =  th  

+  ()  v (')  ct nhau khi v ch khi A  :  B  :  C    A' :  B' :  C' ;  

+  ()  v (')  song song khi v ch khi 
' ' ' '

A B C D
A B C D

= =   ;  

+  ()  v (')  trng nhau khi v ch khi 
' ' ' '

A B C D
A B C D

= = =  ;  

+  ()  v (')  vung gc vi nhau khi v ch khi ' ' ' 0AA BB CC+ + = .  

7.  V tr tng i gia hai ng thng 

Nu ng thng d  i  qua im M0,  c vect ch  phng u  v ng thng 

d' i qua im 0M ,  c vect ch phng 'u


 th :  

+  d  v d' trng nhau      = =   0 0, ' , 0u u u M M
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+  d  // d' 

0 0

, ' 0

, 0

u u

u M M

  =   
    





  

+  d v d' ct nhau 0 0, ' . 0

, ' 0

u u M M

u u

   =  
 

   

 



 

+  d v d' cho nhau 0 0, ' . 0.    u u M M
 

 

8.  Khong cch 

+ Khong cch gia hai im A(xA  ;  yA  ;  zA)  v B(xB  ;  yB  ;  zB)  l 

AB  =  ( ) ( ) ( )
2 2 2

.B A B A B Ax x y y z z +  +   

+ Khong cch t im M0(x0 ;  y0 ;  z0) n mt phng () c phng trnh  

Ax + By  + Cz + D  = 0 l 

d(M0,  ())  = 
0 0 0

2 2 2
.

Ax By Cz D

A B C

+ + +

+ +

 

+  Khong cch t im M1  n ng thng   i qua M0  v c vect ch 

phng u  l 

d(M1 ,  
0 1 ,

) .
M M u

u

  
 =



 

+  Khong cch gia hai ng thng cho nhau   v ' ,  trong    i  qua 

im M0  v c vect ch phng u ,  cn '  i  qua im 0'M v c vect ch 

phng 'u


 l 

0 0, ' . '
( , ')

, '

u u M M
d

u u

  
  =

  

 



.  

I I  -  Cu  hi  t kim tra 

1.  Cho bit to  ca hai im A,  B,  lm th no  tm :  

a)  To  ca vect AB


 ;  
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b)  Khong cch gia hai im A v B  ;  

c)  To  ca trung im on thng AB  ?  

2.  Cho to  bn nh ca mt hnh t din,  lm th no  tm :  

a)  To  ca trng tm t din ;  

b)  To  ca tm v bn knh mt cu ngoi tip t din ;  

c)  Th tch t din ;  

d)   di ng cao ng vi mt mt ca t din ?  

3.  Bng phng php to ,  lm th no  chng minh :  

a)  Hai vect cng phng ;  

b)  Ba vect ng phng ;  

c)  Ba im thng hng ;  

d)  Bn im khng ng phng ?  

4.  Trong mi trng hp sau,  hy nu cch vit phng trnh mt phng :  

a)  i qua ba im khng thng hng ;  

b)  i qua mt im v vung gc vi mt ng thng cho trc ;  

c)  i qua mt im v song song vi hai ng thng cho nhau cho trc ;  

d)  i qua mt ng thng v song song vi mt ng thng cho trc ;  

e)  i qua mt im v vung gc vi hai mt phng cho trc ;  

g)  Cha hai ng thng song song hoc ct nhau ;  

h)  i qua mt ng thng v vung gc vi mt mt phng cho trc.  

5.  Trong mi trng hp sau,  lm th no  vit phng trnh ng thng :  

a)  i qua mt im v c vect ch phng cho trc ;  

b)  i qua hai im phn bit cho trc ;  

c)  i qua mt im v vung gc vi mt mt phng cho trc ;  

d)  i qua mt im v song song vi hai mt phng ct nhau cho trc ;  

e)  i qua mt im v ct hai ng thng cho nhau cho trc ;  

g)  L ng vung gc chung ca hai ng thng cho nhau cho trc ?  

6.  Bng phng php to ,  lm th no  xc nh v tr tng i :  

a)  Gia hai mt phng ;  

b)  Gia hai ng thng ?  
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7.  Bng phng php to ,  lm th no  tnh khong cch :  

a)  T mt im n mt mt phng ;  

b)  T mt im n mt ng thng ;  

c)  Gia hai ng thng cho nhau ;  

d)  Gia hai ng thng song song ;  

e)  Gia hai mt phng song song ;  

g)  Gia ng thng v mt phng song song vi ng thng  ?  

8.  Trong mi trng hp sau,  lm th no  xc nh to  ca im :  

a)  L hnh chiu ca mt im trn mt mt phng cho trc ;  

b)  L hnh chiu ca mt im trn mt ng thng cho trc ;  

c)  i xng vi mt im cho trc qua mt mt phng cho trc ?  

I I I  -  Bi  tp 

1.  Cho bn im A(1  ;  6  ;  2),  B(4 ;  0 ;  6),  C(5  ;  0 ;  4) ,  D(5  ;  1  ;  3 ).  

a)  Chng minh rng bn im  khng ng phng.  

b)  Tnh th tch t din ABCD .  

c)  Vit phng trnh mp(BCD) .  

d)  Vit phng trnh mt cu tm A  tip xc  vi mp(BCD).  Tm to  
tip im.  

2.  Cho hai im A(1  ;  1  ;  2), B(3  ;  1  ;  1 )  v mt phng (P) :  x   2y  + 3z   5  = 0.  

a)  Tm to  im A' i xng vi im A  qua mp(P) .  

b)  Tm gc gia ng thng AB  v mp(P).  

c)  Vit phng trnh mt phng (Q)  i  qua A ,  B  v vung gc vi mp(P).  

d)  Tm to  giao im I ca ng thng AB  v mp(P).  Vit phng trnh 

ng thng   nm trong (P),  i qua I v vung gc vi AB.  

3.  Cho ng thng d  v mp(P)  c phng trnh :  

 d  :  

2
3
11
3

x t

y t

z t

= +

 =  +


=


   (P)  :  x    3y  + z    1  =  0.  
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a)  Vit phng trnh ng thng d'  l hnh chiu vung gc ca d trn 
mp(P).  

b)  Vit phng trnh ng thng d1  l hnh chiu song song ca d  trn 
mp(P)  theo phng Oz.  

 c)  Vit phng trnh ng thng i qua gc to  O ,  ct d v song song 
vi mp(P).  

4.  Cho im A(2 ;  3  ;  1 )  v hai ng thng :  

d1  :  

2

2

2

x t

y t

z t

=  


= +


=

    v    d2  :  
25

3 1 1
yx z+

= =


.  

a)  Vit phng trnh mp(P)  i qua A  v d1 .  

b)  Vit phng trnh mp(Q)  i qua A  v d2.  

c)  Vit phng trnh ng thng d i  qua A ,  ct c d1  v d2.  

d)  Tnh khong cch t A  n d2.  

5.  Cho hai ng thng :  

d :  
1 6

1 2 3
yx z 

= =     v    d' :  

1

2

3 .

x t

y t

z t

= +


=  +


= 

 

a)  Chng minh hai ng thng  cho nhau.  Tnh gc gia chng.  

b)  Tnh khong cch gia d v d'.  

c)  Vit phng trnh ng vung gc chung ca d v d'.  

d)  Vit phng trnh ng thng song song vi Oz,  ct c d v d'.  

6.  Cho hai ng thng :  

d :  

7 3

2 2

1 2

x t

y t

z t

= +


= +


= 

    v   d' :  
21 5

2 3 4
yx z+ 

= =


.  

 a)  Chng minh rng d v d' ng phng.  Vit phng trnh mt phng (P)  
cha chng.  

 b)  Tnh th tch hnh t din gii hn bi mp(P)  v ba mt phng to .  

 c)  Vit phng trnh mt cu ngoi tip t din ni trn.  
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7.  Cho hai ng thng :  

d  :  3

6

x t

y

z t

=


=

 = +

   v  d' :  

= +


= 

 = 

2 '

1 '

2 ' .

x t

y t

z t

 

a)  Chng minh rng d,  d' cho nhau v vung gc vi nhau.  

b)  Vit phng trnh mp(P)  i qua d  v vung gc vi d',  phng trnh 
mp(Q)  i qua d' v vung gc vi d.  

c)  Vit phng trnh chnh tc ca ng vung gc chung ca d v d'.  

8.  Cho hai mt phng (P)  v (Q)  ln lt c phng trnh :  

(P)  :  2x    y  +  z  +  2  =  0  v  (Q)  :  x  +  y  +  2z    1  =  0.  

a)  Chng minh rng (P)  v (Q)  ct nhau.  Tm gc gia hai mt phng .  

b)  Vit phng trnh ng thng d i  qua A(1  ;  2  ;  3),  song song vi c 

(P)  v (Q).  

c) Vit phng trnh mp(R) i qua B(1  ;  3  ;  4),  vung gc vi c (P)  v (Q).  

9.  Cho mt cu (S)  c phng trnh :  x
2
 +  y

2
 + z

2
   2x    4y    6z  =  0.  

a)  Tm to  tm mt cu v tnh bn knh mt cu.  

b)  Tu theo gi tr ca k,  hy xt v tr tng i ca mt cu (S)  v mp(P)  vi 

(P)  :  x  +  y    z  +  k  =  0.  

c)  Mt cu ct ba trc , ,Ox Oy Oz  ln lt ti ba im A,  B,  C  khc vi gc 

to  O .  Vit phng trnh mp(ABC).  

d)  Vit phng trnh mt phng tip xc vi mt cu (S)  ti im B.  

e)  Vit phng trnh mt phng tip xc vi mt cu (S)  v song song vi 

mt phng (Q)  c phng trnh 4x  +  3y    1 2z    1  =  0.   

10.  Cho hnh lp phng ABCD.A'B'C'D' c cnh bng 1 .  Trn cc tia AA',  AB,  
AD  (c  chung gc A),  ln lt ly cc im M,  N,  P  khc A  sao cho 
AM =  m,  AN  =  n  v AP  =  p.  

a)  Tm s lin h gia m,  n  v p  sao cho mp(MNP)  i qua nh C' ca hnh 

lp phng.  

b)  Trong trng hp mp(MNP)  lun i qua C',  hy tm th tch b nht ca 

t din AMNP.  Khi  t din AMNP  c tnh cht g ?  
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IV -  Cu hi  trc nghim 

1.   Cho ba im ( )2 ; 0 ; 0M ,  ( )0 ; 3 ; 0N  ,  ( )0 ; 0 ; 4P .  Nu MNPQ  l hnh 

bnh hnh th to  ca im Q  l 

(A)  ( )2 ; 3 ; 4   ;  (B)  ( )3 ; 4 ; 2  ;    

(C)  ( )2 ; 3 ; 4  ;   (D)  ( )2 ; 3 ; 4   .  

2.   Cho ba im ( )1 ; 2 ; 0A ,  ( )1 ; 0 ; 1B  ,  ( )0 ; 1 ; 2C  .  Tam gic ABC  l 

(A)  Tam gic cn nh A  ;   (B)  Tam gic vung nh A  ;  

(C)  Tam gic u ;   (D)  Khng phi nh (A),  (B),  (C).  

3.   Cho tam gic ABC  c ( )1 ; 0 ; 1A = ,  ( )0; 2 ; 3B = ,  ( )2 ; 1 ; 0C = .   di 

ng cao ca tam gic k t C  l  

(A)  26  ;  (B)  
26
2

 ;  (C)  
26
3

 ;   (D)  26 .  

4.   Ba nh ca mt hnh bnh hnh c to  l ( ) ( ) ( )1 ; 1 ; 1 , 2 ; 3 ; 4 , 6 ; 5 ; 2 .  

Din tch ca hnh bnh hnh  bng 

(A)  2 83  ;  (B)  83  ;  (C)  83  ;   (D)  
83
2

.  

5.   Cho ( ) ( ) ( )1 ; 0 ; 0 , 0 ; 1 ; 0 , 0 ; 0 ; 1A B C  v ( )2 ; 1 ; 1D   .  Th tch ca t 

din ABCD  l  

(A)  1  ;  (B)  2 ;  (C)  
1
3
 ;   (D)  

1
2
.  

6.   Cho ( ) ( ) ( )1 ; 2 ; 4 , 4 ; 2 ; 0 , 3 ; 2 ; 1A B C      v ( )1 ; 1 ; 1D .   di 

ng cao ca t din ABCD  k t nh D  l  

(A)  3  ;  (B)  1  ;  (C)  2 ;   (D)  
1
2
.  

7.   Cho bn im ( ) ( ) ( )1 ; 1 ; 1 , 1 ; 2 ; 1 , 1 ; 1 ; 2A B C  v ( )2 ; 2 ; 1D .  Tm I 

ca mt cu ngoi tip t din ABCD  c to  :  

(A)  
3 3 3
; ;

2 2 2


 
 

;  (B)  
3 3 3
; ;

2 2 2


 
 

;  

(C)  ( )3 ; 3 ; 3 ;   (D)  ( )3 ; 3 ; 3 .  



 1 1 3  

8.   Bn knh ca mt cu tm ( )3 ; 3 ; 4 ,I   tip xc vi trc Oy  bng  

(A)  5  ;    (B)  4 ;   

(C)  5  ;    (D)  
5
2
.  

9.   Mt cu tm ( )2 ; 1 ; 1 ,I   tip xc vi mt phng to  ( )Oyz  c phng 

trnh l 

(A)  ( ) ( ) ( )
2 2 2

2 1 1 4x y z +  + + =  ;  

(B)  ( ) ( ) ( )
2 2 2

2 1 1 1x y z +  + + =  ;  

(C)  ( ) ( ) ( )
2 2 2

2 1 1 4x y z+ + + +  =  ;    

(D)  ( ) ( ) ( )
2 2 2

2 1 1 2.x y z+ +  + + =  

10.  Cho ba im ( ) ( )1 ; 1 ; 3 , 1 ; 3 ; 2A B  v ( )1 ; 2 ; 3C  .  Mt phng ( )ABC  

c phng trnh l  

(A)  2 2 3 0x y z+ +  =  ;       (B)  2 3 3 0x y z +  =  ;  

(C)  2 2 9 0x y z+ +  =  ;       (D)  
2

2 2 9 0.x y z+ + + =  

11.  Cho ba im ( ) ( )1 ; 0 ; 0 , 0 ; 2 ; 0A B  v ( )0 ; 0 ; 3C .  Phng trnh no sau 

y khng phi l phng trnh mt phng ( )ABC  ?  

(A)  1
2 3
y z

x + + =  ;         (B)  6 3 2 6 0x y z+ +  =  ;  

(C)  6 3 2 6 0x y z+ + + =  ;       (D)  12 6 4 12 0.x y z+ +  =  

12.  Cho hai im ( )1 ; 3 ; 4A   v ( )1 ; 2 ; 2B  .  Phng trnh mt phng trung 

trc  ca on AB   l  

(A)  4 2 12 17 0x y z+   =  ;      (B)  4 2 12 17 0x y z+ +  =  ;  

(C)  4 2 12 17 0x y z   =  ;      (D)  4 2 12 17 0.x y z + + =  
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13.  Cho ( ) ( ) ( ); 0 ; 0 , 0 ; ; 0 , 0 ; 0 ; ,A a B b C c  a,  b,  c  l nhng s dng thay 

i sao cho 
1 1 1

2
a b c
+ + = .  Mt phng ( )ABC  lun i qua mt im c 

nh c to  l  

(A)  ( )1 ; 1 ; 1  ;  (B)  ( )2 ; 2 ; 2  ;  

(C)  
1 1 1
; ;

2 2 2


 
 

 ;  (D)  
1 1 1
; ;

2 2 2


   
 

.  

14.  Cho im ( )1 ; 2 ; 1A   v hai mt phng ( ) : 2 4 6 5 0P x y z+   =  v 

( ) : 2 3 0Q x y z+  = .  Mnh  no sau y l ng ?  

(A)  mp ( )Q  i qua A  v song song vi ( )P  ;  

(B)  mp ( )Q  khng i qua A  v song song vi ( )P  ;  

(C)  mp ( )Q  i qua A  v khng song song vi ( )P  ;  

(D)  mp ( )Q  khng i qua A  v khng song song vi ( ) .P  

15.  Cho im ( )1 ; 2 ; 5A  .  Gi M,  N,  P  l hnh chiu ca A  trn ba trc 

, ,Ox Oy Oz .  Phng trnh mt phng ( )MNP  l  

(A)  1
2 5
y z

x +  =  ;  (B)  1
2 5
y z

x + + = ;  

(C)  0
2 5
y z

x +  =  ;   (D)  1 0.
2 5
y z

x +  + =  

16.  Cho mt cu ( ) ( )2 2 2: 2 22 0S x y z x y z+ +  + +  =  v mt phng 

( ) : 3 2 6 14 0P x y z + + = .  Khong cch t tm I ca mt cu ( )S  ti mt 

phng ( )P  l 

(A)  1  ;  (B)  2 ;   (C)  3  ;     (D)  4.  

17.  Mt phng ( )P  ct ba trc , ,Ox Oy Oz  ti , ,A B C ;  trng tm tam gic ABC  

l ( ) 1 ; 3 ; 2G .  Phng trnh mt phng ( )P  l 

(A)  5 0x y z+   =  ;    (B)  2 3 1 0x y z   =  ;  

(C)  3 2 1 0x y z+  + =  ;   (D)  6 2 3 18 0x y z+  + = .  
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18.  Cho hnh lp phng . ' ' ' 'ABCD A B C D  

c  cnh bng 1 .  Gi M  l trung im 

ca cnh BC.  Tnh khong cch t A  ti 

mt phng ( )'A MD .   

Mt hc sinh lm nh sau :  

Bc 1 .  Chn h trc to  nh hnh 70.  

Ko di DM  ct AB  ti  E.  Khi   

( ) ( )0 ; 0 ; 0 , 2 ; 0 ; 0 ,A E= =  

( ) ( )0 ; 1 ; 0 , ' 0 ; 0 ; 1D A= = .  

Bc 2 .  Vit phng trnh mt phng ( )'A MD  :  

1 2 2 2 0
2 1 1

yx z
x y z+ + =  + +  = .  

Bc 3.  Khong cch ( )( )
2 2

, ' .
31 4 4


= =

+ +
d A A MD  

Bi gii trn ng hay sai ?  Nu sai th sai  bc no ?  

(A)  ng ;    (B)  Sai  bc 1  ;   

(C)  Sai  bc 2 ;    (D)  Sai  bc 3 .  

19.  Cho hai im ( )1 ; 1 ; 5A   v ( )0 ; 0 ; 1B .  Mt phng ( )P  cha A ,  B  v 

song song vi Oy  c  phng trnh l  

(A)  4 1 0x z + =  ;    (B)  4 1 0x y z+  + =  ;     

(C)  2 5 0x z+  =  ;   (D)  4 1 0.y z+  =  

20.  Mt phng ( )P  cha trc  Oz  v im ( )2 ; 3 ; 5A   c phng trnh l 

(A)  2 3 0x y+ =  ;   (B)  2 3 0x y =  ;    

(C)  3 2 0x y+ =  ;   (D)  3 2 0.x y z + =  

Hnh 70 
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21.  Cho mt phng ( )P  c  phng trnh 1 0x y  = .  im (2 ; 1 ; 2 )H   l 

hnh chiu vung gc ca gc to  O  trn mt mt phng ( )Q .  Gc  gia 

hai mt phng ( )P  v ( )Q  bng 

(A)  o30  ;  (B)  o45  ;  (C)  o60  ;   (D)  o90 .  

22.  Cho im ( )1 ; 2 ; 3A  v ng thng 
1

: 3.
3 4

yx
d z


= = +  

Phng trnh mt phng ( ),A d  l 

(A)  23 17 14 0x y z+  + =  ;  (B)  23 17 14 0x y z  + =  ;  

(C)  23 17 60 0x y z+ +  =  ;   (D)  23 17 14 0x y z +  = .  

23.  Cho hai ng thng 1
1 3

:
1 2 3

yx z
d

 
= =  v 

=


= +
 = +

2

2

: 1 4

2 6 .

x t

d y t

z t

 

Khng nh no sau y l ng ?  

(A)  1 2,d d  ct nhau ;   (B)  1 2,d d  trng nhau ;  

(C)  1 2//d d  ;   (D)  1 2,d d  cho nhau.  

24.  Cho mt phng ( ) : 3 1 0x y z + + + =  v ng thng 

1

: 2

2 3 .

x t

d y t

z t

= +


= 
 = 

 

To  giao im A  ca d  v ( )  l 

(A)  A(3  ;  0  ;  4)  ;   (B)  A(3  ;  4 ;  0)  ;  

(C)  A(3  ;  0 ;  4)  ;   (D)  A ( )3 ; 0 ; 4 .  

25.  Cho ng thng 

=

 = 
 = +

2

: 1

2 .

x t

d y t

z t
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Phng trnh no sau y cng l phng trnh ca ng thng  d ?  

(A)  

= 


= 


= +

2 2

3 ;

x t

y t

z t

  (B)  

= 


=  +
 = 

4 2

1

4 ;

x t

y t

z t

   

(C)  

= +


= 
 = +

4 2

1

4 ;

x t

y t

z t

  (D)  

2

1

2 .

x t

y t

z t

=

 = +
 = +

 

26.  Cho hai im ( )2 ; 3 ; 1A  ,  ( )1 ; 2 ; 4B  v ba phng trnh sau :  

(I)  

= 


= 


=  +

2

3

1 5 ;

x t

y t

z t

  (II)  
32 1

1 1 5
yx z +

= =


 ;    (III)  

1

2

4 5 .

x t

y t

z t

= 


= 


= +

 

Mnh  no sau y l ng ?  

(A)  Ch c (I)  l phng trnh ca ng thng AB ;  

(B)  Ch c (III)  l phng trnh ca ng thng AB  ;    

(C)  Ch c (I)  v (II)  l phng trnh ca ng thng AB ;  

(D)  C (I),  (II)  v (III)  u l phng trnh ca ng thng AB.  

27.  Cho ba im ( ) ( ) ( )1 ; 3 ; 2 , 1 ; 2 ; 1 , 1 ; 1 ; 3A B C .  Vit phng trnh ng 

thng   i qua trng tm G ca tam gic ABC  v vung gc vi mp ( )ABC .  

Mt hc sinh lm nh sau :  

Bc 1 .  To  trng tm G  ca tam gic ABC  l 

1 1 1
1

3
3 2 1

2
3

2 1 3
2.

3

G

G

G

x

y

z

+ +
= =


 + +

= =


+ + = =


 

Bc 2 .  Vect php tuyn ca mp ( )ABC  l ( ) = = 
 

, 3 ; 1 ; 0n AB AC
 

.  

Bc 3 .  Phng trnh tham s ca ng thng   l 

= 


= +


=

1 3

2

2.

x t

y t

z
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Bi gii trn ng hay sai ?  Nu sai th sai  bc no ?  

(A)  ng ;    (B)  Sai  bc 1  ;     

(C)  Sai  bc 2 ;    (D)  Sai  bc 3 .  

28.  Gi d l ng thng i qua gc to  O,  vung gc vi trc Ox  v vung 

gc vi ng thng   :  

= +


= 
 = 

1

2

1 3 .

x t

y t

z t

 

Phng trnh ca d l  

(A)  

=


=
 = 

3

;

x t

y t

z t

  (B)  

=

 = 
 = 

1

3

;

x

y t

z t

   

(C)  
1 3 1

yx z
= =


 ;    (D)  

0

3

.

=

 = 


=

x

y t

z t

 

29.   Cho ng thng d :  

3 4

1

4 2

x t

y t

z t

= +


=  
 = +

 v mt phng (P)  :  x  +  2y    z  +  3  =  0.  

Trong cc mnh  sau,  mnh  no ng ?  

(A)  d  song song vi (P)  ;   (B)  d ct (P)  ;  

(C)  d  vung gc vi (P)  ;   (D)  d nm trn (P).  

30.   Cho im ( )1 ; 1 ; 1A  v ng thng d :  

= 


=  


=  +

6 4

2

1 2 .

x t

y t

z t

 

Hnh chiu ca A  trn d c to  l  

(A)  ( )2 ; 3 ; 1  ;   (B)  ( )2 ; 3 ; 1   ;   

(C)  ( )2 ; 3 ; 1  ;   (D)  ( )2 ; 3 ; 1 .  
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31.  Cho t din ABCD  c  ( ) ( ) ( )1 ; 0 ; 0 , 1 ; 1 ; 0 , 0 ; 1 ; 0A B C  v ( )0 ; 0 ; 2D .  

Tnh khong cch gia hai ng thng AC  v BD .  

Mt hc sinh lm nh sau :  

Bc 1 .  ( )1 ; 1 ; 0AC = 


,  ( )1 ; 1 ; 2BD =  


,  ( )0 ; 1 ; 0AB =


.  

Bc 2 .  ( ), 2 ; 2 ; 2 .AC BD =
 

 

 

Bc 3 .  ( )
, .

2 3
,

312,

AC BD AB
d AC BD

AC BD

 
 

= = =
 
 

  

 

.  

Bi gii trn ng hay sai ?  Nu sai th sai  bc no ?  

(A)  ng ;   (B)  Sai  bc 1  ;    

(C)  Sai  bc 2 ;   (D)  Sai  bc 3 .  

32.  Cho ( )2, 1, ,
3

u v u v


= = = .  Gc gia vect v  v vect u v  bng 

(A)  o30  ;  (B)  o45  ;   (C)  o60  ;   (D)  o90 .  

33.  Cho ( )2, 5, ,
6

u v u v


= = = .   di vect [ ],u v  bng  

(A)  1 0 ;  (B)  5  ;   (C)  8  ;   (D)  5 3 .  

34.  Mt phng 2 3 1 0x y z +  =  ct cc  trc to  ti  cc  im :   

(A)  ( )
1 1
; 0 ; 0 , 0 ; ; 0 , 0 ; 0 ; 1

2 3
 

   
   

;  

(B)  ( ) ( )
1

1 ; 0 ; 0 , 0 ; ; 0 , 0 ; 0 ; 1
3


 
 

 ;  

(C)  ( )
1 1
; 0 ; 0 , 0 ; ; 0 , 0 ; 0 ; 1

2 3
 

   
   

 ;  

(D)  ( )
1 1
; 0 ; 0 , 0 ; ; 0 , 0 ; 0 ; 1

2 3
 

    
   

.  
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35.  Cho ng thng 

9
5

: 5

7
3

5

x t

d y t

z t


=  

= +




=




 

v mt phng ( ) : 3 2 3 1 0P x y z +  = .  Gi d' l hnh chiu ca d trn (P).  

Trong cc vect sau,  vect no khng phi  l vect ch phng ca d' ?  

(A)  ( )5 ; 51 ; 39   ;       

(B)  ( )10 ; 102 ; 78   ;  

(C)  ( )5 ; 51 ; 39  ;        

(D)  (5  ;  51  ;  39).  

36.  Cho hnh lp phng . ' ' ' 'ABCD A B C D  

c  cnh bng 1 .  Gi M,  N,  P  ln lt l 

trung im ca ' ' , , ' .A B BC DD  Chng 

minh rng ( )'AC MNP .  

Mt hc sinh lm nh sau :  

Bc 1 .  Chn h trc to  nh  hnh 71 .   

Khi  ( ) ( )0 ; 0 ; 0 , ' 1 ; 1 ; 1 ,A C= =  

1
; 0 ; 1 ,

2
M


=  

 
 

1 1
1 ; ; 0 , 0 ; 1 ; .

2 2
N P

 
= =   

   
 

Bc 2 .  ( )' 1 ; 1 ; 1AC =


,  
1 1
; ; 1

2 2
MN


=  

 



,  
1 1
; 1 ;

2 2
MP


=   

 



.  

Bc 3.  
'. 0

'. 0

AC MN

AC MP

 =


=

 

 

 ( )' mpAC MNP  .  

Bi gii trn ng hay sai ?  Nu sai th sai  bc no ?  

(A)  ng ;  (B)  Sai  bc 1  ;    

(C)  Sai  bc 2 ;   (D)  Sai  bc 3 .  

Hnh 71  
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37.  Cho ng thng 

0

:

2 .

x

d y t

z t

=


=
 = 

 

Phng trnh ng vung gc chung ca d v trc Ox  l 

(A)  

=

 =
 =

1

;

x

y t

z t

 (B)  

=

 =
 =

0

2

;

x

y t

z t

   

(C)  

=

 = 


=

0

2

;

x

y t

z t

   (D)  

0

.

x

y t

z t

=

 =
 =

 

38.  Cho mt phng ( )P  :  2 3 14 0x y z  + =  v im ( )1 ; 1 ; 1 .M   To  

ca im 'M  i xng vi M  qua mp ( )P  l 

(A)  ( )1 ; 3 ; 7  ;    (B)  ( )1 ; 3 ; 7  ;     

(C)  ( )2 ; 3 ; 2   ;   (D)  ( )2 ; 1 ; 1 .  

39.  Cho im ( )0 ; 1 ; 3A   v ng thng 

= +


=


= 

1 2

: 2

.

x t

d y

z t

 

Khong cch t A  n d bng  

(A)  3  ;  (B)  14  ;   (C)  6  ;     (D)  8 .  

40.  Cho im ( ) 1 ; 2 ; 3M .  Gi 1 2 3, ,M M M  ln lt l im i xng ca 

M  qua cc mt phng ( ) ( ) ( ), ,Oxy Oxz Oyz .  Phng trnh mp ( )1 2 3M M M  l  

(A)  6 2 3 6 0x y z+ + + =  ;   (B)  6 2 3 6 0x y z + + =  ;  

(C)  6 3 2 6 0x y z + + =  ;   (D)  6 3 2 6 0x y z  + = .  
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41.  Cho mt cu ( ) ( ) ( ) ( )
2 2 2

: 1 3 2 49S x y z + + +  = .  Phng trnh no 

sau y l phng trnh ca mt phng tip xc vi mt cu ( )S  ?  

(A)  6 2 3 0x y z+ + =  ;   (B)  2 3 6 5 0x y z+ +  =  ;  

(C)  6 2 3 55 0x y z+ +  =  ;   (D)  2 2 7 0x y z+ +  = .  

42.  Cho mt cu ( ) 2 2 2: 2 4 6 0S x y z x y z+ +    = .  Trong ba im (0 ;  0 ;  0), 

(1  ;  2 ;  3 ),  (2 ;  1  ;  1 ),  c bao nhiu im nm trong mt cu ( )S  ?  

(A)  0 ;  (B)  1  ;  (C)  2 ;     (D)  3 .  

I  -  Bi  tp t lun  

1.  Cho hnh lng tr ABC.A'B'C' vi cnh bn khng vung gc vi mt y.  

Gi ()  l mt phng vung gc vi cc  cnh bn ca hnh lng tr v ct 

chng ti P,  Q,  R.  Php tnh tin theo vect 'AA


 bin tam gic PQR  thnh 
tam gic P'Q'R'.  

a)  Chng minh rng th tch V  ca hnh lng tr  cho bng th tch ca 
hnh lng tr PQR.P'Q'R'.  

b)  Chng minh rng . ',PQRV S AA=  trong  SPQR  l din tch tam gic PQR.  

2.  Cho t din ABCD  c  th tch V.  Hy tnh th tch ca hnh t din c nh 
l trng tm cc mt ca t din  cho.  

3.  Cho hnh hp ABCD.A'B'C'D' c th tch V.  Hy tnh th tch ca t din ACB'D'.  

4.  Chng minh rng trung im cc  cnh ca mt hnh t din u l cc  nh 
ca mt hnh tm mt u.  Hy so snh th tch ca t din u  cho v 
th tch ca hnh tm mt u .  

5.  Cho hnh vung ABCD  ni tip ng trn (O ;  R).  Gi H  l hnh gm cc 

im ca hnh trn (O  ;  R)  nhng khng nm trong hnh vung.  Tnh th 

tch hnh trn xoay sinh bi hnh H  khi quay quanh ng thng cha mt 

ng cho ca hnh vung.  
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6.  Cho lc  gic  u ABCDEF  cnh a.  

a)  Tnh th tch hnh trn xoay sinh bi lc  gic  khi quay quanh ng 
thng AD .  

b)  Tnh th tch hnh trn xoay sinh bi lc  gic  khi quay quanh ng 
thng i qua trung im ca cc  cnh AB  v DE.  

7.  Cho hnh tr c bn knh R  v ng cao 2.R  Gi AB  v CD  l hai ng 
knh thay i ca hai ng trn y m AB  vung gc vi CD .  

a)  Chng minh rng ABCD  l t din u.  

b)  Chng minh rng cc  ng thng AC,  AD ,  BC,  BD  lun tip xc vi 
mt mt tr c nh (tc l khong cch gia mi ng thng  v trc 
ca mt tr bng bn knh mt tr).  

8.  Trong khng gian to  Oxyz,  cho cc im A(1  ;  5  ;  3),  B(4 ;  2 ;  5),  

C(5  ;  5  ;  1 )  v D(1  ;  2  ;  4).  

a)  Chng t  rng bn im A ,  B,  C,  D  khng ng phng.  

b)  Vit phng trnh mt cu (S)  i qua bn im A ,  B,  C,  D .  Xc nh tm 

v tnh bn knh ca mt cu .  

c)  Vit phng trnh mt phng i qua ba im A,  B,  C  v tm khong cch 

t im D  ti mt phng .   

d) Vit phng trnh mt phng vung gc vi CD  v tip xc vi mt cu (S).  

e)  Tm bn knh cc ng trn giao tuyn ca mt cu (S)  v cc mt 

phng to .  

9.  Trong khng gian to  Oxyz,  cho ng thng   c  phng trnh 

11
2 1 3

yx z+
= =


.  

a)  Vit phng trnh hnh chiu ca   trn cc mt phng to .  

b)  Chng minh rng mt phng x  +  5y  +  z  +  4 =  0 i qua ng thng .  

c)  Tnh khong cch gia ng thng   v cc trc to .  

d)  Vit phng trnh ng vung gc chung ca hai ng thng   v  

          '  :  x  =  y  =  z.  

e)  Vit phng trnh ng thng song song vi Oz,  ct c   v ' .  
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10.  Trong khng gian to  Oxyz,  cho hai im A(1  ;  1  ;  2),  B(2 ;  0  ;  1 ).  

a)  Tm qu tch cc im M  sao cho 
2 2 2.MA MB =  

b)  Tm qu tch cc  im N  sao cho 
2 2 3.NA NB+ =  

c)  Tm qu tch cc  im cch u hai mt phng (OAB)  v (Oxy).  

11.  Trong khng gian to  Oxyz,  cho ng thng   c  phng trnh  

1

1

5

x at

y bt

z ct

= +


= +

 = +

  

trong  , ,a b c  thay i sao cho 2 2 2
c a b= + .  

a)  Chng minh ng thng   i  qua mt im c nh,  gc gia   v Oz 
l khng i.  

b)  Tm qu tch giao im ca   v mp(Oxy).  

12.  Cho hnh hp ch nht ABCD.A'B'C'D' vi AB  =  a,  BC  =  b,  CC' =  c.  

a)  Tnh khong cch t im A  ti mp(A'BD).  

b)  Tnh khong cch t im A' ti ng thng C'D .  

c)  Tnh khong cch gia hai ng thng BC' v CD'.  

I I  -  Cu  hi  trc nghim 

1.  Cho H l hnh chp t gic u S.ABCD .  Xt cc mt phng :  (SAC),  

(SAB),  (SBD),  (ABC) ,  (SOI),  trong  I l trung im ca AB,  O  l tm hnh 

vung ABCD .  Trong cc mt phng ,  c bao nhiu mt phng l mt 

phng i xng ca H  ? 

(A)  1  ;      (B)  2 ;     (C)  3  ;      (D)  4.  

2.  Gi H l lng tr lc gic u ABCDEF.A'B'C'D'E'F'.  Xt cc mt phng :  

mp(AA'D),  mp(ACA'),  mp(ABB'),  mt phng trung trc ca DD',  mt phng 

trung trc ca AB.  Trong cc mt phng ,  c bao nhiu mt phng l mt 

phng i xng ca H  ? 

(A)  1  ;      (B)  2 ;     (C)  3  ;      (D)  4.  
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3.  Cho khi lng tr tam gic ABC.A'B'C ' ,  M  l trung im ca cnh AB.  
Trong cc  ng thc sau y,  ng thc no sai  ?  

(A)  A'B'C'C MA'B'C'V V=  ;     (B)  ABCC' A'BCC'V V=  ;  

(C)  MA'B'C' A'ABCV V=  ;       (D)  
1
2MA'B'C' AA'B'C'V V= .  

4.  Cho khi lng tr tam gic  ABC.A'B'C'.  Trong cc ng thc sau y,  ng 
thc no sai  ?  

(A)  .
1
3A'BCC' ABC A'B'C'V V=  ;      (B)  . .

1
2A BB'C'C ABC A'B'C'V V= ;  

(C)  . 2A' BCC'B' AA'BCV V=  ;       (D)  . .C ABB'A' C' ABB'A'V V=   

5.  Cho khi chp t gic S.ABCD  v cc  im A',  B',  C',  D' ln lt nm trn 
cc  ng thng SA ,  SB,  SC,  SD  nhng khng trng vi S.  

Trong cc  mnh  sau y,  mnh  no ng ?  

(A)  .

.
. .S ABC

S A'B'C'

V SA SB SC

V SA' SB' SC'
=  ;  

(B)  .

.
. . .S ABCD

S A'B'C'D'

V SA SB SC SD

V SA' SB' SC' SD'
=  ;  

(C)  .

.

S ABCD

S A'B'C'D'

V SA SC SB SD

V SA' SC' SB' SD'
=  +   ;  

(D)  .

.

S ABCD

S A'B'C'D'

V SA SB SC SD

V SA' SB' SC' SD'
= + + +   

6.  Trong cc mnh  sau,  mnh  no ng ?  

(A)  Hnh lng tr ni tip mt mt cu nu y ca n l a gic ni tip ;  

(B)  Hnh lng tr ni tip mt mt cu nu tt c cc mt ca n u l a 
gic ni tip ;  

(C)  Hnh lng tr ni tip mt mt cu nu c mt bn vung gc vi 
mt y ;  

(D)  a din ni tip mt mt cu nu cc mt ca n u l a gic ni tip.  

7.  Trong cc mnh  sau,  mnh  no ng ?  

(A)  ng trn i qua ba im phn bit nm trn mt cu th nm hon 
ton trn mt cu ;  
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(B) C duy nht mt mt cu i qua 4 nh ca mt hnh thang cn cho trc ;  

(C)  Hnh chp c y l hnh thang vung lun lun ni tip mt mt cu ;  

(D)  C ba mnh  trn u sai.  

8.  Cho khi tr c bn knh 3a  v chiu cao 2 3.a  Th tch ca n l 

(A)  
3

4 2a  ;          (B)  
3

9 3a  ;      

(C)  
3

6 3a  ;          (D)  
2

6 3.a  

9.  y ca mt hnh chp l hnh vung c din tch bng 4.  Cc  mt bn ca 
n l nhng tam gic u.  Din tch ton phn ca hnh chp l 

(A)  4 4 3+  ;          (B)  8  ;       

(C)  1 6 ;            (D)  4 4 2.+  

10.  Mt hnh nn c ng sinh bng l  v bng ng knh y.  Bn knh hnh 
cu ni tip hnh nn l 

(A)  
1
3
l  ;            (B)  

3
6

l  ;      

(C)  
2
6

l  ;           (D)  
3

.
4
l  

11.  Mt hnh cu c th tch bng 
4

,
3


 ni tip mt hnh lp phng.  Th tch ca 

hnh lp phng  bng 

(A)  8  ;       (B)  4  ;      (C)  1  ;      (D)  2 3.  

12.  Cho hnh ch nht c hai nh A(2 ;  3  ;  0),  B(2 ;  3  ;  0)  v mt cnh nm trn 

trc Ox.  Khi trn xoay sinh bi hnh ch nht  khi quay quanh trc Oy c 
th tch l 

(A)  26  ;      (B)  1 2 ;      (C)  1 2  ;     (D)  
4
3

.  

13.  Cho hai vect u (1  ;  0 ;  2)  v v (0 ;  1  ;  1 ).  Trong cc vect sau,  vect no 

cng phng vi [ ],u v  ?  

(A)    a (1  ;  1  ;  1 )  ;        (B)    b (2 ;  1  ;  1 )  ;   

(C)    c (0 ;  1  ;  1 )  ;        (D)    d (2 ;  2 ;  1 ).  
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14.  Cho tam gic ABC  c din tch bng 6 nm trong mt phng ()  c phng 

trnh 2x    2y  +  z  +  5  =  0.  Th tch hnh chp S.ABC  vi S  =  (1  ;  1  ;  1 )  bng 

(A)    3 6  ;           (B)    1 2 2  ;      

(C)    8  ;            (D)    4.  

15.  Mt cu tm I(6 ;  3  ;  4),  tip xc vi trc Ox  c  bn knh l 

(A)    5  ;            (B)    2 3  ;      

(C)    4 3  ;           (D)    4.  

16.  Cho ng thng d c  phng trnh 

1 2

2

3 .

x t

y t

z t

= +


= 
 = +

 

Phng trnh tham s no sau y cng l phng trnh ca d ?  

(A)  

1

2

3

x t

y t

z t

= +


= 
 = +

          (B)  

3 4

1 2

4 2

x t

y t

z t

= +


= 
 = +

     

(C)  

2

1

2

x t

y t

z t

=

 = 
 = +

         (D)  

1 2

2

3 .

x t

y t

z t

= +


= +
 = 

 

17.  Cho hai ng thng 

1

: 2

3

x t

d y t

z t

= +


= +
 = 

 v 

1 2 '

' : 1 2 '

2 2 '

x t

d y t

z t

= +


=  +


= 

.  Khi  :  

(A)  d  ct 'd ;            (B)  d trng 'd ;     

(C)  d  v 'd cho nhau ;      (D)  d song song vi 'd .  

18.  Cho mt phng (P)  v mt cu (S)  c phng trnh 

( ) : 3 4 12 0+ + =P x z  ;     ( )
22 2( ) : 2 1+ +  =S x y z .  

Khi  :  

(A)  mp(P)  i qua tm mt cu (S)  ;  

(B)  mp(P)  tip xc vi mt cu (S)  ;  
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(C)  mp(P)  ct (S)  theo mt ng trn ;  

(D)  mp(P)  khng ct (S).  

19.  To  hnh chiu vung gc ca im ( )2 ; 0 ; 1M  trn ng thng  

1 2
:

1 2 1
yx z 

 = =  

l 

(A)  ( )1 ; 0 ; 2  ;    (B)  ( )2 ; 2 ; 3  ;   (C)  ( )0 ; 2 ; 1  ;   (D)  ( )1 ; 4 ; 0 .  

20.  Cho hai ng thng 

1 2

: 1

1

x t

d y t

z

= +


=  


=

 v 
22 3

' :
1 1 1

yx z
d

+ 
= =


.   

Khong cch gia d  v 'd  l  

(A)  
6
2

 ;            (B)  
14
2

 ;    

(C)  
1

6
 ;           (D)  2 .  

21.  Cho hai ng thng 

1

: 0

5

x t

d y

z t

= +


=
 =  +

 v 

=


= 


= +

0

' : 4 2 '

5 3 ' .

x

d y t

z t

 

Phng trnh ng vung gc chung ca d v 'd  l 

(A)

4 2

3

2 2

= +


=


=  +

x t

y t

z t

       (B)  

4

3

2

= 


=
 =  +

x t

y t

z t

  

(C)  4 2
2 3 2

yx z 
= =


 ;      (D)  4 2

2 3 2
yx z +

= =


.  

22.  Cho mt phng ( ) : ( 2) 2 0+ +  + + =P mx y n z m .  Vi mi ,m n ,  mt 

phng (P)  lun i qua im c nh c to  l 

(A)  ( )1 ; 2 ; 0  ;         (B)  ( )2 ; 1 ; 0  ;     

(C)  ( )0 ; 1 ; 2  ;         (D)  ( )1 ; 2 ; 0  .  
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23.  Cho mt cu ( ) 2 2 2: 2 4 4 0S x y z x y z+ +    = .  Mt phng tip xc vi 

( )S  ti im ( )3 ; 4 ; 3A  c phng trnh :  

(A)  4 4 2 17 0x y z+   =  ;    (B)  2 2 17 0x y z+ +  =  ;  

(C)  2 4 17 0x y z+ +  =  ;     (D)  17 0x y z+ +  = .  

I I I  -  Mt s  kim tra 

 I  

Cu 1.  Cho hnh chp t gic u S.ABCD  c cnh y bng a  v cnh bn 

bng 2a .  

a)  Tnh th tch ca hnh chp  cho.  

b)  Tnh bn knh mt cu ngoi tip hnh chp S.ABCD .  

c)  Gi A' v C' ln lt l trung im ca hai cnh SA  v SC.  Chng minh 

rng hai hnh chp A'.ABCD  v C'.CBAD  bng nhau.  

Cu 2.  Trong khng gian to  Oxyz,  cho cc im A(4 ;  1  ;  2),  B(1  ;  2 ;  2)  

v C(1  ;  1  ;  5).  

a)  Chng minh rng ABC  l tam gic u.  

b)  Vit phng trnh mp(ABC).  Tnh th tch khi t din gii hn bi 

mp(ABC)  v cc  mt phng to .  

c)  Vit phng trnh trc ca ng trn ngoi tip tam gic ABC.  

d)  Tm to  im D  sao cho ABCD  l t din u.  

 I I  

Cu 1.  Cho t din u ABCD  c cnh bng a.  Gi B',  C',  D' ln lt l trung 

im ca cc cnh AB,  AC  v AD .  

a)  Chng minh rng su im B,  C,  D ,  B',  C',  D' nm trn mt mt cu.  

Tnh bn knh ca mt cu .  

b)  Tnh th tch khi chp D.BCC'B'.  
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Cu 2.  Trong khng gian to  Oxyz,  cho cc im A(2 ;  0 ;  0),  A'(6 ;  0  ;  0),  

B(0 ;  3  ;  0),  B'(0 ;  4 ;  0),  C(0 ;  0  ;  4),  C'(0 ;  0  ;  3 ).  

a)  Vit phng trnh mt cu i qua bn im A ,  A',  B,  C.  Chng minh 

rng B' v C' cng nm trn mt cu .  

b)  Chng minh rng trc  tm H  ca tam gic  ABC,  trng tm G  ca tam 

gic A'B'C' cng nm trn mt ng thng i qua O.  Vit phng trnh 

ng thng .  

c)  Tnh khong cch t im O  ti giao tuyn ca mp(ABC')  v mp(A'B'C).  

 

 I I I  

Cu 1.  Cho hnh hp ABCD.A'B'C'D'.  Gi N  l im nm trn cnh AB  v ()  
l mt phng i qua ba im D ,  N,  B'.  

a)  Mt phng ()  ct hnh hp  cho theo thit din l hnh g ?  

b)  Chng minh rng mt phng ()  phn chia khi hp  cho thnh hai 

khi a din H1  v H 2  bng nhau.  

c)  Tnh t s th tch ca khi a din H 1  v th tch ca khi t din AA'BD .  

Cu 2.  Trong khng gian to  Oxyz, cho cc im A(1  ;  3  ;  1 )  v B( 2 ;  1  ;  3).  

a)  Chng t  rng hai im A  v B  cch u trc Ox.  

b)  Tm im C  nm trn trc Oz  sao cho tam gic  ABC  vung ti C.  

c)  Vit phng trnh hnh chiu ca ng thng AB  trn mp(Oyz).  

d)  Vit phng trnh mt cu i qua ba im O,  A ,  B  v c tm nm trn 

mp(Oxy).  
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Hng dn gii   p s 

Chng  I  

1.  Gi s cnh v s mt ca khi a din 
ln lt l C  v M.  Hy chng minh rng 

3M  =  2C.  

2.  Gi s cnh v s nh ca khi a din 
ln lt l C  v  .  Hy chng minh rng 

3  =  2C.  

3.  Gi A  l mt nh ca khi a din.  A  l 

nh chung cho ba cnh AB,  AC,  AD .  Mt 

cha cnh AB,  AC  phi l tam gic ABC.  

Tng t cc tam gic  ACD ,  ADB  u l 

mt ca khi a din,  suy ra mt th t l 
tam gic BCD.  T  suy ra kt qu bi ton.  

4.  Khi hp ABCD.A'B'C'D' c phn chia 

thnh nm khi t din :   

ABDA',  CBDC',  B'A'C'B,  D'A'C'D,  BDA'C'.  

5.  Ly im M  nm gia A  v B  ;  N  nm 
gia C  v D.  Bng hai mt phng (MCD)  
v (NAB),  khi t din ABCD  c phn 
chia thnh bn khi t din.  

6.  a)  ( )a P  hoc ( )a P .  

b)  a  // (P).  

c)  a  ct (P)  nhng khng vung gc vi (P).  

d)  Khng c trng hp no.  

7.  a) Cc mt phng i xng ca hnh chp t 
gic u S.ABCD l :  (SAC),  (SBD),  cc mt 
phng trung trc ca cc cnh AB v BC.  

b) Gi M,  N,  O  ln lt l trung im ca 
cc cnh AB,  BC,  CA  v S l giao im ca 
cc cnh AA',  BB',  CC' ca hnh chp ct 
tam gic u ABC.A'B'C' th cc mt phng 
i xng ca hnh chp ct l :  (SAN),  
(SBO),  (SCM).  

c)  C ba mt phng i xng l ba mt 
phng trung trc ca ba cnh xut pht t 
mt nh ca hnh hp ch nht.  

8.  a)  Ly lin tip hai php i xng qua 
mt phng trung trc ca cnh AA' v mt 
phng (BDD'B')  hoc s dng php i 

xng qua tm ca hnh lp phng.  

b)  Ly php i xng qua mt phng 
(ADC'B').  

9.  Nu php tnh tin theo vect v  bin hai  
im M,  N  ln lt thnh ' , 'M N  th  

' 'MM NN v


= =
 

,  do  ' 'MN M N=
 

,  suy 
ra ' 'MN M N= .  

Nu php i xng qua ng thng d  
bin hai im M,  N  ln lt thnh ', 'M N  

th ' ' 2MN M N HK


+ =
 

 (H v K ln lt 

l trung im ca MM' v NN')  v 

' ' ' 'MN M N N N MM = +
   

.  T  hy 

chng minh  

( ) ( )' ' ' ' 0MN M N MN M N+  =
   

.  

Nu php i xng qua im  O  bin hai 
im M,  N  ln lt thnh ', 'M N  th  

' 0OM OM


+ =


 v ' 0ON ON


+ =


 nn 

' ',MN M N


= 



 suy ra ' ' .MN M N=  

10.  a)  Ly hai im A,  B ln lt nm trn (P)  
v (Q)  sao cho ( ).AB P  Khi ,  thc 

hin lin tip hai php i xng qua hai 
mt phng song song (P)  v (Q)  th kt 

qu l php tnh tin theo vect 2 .


AB  

b)  L php i xng qua ng thng giao 
tuyn ca (P)  v (Q) .  

11.   Dng nh ngha,  tnh cht ca php v  t 
v tnh cht ca hai mt phng song song.  

12.  a)  Dng php v  t c  tm l trng tm 

ca t din  cho v t  s v  t 
1

3
k =  .  
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b)  Gi M,  N,  P,  Q,  R,  S  ln lt l trung 

im cc  cnh AB,  CD,  AC,  BD,  AD,  BC  

ca khi t din.  Hy chng minh 8  tam 
gic MPR,  MRQ,  MQS,  MSP,  NPR,  NRQ,  

NQS,  NSP  l nhng tam gic  u.  

13.  Gi s SABCDS' l khi tm mt u.  Hy 

dng tnh cht :  "Nu cc im cch u 
hai im cho trc th  chng nm trn 
mt phng trung trc ca on thng ni  
hai im "  v tnh cht "Nu mt hnh 
thoi ni tip c mt hnh trn th  l 
mt hnh vung" .  

14.  Dng nh ngha v tnh cht ca khi  
tm mt u v ca khi lp phng.  

15.  a)  Khng thay i.   b)  C th thay i.  

c)  Khng thay i.  

16.  Ly M  l mt im nm gia C  v D  sao 

cho CM  =  kMD .  Khi  khi t din 

ABCD  c phn chia thnh hai khi t 

din ABCM  v ABMD  tho mn iu kin 

bi ton.  

17.   
3

.
2

2ABCD A'B'C'D'

a
V = .  

18.   3
lng tr

1
cot

4


=V na

n
.  

19.  a)  AC' =  3b.     b)  
3

lng tr 6V b= .  

20.  a)  
3

lng tr
3

4

a
V = .  

b)  Chng minh BC    AA' v t  suy ra 
iu phi chng minh.  

c)  
2

3
( 13 2)

3xq

a
S = + .  

21.  Tng cc khong cch t M  n bn mt 

ca t din bng 
6

3

a
.  

22.  T s th tch ca hai phn bng 1 .  

23.  Gi H v H' ln lt l hnh chiu ca A  

v A' trn mt phng (SBC).  

Hy chng minh :  S,  H,  H' thng hng v 

s dng ng thc  

          . .

. .

S ABC A SBC

S A'B'C' A' SB'C'

V V

V V
=  

 suy ra cng thc cn tm.  

24.  Gi B',  D' ln lt l cc giao im ca 

mt phng (P)  vi cc cnh SB  v SD .   

Khi  AM,  B'D',  SO  (O  =  AC    BD)  

ng quy ti trng tm G  ca tam gic 

SAC  v B'D' // BD .  T  s dng kt qu 

bi 23   tm ra p s ca bi ton.  

25.   Hy chng minh php v t t s k bin 

ng cao AH ca hnh chp A.BCD  thnh 

ng cao A'H' ca hnh chp A'.B'C'D' v 

A'H' = k AH, SB'C'D' = k
2
S
BCD

.  

n tp chng I 

1.  
.

1

4C AB'D'
V V= , .

3
.

4C B'D'DB
V V=    

2.  Gi M, N,  I,  J,  K,  E  ln lt l trung im 
ca cc cnh AB,  BC,  CC',  C'D',  D'A',  A'A  
ca khi hp.  D thy MN,  EI,  KJ i  
mt song song v chng ln lt i qua ba 
im thng hng M,  O,  J (O  l giao im 
ca cc ng cho ca hnh hp) .  T  
suy ra M, N,  I,  J,  K,  E  nm trn mt 

phng ()  i  qua O .  Khi ,  ()  chia khi 

hp thnh hai phn l nh ca nhau qua 
php i xng tm O.  

3.  a)  ADEF,  ACEF,  BDEF,  BCEF.  

b)  S dng tnh cht :  Mt phng qua mt 
cnh v trung im ca cnh i din ca 
mt t din phn chia khi t din thnh 
hai khi t din c th tch bng nhau.  
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c)  Nu ABCD  l t din u th n c hai  

mt phng i xng l (ABF),  (CDE)  v 

php i xng qua trc EF  bin t din 

ADEF thnh t din BCEF.  

4.  a)   
1 1 1 1 1 1 1. .= +

ABCA B C A ABC A BCC B
V V V  

 
1
( )

3
a b c S= + + .  

1 1 1

1
[( ) ( ) ( )] . .

3A B C A'B'C'
V h a h b h c S=  +  +   

b)  
1 1 1 1 1 1ABCA B C A B C A'B'C'

V V=  

2( ) 3 . + + =a b c h  

5.  Gi V1  l th tch ca phn cha cnh AA' 

v V2  l th tch phn cn li.  

Khi  :  1

2

7

5

V

V
= .  

6.  a)  
3

. 6S ABC

a
V = .  

b)  D thy AB'   (SBC)   AB'   SC,  mt 

khc  AC'   SC    SC    (AB'C').  

c)  
3

. ' ' 36S AB C

a
V = .  

Cu hi  trc nghim chng I 

1.  (C),  2.  (D),  3.  (D),  4.  (B),  5.  (D),  6.  (D),  

7.  (C),  8.  (C) ,  9.  (D),  10.  (D),  11.  (B),  

12.  (C),  13.  (A),  14.  (D),  15.  (C),  16.  (C),  

17.  (B),  18.  (D),  19.  (D),  20.  (B),  21.  (D),  

22.  (A),  23.  (C),  24.  (A),  25.  (B),  26.  (C),  

27.  (B),  28.  (B),  29.  (C),  30.  (A),  31.  (C),  

32.  (D).  

 

Chng II  

1.  Tm mt cu l trung im ca AD.  

Bn knh mt cu l 2 2 21
.

2
R a b c= + +  

2.  a)  Mt phng trung trc ca AB.  

b)  Khi A,  B,  C  khng thng hng th  tp 

hp cn tm l trc ca ng trn ngoi 

tip tam gic ABC.  Khi A,  B,  C  thng 

hng th tp hp phi tm l  .  

c)  Trc ca ng trn  cho.  

d)  C.  

3.  C a)  v b)  u ng.  

4.  ng trn c nh phi tm nm trong 

mp(P)  i qua im A  v vung gc vi d 

ti  I,  tm ng trn l I,  bn knh ng 

trn l IA .  

5.  a)  ng.  

b)  Khng ng.   

6.  a)  Tp hp phi tm l trc ca ng trn 
ni tip tam gic  ABC.  

7.  a)  
( )

32 2

3

3

162

a h

V
h

 +
= .  

b)  
35 10

24

a
V


= .  

8.  a)  2 2 2( )
2

S a b c


= + + .  

9.  2 2 2( )S a b c=  + + .  

10.  b)  Hnh lp phng (c cnh bng 
2

3

R
,  

R  l bn knh mt cu  cho).  

11.  Mi mt phng i qua trc ca hnh trn 

xoay u l mt phng i xng.  

12.  a)  Hnh tr.    b)  Khi tr.  

13.  L mt tr bn knh R,  c trc l trc ca 

ng trn.  

14.  Gi   l ng thng qua tm O  ca mt 

cu v song song vi ng thng c nh.  

Cc tip tuyn nm trn mt tr trc ,  

bn knh bng bn knh mt cu.  
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15.  a) 24
xq
S R=  ,   26

tp
S R=  .  

b)  32V R=  .  

c)  3' 4=V R .  

16.  a) 22 3
xq
S R=   ,  22 ( 3 1)S R=  + .   

b)  33V R=  .  

c)  
3

( , )
2

R
d AB  = ,    l trc ca hnh tr.  

17.  a)  Hnh nn.    b)  Khi nn.  

18.  Gi mt cu l S(I ;  R),  M  l tip im  

th  MAI =  khng i,  suy ra cc ng 

thng qua A  tip xc vi mt cu (S)  lun 

nm trn mt nn nh A ,  trc l ng 

thng AI,  gc  nh bng 2.  

19.  b)  
2 2

2

+
=
r h

R
h

.  

c)  (2 )= r h R h .  

    2 (2 )=  
xq
S h R R h .   

20.  b)  
2 2

=

+ +

rh
R

r r h

.  

21.  
2 2

2 2
.

3


=

+

b c
V

b c

.  

 

n tp Chng II 

1.  Hai im  l A  v A',  trong  A' l im 

i xng vi A  qua mt phng (P).  

2.  Tm mt cu l im i xng vi S  qua 

trung im H ca AC,  bn knh mt cu l 

R  =  a.  

3.  a)  Tm I  ca mt cu phi tm l giao cc 

trc ca hai ng trn  cho,  bn knh 

mt cu l IB.  

b)  37=R .  

4.  a)  
3

4
=
a

R .  

b)  3 2 3 .
4

=
a

R  

5.  a)   2
1

1

3
V b c=  ;   2

2
1

3
V c b=  ;   

2 2

3 2 2

1
.

3

b c
V

b c


=

+

 

6.  314 2
,

3
= V a    Stp  =  1 4a

2
.  

Cu hi trc nghim chng II 

1.  (D),  2.  (B),  3.  (A),  4.  (D),  5.  (B),  6.  (B),  

7.  (D),  8.  (C) ,  9.  (D),  10.  (D),  11.  (C),  

12.  (C),  13.  (A),  14.  (D),  15.  (A),  16.  (A),  

17.  (D),  18.  (A),  19.  (A),  20.  (A),  21.  (A),  

22.  (A),  23.  (A),  24.  (D),  25.  (B),  26.  (B).  

 

Chng III  

1.  a)   (1 ; 2 ; 0)u =   ;  

(3 ; 5 ; 5)v =   ;  

   (2 ; 3 ; 1)w


=  .  

b)   ( ) 3
cos ,

59
v i = ;  

   ( ) 5
cos ,

59
v j = ;  

   ( ) 5
cos ,

59
v k


= .  
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c)    . 7u v =   ;  

   . 4u w = 


 ;  

   . 26.v w =


 

2.  Gi s ( ; ; )=u x y z  th 

( )
2

2
2 2 2

cos , =
+ +

x
u i

x y z
,  

( )
2

2
2 2 2

cos ,
y

u j
x y z

=
+ +

,  

( )
2

2
2 2 2

cos , .=
+ +

z
u k

x y z
 

T  suy ra  pcm.  

3.  a)  ( ) 2
cos ,

3
u v = .  

b)  ( ) 8 13
cos ,

65
u v


= .  

4.  k  =  40.  

5.  a)  Gi M1  l hnh chiu ca M  trn mp(Oxy)  

th M1  =  (a  ;  b  ;  0) .  

Gi H1  l hnh chiu ca M  trn trc Ox  

th H1  =  (a  ;  0 ;  0) .  

b)  ( , ( ))d M Oxy c= .  

2 2( , )d M Ox b c= + .  

c)  Gi 1'M  l im i xng vi M  qua 

mp(Oxy)  th 1'M (a  ;  b  ;  c).  

6.  1 2 1 2 1 2; ;
1 1 1

x kx y ky z kz
M

k k k

   
=  

    
vi k   1 .  

7.  D  (1  ;  1  ;  1 ) ,  ( ) 2
,

3


=

 

AC BD .  

8.  a)  M  (1  ;  0  ;  0).  

b) . 0AB OC AB OC  =
 

 

  sin5t  =  sin 3
3

t
 

+ 
 

 

24 4
2

3

 
=  +

 


= + 


t k

t l

   k,  l   .  

9.  a)  ng phng.  

b)  Khng ng phng.  

c)  ng phng.  

10.  b)  Chu vi bng 2 3 5+ + ,   

  
6

2ABC
S = .  

c)  
30

5a
h = .  

d)   o90A = ,  
10

cos
5

B = ,  
1 5

cos .
5

C =  

11.  a)  , . 0AB AC AD   
  

 pcm.  

b)  ,AC BD  

3 7
cos( , )=

14
AB CD ,  

3 7
cos( , )= .

14
BC AD  

2

3ABCD
V = ,  2 3

3A
h = .  

12.  Chn h trc Oxyz  c gc O  trng A ,  Ox  

l tia AC,  Oz  l tia AS.  

a) 2 2 21
4 16

6
MN b a h= + + .  

b)  MN SB  khi 4h
2
 =  2a

2
  b

2
.  

13.  a)  Tm I  (4 ;  1  ;  0) ,  R  = 4.  

b)  Tm I 
1 5

1 ; ;
2 2

 
  

 
,  R  =  

7 6

6
.  

c)  Tm I  
1
; 1 ; 0 ,

3

 
 

 
 R  =  1 .  
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14.  a)  x
2
 +  (y   7)

2
 +  (z   5)

2
 =  26.  

b)  (x   2)
2
 +  y

2
 +  z

2
 = 4.  

c)  (x   1 )
2
 +  (y   2)

2
 +  (z   3)

2
 =  1 .  

15.  a)  2x  +  y  +  z   3  = 0.  

b)  x   4y  +  3  =  0.  

c)  x   5y  +  z  +  8  =  0.  

d)  y  +  z   2 = 0.  

e)  z   c  = 0  ;  x   a  =  0 ;  y   b = 0.  

g)  6x  +  3y  +  2z   1 8  =  0.  

h)  2x  +  y  +  z   6 =  0.  

16.  a)  Ct nhau.     b)  Ct nhau.  

c)  Song song.    d)  Ct nhau.    

e)  Trng nhau.   

17.   a)  
1

4.

= 


= 

n

m
  b)  

1

2
4.


=


 =

n

m

 

18.  a)  Khng c.    b)  m  =1 .  

c)  m    1 .      d)  m  =  
9

19
 .  

19.   a)  Tp hp im l hai mt phng :  

(2 5 3 3) ( 5 5 3) (4 5 3) 5 5 3 0,

(2 5 3 3) ( 5 5 3) (4 5 3) 5 5 3 0.

+



  + + + + =

+  +  +  =

x y z

x y z

 b)  Tp hp im l hai mt phng :  

4 16 20 1 0,

32 2 8 13 0.

 +   =

   =

x y z

x y z
 

c)  Tp hp im l mt phng :  

x  +  2y  +  z  +  2 = 0.  

20.   
2 2 2

.
D D'

A B C

 +

+ +

 

21.  a)  M  =  (0 ;  0 ;  3) .  

b)  M =  (0 ;  0 ;  2).  

22.  a) Chng minh cosA  > 0,  cosB  > 0,  cosC  > 0.  

b)  Vit phng trnh mt phng (ABC)  theo 

on chn.  

23.  
4 3 12 78 0

4 3 12 26 0.

x y z

x y z

+  + =

 +   =
 

24.  b)  ng thng song song vi trc Ox  :   

0

0

0 .

= +


=


=

x x t

y y

z z

  

Khng c phng trnh chnh tc.  

c)  
2

3

1 5

x t

y t

z t

= 


=
 =  +

;   
2 1

1 3 5

x y z +
= =


 ;   

d)   
2

1

2 3 .

x

y

z t

= 


=
 = 

  

Khng c phng trnh chnh tc.  

e)   
3 2

2 5

1 .

x t

y t

z

= +


= 


=

   

Khng c phng trnh chnh tc.  

g)  
2

3

1 5

x t

y t

z t

= 


= 
 =  +

 ;  
2 3 1

.
1 1 5

x y z  +
= =

 

 

25.  a)   

4 2

3 3

1 2

x t

y t

z t

= +


= 


= +

     ;  
4 3 1

2 3 2

  
= =



x y z
.  

b)   
2 2

3

1 3 .

x t

y t

z t

=  +


= +


= +

   ;  
2 3 1

2 1 3

+  
= =

x y z
.  

26.   Phng trnh hnh chiu vung gc 
ca d trn mt phng to  (Oxy)  l 

1 2

2 3

0.

x t

y t

z

= +


=  +


=
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27.  a)  (1 ; 4 ; 2),u  ( )0 0 ; 8 ; 3M .  

b)  2x  +  y   3z  +  1  = 0.  

c)  

8 4

15 5

.

x t

y t

z t

=  +


= 


=

 

28.  a)  d,  d' cho nhau.  

b)  d // d'.  

29.   ng thng   cn tm c phng trnh 

 

1 6

1

1 7 .

x t

y t

z t

= 
 =  
 = +

 

30.   

1

2 4

2 .

x

y t

z t

=
 =  +


= 

 

31.  a)  
1 2 2 1, . 168 0.u u M M =  

  

 

b)  2x  +  y  +  4z  = 0.  

c)  2 21 .  

d)  
3 1 1

2 1 4

x y z  
= =   

32.  a) Gi   l gc gia d v ()  th 
6

sin .
57

 =  

b)  
8 8
; 0 ; .

3 3
I
 
 
 

 

c)  

8
2

3

8
3 .

3

x t

y t

z t


= +


= 


 = 


 

33.  a)  A(1  ;  2 ;  3 ).  

b)  
1 2 3

.
2 3 4

x y z  
= =


 

34.  a)  d(M,  )  =  
10 2

3
.  

b)  d(N,  )  =  
2870

.
14

 

35.  a)  Ch  d  // d' nn khong cch h  gia d 

v d' bng khong cch t mt im thuc 

d ti d'.  

h  =  2.  

b)  
2 110

.
55

 

n tp Chng III 

1.  a)  , 4AB AC AD  = 
  

  0   pcm.  

b)  
2
.

3ABCD
V =  

c)  2x  +  y  +  z    1 4 = 0.  

d)  
2 2 2 8

( 1) ( 6) ( 2)
3

x y z +  +  =  ;  

tip im 
7 20 8
; ; .

3 3 3
H

 
 
 

 

2.  a)  
1 5 23 10

' ; ;
7 7 7

A
 

 
 

.  

b)  
7

sin
238

 = .  

c)  (Q)  :  4x    y    2z    9  = 0.  

d)  
23 9 10

; ;
7 7 7

I
 
 
 

.  

  :  

23
4

7

9

7
10

2 .
7

x t

y t

z t


= +




= 



= 
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3.  a)  d' :  

2

3

1 2

9 3

.

x t

y t

z t


= +




=  +


=

 

b)  
1

13

3

:

10
2 .

3

x t

d y t

z t


= +


=


 =  +


 

c)  .
37 24 35

x y z
= =  

4.  a)  (P)  :  x    9y  +  5z  +  20 =  0.  

b)  (Q)  :  x    2y    5z  +  9  = 0.  

c)  d :  
29 2

11 11

41 7
.

55 55

x t

y t

z t

=

 = +


 = +


 

d)  d(A,  d2)  =  
2 30

11
.  

5.  a)   d   d'.  

b)  
14

42
h = .  

c)  
1 1 3

5 4 1

x y z+ + 
: = =


.  

d)  

4

7

6 .

x

y

z t

= 


= 
 =  +

 

6.  a)  (P)  :  2x    1 6y    1 3z  +  31  =  0.  

b)  
2496

331
.V =  

c)  x
2 
+ y

2 
+ z

2 
+ 

31 31 31

2 16 13
x y z  = 0.  

7.  a)  . ' 0u u =



,  '
0 0, ' . 2 0u u M M =  





.  

b)   (P)  :  x    y    z  + 9  =  0,  

(Q)  :  x  +  z    4  = 0.  

c)  
5 4

1 2 1

x y z 
= =


.  

8.  a)  Gc gia (P)  v (Q)  bng 60
o
.  

b)  

1

: 2

3 .

x t

d y t

z t

= +


= +
 =  

 

c)  (R)  :  x  +  y    z  + 2 = 0.  

9.  a)  I(1  ;  2 ;  3) ,    R  = 1 4 .  

b)  So snh k  vi 42 .  

c)  6x  +  3y  +  2z   1 2 = 0.  

d)  x    2y  +  3z  +  8  = 0.  

e)  
4 3 12 26 13 14 0

4 3 12 26 13 14 0.

x y z

x y z

+  + + =

+  +  =




 

10.  a)  
1 1 1

1
m n p
+ + = .  

b)  
min

27

6
V =  khi m  =  n  = p  =  3 .  

Cu hi trc nghim chng III 

1.  (C),  2.  (D),  3.  (C),  4.  (A), 5.  (D),  6.  (A),  

7.  (B),  8.  (A),  9.  (A),  10.  (C),  11.  (C),  

12.  (A),  13.  (C),  14.  (A),  15.  (A) ,  16.  (C),  

17.  (D),  18.  (A),  19.  (A),  20.  (C),  21.  (B),  

22.  (B),  23.  (C),  24.  (D),  25.  (B),  26.  (D),  

27.  (C),  28.  (D),  29.  (D),  30.  (A),  31.  (A),  

32.  (D),  33.  (B),  34.  (A),  35.  (D),  36.  (A),  

37.  (D),  38.  (A),  39.  (B),  40.  (C),  41.  (C),  

42.  (B) .  
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n tp cui  nm 
I -  Bi tp t lun 

1.  Php tnh tin theo vect 'AA


 bin khi 
a din ABCPQR  thnh khi a din 

A'B'C'P'Q'R' nn hai khi ny c th tch 

bng nhau.  T  suy ra  

 VABC.A'B'C'  = VPQR.P'Q'R' = SPQR.AA'.  

2.  Gi V' l th tch ca khi t din  cn tm 

th 
1

'
27

V V= .  

3.  
' ' 3ACB D

V
V = .  

4.  Gi V  v V' ln lt l th tch ca cc  
khi t din u v tm mt u  cho.  

Khi  '
2

V
V = .  

5.  32
.

3
V R=   

6.  a)  V  =  a
3
.  

b)  
37 3

12

a
V


= .  

8.  a)  Chng minh , . 0AB AC AD   
  

.  

b)  x
2
 +  y

2
 +  z

2
  2x   4y  +  2z   19 =  0,  

tm I(1  ;  2 ;  1 ),  bn knh R  =  5 .  

c)  3x   5y  +  3z  +  1 3  = 0,  

d(D ,  (ABC))  =  
18

43
.  

d)  4x   3y  +  5z  +  1 5    25 2  =  0.  

e)  Gi r1 ,  r2,  r3  ln lt l bn knh cc  
ng trn giao tuyn ca mt cu (S)  v 
cc mt phng to  (Oxy) ,  (Oyz),  (Oxz) .  
Khi  

1 2 6r = ,   2 2 6r = ,   3 21r = .  

9.  a)  Gi d1 ,  d2,  d3  ln lt l hnh chiu ca 

  trn cc  mt phng (Oxy) ,  (Oyz) ,  (Oxz).  
Khi  

d1  :  

1 2

1

0

x t

y t

z

= +
 =  


=

 ,    d2  :  

0

1

3

x

y t

z t

=
 =  


=

 

d3  :  

1 2

0

3 .

x t

y

z t

= +


=


=

 

c)  d(,  Oz)  = 
5

5
,  d(,  Ox)  = 

3 10

10
,   

d(,  Oy)  = 
3 13

13
.  

d) 

6
4

13
6

13
6

3 .
13

x t

y t

z t


=  +


 =  



=  


 

e)  

1

3
1

3
.

x

y

z t


= 




= 


=

 

10.   a)  Qu tch l mt phng c phng trnh :   

2x  +  2y   2z  1  = 0.  

b)  Qu tch l mt cu c phng trnh :   

2 2 2
3 1 3 3

2 2 2 4
x y z

  
 + + +  =     

     
.  

c)  Qu tch l hai mt phng :   

x  +  3y  +  ( )2 14 z  =  0.  

11.  a)  ng thng   i  qua im c nh 

(1  ;  1  ;  5) .   

Gc gia   v trc Oz  bng 45
o
.  

b)  Qu tch l ng trn tm I(1  ;  1  ;  0) ,  

bn knh R  =  5  v nm trong mp(Oxy) .  
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12.  a)  d(A,  (A'BD))  =
2 2 2 2 2 2

abc

a b b c c a+ +

.  

b)  d(A',  C'D)  =
2 2 2 2 2 2

2 2

a b b c c a

a c

+ +

+

.  

c)  d(BC',  CD')  =
2 2 2 2 2 2

abc

a b b c c a+ +

.  

II -  Cu hi trc nghim 

1. (C),  2.  (C),  3.  (D), 4.  (B),  5.  (A), 6.  (B),  7.  (A),  

8.  (C),  9.  (A),  10.  (B),  11.  (A),  12.  (C),  

13.  (B), 14.  (D), 15.  (A), 16.  (B), 17.  (D), 18.  (D),  

19.  (A),  20.  (A),  21.  (D),  22.  (D),  23.  (B) .  

III -  Mt s  kim tra 

 I  

1.  a)  
3 6

6

a
V = .    b)  R  =  

6

3

a
.  

c)  Hai hnh i xng vi nhau qua mp(SBD)  

nn bng nhau.  

2.  a)  AB =  BC =  CA  =  3 2 .  

b)  Phng trnh mt phng (ABC)  :   

x +  y +  z   5  =  0.      

125

6
V = .  

c)  

2

3 .

x t

y t

z t

= +


=
 = +

 

d)  C hai im D  :   D1  =  (4 ;  2 ;  5) ,   

D2  =  (0 ;  2 ;  1 ) .  

 

  II  

1.  a)  
22

.
8

a
R =    b)  

3

. ' '
2
.

16D BCC B

a
V =  

2.  a)  Phng trnh mt cu :  

x
2
 +  y

2
 +  z

2
   8x    7y  7z  +  1 2 = 0.  

b)  Phng trnh ng thng qua H,  O,  G :  

    
6 4 3

x y z
= = .  

c)  d(O ,  )  = 
18

5
,   

trong  ( ') ( ' ' )ABC A B C =  .  

 III  

1.  a)  Thit din l mt hnh bnh hnh.  

b)  Hai khi H1  v H2  i xng vi nhau 

qua O  nn bng nhau.  

c)  
1

'3 .
AA BD

V V=
H

 

2.  a)  d(A,  Ox)  =  d(B,  Ox)  =  10 .  

b)  C hai im C  :   

C1  =  (0 ;  0  ;  4) ,   

C2  =  (0 ;  0  ;  2).  

c)  

0

3

1 .

x

y t

z t

=


=  +
 =  +

 

d)  Phng trnh mt cu :  

2 2
253 18 4105

.
10 5 100

x y z
 

+ + + + =   
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Bng thut ng 

B 

Bn  knh  ca mt cu   38  

Bn  knh  ca mt tr   49  

 

C 

Cnh  ca khi  a  d in   5  

Cao   72  

 

D 

Din  tch  ca  h nh  a d in  43  

Din  tch  mt cu   44  

Din  tch  xung  quanh  ca  h nh  nn   56  

Din  tch  xung  quanh  ca  h nh  tr   50  

 

 

a d in  xp x ca  mt cu   44  

y ca h nh  nn  55  

y ca h nh  tr   49  

c s -le   20  

nh  ca h nh  nn   55  

nh  ca khi  a  d in   5   

 nh  l  -le  21  

ng  knh  ca mt cu  38  

ng  sinh  ca h nh  nn   55  

ng  sinh  ca mt nn  54  

ng  sinh  ca mt tr   49  

ng  trn  ln  ca mt cu   41  

 

G 

Giao tuyn  el ip  ca mt tr  trn  xoay 
v mt phng   52  

Giao  tuyn  parabol  ca  mt nn  trn  xoay 
v mt phng   57  

Gc  nh  ca mt nn  54  

 

H  

Hai  h nh  bng  nhau   1 2  

Hai  h nh  ng  dng   1 7  

H  to   trong  khng  gian  70  

H nh  a  d in   5  

H nh  nn    55  

H nh  trn  xoay 47  

H nh  tr  49  

Honh    72  

 

K 

Khi  cu  39  

Khi  chp  5  

Khi  a  d in  5  

Khi  a  d in  u   1 8   

Khi  a  d in  u  loi  {n  ;  p}  1 8  

Khi  a  d in  li  1 8  

Khi  hai  mi  mt u  1 9  

Khi  lng  tr   5  

Khi  mi  hai  mt u  1 9  

Khi  nn   56  

Khi  tm mt u  1 1  

Khi  tr  50  

 

M 

Mt cu   38  

Mt ca  khi  a d in  5  

Mt hypeboloi t trn  xoay mt tng  48  

Mt nn   54  

Mt phng  i  xng  ca  mt h nh   1 0  

Mt trn  xoay 47  

Mt tr  48  

Mt xuyn  48  

 

P 

Phn  chia v lp  ghp cc khi  a  d in  6  

Php bin  h nh  trong  khng  g ian   8  

Php di  h nh  trong  khng  g ian   1 1  

Php i  xng  qua mt phng   8  

Php i  xng  tm  1 2  

Php i  xng  trc  1 2  

Php ng  nht  1 2  

Php tnh  tin  1 2  
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Php v  t  1 6  

Phng  trnh  chnh  tc ca  ng  thng    94  

Phng  trnh  mt cu  80  

Phng  trnh  mt phng  84  

Phng  trnh  mt phng  theo on  chn  86  

Phng  trnh  tham s ca ng  thng  93  

 

T 

Th tch  ca khi  cu  43  

Th tch  ca khi  chp 25   

Th tch  ca khi  a d in  23  

Th tch  ca khi  hp ch nht  24  

Th tch  ca khi  l ng  tr  50  

Th tch  khi  nn  56  

Th tch  khi  tr   50  

Tch  c  hng  ca  hai  vect 75  

Tch  vect ca hai  vect 75  

Tip d in    41  

Tip tuyn  ca  mt cu   42  

Tnh  cht ca tch  c hng  76  

To   ca im  72  

To   ca vect 71  

Trc cao  70  

Trc ca h nh  nn   55  

Trc ca h nh  trn  xoay  47  

Trc ca h nh  tr   49  

Trc honh  70  

Trc tung   70  

Tung   72  

 

V 

Vect php tuyn  ca mt phng   84  

V  tr tng  i  g ia hai  ng  thng   98  

V  tr tng  i  g ia hai  mt phng  87  

V  tr tng  i  g ia mt cu  
v ng  thng    41  

V  tr tng i  gia mt cu  v mt phng  40
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Mc lc 

  Trang 

Chng I -  khi  a din  v th  tch  ca chng  

1 .  Khi  n im v  khi  a d in  4  

2.  Php i  xng  qua mt phng    
v  s bng  nhau  ca cc khi  a d in  8  

3.  Php v  t v  s ng  dng  ca  cc khi  a d in.  
Cc khi  a d in  u  1 6  

4.  Th tch  ca khi  a d in  23  

n  tp  chng  I  29  

Chng II -  mt cu,  mt tr,  mt nn   

1 .  Mt cu,  khi  cu  38  

2.  Khi  n im v  mt trn  xoay   46  

3.  Mt tr,  h nh  tr  v  khi  tr  48  

4.  Mt nn,  h nh  nn  v  khi  nn  54  

n  tp  chng  I I  60  

Chng III -  phng php to  trong khng gian   

1 .  H  to  trong  khng  g ian  70  

2.  Phng  trnh  mt phng  82  

3.  Phng  trnh  ng  thng  91  

n  tp  chng  I I I  1 05  

n  tp cui  nm 1 22  

Hng  dn  gii   p s 1 31    

Bng  thut ng 1 41  
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